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Why a sign switch needs sign-aware diagnostics Akarsu, De Felice & Uzun | 2607.18008Why sign-aware diagnostics, and why now

• DESI-era BAO+CMB+SN combinations revive evolving dark energy, usually phrased

through wde(z) (CPL); inferred dynamics is sensitive to dataset choices and to the

functional prior — and standard EoS parametrizations are sign-preserving by construction:

density-level structure gets smeared into smoother wde(z).
• Independent threads point at sign-changing e!ective DE densities:

• negative-! / ωde < 0 hints at high z ; !sCDM-type transitions easing H0 (&MB), S8, ε, with∑
mω back in the physical region;

• model-agnostic reconstructions: inferred density zero around z → 1.5–2.5, with localized

intermediate-redshift structure.

The problem
These histories enter exactly the regime where wde = pde/ωde ceases to be a regular variable:

the inequalities reverse for ωde < 0 and the ratio is undefined at ωde = 0.

Which variables should organize the description?

[!sCDM: Akarsu+ ’20–’25 · reconstructions: Akarsu+ ’26; Gupta Choudhury+ ’26 · CPL with sign switch: Gökçen+ ’26]
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The object under study: a timelike congruence Akarsu, De Felice & Uzun | 2607.18008The object under study: a timelike congruence

• A congruence: a family of timelike worldlines

filling spacetime — exactly one through each

event — with unit tangent u
µ
. For cosmology:

the comoving observers.

• Its expansion scalar is the fractional growth

rate of a comoving volume element:

! → ↑µu
µ =

1

ωV

d ωV

dε
, !FLRW = 3H.

• Focusing / defocusing = whether neighboring

worldlines are driven together or apart — a

statement about geometry, before any matter

content is specified.
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The Raychaudhuri equation, term by term Akarsu, De Felice & Uzun | 2607.18008The Raychaudhuri equation, term by term

d!
dω

= → 1
3!

2

︸ ︷︷ ︸
expansion

self-interaction

→εµωε
µω

︸ ︷︷ ︸
shear:

always focuses

+ϑµωϑ
µω

︸ ︷︷ ︸
rotation:

resists focusing

→Rµωu
µ
u
ω

︸ ︷︷ ︸
gravity: matter
enters only here

+↑µA
µ

︸ ︷︷ ︸
non-geodesic

(forces)

• A purely geometric identity: no EoS parameter,

no stress–energy tensor appears.

• FLRW comoving congruence: ω = ε = A
µ = 0,

! = 3H → ä/a = ↑ 1
3 Rµωu

µ
u
ω
.

• Acceleration = defocusing, Rµωu
µ
u
ω < 0 — it

does not require !̇ > 0: in flat FLRW

!̇ = 3Ḣ = ↑12ϑG Itot, so !̇ < 0 whenever the

total NEC holds; acceleration needs only

Mtot < 0. GR maps it to matter:

Rµωu
µ
u
ω = 4ϑG

∑
i Mi ,

Rµωk
µ
k
ω = 8ϑG E2 ∑

i Ii , and ϖ→i =
3

1+z Ii . The

equations select M = ϖ+3p, I = ϖ+p;

w = p/ϖ is a derived, branch-dependent ratio.

Defocusing dark energy: Raychaudhuri diagnostics beyond w < →1/3 and the phantom divide GGI, 21 July 2026 4/19



Convergence conditions - and why (ℐ, ℳ) deserve their names Akarsu, De Felice & Uzun | 2607.18008Convergence conditions — and why (I,M) deserve their names

• Convergence conditions: gravity focuses timelike congruences i! Rµωu
µ
u
ω → 0 (timelike

CC), null ones i! Rµωk
µ
k
ω → 0 (null CC). The field equations translate: TCC

↑↓ Mtot → 0; NCC ↑↓ Itot → 0 (the total NEC).

• Active gravitational mass density Mi = ωi + 3pi : the Newtonian limit of Raychaudhuri is

↔2! = 4εG
∑

i (ωi + 3pi ) — pressure gravitates, and M is precisely what attracts.
• Inertial mass density Ii = ωi + pi : the relativistic Euler equation, (ω+ p) aµ = ↗↔µ

→p,

makes ω+ p the inertia a pressure gradient must push; and continuity transports exactly

it: ω̇i = ↗” Ii , i.e. ω↑i =
3

1+z Ii .
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One picture: the (𝜌de, 𝑝de) plane Akarsu, De Felice & Uzun | 2607.18008One picture: the (ωde, pde) plane

• The field equations draw half-planes:

repulsive Mde < 0; phantom-like

Ide < 0. Regular everywhere —

including ωde = 0. ! lives on the NECB:

T
(!)
µω = →ω!gµω ↑ I! ↓ 0; w! = →1 is

only its ratio form.

• Ratio language draws bowties:

{wde < →1} is a union of two opposite
sectors; on ωde < 0 even wde > 0 can be

repulsive, and Mde < 0 ↑ Ide < 0

there.

• Trajectories: smooth-!sCDM enters on

the NECB at the →! plateau, crosses

Mde = 0 at zrep (while ωde < 0), exits

through the pde axis below the origin at

z†, lands on +!. CPL instead crosses

the NECB regularly.
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One picture: the (𝜌de, 𝑝de) plane Akarsu, De Felice & Uzun | 2607.18008One picture: the (ωde, pde) plane

Zoomed out: the brane traces the same route at a very di!erent scale. All three z† exits pierce the

negative pde axis; all three repulsion onsets sit on Mde = 0 with ωde < 0.
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The branch dictionary Akarsu, De Felice & Uzun | 2607.18008The branch dictionary

Mde < 0 →↑
{
wde < ↓ 1

3 , ωde > 0,

wde > ↓ 1
3 , ωde < 0,

Ide = pde, Mde = 3pde at ωde = 0.

Ide > 0 Ide < 0

ωde > 0 wde > ↓1 wde < ↓1

ωde < 0 wde < ↓1 wde > ↓1

The line wde = ↓1 represents Ide = 0 only on a nonzero-density branch, with the conventional

side assignment valid only for ωde > 0.

Two frequent questions: (i) the Friedmann constraint bounds only the total source,

ωtot ↔ 3K/(8εGa2) — no positivity condition follows for any individual sector; (ii) the opposite

local assignment near a crossing (Ide > 0, i.e. wde < ↓1 on the ωde < 0 side) is impossible for

any continuous zero — realizing it requires a sign flip without a zero (jump- or pole-like, hence

singular).
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The sector histories Akarsu, De Felice & Uzun | 2607.18008The sector histories
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ωde switches sign; !de flips with it; pde stays finite; only the ratio wde diverges at z† (dashed).
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Exact local structure at a density zero Akarsu, De Felice & Uzun | 2607.18008Exact local structure at a density zero

Separately conserved sector; smooth negative→ positive crossing of finite odd order n at z†.

• Ide,Mde < 0 in a punctured neighborhood of z†; at the zero, ↑ 0 (strict for a simple

zero), with pde(z†) =
1+z†

3 ω→de(z†) — the slope at the zero fixes the pressure there: finite

and negative.

• wde develops a kinematic and universal pole at z†, fixed by (n, z†) alone — no amplitude,

no model details.

• wde = ↓1 is never attained near z†: the apparent quintessence→ phantom transition

never occurs; the two sides of the divide connect only through the pole.

[zero → pole for conserved sectors: Özülker ’22]
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Sector repulsion precedes the switch: 𝑧rep > 𝑧† Akarsu, De Felice & Uzun | 2607.18008Sector repulsion precedes the switch: zrep > z†

Theorem (continuity)
If Mde > 0 at some zhi > z†, there is at least one zrep → (z†, zhi) with Mde(zrep) = 0: a finite

interval where ωde < 0 and Mde < 0.

wde < ↑1/3 misdiagnoses this interval as non-repulsive.

Smooth-!sCDM profile ω!s ↓ tanh[ε(z† ↑ z)]: the onset is unique; for z† = 2: zrep = 2.67

(ε=2), 2.35 (ε=5) — and 3.11 for f (T ), 6.75 for the brane: same pattern, widely di!erent

separations.
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The Raychaudhuri diagnostics Akarsu, De Felice & Uzun | 2607.18008The Raychaudhuri diagnostics

ΛCDM

CPL

smooth -Λs CDM (η=2)

smooth -Λs CDM (η=5)

f ( T )

Braneworld

quintessence

phantom

0 1 2 3 4 5 6 7

-3

-2

-1

0

z

ℐ
d
e
(z

)/
ρ
c
r0

attractive

repulsive

0 1 2 3 4 5 6 7

-10

-8

-6

-4

-2

0

2

z

ℳ
d
e
(z

)/
ρ
c
r0

ΛCDM

CPL

smooth -Λs CDM (η=2)

smooth -Λs CDM (η=5)

f ( T )

Braneworld

0.0 0.5 1.0 1.5 2.0

0

5

10

0 1 2 3 4 5 6 7

0

20

40

60

80

100

120

140

z

ℐ
to
t
(z

)/
ρ
c
r0

ΛCDM

CPL

smooth -Λs CDM (η=2)

smooth -Λs CDM (η=5)

f ( T )

Braneworld

0.0 0.5 1.0 1.5 2.0

0

5

10

0 1 2 3 4 5 6 7

0

20

40

60

80

100

120

140

z

ℳ
to
t
(z

)/
ρ
c
r0

ΛCDM

CPL

smooth -Λs CDM (η=2)

smooth -Λs CDM (η=5)

f ( T )

Braneworld

Top: sign-switchers keep Ide < 0 (CPL crosses the NECB regularly); circles mark zrep. Bottom: Itot > 0 throughout —

no total NEC violation; q < 0 →↑ Mtot < 0, and only the ω = 5 dip re-enters.
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When does the Universe accelerate at the crossing? Akarsu, De Felice & Uzun | 2607.18008When does the Universe accelerate at the crossing?

At ωde(z†) = 0 (flat, matter era):

q(z†) < 0 →↑ ω→de(z†) < ↓ωm0(1 + z†)2, and

the total NEC bounds the slope from below:

↓3ωm0(1 + z†)
2 ↔ ω→de(z†) < ↓ωm0(1 + z†)

2

acceleration at the crossing without total NEC
violation.
z† = 2, !m0 = 0.3: the dip must pass

Mde(z†) < ↓8.1 ωcr0 — ε=2 gives ↓4.2 (fails),

ε=5 gives ↓10.5 (succeeds); window

3.9 ↭ ε ↭ 11.6.
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The kinematics: transient q < 0 episode around z†

only for the sharper transition.
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Which branch powers which epoch - and how many 𝑞 = 0 crossings? Akarsu, De Felice & Uzun | 2607.18008Which branch powers which epoch — and how many q = 0 crossings?

• Ide drives the history: ω→de =
3

1+z Ide — a negative→ positive crossing requires Ide < 0

there; sign-switchers keep Ide < 0 throughout (phantom-like).

• Mde drives repulsion, competing with matter in Mtot = ωm +Mde: on ωde < 0 the

localized dip must beat ωm ↑ (1 + z)3 ↓ at most a transient intermediate window; on

ωde > 0, Mde < 0 persists while matter dilutes ↓ the late-time epoch follows

automatically.

• Counting (single impulse in Mde; Mtot C
1
, at most two stationary points): Rolle ↓

exactly one or three sign-changing zeros of q; ε=5 realizes

zrep > z
int,b
acc > z† > z

int,e
acc > z

late
acc : 2.35 > 2.08 > 2 > 1.85 > 0.67.

Density sign change ↔= sector repulsion ↔= cosmic acceleration ↔= total NEC violation.
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Scalar fields: the kinetic sign - not the ratio - decides “phantom” Akarsu, De Felice & Uzun | 2607.18008Scalar fields: the kinetic sign — not the ratio — decides “phantom”

Lω = ωX → V (ε), X = ε̇2/2 ↑ 0: Iω = ω ε̇2
, Mω = 2

(
ω ε̇2 → V

)
.

• EoS labels mislead: canonicality fixes sgn Iω = ω, not sgn ϑω. A canonical field (ω = +1)

with V su!ciently negative has ϑω < 0, pω > 0: wω < →1 with perfectly healthy kinetics.

• Negative energy density is not forbidden: no known physical principle prevents a canonical

scalar from reaching ϑω < 0.

• The crossing is what costs: ϑ̇ω = →! Iω, so climbing from ϑω < 0 to ϑω > 0 in an

expanding universe requires Iω < 0, i.e. ω = →1: a phantom field climbing its potential.

The minimal realization is a genuine ghost — kinematic ↓= microphysical.

• Fixed ω forbids an NECB crossing (touched only at ε̇ = 0) — the single-field no-go.

Stable embedding used in practice: ”sVCDM (type-II minimally modified gravity; no extra

propagating scalar mode).
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Comparison history: exponential infrared 𝑓(𝑇 ) Akarsu, De Felice & Uzun | 2607.18008Modified gravity does it too, I: exponential infrared f (T )

S = 1
2ω2

∫
d

4
x |e| f (T ) + Sm, f (T ) = T e

εT0/T + 2! (T = 6H
2
), negative-ω branch; GR-like

split gives

εtp(E ) = εcr0
[
E

2 → (E 2 → 2ω)eε/E
2

+ ”!0
]
, sgn ε→tp = sgn

[
E

4 →A(E )
]
.

• Whole-branch result: with x → ↑ω/E 2
,

A/E 4 = (1 + x + 2x
2)e→x

rises monotonically from 1

on 0 < x < xdS ↓ 1.22 < 3
2 ↔ E

4 < A ↔ Itp < 0 for

all z > ↑1.

• z† = 2, !m0 = 0.3 ↔ ω ↓ ↑0.977, !!0 ↓ 0.81;

high-z : εtp ↗ εcr0(ω+!!0) < 0, attractive

(Mtp > 0) ↔ zrep = 3.11; no intermediate window.

• Caveat: a recent perturbation-level analysis disfavors

the minimal ” = 0 branch; the ”-extended branch

here is not automatically subject — still, kinematic

regularity ↘= viability.

[Awad+ ’18; Hashim+ ’21; Akarsu+ ’25 · caveat: Hashim+ ’26]

The whole-branch proof in one curve: A/E4

rises from unity and the physical branch never

leaves (0, 3

2
).
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Comparison history: the minimal phantom brane Akarsu, De Felice & Uzun | 2607.18008Modified gravity does it too, II: the minimal phantom brane

Normal branch of the induced-gravity (DGP) braneworld, flat bulk

[S = M
3∫

bulk
→
↑g R + m

2∫
brane

→
↑h R ↑ 2ω

∫
brane

→
↑h + Sm; ε = 2m

2/M3
, !ω0 = 1/ε2H2

0 ]:

E (z) =
√

!(z)→
√

”ω0, ! = ”m0(1+z)3+”!0+”ω0, E (0) = 1 ↑ ”!0 = 1→”m0+2

√
”ω0.

• The sign switch is automatic — for every parameter

choice: ϑbw(0) = (1 ↑ !m0)ϑcr0 > 0 while

ϑbw ↓ ↑2ϑcr0
→
!ω0!m0 (1 + z)3/2 < 0 at high z .

• zrep from an exact quadratic: zrep = 6.75 for

!ω0 = 0.036, !!0 = 1.08 (z† = 2).

• q = 0 crossing unique, analytically, for all parameters;

acceleration at the switch would need

6!ω0/(!!0+2!ω0) > 1, i.e. !ω0 ↭ 0.54 vs the adopted

!ω0 = 0.036 (LHS ↓ 0.19): repulsive while ϑde < 0,

yet uniqueness forbids a separate acceleration episode

for every parameter choice.

[Sahni–Shtanov ’02–’03; Alam+ ’06, ’17; Bag+ ’21]

Uniqueness in one curve: F starts negative and

increases for every parameter choice.
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Six histories, one pattern Akarsu, De Felice & Uzun | 2607.18008Six histories, one pattern

Model z† zrep NEC character Accelerating q < 0
!CDM — — I! → 0 ↑1 < z < 0.67
CPL (DESI DR2) — — regular NECB crossing at z ↓ 0.50 0.04 < z < 1.01
Smooth-!sCDM (ω=2) 2 2.67 I!s < 0 for all z > ↑1 ↑1 < z < 0.68
Smooth-!sCDM (ω=5) 2 2.35 I!s < 0 for all z > ↑1 ↑1 < z < 0.67; 1.85 < z < 2.08
Exponential infrared f (T ) 2 3.11 Itp < 0 for all z > ↑1 ↑1 < z < 0.75
Minimal phantom brane 2 6.75 Ibw < 0 for all z > ↑1 ↑1 < z < 0.75

Same qualitative pattern — density zero, phantom-like NEC character, zrep > z† — with widely di!erent separations; only
the su"ciently sharp ω = 5 profile opens an intermediate acceleration window.
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In practice: what is split-independent, and is it regular? Akarsu, De Felice & Uzun | 2607.18008In practice: what is split-independent, and is it regular?

• Kinematic, from H(z) alone (flat GR): Mtot = 2q ωcr, Itot =
(1 + z)HH →

4εG
— no sector

split needed; report these first.

• Sector-level quantities follow by subtracting matter+radiation: quote z†, zrep jointly with

the adopted !m0 (|”z†| → 0.19 (ϑ=2), 0.08 (ϑ=5) per ”!m0 = 0.01).

• Linear theory is ratio-safe: evolve unnormalized (ϖωi , ϖpi , Qi = Iiϱi , #i ) — no division by

ωi or Ii anywhere.

• Stability and closure belong to the completion: stable embedding in practice is $sVCDM

(no new propagating scalar mode); departure concentrated near/above the horizon ↑
late-time ISW↓ LSS as the natural discriminator.
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Working dictionary: geometry first, sectors second, ratios last Akarsu, De Felice & Uzun | 2607.18008Take home: geometry first, sectors second, ratios last

• Density sign change, sector repulsion, cosmic acceleration, total NEC violation: four

distinct notions — the Raychaudhuri pair (Ide,Mde) keeps them apart; wde cannot.

• Exact results at a smooth crossing: Ide,Mde → 0; universal pole residue n(1 + z†)/3;

zrep > z†; acceleration-with-NEC window; one-or-three q = 0 transitions.

• In practice: track (ωde, pde, Ide,Mde); use parametrizations and priors that admit both

density branches (at the density, pressure, or I level — M-level as a natural next step);

read wde poles as kinematic signatures; take the NECB, not the PDL, as the regular

boundary; quote z†, zrep with !m0.

The field equations already single out these combinations;
we propose only that inference follow them.

[arXiv:2607.18008]
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km s−1 Mpc−1

0.832 ± 0.0130.759+0.024
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FIG. 4: Summary of S8 estimates from different cosmological probes.

in the expansion rate can introduce tension with large-scale structure constraints.

• Rapid transitions in the late-Universe: Rapid transitions in the DE from negative to positive values in the
late Universe (Sec. 4.2.2) exhibit a sign-switching action in the vacuum energy while leaving the DE magnitude
unchanged. These models allow for the possibility of simultaneously increasing the value of H0 while also
suppressing changes in S8. The transition point is established primarily by BAO data sets, while also being
supported by other contributions. Most models express an abrupt transition with a discontinuity in the vacuum
energy density.

• Interacting Dark Matter and Dark Energy (IDE) Models: Interacting Dark Matter and Interacting
Dark Energy (IDE) models (Sec. 4.2.3) propose a non-trivial energy exchange between DM and DE, modifying
both the cosmic expansion rate and structure growth. This interaction, described by a coupling function Q,
allows energy to transfer from one component to the other. Depending on the direction and strength of the
coupling, IDE can either slow down or accelerate the expansion rate. IDE models can increase H0 estimates
while modifying the growth of structure, offering a way to reduce the S8 tension simultaneously. However,
strong constraints from CMB lensing and BAO measurements limit the parameter space of IDE models, and
they often require fine-tuning to remain consistent with multiple datasets.
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or scalar-tensor theories, which could modify the relationship between the matter distribution and lensing potential.
Additionally, the presence of massive neutrinos, which suppress structure formation at late-times due to their free-
streaming behavior, could also contribute to lowering the observed S8 value if the neutrino mass is larger than currently
assumed in the base ⇤CDM model.

Notably, cross-correlation measurements between WL and other probes, such as CMB lensing (e.g., from Planck,
ACT, and SPT) and galaxy clustering from BAO surveys, have shown consistency with both early and late-time
datasets, complicating the overall picture. Furthermore, analyses that vary only the normalization of the power
spectrum, such as the �8 parameter itself, have not fully resolved the tension, suggesting a more complex interplay
between cosmic structure formation and expansion history.

The tension in the S8 parameter may be milder but there is a growing effort to improve the constraints in obser-
vational estimates of the amplitude of matter fluctuations. These are detailed in Sec. 2.2, with the most prominent
estimates also shown in Fig. 4.
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Figure 7. Comparison of the baseline result with previous literature results, based on early universe indirect inferences using
the flat !CDM model, based on direct measurements in the late universe, and based on strong lensing results (which involve
additional modeling).
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FIG. 3: Summary of models proposed to solve the H0 tension in this White Paper following the order of the differ-
ent sections.

constraints, though these often introduce parameter degeneracies. While EDE models have shown promise in
alleviating the H0 tension by increasing the inferred value from early-time data, they also introduce challenges.
The models can exacerbate tensions in other cosmological parameters, particularly the amplitude of matter
fluctuations S8 and the matter density ⌦m. Depending on the specific data set, EDE can reduce the H0 tension
to 2� 3�, however, recent CMB and Large Scale Structure (LSS) data sets show no evidence for this model and
disfavor large fractions of EDE.

• Late Dark Energy (LDE): Late Dark Energy (LDE) models (Sec. 4.2.1) attempt to address the Hubble
tension by modifying the expansion history at low redshifts (z . 1). These models alter the equation of state
parameter of DE, w(z), away from the cosmological constant value w = �1. Some LDE scenarios involve a rapid
transition in w(z), where DE density evolves from a negative to a positive contribution, effectively accelerating
the late-time expansion rate. Although LDE models can slightly raise H0 without modifying the early Universe
physics, they often face challenges in matching BAO and Type Ia supernova data simultaneously, as the shift
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FIG. 5: Summary of models proposed to solve the S8 tension in this White Paper following the order of the differ-
ent sections.

• Modified Gravity Theories: Modified Gravity (MG) models (Sec. 4.3.1 and Sec. 4.3.2) propose extensions
to GR by altering the Einstein-Hilbert action, introducing additional scalar degrees of freedom, altering the
underlying geometry itself, or changing the spacetime dimensionality, among other alternatives, which can
affect both the cosmic expansion rate and the growth of large-scale structure. These modifications can impact
the lensing potential and structure formation, leading to changes in the inferred values of H0 and S8. Several
frameworks have been explored to address the Hubble tension within MG. f(R) gravity, for example, generalizes
GR by replacing the Ricci scalar with a nonlinear function of R, introducing an additional scalar mode that
modifies both the background expansion and structure growth. Horndeski theories, which include non-minimally
coupled scalar fields with derivative interactions, allow modifications to both the expansion history and lensing
effects but often face constraints from CMB lensing and large-scale structure data. Other models, such as
massive gravity and bimetric gravity, alter the graviton’s properties, leading to modified cosmic acceleration
and structure formation patterns. While some variants can reduce both the H0 and S8 tensions, they often
require fine-tuning or introduce instabilities in the late Universe. Teleparallel gravity approaches, including
f(T ) and f(Q) theories, replace curvature with torsion or non-metricity as the primary geometrical property
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still lead to su�ciently large deviations from the ⇤CDM
model resulting in better agreement with the observa-
tional data. Yet, at the end of the day, we may find
ourselves with a completely di↵erent outcome. In par-
ticular, given that there exist model-independent infer-
ences of H0 from the inverse distance ladder, which show
that combined dataset of BAO and Type Ia Supernovae
(SN) with/without Cepheids prefer low H0 values inde-
pendently of Planck data and the adopted dark energy
model suggesting late-time modifications alone is unable
to alleviate the H0 tension and turned attention to early-
time modifications (such as early dark energy) which low-
ers the sound horizon [76–80]. Also, notice that our dis-
cussions above also imply that the spatial curvature with
⌦k0 > 0 (spatially open universe) and the simple-gDE
with % > 0 (in this case the energy density increases
with increasing redshift, likewise the quintessence dark
energy models) would exacerbate both the H0 tension
and discrepancy with the BAO Ly-↵ measurements, both
which prevail within the ⇤CDM model. In what follows,
we explore in detail whether the spatial curvature (⌦k0)
and the simple-gDE (% = const) extensions, separately or
simultaneously, of the standard ⇤CDM model result in
improvements in fitting the observational data. We also
discuss the implications of our observational constraints
on the past and future history of the Universe and nature
of the vacuum energy.

II. MODEL

The energy-momentum tensor describing an isotropic
perfect fluid can be decomposed relative to a unique 4-
velocity u

µ (satisfying uµu
µ = �1 and r⌫u

µ
uµ = 0) in

the form of Tµ⌫ = (⇢+p)uµu⌫ +pgµ⌫ , where ⇢ is the (rel-
ativistic) energy density relative to u

µ, p is the isotropic
pressure and gµ⌫ is the metric tensor. In general rel-
ativity (GR)—described by the Einstein field equations
Gµ⌫ = �Tµ⌫—the set of equations arises from the twice-
contracted Bianchi identity implying rµG

µ⌫ = 0 and
hence resulting in rµT

µ⌫ = 0. Projecting parallel and
orthogonal to u

µ, we obtain the energy and momentum
conservation equations, correspondingly,

⇢̇+⇥% = 0 and Dµ
p+ %u̇

µ = 0, (1)

where ⇥ = Dµ
uµ is the volume expansion rate, a dot

denotes the derivative with respect to the comoving time
t, and we have used r⌫uµ = D⌫uµ�u̇µu⌫ [81, 82]. Notice,
in the momentum conservation equation in (1), that Dµ

p

is the pressure gradient and u̇
µ is the 4-acceleration, and

therefore % = ⇢+ p defines the inertial mass density.
The usual vacuum energy of the QFT (described by

the EoS pcc = �⇢cc) corresponds to the source that yields
null-inertial mass density,

%cc = 0, (2)

for which ⇢cc = const > 0, namely, the energy density
is a constant—via the energy conservation equation in

(1)—and supposed to be positive as suggested by the
cosmological observations. The simplest phenomenologi-
cal generalization of the usual vacuum energy (2) is then
to promote its null inertial mass density to an arbitrary
constant,

%ci = const, (3)

for which the energy density ⇢ci (supposed to be posi-
tive today, i.e., ⇢ci0 > 0) and the pressure pci are not
necessarily constant—here and in what follows the sub-
script 0 attached to any quantity denotes its present-day
(z = 0) value. It is worth noting that this promotion
corresponds to taking the inertial mass density, instead
of vacuum energy density (or ⇤), as one of the constants
of nature. We do not consider the possibility of ⇢ci0 < 0
throughout our study, as it obviously contradicts the ob-
servations. The energy density of this source, which we
call simple-graduated dark energy, reads

⇢ci = ⇢ci0 + 3%ci ln(1 + z), (4)

which satisfies the EoS parameter (w ⌘ �1 + %/⇢)

wci = �1 +
1 + wci0

1 + 3 (1 + wci0) ln(1 + z)
, (5)

where z = �1 + a0
a

is the redshift with a being the
scale factor of the Robertson-Walker (RW) metric. This
source, regardless of the sign of %ci, eventually becomes
indistinguishable from the ⇤ in the past (say, wci ⇡ �1
for z � 0), and thus the extension of the ⇤CDM model
via this source approximates indefinitely close to the
⇤CDM model as the dust dominates it in the past. Yet,
as the future Universe will eventually be dominated by
this source, the future will be drastically di↵erent de-
pending on the sign of %ci; the Universe hits a bounce
(H = 0) in the finite future if %ci > 0 and exhibits LSBR
singularity in the infinite future if %ci < 0 [72]. The latter
case, %ci < 0, is of particular interest to us, as in this case
⇢ci decreases as z increases; namely, the source exhibits a
phantomlike behavior as the logarithmic term (the new
term that arises due to the deviations from null inertial
mass density) dynamically screens ⇢ci0 in the finite past
(z > 0). However, in contrast to the usual phantom dark
energy models (described by w < �1 with ⇢ > 0), (i) its
energy density does not asymptotically approach zero as
z increases but crosses below zero at

zci⇤ = �1 + e�
1

3(1+wci0) (6)

and then keeps growing in negative values, and (ii) its
EoS parameter yields wci0 < �1 for z < zci⇤ and wci0 >

�1 for z > zci⇤. Unless wci0 6= �1, it yields wci ! �1
both in the far future (z ! �1) and in the very early
Universe (z ! 1) and exhibits a pole at zci⇤, i.e., when
the energy density crosses zero, which is in the finite past
for wci0 < �1 and in the finite future for wci0 > �1.
The case wci0 = �1 corresponds to the usual vacuum
energy—for this, we obtain either z⇤ = �1 or z⇤ = 1;
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corresponds to taking the inertial mass density, instead
of vacuum energy density (or ⇤), as one of the constants
of nature. We do not consider the possibility of ⇢ci0 < 0
throughout our study, as it obviously contradicts the ob-
servations. The energy density of this source, which we
call simple-graduated dark energy, reads

⇢ci = ⇢ci0 + 3%ci ln(1 + z), (4)

which satisfies the EoS parameter (w ⌘ �1 + %/⇢)

wci = �1 +
1 + wci0

1 + 3 (1 + wci0) ln(1 + z)
, (5)

where z = �1 + a0
a

is the redshift with a being the
scale factor of the Robertson-Walker (RW) metric. This
source, regardless of the sign of %ci, eventually becomes
indistinguishable from the ⇤ in the past (say, wci ⇡ �1
for z � 0), and thus the extension of the ⇤CDM model
via this source approximates indefinitely close to the
⇤CDM model as the dust dominates it in the past. Yet,
as the future Universe will eventually be dominated by
this source, the future will be drastically di↵erent de-
pending on the sign of %ci; the Universe hits a bounce
(H = 0) in the finite future if %ci > 0 and exhibits LSBR
singularity in the infinite future if %ci < 0 [72]. The latter
case, %ci < 0, is of particular interest to us, as in this case
⇢ci decreases as z increases; namely, the source exhibits a
phantomlike behavior as the logarithmic term (the new
term that arises due to the deviations from null inertial
mass density) dynamically screens ⇢ci0 in the finite past
(z > 0). However, in contrast to the usual phantom dark
energy models (described by w < �1 with ⇢ > 0), (i) its
energy density does not asymptotically approach zero as
z increases but crosses below zero at
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and then keeps growing in negative values, and (ii) its
EoS parameter yields wci0 < �1 for z < zci⇤ and wci0 >

�1 for z > zci⇤. Unless wci0 6= �1, it yields wci ! �1
both in the far future (z ! �1) and in the very early
Universe (z ! 1) and exhibits a pole at zci⇤, i.e., when
the energy density crosses zero, which is in the finite past
for wci0 < �1 and in the finite future for wci0 > �1.
The case wci0 = �1 corresponds to the usual vacuum
energy—for this, we obtain either z⇤ = �1 or z⇤ = 1;
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from AdS vacua to dS vacua, at z ⇠ 2.3 and triggered
the observed late-time acceleration, and we suggest look-
ing for such mechanisms in string theory.
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The energy-momentum tensor describing an isotropic
perfect fluid can be decomposed relative to a unique four-
velocity, uµ, in the form, Tµ⌫ = (⇢ + p)uµu⌫ + pgµ⌫ ,
where ⇢ is the relativistic energy density relative to uµ,
p is the isotropic pressure, gµ⌫ is the metric tensor, and
r⌫uµuµ = 0 and uµuµ = �1. The set of equations arise
from the twice-contracted Bianchi identities, by Einstein
field equations, Gµ⌫ = �Tµ⌫ , implies the conservation
equations. Projecting parallel and orthogonal to uµ, we
obtain the energy and momentum conservation equa-
tions, correspondingly,

⇢̇+⇥⇢inert = 0 and Dµp+ ⇢inertu̇
µ = 0, (1)

where ⇢inert = ⇢ + p, the multiplier of the four accel-
eration u̇µ, is the inertial mass density [62, 63]. Here,
D⌫ is the spatial gradient (the covariant derivative op-
erator orthogonal to uµ) defined by D⌫f = r⌫f + u⌫ ḟ ;
⇥ = Dµuµ is the volume expansion rate and overdots
denote derivatives w.r.t. the comoving proper time t.

Inspired by [66], we define a type of DE model, we
named as graduated Dark Energy (gDE), which yields an
inertial mass density exhibiting power-law dependence to
its energy density as follows;

⇢inert = �⇢0
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⇢

⇢0

◆�

, (2)

where ⇢0 is positive definite (throughout the paper, sub-
script 0 attached to any quantity denotes its value today),
the parameters � and � are real constants. This can be
viewed as characterising the minimum dynamical devi-
ation from the null inertial mass density, viz., from the
conventional vacuum energy. So that equation of state
(EoS) parameter is w = p/⇢ = �1 + ⇢inert/⇢, and reads

w = �1 + �

✓
⇢

⇢0

◆��1

. (3)

We note that � = 0 corresponds to the conventional vac-
uum energy with w = �1 (leading to the ⇤CDM model)
and � = 1 corresponds to the perfect fluid with con-
stant EoS parameter w = �1+ � = const (leading to the
wCDM model). From the continuity equation (1), this

leads to d⇢+ 3�⇢0
⇣

⇢
⇢0

⌘�
da
a = 0, which is solved by

⇢ = ⇢0 [1 + 3�(� � 1) ln a]
1

1�� , (4)

which satisfies

⇢inert = �⇢0 [1 + 3�(� � 1) ln a]
�

1�� , (5)

w = �1 +
�

1 + 3�(� � 1) ln a
. (6)

We note that w = �1 + � today (when a = 1 or redshift
z ⌘ �1 + 1

a = 0) and w ⇡ �1 for su�ciently large and
small a, in particular, w ! �1 in the far future (a ! 1)
and in the very early universe (a ! 0). Besides, pro-
vided that the parameters � and � are chosen appropri-
ately, gDE can achieve transition from ⇢ > 0 to ⇢ < 0
at a certain redshift. Thus, gDE can also be viewed as a
phenomenological model described by a smooth function
for approximately describing the cosmological constant
switches sign at a certain redshift and, for instance, be-
comes positive just recently in the late universe.
The gDE (4), in fact, exhibits various types of dynam-

ics depending on its free parameters � and �, see [70] for a
comprehensive investigation. In this paper, we are inter-
ested in the case its energy density passes below zero at
high redshifts, which, so far, has not been paid much at-
tention, yet it is the case fitting the scenarios we discussed
in the Introduction I that most likely address the tensions
relevant to H0 and, in particular, to the high-precision
Ly-↵ data from z ⇡ 2.34. For instance, in the case � = 0
(⇢inert = �⇢0), (4) reduces to ⇢ = ⇢0 � 3⇢0� ln a, con-
sisting of a constant ⇢0 > 0 mimicking ⇤ > 0 and a
dynamically screening term, �3⇢0� ln a, in the past for

� < 0, viz., ⇢0 � 3⇢0� ln a = 0 at a = e
1
3� . Yet, the pres-

ence of the exponent 1
1�� in (4) will allow us to realise

such a scenario with additional features.
First, we define ⇢/⇢0 = xy along with ⇢0 > 0, where

x ⌘ 1+3�(��1) ln a and y ⌘ 1
1�� . We note that, unless

� = 0 (conventional vacuum) or � = 1 (perfect fluid with
constant EoS parameter), x changes sign at

a = a⇤ ⌘ e�
1
3

1
�(��1) , (7)

which is in the past (a⇤ < 1, the case we are interested in)
for �(��1) > 0, and in the future (a⇤ > 1) for �(��1) <
0. Next, y < 0 for � > 1 so that ⇢ ! ±1 as a ! a⇤
and y > 0 for � < 1 so that ⇢ ! 0 as a ! a⇤, where the
latter case is of interest to us. Thus, we proceed with the
following two conditions serving our purpose:

� < 1 and � < 0, (8)

the latter of which implies w(a = 1) < �1, i.e., the gDE
must be in the phantom region today.

To get around a mathematical obstacle, when we inves-
tigate gDE computationally (see [110]), we continue by
writing ⇢

⇢0
= xy in an equivalent way as ⇢

⇢0
= sgn(x) |x|y

for y = m
n with m and n being odd integers, namely,

⇢ = ⇢0 sgn[1 � ln a]
��1 � ln a

�� 1
1�� , (9)

for  ⌘ �3�(� � 1) < 0 (i.e., � < 0), � < 1 and the ex-
ponent 1

1�� = m
n with both m and n being odd integers.

For practical reasons, we will consider m = 1 and so � =
�2N with N = 0, 1, 2, ..., i.e., � = 0,�2,�4, ... . Here
sgn is the signum function that reads sgn(x) = �1, 0, 1
for x < 0, x = 0 and x > 0, respectively. Of course, in
principle, there is an infinite number of such � values,

3

from AdS vacua to dS vacua, at z ⇠ 2.3 and triggered
the observed late-time acceleration, and we suggest look-
ing for such mechanisms in string theory.

II. GRADUATED DARK ENERGY

The energy-momentum tensor describing an isotropic
perfect fluid can be decomposed relative to a unique four-
velocity, uµ, in the form, Tµ⌫ = (⇢ + p)uµu⌫ + pgµ⌫ ,
where ⇢ is the relativistic energy density relative to uµ,
p is the isotropic pressure, gµ⌫ is the metric tensor, and
r⌫uµuµ = 0 and uµuµ = �1. The set of equations arise
from the twice-contracted Bianchi identities, by Einstein
field equations, Gµ⌫ = �Tµ⌫ , implies the conservation
equations. Projecting parallel and orthogonal to uµ, we
obtain the energy and momentum conservation equa-
tions, correspondingly,

⇢̇+⇥⇢inert = 0 and Dµp+ ⇢inertu̇
µ = 0, (1)

where ⇢inert = ⇢ + p, the multiplier of the four accel-
eration u̇µ, is the inertial mass density [62, 63]. Here,
D⌫ is the spatial gradient (the covariant derivative op-
erator orthogonal to uµ) defined by D⌫f = r⌫f + u⌫ ḟ ;
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must be in the phantom region today.

To get around a mathematical obstacle, when we inves-
tigate gDE computationally (see [110]), we continue by
writing ⇢

⇢0
= xy in an equivalent way as ⇢

⇢0
= sgn(x) |x|y

for y = m
n with m and n being odd integers, namely,

⇢ = ⇢0 sgn[1 � ln a]
��1 � ln a

�� 1
1�� , (9)

for  ⌘ �3�(� � 1) < 0 (i.e., � < 0), � < 1 and the ex-
ponent 1

1�� = m
n with both m and n being odd integers.

For practical reasons, we will consider m = 1 and so � =
�2N with N = 0, 1, 2, ..., i.e., � = 0,�2,�4, ... . Here
sgn is the signum function that reads sgn(x) = �1, 0, 1
for x < 0, x = 0 and x > 0, respectively. Of course, in
principle, there is an infinite number of such � values,

m and n are odd integers

3

from AdS vacua to dS vacua, at z ⇠ 2.3 and triggered
the observed late-time acceleration, and we suggest look-
ing for such mechanisms in string theory.

II. GRADUATED DARK ENERGY

The energy-momentum tensor describing an isotropic
perfect fluid can be decomposed relative to a unique four-
velocity, uµ, in the form, Tµ⌫ = (⇢ + p)uµu⌫ + pgµ⌫ ,
where ⇢ is the relativistic energy density relative to uµ,
p is the isotropic pressure, gµ⌫ is the metric tensor, and
r⌫uµuµ = 0 and uµuµ = �1. The set of equations arise
from the twice-contracted Bianchi identities, by Einstein
field equations, Gµ⌫ = �Tµ⌫ , implies the conservation
equations. Projecting parallel and orthogonal to uµ, we
obtain the energy and momentum conservation equa-
tions, correspondingly,

⇢̇+⇥⇢inert = 0 and Dµp+ ⇢inertu̇
µ = 0, (1)

where ⇢inert = ⇢ + p, the multiplier of the four accel-
eration u̇µ, is the inertial mass density [62, 63]. Here,
D⌫ is the spatial gradient (the covariant derivative op-
erator orthogonal to uµ) defined by D⌫f = r⌫f + u⌫ ḟ ;
⇥ = Dµuµ is the volume expansion rate and overdots
denote derivatives w.r.t. the comoving proper time t.

Inspired by [66], we define a type of DE model, we
named as graduated Dark Energy (gDE), which yields an
inertial mass density exhibiting power-law dependence to
its energy density as follows;

⇢inert = �⇢0

✓
⇢

⇢0

◆�

, (2)

where ⇢0 is positive definite (throughout the paper, sub-
script 0 attached to any quantity denotes its value today),
the parameters � and � are real constants. This can be
viewed as characterising the minimum dynamical devi-
ation from the null inertial mass density, viz., from the
conventional vacuum energy. So that equation of state
(EoS) parameter is w = p/⇢ = �1 + ⇢inert/⇢, and reads

w = �1 + �

✓
⇢

⇢0

◆��1

. (3)

We note that � = 0 corresponds to the conventional vac-
uum energy with w = �1 (leading to the ⇤CDM model)
and � = 1 corresponds to the perfect fluid with con-
stant EoS parameter w = �1+ � = const (leading to the
wCDM model). From the continuity equation (1), this

leads to d⇢+ 3�⇢0
⇣

⇢
⇢0

⌘�
da
a = 0, which is solved by

⇢ = ⇢0 [1 + 3�(� � 1) ln a]
1

1�� , (4)

which satisfies

⇢inert = �⇢0 [1 + 3�(� � 1) ln a]
�

1�� , (5)

w = �1 +
�

1 + 3�(� � 1) ln a
. (6)

We note that w = �1 + � today (when a = 1 or redshift
z ⌘ �1 + 1

a = 0) and w ⇡ �1 for su�ciently large and
small a, in particular, w ! �1 in the far future (a ! 1)
and in the very early universe (a ! 0). Besides, pro-
vided that the parameters � and � are chosen appropri-
ately, gDE can achieve transition from ⇢ > 0 to ⇢ < 0
at a certain redshift. Thus, gDE can also be viewed as a
phenomenological model described by a smooth function
for approximately describing the cosmological constant
switches sign at a certain redshift and, for instance, be-
comes positive just recently in the late universe.
The gDE (4), in fact, exhibits various types of dynam-

ics depending on its free parameters � and �, see [70] for a
comprehensive investigation. In this paper, we are inter-
ested in the case its energy density passes below zero at
high redshifts, which, so far, has not been paid much at-
tention, yet it is the case fitting the scenarios we discussed
in the Introduction I that most likely address the tensions
relevant to H0 and, in particular, to the high-precision
Ly-↵ data from z ⇡ 2.34. For instance, in the case � = 0
(⇢inert = �⇢0), (4) reduces to ⇢ = ⇢0 � 3⇢0� ln a, con-
sisting of a constant ⇢0 > 0 mimicking ⇤ > 0 and a
dynamically screening term, �3⇢0� ln a, in the past for

� < 0, viz., ⇢0 � 3⇢0� ln a = 0 at a = e
1
3� . Yet, the pres-

ence of the exponent 1
1�� in (4) will allow us to realise

such a scenario with additional features.
First, we define ⇢/⇢0 = xy along with ⇢0 > 0, where

x ⌘ 1+3�(��1) ln a and y ⌘ 1
1�� . We note that, unless

� = 0 (conventional vacuum) or � = 1 (perfect fluid with
constant EoS parameter), x changes sign at

a = a⇤ ⌘ e�
1
3

1
�(��1) , (7)

which is in the past (a⇤ < 1, the case we are interested in)
for �(��1) > 0, and in the future (a⇤ > 1) for �(��1) <
0. Next, y < 0 for � > 1 so that ⇢ ! ±1 as a ! a⇤
and y > 0 for � < 1 so that ⇢ ! 0 as a ! a⇤, where the
latter case is of interest to us. Thus, we proceed with the
following two conditions serving our purpose:

� < 1 and � < 0, (8)

the latter of which implies w(a = 1) < �1, i.e., the gDE
must be in the phantom region today.

To get around a mathematical obstacle, when we inves-
tigate gDE computationally (see [110]), we continue by
writing ⇢

⇢0
= xy in an equivalent way as ⇢

⇢0
= sgn(x) |x|y

for y = m
n with m and n being odd integers, namely,

⇢ = ⇢0 sgn[1 � ln a]
��1 � ln a

�� 1
1�� , (9)

for  ⌘ �3�(� � 1) < 0 (i.e., � < 0), � < 1 and the ex-
ponent 1

1�� = m
n with both m and n being odd integers.

For practical reasons, we will consider m = 1 and so � =
�2N with N = 0, 1, 2, ..., i.e., � = 0,�2,�4, ... . Here
sgn is the signum function that reads sgn(x) = �1, 0, 1
for x < 0, x = 0 and x > 0, respectively. Of course, in
principle, there is an infinite number of such � values,

3

from AdS vacua to dS vacua, at z ⇠ 2.3 and triggered
the observed late-time acceleration, and we suggest look-
ing for such mechanisms in string theory.

II. GRADUATED DARK ENERGY

The energy-momentum tensor describing an isotropic
perfect fluid can be decomposed relative to a unique four-
velocity, uµ, in the form, Tµ⌫ = (⇢ + p)uµu⌫ + pgµ⌫ ,
where ⇢ is the relativistic energy density relative to uµ,
p is the isotropic pressure, gµ⌫ is the metric tensor, and
r⌫uµuµ = 0 and uµuµ = �1. The set of equations arise
from the twice-contracted Bianchi identities, by Einstein
field equations, Gµ⌫ = �Tµ⌫ , implies the conservation
equations. Projecting parallel and orthogonal to uµ, we
obtain the energy and momentum conservation equa-
tions, correspondingly,

⇢̇+⇥⇢inert = 0 and Dµp+ ⇢inertu̇
µ = 0, (1)

where ⇢inert = ⇢ + p, the multiplier of the four accel-
eration u̇µ, is the inertial mass density [62, 63]. Here,
D⌫ is the spatial gradient (the covariant derivative op-
erator orthogonal to uµ) defined by D⌫f = r⌫f + u⌫ ḟ ;
⇥ = Dµuµ is the volume expansion rate and overdots
denote derivatives w.r.t. the comoving proper time t.

Inspired by [66], we define a type of DE model, we
named as graduated Dark Energy (gDE), which yields an
inertial mass density exhibiting power-law dependence to
its energy density as follows;

⇢inert = �⇢0

✓
⇢

⇢0

◆�

, (2)

where ⇢0 is positive definite (throughout the paper, sub-
script 0 attached to any quantity denotes its value today),
the parameters � and � are real constants. This can be
viewed as characterising the minimum dynamical devi-
ation from the null inertial mass density, viz., from the
conventional vacuum energy. So that equation of state
(EoS) parameter is w = p/⇢ = �1 + ⇢inert/⇢, and reads

w = �1 + �

✓
⇢

⇢0

◆��1

. (3)

We note that � = 0 corresponds to the conventional vac-
uum energy with w = �1 (leading to the ⇤CDM model)
and � = 1 corresponds to the perfect fluid with con-
stant EoS parameter w = �1+ � = const (leading to the
wCDM model). From the continuity equation (1), this

leads to d⇢+ 3�⇢0
⇣

⇢
⇢0

⌘�
da
a = 0, which is solved by

⇢ = ⇢0 [1 + 3�(� � 1) ln a]
1

1�� , (4)

which satisfies

⇢inert = �⇢0 [1 + 3�(� � 1) ln a]
�

1�� , (5)

w = �1 +
�

1 + 3�(� � 1) ln a
. (6)

We note that w = �1 + � today (when a = 1 or redshift
z ⌘ �1 + 1

a = 0) and w ⇡ �1 for su�ciently large and
small a, in particular, w ! �1 in the far future (a ! 1)
and in the very early universe (a ! 0). Besides, pro-
vided that the parameters � and � are chosen appropri-
ately, gDE can achieve transition from ⇢ > 0 to ⇢ < 0
at a certain redshift. Thus, gDE can also be viewed as a
phenomenological model described by a smooth function
for approximately describing the cosmological constant
switches sign at a certain redshift and, for instance, be-
comes positive just recently in the late universe.
The gDE (4), in fact, exhibits various types of dynam-

ics depending on its free parameters � and �, see [70] for a
comprehensive investigation. In this paper, we are inter-
ested in the case its energy density passes below zero at
high redshifts, which, so far, has not been paid much at-
tention, yet it is the case fitting the scenarios we discussed
in the Introduction I that most likely address the tensions
relevant to H0 and, in particular, to the high-precision
Ly-↵ data from z ⇡ 2.34. For instance, in the case � = 0
(⇢inert = �⇢0), (4) reduces to ⇢ = ⇢0 � 3⇢0� ln a, con-
sisting of a constant ⇢0 > 0 mimicking ⇤ > 0 and a
dynamically screening term, �3⇢0� ln a, in the past for

� < 0, viz., ⇢0 � 3⇢0� ln a = 0 at a = e
1
3� . Yet, the pres-

ence of the exponent 1
1�� in (4) will allow us to realise

such a scenario with additional features.
First, we define ⇢/⇢0 = xy along with ⇢0 > 0, where

x ⌘ 1+3�(��1) ln a and y ⌘ 1
1�� . We note that, unless

� = 0 (conventional vacuum) or � = 1 (perfect fluid with
constant EoS parameter), x changes sign at

a = a⇤ ⌘ e�
1
3

1
�(��1) , (7)

which is in the past (a⇤ < 1, the case we are interested in)
for �(��1) > 0, and in the future (a⇤ > 1) for �(��1) <
0. Next, y < 0 for � > 1 so that ⇢ ! ±1 as a ! a⇤
and y > 0 for � < 1 so that ⇢ ! 0 as a ! a⇤, where the
latter case is of interest to us. Thus, we proceed with the
following two conditions serving our purpose:

� < 1 and � < 0, (8)

the latter of which implies w(a = 1) < �1, i.e., the gDE
must be in the phantom region today.

To get around a mathematical obstacle, when we inves-
tigate gDE computationally (see [110]), we continue by
writing ⇢

⇢0
= xy in an equivalent way as ⇢

⇢0
= sgn(x) |x|y

for y = m
n with m and n being odd integers, namely,

⇢ = ⇢0 sgn[1 � ln a]
��1 � ln a

�� 1
1�� , (9)

for  ⌘ �3�(� � 1) < 0 (i.e., � < 0), � < 1 and the ex-
ponent 1

1�� = m
n with both m and n being odd integers.

For practical reasons, we will consider m = 1 and so � =
�2N with N = 0, 1, 2, ..., i.e., � = 0,�2,�4, ... . Here
sgn is the signum function that reads sgn(x) = �1, 0, 1
for x < 0, x = 0 and x > 0, respectively. Of course, in
principle, there is an infinite number of such � values,

Local momentum conservation 
(Euler equation/Newton’s 2nd law of motion)

Local energy conservation 
(Continuity equation)

3

from AdS vacua to dS vacua, at z ⇠ 2.3 and triggered
the observed late-time acceleration, and we suggest look-
ing for such mechanisms in string theory.

II. GRADUATED DARK ENERGY

The energy-momentum tensor describing an isotropic
perfect fluid can be decomposed relative to a unique four-
velocity, uµ, in the form, Tµ⌫ = (⇢ + p)uµu⌫ + pgµ⌫ ,
where ⇢ is the relativistic energy density relative to uµ,
p is the isotropic pressure, gµ⌫ is the metric tensor, and
r⌫uµuµ = 0 and uµuµ = �1. The set of equations arise
from the twice-contracted Bianchi identities, by Einstein
field equations, Gµ⌫ = �Tµ⌫ , implies the conservation
equations. Projecting parallel and orthogonal to uµ, we
obtain the energy and momentum conservation equa-
tions, correspondingly,

⇢̇+⇥⇢inert = 0 and Dµp+ ⇢inertu̇
µ = 0, (1)

where ⇢inert = ⇢ + p, the multiplier of the four accel-
eration u̇µ, is the inertial mass density [62, 63]. Here,
D⌫ is the spatial gradient (the covariant derivative op-
erator orthogonal to uµ) defined by D⌫f = r⌫f + u⌫ ḟ ;
⇥ = Dµuµ is the volume expansion rate and overdots
denote derivatives w.r.t. the comoving proper time t.

Inspired by [66], we define a type of DE model, we
named as graduated Dark Energy (gDE), which yields an
inertial mass density exhibiting power-law dependence to
its energy density as follows;

% = �⇢0

✓
⇢

⇢0

◆�

, (2)

where ⇢0 is positive definite (throughout the paper, sub-
script 0 attached to any quantity denotes its value today),
the parameters � and � are real constants. This can be
viewed as characterising the minimum dynamical devi-
ation from the null inertial mass density, viz., from the
conventional vacuum energy. So that equation of state
(EoS) parameter is w = p/⇢ = �1 + ⇢inert/⇢, and reads

w = �1 + �

✓
⇢

⇢0

◆��1

. (3)

We note that � = 0 corresponds to the conventional vac-
uum energy with w = �1 (leading to the ⇤CDM model)
and � = 1 corresponds to the perfect fluid with con-
stant EoS parameter w = �1+ � = const (leading to the
wCDM model). From the continuity equation (1), this

leads to d⇢+ 3�⇢0
⇣

⇢
⇢0

⌘�
da
a = 0, which is solved by

⇢ = ⇢0 [1 + 3�(� � 1) ln a]
1

1�� , (4)

which satisfies

⇢inert = �⇢0 [1 + 3�(� � 1) ln a]
�

1�� , (5)

w = �1 +
�

1 + 3�(� � 1) ln a
. (6)

We note that w = �1 + � today (when a = 1 or redshift
z ⌘ �1 + 1

a = 0) and w ⇡ �1 for su�ciently large and
small a, in particular, w ! �1 in the far future (a ! 1)
and in the very early universe (a ! 0). Besides, pro-
vided that the parameters � and � are chosen appropri-
ately, gDE can achieve transition from ⇢ > 0 to ⇢ < 0
at a certain redshift. Thus, gDE can also be viewed as a
phenomenological model described by a smooth function
for approximately describing the cosmological constant
switches sign at a certain redshift and, for instance, be-
comes positive just recently in the late universe.
The gDE (4), in fact, exhibits various types of dynam-

ics depending on its free parameters � and �, see [70] for a
comprehensive investigation. In this paper, we are inter-
ested in the case its energy density passes below zero at
high redshifts, which, so far, has not been paid much at-
tention, yet it is the case fitting the scenarios we discussed
in the Introduction I that most likely address the tensions
relevant to H0 and, in particular, to the high-precision
Ly-↵ data from z ⇡ 2.34. For instance, in the case � = 0
(⇢inert = �⇢0), (4) reduces to ⇢ = ⇢0 � 3⇢0� ln a, con-
sisting of a constant ⇢0 > 0 mimicking ⇤ > 0 and a
dynamically screening term, �3⇢0� ln a, in the past for

� < 0, viz., ⇢0 � 3⇢0� ln a = 0 at a = e
1
3� . Yet, the pres-

ence of the exponent 1
1�� in (4) will allow us to realise

such a scenario with additional features.
First, we define ⇢/⇢0 = xy along with ⇢0 > 0, where

x ⌘ 1+3�(��1) ln a and y ⌘ 1
1�� . We note that, unless

� = 0 (conventional vacuum) or � = 1 (perfect fluid with
constant EoS parameter), x changes sign at

a = a⇤ ⌘ e�
1
3

1
�(��1) , (7)

which is in the past (a⇤ < 1, the case we are interested in)
for �(��1) > 0, and in the future (a⇤ > 1) for �(��1) <
0. Next, y < 0 for � > 1 so that ⇢ ! ±1 as a ! a⇤
and y > 0 for � < 1 so that ⇢ ! 0 as a ! a⇤, where the
latter case is of interest to us. Thus, we proceed with the
following two conditions serving our purpose:

� < 1 and � < 0, (8)

the latter of which implies w(a = 1) < �1, i.e., the gDE
must be in the phantom region today.

To get around a mathematical obstacle, when we inves-
tigate gDE computationally (see [110]), we continue by
writing ⇢

⇢0
= xy in an equivalent way as ⇢

⇢0
= sgn(x) |x|y

for y = m
n with m and n being odd integers, namely,

⇢ = ⇢0 sgn[1 � ln a]
��1 � ln a

�� 1
1�� , (9)

for  ⌘ �3�(� � 1) < 0 (i.e., � < 0), � < 1 and the ex-
ponent 1

1�� = m
n with both m and n being odd integers.

For practical reasons, we will consider m = 1 and so � =
�2N with N = 0, 1, 2, ..., i.e., � = 0,�2,�4, ... . Here
sgn is the signum function that reads sgn(x) = �1, 0, 1
for x < 0, x = 0 and x > 0, respectively. Of course, in
principle, there is an infinite number of such � values,

3

from AdS vacua to dS vacua, at z ⇠ 2.3 and triggered
the observed late-time acceleration, and we suggest look-
ing for such mechanisms in string theory.

II. GRADUATED DARK ENERGY

The energy-momentum tensor describing an isotropic
perfect fluid can be decomposed relative to a unique four-
velocity, uµ, in the form, Tµ⌫ = (⇢ + p)uµu⌫ + pgµ⌫ ,
where ⇢ is the relativistic energy density relative to uµ,
p is the isotropic pressure, gµ⌫ is the metric tensor, and
r⌫uµuµ = 0 and uµuµ = �1. The set of equations arise
from the twice-contracted Bianchi identities, by Einstein
field equations, Gµ⌫ = �Tµ⌫ , implies the conservation
equations. Projecting parallel and orthogonal to uµ, we
obtain the energy and momentum conservation equa-
tions, correspondingly,

⇢̇+⇥⇢inert = 0 and Dµp+ ⇢inertu̇
µ = 0, (1)

where ⇢inert = ⇢ + p, the multiplier of the four accel-
eration u̇µ, is the inertial mass density [62, 63]. Here,
D⌫ is the spatial gradient (the covariant derivative op-
erator orthogonal to uµ) defined by D⌫f = r⌫f + u⌫ ḟ ;
⇥ = Dµuµ is the volume expansion rate and overdots
denote derivatives w.r.t. the comoving proper time t.

Inspired by [66], we define a type of DE model, we
named as graduated Dark Energy (gDE), which yields an
inertial mass density exhibiting power-law dependence to
its energy density as follows;

% = �⇢0

✓
⇢

⇢0

◆�

, (2)

%⇤ = 0 for usual vacuum energy of QFT, (3)

where ⇢0 is positive definite (throughout the paper, sub-
script 0 attached to any quantity denotes its value today),
the parameters � and � are real constants. This can be
viewed as characterising the minimum dynamical devi-
ation from the null inertial mass density, viz., from the
conventional vacuum energy. So that equation of state
(EoS) parameter is w = p/⇢ = �1 + ⇢inert/⇢, and reads

w = �1 + �

✓
⇢

⇢0

◆��1

. (4)

We note that � = 0 corresponds to the conventional vac-
uum energy with w = �1 (leading to the ⇤CDM model)
and � = 1 corresponds to the perfect fluid with con-
stant EoS parameter w = �1+ � = const (leading to the
wCDM model). From the continuity equation (1), this

leads to d⇢+ 3�⇢0
⇣

⇢
⇢0

⌘�
da
a = 0, which is solved by

⇢ = ⇢0 [1 + 3�(� � 1) ln a]
1

1�� , (5)

which satisfies

⇢inert = �⇢0 [1 + 3�(� � 1) ln a]
�

1�� , (6)

w = �1 +
�

1 + 3�(� � 1) ln a
. (7)

We note that w = �1 + � today (when a = 1 or redshift
z ⌘ �1 + 1

a = 0) and w ⇡ �1 for su�ciently large and
small a, in particular, w ! �1 in the far future (a ! 1)
and in the very early universe (a ! 0). Besides, pro-
vided that the parameters � and � are chosen appropri-
ately, gDE can achieve transition from ⇢ > 0 to ⇢ < 0
at a certain redshift. Thus, gDE can also be viewed as a
phenomenological model described by a smooth function
for approximately describing the cosmological constant
switches sign at a certain redshift and, for instance, be-
comes positive just recently in the late universe.
The gDE (5), in fact, exhibits various types of dynam-

ics depending on its free parameters � and �, see [70] for a
comprehensive investigation. In this paper, we are inter-
ested in the case its energy density passes below zero at
high redshifts, which, so far, has not been paid much at-
tention, yet it is the case fitting the scenarios we discussed
in the Introduction I that most likely address the tensions
relevant to H0 and, in particular, to the high-precision
Ly-↵ data from z ⇡ 2.34. For instance, in the case � = 0
(⇢inert = �⇢0), (5) reduces to ⇢ = ⇢0 � 3⇢0� ln a, con-
sisting of a constant ⇢0 > 0 mimicking ⇤ > 0 and a
dynamically screening term, �3⇢0� ln a, in the past for

� < 0, viz., ⇢0 � 3⇢0� ln a = 0 at a = e
1
3� . Yet, the pres-

ence of the exponent 1
1�� in (5) will allow us to realise

such a scenario with additional features.
First, we define ⇢/⇢0 = xy along with ⇢0 > 0, where

x ⌘ 1+3�(��1) ln a and y ⌘ 1
1�� . We note that, unless

� = 0 (conventional vacuum) or � = 1 (perfect fluid with
constant EoS parameter), x changes sign at

a = a⇤ ⌘ e�
1
3

1
�(��1) , (8)

which is in the past (a⇤ < 1, the case we are interested in)
for �(��1) > 0, and in the future (a⇤ > 1) for �(��1) <
0. Next, y < 0 for � > 1 so that ⇢ ! ±1 as a ! a⇤
and y > 0 for � < 1 so that ⇢ ! 0 as a ! a⇤, where the
latter case is of interest to us. Thus, we proceed with the
following two conditions serving our purpose:

� < 1 and � < 0, (9)

the latter of which implies w(a = 1) < �1, i.e., the gDE
must be in the phantom region today.

To get around a mathematical obstacle, when we inves-
tigate gDE computationally (see [110]), we continue by
writing ⇢

⇢0
= xy in an equivalent way as ⇢

⇢0
= sgn(x) |x|y

for y = m
n with m and n being odd integers, namely,

⇢ = ⇢0 sgn[1 � ln a]
��1 � ln a

�� 1
1�� , (10)

for  ⌘ �3�(� � 1) < 0 (i.e., � < 0), � < 1 and the ex-
ponent 1

1�� = m
n with both m and n being odd integers.

Cosmological constant 
or the usual vacuum energy of QFT

(Inertial mass density)

EoS parameter

Simple-gDE:
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from AdS vacua to dS vacua, at z ⇠ 2.3 and triggered
the observed late-time acceleration, and we suggest look-
ing for such mechanisms in string theory.

II. GRADUATED DARK ENERGY

The energy-momentum tensor describing an isotropic
perfect fluid can be decomposed relative to a unique four-
velocity, uµ, in the form, Tµ⌫ = (⇢ + p)uµu⌫ + pgµ⌫ ,
where ⇢ is the relativistic energy density relative to uµ,
p is the isotropic pressure, gµ⌫ is the metric tensor, and
r⌫uµuµ = 0 and uµuµ = �1. The set of equations arise
from the twice-contracted Bianchi identities, by Einstein
field equations, Gµ⌫ = �Tµ⌫ , implies the conservation
equations. Projecting parallel and orthogonal to uµ, we
obtain the energy and momentum conservation equa-
tions, correspondingly,

⇢̇+⇥⇢inert = 0 and Dµp+ ⇢inertu̇
µ = 0, (1)

where ⇢inert = ⇢ + p, the multiplier of the four accel-
eration u̇µ, is the inertial mass density [62, 63]. Here,
D⌫ is the spatial gradient (the covariant derivative op-
erator orthogonal to uµ) defined by D⌫f = r⌫f + u⌫ ḟ ;
⇥ = Dµuµ is the volume expansion rate and overdots
denote derivatives w.r.t. the comoving proper time t.

Inspired by [66], we define a type of DE model, we
named as graduated Dark Energy (gDE), which yields an
inertial mass density exhibiting power-law dependence to
its energy density as follows;

⇢inert = �⇢0

✓
⇢

⇢0

◆�

, (2)

% = constant (3)

where ⇢0 is positive definite (throughout the paper, sub-
script 0 attached to any quantity denotes its value today),
the parameters � and � are real constants. This can be
viewed as characterising the minimum dynamical devi-
ation from the null inertial mass density, viz., from the
conventional vacuum energy. So that equation of state
(EoS) parameter is w = p/⇢ = �1 + ⇢inert/⇢, and reads

w = �1 + �

✓
⇢

⇢0

◆��1

. (4)

We note that � = 0 corresponds to the conventional vac-
uum energy with w = �1 (leading to the ⇤CDM model)
and � = 1 corresponds to the perfect fluid with con-
stant EoS parameter w = �1+ � = const (leading to the
wCDM model). From the continuity equation (1), this

leads to d⇢+ 3�⇢0
⇣

⇢
⇢0

⌘�
da
a = 0, which is solved by

⇢ = ⇢0 [1 + 3�(� � 1) ln a]
1

1�� , (5)

which satisfies

⇢inert = �⇢0 [1 + 3�(� � 1) ln a]
�

1�� , (6)

w = �1 +
�

1 + 3�(� � 1) ln a
. (7)

We note that w = �1 + � today (when a = 1 or redshift
z ⌘ �1 + 1

a = 0) and w ⇡ �1 for su�ciently large and
small a, in particular, w ! �1 in the far future (a ! 1)
and in the very early universe (a ! 0). Besides, pro-
vided that the parameters � and � are chosen appropri-
ately, gDE can achieve transition from ⇢ > 0 to ⇢ < 0
at a certain redshift. Thus, gDE can also be viewed as a
phenomenological model described by a smooth function
for approximately describing the cosmological constant
switches sign at a certain redshift and, for instance, be-
comes positive just recently in the late universe.
The gDE (5), in fact, exhibits various types of dynam-

ics depending on its free parameters � and �, see [70] for a
comprehensive investigation. In this paper, we are inter-
ested in the case its energy density passes below zero at
high redshifts, which, so far, has not been paid much at-
tention, yet it is the case fitting the scenarios we discussed
in the Introduction I that most likely address the tensions
relevant to H0 and, in particular, to the high-precision
Ly-↵ data from z ⇡ 2.34. For instance, in the case � = 0
(⇢inert = �⇢0), (5) reduces to ⇢ = ⇢0 � 3⇢0� ln a, con-
sisting of a constant ⇢0 > 0 mimicking ⇤ > 0 and a
dynamically screening term, �3⇢0� ln a, in the past for

� < 0, viz., ⇢0 � 3⇢0� ln a = 0 at a = e
1
3� . Yet, the pres-

ence of the exponent 1
1�� in (5) will allow us to realise

such a scenario with additional features.
First, we define ⇢/⇢0 = xy along with ⇢0 > 0, where

x ⌘ 1+3�(��1) ln a and y ⌘ 1
1�� . We note that, unless

� = 0 (conventional vacuum) or � = 1 (perfect fluid with
constant EoS parameter), x changes sign at

a = a⇤ ⌘ e�
1
3

1
�(��1) , (8)

which is in the past (a⇤ < 1, the case we are interested in)
for �(��1) > 0, and in the future (a⇤ > 1) for �(��1) <
0. Next, y < 0 for � > 1 so that ⇢ ! ±1 as a ! a⇤
and y > 0 for � < 1 so that ⇢ ! 0 as a ! a⇤, where the
latter case is of interest to us. Thus, we proceed with the
following two conditions serving our purpose:

� < 1 and � < 0, (9)

the latter of which implies w(a = 1) < �1, i.e., the gDE
must be in the phantom region today.

To get around a mathematical obstacle, when we inves-
tigate gDE computationally (see [110]), we continue by
writing ⇢

⇢0
= xy in an equivalent way as ⇢

⇢0
= sgn(x) |x|y

for y = m
n with m and n being odd integers, namely,

⇢ = ⇢0 sgn[1 � ln a]
��1 � ln a

�� 1
1�� , (10)

for  ⌘ �3�(� � 1) < 0 (i.e., � < 0), � < 1 and the ex-
ponent 1

1�� = m
n with both m and n being odd integers.
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from AdS vacua to dS vacua, at z ⇠ 2.3 and triggered
the observed late-time acceleration, and we suggest look-
ing for such mechanisms in string theory.

II. GRADUATED DARK ENERGY

The energy-momentum tensor describing an isotropic
perfect fluid can be decomposed relative to a unique four-
velocity, uµ, in the form, Tµ⌫ = (⇢ + p)uµu⌫ + pgµ⌫ ,
where ⇢ is the relativistic energy density relative to uµ,
p is the isotropic pressure, gµ⌫ is the metric tensor, and
r⌫uµuµ = 0 and uµuµ = �1. The set of equations arise
from the twice-contracted Bianchi identities, by Einstein
field equations, Gµ⌫ = �Tµ⌫ , implies the conservation
equations. Projecting parallel and orthogonal to uµ, we
obtain the energy and momentum conservation equa-
tions, correspondingly,

⇢̇+⇥⇢inert = 0 and Dµp+ ⇢inertu̇
µ = 0, (1)

where ⇢inert = ⇢ + p, the multiplier of the four accel-
eration u̇µ, is the inertial mass density [62, 63]. Here,
D⌫ is the spatial gradient (the covariant derivative op-
erator orthogonal to uµ) defined by D⌫f = r⌫f + uµḟ ;
⇥ = Dµuµ is the volume expansion rate and overdots
denote derivatives w.r.t. the comoving proper time t.

Inspired by [66], we define a type of DE model, we
named as graduated Dark Energy (gDE), which yields an
inertial mass density exhibiting power-law dependence to
its energy density as follows;

⇢inert = �⇢0

✓
⇢

⇢0

◆�

, (2)

where ⇢0 is positive definite (throughout the paper, sub-
script 0 attached to any quantity denotes its value today),
the parameters � and � are real constants. This can be
viewed as characterising the minimum dynamical devi-
ation from the null inertial mass density, viz., from the
conventional vacuum energy. So that equation of state
(EoS) parameter is w = p/⇢ = �1 + ⇢inert/⇢, and reads

w = �1 + �

✓
⇢

⇢0

◆��1

. (3)

We note that � = 0 corresponds to the conventional vac-
uum energy with w = �1 (leading to the ⇤CDM model)
and � = 1 corresponds to the perfect fluid with con-
stant EoS parameter w = �1+ � = const (leading to the
wCDM model). From the continuity equation (1), this

leads to d⇢+ 3�⇢0
⇣

⇢
⇢0

⌘�
da
a = 0, which is solved by

⇢ = ⇢0 [1 + 3�(� � 1) ln a]
1

1�� , (4)

which satisfies

⇢inert = �⇢0 [1 + 3�(� � 1) ln a]
�

1�� , (5)

w = �1 +
�

1 + 3�(� � 1) ln a
. (6)

We note that w = �1 + � for today a = 1 (redshift
z ⌘ �1 + 1

a = 0), w ⇡ �1 for su�ciently large and small
a, in particular, w ! �1 in the far future (a ! 1) and
in the very early universe (a ! 0). Besides, provided
that the parameters � and � are chosen appropriately,
gDE can achieve transition from ⇢ > 0 to ⇢ < 0 at
a certain redshift. Thus, gDE can also be viewed as a
phenomenological model described by a smooth function
for approximately describing the cosmological constant
switches sign at a certain redshift and, for instance, be-
comes positive just recently in the late universe.
The gDE (4), in fact, exhibits various types of dynam-

ics depending on its free parameters � and �, see [70] for a
comprehensive investigation. In this paper, we are inter-
ested in the case its energy density passes below zero at
high redshifts, which, so far, has not been paid much at-
tention, yet it is the case fitting the scenarios we discussed
in the Introduction I that most likely address the tensions
relevant to H0 and, in particular, to the high-precision
Ly-↵ data from z ⇡ 2.34. For instance, in the case � = 0
(⇢inert = �⇢0), (4) reduces to ⇢ = ⇢0 � 3⇢0� ln a, con-
sisting of a constant ⇢0 > 0 mimicking ⇤ > 0 and a
dynamically screening term, �3⇢0� ln a, in the past for

� < 0, viz., ⇢0 � 3⇢0� ln a = 0 at a = e
1
3� . Yet, the pres-

ence of the exponent 1
1�� in (4) will allow us to realise

such a scenario with additional features.
First, we define ⇢/⇢0 = xy along with ⇢0 > 0, where

x ⌘ 1+3�(��1) ln a and y ⌘ 1
1�� . We note that, unless

� = 0 (conventional vacuum) or � = 1 (perfect fluid with
constant EoS parameter), x changes sign at

a = a⇤ ⌘ e�
1
3

1
�(��1) , (7)

which is in the past (a⇤ < 1, the case we are interested in)
for �(��1) > 0, and in the future (a⇤ > 1) for �(��1) <
0. Next, y < 0 for � > 1 so that ⇢ ! ±1 as a ! a⇤
and y > 0 for � < 1 so that ⇢ ! 0 as a ! a⇤, where the
latter case is of interest to us. Thus, we proceed with the
following two conditions serving our purpose:

� < 1 and � < 0, (8)

the latter of which implies w(a = 1) < �1, i.e., the gDE
must be in the phantom region today.

To get around a mathematical obstacle, when we inves-
tigate gDE computationally (see [110]), we continue by
writing ⇢

⇢0
= xy in an equivalent way as ⇢

⇢0
= sgn(x) |x|y

for y = m
n with m and n being odd integers, namely,

⇢ = ⇢0 sgn[1 � ln a]
��1 � ln a

�� 1
1�� , (9)

for  ⌘ �3�(� � 1) < 0 (i.e., � < 0), � < 1 and the ex-
ponent 1

1�� = m
n with both m and n being odd integers.

For practical reasons, we will consider m = 1 and so � =
�2N with N = 0, 1, 2, ..., i.e., � = 0,�2,�4, ... . Here
sgn is the signum function that reads sgn(x) = �1, 0, 1
for x < 0, x = 0 and x > 0, respectively. Of course, in
principle, there is an infinite number of such � values,
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from AdS vacua to dS vacua, at z ⇠ 2.3 and triggered
the observed late-time acceleration, and we suggest look-
ing for such mechanisms in string theory.

II. GRADUATED DARK ENERGY

The energy-momentum tensor describing an isotropic
perfect fluid can be decomposed relative to a unique four-
velocity, uµ, in the form, Tµ⌫ = (⇢ + p)uµu⌫ + pgµ⌫ ,
where ⇢ is the relativistic energy density relative to uµ,
p is the isotropic pressure, gµ⌫ is the metric tensor, and
r⌫uµuµ = 0 and uµuµ = �1. The set of equations arise
from the twice-contracted Bianchi identities, by Einstein
field equations, Gµ⌫ = �Tµ⌫ , implies the conservation
equations. Projecting parallel and orthogonal to uµ, we
obtain the energy and momentum conservation equa-
tions, correspondingly,

⇢̇+⇥⇢inert = 0 and Dµp+ ⇢inertu̇
µ = 0, (1)

where ⇢inert = ⇢ + p, the multiplier of the four accel-
eration u̇µ, is the inertial mass density [62, 63]. Here,
D⌫ is the spatial gradient (the covariant derivative op-
erator orthogonal to uµ) defined by D⌫f = r⌫f + uµḟ ;
⇥ = Dµuµ is the volume expansion rate and overdots
denote derivatives w.r.t. the comoving proper time t.

Inspired by [66], we define a type of DE model, we
named as graduated Dark Energy (gDE), which yields an
inertial mass density exhibiting power-law dependence to
its energy density as follows;

⇢inert = �⇢0

✓
⇢

⇢0

◆�

, (2)

where ⇢0 is positive definite (throughout the paper, sub-
script 0 attached to any quantity denotes its value today),
the parameters � and � are real constants. This can be
viewed as characterising the minimum dynamical devi-
ation from the null inertial mass density, viz., from the
conventional vacuum energy. So that equation of state
(EoS) parameter is w = p/⇢ = �1 + ⇢inert/⇢, and reads

w = �1 + �

✓
⇢

⇢0

◆��1

. (3)

We note that � = 0 corresponds to the conventional vac-
uum energy with w = �1 (leading to the ⇤CDM model)
and � = 1 corresponds to the perfect fluid with con-
stant EoS parameter w = �1+ � = const (leading to the
wCDM model). From the continuity equation (1), this

leads to d⇢+ 3�⇢0
⇣

⇢
⇢0

⌘�
da
a = 0, which is solved by

⇢ = ⇢0 [1 + 3�(� � 1) ln a]
1

1�� , (4)

which satisfies

⇢inert = �⇢0 [1 + 3�(� � 1) ln a]
�

1�� , (5)

w = �1 +
�

1 + 3�(� � 1) ln a
. (6)

We note that w = �1 + � for today a = 1 (redshift
z ⌘ �1 + 1

a = 0), w ⇡ �1 for su�ciently large and small
a, in particular, w ! �1 in the far future (a ! 1) and
in the very early universe (a ! 0). Besides, provided
that the parameters � and � are chosen appropriately,
gDE can achieve transition from ⇢ > 0 to ⇢ < 0 at
a certain redshift. Thus, gDE can also be viewed as a
phenomenological model described by a smooth function
for approximately describing the cosmological constant
switches sign at a certain redshift and, for instance, be-
comes positive just recently in the late universe.
The gDE (4), in fact, exhibits various types of dynam-

ics depending on its free parameters � and �, see [70] for a
comprehensive investigation. In this paper, we are inter-
ested in the case its energy density passes below zero at
high redshifts, which, so far, has not been paid much at-
tention, yet it is the case fitting the scenarios we discussed
in the Introduction I that most likely address the tensions
relevant to H0 and, in particular, to the high-precision
Ly-↵ data from z ⇡ 2.34. For instance, in the case � = 0
(⇢inert = �⇢0), (4) reduces to ⇢ = ⇢0 � 3⇢0� ln a, con-
sisting of a constant ⇢0 > 0 mimicking ⇤ > 0 and a
dynamically screening term, �3⇢0� ln a, in the past for

� < 0, viz., ⇢0 � 3⇢0� ln a = 0 at a = e
1
3� . Yet, the pres-

ence of the exponent 1
1�� in (4) will allow us to realise

such a scenario with additional features.
First, we define ⇢/⇢0 = xy along with ⇢0 > 0, where

x ⌘ 1+3�(��1) ln a and y ⌘ 1
1�� . We note that, unless

� = 0 (conventional vacuum) or � = 1 (perfect fluid with
constant EoS parameter), x changes sign at

a = a⇤ ⌘ e�
1
3

1
�(��1) , (7)

which is in the past (a⇤ < 1, the case we are interested in)
for �(��1) > 0, and in the future (a⇤ > 1) for �(��1) <
0. Next, y < 0 for � > 1 so that ⇢ ! ±1 as a ! a⇤
and y > 0 for � < 1 so that ⇢ ! 0 as a ! a⇤, where the
latter case is of interest to us. Thus, we proceed with the
following two conditions serving our purpose:

� < 1 and � < 0, (8)

the latter of which implies w(a = 1) < �1, i.e., the gDE
must be in the phantom region today.

To get around a mathematical obstacle, when we inves-
tigate gDE computationally (see [110]), we continue by
writing ⇢

⇢0
= xy in an equivalent way as ⇢

⇢0
= sgn(x) |x|y

for y = m
n with m and n being odd integers, namely,

⇢ = ⇢0 sgn[1 � ln a]
��1 � ln a

�� 1
1�� , (9)

for  ⌘ �3�(� � 1) < 0 (i.e., � < 0), � < 1 and the ex-
ponent 1

1�� = m
n with both m and n being odd integers.

For practical reasons, we will consider m = 1 and so � =
�2N with N = 0, 1, 2, ..., i.e., � = 0,�2,�4, ... . Here
sgn is the signum function that reads sgn(x) = �1, 0, 1
for x < 0, x = 0 and x > 0, respectively. Of course, in
principle, there is an infinite number of such � values,

Under these conditions, energy density takes negative values in the past, and 
the EoS exhibits a singularity/pole during its sign change!
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still lead to su�ciently large deviations from the ⇤CDM
model resulting in better agreement with the observa-
tional data. Yet, at the end of the day, we may find
ourselves with a completely di↵erent outcome. In par-
ticular, given that there exist model-independent infer-
ences of H0 from the inverse distance ladder, which show
that combined dataset of BAO and Type Ia Supernovae
(SN) with/without Cepheids prefer low H0 values inde-
pendently of Planck data and the adopted dark energy
model suggesting late-time modifications alone is unable
to alleviate the H0 tension and turned attention to early-
time modifications (such as early dark energy) which low-
ers the sound horizon [76–80]. Also, notice that our dis-
cussions above also imply that the spatial curvature with
⌦k0 > 0 (spatially open universe) and the simple-gDE
with % > 0 (in this case the energy density increases
with increasing redshift, likewise the quintessence dark
energy models) would exacerbate both the H0 tension
and discrepancy with the BAO Ly-↵ measurements, both
which prevail within the ⇤CDM model. In what follows,
we explore in detail whether the spatial curvature (⌦k0)
and the simple-gDE (% = const) extensions, separately or
simultaneously, of the standard ⇤CDM model result in
improvements in fitting the observational data. We also
discuss the implications of our observational constraints
on the past and future history of the Universe and nature
of the vacuum energy.

II. MODEL

The energy-momentum tensor describing an isotropic
perfect fluid can be decomposed relative to a unique 4-
velocity u

µ (satisfying uµu
µ = �1 and r⌫u

µ
uµ = 0) in

the form of Tµ⌫ = (⇢+p)uµu⌫ +pgµ⌫ , where ⇢ is the (rel-
ativistic) energy density relative to u

µ, p is the isotropic
pressure and gµ⌫ is the metric tensor. In general rel-
ativity (GR)—described by the Einstein field equations
Gµ⌫ = �Tµ⌫—the set of equations arises from the twice-
contracted Bianchi identity implying rµG

µ⌫ = 0 and
hence resulting in rµT

µ⌫ = 0. Projecting parallel and
orthogonal to u

µ, we obtain the energy and momentum
conservation equations, correspondingly,

⇢̇+⇥% = 0 and Dµ
p+ %u̇

µ = 0, (1)

where ⇥ = Dµ
uµ is the volume expansion rate, a dot

denotes the derivative with respect to the comoving time
t, and we have used r⌫uµ = D⌫uµ�u̇µu⌫ [81, 82]. Notice,
in the momentum conservation equation in (1), that Dµ

p

is the pressure gradient and u̇
µ is the 4-acceleration, and

therefore % = ⇢+ p defines the inertial mass density.
The usual vacuum energy of the QFT (described by

the EoS pcc = �⇢cc) corresponds to the source that yields
null-inertial mass density,

%cc = 0, (2)

for which ⇢cc = const > 0, namely, the energy density
is a constant—via the energy conservation equation in

(1)—and supposed to be positive as suggested by the
cosmological observations. The simplest phenomenologi-
cal generalization of the usual vacuum energy (2) is then
to promote its null inertial mass density to an arbitrary
constant,

%ci = const, (3)

for which the energy density ⇢ci (supposed to be posi-
tive today, i.e., ⇢ci0 > 0) and the pressure pci are not
necessarily constant—here and in what follows the sub-
script 0 attached to any quantity denotes its present-day
(z = 0) value. It is worth noting that this promotion
corresponds to taking the inertial mass density, instead
of vacuum energy density (or ⇤), as one of the constants
of nature. We do not consider the possibility of ⇢ci0 < 0
throughout our study, as it obviously contradicts the ob-
servations. The energy density of this source, which we
call simple-graduated dark energy, reads

⇢ci = ⇢ci0 + 3%ci ln(1 + z), (4)

which satisfies the EoS parameter (w ⌘ �1 + %/⇢)

wci = �1 +
1 + wci0

1 + 3 (1 + wci0) ln(1 + z)
, (5)

where z = �1 + a0
a

is the redshift with a being the
scale factor of the Robertson-Walker (RW) metric. This
source, regardless of the sign of %ci, eventually becomes
indistinguishable from the ⇤ in the past (say, wci ⇡ �1
for z � 0), and thus the extension of the ⇤CDM model
via this source approximates indefinitely close to the
⇤CDM model as the dust dominates it in the past. Yet,
as the future Universe will eventually be dominated by
this source, the future will be drastically di↵erent de-
pending on the sign of %ci; the Universe hits a bounce
(H = 0) in the finite future if %ci > 0 and exhibits LSBR
singularity in the infinite future if %ci < 0 [72]. The latter
case, %ci < 0, is of particular interest to us, as in this case
⇢ci decreases as z increases; namely, the source exhibits a
phantomlike behavior as the logarithmic term (the new
term that arises due to the deviations from null inertial
mass density) dynamically screens ⇢ci0 in the finite past
(z > 0). However, in contrast to the usual phantom dark
energy models (described by w < �1 with ⇢ > 0), (i) its
energy density does not asymptotically approach zero as
z increases but crosses below zero at

zci⇤ = �1 + e�
1

3(1+wci0) (6)

and then keeps growing in negative values, and (ii) its
EoS parameter yields wci0 < �1 for z < zci⇤ and wci0 >

�1 for z > zci⇤. Unless wci0 6= �1, it yields wci ! �1
both in the far future (z ! �1) and in the very early
Universe (z ! 1) and exhibits a pole at zci⇤, i.e., when
the energy density crosses zero, which is in the finite past
for wci0 < �1 and in the finite future for wci0 > �1.
The case wci0 = �1 corresponds to the usual vacuum
energy—for this, we obtain either z⇤ = �1 or z⇤ = 1;

Sign changing energy density requires an EoS exhibiting a singularity/pole.  
(Özülker, PRD 2022, arXiv:2203.04167) 
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w = �1 + � for a = 1
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Otherwise, one encounters computer-related issues!

and



52

community. In emergent dark energy models, the parametrization of the dark energy density is inserted into the
Hubble equation as

H2(z) = H2
0

h
⌦r(1 + z)4 + ⌦m(1 + z)3 + e⌦DE(z)

i
, (19)

where e⌦DE(a) = ⇢DE(z)/⇢crit,0 is the energy density of the DE fluid with respect to the critical energy density at
present, namely ⇢crit,0(z) = 3M2

PlH
2
0 . In Ref. [739], the authors introduced a very simple emergent dark energy

scenario, known as phenomenologically emergent dark energy (PEDE) scenario, where the dark energy sector evolves
as

e⌦DE(z) = ⌦DE [1 � tanh(log10(1 + z))] , (20)

where ⌦DE = 1 �⌦m �⌦r. It is important to mention that within the PEDE scenario, even if the dark energy sector
is dynamical, this scenario has exactly six free parameters as in the ⇤CDM model. For Planck 2018 alone, this model
takes a very high value of the Hubble constant H0 = 72.35+0.78

�0.79 km s�1 Mpc�1 at 68% CL [744] which is compatible
with Ref. [107] within 1�. Recently, in Ref. [747], the PEDE model has been further confronted in the presence of the
sterile neutrinos and perfectly agrees with the earlier observations [739, 740, 744].

A generalization of the PEDE scenario known as generalized emergent dark energy (GEDE) introduces a dark
energy evolution in terms of a free parameter � as [743]

e⌦DE(z) = ⌦DE

1 � tanh
⇣
�⇥ log10(

1+z
1+zt

)
⌘

1 + tanh (�⇥ log10(1 + zt))
. (21)

While the symbol zt is a derived parameter representing the epoch where the matter energy density and the DE
density are equal, that means equating, ⇢m(zt) = ⇢DE(zt) =) ⌦m(1 + zt)3 = e⌦DE(zt), one can derive zt. Although
this scenario does not o↵er a very large value of the Hubble constant compared with its value estimated in the PEDE
scenario, however, as explored in Ref. [746], within this GEDE scenario, the Hubble constant tension is reduced to
1.8� with [107] (see also [748]).

7. Graduated Dark Energy - AdS to dS Transition in the Late Universe

The positive cosmological constant assumption of the ⇤CDM model was investigated via the graduated dark energy
(gDE)—borrowed from the proposal of graduated inflation [749]—characterised by a minimal dynamical deviation
from the null inertial mass density % = 0 (where % ⌘ ⇢+ p) of the cosmological constant (or, the usual vacuum energy
of QFT) [574]. This deviation is in the form of

% / ⇢�, (22)

for which, provided that the conditions ⇢0 > 0 (present-day energy density), %0 < 0 (present-day inertial mass density),
and � = 1 �

n
m < 1 with n and m being odd numbers are satisfied, the energy density ⇢ dynamically takes negative

values in the past [574] (see also [750]). These three conditions lead to the gDE; the first two imply that gDE is
in the phantom region in the late/present-day universe, and the last one causes the energy density to take negative
values for redshifts larger than a certain redshift (see Ref. [574] for details). During the transition from negative to
positive energy density as the Universe expands, there comes a time t† (or a redshift z†) for which the energy density
passes through zero and the EoS parameter exhibits a pole. The gDE in fact exhibits a wide variety of behaviors
depending on �, but it is of particular interest that for large negative values of �, it establishes a phenomenological
model characterized by a smooth function that approximately describes a cosmological constant which switches sign
in the late Universe to become positive today.17 The energy density of the gDE model, in terms of redshift, reads

⇢gDE = ⇢gDE0 sgn[1 + ln(1 + z)]
��1 + ln(1 + z)

�� 1
1�� , (23)

where  < 0 is a negative constant. Here ”sgn” is the signum function that reads sgn[x] = �1, 0, 1 for x < 0, x = 0
and x > 0, respectively. This expression indicates if there exists a sign change in the energy density of the gDE
(accompanied by a pole in its EoS parameter [752]), it will happen at the redshift

z† = e� �1

� 1, (24)

17 The � = 0 case is called simple-gDE and investigated in [751].
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not continuous, between the ones we listed above, and so
we can treat � in (9) as if it is continuous since one can
always find an allowed � value indistinguishably close to
a forbidden � value.

Consequently, the gDE-CDM model replaces the ⇤ of
the Friedmann equation of the standard ⇤CDM model
by the gDE (9) serving our purposes and reads

H2

H2
0

= ⌦r,0a
�4 + ⌦m,0a

�3 + ⌦DE,0 sgn[1 � ln a]
��1 � ln a

�� 1
1�� ,

(10)

from which we also read o↵

⇢DE

⇢c,0
= ⌦DE,0 sgn[1 � ln a]

��1 � ln a
�� 1
1�� , (11)

where  < 0 and � = 0,�2,�4, ... (For further possibili-
ties, see (9) and the explanations following it.). Here, the
subscripts r and m stand for relativistic source (wr =

1
3 )

and dust matter (wm = 0), respectively.
Regarding inertial mass density (5); when � < 0, if

1�� is odd then � is even, and consequently we have the
exponent �

1�� = [even]
[odd] in (5), which in turn implies that

⇢inert  0, that is, we can write

⇢inert = �⇢0 |1 + 3�(� � 1) ln a|
�

1�� , (12)

under the conditions derived above. It turns out that
⇢inert = 0 is the upper bound, viz., ⇢inert,max = 0.

We claimed above that gDE can also be viewed as a
phenomenological model described by a smooth function
that approximately describes the cosmological constant
switching sign at a certain redshift and becoming positive
just recently in the late universe. Indeed, under the con-
ditions we consider, ⇢(a = 1) > 0 and ⇢(a ⌧ a⇤)/⇢(a �
a⇤) ⇡ �1 along with w(a ⌧ a⇤) ⇡ w(a � a⇤) ⇡ �1,
which imply that the energy density of the gDE at high
redshifts not only passes below zero but also settles in
a value almost equal to the negative of its present time
value and remains almost there, say, all the way to the
early times before which gDE is irrelevant to the dynam-
ics of the universe anymore. Note that the EoS parameter
is just slightly below (above) the phantom divide line for
a � a⇤ (a ⌧ a⇤) with a⇤ < 1, and w ! �1 only when
either a ! 0 or a ! 1. Therefore, the energy density
of gDE grows very slowly in the future and reaches ar-
bitrarily large values in the very remote future, and also
grows in negative values very slowly —obviously, much
slower than radiation and dust, both which then eventu-
ally dominate gDE in the finite past— with the increasing
redshift for a ⌧ a⇤, and reaches arbitrarily large nega-
tive values in the beginning of the universe. We note,
however, that for arbitrarily large negative values of �,
the energy density equation (11) (or (9)) transforms into
a step function;

⇢DE

⇢c,0
! ⌦DE,0 sgn[1 � ln a] as � ! �1 (13)

FIG. 1: We use ⌦m,0 = 0.30 and, for gDE-CDM, � = �0.03 along

with � = �10 (green). H(z)/(1 + z) vs. z for the gDE-CDM

(green) and ⇤CDM (black). H0 = 70km s
�1

Mpc
�1

(solid) and

H0 = 73km s
�1

Mpc
�1

(dashed). H0 = 69.8± 0.8 km s
�1

Mpc
�1

from the TRGB H0 [22], H(z = 0.57) = 97.9± 3.4 km s
�1

Mpc
�1

[23], and H(z = 2.34) = 222.4± 5.0 km s
�1

Mpc
�1

from the latest

BAO data [36]. H0 = 73.52± 1.62km s
�1

Mpc
�1

is independent

measurement from Gaia parallaxes [20].

with an EoS parameter w ! �1. In this case, the energy
density of gDE is non-dynamical except that it sponta-
neously changes sign at a = a⇤. Thus, for large nega-
tive values of �, gDE model is a very good approxima-
tion for describing a cosmological constant spontaneously
switching sign at z = z⇤, namely, in the limit � ! �1,
⇢DE

⇢c,0
= ⌦DE,0 for z < z⇤ and ⇢DE

⇢c,0
= �⌦DE,0 for z > z⇤.

The following may be useful as a demonstration of how
gDE-CDM model works and gives a guide to the values
of the parameters of the model. Let us choose a⇤ = e�1

(z⇤ ⇠ 1.7) in line with [37] (see Fig.11 in [37]). This
leads to � = 1 + 1

3� , where � must be a large negative

number as we must use � ⇠ 0 (it is observationally well
known that � = w0 + 1 ⇠ 0) along with � < 0 (our con-
dition derived above). For example, � = �0.03 (or w0 =
�1.03) predicted by the recent Planck release [9] leads to

� ⇠ �10. Accordingly, in Fig.1, we depict ⇢(z)
⇢c,0

, w(z) and

H(z)/(1 + z) by considering ⌦m,0 = 0.30 along with two
di↵erent Hubble constant values, H0 = 70 km s�1Mpc�1
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around which, H(z) can exhibit a non-monotonic behavior. It was shown via the gDE that the joint observational
data, including but not limited to the Planck CMB and Ly-↵ BAO (BOSS DR11) data, suggest that the cosmological
constant changed its sign at z ⇡ 2.32 and triggered the late-time acceleration, the behaviour of which alleviates the
H0 tension by predicting H0 ⇡ 69.7 ± 0.9 km s�1 Mpc�1 and provides excellent fit to the Ly-↵ BAO (BOSS DR11)
data [753] at the e↵ective redshift z ⇠ 2.34, which is at ⇠ 2.5� tension with the Planck 2015 best-fit ⇤CDM. Note
that this tension is reduced to ⇠ 1.5� when the final eBOSS (SDSS DR16) measurement, which combines all the data
from eBOSS and BOSS [220, 753, 754], is considered, see Sec. VIII G 1.

Inspired by these observational findings, and the theoretically compelling fact that the gDE submits to the weak
energy condition and the bounds on the speed of sound only in the limit � ! �1 which corresponds to a cosmological
constant that rapidly changes sign at redshift z†, this limit was dubbed ⇤sCDM and further investigated in Ref. [558].
The ⇤sCDM model can be constructed phenomenologically by simply replacing the usual cosmological constant (⇤)
of the standard ⇤CDM model with a cosmological constant (⇤s) that switches its sign from negative to positive, and
thus attains its present-day value (⇤s0 > 0), when the Universe reaches a certain energy scale (redshift z†) during its
expansion,

⇤ ! ⇤s ⌘ ⇤s0 sgn[z† � z]. (25)

It was shown in Ref. [558] that, when the consistency of the ⇤sCDM model with the CMB data is guaranteed, (i) H0

and MB (SNIa absolute magnitude) values are inversely correlated with z† and reach H0 ⇡ 74.5 km s�1 Mpc�1 and
MB ⇡ �19.2 mag for z† = 1.5, in agreement with the measurements from SH0ES [93, 109], and (ii) H(z) presents
an excellent fit to the Ly-↵ data provided that z† . 2.34. The assessment of the model against Planck 2018 yields
H0 = 70.22± 1.78 km s�1 Mpc�1 and against Planck 2018 + SDSS DR16 yields H0 = 68.82± 0.55 km s�1 Mpc�1 with
z† = 2.44±0.29 [558]. It was found that the lower and upper limits of z† are controlled by the Galaxy and Ly-↵ BAO
data, correspondingly, and the larger z† values imposed by the Galaxy BAO data prevent the model from achieving
the largest estimations of H0 from the direct local distance ladder measurements. It is intriguing that, as long as
z† . 2.34, the model remains in excellent agreement with the Ly-↵ data even for z† ⇠ 1.1, which barely satisfies the
condition that we live in an ever-expanding Universe; a good agreement with the Ly-↵ data is an intrinsic feature of
the ⇤sCDM model as long as z† . 2.34.

Similar to the situation with the Ly-↵ data, alleviating the S8 discrepancy, prevailing within the ⇤CDM model and
its minimal extensions, usually results in exacerbating the H0 tension, see Sec. V and Ref. [3]. In addition to this, the
constraints on S8 based on the Ly-↵ data are in agreement with the weak lensing surveys that probe similar late-time
redshift scales as the Ly-↵ measurements [394]. Accordingly, it is conceivable that the ⇤sCDM model provides a
remedy for the S8 discrepancy while retaining the better fit to the local measurements of H0, like in the case of the
Ly-↵ discrepancy. Indeed, in the CMB-only analysis, it is found that S8 = 0.8071 ± 0.0210 for the ⇤sCDM model,
whereas S8 = 0.8332 ± 0.0163 for the ⇤CDM model. Although �8 is smaller for the ⇤CDM model, its ⌦m value
greater than 0.3 results in an increased S8 value compared to its �8 value. In contrast, the ⇤sCDM model has an ⌦m

value lower than 0.3 which results in a decreased S8 value compared to its �8 value. This results in the lower value of
S8 for ⇤sCDM compared to ⇤CDM. The ⇤sCDM and ⇤CDM models have similar S8 values when the BAO data are
also included in the analysis; this is due to the preference for larger z† values by the Galaxy BAO data, since ⇤sCDM
approaches ⇤CDM for larger z† values and the ⌦m value of ⇤sCDM becomes greater than 0.3. Thus, the ⇤sCDM
model partially reconciles the CMB data with the low redshift cosmological probes regarding S8, and can potentially
resolve the discrepancy in the absence of the Galaxy BAO data; however, for a robust conclusion, the constraints on
S8 from low redshift probes should also be explored within the ⇤sCDM model.

Ultimately, it turns out via the ⇤sCDM model that sign switch in the cosmological constant, viz., transition from
an Anti-de Sitter background (provided by ⇤ < 0) to a de Sitter one (provided by ⇤ > 0), at z ⇠ 2 (i) relaxes
the SH0ES H0 tension while being fully consistent with the TRGB measurement, (ii) relaxes the MB tension, (iii)
removes the discrepancy with the Ly-↵ measurements, (iv) relaxes the S8 tension, and (v) finds a better agreement
with the BBN constraints on the physical baryon density [558]. These results seem to encourage looking for a phase
transition from AdS vacua to dS vacua in the late-Universe.

It is reasonable to look for a potential origin of this phenomenon, viz. a very rapid single transition or its limiting case
a single instantaneous (discontinuous) transition in the value of the cosmological constant, in a theory of fundamental
physics by considering it as a first-order phase transition. The phase transition approach has been used to address
the H0 tension; see e.g. Refs. [755–757], which consider that the DE density resembles the magnetization of the Ising
model and present a realization of this behavior within the Ginzburg-Landau framework. Additionally, Ref. [758]
considers a gravitational phase transition that is justified from the e↵ective field theory point of view (see also
Ref. [759]). The model studied in Ref. [755] partially corresponds to a one-parameter phenomenological extension
of ⇤sCDM; it considers an arbitrary shift in the value of the cosmological constant, but does not allow negative
values of the cosmological constant in contrast to ⇤sCDM. It addresses the H0 tension with a shift in the value of
the cosmological constant, however, at very low redshifts, viz. zt = 0.092+0.009

�0.062, signaling that it could su↵er from
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redshift for a ⌧ a⇤, and reaches arbitrarily large nega-
tive values in the beginning of the universe. We note,
however, that for arbitrarily large negative values of �,
the energy density equation (11) (or (9)) transforms into
a step function;

⇢DE

⇢c,0
! ⌦DE,0 sgn[1 � ln a] as � ! �1 (13)

FIG. 1: We use ⌦m,0 = 0.30 and, for gDE-CDM, � = �0.03 along

with � = �10 (green). H(z)/(1 + z) vs. z for the gDE-CDM

(green) and ⇤CDM (black). H0 = 70km s
�1

Mpc
�1

(solid) and

H0 = 73km s
�1

Mpc
�1

(dashed). H0 = 69.8± 0.8 km s
�1

Mpc
�1

from the TRGB H0 [22], H(z = 0.57) = 97.9± 3.4 km s
�1

Mpc
�1

[23], and H(z = 2.34) = 222.4± 5.0 km s
�1

Mpc
�1

from the latest

BAO data [36]. H0 = 73.52± 1.62km s
�1

Mpc
�1

is independent

measurement from Gaia parallaxes [20].

with an EoS parameter w ! �1. In this case, the energy
density of gDE is non-dynamical except that it sponta-
neously changes sign at a = a⇤. Thus, for large nega-
tive values of �, gDE model is a very good approxima-
tion for describing a cosmological constant spontaneously
switching sign at z = z⇤, namely, in the limit � ! �1,
⇢DE

⇢c,0
= ⌦DE,0 for z < z⇤ and ⇢DE

⇢c,0
= �⌦DE,0 for z > z⇤.

The following may be useful as a demonstration of how
gDE-CDM model works and gives a guide to the values
of the parameters of the model. Let us choose a⇤ = e�1

(z⇤ ⇠ 1.7) in line with [37] (see Fig.11 in [37]). This
leads to � = 1 + 1

3� , where � must be a large negative

number as we must use � ⇠ 0 (it is observationally well
known that � = w0 + 1 ⇠ 0) along with � < 0 (our con-
dition derived above). For example, � = �0.03 (or w0 =
�1.03) predicted by the recent Planck release [9] leads to

� ⇠ �10. Accordingly, in Fig.1, we depict ⇢(z)
⇢c,0

, w(z) and

H(z)/(1 + z) by considering ⌦m,0 = 0.30 along with two
di↵erent Hubble constant values, H0 = 70 km s�1Mpc�1
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FIG. 4: The constraints on g(z) as a result of the data. These show the posterior probability Pr(g|z): the probability of g as normalized
in each slice of constant z, with color scale in confidence interval values. The 1� and 2� confidence intervals are plotted as black lines
and red lines correspond to the best-fit values found over the analysis, while dotted lines to the redshift of matter-radiation equality.
(Top): w̄DE(z) at low z values (left) and at high redshift values in log-scale (right). (Middle): �wDE(z) at low z values (left) and at
high redshift values in log-scale (right). (Bottom): ⌦DE(z) at low z values (left) and at high redshift values in log-scale (right).

(64) and (65). Evolving DE with an EoS parameter being
below �1 at present, evolved from w > �1 in the past is
named as quintom DE. We obtain the quintom DE as the
upper-left panel shows, whereas, the explicit construction
of quintom scenario is more di�cult than other dynami-
cal DE models, due to a no-go theorem which forbids the
EoS parameter of a single perfect fluid or a single scalar
field to cross the w = �1 boundary [43]. This property is
distinctive that single-scalar-field models with canonical
kinetic term are not allowed to satisfy, which also lead to
that the Hamiltonian is unbounded from below. Inter-
estingly this property is also achieved throughout some
model independent analyses [23, 29, 30]. The middle left
panel shows that, as can be deduced from (51) and (52),
the e↵ective DE becomes slightly more anisotropic with
the increasing redshift, viz., the anisotropy of the EoS
parameter �wDE increases only about an order of magni-
tude from its current value �wDE,0 . 10�7 (see Table I)
to the one at z = 2. Looking at the right panel we see

that after few redshifts, as pressureless matter becomes
dominant (see in the bottom panel that ⌦DE ⇠ 0.1 for
z ⇠ 1.75 and ⌦DE ⇠ 0 for z & 10), w̄DE starts to notice-
ably climb up and settles in the first plateau of w̄DE ⇠ 0
(see (64) and paragraph covering it) lying between z ⇠ 50
and z ⇠ zeq (viz., throughout the pressureless matter
dominated epoch). There is a period in this plateau dur-
ing which w̄DE > 0 [see (64)], viz., ⌦DE increases (i.e.,
the energy density of the e↵ective DE increases faster
than of the pressureless matter) with increasing redshift.
However, as can be seen in the bottom right panel, ⌦DE

during this period can never grow up to considerable val-
ues, viz., remains less than a percent at 1� C.L. and
few percents at 2� C.L.. The anisotropy of the e↵ec-
tive DE keeps on increasing with increasing redshift ap-
proximately in accordance with (52) during this plateau,
but it remains positive definite and insignificant (e.g.,
�wDE . 0.07 at photon decoupling redshift z ⇠ 1100)
until the e↵ective DE starts to leave this plateau as the

4

not continuous, between the ones we listed above, and so
we can treat � in (9) as if it is continuous since one can
always find an allowed � value indistinguishably close to
a forbidden � value.

Consequently, the gDE-CDM model replaces the ⇤ of
the Friedmann equation of the standard ⇤CDM model
by the gDE (9) serving our purposes and reads

H2

H2
0

= ⌦r,0a
�4 + ⌦m,0a

�3 + ⌦DE,0 sgn[1 � ln a]
��1 � ln a

�� 1
1�� ,

(10)

from which we also read o↵

⇢DE

⇢c,0
= ⌦DE,0 sgn[1 � ln a]

��1 � ln a
�� 1
1�� , (11)

where  < 0 and � = 0,�2,�4, ... (For further possibili-
ties, see (9) and the explanations following it.). Here, the
subscripts r and m stand for relativistic source (wr =

1
3 )

and dust matter (wm = 0), respectively.
Regarding inertial mass density (5); when � < 0, if

1�� is odd then � is even, and consequently we have the
exponent �

1�� = [even]
[odd] in (5), which in turn implies that

⇢inert  0, that is, we can write

⇢inert = �⇢0 |1 + 3�(� � 1) ln a|
�

1�� , (12)

under the conditions derived above. It turns out that
⇢inert = 0 is the upper bound, viz., ⇢inert,max = 0.

We claimed above that gDE can also be viewed as a
phenomenological model described by a smooth function
that approximately describes the cosmological constant
switching sign at a certain redshift and becoming positive
just recently in the late universe. Indeed, under the con-
ditions we consider, ⇢(a = 1) > 0 and ⇢(a ⌧ a⇤)/⇢(a �
a⇤) ⇡ �1 along with w(a ⌧ a⇤) ⇡ w(a � a⇤) ⇡ �1,
which imply that the energy density of the gDE at high
redshifts not only passes below zero but also settles in
a value almost equal to the negative of its present time
value and remains almost there, say, all the way to the
early times before which gDE is irrelevant to the dynam-
ics of the universe anymore. Note that the EoS parameter
is just slightly below (above) the phantom divide line for
a � a⇤ (a ⌧ a⇤) with a⇤ < 1, and w ! �1 only when
either a ! 0 or a ! 1. Therefore, the energy density
of gDE grows very slowly in the future and reaches ar-
bitrarily large values in the very remote future, and also
grows in negative values very slowly —obviously, much
slower than radiation and dust, both which then eventu-
ally dominate gDE in the finite past— with the increasing
redshift for a ⌧ a⇤, and reaches arbitrarily large nega-
tive values in the beginning of the universe. We note,
however, that for arbitrarily large negative values of �,
the energy density equation (11) (or (9)) transforms into
a step function;

⇢DE
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! ⌦DE,0 sgn[1 � ln a] as � ! �1 (13)

FIG. 1: We use ⌦m,0 = 0.30 and, for gDE-CDM, � = �0.03 along

with � = �10 (green). H(z)/(1 + z) vs. z for the gDE-CDM

(green) and ⇤CDM (black). H0 = 70km s
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Mpc
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(solid) and

H0 = 73km s
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from the TRGB H0 [22], H(z = 0.57) = 97.9± 3.4 km s
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[23], and H(z = 2.34) = 222.4± 5.0 km s
�1

Mpc
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from the latest

BAO data [36]. H0 = 73.52± 1.62km s
�1

Mpc
�1

is independent

measurement from Gaia parallaxes [20].

with an EoS parameter w ! �1. In this case, the energy
density of gDE is non-dynamical except that it sponta-
neously changes sign at a = a⇤. Thus, for large nega-
tive values of �, gDE model is a very good approxima-
tion for describing a cosmological constant spontaneously
switching sign at z = z⇤, namely, in the limit � ! �1,
⇢DE

⇢c,0
= ⌦DE,0 for z < z⇤ and ⇢DE

⇢c,0
= �⌦DE,0 for z > z⇤.

The following may be useful as a demonstration of how
gDE-CDM model works and gives a guide to the values
of the parameters of the model. Let us choose a⇤ = e�1

(z⇤ ⇠ 1.7) in line with [37] (see Fig.11 in [37]). This
leads to � = 1 + 1

3� , where � must be a large negative

number as we must use � ⇠ 0 (it is observationally well
known that � = w0 + 1 ⇠ 0) along with � < 0 (our con-
dition derived above). For example, � = �0.03 (or w0 =
�1.03) predicted by the recent Planck release [9] leads to

� ⇠ �10. Accordingly, in Fig.1, we depict ⇢(z)
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H(z)/(1 + z) by considering ⌦m,0 = 0.30 along with two
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Fig. 1.— The Hubble parameter (left panel) and the effective equation of state of dark energy (right panel) are shown for the Braneworld
model described by (12) (solid red) and ΛCDM (dotted green). Also shown is the matter contribution: H0

√

Ω0m(1 + z)3 where H0 = 70
km/sec/Mpc and Ω0m = 0.28 (dotted blue). In the Braneworld model the cosmological constant is screened in the past as a result of
which the expansion rate drops below that in ΛCDM at high z. This feature permits the Braneworld to better account for the low value of
H(z = 2.34) discovered in Delubac et al. (2014). Note that HBrane ≃ H0

√

Ω0m(1 + z)3 at z ≃ 2.4. The associated pole in w(z) at z ≃ 2.4
is shown in the right panel. The parameters for the Braneworld model are Ω0m = 0.28 and Ωℓ = 0.025 in (12).
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Figure 9. Constraints on h and �w0 ⌘ 1 +w0 in the slow roll
dark energy model (eq. 24), in the same format as Fig. 8.

and BAO+SN+Planck data combinations appear in Fig-
ure 11 and Table V. As in our other models that allow
time-varying dark energy, BAO and SN data both con-
tribute significantly to the parameter constraints. Our
results show a clear detection of non-zero dark energy
density in each of the first two redshift bins at z < 1,
and they are consistent with a constant energy density
across this redshift range. Compared to [64], we obtain
a significantly tighter constraint in the 0.5 < z < 1.0
bin, where the CMASS BAO measurement makes an im-
portant di↵erence, but a slightly looser constraint in the
z < 0.5 bin, where we do not incorporate a direct H0

measurement. We obtain much poorer constraints in the
1 < z < 1.6 bin because the JLA sample contains only 8
SNe with z > 1 compared to 29 for the Union 2.1 sam-
ple. At z > 1.6 our constraint is stronger thanks to the
LyaF BAO measurement, but the uncertainty is large
nonetheless, and the low LyaF value of H(z) leads to a
preference for negative dark energy density in this bin,
although consistent with zero at 1�.

VI. ALTERNATIVE MODELS

We now turn to models with more unusual histories
of the dark energy, matter, or radiation components. In
part we want to know what constraints our combined
data can place on interesting physical quantities, such as
neutrino masses, extra relativistic species, dark energy
that is dynamically significant at early times, or dark
matter that decays into radiation over the history of the
universe. We also want to see whether any of these al-
ternative models can resolve the tension with the LyaF
measurements at z = 2.34, which persists in all of the
models considered in Section V. We begin with the early
dark energy model, because understanding the origin of
the constraints on this model informs the discussion of
subsequent models.

Figure 10. �
2 values for the best-fit versions of cosmologi-

cal models considered in the paper. Each bar represents the
minimum �

2 for the model listed at the left axis, and colors
show the �

2 contributions of individual data sets. For better
visualization, we subtract 30 from the SN �

2. CMB con-
tributions are not included but (with our 3-parameter com-
pression) are always close to zero. The total �2 and model
degrees-of-freedom (d.o.f., 40 data points minus number of fit
parameters, which includes the SNIa absolute magnitude nor-
malization as well as cosmological quantities) are listed to the
right of each bar. The bottom bar shows the number of d.o.f.
associated with each data set. For the �Ne↵ model we use
cosmomc rather than our compressed CMB description, but
we again omit CMB contributions to �

2.

Figure 11. Constraints on ⇢DE(z) assumed to be constant
within redshift bins, in units of the present-day critical den-
sity ⇢c. Shaded areas represent 68% confidence levels. Yellow
bands show constraints in the same bins from [64]. Our con-
straints in the z = 1.0� 1.6 bin are omitted.

A. Early Dark Energy

In typical dark energy models, including all of those
discussed in Section V, dark energy is dynamically neg-
ligible at high redshifts because its energy density grows
with redshift much more slowly than (1 + z)3. However,
some scalar field potentials yield a dark energy density
that tracks the energy density of the dominant species
during the radiation and matter dominated eras, then
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BD parameter since, here, we mainly consider the exten-
sion as a correction to the standard ⇤CDM.

2. ANISOTROPIC MASSIVE BRANS-DICKE
GRAVITY EXTENSION OF THE ⇤CDM MODEL

We consider the BD action [106, 110] written in the
Jordan frame in the following form:

SJBD =

Z
d4x

p
�g


'2

8
R � !

✓
1

2
rµ'rµ'+

1

2
M2'2

◆�

+ SMatter,
(1)

where ' = '(t) is the Jordan scalar field (function of
cosmic time t only) and ! = const. is the Brans-Dicke
parameter, R is the Ricci scalar, g is the determinant of
the metric gµ⌫ , and SMatter is the matter action, which is
independent of ' so that the weak equivalence principle
is satisfied. It is clear from the way of writing the action
that the term M2 stands as the bare mass-squared of the
Jordan field.3 We assume M2 = const. so that, as can
also be seen from the action, it stands like a cosmological
constant as 2!M2 ⌘ ⇤ and thereby can drive acceler-
ated expansion. Hence, switching to massive BD from
GR with a positive cosmological constant provides us
with an opportunity to construct ⇤CDM-type cosmolo-
gies, such that the mass of the Jordan field alone can play
the role of positive cosmological constant like in the stan-
dard ⇤CDM cosmology provided that 2!M2 ⌘ ⇤ > 0,
and the Jordan field ' varying slowly enough on the top
of this can account for small deviations from the standard
⇤CDMmodel in a particular way, which in turn may lead
to an improved fit to the observational data w.r.t. the
standard ⇤CDM model. In line with that, we intend to
study the BD extension of the standard ⇤CDM model as
a correction, and therefore we demand the term 2!M2

to be positive definite, which requires ! > 0 as long as
we keep M2 > 0 to avoid the Jordan field from having an
imaginary mass.4 Hence, in this study, unless otherwise

3 We consider the bare mass as it is done in [100], where it formally
appears as the mass of a minimally coupled canonical scalar field
when curvature scalar is dropped. On the other hand, when the
e↵ective mass of the Jordan field is considered there are various
definitions in the literature (see, e.g., [130] for a recent discussion
and further references), though one cannot say that these would
not fail from a strict particle physics point of view.

4 If this is not the case then 2!M2 = ⇤ will contribute to the
field equations like a negative cosmological constant, which may
be compensated by a rapidly changing Jordan field. Within the
standard BD gravity (i.e., massless BD gravity) in the presence
of pressureless source, there exist cosmological solutions with ac-
celerating expansion if �2 < ! < �1, and Jordan field is real
(i.e., the e↵ective cosmological gravitational coupling is positive
definite) as well if � 3

2 < ! < � 4
3 leading to deceleration pa-

rameter in the range 0 > q > �1, and to '
2 / (1 + z)2 and

'
2 / (1 + z)3 in the two boundaries of this range, correspond-

is mentioned, we carry out our investigations by assum-
ing ! > 0, which is already stronger than the assumption
! � �3/2 to avoid the Jordan field from yielding negative
energy density values in the Einstein frame that leads, for
instance the Minkowski vacuum to be unstable.
We consider the simplest anisotropic generalization of

the spatially flat and homogeneous spacetime, i.e., lo-
cally rotationally symmetric (LRS) Bianchi type I metric,
which can be written as follows;

ds2 = �dt2 + S2
⇥
e4�dx2 + e�2�(dy2 + dz2)

⇤
, (2)

where S = S(t) is the mean scale factor. Here, the ex-
ponent � = �(t) satisfies the relation �̇2 = 1

6�
2, where

�2 = �ij�ij and �ij are shear scalar and tensor, respec-
tively. The scalar curvature for this metric (2) may be
written in terms of the mean scale factor and shear scalar
as R = �6

⇣
S̈

S
+ Ṡ

2

S2

⌘
� �2. Throughout the paper a dot

denotes derivative w.r.t. cosmic time t.
We consider all types of matter distribution (namely,

the usual cosmological sources such as radiation, baryons,
etc.) as isotropic perfect fluids, which are described by
the following energy-momentum tensor (EMT)

Tµ
⌫ = diag[�⇢, p, p, p], (3)

where ⇢ and p are the energy density and pressure, re-
spectively.
The field equations for the action (1) within the frame-

work of the metric (2) in the presence of (3) read:

3
Ṡ2

S2
� 1

2
�2 � 2!

'̇2

'2
+ 6

Ṡ

S

'̇

'
� 2!M2 =

4

'2
⇢, (4)

2
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S
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Ṡ2
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+

1
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�2 �
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Ṡ

S

'̇

'
� 2!M2 = � 4

'2
p,
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� 2!M2 = � 4

'2
p,

(6)

ingly [131]. Hence, obviously, if we consider ! < 0 and M
2
> 0

leading to 2!M2
< 0 (i.e., e↵ectively negative cosmological con-

stant), then it will be necessary to confine ourselves to the range
� 3

2 < ! < � 4
3 , and moreover the decelerating e↵ect of the term

2!M2
< 0 would be compensated by bringing the value of the

BD parameter closer to �4/3, which in turn, implies a faster Jor-
dan field [viz., for ! ⇠ �4/3 Jordan field changes as fast as the
pressureless source, i.e., '2 ⇠ (1+z)3] whereas we are looking for
slowly changing Jordan field, say, '2 ⇠ const. since we demand
it to do only small modifications on the ⇤CDM dynamics.

λ = − 10
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that � < 0 case, viz., negative exponent (��) conversely
generates an effective DE whose energy density attains
negative values beyond a certain redshift. On top of
this interesting feature, �� is also a sufficient condition
to avoid instabilities/ghosts, independently of the value
dynamics of T on any background, whereas �+ is not.
Then, we further point out that f(T ) gravity might be
a potential candidate for realizing an AdS-dS transition,
not rapidly but in a comparably smooth way, through a
DE component effectively arising from the extra torsional
terms due to f � T modification. Although not realiz-
ing a mirror AdS-dS transition, our findings showcase
the f(T ) gravity’s capability on the way to integrating
⇤sCDM model into a theoretical framework. Then, in
Section V, we extend the viable cosmologies by introduc-
ing a cosmological constant as f(T ) ! f(T ) + 2⇤ with
f(T ) = Te

�T0/T whose � = 0 limit is equivalent to the
standard ⇤CDM model on a spatially flat FLRW back-
ground. We show that even this simplest modification to
the original form of the function widens the scope of the
possibilities in the cosmological context to a considerable
extent. In Section VI, we draw our conclusions.

II. COSMOLOGY IN TELEPARALLEL

DESCRIPTION OF GRAVITY

A general spacetime is a 4-dimensional differentiable
manifold M, where the tangent space at each point is a
Minkowski spacetime. We introduce four linearly inde-
pendent vector fields, eaµ, known as vierbeins or tetrads,
defined on this smooth manifold. Here, Greek indices
(µ, ⌫, ...) correspond to the general spacetime coordinates,
while Latin indices (a, b, ...) denote the tangent space co-
ordinates, both running from 0 to 3 [1, 20–23]. To ensure
a non-degenerate metric, the vierbeins must satisfy the or-
thonormality conditions e

µ
ae

a
⌫ = �

µ
⌫ and e

b
µe

µ
a = �

b
a.

Consequently, the Lorentzian metric tensor of the space-
time can be expressed as

gµ⌫ = ⌘abe
a
µe

b
⌫ , (1)

where ⌘ab = diag(�1, 1, 1, 1) is the metric tensor of
Minkowski spacetime in Cartesian coordinates.

In teleparallel gravity, the geometry of spacetime is
encoded in torsion, necessitating the use of a connection
different from that of curvature-based gravity. Instead
of the torsionless Levi-Civita connection, we employ the
curvature-free Weitzenböck connection, which is defined
in terms of the vierbeins as [21]:

��
µ⌫ = e

�
a@µe

a
⌫ = �e

a
⌫@µe

�
a, (2)

whose nonsymmetric feature leads to the definition of the
torsion tensor:

T
�
µ⌫ = ��

µ⌫ � ��
⌫µ = e

�
a (@µe

a
⌫ � @⌫e

a
µ) . (3)

An analogy can be drawn between the torsion tensor
T

�
µ⌫ in teleparallel gravity and the Riemann curvature

tensor, R�
µ⌫↵, in the conventional representation of GR;

see Ref. [97] for further details. Then, we define the
spacetime-indexed superpotential tensor as

S�µ⌫ =
1

2
(T�µ⌫ + T⌫�µ + Tµ�⌫) + g�µT⌫ � g�⌫Tµ, (4)

whose first three terms form contortion tensor, Kµ�⌫ ,
which is anti-symmetric in the lateral indices and Tµ ⌘

T
�
µ� is the torsion vector. Contracting it with the torsion

tensor yields the torsion scalar (Weitzenböck invariant),
viz., T = 1

2S�µ⌫T
�µ⌫ , which can also be expressed as

T =
1

4
T�µ⌫T

�µ⌫ +
1

2
T�µ⌫T

µ�⌫
� TµT

µ
. (5)

Consequently, the action of the f(T ) gravity reads [21]

S =

Z
d4x ||e||


�

1

2
f(T ) + Lm

�
, (6)

where ||e|| = det(eaµ) =
p
�g with g being the deter-

minant of gµ⌫ ,  = 8⇡GN with GN being the standard
Newtonian constant, and Lm is the Lagrangian density of
material fields. Here and throughout the paper, we work
in units such that the speed of light equals unity, c = 1.
We note that the particular case f(T ) = T reduces to
TEGR [1].

This study investigates the cosmological applications of
f(T ) gravity. For this purpose, we consider the following
vierbein configuration:

e
a
µ = diag[1, a(t), a(t), a(t)], (7)

which corresponds to the FLRW spacetime metric with
flat spatial sections:

ds2 =� dt2 + a(t)2
�
dx2 + dy2 + dz2

�
, (8)

where a(t) is the scale factor and t denotes cosmic time.
Substituting Eq. (7) into Eq. (5) with Eq. (3), we obtain
the torsion scalar as:

T = 6H2
, (9)

where H = ȧ

a
is the Hubble parameter. We suppose

that all types of matter distributions (viz., the usual
cosmological sources such as radiation, baryons, etc.) are
perfect fluids with no peculiar velocities. Accordingly,
by expanding at first order the action (6) on the FLRW
background, we find the modified Friedmann equations
for an arbitrary function of the torsion scalar, viz., f(T ),
as follows:

3H2 = 1
2 (T + f � 2TfT ) + ⇢, (10)

�2Ḣ � 3H2 = 2Ḣ(fT + 2TfTT � 1)

�
1
2 (T + f � 2TfT ) + p, (11)

where fT = df/dT and fTT = d2
f/dT 2. Here ⇢ and p

denote the energy density and pressure of the perfect fluid,
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FIG. 4. Top left panel: ⇢T(z)/⇢cr0 (energy density of torsional DE scaled by present-day critical density), Top right panel:
pT(z)/⇢cr0 (pressure of torsional DE scaled by present-day critical density), Bottom left panel: wT(z) (EoS parameter of
torsional DE), Bottom right panel: ⌦(z) (density parameters) of matter (dashed curves) and torsional DE (solid curves).
To ensure the consistency with the CMB data, we use H0 = 67.70 km s�1Mpc�1 for ⇤CDM model shown by red curve,
H0 = 72.36 km s�1Mpc�1 for phantom DE model (�+) shown by orange curve, H0 = 84.54 km s�1Mpc�1 for sign-changing DE
model (��) shown by blue curve.

energy density of torsional DE is 0.724⇢cr0, it decreases
monotonically with increasing z, approaching asymptot-
ically 0.408⇢cr0, as the ratio ⇢T/⇢cr0 ! � as z ! 1.
The EoS parameter wT(z) stays indistinguishably close
to �1 for z > 5, but becomes noticeably less than �1
for z < 5, with the maximum deviation from �1 occur-
ring around ⇠ 0.5, where wT reaches �1.2. Nevertheless,
the EoS parameter remains within observationally ac-
ceptable bounds. As shown in the bottom right panel
of Fig. 4, the matter (dashed curve) and torsional DE
(solid curve) have present-day values of ⌦m0 = 0.276 and
⌦T0 = 0.724, respectively. At z = 0, the torsional DE
still exhibits a significant phantom character with an EoS
parameter value of wT(z = 0) = �1.11. Importantly, ⇢T
remains positive throughout the Universe’s evolution in
this case. As seen in the bottom panel of Fig. 5, for large
redshifts (z � 1) the model recovers the deceleration
parameter of the matter-dominated universe, similar to
⇤CDM, with q = 0.5. The onset of accelerated expan-
sion occurs slightly earlier in this model at ztr ⇡ 0.73,
compared to ztr ⇡ 0.63 in ⇤CDM. The present-day de-

celeration parameter is q0 = �0.70, whereas it is �0.53
in ⇤CDM. In the far future limit (z ! �1), we have
q ! �1 as H ! 65.39 km s�1Mpc�1, resulting in a de
Sitter universe. In the top panel of Fig. 5, we plot the
comoving Hubble parameter (viz., the expansion rate
ȧ = H(z)/(1 + z)) as a function of redshift. It can be
seen that the phantom nature of the effective DE intro-
duces a late-time deviation in H(z) relative to ⇤CDM.
Specifically, H(z) is lower than H⇤CDM(z) for z & 0.5,
but becomes higher than H⇤CDM(z) for z . 0.5, ensuring
that DM (z⇤) remains consistent with its value obtained
from Planck-⇤CDM. Consequently, this deviation implies
an increased value of H0 compared to the Planck-⇤CDM
prediction. In particular, the enhanced late-time acceler-
ation, due to the pronounced phantom character of the
torsional DE at low redshifts, leads to a higher value of
H0, with the model predicting H0 = 72.36 km s�1Mpc�1,
in excellent agreement with the SH0ES H0 measurement
of 73.04± 1.04 km s�1Mpc�1 [110]. Additionally, a visual
comparison suggests that the model describes the BAO
data at high redshifts better than the ⇤CDM model.

Teleparallel f(T) gravity

Akarsu, Bulduk, De Felice, Katırcı & Uzun, PRD (2025) arXiv:2410.23068

4

respectively.1 This expression of the dynamical equations
allows us to immediately write a general expression for
the effective contribution from T to the energy density
and pressure as

⇢T ⌘
1
2 (T + f � 2TfT ) , (12)

pT ⌘ 2Ḣ(fT + 2TfTT � 1)� 1
2 (T + f � 2TfT ) . (13)

And, it is immediate to verify that Eqs. (12) and (13) sat-
isfy by construction the continuity equation ⇢̇T+3H(⇢T+
pT) = 0. Having established the necessary background, we
now proceed to examine a specific model of f(T ) gravity
within the context of spatially homogeneous and isotropic
universe.

III. EXPONENTIAL INFRARED

TELEPARALLEL COSMOLOGY

In this work, we consider a specific model proposed in
Ref. [94], defined by the function

f(T ) = Te
�T0/T , (14)

where � is a dimensionless constant and T0 represents the
present-day value of the torsion scalar. Considering that
pressureless matter follows the local energy-momentum
conservation law, as in GR, viz., ⇢̇m+3H⇢m = 0 [20], and
substituting Eq. (14) into Eq. (10) along with the rela-
tion (9), we obtain the following independent Friedmann
equation and the constraint equation, respectively:

✓
H

2

H
2
0

� 2�

◆
e
�H

2
0/H

2

= ⌦m0(�) (1 + z)3, (15)

⌦m0(�) = (1� 2�)e� , (16)

where ⌦m0 = ⇢m0/(3H2
0 ) is the present-day matter den-

sity parameter. The density parameter is defined as
⌦ = ⇢/⇢cr, with the critical energy density of the Universe
given by ⇢cr = 3H2

/. The redshift is related to the scale
factor as z = a0/a� 1, where a0 denotes the present-day
value of the scale factor. Here and throughout this paper,
a subscript 0 attached to any quantity denotes its present-
day value (i.e., at z = 0). Note that Eq. (16) is derived
by applying the condition H(z = 0) = H0 to Eq. (15).
This constraint equation indicates that the model does
not introduce any new free parameters compared to the
standard, namely, six-parameter based, ⇤CDM model,
see Fig. 1, which explicitly shows that � distinguishes
different regions near a cosmic phase transition point (the
critical point � = 0) taking the place of the present-day
matter density, ⌦m0. It is important to note that isolat-

1
In the presence of several components, ⇢ and p denote the to-

tal energy density and pressure for the standard matter fields

(including dark matter and possibly a cosmological constant),

respectively.

FIG. 1. ⌦m0 vs � plotted by using Eq. (16). The curve is
separated into four regions: The dotted orange part (Region I)
is the new region that covers negative values of the present-day
density parameter of matter, i.e., ⌦m0 < 0. The solid orange
part (Region II) is the widely studied region [94–96], which
corresponds to 0 < ⌦m0 < 1, due to that reasonable ⌦m0

values from observational point of view shown by the wheat
band lie in this region. The dot-dashed blue curve (Region III)
is another new region leading to ⌦m0 values larger than unity.
The solid blue curve (Region IV) is an overlooked region in
the literature even though the observationally reasonable ⌦m0

values can be obtained in this region as well. Some special
points are (� = �1/2, ⌦m0 = 2/

p
e = 1.21306) represented

by black diamond, (� ! �1, ⌦m0 ! 0) by blue triangle,
(� = 1/2, ⌦m0 = 0) by green circle and (� = 0, ⌦m0 = 1) by
purple square.

ing H in Eq. (15) is not possible, and thus, an explicit
exact solution for H(z) cannot be obtained. However,
by rewriting Eq. (15) using the constraint in Eq. (16),
we can express the redshift as a function of the Hubble
parameter as follows:

z(H) = e
�
3 (H2

0/H
2�1)


H

2
/H

2
0 � 2�

1� 2�

�1/3
� 1, (17)

provided that � 6= 1/2. And, using the derivative of
Eq. (17) with respect to H, we derive another important
relation given by

dH

dN
= �(1 + z)

dH

dz
,

= �
3

2

H
�
1� 2�H2

0/H
2
�

1� �H
2
0/H

2 + 2�2H4
0/H

4
, (18)

where N ⌘ ln(a/a0) is the e-fold variable. Note that the
denominator in Eq. (18) never vanishes for any real value
of � or H0/H.2 Next, the Ricci scalar, constructed using

2
Setting the denominator in Eq. (18) to zero transforms it into a

quadratic equation with the variable redefined as x ⌘ H
2
0/H

2
. For
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z
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Figure 1: Low data redshift analysis without inclusion of high redshift CMB data from Planck.
Left-Top: Reconstructed Hubble parameter H(z) from various low-redshift data sets. The black
dashed line is for best fit values whereas the inner and outer lines denote 1‡ and 2‡ contours. The
thin shaded region is reconstructed H(z) behaviour from Planck-2018 measurements. Right-Top:
Comparison of our reconstructed H(z) using Pade approximant and the best fit H(z) for �CDM
by Planck-2018. Bottom: Reconstructed dark energy density as a function of redshift. The
horizontal line f(z) = 1 is for �CDM.
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[9] leads to � ⇠ �10. Accordingly, in Fig.1, we depict
⇢(z)
⇢c,0

, w(z) and H(z)/(1 + z) by considering ⌦m,0 = 0.30

along with two di↵erent Hubble constant values, H0 =
70 km s�1Mpc�1 and H0 = 73 km s�1Mpc�1, for both
the ⇤CDM model and gDE-CDM model with � = �10
and � = �0.03. We note that, in the gDE-CDM model,
the steep change in H(z)/(1 + z) at z ⇠ z⇤ = 1.7 – due
to the sign change/pole of the energy density/EoS of the
gDE– allows it to pass through all data points as well
as achieve larger H0 values, whereas in the case of the
⇤CDM model, it does not pass through Ly-↵ data at
z = 2.34 and the increased H0 value worsens this sit-
uation. This is signalling that, w.r.t. the ⇤, the gDE
would lead to improved fit to the observational data and
alleviate the tensions of various degrees of significance
between some existing data sets within the ⇤CDM cos-
mology. As, in the gDE-CDM model, we have ⇢ ⇠ ⇢0
and w . �1 (slightly in phantom region) for z ⌧ z⇤
(also for z ⇠ 0) and ⇢ ⇠ �⇢0 and w & �1 (slightly
in quintessence region with negative energy density) for
z � z⇤, from phenomenological point of view such an
achievement may be signalling that indeed the cosmolog-
ical constant is responsible for the current acceleration of
the universe, but it has changed sign at z⇤ ⇠ 2 and was
negative at the higher redshifts.

III. CONSTRAINTS FROM THE LATEST
COSMOLOGICAL DATA

This section provides constraints on the gDE-CDM
model using the latest observational data with a further
discussion of the model and its consequences.

In order to perform the parameter-space exploration
we implement a modified version of the simple and fast
Markov Chain Monte Carlo code which computes expan-
sion rates and distances from the Friedmann equation
named SimpleMC [95] and initially introduced in [34].
For a comprehensive review of the cosmological param-
eter inference see [96]. The SimpleMC code takes into
account a compressed version of recent datasets, for in-
stance the Planck information (PLK) (where the CMB
is treated as a “BAO experiment” at redshift z = 1090)
measured by the angular scale of the sound horizon at
that time, a recent analysis of Type Ia supernova (SN)
data called Joint Light-curve Analysis compressed into a
piece-wise linear function fit over 30 bins evenly spaced
in log z, and high-precision Baryon Acoustic Oscillation
measurements (BAO), from comoving angular diameter
distances, Hubble distance and the volume averaged dis-
tance, at di↵erent redshifts up to z = 2.36. For a more
detailed description about the datasets used see [34]. We
also include a collection of currently available cosmic
chronometer measurements (H), see [97].

In this analysis, the radiation content is assumed
by considering three neutrino species (Ne↵ = 3.046)
with minimum allowed mass

P
m⌫ = 0.06 eV and a

radiation density parameter given by ⌦r,0 = 2.469 ⇥
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FIG. 2: 1D marginalised posterior distributions for the graduated

� parameter (top left panel),  ⌘ 3�(1� �) (right) and the

redshift location of the pole (if present) given by Eqn. (14). For a

better display we have included some particular cases of � values.

10�5h�2
0 (1 + 0.2271Ne↵), where h0 is the present-day

value of the dimensionless reduced Hubble parameter
h(z) = H(z)/100 km s�1Mpc�1 [98]. The total radia-
tion content today is kept fixed in our analysis since it
is well constrained by the CMB monopole temperature,
TCMB,0 = 2.7255 ± 0.0006K [99]. Throughout our anal-
ysis we assume flat priors over our sampling parameters:
⌦m,0 = [0.05, 1.0] for the matter density parameter today,
⌦b,0h2

0 = [0.02, 0.025] for the physical baryon density pa-
rameter and h0 = [0.4, 1.0] for the reduced Hubble con-
stant. With regards to the gDE parameters, we assume
� = [�0.2, 0] and � = [�27, 0] (when � is free).

Table I summarises the observational constraints on
the free parameters –⌦m,0, h0, � and �– as well as the
derived parameters – , z⇤ and t0 (age of the universe
today)– of the gDE-CDM model using the combined
datasets PLK+BAO+SN+H; and for comparison shows
those parameters used on the standard ⇤CDM model
(� = 0). The columns for each parameter contain the
corresponding mean values and 1� errors, according to
the number of modes presented on the 1D marginalised
posterior distributions. In the last column we list the
�2� lnLmax = ��2

min values representing the improve-
ment in the fit to the data w.r.t. the ⇤CDM. At the
outset, we immediately notice that in our analyses the
gDE leads to an improvement of up to ��2

min = 6.4 (cor-
responding to about 2.5�) w.r.t. the cosmological con-
stant. In what follows we discuss in detail how this signif-
icant improvement is due to the fact that the gDE-CDM
alleviates some of the tensions the ⇤CDM experiences.

In Table I, for � = 0,�2, we observe nothing inter-
esting and no significant improvement to the fit w.r.t.
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community. In emergent dark energy models, the parametrization of the dark energy density is inserted into the
Hubble equation as

H2(z) = H2
0

h
⌦r(1 + z)4 + ⌦m(1 + z)3 + e⌦DE(z)

i
, (19)

where e⌦DE(a) = ⇢DE(z)/⇢crit,0 is the energy density of the DE fluid with respect to the critical energy density at
present, namely ⇢crit,0(z) = 3M2

PlH
2
0 . In Ref. [739], the authors introduced a very simple emergent dark energy

scenario, known as phenomenologically emergent dark energy (PEDE) scenario, where the dark energy sector evolves
as

e⌦DE(z) = ⌦DE [1 � tanh(log10(1 + z))] , (20)

where ⌦DE = 1 �⌦m �⌦r. It is important to mention that within the PEDE scenario, even if the dark energy sector
is dynamical, this scenario has exactly six free parameters as in the ⇤CDM model. For Planck 2018 alone, this model
takes a very high value of the Hubble constant H0 = 72.35+0.78

�0.79 km s�1 Mpc�1 at 68% CL [744] which is compatible
with Ref. [107] within 1�. Recently, in Ref. [747], the PEDE model has been further confronted in the presence of the
sterile neutrinos and perfectly agrees with the earlier observations [739, 740, 744].

A generalization of the PEDE scenario known as generalized emergent dark energy (GEDE) introduces a dark
energy evolution in terms of a free parameter � as [743]

e⌦DE(z) = ⌦DE

1 � tanh
⇣
�⇥ log10(

1+z
1+zt

)
⌘

1 + tanh (�⇥ log10(1 + zt))
. (21)

While the symbol zt is a derived parameter representing the epoch where the matter energy density and the DE
density are equal, that means equating, ⇢m(zt) = ⇢DE(zt) =) ⌦m(1 + zt)3 = e⌦DE(zt), one can derive zt. Although
this scenario does not o↵er a very large value of the Hubble constant compared with its value estimated in the PEDE
scenario, however, as explored in Ref. [746], within this GEDE scenario, the Hubble constant tension is reduced to
1.8� with [107] (see also [748]).

7. Graduated Dark Energy - AdS to dS Transition in the Late Universe

The positive cosmological constant assumption of the ⇤CDM model was investigated via the graduated dark energy
(gDE)—borrowed from the proposal of graduated inflation [749]—characterised by a minimal dynamical deviation
from the null inertial mass density % = 0 (where % ⌘ ⇢+ p) of the cosmological constant (or, the usual vacuum energy
of QFT) [574]. This deviation is in the form of

% / ⇢�, (22)

for which, provided that the conditions ⇢0 > 0 (present-day energy density), %0 < 0 (present-day inertial mass density),
and � = 1 �

n
m < 1 with n and m being odd numbers are satisfied, the energy density ⇢ dynamically takes negative

values in the past [574] (see also [750]). These three conditions lead to the gDE; the first two imply that gDE is
in the phantom region in the late/present-day universe, and the last one causes the energy density to take negative
values for redshifts larger than a certain redshift (see Ref. [574] for details). During the transition from negative to
positive energy density as the Universe expands, there comes a time t† (or a redshift z†) for which the energy density
passes through zero and the EoS parameter exhibits a pole. The gDE in fact exhibits a wide variety of behaviors
depending on �, but it is of particular interest that for large negative values of �, it establishes a phenomenological
model characterized by a smooth function that approximately describes a cosmological constant which switches sign
in the late Universe to become positive today.17 The energy density of the gDE model, in terms of redshift, reads

⇢gDE = ⇢gDE0 sgn[1 + ln(1 + z)]
��1 + ln(1 + z)

�� 1
1�� , (23)

where  < 0 is a negative constant. Here ”sgn” is the signum function that reads sgn[x] = �1, 0, 1 for x < 0, x = 0
and x > 0, respectively. This expression indicates if there exists a sign change in the energy density of the gDE
(accompanied by a pole in its EoS parameter [752]), it will happen at the redshift

z† = e� �1

� 1, (24)

17 The � = 0 case is called simple-gDE and investigated in [751].
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Constraints on gDE-CDM from PLK+BAO+SN (JLA)+H (Cosmic Chronometers)
6

� ⌦m,0 h0 � = w0 + 1  z⇤ t0[Gyr] �2� lnLmax

⇤CDM 0.302(6) 0.682(5) 0 0 � 13.806(22) 0.0

0 0.297(7) 0.689(7) > �0.08 > �0.25 � 13.796(24) 0.02

�2 0.297(7) 0.688(7) > �0.06 > �0.61 � 13.795(25) 0.02

�4 0.289(6), 0.298(7) 0.700(9), 0.686(7) �0.057(2), > �0.048 �0.86(3), > �0.73 2.31(12),� 13.714(25), 13.791(26) 1.0, 0.02

�6 0.292(6), 0.299(6) 0.699(9), 0.685(7) �0.039(1), > �0.037 �0.86(3), > �0.77 2.31(12),� 13.715(25), 13.792(27) 2.0, 0.01

�10 0.294(6), 0.299(6) 0.696(8), 0.684(7) �0.025(1), > �0.021 �0.86(3), > �0.69 2.32(12),� 13.722(27), 13.797(25) 4.4, 0.02

�14 0.296(6), 0.300(6) 0.695(8), 0.683(7) �0.019(1), > �0.017 �0.86(3), > �0.76 2.33(12),� 13.719(31), 13.794(27) 5.3, 0.01

�20 0.297(6), 0.300(6) 0.696(9), 0.683(7) �0.013(1), > �0.012 �0.86(3), > �0.76 2.32(12),� 13.718(31), 13.795(26) 6.0, 0.02

�17.9(5.8) 0.296(6), 0.299(7) 0.697(9), 0.684(8) �0.017(8), > �0.074 �0.85(4), > �0.69 2.32(19),� 13.719(30), 13.795(24) 6.4, 0.01

TABLE I: Mean values along with 1� constraints on the set of parameters used to described the gDE-CDM parameters. For one-tailed

distributions the upper limit 95% C.L. is given. For two-tailed the 68% C.L. is shown. The last column, �2 ln(L⇤,max/LgDE,max), is

used to compute best-fit di↵erences of gDE-CDM from ⇤CDM (�2 lnL⇤,max = 73.44) based on the improvement in the fit alone.

⇤CDM, viz., ��2
min < 0.02. However, we observe some-

thing surprising occurs when �  �4 (also when � is free)
that the data predict bimodal posterior probability dis-
tributions for the parameters of the gDE-CDM, for which
we observe two sets of constraint values in each column of
Table I. This may also be seen, for example, from the top
left panel of Fig. 2 which displays 1D marginalised poste-
rior distributions for the � parameters. Notice that, for
�  �4, as we move towards the larger negative values
of �, the existence of a second (new) maximum starts ap-
pearing significantly far away from � = 0 (⇤CDM). The
first (old) maximum containing � = 0 is always there,
but, when �  �6, it consistently shrinks with the larger
negative values of �, during which the new maximum
is getting relatively much higher and sharper. This im-
plies that the data significantly favour the new maxi-
mum over the old maximum when � . �6. Indeed, we
read from Table I that the improvement in the fit w.r.t.
⇤CDM reaches highly significant levels –e.g., ��2

min = 6
when � = �20 and ��2

min = 6.4 when � is free– for
the new maximum, while it remains always at insignif-
icant levels –��2

min . 0.02 irrespective of the value of
�– for the old maximum. The poor improvement level of
��2

min . 0.02 both in the old maximum (the maximum
containing � = 0 when � . �4 and � is free, and the
single maximum when � . 3) presents no evidence for
favouring these over the ⇤CDM and the constraints on
the parameters for these cases do not show a considerable
deviation from those of the ⇤CDM. Therefore, in what
follows we discard all these cases and proceed our dis-
cussions with reference to the ⇤CDM (� = 0), basically,
by considering only the new maximum that appear when
� . �6, e.g., by considering the one on the left of the
pair of constraints given in a column for a parameter of
the gDE-CDM in Table I.

The presence of these new maxima has important con-
sequences and may be better explained through the ex-
pression (7). This expression indicates if there exists a
sign change in the energy density of the gDE (or a pole
in its EoS parameter), it will happen at a redshift

z⇤ = e�
1
 � 1. (14)

Hence, the quantity  = �3�(��1) determines the posi-
tion of the pole and, if it is a real one, must yield a unique
value irrespective of the values � and �. That is, for a
given �, the � parameter selects its best position such
that  remains unchanged, and this can be seen in the
right-hand panel of Fig. 2 (see also Table I). We observe
that a peak at  = �0.86 –significantly away from  = 0
(⇤CDM)– emerges when � = �4 and as � takes more
negative values (see the cases �  �6) it becomes sig-
nificantly higher and sharper, fixed at  = �0.86, while
the old peak containing  = 0 becomes more prolate and
lower. This implies highly significant observational evi-
dence for the sign change of the energy density of the
gDE (or pole in its EoS parameter) at the redshift cor-
responding to  = �0.86. We have shown, according to
(14), in the bottom panel of Fig. 2, the 1D marginalised
posterior distribution of the redshift for this event per-
sistently located at z⇤ ⇡ 2.32 (see Table I). Interestingly,
but not surprisingly this particular position agrees with
the location of the Ly-↵ auto and cross-correlation BAO
(z = 2.34) data and the works [33–35]. This suggests
such a behaviour of DE for alleviating the tensions be-
setting this observation. We should note here that the
peaks containing  = 0 (⇤CDM) also predict the sign
change of the gDE, but we have discarded them for the
following reasons. Firstly, these cases correspond to the
ones we have discarded above, since they do not present
any statistical evidence for being favoured over ⇤CDM
(the  ! 0 limit leading to z⇤ ! 1). Secondly, in our
analyses, we observe that these cases predict completely
di↵erent z⇤ values for di↵erent � values (if they were real
the predictions need to have been stable at a certain red-
shift) and all of which are extremely large (even having
redshift values larger than the redshift of the big bang
nucleosynthesis epoch) at which dark energy is irrelevant
to the cosmological dynamics.

The bimodal distribution that  exhibits has a strong
impact on the posterior distribution of h0, and there-
fore on the Hubble constant H0, which also exhibits a
bimodal behaviour. Fig. 3 describes this behaviour; as
soon as the � parameter starts decreasing the bimodal
distribution on the panel {h0, } starts showing up for a

free λ
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from AdS vacua to dS vacua, at z ⇠ 2.3 and triggered
the observed late-time acceleration, and we suggest look-
ing for such mechanisms in string theory.

II. GRADUATED DARK ENERGY

The energy-momentum tensor describing an isotropic
perfect fluid can be decomposed relative to a unique four-
velocity, uµ, in the form, Tµ⌫ = (⇢ + p)uµu⌫ + pgµ⌫ ,
where ⇢ is the relativistic energy density relative to uµ,
p is the isotropic pressure, gµ⌫ is the metric tensor, and
r⌫uµuµ = 0 and uµuµ = �1. The set of equations arise
from the twice-contracted Bianchi identities, by Einstein
field equations, Gµ⌫ = �Tµ⌫ , implies the conservation
equations. Projecting parallel and orthogonal to uµ, we
obtain the energy and momentum conservation equa-
tions, correspondingly,

⇢̇+⇥⇢inert = 0 and Dµp+ ⇢inertu̇
µ = 0, (1)

where ⇢inert = ⇢ + p, the multiplier of the four accel-
eration u̇µ, is the inertial mass density [62, 63]. Here,
D⌫ is the spatial gradient (the covariant derivative op-
erator orthogonal to uµ) defined by D⌫f = r⌫f + u⌫ ḟ ;
⇥ = Dµuµ is the volume expansion rate and overdots
denote derivatives w.r.t. the comoving proper time t.

Inspired by [66], we define a type of DE model, we
named as graduated Dark Energy (gDE), which yields an
inertial mass density exhibiting power-law dependence to
its energy density as follows;

⇢inert = �⇢0

✓
⇢

⇢0

◆�

, (2)

where ⇢0 is positive definite (throughout the paper, sub-
script 0 attached to any quantity denotes its value today),
the parameters � and � are real constants. This can be
viewed as characterising the minimum dynamical devi-
ation from the null inertial mass density, viz., from the
conventional vacuum energy. So that equation of state
(EoS) parameter is w = p/⇢ = �1 + ⇢inert/⇢, and reads

w = �1 + �

✓
⇢

⇢0

◆��1

. (3)

We note that � = 0 corresponds to the conventional vac-
uum energy with w = �1 (leading to the ⇤CDM model)
and � = 1 corresponds to the perfect fluid with con-
stant EoS parameter w = �1+ � = const (leading to the
wCDM model). From the continuity equation (1), this

leads to d⇢+ 3�⇢0
⇣

⇢
⇢0

⌘�
da
a = 0, which is solved by

⇢ = ⇢0 [1 + 3�(� � 1) ln a]
1

1�� , (4)

which satisfies

⇢inert = �⇢0 [1 + 3�(� � 1) ln a]
�

1�� , (5)

w = �1 +
�

1 + 3�(� � 1) ln a
. (6)

We note that w = �1 + � today (when a = 1 or redshift
z ⌘ �1 + 1

a = 0) and w ⇡ �1 for su�ciently large and
small a, in particular, w ! �1 in the far future (a ! 1)
and in the very early universe (a ! 0). Besides, pro-
vided that the parameters � and � are chosen appropri-
ately, gDE can achieve transition from ⇢ > 0 to ⇢ < 0
at a certain redshift. Thus, gDE can also be viewed as a
phenomenological model described by a smooth function
for approximately describing the cosmological constant
switches sign at a certain redshift and, for instance, be-
comes positive just recently in the late universe.
The gDE (4), in fact, exhibits various types of dynam-

ics depending on its free parameters � and �, see [70] for a
comprehensive investigation. In this paper, we are inter-
ested in the case its energy density passes below zero at
high redshifts, which, so far, has not been paid much at-
tention, yet it is the case fitting the scenarios we discussed
in the Introduction I that most likely address the tensions
relevant to H0 and, in particular, to the high-precision
Ly-↵ data from z ⇡ 2.34. For instance, in the case � = 0
(⇢inert = �⇢0), (4) reduces to ⇢ = ⇢0 � 3⇢0� ln a, con-
sisting of a constant ⇢0 > 0 mimicking ⇤ > 0 and a
dynamically screening term, �3⇢0� ln a, in the past for

� < 0, viz., ⇢0 � 3⇢0� ln a = 0 at a = e
1
3� . Yet, the pres-

ence of the exponent 1
1�� in (4) will allow us to realise

such a scenario with additional features.
First, we define ⇢/⇢0 = xy along with ⇢0 > 0, where

x ⌘ 1+3�(��1) ln a and y ⌘ 1
1�� . We note that, unless

� = 0 (conventional vacuum) or � = 1 (perfect fluid with
constant EoS parameter), x changes sign at

a = a⇤ ⌘ e�
1
3

1
�(��1) , (7)

which is in the past (a⇤ < 1, the case we are interested in)
for �(��1) > 0, and in the future (a⇤ > 1) for �(��1) <
0. Next, y < 0 for � > 1 so that ⇢ ! ±1 as a ! a⇤
and y > 0 for � < 1 so that ⇢ ! 0 as a ! a⇤, where the
latter case is of interest to us. Thus, we proceed with the
following two conditions serving our purpose:

� < 1 and � < 0, (8)

the latter of which implies w(a = 1) < �1, i.e., the gDE
must be in the phantom region today.

To get around a mathematical obstacle, when we inves-
tigate gDE computationally (see [110]), we continue by
writing ⇢

⇢0
= xy in an equivalent way as ⇢

⇢0
= sgn(x) |x|y

for y = m
n with m and n being odd integers, namely,

⇢ = ⇢0 sgn[1 � ln a]
��1 � ln a

�� 1
1�� , (9)

for  ⌘ �3�(� � 1) < 0 (i.e., � < 0), � < 1 and the ex-
ponent 1

1�� = m
n with both m and n being odd integers.

For practical reasons, we will consider m = 1 and so � =
�2N with N = 0, 1, 2, ..., i.e., � = 0,�2,�4, ... . Here
sgn is the signum function that reads sgn(x) = �1, 0, 1
for x < 0, x = 0 and x > 0, respectively. Of course, in
principle, there is an infinite number of such � values,

Simple-gDE
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FIG. 5: Graduated Dark energy model with varying the �
parameter. Left panel: 3D marginalised posterior distributions for

the graduated � and  parameters, coloured coded by the �
parameter. Right panel: 1D marginalised posterior of the redshift

position given by the pole. The vertical line is the mean value

z⇤ = 2.32.

gDE in the context of Omh2 diagnostic.
The Omh2 diagnostic is defined in [35] as follows:

Omh2(zi; zj) =
h2(zi) � h2(zj)

(1 + zi)3 � (1 + zj)3
, (15)

and depends only on H(z). Accordingly, knowing it at
two or more redshifts, one can obtain Omh2 value(s)
in a model-independent manner and thence conclude
whether or not the DE is a ⇤. For the ⇤CDM, omit-
ting radiation (negligible in the late universe), we have
h2 = h2

0

⇥
⌦m,0(1 + z)3 + 1 � ⌦m,0

⇤
leading to a constant

Omh2(zi; zj) = h2
0⌦m,0. (16)

For the gDE-CDM, using (10), we have

Omh2(zi; zj) = h2
0⌦m,0

+ h2
0 (1 � ⌦m,0)

sgn(xi)|xi|y � sgn(xj)|xj |y

(1 + zi)3 � (1 + zj)3
,

(17)

where have neglected radiation and used the zero-
curvature constraint, ⌦m,0 + ⌦DE,0 = 1. The second
line of the Omh2(zi; zj) for the gDE-CDM emerges as
a correction to the one for the ⇤CDM. We can calcu-
late the predicted Omh2(zi; zj) with these two equations
for any pair of chosen redshifts using the constraints on
the models and then compare the same with the model-
independent estimates obtained by (15).

We calculate, from (15), the model independent esti-
mates as Omh2(z1; z2) = 0.164 ± 0.024, Omh2(z1; z3) =
0.123± 0.006 and Omh2(z2; z3) = 0.119± 0.007 by using
H(z1 = 0) = 69.8 ± 0.8 km s�1Mpc�1 from the TRGB
H0 [22], H(z2 = 0.57) = 97.9 ± 3.4 km s�1Mpc�1 based
on the clustering of galaxies in the SDSS-III BOSS DR11
[23], and H(z3 = 2.34) = 222.4±5.0 km s�1Mpc�1 based
on the BAO in the Ly-↵ forest of SDSS DR11 data [33].
We notice that the constraint Omh2 = 0.140 ± 0.002
(Omh2 = 0.143 ± 0.001 in Planck 2018 [9]) we obtained
for the ⇤CDM is in clear tension with the latter two of
these estimates. We see in Table I that, for �  �10 as

� Omh2
(z1; z2) Omh2

(z1; z3) Omh2
(z2; z3)

⇤CDM 0.140(2) 0.140(2) 0.140(2)

0 0.134(4) 0.139(4) 0.140(4)

-2 0.135(4) 0.140(2) 0.140(2)

-4 0.136(3) 0.129(1), 0.140(2) 0.129(2), 0.140(2)

-6 0.137(2) 0.128(1), 0.140(3) 0.127(2), 0.140(2)

-10 0.137(2), 0.139(2) 0.127(2), 0.140(2) 0.123(2), 0.140(2)

-14 0.138(2), 0.139(2) 0.126(2), 0.140(2) 0.127(2), 0.140(2)

-20 0.139(2), 0.140(2) 0.125(2), 0.140(2) 0.124(2), 0.140(2)

Free 0.136(4), 0.139(2) 0.127(4), 0.140(2) 0.126(2), 0.140(2)

TABLE II: Mean values along with 1�� constraints on the set of

parameters that describe Om diagnostic.

FIG. 6: Omh2
diagnostic for the graduated dark energy model

with � = �20 using three redshifts {z1, z2} (left), {z1, z3}
(middle) and {z2, z3} (right). The colour code indicates the value

of � parameter, where the yellow points mimic the ⇤CDM

behaviour and the pink ones the new feature introduced by the

gDE model.

well as the � free case, the constraints for all of the three
Omh2 exhibit bimodal characteristic, i.e., there are two
valued constraints corresponding to the new (left) and
old (right) maxima. We notice Omh2(z1; z2) ⇠ 0.140
(as in the ⇤CDM) almost the same for both the new
and old maxima, yet it agrees with the corresponding
model independent estimate. However, when we consider
Omh2(z1; z3) and Omh2(z2; z3) we observe that while the
ones associated with the new maximum yield ⇠ 0.125 in
agreement with the corresponding model independent es-
timates, the ones associated with the old maximum yield
⇡ 0.140 in tension. For a visual demonstration, in Fig.
6, we show the marginalised posterior distributions for
the parameter � in the {�, Omh2(zi; zj), h0} subspace
for {z1, z2}, {z1, z3} and {z2, z3}, where the blue con-
tours and 3D scatter color plots described the gDE-CDM
model for � = �20. The color code indicates the value
of � labelled by the color bar. Black contours display 2D
marginalised posterior distributions for the ⇤CDM which
agree with the position of the yellow points correspond-
ing to the old maxima of the gDE-CDM. The contours
at about Omh2 ⇠ 0.125 correspond to the new maxima
of the gDE-CDM describing the case in which the energy
density of the gDE passes below zero z ⇠ 2.32.
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All these superiorities in goodness of fit to the obser-
vational data arising in the case of the new maxima of
the gDE-CDM are obviously consequences of the fact
that the energy density of the gDE passes below zero
at z⇤ ⇡ 2.3 by exhibiting a certain type of dynamics. By
using the fgivenx package [100], we show in the upper
panel of Fig. 7 the probability (the more pink implies
more probable) distribution of the redshift dependency
of the energy density of gDE scaled to the critical energy
density of the present-day Universe, viz., ⇢DE/⇢c,0. We
observe that gDE, viz., ⇢DE(z)/⇢c,0, does not distinguish
from ⇤ (solid straight black line) at a value ⇠ 0.70 for
z . 2, but it reaches a junction at z ⇠ 2.3 and for larger
redshifts it either keeps tracking ⇤ by retaining the value
⇠ 0.70 (the one associated with the old maximum and
disfavoured by the data) or rapidly changes route and
starts to track a new value ⇠ �0.70 like a mirror image
of the former track at ⇢DE = 0 (the case associated with
the new maximum and favoured by the data). The rapid
sign switch of the gDE energy density at z ⇠ 2.3 implies
a rapid drop in the total energy density of the Universe,
and in H(z), at that redshift. This behaviour of H(z)
emerges in association with the new maxima of the gDE-
CDM for more negative values of �, as can be seen in
the lower panel of Fig. 7, reconciles it with the lower
H(z) value of the Ly-↵ data at z = 2.34 with respect
to the one predicted by ⇤CDM for that redshift. Fur-
thermore, this reconciliation between the gDE-CDM and
Ly-↵ data, in turn, provides the gDE-CDM with easiness
in achieving large H(z) values for z . 2 and thereby pre-
dicts larger H0, and so gDE-CDM relieves the H0 tension
that ⇤CDM has been su↵ering from.

We would like to conclude this section by comment-
ing on the implication of the dynamics of gDE that leads
to all these reconciliations with the observational data
on the nature of the dark energy. First, we note the
following features of gDE that we have further under-
stood upon confronting the observational data. We read
o↵ from Table I that, for larger negative values of �,
⇢DE/⇢c,0 = 0.70 and w0 ⇠ �1.01 (i.e., in the phantom
region but very close to the conventional vacuum energy)
at z = 0, its energy density switches sign rapidly (al-
most spontaneously) at z⇤ ⇡ 2.32 (which is quite stable)
and settles into a value ⇢DE/⇢c,0 ⇠ �0.70 (the oppo-
site of its present-day value) and remains (wDE ⇡ �1)
there for z⇤ & 2.3. Next, we observe in the same table
that the larger the negative values of �, the better fit
to the data (the larger ��2

min). This follows the trend
that makes ⇢DE(z) increasingly resemble a step function
centred at z⇤ with two branches yielding opposite values
about zero –a pattern of flat positive energy density for
z < z⇤ and flat negative energy density for z > z⇤, both
of which have the same absolute value– and indeed, we
know from (13), that ⇢DE transforms into a step func-
tion for arbitrary large negative values of �. The largest
negative � value we considered in our analyses is �27,
yet it is easy to check mathematically that considering
even larger negative values would not e↵ect our results
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FIG. 7: Top panel: ⇢gDE/⇢c0 versus redshift z for � = �20

displays the maximum predicted that ⇢gDE changes sign at

z ⇠ 2.3. Bottom: H(z)/(1 + z) function. Include the latest BAO

data points [34] (blue bars) where H0 = 67.3± 1.1, the Planck

2018 [9] H0 = 67.4± 0.5 data (red bar) and the TGRB model

independent [22] H0 = 69.8± 0.8 data (green bar). Black dashed

line corresponds to best-fit values of gDE and solid black line

corresponds to LCDM. We note that, due to the jump at z ⇠ 2.3,
the gDE model is not in tension with the BAO Ly-↵ data from

z = 2.34 in contrast to ⇤CDM model and also gDE gives larger

H0 values w.r.t. ⇤CDM model and thereby relaxes H0 tension.

considerably since, for this value, the function ⇢DE(z) al-
ready closely resembles a step function. Thus, our results
from the new maximum of the gDE for large negative
values of � can safely be interpreted as the results one
would obtain for a cosmological constant that achieved
its present-day positive value by spontaneously switching
sign at z⇤ ⇠ 2.3, but was negative in the earlier stage of
the universe.

IV. CONCLUSIONS

We have considered a type of dark energy that can be
viewed as characterising the minimum dynamical devi-
ation from the null inertial mass density –described by
the conventional vacuum (or cosmological constant, ⇤)–
in the form ⇢inert / ⇢� with � being a constant. This
source, we called graduated Dark Energy (gDE), presents
a wide variety of dynamics which were first studied in the
context of inflaton [63–65] and more recently of dark en-
ergy [66–69]. We focused on its dynamics (which has
not been studied in detail so far) that emerges when
⇢inert < 0, and � < 1 is written as a ratio of two odd
integers. In this case it yields an energy density that
dynamically assumes negative values in the recent past,
in line, for instance, with [27–35]. They proposed such
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All these superiorities in goodness of fit to the obser-
vational data arising in the case of the new maxima of
the gDE-CDM are obviously consequences of the fact
that the energy density of the gDE passes below zero
at z⇤ ⇡ 2.3 by exhibiting a certain type of dynamics. By
using the fgivenx package [100], we show in the upper
panel of Fig. 7 the probability (the more pink implies
more probable) distribution of the redshift dependency
of the energy density of gDE scaled to the critical energy
density of the present-day Universe, viz., ⇢DE/⇢c,0. We
observe that gDE, viz., ⇢DE(z)/⇢c,0, does not distinguish
from ⇤ (solid straight black line) at a value ⇠ 0.70 for
z . 2, but it reaches a junction at z ⇠ 2.3 and for larger
redshifts it either keeps tracking ⇤ by retaining the value
⇠ 0.70 (the one associated with the old maximum and
disfavoured by the data) or rapidly changes route and
starts to track a new value ⇠ �0.70 like a mirror image
of the former track at ⇢DE = 0 (the case associated with
the new maximum and favoured by the data). The rapid
sign switch of the gDE energy density at z ⇠ 2.3 implies
a rapid drop in the total energy density of the Universe,
and in H(z), at that redshift. This behaviour of H(z)
emerges in association with the new maxima of the gDE-
CDM for more negative values of �, as can be seen in
the lower panel of Fig. 7, reconciles it with the lower
H(z) value of the Ly-↵ data at z = 2.34 with respect
to the one predicted by ⇤CDM for that redshift. Fur-
thermore, this reconciliation between the gDE-CDM and
Ly-↵ data, in turn, provides the gDE-CDM with easiness
in achieving large H(z) values for z . 2 and thereby pre-
dicts larger H0, and so gDE-CDM relieves the H0 tension
that ⇤CDM has been su↵ering from.

We would like to conclude this section by comment-
ing on the implication of the dynamics of gDE that leads
to all these reconciliations with the observational data
on the nature of the dark energy. First, we note the
following features of gDE that we have further under-
stood upon confronting the observational data. We read
o↵ from Table I that, for larger negative values of �,
⇢DE/⇢c,0 = 0.70 and w0 ⇠ �1.01 (i.e., in the phantom
region but very close to the conventional vacuum energy)
at z = 0, its energy density switches sign rapidly (al-
most spontaneously) at z⇤ ⇡ 2.32 (which is quite stable)
and settles into a value ⇢DE/⇢c,0 ⇠ �0.70 (the oppo-
site of its present-day value) and remains (wDE ⇡ �1)
there for z⇤ & 2.3. Next, we observe in the same table
that the larger the negative values of �, the better fit
to the data (the larger ��2

min). This follows the trend
that makes ⇢DE(z) increasingly resemble a step function
centred at z⇤ with two branches yielding opposite values
about zero –a pattern of flat positive energy density for
z < z⇤ and flat negative energy density for z > z⇤, both
of which have the same absolute value– and indeed, we
know from (13), that ⇢DE transforms into a step func-
tion for arbitrary large negative values of �. The largest
negative � value we considered in our analyses is �27,
yet it is easy to check mathematically that considering
even larger negative values would not e↵ect our results

0.0 0.5 1.0 1.5 2.0 2.5 3.0

z

�1.00

�0.75

�0.50

�0.25

0.00

0.25

0.50

0.75

1.00

�(
z)

/�
c0

0�

1�

2�

FIG. 7: Top panel: ⇢gDE/⇢c0 versus redshift z for � = �20
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independent [22] H0 = 69.8± 0.8 data (green bar). Black dashed
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corresponds to LCDM. We note that, due to the jump at z ⇠ 2.3,
the gDE model is not in tension with the BAO Ly-↵ data from

z = 2.34 in contrast to ⇤CDM model and also gDE gives larger

H0 values w.r.t. ⇤CDM model and thereby relaxes H0 tension.

considerably since, for this value, the function ⇢DE(z) al-
ready closely resembles a step function. Thus, our results
from the new maximum of the gDE for large negative
values of � can safely be interpreted as the results one
would obtain for a cosmological constant that achieved
its present-day positive value by spontaneously switching
sign at z⇤ ⇠ 2.3, but was negative in the earlier stage of
the universe.

IV. CONCLUSIONS

We have considered a type of dark energy that can be
viewed as characterising the minimum dynamical devi-
ation from the null inertial mass density –described by
the conventional vacuum (or cosmological constant, ⇤)–
in the form ⇢inert / ⇢� with � being a constant. This
source, we called graduated Dark Energy (gDE), presents
a wide variety of dynamics which were first studied in the
context of inflaton [63–65] and more recently of dark en-
ergy [66–69]. We focused on its dynamics (which has
not been studied in detail so far) that emerges when
⇢inert < 0, and � < 1 is written as a ratio of two odd
integers. In this case it yields an energy density that
dynamically assumes negative values in the recent past,
in line, for instance, with [27–35]. They proposed such
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FIG. 5: Graduated Dark energy model with varying the �
parameter. Left panel: 3D marginalised posterior distributions for

the graduated � and  parameters, coloured coded by the �
parameter. Right panel: 1D marginalised posterior of the redshift

position given by the pole. The vertical line is the mean value

z⇤ = 2.32.

gDE in the context of Omh2 diagnostic.
The Omh2 diagnostic is defined in [35] as follows:

Omh2(zi; zj) =
h2(zi) � h2(zj)

(1 + zi)3 � (1 + zj)3
, (15)

and depends only on H(z). Accordingly, knowing it at
two or more redshifts, one can obtain Omh2 value(s)
in a model-independent manner and thence conclude
whether or not the DE is a ⇤. For the ⇤CDM, omit-
ting radiation (negligible in the late universe), we have
h2 = h2

0

⇥
⌦m,0(1 + z)3 + 1 � ⌦m,0

⇤
leading to a constant

Omh2(zi; zj) = h2
0⌦m,0. (16)

For the gDE-CDM, using (10), we have

Omh2(zi; zj) = h2
0⌦m,0

+ h2
0 (1 � ⌦m,0)

sgn(xi)|xi|y � sgn(xj)|xj |y

(1 + zi)3 � (1 + zj)3
,

(17)

where have neglected radiation and used the zero-
curvature constraint, ⌦m,0 + ⌦DE,0 = 1. The second
line of the Omh2(zi; zj) for the gDE-CDM emerges as
a correction to the one for the ⇤CDM. We can calcu-
late the predicted Omh2(zi; zj) with these two equations
for any pair of chosen redshifts using the constraints on
the models and then compare the same with the model-
independent estimates obtained by (15).

We calculate, from (15), the model independent esti-
mates as Omh2(z1; z2) = 0.164 ± 0.024, Omh2(z1; z3) =
0.123± 0.006 and Omh2(z2; z3) = 0.119± 0.007 by using
H(z1 = 0) = 69.8 ± 0.8 km s�1Mpc�1 from the TRGB
H0 [22], H(z2 = 0.57) = 97.9 ± 3.4 km s�1Mpc�1 based
on the clustering of galaxies in the SDSS-III BOSS DR11
[23], and H(z3 = 2.34) = 222.4±5.0 km s�1Mpc�1 based
on the BAO in the Ly-↵ forest of SDSS DR11 data [33].
We notice that the constraint Omh2 = 0.140 ± 0.002
(Omh2 = 0.143 ± 0.001 in Planck 2018 [9]) we obtained
for the ⇤CDM is in clear tension with the latter two of
these estimates. We see in Table I that, for �  �10 as

� Omh2
(z1; z2) Omh2

(z1; z3) Omh2
(z2; z3)

⇤CDM 0.140(2) 0.140(2) 0.140(2)

0 0.134(4) 0.139(4) 0.140(4)

-2 0.135(4) 0.140(2) 0.140(2)

-4 0.136(3) 0.129(1), 0.140(2) 0.129(2), 0.140(2)

-6 0.137(2) 0.128(1), 0.140(3) 0.127(2), 0.140(2)

-10 0.137(2), 0.139(2) 0.127(2), 0.140(2) 0.123(2), 0.140(2)

-14 0.138(2), 0.139(2) 0.126(2), 0.140(2) 0.127(2), 0.140(2)

-20 0.139(2), 0.140(2) 0.125(2), 0.140(2) 0.124(2), 0.140(2)

Free 0.136(4), 0.139(2) 0.127(4), 0.140(2) 0.126(2), 0.140(2)

TABLE II: Mean values along with 1�� constraints on the set of

parameters that describe Om diagnostic.

FIG. 6: Omh2
diagnostic for the graduated dark energy model

with � = �20 using three redshifts {z1, z2} (left), {z1, z3}
(middle) and {z2, z3} (right). The colour code indicates the value

of � parameter, where the yellow points mimic the ⇤CDM

behaviour and the pink ones the new feature introduced by the

gDE model.

well as the � free case, the constraints for all of the three
Omh2 exhibit bimodal characteristic, i.e., there are two
valued constraints corresponding to the new (left) and
old (right) maxima. We notice Omh2(z1; z2) ⇠ 0.140
(as in the ⇤CDM) almost the same for both the new
and old maxima, yet it agrees with the corresponding
model independent estimate. However, when we consider
Omh2(z1; z3) and Omh2(z2; z3) we observe that while the
ones associated with the new maximum yield ⇠ 0.125 in
agreement with the corresponding model independent es-
timates, the ones associated with the old maximum yield
⇡ 0.140 in tension. For a visual demonstration, in Fig.
6, we show the marginalised posterior distributions for
the parameter � in the {�, Omh2(zi; zj), h0} subspace
for {z1, z2}, {z1, z3} and {z2, z3}, where the blue con-
tours and 3D scatter color plots described the gDE-CDM
model for � = �20. The color code indicates the value
of � labelled by the color bar. Black contours display 2D
marginalised posterior distributions for the ⇤CDM which
agree with the position of the yellow points correspond-
ing to the old maxima of the gDE-CDM. The contours
at about Omh2 ⇠ 0.125 correspond to the new maxima
of the gDE-CDM describing the case in which the energy
density of the gDE passes below zero z ⇠ 2.32.
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community. In emergent dark energy models, the parametrization of the dark energy density is inserted into the
Hubble equation as

H2(z) = H2
0

h
⌦r(1 + z)4 + ⌦m(1 + z)3 + e⌦DE(z)

i
, (19)

where e⌦DE(a) = ⇢DE(z)/⇢crit,0 is the energy density of the DE fluid with respect to the critical energy density at
present, namely ⇢crit,0(z) = 3M2

PlH
2
0 . In Ref. [739], the authors introduced a very simple emergent dark energy

scenario, known as phenomenologically emergent dark energy (PEDE) scenario, where the dark energy sector evolves
as

e⌦DE(z) = ⌦DE [1 � tanh(log10(1 + z))] , (20)

where ⌦DE = 1 �⌦m �⌦r. It is important to mention that within the PEDE scenario, even if the dark energy sector
is dynamical, this scenario has exactly six free parameters as in the ⇤CDM model. For Planck 2018 alone, this model
takes a very high value of the Hubble constant H0 = 72.35+0.78

�0.79 km s�1 Mpc�1 at 68% CL [744] which is compatible
with Ref. [107] within 1�. Recently, in Ref. [747], the PEDE model has been further confronted in the presence of the
sterile neutrinos and perfectly agrees with the earlier observations [739, 740, 744].

A generalization of the PEDE scenario known as generalized emergent dark energy (GEDE) introduces a dark
energy evolution in terms of a free parameter � as [743]

e⌦DE(z) = ⌦DE

1 � tanh
⇣
�⇥ log10(

1+z
1+zt

)
⌘

1 + tanh (�⇥ log10(1 + zt))
. (21)

While the symbol zt is a derived parameter representing the epoch where the matter energy density and the DE
density are equal, that means equating, ⇢m(zt) = ⇢DE(zt) =) ⌦m(1 + zt)3 = e⌦DE(zt), one can derive zt. Although
this scenario does not o↵er a very large value of the Hubble constant compared with its value estimated in the PEDE
scenario, however, as explored in Ref. [746], within this GEDE scenario, the Hubble constant tension is reduced to
1.8� with [107] (see also [748]).

7. Graduated Dark Energy - AdS to dS Transition in the Late Universe

The positive cosmological constant assumption of the ⇤CDM model was investigated via the graduated dark energy
(gDE)—borrowed from the proposal of graduated inflation [749]—characterised by a minimal dynamical deviation
from the null inertial mass density % = 0 (where % ⌘ ⇢+ p) of the cosmological constant (or, the usual vacuum energy
of QFT) [574]. This deviation is in the form of

% / ⇢�, (22)

for which, provided that the conditions ⇢0 > 0 (present-day energy density), %0 < 0 (present-day inertial mass density),
and � = 1 �

n
m < 1 with n and m being odd numbers are satisfied, the energy density ⇢ dynamically takes negative

values in the past [574] (see also [750]). These three conditions lead to the gDE; the first two imply that gDE is
in the phantom region in the late/present-day universe, and the last one causes the energy density to take negative
values for redshifts larger than a certain redshift (see Ref. [574] for details). During the transition from negative to
positive energy density as the Universe expands, there comes a time t† (or a redshift z†) for which the energy density
passes through zero and the EoS parameter exhibits a pole. The gDE in fact exhibits a wide variety of behaviors
depending on �, but it is of particular interest that for large negative values of �, it establishes a phenomenological
model characterized by a smooth function that approximately describes a cosmological constant which switches sign
in the late Universe to become positive today.17 The energy density of the gDE model, in terms of redshift, reads

⇢gDE = ⇢gDE0 sgn[1 + ln(1 + z)]
��1 + ln(1 + z)

�� 1
1�� , (23)

where  < 0 is a negative constant. Here ”sgn” is the signum function that reads sgn[x] = �1, 0, 1 for x < 0, x = 0
and x > 0, respectively. This expression indicates if there exists a sign change in the energy density of the gDE
(accompanied by a pole in its EoS parameter [752]), it will happen at the redshift

z† = e� �1

� 1, (24)

17 The � = 0 case is called simple-gDE and investigated in [751].
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Figure 2. H0 versus z† for the ⇤sCDM model (solid curve),
and the ⇤CDM model (dashed line). The values are cal-
culated by fixing DM (z⇤) and ⇢m(z⇤) (and hence ⇢m0) to
that of ⇤CDM using the mean values of the Planck 2018
TT,TE,EE+lowE+lensing results [6]. The gray band is
the model-independent TRGB measurement H0 = 69.8 ±
0.8 km s�1Mpc�1 [77] and the blue band is the Cepheid mea-
surement H0 = 74.03± 1.42 km s�1Mpc�1 [75].

values of H0 compared to ⇤CDM, and z† is inversely
correlated with H0. Such greater values are a direct con-
sequence of the sudden drop in H(z) due to the neg-
ative cosmological constant for z > z† as explained in
the Introduction. Additionally, as seen in the top panel
of Fig. 3, the drop in H(z) due to the sign switch al-
lows ⇤sCDM to better agree with the Ly-↵ data; how-
ever, this amelioration of the Ly-↵ discrepancy disap-
pears immediately for z† & 2.4. Moreover, as z† in-
creases, H0 decreases, approaching the value of ⇤CDM
as z† ! 1. This is because of two reasons: first, as
z† increases, the portion of the DM (z⇤) integral that is
over negative values of ⇤s decreases and hence requires
less compensation from the positive ⇤s portion including
H0; second, as z† increases, the sign-switching feature
of ⇤s becomes rapidly less e↵ective since, for large z†,
matter is the dominant energy component of the Uni-
verse at the time of the sign switch and the e↵ect of
negative ⇤s on the evolution of H(z) is negligible. If
we consider z† = 3, just before the cosmological con-
stant becomes negative (z ! z

�
† ), the matter already

is by far the dominant component of the Universe, viz.,
⌦m(z = 3) ⇡ 0.96 corresponding to only |⌦⇤s/⌦m| ⇡
0.04. It is intriguing that, for z† = 2.3, which is almost
as high as z† can get without losing the improved agree-
ment with the Ly-↵ data, the H0 value is in excellent
agreement with H0 = 69.8 ± 0.8 km s�1Mpc�1 [77] (re-

Figure 3. Comoving Hubble parameter and the comoving
angular diameter distance versus redshift for various z† val-
ues for the ⇤sCDM model. All of the plots are drawn
by fixing DM (z⇤) and ⇢m(z⇤) (and hence fixing ⇢m0) to
that of the ⇤CDM model using mean values of the Planck

2018 TT,TE,EE+lowE+lensing results. We consider the
observational H(z) values (blue error bars), H0 = 69.8 ±
0.8 km s�1Mpc�1 from the TRGB [77], consensus Galaxy
BAO (from ze↵ = 0.38, 0.51, 0.61) and DR14 Ly-↵ BAO
(from ze↵ = 2.34, 2.35) [84, 85, 148].

vised as H0 = 69.6± 0.8 km s�1Mpc�1 in Ref. [79]) from
a recent calibration of the tip of the red giant branch
(TRGB) applied to type Ia supernovae. Both of these ef-
fects on H0 and H(z ⇡ 2.34) suggest that ⇤sCDM might
be most e↵ective for z† . 2.34. In line with this, as
Fig. 2 demonstrates, H0 is greater for smaller values of
z†; for z† = 1.5, H0 goes up to ⇡ 74.5 km s�1 Mpc�1, so
z† > 1.5 covers all the recent local measurements of H0,
including the largest H0 estimations by the SH0ES Col-
laboration (see Refs. [73–79]). However, looking at the
bottom panel of Fig. 3, we see that as z† gets smaller,
a greater tension with the comoving angular diameter
distance measurements from Galaxy BAO data is gener-
ated. In fact, Fig. 3 seems to suggest that the smaller
the value of z†, the greater the tension with the Galaxy
BAO data, and the extent of this e↵ect in limiting the
increase in H0 is not clear without a robust observational
analysis.

The discrepancy of the latest SH0ES H0 determina-

8

tion H
R20

0
= 73.2 ± 1.3 km s�1Mpc�1 [76] and ⇤CDM

Planck 2018 constraint H0 = 67.36 ± 0.54 km s�1Mpc�1

[6] is equivalent to the discrepancy of the Pantheon SnIa
absolute magnitudes, which have a value M

Planck

B
=

�19.401 ± 0.027mag [149] when calibrated using the
CMB sound horizon and propagated via BAO measure-
ments to low z (inverse distance ladder, z ' 1100),
in significant tension (3.4�) with the value M

R20

B
=

�19.244±0.037mag [146] (using Pantheon SnIa data set
[150]) when the calibration is done using Cepheid stars
at z < 0.01. This tension is reflected in the inferred SnIa
absolute magnitudes from MB,i = mB,i � µ(zi) [where
µ(zi) = 5 log

10

⇥
1+zi
10 pc

R
zi

0

cdz

H(z)

⇤
is the distance modulus

for the spatially flat RW metric and mB,i is the mea-
sured apparent magnitude of the supernovae at redshift
zi (zi > 0.01)] using the distance modulus correspond-
ing to the ⇤CDM Planck 2018 curve in Fig. 3, which
are in tension with M

R20

B
from Cepheid calibrators (see

black error bars in Fig. 4 and the caption of the figure
for information about the mB,i data that we used). On
the other hand, we see from the figure that, for z† = 2.3
(red bars) (i.e., when ⇤sCDM agrees with the TRGB
H0 measurement) the inferred MB,i values are systemat-
ically shifted upwards, relaxing the tension with M

R20

B
,

and for z† = 1.5 (blue bars) (i.e., when ⇤sCDM agrees
with the SH0ES H0 measurement) the estimated abso-
lute magnitudes from ⇤sCDM are in excellent agreement
with M

R20

B
. It is no surprise that ⇤sCDM results in

greater MB,i values compared to ⇤CDM for z < z†, be-
cause it is guaranteed that, compared to ⇤CDM with
the same DM (z⇤) and ⌦m0h

2 values, ⇤sCDM has greater
H(z < z†) values making its µ(z < z†) smaller. A subtler
point is that, although H(z > z†) is smaller for ⇤sCDM,
it will keep resulting in greater MB,i values up to z ⇠ z⇤
since the smaller value of the µ(z) of ⇤sCDM catches up
to that of ⇤CDM only at the redshift to which their an-
gular diameter distance is equal, i.e., at last scattering for
which DM (z⇤) is the same among these models. In addi-
tion, since smaller z† values amplify the above-mentioned
deviance of ⇤sCDM, MB,i are inversely correlated with
z† just as H0 is. An important point is that ⇤sCDM not
only systematically results in higherMB,i values, but also
respects the internal consistency of the SH0ES measure-
ments by simultaneously matching their H0 and MB con-
straints [73–76, 146, 147]. This is not true in general for
models with deviations from ⇤CDM at low redshifts, e.g.,
models with a dynamical DE equation-of-state parame-
ter, or models of smoothly nonminimally interacting DE
[145, 146, 151–154]; however, see Ref. [155] for an analysis
in this context excluding CMB data, and Refs. [156–159]
for astrophysical (rather than cosmological) approaches
addressing the MB tension.

As a final remark for this section, we notice that the
condition for an ever-expanding Universe given in Eq. (5)
implies

z
(min)

† =

 
h
2

(max)

!m

� 1

! 1
3

� 1, (8)

Figure 4. Inferred SnIa absolute magnitudes MB,i = mB,i �
µ(zi) of the binned Pantheon sample containing SnIa appar-
ent magnitudes mB,i (with 68% C.L. error bars) [150] for the
distance moduli µ(zi) assuming z† = 1.5 (blue) (which is in
excellent agreement with the SH0ES H0 value), z† = 2.3 (red)
(which is in excellent agreement with the TRGB H0 value),
and ⇤CDM Planck 2018 (black), all calculated using the cor-
responding H(z) functions given in Fig. 3 with matching col-
ors. The grey bar is the 68% C.L. constraint from Cepheid
calibrations [146].

where !m ⌘ ⌦m0h
2 / ⇢m0 and h

2

(max)
is the maxi-

mum h value attainable while satisfying the constraint
on DM (z⇤) by the ever-expanding ⇤sCDM Universe for

a given !m. This also determines ⌦(min)

m , and thereby

Figure 5. We solve numerically that z
(min)
† ⇡ 1.1. The point

of intersection of the straigt line (orange) and the curve (blue),
is the solution of Eq. (8).
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Figure 2. H0 versus z† for the ⇤sCDM model (solid curve),
and the ⇤CDM model (dashed line). The values are cal-
culated by fixing DM (z⇤) and ⇢m(z⇤) (and hence ⇢m0) to
that of ⇤CDM using the mean values of the Planck 2018
TT,TE,EE+lowE+lensing results [6]. The gray band is
the model-independent TRGB measurement H0 = 69.8 ±
0.8 km s�1Mpc�1 [77] and the blue band is the Cepheid mea-
surement H0 = 74.03± 1.42 km s�1Mpc�1 [75].

values of H0 compared to ⇤CDM, and z† is inversely
correlated with H0. Such greater values are a direct con-
sequence of the sudden drop in H(z) due to the neg-
ative cosmological constant for z > z† as explained in
the Introduction. Additionally, as seen in the top panel
of Fig. 3, the drop in H(z) due to the sign switch al-
lows ⇤sCDM to better agree with the Ly-↵ data; how-
ever, this amelioration of the Ly-↵ discrepancy disap-
pears immediately for z† & 2.4. Moreover, as z† in-
creases, H0 decreases, approaching the value of ⇤CDM
as z† ! 1. This is because of two reasons: first, as
z† increases, the portion of the DM (z⇤) integral that is
over negative values of ⇤s decreases and hence requires
less compensation from the positive ⇤s portion including
H0; second, as z† increases, the sign-switching feature
of ⇤s becomes rapidly less e↵ective since, for large z†,
matter is the dominant energy component of the Uni-
verse at the time of the sign switch and the e↵ect of
negative ⇤s on the evolution of H(z) is negligible. If
we consider z† = 3, just before the cosmological con-
stant becomes negative (z ! z

�
† ), the matter already

is by far the dominant component of the Universe, viz.,
⌦m(z = 3) ⇡ 0.96 corresponding to only |⌦⇤s/⌦m| ⇡
0.04. It is intriguing that, for z† = 2.3, which is almost
as high as z† can get without losing the improved agree-
ment with the Ly-↵ data, the H0 value is in excellent
agreement with H0 = 69.8 ± 0.8 km s�1Mpc�1 [77] (re-

Figure 3. Comoving Hubble parameter and the comoving
angular diameter distance versus redshift for various z† val-
ues for the ⇤sCDM model. All of the plots are drawn
by fixing DM (z⇤) and ⇢m(z⇤) (and hence fixing ⇢m0) to
that of the ⇤CDM model using mean values of the Planck

2018 TT,TE,EE+lowE+lensing results. We consider the
observational H(z) values (blue error bars), H0 = 69.8 ±
0.8 km s�1Mpc�1 from the TRGB [77], consensus Galaxy
BAO (from ze↵ = 0.38, 0.51, 0.61) and DR14 Ly-↵ BAO
(from ze↵ = 2.34, 2.35) [84, 85, 148].

vised as H0 = 69.6± 0.8 km s�1Mpc�1 in Ref. [79]) from
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The discrepancy of the latest SH0ES H0 determina-

7

Figure 2. H0 versus z† for the ⇤sCDM model (solid curve), and the ⇤CDM model (dashed line). The values are calculated by
fixingDM (z⇤) and ⇢m(z⇤) (and hence ⇢m0) to that of ⇤CDM using the mean values of the Planck 2018 TT,TE,EE+lowE+lensing
results [6]. The gray band is the model-independent TRGB measurement H0 = 69.8± 0.8 km s�1Mpc�1 [77] and the blue band
is the Cepheid measurement H0 = 74.03± 1.42 km s�1Mpc�1 [75].
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monopole temperature measurements, the only di↵erence regarding the pre-recombination dynamics would be due to
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compared to ⇤CDM, and z† is inversely correlated with H0. Such greater values are a direct consequence of the sudden
drop in H(z) due to the negative cosmological constant for z > z† as explained in the Introduction. Additionally,
as seen in the top panel of Fig. 3, the drop in H(z) due to the sign switch allows ⇤sCDM to better agree with the
Ly-↵ data; however, this amelioration of the Ly-↵ discrepancy disappears immediately for z† & 2.4. Moreover, as
z† increases, H0 decreases, approaching the value of ⇤CDM as z† ! 1. This is because of two reasons: first, as
z† increases, the portion of the DM (z⇤) integral that is over negative values of ⇤s decreases and hence requires less
compensation from the positive ⇤s portion including H0; second, as z† increases, the sign-switching feature of ⇤s
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the place of the oscillations will be constrained (possibly
amplified due to overfitting) by these local data.

In addition to the oscillations that arise from fixing the
pre-recombination universe and hence DM (z⇤) to that
of ⇤CDM, if one also respects the success of ⇤CDM in
the late universe (z ⇠ 0), we show that, the deviations
from the Hubble radius, H�1(z), of ⇤CDM are described
by localized oscillatory functions, namely, wavelets, and,
these wavelets should satisfy the admissibility condition.
Admissible wavelets are oscillatory functions with a van-
ishing integral over their whole range, and either have
compact support or vanish approximately outside of a
compact set of their parameters [61]. They can generi-
cally be obtained from derivatives of probability distribu-
tions but are by no means limited to this method. In cos-
mology, the wavelets have been used in various contexts.
The wavelet transforms have been used in analyzing the
CMB signals [62–64], and analyzing the large-scale struc-
ture of the universe (to capture its non-Gaussian infor-
mation content) [65–69]; also, see Ref. [70] and references
therein for some applications of wavelets in cosmology
and astrophysics. Wavelets have also been considered
for investigating possible oscillatory deviations in the DE
EoS parameter from minus unity describing the cosmo-
logical constant [49]; however, note that, their approach
of characterizing the oscillations of the EoS parameter
with wavelets is fundamentally di↵erent from the central
idea in this paper that deviations from H

�1

⇤CDM
(z) should

be described by admissible wavelets. Such deviations in
the Hubble radius may also be described by wavelet os-
cillations in the EoS parameter, but, they may also cor-
respond to much more violent behaviours with singular-
ities, or even correspond to a cosmological constant if
the wiggles in the Hubble radius are not attributed to
the DE. Here, we show that models whose deviations
from ⇤CDM are described by admissible wavelets on top
of H

�1

⇤CDM
(z) constitute a family of cosmological mod-

els that are in excellent agreement with the CMB mea-
surements; and, discuss how even the simplest wavelets
can lead to non-trivial behaviours in the Hubble parame-
ter describing the BAO measurements without excessive
number of free parameters. We also discuss that the same
deviations from H

�1

⇤CDM
(z) can originate from many dif-

ferent extensions in fundamental physics: modified the-
ories of gravity, dynamical or non-minimally interacting
DE etc.; and, we expose through examples, how the be-
haviour of some functions relevant to the source phenom-
ena can be even more non-trivial. For example, if the
deviations from H

�1

⇤CDM
(z) are attributed to DE, the os-

cillations of the wavelet may cause the DE density to
oscillate with a large enough amplitude so that the den-
sity attains negative values, resulting in divergences in its
EoS parameter. Note that, while the same background
dynamics may originate from di↵erent extensions, it may
be possible to di↵erentiate between these scenarios as we
show by comparing the implications of attributing the de-
viations to the gravitational “constant”, with attributing
them to the DE.

II. WAVELETS ON TOP OF THE STANDARD
COSMOLOGICAL MODEL’S HUBBLE RADIUS

We begin with the fact that the angular scale of the
sound horizon at last scattering,

✓⇤ =
r⇤

DM (z⇤)
, (1)

is measured almost model-independently, e.g., 100✓⇤ =
1.04110±0.00031 (⇤CDM Planck18), with a precision of
0.03%, where r⇤ is the comoving sound horizon at last
scattering, and DM (z⇤) is the comoving angular diame-
ter distance out to last scattering [3]. Then, fixing the
pre-recombination physics to that of the standard cos-
mological model, i.e., ⇤CDM,

r⇤ =

Z 1

z⇤

cs(z)

H⇤CDM(z)
dz (2)

is also determined, viz., r⇤ = 144.43± 0.26Mpc (⇤CDM
Planck18). Here cs(z) is the sound speed in the plasma
and z⇤ ⇡ 1090 is the redshift of last scattering (red-
shift for which the optical depth to Thomson scattering
reaches unity) and H⇤CDM(z) is the Hubble parameter
of the standard cosmological model:

3H2

⇤CDM
(z) = ⇢m0(1 + z)3 + ⇢r0(1 + z)4 + ⇢⇤, (3)

where ⇢m0, ⇢r0, and ⇢⇤ are the present-day energy den-
sities corresponding to those of the pressureless matter
(m), the radiation (r), and the cosmological constant
(⇤)—or, equivalently, the usual vacuum energy of the
quantum field theory. We work, for convenience, in units
for which the Newton’s constant GN = 1/8⇡ and the
speed of light c = 1 unless they are shown explicitly.
Here and in what follows, the subscript 0 denotes the
present-day (z = 0) value of any quantity. While the val-
ues of these energy densities are subject to observational
constraints, for the rest of this paper, we will assume
them to be fixed (but unknown) values for which

DM (z⇤) = c

Z
z⇤

0

dz

H⇤CDM(z)
(4)

is consistent with Eqs. (1) and (2), and ⇢m0 is compatible
with the positions and relative heights of the peaks in the
CMB power spectrum and ⇢r0 is compatible with the ob-
served CMB monopole temperature and standard model
of particle physics. This ensures the basic consistency of
⇤CDM with the CMB data at the background level.
Assuming H⇤CDM(z) accurately describes the pre-

recombination universe (hence r⇤ is known), for a uni-
verse described by the spatially flat RW metric, the co-
moving angular diameter distance to z⇤,

DM (z⇤) = c

Z
z⇤

0

dz

H(z)
, (5)

of any model described by the Hubble parameter H(z), is
strictly constrained almost model-independently through

Angular scale of the sound horizon at last scattering
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the place of the oscillations will be constrained (possibly
amplified due to overfitting) by these local data.
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pre-recombination universe and hence DM (z⇤) to that
of ⇤CDM, if one also respects the success of ⇤CDM in
the late universe (z ⇠ 0), we show that, the deviations
from the Hubble radius, H�1(z), of ⇤CDM are described
by localized oscillatory functions, namely, wavelets, and,
these wavelets should satisfy the admissibility condition.
Admissible wavelets are oscillatory functions with a van-
ishing integral over their whole range, and either have
compact support or vanish approximately outside of a
compact set of their parameters [61]. They can generi-
cally be obtained from derivatives of probability distribu-
tions but are by no means limited to this method. In cos-
mology, the wavelets have been used in various contexts.
The wavelet transforms have been used in analyzing the
CMB signals [62–64], and analyzing the large-scale struc-
ture of the universe (to capture its non-Gaussian infor-
mation content) [65–69]; also, see Ref. [70] and references
therein for some applications of wavelets in cosmology
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ter describing the BAO measurements without excessive
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of the standard cosmological model:

3H2

⇤CDM
(z) = ⇢m0(1 + z)3 + ⇢r0(1 + z)4 + ⇢⇤, (3)

where ⇢m0, ⇢r0, and ⇢⇤ are the present-day energy den-
sities corresponding to those of the pressureless matter
(m), the radiation (r), and the cosmological constant
(⇤)—or, equivalently, the usual vacuum energy of the
quantum field theory. We work, for convenience, in units
for which the Newton’s constant GN = 1/8⇡ and the
speed of light c = 1 unless they are shown explicitly.
Here and in what follows, the subscript 0 denotes the
present-day (z = 0) value of any quantity. While the val-
ues of these energy densities are subject to observational
constraints, for the rest of this paper, we will assume
them to be fixed (but unknown) values for which
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is consistent with Eqs. (1) and (2), and ⇢m0 is compatible
with the positions and relative heights of the peaks in the
CMB power spectrum and ⇢r0 is compatible with the ob-
served CMB monopole temperature and standard model
of particle physics. This ensures the basic consistency of
⇤CDM with the CMB data at the background level.
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amplified due to overfitting) by these local data.

In addition to the oscillations that arise from fixing the
pre-recombination universe and hence DM (z⇤) to that
of ⇤CDM, if one also respects the success of ⇤CDM in
the late universe (z ⇠ 0), we show that, the deviations
from the Hubble radius, H�1(z), of ⇤CDM are described
by localized oscillatory functions, namely, wavelets, and,
these wavelets should satisfy the admissibility condition.
Admissible wavelets are oscillatory functions with a van-
ishing integral over their whole range, and either have
compact support or vanish approximately outside of a
compact set of their parameters [61]. They can generi-
cally be obtained from derivatives of probability distribu-
tions but are by no means limited to this method. In cos-
mology, the wavelets have been used in various contexts.
The wavelet transforms have been used in analyzing the
CMB signals [62–64], and analyzing the large-scale struc-
ture of the universe (to capture its non-Gaussian infor-
mation content) [65–69]; also, see Ref. [70] and references
therein for some applications of wavelets in cosmology
and astrophysics. Wavelets have also been considered
for investigating possible oscillatory deviations in the DE
EoS parameter from minus unity describing the cosmo-
logical constant [49]; however, note that, their approach
of characterizing the oscillations of the EoS parameter
with wavelets is fundamentally di↵erent from the central
idea in this paper that deviations from H

�1

⇤CDM
(z) should

be described by admissible wavelets. Such deviations in
the Hubble radius may also be described by wavelet os-
cillations in the EoS parameter, but, they may also cor-
respond to much more violent behaviours with singular-
ities, or even correspond to a cosmological constant if
the wiggles in the Hubble radius are not attributed to
the DE. Here, we show that models whose deviations
from ⇤CDM are described by admissible wavelets on top
of H

�1

⇤CDM
(z) constitute a family of cosmological mod-

els that are in excellent agreement with the CMB mea-
surements; and, discuss how even the simplest wavelets
can lead to non-trivial behaviours in the Hubble parame-
ter describing the BAO measurements without excessive
number of free parameters. We also discuss that the same
deviations from H

�1

⇤CDM
(z) can originate from many dif-

ferent extensions in fundamental physics: modified the-
ories of gravity, dynamical or non-minimally interacting
DE etc.; and, we expose through examples, how the be-
haviour of some functions relevant to the source phenom-
ena can be even more non-trivial. For example, if the
deviations from H

�1

⇤CDM
(z) are attributed to DE, the os-

cillations of the wavelet may cause the DE density to
oscillate with a large enough amplitude so that the den-
sity attains negative values, resulting in divergences in its
EoS parameter. Note that, while the same background
dynamics may originate from di↵erent extensions, it may
be possible to di↵erentiate between these scenarios as we
show by comparing the implications of attributing the de-
viations to the gravitational “constant”, with attributing
them to the DE.

II. WAVELETS ON TOP OF THE STANDARD
COSMOLOGICAL MODEL’S HUBBLE RADIUS

We begin with the fact that the angular scale of the
sound horizon at last scattering,

✓⇤ =
r⇤

DM (z⇤)
, (1)

is measured almost model-independently, e.g., 100✓⇤ =
1.04110±0.00031 (⇤CDM Planck18), with a precision of
0.03%, where r⇤ is the comoving sound horizon at last
scattering, and DM (z⇤) is the comoving angular diame-
ter distance out to last scattering [3]. Then, fixing the
pre-recombination physics to that of the standard cos-
mological model, i.e., ⇤CDM,

r⇤ =

Z 1

z⇤

cs(z)

H⇤CDM(z)
dz (2)

is also determined, viz., r⇤ = 144.43± 0.26Mpc (⇤CDM
Planck18). Here cs(z) is the sound speed in the plasma
and z⇤ ⇡ 1090 is the redshift of last scattering (red-
shift for which the optical depth to Thomson scattering
reaches unity) and H⇤CDM(z) is the Hubble parameter
of the standard cosmological model:

3H2

⇤CDM
(z) = ⇢m0(1 + z)3 + ⇢r0(1 + z)4 + ⇢⇤, (3)

where ⇢m0, ⇢r0, and ⇢⇤ are the present-day energy den-
sities corresponding to those of the pressureless matter
(m), the radiation (r), and the cosmological constant
(⇤)—or, equivalently, the usual vacuum energy of the
quantum field theory. We work, for convenience, in units
for which the Newton’s constant GN = 1/8⇡ and the
speed of light c = 1 unless they are shown explicitly.
Here and in what follows, the subscript 0 denotes the
present-day (z = 0) value of any quantity. While the val-
ues of these energy densities are subject to observational
constraints, for the rest of this paper, we will assume
them to be fixed (but unknown) values for which

DM (z⇤) = c

Z
z⇤

0

dz

H⇤CDM(z)
(4)

is consistent with Eqs. (1) and (2), and ⇢m0 is compatible
with the positions and relative heights of the peaks in the
CMB power spectrum and ⇢r0 is compatible with the ob-
served CMB monopole temperature and standard model
of particle physics. This ensures the basic consistency of
⇤CDM with the CMB data at the background level.
Assuming H⇤CDM(z) accurately describes the pre-

recombination universe (hence r⇤ is known), for a uni-
verse described by the spatially flat RW metric, the co-
moving angular diameter distance to z⇤,

DM (z⇤) = c

Z
z⇤

0

dz

H(z)
, (5)

of any model described by the Hubble parameter H(z), is
strictly constrained almost model-independently through

Comoving sound horizon at last scattering Comoving angular diameter distance out to last scattering

100θ∗ = 1.04110 ± 0.00031 (ΛCDM PL18)  r∗ = 144.43 ± 0.26 Mpc (ΛCDM PL18) DM (z∗) = 13872.83 ± 25.31 Mpc (ΛCDM PL18)
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around which, H(z) can exhibit a non-monotonic behavior. It was shown via the gDE that the joint observational
data, including but not limited to the Planck CMB and Ly-↵ BAO (BOSS DR11) data, suggest that the cosmological
constant changed its sign at z ⇡ 2.32 and triggered the late-time acceleration, the behaviour of which alleviates the
H0 tension by predicting H0 ⇡ 69.7 ± 0.9 km s�1 Mpc�1 and provides excellent fit to the Ly-↵ BAO (BOSS DR11)
data [753] at the e↵ective redshift z ⇠ 2.34, which is at ⇠ 2.5� tension with the Planck 2015 best-fit ⇤CDM. Note
that this tension is reduced to ⇠ 1.5� when the final eBOSS (SDSS DR16) measurement, which combines all the data
from eBOSS and BOSS [220, 753, 754], is considered, see Sec. VIII G 1.

Inspired by these observational findings, and the theoretically compelling fact that the gDE submits to the weak
energy condition and the bounds on the speed of sound only in the limit � ! �1 which corresponds to a cosmological
constant that rapidly changes sign at redshift z†, this limit was dubbed ⇤sCDM and further investigated in Ref. [558].
The ⇤sCDM model can be constructed phenomenologically by simply replacing the usual cosmological constant (⇤)
of the standard ⇤CDM model with a cosmological constant (⇤s) that switches its sign from negative to positive, and
thus attains its present-day value (⇤s0 > 0), when the Universe reaches a certain energy scale (redshift z†) during its
expansion,

⇤ ! ⇤s ⌘ ⇤s0 sgn[z† � z]. (25)

It was shown in Ref. [558] that, when the consistency of the ⇤sCDM model with the CMB data is guaranteed, (i) H0

and MB (SNIa absolute magnitude) values are inversely correlated with z† and reach H0 ⇡ 74.5 km s�1 Mpc�1 and
MB ⇡ �19.2 mag for z† = 1.5, in agreement with the measurements from SH0ES [93, 109], and (ii) H(z) presents
an excellent fit to the Ly-↵ data provided that z† . 2.34. The assessment of the model against Planck 2018 yields
H0 = 70.22± 1.78 km s�1 Mpc�1 and against Planck 2018 + SDSS DR16 yields H0 = 68.82± 0.55 km s�1 Mpc�1 with
z† = 2.44±0.29 [558]. It was found that the lower and upper limits of z† are controlled by the Galaxy and Ly-↵ BAO
data, correspondingly, and the larger z† values imposed by the Galaxy BAO data prevent the model from achieving
the largest estimations of H0 from the direct local distance ladder measurements. It is intriguing that, as long as
z† . 2.34, the model remains in excellent agreement with the Ly-↵ data even for z† ⇠ 1.1, which barely satisfies the
condition that we live in an ever-expanding Universe; a good agreement with the Ly-↵ data is an intrinsic feature of
the ⇤sCDM model as long as z† . 2.34.

Similar to the situation with the Ly-↵ data, alleviating the S8 discrepancy, prevailing within the ⇤CDM model and
its minimal extensions, usually results in exacerbating the H0 tension, see Sec. V and Ref. [3]. In addition to this, the
constraints on S8 based on the Ly-↵ data are in agreement with the weak lensing surveys that probe similar late-time
redshift scales as the Ly-↵ measurements [394]. Accordingly, it is conceivable that the ⇤sCDM model provides a
remedy for the S8 discrepancy while retaining the better fit to the local measurements of H0, like in the case of the
Ly-↵ discrepancy. Indeed, in the CMB-only analysis, it is found that S8 = 0.8071 ± 0.0210 for the ⇤sCDM model,
whereas S8 = 0.8332 ± 0.0163 for the ⇤CDM model. Although �8 is smaller for the ⇤CDM model, its ⌦m value
greater than 0.3 results in an increased S8 value compared to its �8 value. In contrast, the ⇤sCDM model has an ⌦m

value lower than 0.3 which results in a decreased S8 value compared to its �8 value. This results in the lower value of
S8 for ⇤sCDM compared to ⇤CDM. The ⇤sCDM and ⇤CDM models have similar S8 values when the BAO data are
also included in the analysis; this is due to the preference for larger z† values by the Galaxy BAO data, since ⇤sCDM
approaches ⇤CDM for larger z† values and the ⌦m value of ⇤sCDM becomes greater than 0.3. Thus, the ⇤sCDM
model partially reconciles the CMB data with the low redshift cosmological probes regarding S8, and can potentially
resolve the discrepancy in the absence of the Galaxy BAO data; however, for a robust conclusion, the constraints on
S8 from low redshift probes should also be explored within the ⇤sCDM model.

Ultimately, it turns out via the ⇤sCDM model that sign switch in the cosmological constant, viz., transition from
an Anti-de Sitter background (provided by ⇤ < 0) to a de Sitter one (provided by ⇤ > 0), at z ⇠ 2 (i) relaxes
the SH0ES H0 tension while being fully consistent with the TRGB measurement, (ii) relaxes the MB tension, (iii)
removes the discrepancy with the Ly-↵ measurements, (iv) relaxes the S8 tension, and (v) finds a better agreement
with the BBN constraints on the physical baryon density [558]. These results seem to encourage looking for a phase
transition from AdS vacua to dS vacua in the late-Universe.

It is reasonable to look for a potential origin of this phenomenon, viz. a very rapid single transition or its limiting case
a single instantaneous (discontinuous) transition in the value of the cosmological constant, in a theory of fundamental
physics by considering it as a first-order phase transition. The phase transition approach has been used to address
the H0 tension; see e.g. Refs. [755–757], which consider that the DE density resembles the magnetization of the Ising
model and present a realization of this behavior within the Ginzburg-Landau framework. Additionally, Ref. [758]
considers a gravitational phase transition that is justified from the e↵ective field theory point of view (see also
Ref. [759]). The model studied in Ref. [755] partially corresponds to a one-parameter phenomenological extension
of ⇤sCDM; it considers an arbitrary shift in the value of the cosmological constant, but does not allow negative
values of the cosmological constant in contrast to ⇤sCDM. It addresses the H0 tension with a shift in the value of
the cosmological constant, however, at very low redshifts, viz. zt = 0.092+0.009

�0.062, signaling that it could su↵er from
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ing feature of the ⇤sCDM model was first suggested in
Ref. [44] when their graduated dark energy (gDE) model
appeared to prefer a very rapid transition in the DE den-
sity resembling a step function whose absolute value is al-
most constant away from the transition point. In Sec. II,
we first we motivate the ⇤sCDM model starting from the
gDE, and then study its theoretical features. In Sec. III,
we conduct a robust observational analysis of the model
with the latest data, and, we conclude in Sec. IV.

II. ⇤sCDM MODEL: SIGN-SWITCHING ⇤

The positive cosmological constant assumption of the
⇤CDMmodel was investigated via the gDE characterised
by a minimal dynamical deviation from the null inertial
mass density % = 0 (where % ⌘ ⇢ + p) of the cosmologi-
cal constant—or, the usual vacuum energy of the quan-
tum field theory (QFT). This deviation is in the form of
% / ⇢

�
< 0, for which, provided that the parameter � < 1

is the ratio of two odd integers, the energy density ⇢ dy-
namically takes negative values in the past [44]. During
the transition from negative to positive energy density,
there comes a redshift for which the energy density is null;
this redshift will be denoted by z† in the present work,
but note that it was denoted by z⇤ in Ref. [44]. gDE ex-
hibits a wide variety of behaviors depending on �, but it
is of particular interest to us that for large negative values
of �, it establishes a phenomenological model character-
ized by a smooth function that approximately describes a
⇤ that switches sign in the late Universe to become pos-
itive today. It was shown via the gDE that the joint ob-
servational data, including but not limited to the Planck
CMB and Ly-↵ BAO (BOSS DR11) data, suggest that
the cosmological constant changed its sign at z ⇡ 2.32
and triggered the late-time acceleration, the behavior of
which alleviates the H0 tension and the discrepancy with
the Ly-↵ BAO measurements simultaneously. For large
negative values of �, it turns out that ⇢gDE/3H2

0
⇡ 0.70

for 0  z . 2.32, but its energy density switches sign
rapidly at z† ⇡ 2.32 (this z† value is quite stable for
� . �4) and settles into a value ⇢gDE/3H2

0
⇠ �0.70

and remains there for z† & 2.32; moreover, the larger the
negative values of �, the more ⇢gDE resembles a step func-
tion, and the better fit to the data. For arbitrarily large
negative values of �, ⇢gDE indeed transforms into a step
function centred at z† with two branches yielding oppo-
site values about zero. It is easy to check that � is respon-
sible from the rapidity of the sign change of the energy
density, and for the constraint � = �17.9 ± 5.8 obtained
on it, the function ⇢gDE(z) already closely resembles a
step function. Thus, the gDE suggesting large negative
values of � when confronted with the observations can
be interpreted as a hint at a cosmological constant that
achieved its present-day positive value by switching sign
at z† ⇠ 2.3, but was negative in the earlier Universe.

Some general constraints that are typically applied to
classical sources, irrespective of a detailed description,

give further confidence to the interpretation of the gDE as
a hint at a sign-switching cosmological constant [91, 92].
Let us consider the gDE as an actual barotropic fluid,
p = p(⇢). In this case, although it behaves almost like a
cosmological constant (in spite of the fact that its value
switches sign at z ⇡ 2.32) throughout the history of the
Universe, strictly speaking, it violates the weak energy
condition, namely, the non-negativity conditions on the
energy density, ⇢ � 0, for z > z†, and on the iner-
tial mass density, % � 0, at any given time. Moreover,
there are phases during which c

2

s
� 1 and c

2

s
< 0, i.e.,

gDE violates the condition 0  c
2

s
 1 on the speed of

sound of a barotropic fluid given by the adiabatic for-
mula c

2

s
= dp/d⇢. The upper limit (causality limit) is a

rigorous limit, and its violation means the abandonment
of the theory of relativity. The lower limit applies to a
stable situation, and if violated, the fluid is classically
unstable against small perturbations of its background
energy density—the so-called Laplacian (or gradient) in-
stability. Indeed, phenomenological fluid models of DE
are di�cult to motivate, and adiabatic fluid models are
typically unstable against perturbations, since c

2

s
is usu-

ally negative for w = p/⇢ < 0. It is possible to evade this
constraint in adiabatic fluids—such as canonical scalar
field (quintessence or phantom fields) and string-theory-
inspired tachyon fields, for which the e↵ective speed of
sound cs e↵ (which governs the growth of inhomogeneities
in the fluid) remains consistent with 0  c

2

s e↵
 1—

in adiabatic fluids if w decreases su�ciently fast as the
Universe expands (e.g., Chaplygin gas), and in multi-
fluid models of DE (e.g., quintom field) constructed from
the combination of such fluids [93]. However, unlike such
sources, it seems unlikely to evade this constraint in gDE,
especially given the observationally preferred values of its
free parameters. On the other hand, whether it is positive
or negative, a cosmological constant, which corresponds
to the � ! �1 limit of the gDE, is well behaved: % = 0,
and c

2

s
= 0 (it has no speed of sound, and thereby does

not support classical fluctuations). Regarding the nega-
tivity of the corresponding energy density (when z > z†),
a negative cosmological constant is not only ubiquitous
in the fundamental theoretical physics without any com-
plication, but also a theoretical sweet spot; an anti-de
Sitter (AdS) background (provided by ⇤ < 0) is wel-
come due to the celebrated AdS/CFT (conformal field
theory) correspondence [94] and is preferred by string
theory and string-theory-motivated supergravities [95].
It is the positive cosmological constant that in fact su↵ers
from theoretical challenges: getting a vacuum solution
with a positive cosmological constant within string the-
ory or formulating QFT on the background of a dS space
(provided by ⇤ > 0) has been a notoriously di�cult task
[see Refs. [7, 96–102]; additionally, see Refs. [11, 103] for
a recent review on models of the accelerating Universe
(viz., for di↵erent mechanisms to obtain dS space/vacua
and building models of quintessence) in supergravity and
string theory]. Therefore, an approach that asserts that
a positive-valued cosmological constant exists only in the
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not continuous, between the ones we listed above, and so
we can treat � in (9) as if it is continuous since one can
always find an allowed � value indistinguishably close to
a forbidden � value.

Consequently, the gDE-CDM model replaces the ⇤ of
the Friedmann equation of the standard ⇤CDM model
by the gDE (9) serving our purposes and reads

H2

H2
0

= ⌦r,0a
�4 + ⌦m,0a

�3 + ⌦DE,0 sgn[1 � ln a]
��1 � ln a

�� 1
1�� ,

(10)

from which we also read o↵

⇢DE

⇢c,0
= ⌦DE,0 sgn[1 � ln a]

��1 � ln a
�� 1
1�� , (11)

where  < 0 and � = 0,�2,�4, ... (For further possibili-
ties, see (9) and the explanations following it.). Here, the
subscripts r and m stand for relativistic source (wr =

1
3 )

and dust matter (wm = 0), respectively.
Regarding inertial mass density (5); when � < 0, if

1�� is odd then � is even, and consequently we have the
exponent �

1�� = [even]
[odd] in (5), which in turn implies that

⇢inert  0, that is, we can write

⇢inert = �⇢0 |1 + 3�(� � 1) ln a|
�

1�� , (12)

under the conditions derived above. It turns out that
⇢inert = 0 is the upper bound, viz., ⇢inert,max = 0.

We claimed above that gDE can also be viewed as a
phenomenological model described by a smooth function
that approximately describes the cosmological constant
switching sign at a certain redshift and becoming positive
just recently in the late universe. Indeed, under the con-
ditions we consider, ⇢(a = 1) > 0 and ⇢(a ⌧ a⇤)/⇢(a �
a⇤) ⇡ �1 along with w(a ⌧ a⇤) ⇡ w(a � a⇤) ⇡ �1,
which imply that the energy density of the gDE at high
redshifts not only passes below zero but also settles in
a value almost equal to the negative of its present time
value and remains almost there, say, all the way to the
early times before which gDE is irrelevant to the dynam-
ics of the universe anymore. Note that the EoS parameter
is just slightly below (above) the phantom divide line for
a � a⇤ (a ⌧ a⇤) with a⇤ < 1, and w ! �1 only when
either a ! 0 or a ! 1. Therefore, the energy density
of gDE grows very slowly in the future and reaches ar-
bitrarily large values in the very remote future, and also
grows in negative values very slowly —obviously, much
slower than radiation and dust, both which then eventu-
ally dominate gDE in the finite past— with the increasing
redshift for a ⌧ a⇤, and reaches arbitrarily large nega-
tive values in the beginning of the universe. We note,
however, that for arbitrarily large negative values of �,
the energy density equation (11) (or (9)) transforms into
a step function;

⇢DE

⇢c,0
! ⌦DE,0 sgn[1 � ln a] as � ! �1 (13)

FIG. 1: We use ⌦m,0 = 0.30 and, for gDE-CDM, � = �0.03 along

with � = �10 (green). H(z)/(1 + z) vs. z for the gDE-CDM

(green) and ⇤CDM (black). H0 = 70km s
�1

Mpc
�1

(solid) and

H0 = 73km s
�1

Mpc
�1

(dashed). H0 = 69.8± 0.8 km s
�1

Mpc
�1

from the TRGB H0 [22], H(z = 0.57) = 97.9± 3.4 km s
�1

Mpc
�1

[23], and H(z = 2.34) = 222.4± 5.0 km s
�1

Mpc
�1

from the latest

BAO data [36]. H0 = 73.52± 1.62km s
�1

Mpc
�1

is independent

measurement from Gaia parallaxes [20].

with an EoS parameter w ! �1. In this case, the energy
density of gDE is non-dynamical except that it sponta-
neously changes sign at a = a⇤. Thus, for large nega-
tive values of �, gDE model is a very good approxima-
tion for describing a cosmological constant spontaneously
switching sign at z = z⇤, namely, in the limit � ! �1,
⇢DE

⇢c,0
= ⌦DE,0 for z < z⇤ and ⇢DE

⇢c,0
= �⌦DE,0 for z > z⇤.

The following may be useful as a demonstration of how
gDE-CDM model works and gives a guide to the values
of the parameters of the model. Let us choose a⇤ = e�1

(z⇤ ⇠ 1.7) in line with [37] (see Fig.11 in [37]). This
leads to � = 1 + 1

3� , where � must be a large negative

number as we must use � ⇠ 0 (it is observationally well
known that � = w0 + 1 ⇠ 0) along with � < 0 (our con-
dition derived above). For example, � = �0.03 (or w0 =
�1.03) predicted by the recent Planck release [9] leads to

� ⇠ �10. Accordingly, in Fig.1, we depict ⇢(z)
⇢c,0

, w(z) and

H(z)/(1 + z) by considering ⌦m,0 = 0.30 along with two
di↵erent Hubble constant values, H0 = 70 km s�1Mpc�1

Akarsu, Kumar, Özülker & Vazquez, PRD (2021), arXiv:2108.09239



11

Figure 7. One-dimensional marginalized distributions of the
additional free parameter z† of the ⇤sCDM model.

z⇤ there) both when � was free and was chosen with a
large negative value making the gDE density behave like
a step function imitating a sign-switching cosmological
constant. Also, z† = 2.32 is just slightly smaller than
the redshift of the Ly-↵ measurements z ⇡ 2.34, and
is supposed to provide better agreement with the Ly-↵
measurements; this value is also very close to both the
peak and the mean of the red posterior in Fig. 7. The
constraints on the ⇤sCDM+z† = 2.32 model parameters
are given in Table I.

In Fig. 8 we show the two-dimensional (68% and 95%
C.L.) marginalized distributions of H0 versus z† from
the CMB-only data set (green contours), and the com-
bined CMB+BAO data set (red contours). We no-
tice a negative correlation between these two parame-
ters, as expected (see Sec. IIA). Since z† is not con-
strained by the CMB-only data set, the green contours
scan the whole range of z†; also, as we anticipated
from Fig. 2, they encompass even the largest model-
independent measurements of H0 up to ⇠ 74 km s�1

Mpc�1. Due to their strong correlation, the constraints
on z† are also directly reflected in H0, and the exclu-
sion of low z† values by the Galaxy BAO data corre-
sponds to the exclusion of the highest H0 values. For
the CMB+BAO data set, 2.15 < z† < 2.73 at 68%
C.L., as can be read from Table I, and this prevents the
red contours from containing H0 values as high as the
green one, yet H0 = 68.82 ± 0.55 km s�1Mpc�1 (H0 =
68.91± 0.48 km s�1Mpc�1 for the ⇤sCDM+z† = 2.32) at
68% C.L., is larger than H0 = 67.81 ± 0.4 km s�1Mpc�1

(68% C.L.) of the ⇤CDM prediction, and in good agree-
ment with the model-independent TRGB measurement
H0 = 69.8± 0.8 km s�1Mpc�1 (68% C.L.) [77]. Since the
impact of the sign switch feature becomes less e↵ective for
larger z† values, both contours approach the ⇤CDM in-
terval of H0 for large z†, but the error margin is larger for
⇤sCDM due to the additional errors contributed by the
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Figure 8. Two-dimensional (68% and 95% C.L.) marginalized
distributions of H0 versus z† for the ⇤sCDM model, showing
a negative correlation between the two parameters, which im-
plies that smaller values of z† correspond to larger values of
H0.

uncertainty of the extra free parameter z†. Complimen-
tary to the discussion in this paragraph, in Fig. 9 we show
the two-dimensional (68% and 95% C.L.) marginalized
distributions of H0 versus ⌦m from CMB+BAO data,
which shows how the H0 tension is relaxed in ⇤sCDM
compared to ⇤CDM. There is a negative correlation be-
tween H0 and ⌦m for all three models. ⇤sCDM does not
overlap with ⇤CDM even at 95% C.L.; this separation
is even more pronounced when the z† = 2.32 restriction
is considered. Unsurprisingly, ⇤sCDM+z† = 2.32 is con-
tained within ⇤sCDM and is tightly constrained just like
⇤CDM which has the same number of free parameters.

We have discussed in Sec. II A that, within the ⇤sCDM
model, the amelioration of the SH0ES H0 tension is ac-
companied by an amelioration of theMB tension respect-
ing the internal consistency of the SH0ES measurements
of these parameters. We have shown with a prelimi-
nary analysis that MB,i values calculated by subtract-
ing the distance modulus from the apparent magnitudes
of the binned Pantheon sample [150] should be greater
for ⇤sCDM compared to the standard model. In this
section, we do the same MB,i calculations, but now we
compute the distance modulus values directly from our
data analysis; indeed, we see in Fig. 10 (the observational
counterpart of Fig. 4) that the ⇤sCDM models result in
MB,i values that are systematically higher than those
of ⇤CDM (as they do for H0 values) and have better
agreement with the M

R20

B
value (as they do with local

measurements of H0). For the CMB-only analysis in the
top panel, the unrestricted ⇤sCDM, which has the high-
est H0 value agreeing the best with the SH0ES value, has
also the best agreement with the M

R20

B
value among the

three models. When BAO is included in the data set, the
restricted ⇤sCDM, compared to the other two models,
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substantially tightens the constraints on H(z) for both
models. This also lowers the maximum H0 value con-
tained within the 2� contours for both models and this
e↵ect is more pronounced in the unrestricted ⇤sCDM
due to the truncation of the smaller z† values by the
Galaxy BAO data. Indeed, while the unrestricted model
is in partial agreement with the H0 value from the
Cepheid measurements for the CMB-only analysis, for
the CMB+BAO data set a significant tension appears,
but the model is still in very good agreement with the
H0 value from the TRGBmeasurements. For z . 2.3, the
mean H(z) curve of ⇤CDM is below both of the ⇤sCDM
models and for z . 1.5 it (including H0) is even ex-
cluded in the 95% C.L.. For z & 3, both ⇤sCDM models
strongly exclude the mean H(z) curve of ⇤CDM by pre-
ferring lower values, but the unrestricted ⇤sCDM has an
interval of compatibility with ⇤CDM for 2.3 . z . 3 at
the cost of losing its improved fit to the Ly-↵ data. It
is not clear from this figure how ⇤sCDM, compared to
the ⇤CDM model, responds to the Galaxy BAO data; as
we have discussed in the previous sections, the opposi-
tion of the Galaxy BAO data to the smaller z† values is
based on the comoving angular diameter distance DM (z)
measurements.

In Fig. 12 (the observational counterpart of the bot-
tom panel of Fig. 3) we show D(z) ⌘ c ln(1 + z)/DM (z)
versus z with probability regions up to 95% C.L. for both
⇤sCDM models, and the mean D(z) curve for the ⇤CDM
model. We see from the top left panel that the distribu-
tion for the unrestricted ⇤sCDM for the CMB-only anal-
ysis di↵uses to substantially higher values compared to
⇤CDM, and, is almost always above ⇤CDM; in fact, the
mean curve for ⇤CDM acts almost as a lower bound for
the 2� contours of ⇤sCDM. Note that the lowest parts
of the contours correspond to the highest redshifts for
the sign switch, i.e., to z† ⇠ 3. This behavior of ele-
vated D(z) translates into the preference for higher H0

values at z = 0 in the presence of the sign switch. When
the BAO data is included in the analysis, the posterior
changes very slightly around the Ly-↵ data and the im-
proved agreement is present for both data sets; in con-
trast, the inclusion of the BAO data strictly reduces the
spread of the distribution at lower z values and excludes
H0 & 70 km s�1Mpc�1 in the 2� CL, but the mean curve
for ⇤CDM still acts almost as a lower bound. This shows
that higher D(z) values compared to ⇤CDM are charac-
teristic of the ⇤sCDM model. For the ⇤sCDM+z† = 2.32
model, the story is very similar but less emphasized. The
spread of the posterior is thinner due to the absence
of the uncertainty contributed by z†, and including the
BAO data in the data set does not have substantial ef-
fects since the constraints from the BAO data on ⇤sCDM
are mostly due to the exclusion of the smaller z† by the
Galaxy BAO data as it was in Fig. 11. Although the
Galaxy BAO data does not prefer the lowest z† values
for which the D(z) plot is substantially elevated, this ef-
fect cannot be rephrased as “the larger the z†, the better
agreement with the Galaxy BAO data” as we anticipated
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Figure 13. Two-dimensional (68% and 95% C.L.) marginal-
ized distributions of S8 versus ⌦m from CMB data.

in the preliminary investigation in the previous section,
because it seems from Fig. 12 that D(z) values that are
slightly elevated compared to ⇤CDM would have better
agreement with it. Indeed, including the BAO data in the
analysis slightly elevates the plots of the ⇤CDM model.

Table I also presents the values for the matter fluctu-
ation amplitude parameter, �8. In the CMB-only analy-
sis, the �8 value for the ⇤sCDM model is slightly higher
than that of the ⇤CDM model. Including BAO data
in our analysis increases the �8 value for ⇤sCDM and
decreases it for ⇤CDM, resulting in an increased di↵er-
ence between the two models. It is important to include
⌦m in the discussions of �8 since there is a discordance
among various observational data in the �8 � ⌦m plane
within ⇤CDM that is usually quantified using S8. Pre-
dictions of S8 based on the CMB alone are in 2-3� tension
with the measurements from dynamical low-redshift cos-
mological probes (weak lensing, cluster counts, redshift-
space distortion) within the ⇤CDM model. This is re-
flected in the CMB-only analysis in Table I, in which the
value for ⇤CDM reads S8 = 0.8332±0.0163 compared to
S8 = 0.766+0.020

�0.014
(KiDS-1000 weak lensing) [171]. Note

that the measurement S8 = 0.804+0.032

�0.029
from the first-

year data of HSC SSP [90] and also S8 = 0.800+0.029

�0.027

from KiDS-450+GAMA [89] remove this discrepancy;
nonetheless, recent surveys still predict lower values, e.g.,
S8 = 0.776+0.017

�0.017
(DES weak lensing and galaxy clus-

tering) [172]. Similar to the situation with the Ly-↵
measurements, alleviating the S8 discrepancy within the
⇤CDM model and its minimal extensions tends to ex-
acerbate the H0 tension [68]; moreover, constraints on
S8 based on the Ly-↵ data are in agreement with the
weak lensing surveys which probe similar late-time red-
shift scales as the Ly-↵ measurements [88]. So, it is con-
ceivable that the ⇤sCDM model provides a remedy for
the S8 discrepancy while retaining the better fit to the

R19
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Figure 11. H(z)/(1 + z) versus z with 68% and 95% error regions in case of CMB (left panel) and CMB+BAO (right panel)
data, showing how the Ly-↵ data tension is relaxed in the ⇤sCDM model compared to the ⇤CDM model, wherein the red curve
stands for the ⇤CDM model corresponding to the mean values of the parameters. We show the observational H(z) values (error
bars): H0 = 69.8± 0.8 km s�1Mpc�1 from the TRGB H0 [77], H0 = 74.03± 1.42 km s�1Mpc�1 from the Cepheid measurement
H0 [75], BAO Galaxy consensus (from ze↵ = 0.38, 0.51, 0.61), and Ly-↵ DR14 (from ze↵ = 2.34, 2.35) [85, 148].

Figure 12. c ln(1 + z)1/DM (z) ⌘ D(z) versus z with 68% and 95% error regions in case of CMB (left panel) and CMB+BAO
(right panel) data. We show the observational H(z) values (error bars): H0 = 69.8±0.8 km s�1Mpc�1 from the TRGB H0 [77],
H0 = 74.03± 1.42 km s�1Mpc�1 from the Cepheid measurement H0 [75], BAO Galaxy consensus (from ze↵ = 0.38, 0.51, 0.61),
and Ly-↵ DR14 (from ze↵ = 2.34, 2.35) [85, 148].

panel) and CMB+BAO (right panel) data sets, showing
how the discrepancy with the Ly-↵ measurements dis-
appears completely in ⇤sCDM compared to the ⇤CDM
model wherein we show the observational H(z) values
H0 = 69.8 ± 0.8 km s�1Mpc�1 from the TRGB H0 [77],

H0 = 74.03± 1.42 km s�1Mpc�1 from the local measure-
ments using Cepheid calibrators [75], BAO Galaxy con-
sensus (from e↵ective redshifts ze↵ = 0.38, 0.51, 0.61)
and Ly-↵ DR14 (from e↵ective redshifts ze↵ = 2.34, 2.35)
[85, 148]. The inclusion of the BAO data in the analysis
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Figure 7. One-dimensional marginalized distributions of the
additional free parameter z† of the ⇤sCDM model.

z⇤ there) both when � was free and was chosen with a
large negative value making the gDE density behave like
a step function imitating a sign-switching cosmological
constant. Also, z† = 2.32 is just slightly smaller than
the redshift of the Ly-↵ measurements z ⇡ 2.34, and
is supposed to provide better agreement with the Ly-↵
measurements; this value is also very close to both the
peak and the mean of the red posterior in Fig. 7. The
constraints on the ⇤sCDM+z† = 2.32 model parameters
are given in Table I.

In Fig. 8 we show the two-dimensional (68% and 95%
C.L.) marginalized distributions of H0 versus z† from
the CMB-only data set (green contours), and the com-
bined CMB+BAO data set (red contours). We no-
tice a negative correlation between these two parame-
ters, as expected (see Sec. IIA). Since z† is not con-
strained by the CMB-only data set, the green contours
scan the whole range of z†; also, as we anticipated
from Fig. 2, they encompass even the largest model-
independent measurements of H0 up to ⇠ 74 km s�1

Mpc�1. Due to their strong correlation, the constraints
on z† are also directly reflected in H0, and the exclu-
sion of low z† values by the Galaxy BAO data corre-
sponds to the exclusion of the highest H0 values. For
the CMB+BAO data set, 2.15 < z† < 2.73 at 68%
C.L., as can be read from Table I, and this prevents the
red contours from containing H0 values as high as the
green one, yet H0 = 68.82 ± 0.55 km s�1Mpc�1 (H0 =
68.91± 0.48 km s�1Mpc�1 for the ⇤sCDM+z† = 2.32) at
68% C.L., is larger than H0 = 67.81 ± 0.4 km s�1Mpc�1

(68% C.L.) of the ⇤CDM prediction, and in good agree-
ment with the model-independent TRGB measurement
H0 = 69.8± 0.8 km s�1Mpc�1 (68% C.L.) [77]. Since the
impact of the sign switch feature becomes less e↵ective for
larger z† values, both contours approach the ⇤CDM in-
terval of H0 for large z†, but the error margin is larger for
⇤sCDM due to the additional errors contributed by the

Figure 8. Two-dimensional (68% and 95% C.L.) marginalized
distributions of H0 versus z† for the ⇤sCDM model, showing
a negative correlation between the two parameters, which im-
plies that smaller values of z† correspond to larger values of
H0.

uncertainty of the extra free parameter z†. Complimen-
tary to the discussion in this paragraph, in Fig. 9 we show
the two-dimensional (68% and 95% C.L.) marginalized
distributions of H0 versus ⌦m from CMB+BAO data,
which shows how the H0 tension is relaxed in ⇤sCDM
compared to ⇤CDM. There is a negative correlation be-
tween H0 and ⌦m for all three models. ⇤sCDM does not
overlap with ⇤CDM even at 95% C.L.; this separation
is even more pronounced when the z† = 2.32 restriction
is considered. Unsurprisingly, ⇤sCDM+z† = 2.32 is con-
tained within ⇤sCDM and is tightly constrained just like
⇤CDM which has the same number of free parameters.

We have discussed in Sec. II A that, within the ⇤sCDM
model, the amelioration of the SH0ES H0 tension is ac-
companied by an amelioration of theMB tension respect-
ing the internal consistency of the SH0ES measurements
of these parameters. We have shown with a prelimi-
nary analysis that MB,i values calculated by subtract-
ing the distance modulus from the apparent magnitudes
of the binned Pantheon sample [150] should be greater
for ⇤sCDM compared to the standard model. In this
section, we do the same MB,i calculations, but now we
compute the distance modulus values directly from our
data analysis; indeed, we see in Fig. 10 (the observational
counterpart of Fig. 4) that the ⇤sCDM models result in
MB,i values that are systematically higher than those
of ⇤CDM (as they do for H0 values) and have better
agreement with the M

R20

B
value (as they do with local

measurements of H0). For the CMB-only analysis in the
top panel, the unrestricted ⇤sCDM, which has the high-
est H0 value agreeing the best with the SH0ES value, has
also the best agreement with the M

R20

B
value among the

three models. When BAO is included in the data set, the
restricted ⇤sCDM, compared to the other two models,

CMB
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Figure 9. Two-dimensional (68% and 95% C.L.) marginalized
distributions ofH0 versus ⌦m from CMB+BAO data, showing
how the H0 tension is relaxed in the ⇤sCDM model compared
to the ⇤CDM model wherein the horizontal gray band is for
the model-independent TRGB H0 measurement H0 = 69.8±
0.8 km s�1Mpc�1 [77].

has the better agreement with the SH0ES H0 value and
thus (as seen from the bottom panel of Fig. 10) also with
M

R20

B
. ⇤CDM, on the other hand, performs substan-

tially worse for both the CMB-only and the combined
CMB+BAO analyses. As the MB and SH0ES H0 ten-
sions are almost equivalent for ⇤sCDM, just like they are
for ⇤CDM, the Galaxy BAO data (which e↵ectively puts
an upper bound on the H0 values ⇤sCDM can achieve),
in parallel, also puts an upper bound on its MB,i pre-
dictions, limiting the success of the model in alleviating
these tensions.

We see that there are certain distinctions between the
CMB and the CMB+BAO analyses when parameters re-
lated to matter densities are considered. As seen from
Table I, the CMB-only analysis puts very similar con-
straints (within ⇠ 1� of each other) on !b, !c, and
hence !m ⌘ !b + !c for all three models, while the con-
straints on ⌦m vary among the models. In this case, all
three !b values present similar discrepancies compared
to the BBN constraint 102!b = 2.166 ± 0.019 (namely,
102!b = 2.166± 0.015± 0.011, where the first error term
is due to the uncertainty in the measurement of the pri-
mordial deuterium abundance and the second error term
is due to the uncertainty in the BBN calculations) [167].
Note that this BBN constraint is based on the d(p, �)3He
reaction rate computed in Ref. [168]. Interestingly, in-
cluding the BAO data in the analysis puts similar con-
straints on ⌦m (within ⇠ 1� of each other) for all three
models while letting !b and !c vary among the models.
This has some important consequences. First, the BAO
data pull !m = ⌦mh

2 towards smaller values for ⇤CDM
but towards greater values for both of the ⇤sCDM mod-
els; given the similar ⌦m values for all three, this re-

CMB

Figure 10. Observational counterpart of Fig. 4 for the CMB-
only (top panel) and combined CMB+BAO (bottom panel)
analyses. The constraints on the absolute magnitudes (MB,i)
are obtained from MB,i = mB,i�µ(zi) by using the apparent
magnitudes (mB,i) of the binned Pantheon SnIa sample [150]
and the constraints we obtained at 68% C.L. on the distance
modulus values µ(zi) for the corresponding SnIa data points.

sults in higher H0 values for the ⇤sCDM models com-
pared to ⇤CDM. Second, !b follows a reverse trend for
all models compared to !m, i.e., the BAO data pull !b to-
wards greater values for ⇤CDM while it is pulled towards
smaller values for both of the ⇤sCDM models. Thus,
with the inclusion of the BAO data, the discrepancy with
the BBN constraint for !b worsens for ⇤CDM while re-
laxes for the ⇤sCDM models. We wonder if this ame-
lioration for the ⇤sCDM model could be improved if the
Galaxy BAO data were not present in the analysis. Note
that in Ref. [167] they also presented the value 102!b =
2.235 ± 0.037 (namely, 102!b = 2.235 ± 0.016 ± 0.033)
when the empirical d(p, �)3He reaction rate in Ref. [169]
was used; even in this case, the ⇤sCDM models are in
better agreement with the BBN constraint for !b when
the CMB+BAO data set is considered.

In Fig. 11 (the observational counterpart of the top
panel of Fig. 3), obtained by using the fgivenx PYTHON
package [170], we show H(z)/(1+ z) versus z with prob-
ability regions up to 95% C.L. (the darker implies more
probable, as shown in the color bar) for CMB (left
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Figure 2. Two-dimensional marginalized probability posteriors of z† versus H0, MB , S8, DH(2.33)/rd (DH/rd at ze↵ = 2.33
relevant to the Ly-↵ measurements), t0, and !b in ⇤sCDM model from various combinations of the data sets. The vertical
grey bands are the constraints (68% CL) for the ⇤CDM model, where in the upper panels we consider only CMB+Pan+BAO
and in the lower panels CMB+Pan+BAO+MB since the vertical grey bands obtained for other combinations of data sets do
not di↵er visually. The vertical purple bands stand for the theoretical/direct observational estimations (at 68% CL) of the
corresponding parameters commonly used in the literature: HR21

0 = 73.04±1.04 km s�1 Mpc�1 [18]; MB = �19.244±0.037mag
(SH0ES) [113]; S8 = 0.766+0.020

�0.014 (WL+GC KiDS-1000 3⇥2pt) [129]; DH(2.33)/rd = 8.99±0.19 (for combined Ly-↵ data) [130];

tu = 13.50± 0.15Gyr (systematic uncertainties are not included) [131]; 102!LUNA
b = 2.233± 0.036 [117]. In addition, we show

vertical blue and brown bands for HTRGB
0 = 69.8±0.8 km s�1 Mpc�1 [112] and 102!PCUV21

b = 2.195±0.022 [132], respectively.
Note that the disjoint contours (around the horizontal z† = 2.33 dashed line) of ⇤sCDM for DH(2.33)/rd are as expected since
⇤s at z = 2.33 is negative for z† < 2.33 and positive for z† > 2.33.

A. H0 discrepancy

The most statistically significant and pressing tension
is in H0, between its direct local distance ladder mea-
surements and its estimations from the CMB data as-
suming the standard ⇤CDM model. More precisely,
there exists approximately 5� tension between its ⇤CDM
value H0 = 67.27 ± 0.60 km s�1 Mpc�1 (68% CL) [3] in-
ferred from Planck 2018 and the SH0ES measurement
H0 = 73.04± 1.04 km s�1 Mpc�1 (68% CL) [18] based on
the SNIa calibrated by Cepheid variables. This tension
reduces to a mild discrepancy of 2.5� (or 2.7�) when the
TRGB measurement H0 = 69.8±0.8 km s�1 Mpc�1 (68%
CL) [112] (or H0 = 69.8±0.6 km s�1 Mpc�1 [115], at 68%
CL) is considered.

Consistency with CMB requires that the presence of a
sign-switching cosmological constant instead of a regular
one always results in a higher H0 value inversely corre-
lated with z†—this behaviour is visible in the leftmost
panels of Fig. 2 (for a detailed explanation, see Ref. [85]
and particularly Figs. 2 and 8 therein). Hence, the higher
H0 values of ⇤sCDM compared to ⇤CDM in Tables II
and III for all six data sets are no surprise; and, as seen
from Table IV, for all six data sets, ⇤sCDM is in bet-
ter agreement with the SH0ES H0 measurement and is
compatible (less than 2� discrepancy) with the TRGB
H0 measurement having at most a 2� discrepancy in the
case of CMB+Pan+MB and only because it predicts too

high of an H0 value compared to TRGB. Also, note that,
the MB prior we use is that of SH0ES and this must be
kept in mind when the constraints on H0 in its presence
are compared with the TRGB H0 measurement. As seen
from Fig. 1, the MB prior clearly prefers a sign-switch
at lower redshifts z† . 2; thus, when the MB prior is
included in the data sets, the estimations of H0 within
⇤sCDM is higher compared to the same data sets with-
out the MB prior due to the inverse correlation of z† and
H0. This results in removal of the SH0ES H0 tension for
the CMB+Pan+MB and CMB+Pan+Ly-↵+MB cases.
In fact, for these cases, H0 predictions of ⇤sCDM are
high enough that they start introducing mild discrepan-
cies with the TRGB H0 measurement. In contrast, addi-
tion of the MB prior makes little to no di↵erence for the
⇤CDM model in amelioration of the SH0ES H0 tension.

However, for the CMB+Pan+BAO cases with or with-
out the MB prior, the preference of high z† values by
the lower redshift BAO hinders the success of ⇤sCDM
in ameliorating the discrepancies displayed in Table IV
including the SH0ES H0 tension—the opposition of the
low redshift BAO data (viz., consensus Galaxy BAO from
ze↵ = 0.38, 0.51, 0.61) to lower z† values and hence to
higher H0 values was discussed in Ref. [85]. Closely re-
lated to this, the H0 tension within ⇤CDM not only ex-
ists between the local H0 measurements and the infer-
ence of H0 from CMB, but also between the local H0

measurements and the BAO data set (combined with a

CMB

z
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Figure 3. Two-dimensional marginalized posterior distributions (68% and 95% CLs) in the MB-H0 plane for the !sCDM (color
coded by z†) and !CDM for di”erent data combinations. We overlay 1ω bands for the local measurements HR21

0 = 73.04±1.04
km s→1 Mpc→1 [18], HTRGB

0 = 69.8± 0.8 km s→1 Mpc→1 [118], and MB = →19.244± 0.037mag (SH0ES) [124]. The larger z†
is, the closer the !sCDM model is to the standard !CDM model.

S8 prediction without compromising the agreement with
the CMB. While this implies a reduction in the values
of the parameters ω8 and !m, it is possible that a sig-
nificant enough reduction in the value of either of the
parameters can work just as well even if the remaining
one’s value is increased. Indeed, the observational as-
sessments of ”CDM and ”sCDM in Ref. [89] presented
higher ω8 values for the ”sCDM model, and the CMB-
only data set yielded a matter density parameter value of
!m = 0.2900±0.0160 for ”sCDM lower compared to the
”CDM value of !m = 0.3162±0.0084, overcompensating
the ”sCDM’s increased ω8 parameter and consequently
resulting in a relaxed S8 = 0.8071 ± 0.0210 value com-
pared to the S8 = 0.8332± 0.0163 of ”CDM. Pleasantly,
this amelioration of the S8 tension is closely related to
the amelioration of the H0 tension within the ”sCDM
model as its reduced !m value is not due to a reduced
physical matter density but its increased H0 value. Note
that, relaxing the S8 tension is not a generic property of
models that relax the H0 tension, on the contrary, they
often exacerbate it due to an excessively large ω8 param-
eter [11, 15]. For instance, amongst many, EDE [19–22],
as well as related models such as new-EDE [23, 24], is
one of the most popular promising ones for relaxing the
H0 tension, however both EDE and new-EDE exacerbate
the S8 tension. AdS-EDE [69, 75, 102] is especially worth
mentioning, because, similar to ”sCDM, it is based on an
AdS-dS transition. On the other hand, ”sCDM consid-
ers the possibility of a rapid AdS-dS transition at red-

shift z → 2, whereas AdS-EDE has an AdS phase that
begins at z → 2000 and ends shortly after recombination
(zrec ↑ 1100), settling down in a ” > 0 (dS) phase that
still continues today. However, AdS-EDE, like other EDE
models, relaxes the H0 tension but worsens the S8 ten-
sion [102].
To understand the structure formation within ”sCDM

and how it compares to ”CDM, we start with the Newto-
nian equation for the growth of structure of the minimally
interacting pressureless sources (baryons and CDM) after
decoupling,

ε
2
t
ϑm = ↓2Hεtϑm + 4ϖGϱ̄mϑm, (8)

where ϱ̄m is the spatially uniform background energy den-
sity and ϑm is the fractional overdensity of the pressure-
less fluid [174]. We take ϑm = ω̄bεb+ω̄cεc

ω̄b+ω̄c
↔ ϑb ↔ ϑc

as quickly after recombination, the fractional overden-
sity in the baryons, ϑb, approaches that of the CDM, ϑc,
and the matter behaves like a single pressureless fluid
with total density contrast ϑm. The first term in the
right-hand side, yielding negative values (assuming ex-
panding universe, H > 0), is antagonist to the growth
of structure, and the second term, yielding positive val-
ues, endorses the growth of structure. We recall that
the Hubble parameters, assuming expanding universe,
are given by H!CDM =

√
8ϖGϱ̄m/3 + ”/3 for ”CDM,

and H!sCDM =
√

8ϖGϱ̄m/3 + ”s/3 for ”sCDM, where
we work in units such that the speed of light, c, equals
unity. Thus, if both models have the same initial con-
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nent discrepancies of !CDM) within !sCDM. The two-
dimensional marginalized posterior distributions of MB

versusH0, and S8 versusH0 are given in Figs. 3 and 4, re-
spectively, both color coded by z†. These two figures have
some striking common features: (i) there is a strong cor-
relation with H0 and the other two parameters; (ii) lower
z† values are preferred by all three discrepancies; (iii) the
presence of the full BAO data set hinders the alleviation
of the tensions by preferring higher z† values that blur
the phenomenological di”erences between the two mod-
els; (iv) the presence of the MB prior results in better
alleviation of the tensions and greater di”erentiation be-
tween the two models by preferring lower z† values. The
correlation is particularly pronounced between MB and
H0; the analyses without the full BAO data yield a cor-
relation of → 0.99 and the ones with the full BAO data
yield → 0.96.

B. MB discrepancy

The MB tension is closely related to the H0 ten-
sion [15, 124, 171] (see also Refs. [157–159]). The lo-
cal H0 measurements rely on observations of astrophys-
ical objects that extend into redshifts where the Hub-
ble flow dominates over peculiar velocities. Particularly,
the two most quoted measurements of H0, namely the
TRGB and SH0ES values, are based on the calibration
(using Cepheid variables for SH0ES, and tip of the red
giant branch for TRGB) of the SNIa absolute magni-
tude. From the calibrated absolute magnitude, using
the apparent magnitudes of SNIa that extend up to
z = 0.15, the value of H0 is then inferred by assum-
ing a !CDM-like cosmography for which the distance
modulus µ(z) depends only on H0. This H0 value, as
discussed in the previous subsection, is in substantial
tension with the one inferred from the CMB assuming
!CDM cosmology. This implies a serious inconsistency
between the CMB and local measurements. This incon-
sistency is also present if, instead of propagating the lo-
cal calibration of MB to an H0 value, one propagates
the constraints on rd from CMB to constraints on MB

through the inverse distance ladder as in Ref. [171] uti-
lizing BAO measurements. The CMB calibration yields
M

CMB
B

= ↑19.401±0.027mag [171] while the SH0ES cal-
ibration yields MB = ↑19.2435 ± 0.0373mag [124]. Al-
ternatively, instead of comparing the local H0 value (in-
ferred from the Cepheid or TRGB calibrated MB value)
with the H0 value inferred by constraining the parame-
ters of a model (most often making use of the CMB), one
can calculate the distance modulus for the constrained
model which can be used to infer the SNIa absolute mag-
nitude (MB) from their apparent magnitudes, and then
directly compare this MB value with the one calibrated
using Cepheid variables or TRGB. Within !CDM, where
the cosmographic assumptions used in the inference of
the local H0 measurements are accurate, the MB and H0

tensions are almost equivalent. It is important to note

that, for an arbitrary model, the direct comparison of the
MB values instead of H0 is advantageous as this method
is not prone to finding fake resolutions of the H0 tension
as discussed in Refs. [160–166].

Since the SH0ES H0 measurement is based on a
!CDM-like cosmography to infer H0 from the MB value
found by the calibration of SNIa up to z = 0.15 by
Cepheid variables from z < 0.01, within !sCDM, for
which the functional form of the cosmographic parame-
ters are exactly those of !CDM for z < z†, the resolution
of the H0 and MB tensions are almost equivalent just as
it is within !CDM (note that the constraint on z† is well
above the redshift range of the SNIa data used by the
local measurements [18, 118], and is greater than most
of the available SNIa sample [132]). In other words, the
!sCDM model respects the internal consistency of the
methodology used by the SH0ES collaboration. Figure 3
and the almost perfect correlation between H0 and MB

within !sCDM (see the end of Section IVA) clearly illus-
trate this feature; also compare the first and third rows
of Table IV. As a result, the discussion for the MB ten-
sion follows theH0 tension discussion in the previous sub-
section very closely. For all six data sets, !sCDM yields
higher (fainter) MB values compared to !CDM as shown
in Tables II and III. Higher MB values are also what the
local calibrations find, and this is reflected in Table IV
where, compared to !CDM, !sCDM is always in less
tension. As in the case of the H0 tension, the inclusion
of the MB prior reduces the MB tension significantly for
!sCDM for all three data compilations (down to 1ω for
the CMB+Pan+MB case) and the inclusion of the full
BAO in the compilation has a hindering e”ect. Note that,
in contrast, the addition of the MB prior makes little to
no di”erence for the !CDM model in amelioration of the
MB tension.

C. S8 discrepancy

There is a discordance within !CDM between CMB
and dynamical low-redshift cosmological probes (weak
lensing, cluster counts, redshift-space distortion) that
manifests itself in the ω8 ↑ #m plane, where the ω8 pa-
rameter quantifying the amplitude of growth of structure
is the root-mean-square of the present-day matter den-
sity fluctuations within spheres of 8h→1 Mpc. This dis-
cordance is typically quantified by the S8 ↓ ω8

√
#m/0.3

parameter that characterizes the main degeneracy direc-
tion of the weak lensing measurements in the ω8 ↑ #m

plane. Assuming the !CDMmodel, the CMB constraints
on S8 from the full Planck data yield S8 = 0.834 ±
0.016 [3] up to 3ω tension with the low-redshift measure-
ments such as S8 = 0.766+0.020

→0.014 (WL+GC KiDS-1000
3↔ 2pt) [139], and S8 = 0.759± 0.025 (DES-Y3) [172]—
although, note the Hyper Suprime-Cam (HSC) measure-
ment S8 = 0.823+0.032

→0.028 [173] that is consistent with the
Planck !CDM value. Thus, the resolution of this dis-
crepancy within a di”erent model calls for a reduced
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Table II. Constraints (68% CL) on the free and some derived parameters of the ⇤sCDM and standard ⇤CDM models for
CMB+Pan, CMB+Pan+Ly-↵ and CMB+Pan+BAO data. In the last three rows, the best fit (�2 lnLmax), the log-Bayesian
evidence (lnZ), and the relative log-Bayesian evidence � lnZ = lnZreference � lnZ are listed.

Data set CMB+Pan CMB+Pan+Ly-↵ CMB+Pan+BAO
⇤CDM ⇤sCDM ⇤CDM ⇤sCDM ⇤CDM ⇤sCDM

102!b 2.240± 0.015 2.241± 0.014 2.242± 0.013 2.241± 0.015 2.242± 0.013 2.235± 0.014

!c 0.1197± 0.0012 0.1196± 0.0011 0.1193± 0.0009 0.1196± 0.0011 0.1193± 0.0009 0.1206± 0.0010

100✓s 1.04191± 0.00029 1.04190± 0.00028 1.04191± 0.00029 1.04190± 0.00029 1.04194± 0.00028 1.04180± 0.00030

ln
�
1010As

�
3.047± 0.015 3.041± 0.014 3.047± 0.014 3.040± 0.015 3.047± 0.015 3.040± 0.014

ns 0.9662± 0.0042 0.9668± 0.0040 0.9669+0.0039
�0.0036 0.9668± 0.0041 0.9665± 0.0037 0.9644± 0.0037

⌧reio 0.0556± 0.0075 0.0533± 0.0075 0.0560± 0.0069 0.0528± 0.0077 0.0561± 0.0076 0.0515± 0.0073

z† — > 1.80 (95% CL) — 2.21+0.16
�0.38 — > 2.13 (95% CL)

MB [mag] �19.421± 0.014 �19.363+0.021
�0.037 �19.418± 0.011 �19.349± 0.028 �19.418± 0.012 �19.387± 0.015

⌦m 0.3129± 0.0071 0.2940+0.0120
�0.0093 0.3110± 0.0053 0.2899± 0.0097 0.3109± 0.0056 0.3039± 0.0058

!m 0.1427± 0.0011 0.1427± 0.0010 0.1424± 0.0008 0.1426± 0.0010 0.1424± 0.0009 0.1436± 0.0010

H0 [km/s/Mpc] 67.55± 0.53 69.68+0.77
�1.40 67.68± 0.40 70.17+0.96

�1.10 67.69+0.38
�0.43 68.74+0.49

�0.55

t0 [Gyr] 13.79± 0.02 13.65+0.06
�0.04 13.79± 0.02 13.62+0.09

�0.03 13.79± 0.02 13.71+0.03
�0.02

�8 0.8111+0.0056
�0.0063 0.8167+0.0059

�0.0067 0.8104± 0.0060 0.8182± 0.0066 0.8101± 0.0063 0.8167± 0.0062

S8 0.828± 0.013 0.809± 0.015 0.825± 0.010 0.804± 0.014 0.825± 0.011 0.822± 0.010

�2 lnLmax 1903.62 1902.50 1909.68 1903.44 1909.63 1909.53

lnZ �1937.82 �1938.02 �1944.53 �1939.75 �1944.51 �1944.76

� lnZ 0 0.20 4.78 0 0 0.25

Table III. Constraints (68% CL) on the free and some derived parameters of the ⇤sCDM and standard ⇤CDM models for
CMB+Pan, CMB+Pan+Ly-↵ and CMB+Pan+BAO data with the SH0ES MB prior. In the last three rows, the best fit
(�2 lnLmax), the log-Bayesian evidence (lnZ), and the relative log-Bayesian evidence � lnZ = lnZreference � lnZ are listed.

Data set CMB+Pan+MB CMB+Pan+Ly-↵+MB CMB+Pan+BAO+MB

⇤CDM ⇤sCDM ⇤CDM ⇤sCDM ⇤CDM ⇤sCDM

102!b 2.256± 0.015 2.248± 0.014 2.253± 0.013 2.247+0.014
�0.013 2.255± 0.013 2.242± 0.014

!c 0.1181± 0.0011 0.1191± 0.0011 0.1183± 0.0008 0.1191± 0.0011 0.1181± 0.0009 0.1200+0.0010
�0.0011

100✓s 1.04208± 0.00029 1.04197± 0.00031 1.04204± 0.00028 1.04196± 0.00028 1.04207+0.00029
�0.00026 1.04186± 0.00028

ln
�
1010As

�
3.053+0.014

�0.017 3.039± 0.014 3.052+0.013
�0.016 3.041± 0.015 3.053+0.014

�0.016 3.041± 0.015

ns 0.9701± 0.0040 0.9687+0.0043
�0.0038 0.9697± 0.0035 0.9684± 0.0041 0.9702± 0.0035 0.9661± 0.0037

⌧reio 0.0601+0.0072
�0.0085 0.0526± 0.0074 0.0593+0.0064

�0.0079 0.0535± 0.0077 0.0603+0.0070
�0.0078 0.0524± 0.0076

z† — 1.78+0.14
�0.18 — 1.84+0.13

�0.21 — 2.36± 0.28

MB [mag] �19.399± 0.014 �19.290+0.026
�0.029 �19.402± 0.011 �19.299± 0.028 �19.399± 0.011 �19.366+0.013

�0.015

⌦m 0.3028± 0.0068 0.2716± 0.0084 0.3043± 0.0050 0.2743+0.0086
�0.0097 0.3030± 0.0051 0.2965± 0.0055

!m 0.1413± 0.0011 0.1422± 0.0010 0.1415± 0.0008 0.1422± 0.0011 0.1413± 0.0008 0.1431± 0.0010

H0 [km/s/Mpc] 68.31± 0.52 72.38+0.98
�1.10 68.19± 0.38 72.0± 1.1 68.29± 0.39 69.48+0.48

�0.55

t0 [Gyr] 13.76± 0.02 13.55± 0.05 13.76± 0.02 13.56+0.04
�0.04 13.76± 0.02 13.67± 0.03

�8 0.8090± 0.0064 0.8255+0.0072
�0.0081 0.8091+0.0054

�0.0063 0.8243± 0.0076 0.8092+0.0057
�0.0061 0.8176± 0.0063

S8 0.813± 0.012 0.785± 0.012 0.815± 0.010 0.788+0.012
�0.014 0.813± 0.010 0.813± 0.010

�2 lnLmax 1913.28 1904.29 1918.68 1905.88 1919.85 1915.57

lnZ �1947.83 �1940.06 �1954.17 �1941.85 �1955.02 �1951.79

� lnZ 7.77 0 12.32 0 3.23 0

estimations, viz., HR21
0 = 73.04±1.04 km s�1 Mpc�1 [18]

and H
TRGB
0 = 69.8 ± 0.8 km s�1 Mpc�1 [112]; MB =

�19.244 ± 0.037mag (SH0ES) [113]; S8 = 0.766+0.020
�0.014

(WL+GC KiDS-1000 3 ⇥ 2pt) [129]; DH(2.33)/rd =
8.99 ± 0.19 (for the combined Ly-↵ data) [130]; t0 =

13.50 ± 0.27Gyr [131]; 102!LUNA
b = 2.233 ± 0.036 [117]

and 102!PCUV21
b = 2.195 ± 0.022 [132]. In what follows,

we discuss these tensions and how they are relaxed within
the ⇤sCDM model compared to the ⇤CDM model.
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Figure 1. One-dimensional marginalized posterior distribu-
tions of the parameter z† of the ⇤sCDM model, the redshift
at which the cosmological constant (⇤s) changes sign, for var-
ious data set combinations.

used in Ref. [85]), i.e., a negative cosmological constant
⇤s(z > z†) = �⇤s0 ⇠ �2.9 ⇥ 10�122

l
�2
Planck is consistent

with the CMB data. But when the SNIa data are in-
cluded in the analysis with CMB (see the green curve
in Fig. 1), the shape of the distribution changes, and
we find lower bound of z† > 1.77 and with the inclu-
sion of the Ly-↵ data (which favor z† values less than
⇠ 2.33) as well, we see a clear peak at z† ⇠ 2.2 with a
plateau-like tail for z† & 2.5, the region where the model
approaches ⇤CDM. However, with the inclusion of the
full BAO data, rather than only the Ly-↵ data, again
we find only a lower bound, z† > 2.13. This is because
the low-redshift BAO data tend to push z† to larger val-
ues, despite the opposition of the Ly-↵; this point was
discussed in Ref. [85] thoroughly, also see Section IVD.
We notice that including the MB prior in the analysis
has important consequences in the results. When the
MB prior is present, whether the Ly-↵ data are included
or not on top of CMB+Pan data, z† is very well con-
strained at z ⇡ 1.8 with ⇠ 10% precision at %68 CL
While the CMB+Pan+BAO data combination without
the MB prior is able to provide only a lower bound on z†,
with the MB prior it leads to a clear peak at z ⇡ 2.3 with
⇠ 10% precision at %68 CL, with a flat tail for z & 2.4
seems to have arisen from the preference of higher z† val-
ues of the low redshift BAO data.

In Ref. [85], no strong statistical evidence was found
to discriminate between the ⇤sCDM and ⇤CDM mod-
els in the analyses with neither the CMB data nor
the CMB+BAO data (estimates z† ⇠ 2.4). We see
in the current work that, without the MB prior, this
picture does not change for the cases CMB+Pan (esti-
mates z† & 1.8) and CMB+Pan+BAO (estimates z† &
2.1), while the ⇤sCDM model finds a strong evidence
(� lnZ ⇠ 5) against the standard ⇤CDM model for
the case CMB+Pan+Ly-↵ (estimates z† ⇠ 2.2); see Ta-
ble II. On the other hand, when we analyze the models
with the same data sets by including the MB prior that
corresponds to the SH0ES SNIa measurements [113], it
turns out that the ⇤sCDM model (estimates z† ⇠ 2)
is always preferred over the standard ⇤CDM model;

namely, ⇤sCDM finds very strong evidence (reaching
� lnZ ⇠ 12) against ⇤CDM by predicting z† ⇠ 1.8 for
both the CMB+Pan+MB and CMB+Pan+Ly-↵+MB

cases, and finds strong evidence (� lnZ ⇠ 3) by predict-
ing z† ⇠ 2.4 for the CMB+Pan+BAO+MB case; see Ta-
ble III. Hence, the relative log-Bayesian evidences are
significantly strengthened in favor of ⇤sCDM in all cases
with the inclusion of MB prior. Regarding the best fits
(�2 lnLmax), the inclusion of the MB prior results in a
substantial worsening (�2� lnLmax ⇠ 10) of ⇤CDM’s
fit to the data for all three data compilations; com-
pare Tables II and III. On the other hand, for ⇤sCDM,
there is no significant worsening (�2� lnLmax ⇠ 2) with-
out the full BAO data, and while it becomes noticeable
(�2� lnLmax ⇠ 6) when the full BAO data is included,
it still is milder compared to ⇤CDM. This implies that
⇤sCDM has much better consistency with the MB prior
than ⇤CDM and signals ⇤sCDM relaxes the MB ten-
sion and thus the closely related H0 tension as well.
Also, in both tables (Tables II and III), we see that the
expansion of CMB+Pan and CMB+Pan+MB analyzes
by including the Ly-↵ data makes a significant improve-
ment (⇠ 5) in the relative log-Bayesian evidence in favor
of ⇤sCDM, which indicates that ⇤sCDM is also highly
compatible with the Ly-↵ data. On the other hand,
when we expand the CMB+Pan and CMB+Pan+MB

analyzes by including the full BAO data listed in Table I
(equivalent to expanding the cases CMB+Pan+Ly-↵ and
CMB+Pan+Ly-↵+MB by adding the low-redshift BAO
data) we compromise on this improvement; namely, the
strong evidence (� lnZ ⇠ 5) from the CMB+Pan+Ly-
↵ data set in favor of ⇤sCDM is lost (� lnZ ⇠ 0)
in the CMB+Pan+BAO case, and the very strong ev-
idence (� lnZ ⇠ 12) from the CMB+Pan+Ly-↵+MB

data set in favor of ⇤sCDM is reduced to strong evidence
(� lnZ ⇠ 3) in the CMB+Pan+BAO+MB case. It is
worth mentioning here that the Ly-↵ data support z† val-
ues less than ⇠ 2.3, whereas some low redshift BAO data
prefer z† values greater than ⇠ 2.3, forcing the ⇤sCDM
model to its ⇤CDM limit (z† ! 1).

IV. RELAXING COSMOLOGICAL TENSIONS

As we discussed in the previous section, the ⇤sCDM
model generically finds better fit to the data compared
to the ⇤CDM model. Since the inclusion of the MB prior
and/or the Ly-↵ data in the data sets causes ⇤sCDM to
perform even better compared to ⇤CDM, we expect it to
resolve, or at least relax, the MB and the closely related
H0 tensions along with the Ly-↵ discrepancy. In Fig. 2,
we show the two-dimensional marginalized probability
posteriors of z† versus H0, MB , S8, DH(2.33)/rd (viz.,
the DH/rd at ze↵ = 2.33 relevant to the Ly-↵ measure-
ments), t0, and !b in ⇤sCDM model from various com-
binations of the data sets and in Table IV we quantify
the concordances/discordances between the ⇤CDM and
⇤sCDM models and the theoretical/direct observational
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Figure 2. Two-dimensional marginalized probability posteriors of z† versus H0, MB , S8, DH(2.33)/rd (DH/rd at ze↵ = 2.33
relevant to the Ly-↵ measurements), t0, and !b in ⇤sCDM model from various combinations of the data sets. The vertical
grey bands are the constraints (68% CL) for the ⇤CDM model, where in the upper panels we consider only CMB+Pan+BAO
and in the lower panels CMB+Pan+BAO+MB since the vertical grey bands obtained for other combinations of data sets do
not di↵er visually. The vertical purple bands stand for the theoretical/direct observational estimations (at 68% CL) of the
corresponding parameters commonly used in the literature: HR21

0 = 73.04±1.04 km s�1 Mpc�1 [18]; MB = �19.244±0.037mag
(SH0ES) [125]; S8 = 0.766+0.020

�0.014 (WL+GC KiDS-1000 3⇥2pt) [141]; DH(2.33)/rd = 8.99±0.19 (for combined Ly-↵ data) [142];

tu = 13.50± 0.15Gyr (systematic uncertainties are not included) [143]; 102!LUNA
b = 2.233± 0.036 [129]. In addition, we show

vertical blue and brown bands for HTRGB
0 = 69.8±0.8 km s�1 Mpc�1 [119] and 102!PCUV21

b = 2.195±0.022 [144], respectively.
Note that the disjoint contours (around the horizontal z† = 2.33 dashed line) of ⇤sCDM for DH(2.33)/rd are as expected since
⇤s at z = 2.33 is negative for z† < 2.33 and positive for z† > 2.33.

value H0 = 67.27 ± 0.60 km s�1 Mpc�1 (68% CL) [3] in-
ferred from Planck 2018 and the SH0ES measurement
H0 = 73.04± 1.04 km s�1 Mpc�1 (68% CL) [18] based on
the SNIa calibrated by Cepheid variables. This tension
reduces to a mild discrepancy of 2.5� (or 2.7�) when the
TRGB measurement H0 = 69.8±0.8 km s�1 Mpc�1 (68%
CL) [119] (or H0 = 69.8±0.6 km s�1 Mpc�1 [127], at 68%
CL), which is 2.5� (or 2.7�) tension with the SH0ES
measurement, is considered. There are in fact plenty of
other independent (at least partially) and direct H0 mea-
surements relying on di↵erent methods and astrophysical
observations [145–153] (see Ref. [15] for a further list of
direct H0 measurements). Almost all of these are sta-
tistically consistent with the latest SH0ES measurement,
but their error percentages are large compared to those
of SH0ES and TRGB measurements. Among these al-
ternatives, the time-delay related measurements (based
on Ref. [154]) stand out as they are independent of the
distance ladders on which SH0ES and TRGB H0 mea-
surements rely, and as they can provide error percentages
comparable to those of SH0ES and TRGB H0 measure-
ments; namely, H0 = 73.3+1.7

�1.8 of H0LiCOW [155] and
H0 = 74.2± 1.6 of TDCOSMO [156]—though, their low
error percentages require assumptions on the mass den-
sity profiles of the deflector galaxies to break the so-called
mass-sheet degeneracy, leaving the method prone to sys-
tematics; relaxed assumptions on the mass density profile
result in looser constraints, e.g., the TDCOSMO results

H0 = 73.3±5.8 [157], and the recent H0 = 77.1+7.3
�7.1 [158]

from the analysis of a single system.6

Consistency with CMB requires that the presence of a
sign-switching cosmological constant instead of a regular

6 Note that, since some of these H0 measurements based on the
alternative methods are independent of the calibration of super-
nova absolute magnitudes, deciding to use an H0 prior instead
of an MB prior allows the usage of a wider variety of measure-
ments related to the present-day expansion of the universe. We
use the SH0ES measurement due to its robustness and reliabil-
ity, and we chose their MB estimation as our prior instead of H0

since MB is the more direct estimation whereas their inference
of H0 require some minimal assumptions related to low-redshift
cosmography (See Section IVB). It is possible that a cosmolog-
ical model agrees with one of these quantities (H0, MB) with-
out agreeing with both [159–168]. Thus, if one decides to use
an H0 prior from a certain measurement, they should also com-
pare their results against independent MB measurements—if the
used H0 prior is inferred from an MB value, a comparison with
that value is also required. Similarly, if one decides to use an
MB prior from a certain measurement, they should also com-
pare their results against independent H0 measurements—but
not necessarily against the H0 value inferred from that MB prior.
Since almost all direct measurements of H0 independent of the
SH0ES measurement are statistically consistent with the SH0ES
value, instead of discussing other independent measurements, we
compare our results again with the SH0ES H0 estimation. Also,
due to the discrepancy between the SH0ES and TRGB measure-
ments (note, however, the recent work Ref. [169]), we include
comparisons of our results with the TRGB H0 measurement.
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distance moduli measurements from the Pantheon+ sam-
ple [47], which consists of 1701 light curves of 1550 distinct
SNe Ia ranging in the redshift interval z 2 [0.001, 2.26].
We refer to this dataset as PantheonPlus. We also con-
sider the SH0ES Cepheid host distance anchors, which
facilitate constraints on both MB and H0. When utiliz-
ing SH0ES Cepheid host distances, the SNe Ia distance
residuals are modified following the relationship Eq.(14)
of [47]. We refer to this dataset as PantheonPlus&SH0ES.
Cosmic Shear : We use KiDS-1000 data [53, 54]. This in-
cludes the weak lensing two-point statistics data for both
the auto and cross-correlations across five tomographic
redshift bins [55]. We employ the public likelihood in
[56]. We follow the KiDS team analysis and adopt the
COSEBIs (Complete Orthogonal Sets of E/B-Integrals)
likelihood in our results [29]. For the prediction of the
matter power spectrum, we use the augmented halo model
code, HMcode [57]. We highlight that at level of the linear
perturbations theory and Boltzmann equations, ⇤sCDM
have exactly the same shape as predicted by ⇤CDM. The
only e↵ect on the matter power spectrum comes from
the H(z) behavior at late times. As HMcode is robustly
tested at percent level for variation on H(z) functions
beyond ⇤CDM, we conclude that no further change on the
HMcode is necessary to apply cosmic shear measurements
on ⇤sCDM. We refer to this data set as KiDS-1000.
We explore the full parameter space of the ⇤sCDM

model and, for comparison, that of ⇤CDM. The base-
line seven free parameters of ⇤sCDM are given by P =
{!b, !c, ✓s, As, ns, ⌧reio, z†}, where the first six are the
common ones with ⇤CDM. We use CLASS+MontePython
code [58–60] with Metropolis-Hastings mode to derive con-
straints on cosmological parameters for ⇤sCDM baseline
from several combinations of the data sets defined above,
ensuring a Gelman-Rubin convergence criterion [61] of
R� 1 < 10�2 in all the runs. For the model compar-
ison, we compute the relative log-Bayesian evidence
lnBij to estimate the Evidence of ⇤sCDM with re-
spect to ⇤CDM, through the publicly available package
MCEvidence [62] [63, 64]. We use the convention of a
negative value if ⇤sCDM is preferred against ⇤CDM, or
vice versa, and we refer to the revised Je↵reys’ scale by
Trotta [65, 66], to interpret the results. We will say that
the evidence is inconclusive if 0  | lnBij | < 1, weak if
1  | lnBij | < 2.5, moderate if 2.5  | lnBij | < 5, strong
if 5  | lnBij | < 10, and very strong if | lnBij | � 10.
Results – We present, in Table I, the 68% CL con-

straints on the main cosmological parameters of interest
of the ⇤sCDM and ⇤CDM models obtained in our anal-
yses by using di↵erent combinations of data sets, while
we provide the complete table for the entire parameter
space of the two models in the Supplemental Material.
When we consider only Planck data, we notice that the
characteristic parameter of the ⇤sCDM model, z†, re-
mains unconstrained, and we find strong degeneracy with
other derived parameters, especially with H0 and ⌦m,

FIG. 1. 2D contours at 68% and 95% CLs in the H0-⌦m plane
for the ⇤sCDM and ⇤CDM models from the Planck and/or
BAOtr data. It deserves mention that, in case of ⇤sCDM,
the Planck and BAOtr contours intersect right on the vertical
band of SH0ES measurement.

increasing values in H0 and decreasing the total matter
density parameter today. To break the degeneracy, we
include the BAOtr data in our analysis with Planck data,
which enables the constraint: z† = 1.70+0.09

�0.19
. Interest-

ingly, this inclusion of BAOtr data leads to a higher value
of the Hubble constant, viz., H0 = 73.3+1.2

�1.0
km s�1 Mpc�1

which is perfectly consistent with the SH0ES measure-
ment H0 = 73.04± 1.04 km s�1 Mpc�1 [6]. In particular,
it is noteworthy to observe in Fig. 1 that the two models
yield almost the identical contours for the BAOtr data
(along with BBN prior 102!LUNA

b
= 2.233 ± 0.036 [67]),

while the BAOtr and Planck contours disagree in the
case of ⇤CDM; however, when considering ⇤sCDM, it is
striking that the BAOtr and Planck contours precisely
intersect at the vertical band of SH0ES H0 measurement.
Considering this remarkable success of ⇤sCDM in ad-
dressing the H0 tension, we proceed to incorporate the
new PantheonPlus (PP) sample into our analysis, both
with and without the Cepheids calibration provided by
SH0ES. From the combination of the Planck, BAOtr,
and PantheonPlus data sets, we find the constraints:
z† = 1.87+0.13

�0.21
and H0 = 71.72+0.73

�0.92
km s�1 Mpc�1. This

constraint on H0 is again consistent with the SH0ES mea-
surement. Based on this finding, we confidently include
the calibration provided by SH0ES, leaving our conclu-
sions unchanged. We also note that the discrepancy inMB

between the SH0ES data (MB = �19.244 ± 0.037mag)
and the base ⇤CDM cosmology inferred from Planck
(MB = �19.401± 0.027mag) is here resolved within the
framework of ⇤sCDM model. Thus, the ⇤sCDM model
also provides a robust solution to the MB tension.

From the results of these analyses, we further notice
that S8 and ⌦m get lower values in ⇤sCDM compared to
⇤CDM. In order to see whether S8 tension is resolved in
our model, we separately analyse the models with KiDS-
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Data sets and Methodology – We describe below the
observational data sets and the statistical methods used
to explore the parameter space. CMB: The full Planck
2018 temperature and polarization likelihood [42] in com-
bination with the Planck 2018 lensing likelihood [43].
We refer to this data set as Planck. Transversal BAO:
Measurements of 2D BAO, ✓BAO(z), obtained in a weakly
model-dependent approach, compiled in Table I in [44, 45].
These measurements were obtained using public data re-
leases (DR) of the Sloan Digital Sky Survey (SDSS),
namely: DR7, DR10, DR11, DR12, DR12Q (quasars),
and following the same methodology. We refer to this
data set as BAOtr. Type Ia supernovae and Cepheids:
We use the SNe Ia distance moduli measurements from
the Pantheon+ sample [24], which consists of 1701 light
curves of 1550 distinct SNe Ia ranging in the redshift
interval z 2 [0.001, 2.26]. We refer to this dataset as
PantheonPlus. We also consider the SH0ES Cepheid host
distance anchors, which facilitate constraints on both MB

and H0. When utilizing SH0ES Cepheid host distances,
the SNe Ia distance residuals are modified following the
relationship Eq.(14) of [24]. We refer to this dataset as
PantheonPlus&SH0ES. Cosmic Shear: We use KiDS-1000
data [46]. This includes the weak lensing power spectrum
data for both the auto and cross-correlations across four
tomographic redshift bins [28]. We employ the public
likelihood in [47]. We follow the KiDS team analysis
and adopting the COSEBIs (Complete Orthogonal Sets
of E/B-Integrals) likelihood in our results. For the pre-
diction of the matter power spectrum, we use the halo
model (HM) [48]. We highlight that at level of the linear
perturbations theory and Boltzmann equations, ⇤sCDM
have exactly the same shape as predicted by ⇤CDM. The
only e↵ect on the matter power spectrum comes from
the H(z) behavior at late times. As the HM model is
robustly tested at percent level for variation on H(z)
functions beyond ⇤CDM, we conclude that no further
change on the HM model is necessary to apply cosmic
shear measurements on ⇤sCDM. We refer to this data set
as KiDS-1000.
We explore the full parameter space of the ⇤sCDM

model and, for comparison, that of ⇤CDM. The base-
line seven free parameters of ⇤sCDM are given by P =
{!b, !c, ✓s, As, ns, ⌧reio, z†}, where the first six are the
common ones with ⇤CDM. We use CLASS+MontePython
code [49–51] with Metropolis-Hastings mode to derive
constraints on cosmological parameters for ⇤sCDM base-
line from several combinations of the data sets defined
above, ensuring a Gelman-Rubin convergence criterion of
R� 1 < 10�2 [52] in all the runs.
For the model comparison, we compute the relative

log-Bayesian evidence lnBij to estimate the Evidence of
⇤sCDM with respect to ⇤CDM, through the publicly
available package MCEvidence [53] [54, 55]. We use the
convention of a negative value if ⇤sCDM is preferred
against ⇤CDM, or vice versa, and we refer to the re-

FIG. 1. 2D contours at 68%, and 95% CLs in the ⌦m-S8

plane for the ⇤sCDM and ⇤CDM models. S8 = 0.801+0.026
�0.016

(⇤sCDM: Planck), S8 = 0.746+0.026
�0.021 (⇤sCDM: KiDS), S8 =

0.832 ± 0.012 (⇤CDM: Planck), S8 = 0.749+0.027
�0.020 (⇤CDM:

KiDS) at 68% CL.

vised Je↵rey’s scale by Trotta [56, 57], to interpret the
results. We will say that the evidence is inconclusive if
0  | lnBij | < 1, weak if 1  | lnBij | < 2.5, moderate if
2.5  | lnBij | < 5, strong if 5  | lnBij | < 10, and very
strong if | lnBij | � 10.

Results – In Table I we present the 68% CL con-
straints on the main cosmological parameters of inter-
est of the ⇤sCDM and ⇤CDM models obtained in our
analyses by using di↵erent combinations of data sets,
while we provide the complete table for the entire pa-
rameter space of the two models in the supplemental
material. When we consider only Planck data, we no-
tice that the main parameter z† of the ⇤sCDM model
remains unconstrained, and we find strong degeneracy
with other parameters. To break the degeneracy, we in-
clude the BAOtr data in our analysis with Planck data,
which enables the constraint: z† = 1.70+0.09

�0.19. Interest-
ingly, this inclusion of BAOtr data leads to a larger value
of the Hubble constant, viz., H0 = 73.3+1.2

�1.0 km s�1 Mpc�1

which is perfectly consistent with the SH0ES measure-
ment: H0 = 73.04 ± 1.04 km s�1 Mpc�1. Considering
this remarkable success of ⇤sCDM in addressing the H0

tension, we proceed to incorporate the new Pantheon-
Plus (PP) sample into our analysis, both with and with-
out the Cepheids calibration provided by SH0ES. From
the combination of the Planck, BAOtr, and Pantheon-
Plus data sets, we find the constraints: z† = 1.87+0.13

�0.21

and H0 = 71.72+0.73
�0.92 km s�1 Mpc�1. This constraint on

H0 is again consistent with the SH0ES measurement.
Based on this finding, we confidently include the cali-
bration provided by SH0ES, leaving our conclusions un-
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FIG. 1. 2D contours at 68%, and 95% CLs in the ⌦m-S8 plane for the ⇤sCDM and ⇤CDM models. S8 = 0.801+0.026
�0.016 (⇤sCDM:

Planck), S8 = 0.746+0.026
�0.021 (⇤sCDM: KiDS), S8 = 0.832± 0.012 (⇤CDM: Planck), S8 = 0.749+0.027

�0.020 (⇤CDM: KiDS) at 68% CL.

H0 tension, we proceed to incorporate the new PantheonPlus (PP) sample into our analysis, both with and without
the Cepheids calibration provided by SH0ES. From the combination of the Planck, BAOtr, and PantheonPlus data
sets, we find the constraints: z† = 1.87+0.13

�0.21 and H0 = 71.72+0.73
�0.92 km s�1 Mpc�1. This constraint on H0 is again

consistent with the SH0ES measurement. Based on this finding, we confidently include the calibration provided
by SH0ES, leaving our conclusions unchanged. We also note that the discrepancy in MB between the SH0ES data
(MB = �19.244± 0.037mag) and the base ⇤CDM cosmology inferred from Planck (MB = �19.401± 0.027mag) is
here solved within the framework of ⇤sCDM model. Thus, the ⇤sCDM model also provides a robust solution to the
MB tension.
From the results of these analyses, we further notice that S8 and ⌦m get lower values in ⇤sCDM compared to

⇤CDM. In order to see whether S8 tension is resolved in our model, we separately analyse the models with KiDS-1000
only data. The upper panels of Fig. 1 show 2D contours at 68%, and 95% CL in the ⌦m-S8 plane for the ⇤sCDM and
⇤CDM models. We note that for the ⇤sCDM, the observational constraints on S8 from Planck: S8 = 0.801+0.026

�0.016,

and and KiDS-1000 data: S8 = 0.746+0.026
�0.021 are compatible with each other, and thus the S8 tension does not exist in

⇤sCDM while it prevails in ⇤CDM. The contour plots in the lower left panel of Fig. 1 further show the robustness of
the constraints on S8 in the presence of other data sets under consideration.
Finally, from the analysis of the models using the combination of all the data sets under consideration, i.e.,

Planck+BAOtr+PP&SH0ES+KiDS-1000, we obtain the most robust constraints on the model parameters as shown
in the last column of Table I. Fig. 2 shows the whisker plot displaying 68% CL constraints on H0 for the ⇤sCDM
and ⇤CDM models from various data combinations. We see that there is no H0 tension in the present analyses of
⇤sCDM with all data combinations including the BAOtr data. We emphasize that all data sets under consideration
are compatible within the framework of ⇤sCDM.
In addition, as can be seen in Supplemental material, ⇤sCDM poses no problems with any of the well-known

parameters of the Universe based on observations and, on theoretical side, standard physics. Instead, the constraints
on its six base-line parameters that are common with ⇤CDM, show unprecedented stability in the face of di↵erent data
sets. Moreover, ⇤sCDM is consistent with BAO Ly-↵ data, predicts age of the universe today, t0 = 13.522± 0.027 Gyr,
is consistent with the estimations utilizing the oldest globular clusters (GCs), tu = 13.50± 0.15 (stat.)± 0.23 (sys.)
Gyr, and leaves the pre-recombination universe as it is in the standard model, e.g., the constraints on rd and zd

remain unaltered compared to those obtained within ⇤CDM and the constraints on YP and !b are consistent with the
standard BBN.

To conclude the robustness of our results, we perform a Bayesian model comparison to assess the relative performance
of the ⇤sCDM scenario compared to the standard ⇤CDM model in statistical fit of the data. The results of the relative
Bayesian evidence are presented in the lower section of Table I. According to the revised Je↵rey’s scale, the evidence
in favor of the ⇤sCDM scenario is found weak when considering the Planck data alone. However, it strengthens to a
strong level in the analysis with Planck+BAOtr+PP data. Remarkably, for all the other combinations of data-sets
considered here, the evidence in favor of the ⇤sCDM scenario turns out be very strong. Thus, ⇤sCDM scenario finds
better statistical fit to the data compared to ⇤CDM.

The findings in this study indicate that the ⇤sCDM scenario consistently outperforms the standard ⇤CDM model not
only in resolving the prominent cosmological tensions but also in terms of the statistical fit to the data across various
data-set combinations, providing strong support for its validity and e↵ectiveness in explaining the observed cosmological
phenomena. In addition, the ⇤sCDM scenario mitigates several other tensions of lesser statistical significance, as
illustrated in the supplemental material, where we also provide additional information about the main results discussed
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FIG. 2. One and Two-dimensional (68%, 95% CLs) marginalized distributions of the ⇤sCDM model parameters from Planck,
Planck+BAOtr, Planck+BAOtr+PP, Planck+BAOtr+PP&SH0ES, and Planck+BAOtr+PP&SH0ES+KiDS-1000.

FIG. 3. One and Two-dimensional (68%, 95% CLs) marginalized distributions of the ⇤CDM model parameters from Planck,
Planck+BAOtr, Planck+BAOtr+PP, Planck+BAOtr+PP&SH0ES, and Planck+BAOtr+PP&SH0ES+KiDS-1000.
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TABLE II. Concordance/discordance between the ⇤CDM/⇤sCDM models and the theoretical/direct observational estimations,
viz., H0 = 73.04± 1.04 km s�1 Mpc�1 (SH0ES) [1]; MB = �19.244± 0.037mag (SH0ES) [2]; DH(2.33)/rd = 8.99± 0.19 (for the
combined Ly-↵ data) [3]; t0 = 13.50±0.15Gyr (systematic uncertainties are not included) [4]; 102!LUNA

b = 2.233±0.036 (empirical
approach, based primarily on experimentally measured cross sections for d(p, �)3He reaction) [5] and 102!PCUV21

b = 2.195±0.022
(theoretical approach, incorporating nuclear theory for d(p, �)3He reaction) [6]. S8 = 0.746+0.026

�0.021 (⇤sCDM: KiDS-1000) and
S8 = 0.749+0.027

�0.020 (⇤CDM: KiDS-1000) obtained in this work.

Data set Planck Planck+BAOtr Planck+BAOtr Planck+BAOtr Planck+BAOtr

+PP +PP&SH0ES +PP&SH0ES+KiDS-1000

Model ⇤sCDM ⇤sCDM ⇤sCDM ⇤sCDM ⇤sCDM

⇤CDM ⇤CDM ⇤CDM ⇤CDM ⇤CDM

H0 1.4� 0.2� 1.0� 0.2� 0.1�

4.8� 3.7� 4.3� 3.1� 2.9�

MB – – 1.7� 1.1� 0.9�

– – 4.5� 3.5� 3.3�

S8 1.7� 1.2� 1.7� 1.4� 1.1�

3.1� 2.0� 2.3� 1.5� 1.3�

t0 1.0� 0.1� 0.5� 0.2� 0.1�

1.9� 1.6� 1.7� 1.4� 1.4�

DH(2.33)/rd 0.2� 1.3� 1.1� 1.3� 1.4�

2.0� 1.8� 1.8� 1.7� 1.7�

!
PCUV21
b 1.2� 2.1� 1.9� 1.9� 2.2�

1.6� 2.6� 2.4� 3.1� 3.4�

!
LUNA
b 0.3� 0.4� 0.3� 0.3� 0.4�

0.1� 0.8� 0.6� 1.1� 1.3�

FIG. 1. Two-dimensional marginalized probability posteriors of z† versus H0, MB, S8, DH(2.33)/rd (DH/rd at ze↵ = 2.33
relevant to the Ly-↵ measurements), t0, and !b in ⇤sCDM model for CMB+BAOtr+PP&SH0ES+KiDS-1000. The vertical
grey bands are the constraints (68% CL) for the ⇤CDM model. The vertical purple bands stand for the theoretical/direct
observational estimations (at 68% CL) of the corresponding parameters commonly used in the literature: H0 = 73.04 ±
1.04 km s�1 Mpc�1(SH0ES) [1]; MB = �19.244 ± 0.037mag (SH0ES) [2]; DH(2.33)/rd = 8.99 ± 0.19 (for combined Ly-↵
data) [3]; t0 = 13.50± 0.15Gyr (systematic uncertainties are not included) [4]; 102!LUNA

b = 2.233± 0.036 [5]. In addition, we
show vertical brown band for 102!PCUV21

b = 2.195± 0.022 [6] and S8 = 0.746+0.026
�0.021 (⇤sCDM: KiDS-1000) [this work].

Pl
an

ck
 L

C
D

M

SH0ES21

Pl
an

ck
 L

C
D

M

K
iD

S-
10

00

Pl
an

ck
 L

C
D

MSH0ES21

4

TABLE I. Marginalized constraints, mean values with 68% CL (best-fit value), for selected parameters in ⇤sCDM and standard
⇤CDM models across dataset combinations. Relative best-fit (��

2
min = �

2
min,⇤sCDM � �

2
min,⇤CDM) and Bayesian evidence

(ln Bij = ln Z⇤CDM � ln Z⇤sCDM) are included; negative values favor ⇤sCDM.

Dataset Planck Planck+BAOtr Planck+BAOtr+PP Planck+BAOtr+PP&SH0ES Planck+BAOtr+PP&SH0ES+KiDS-1000

Model ⇤sCDM ⇤sCDM ⇤sCDM ⇤sCDM ⇤sCDM

⇤CDM ⇤CDM ⇤CDM ⇤CDM ⇤CDM

z† unconstrained 1.70+0.09
�0.19(1.65) 1.87+0.13

�0.21(1.75) 1.70+0.10
�0.13(1.67) 1.72+0.09

�0.12(1.70)

MB[mag] �� �� �19.317+0.021
�0.025(�19.311) �19.290 ± 0.017(�19.278) �19.282 ± 0.017(�19.280)

�� �� �19.407 ± 0.013(�19.411) �19.379 ± 0.012(�19.373) �19.372 ± 0.011(�19.369)

H0[km/s/Mpc] 70.77+0.79
�2.70(71.22) 73.30+1.20

�1.00(73.59) 71.72+0.73
�0.92(71.97) 72.82 ± 0.65(73.20) 73.16 ± 0.64(73.36)

67.39 ± 0.55(67.28) 68.84 ± 0.48(68.61) 68.55 ± 0.44(68.54) 69.57 ± 0.42(69.73) 69.83 ± 0.37(69.96)

⌦m 0.2860+0.0230
�0.0099(0.2796) 0.2643+0.0072

�0.0090(0.2618) 0.2768+0.0072
�0.0063(0.2759) 0.2683 ± 0.0052(0.2646) 0.2646 ± 0.0052(0.2622)

0.3151 ± 0.0075(0.3163) 0.2958 ± 0.0061(0.2984) 0.2995 ± 0.0056(0.2992) 0.2869 ± 0.0051(0.2849) 0.2837 ± 0.0045(0.2816)

S8 0.801+0.026
�0.016(0.791) 0.777 ± 0.011(0.772) 0.791 ± 0.011(0.794) 0.783 ± 0.010(0.777) 0.774 ± 0.009(0.773)

0.832 ± 0.013(0.835) 0.802 ± 0.011(0.804) 0.808 ± 0.010(0.804) 0.788 ± 0.010(0.784) 0.781 ± 0.008(0.782)

��
2
min �2.46 �26.92 �15.50 �40.94 �41.16

lnBij �1.28 �12.65 �7.52 �19.47 �19.77

H0 for ⇤sCDM and ⇤CDM across various data combina-
tions. Our results, especially with the inclusion of BAOtr,
indicate that all considered datasets are strikingly com-
patible within ⇤sCDM, with no H0 tension. However, in
previous works using 3D BAO, ⇤sCDM lessens but does
not fully resolve the H0 tension [38, 39]. We attribute this
observation to the possible model dependency in the 3D
BAO reconstruction, which is (mostly) absent for BAOtr.
Specifically, [39] identifies that the reduced concordance
under ⇤sCDM is due to the two 3D BAO data points: the
SDSS MGS at ze↵ = 0.15 and BOSS galaxy at ze↵ = 0.38.

Furthermore, as documented in Supplemental Material,
⇤sCDM presents no issues with any of the well-known
parameters of the Universe based on observations and, on

FIG. 3. The mean values (68% CL) for H0 in ⇤sCDM and
⇤CDM across data combinations. The left band represents the
Planck-⇤CDM constraint (H0 = 67.36 ± 0.54 km s�1 Mpc�1),
and the right, the SH0ES measurement (H0 = 73.04 ±
1.04 km s�1 Mpc�1 [6]). There is no H0 tension in most data
combinations for ⇤sCDM, in particular, when using the less
model-dependent BAOtr. The exception is in cases using full
3D BAO from previous works [38, 39].

the theoretical side, with standard physics. Instead, the
constraints on its six baseline parameters common with
⇤CDM, demonstrate unprecedented stability across dif-
ferent datasets. Also, ⇤sCDM aligns with BAO Ly-↵. It
predicts the age of the universe (t0 = 13.522 ± 0.027 Gyr)
consistent with estimates from the oldest globular clusters
(tu = 13.50 ± 0.15(stat.) Gyr [69]). Moreover, it preserves
the physics and dynamics of the pre-recombination uni-
verse as seen in the standard model. For instance, the
constraints on the drag redshift and the sound horizon at
this epoch (rd and zd) are the same as in ⇤CDM. Addi-
tionally, constraints on YP (4He primordial mass fraction)
and !b (physical density parameter of baryons today)
align with standard BBN.

To conclusively assess the robustness of our results,
we conduct a Bayesian model comparison to evaluate
the performance of ⇤sCDM relative to ⇤CDM; see Ta-
ble I. Based on the revised Je↵reys’ scale, the evidence
supporting ⇤sCDM is deemed weak when solely using
Planck. Yet, when incorporating Planck+BAOtr+PP,
this evidence strengthens to a strong level. Notably, with
all other dataset combinations considered, the evidence
favoring ⇤sCDM is very strong. Thus, ⇤sCDM finds a far
superior statistical fit to the data compared to ⇤CDM.

Our findings reveal that, both in resolving the promi-
nent cosmological tensions and in the statistical fit to
data across the various dataset combinations, ⇤sCDM
consistently outperforms ⇤CDM, providing very strong
support for its validity and e↵ectiveness in explaining the
observed cosmological phenomena. Furthermore, ⇤sCDM
mitigates several other tensions with lower statistical sig-
nificance, as documented in the Supplemental Material,
where additional information is also provided.

Final remarks – Using the state-of-the-art methodology
for observational constraints and the recent data available
in the literature, we demonstrate that a simple universe
model, the ⇤sCDM [37–39], experiences a rapid transition
from AdS vacua to dS vacua (the cosmological constant
switches sign from negative to positive) at late times

H0 = 73.17 ± 0.86 km s−1 Mpc−1

Matching exactly SH0ES24!
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around which, H(z) can exhibit a non-monotonic behavior. It was shown via the gDE that the joint observational
data, including but not limited to the Planck CMB and Ly-↵ BAO (BOSS DR11) data, suggest that the cosmological
constant changed its sign at z ⇡ 2.32 and triggered the late-time acceleration, the behaviour of which alleviates the
H0 tension by predicting H0 ⇡ 69.7 ± 0.9 km s�1 Mpc�1 and provides excellent fit to the Ly-↵ BAO (BOSS DR11)
data [753] at the e↵ective redshift z ⇠ 2.34, which is at ⇠ 2.5� tension with the Planck 2015 best-fit ⇤CDM. Note
that this tension is reduced to ⇠ 1.5� when the final eBOSS (SDSS DR16) measurement, which combines all the data
from eBOSS and BOSS [220, 753, 754], is considered, see Sec. VIII G 1.

Inspired by these observational findings, and the theoretically compelling fact that the gDE submits to the weak
energy condition and the bounds on the speed of sound only in the limit � ! �1 which corresponds to a cosmological
constant that rapidly changes sign at redshift z†, this limit was dubbed ⇤sCDM and further investigated in Ref. [558].
The ⇤sCDM model can be constructed phenomenologically by simply replacing the usual cosmological constant (⇤)
of the standard ⇤CDM model with a cosmological constant (⇤s) that switches its sign from negative to positive, and
thus attains its present-day value (⇤s0 > 0), when the Universe reaches a certain energy scale (redshift z†) during its
expansion,

⇤ ! ⇤s ⌘ ⇤s0 sgn[z† � z]. (25)

It was shown in Ref. [558] that, when the consistency of the ⇤sCDM model with the CMB data is guaranteed, (i) H0

and MB (SNIa absolute magnitude) values are inversely correlated with z† and reach H0 ⇡ 74.5 km s�1 Mpc�1 and
MB ⇡ �19.2 mag for z† = 1.5, in agreement with the measurements from SH0ES [93, 109], and (ii) H(z) presents
an excellent fit to the Ly-↵ data provided that z† . 2.34. The assessment of the model against Planck 2018 yields
H0 = 70.22± 1.78 km s�1 Mpc�1 and against Planck 2018 + SDSS DR16 yields H0 = 68.82± 0.55 km s�1 Mpc�1 with
z† = 2.44±0.29 [558]. It was found that the lower and upper limits of z† are controlled by the Galaxy and Ly-↵ BAO
data, correspondingly, and the larger z† values imposed by the Galaxy BAO data prevent the model from achieving
the largest estimations of H0 from the direct local distance ladder measurements. It is intriguing that, as long as
z† . 2.34, the model remains in excellent agreement with the Ly-↵ data even for z† ⇠ 1.1, which barely satisfies the
condition that we live in an ever-expanding Universe; a good agreement with the Ly-↵ data is an intrinsic feature of
the ⇤sCDM model as long as z† . 2.34.

Similar to the situation with the Ly-↵ data, alleviating the S8 discrepancy, prevailing within the ⇤CDM model and
its minimal extensions, usually results in exacerbating the H0 tension, see Sec. V and Ref. [3]. In addition to this, the
constraints on S8 based on the Ly-↵ data are in agreement with the weak lensing surveys that probe similar late-time
redshift scales as the Ly-↵ measurements [394]. Accordingly, it is conceivable that the ⇤sCDM model provides a
remedy for the S8 discrepancy while retaining the better fit to the local measurements of H0, like in the case of the
Ly-↵ discrepancy. Indeed, in the CMB-only analysis, it is found that S8 = 0.8071 ± 0.0210 for the ⇤sCDM model,
whereas S8 = 0.8332 ± 0.0163 for the ⇤CDM model. Although �8 is smaller for the ⇤CDM model, its ⌦m value
greater than 0.3 results in an increased S8 value compared to its �8 value. In contrast, the ⇤sCDM model has an ⌦m

value lower than 0.3 which results in a decreased S8 value compared to its �8 value. This results in the lower value of
S8 for ⇤sCDM compared to ⇤CDM. The ⇤sCDM and ⇤CDM models have similar S8 values when the BAO data are
also included in the analysis; this is due to the preference for larger z† values by the Galaxy BAO data, since ⇤sCDM
approaches ⇤CDM for larger z† values and the ⌦m value of ⇤sCDM becomes greater than 0.3. Thus, the ⇤sCDM
model partially reconciles the CMB data with the low redshift cosmological probes regarding S8, and can potentially
resolve the discrepancy in the absence of the Galaxy BAO data; however, for a robust conclusion, the constraints on
S8 from low redshift probes should also be explored within the ⇤sCDM model.

Ultimately, it turns out via the ⇤sCDM model that sign switch in the cosmological constant, viz., transition from
an Anti-de Sitter background (provided by ⇤ < 0) to a de Sitter one (provided by ⇤ > 0), at z ⇠ 2 (i) relaxes
the SH0ES H0 tension while being fully consistent with the TRGB measurement, (ii) relaxes the MB tension, (iii)
removes the discrepancy with the Ly-↵ measurements, (iv) relaxes the S8 tension, and (v) finds a better agreement
with the BBN constraints on the physical baryon density [558]. These results seem to encourage looking for a phase
transition from AdS vacua to dS vacua in the late-Universe.

It is reasonable to look for a potential origin of this phenomenon, viz. a very rapid single transition or its limiting case
a single instantaneous (discontinuous) transition in the value of the cosmological constant, in a theory of fundamental
physics by considering it as a first-order phase transition. The phase transition approach has been used to address
the H0 tension; see e.g. Refs. [755–757], which consider that the DE density resembles the magnetization of the Ising
model and present a realization of this behavior within the Ginzburg-Landau framework. Additionally, Ref. [758]
considers a gravitational phase transition that is justified from the e↵ective field theory point of view (see also
Ref. [759]). The model studied in Ref. [755] partially corresponds to a one-parameter phenomenological extension
of ⇤sCDM; it considers an arbitrary shift in the value of the cosmological constant, but does not allow negative
values of the cosmological constant in contrast to ⇤sCDM. It addresses the H0 tension with a shift in the value of
the cosmological constant, however, at very low redshifts, viz. zt = 0.092+0.009

�0.062, signaling that it could su↵er from
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TABLE IV. Marginalized constraints (mean with 68% CL) on the cosmological parameters. The !CDM results are shown
in blue. We also report the fit-comparison statistics ”ω

2
min → ω

2
min(!sCDM) ↑ ω

2
min(!CDM) and ”AIC → AIC(!sCDM) ↑

AIC(!CDM), where AIC = ω
2
min + 2k and ”k = 1 since !sCDM has one extra free parameter. Negative values of ”ω

2
min and

”AIC favor !sCDM.

Parameter CMB CMB+DESI-DR2 CMB+DESI-DR2+PP CMB+DESI-DR2+Union3 CMB+DESI-DR2+DES-Dovekie

#b h
2 0.02221± 0.00014 0.02223± 0.00012 0.02221± 0.00012 0.02221± 0.00012 0.02220± 0.00012

0.02218± 0.00013 0.02233± 0.00012 0.02231± 0.00012 0.02231± 0.00012 0.02231± 0.00012

#c h
2 0.1193± 0.0011 0.11919± 0.00079 0.11940± 0.00079 0.11935± 0.00079 0.11945± 0.00078

0.1198± 0.0011 0.11760± 0.00062 0.11781± 0.00060 0.11776± 0.00062 0.11786± 0.00060

100 εMC 1.04079± 0.00025 1.04081± 0.00024 1.04079± 0.00024 1.04080± 0.00024 1.04079± 0.00024

1.04076± 0.00025 1.04101± 0.00024 1.04100± 0.00023 1.04098± 0.00024 1.04098± 0.00024

ϑreio 0.0510± 0.0073 0.0532± 0.0069 0.0524± 0.0069 0.0527± 0.0068 0.0523± 0.0069

0.0526± 0.0071 0.0597+0.0064
→0.0073 0.0590± 0.0069 0.0590+0.0060

→0.0072 0.0586+0.0064
→0.0073

ns 0.9646± 0.0041 0.9649± 0.0035 0.9644± 0.0035 0.9644± 0.0035 0.9642± 0.0036

0.9634± 0.0039 0.9685± 0.0034 0.9683± 0.0034 0.9684± 0.0033 0.9679± 0.0034

log
(
1010As

)
3.033± 0.014 3.038± 0.014 3.036± 0.014 3.037± 0.014 3.036± 0.014

3.038± 0.014 3.048± 0.014 3.048+0.013
→0.015 3.047+0.012

→0.015 3.047± 0.014

a† < 0.329 0.255+0.034
→0.019 0.256+0.033

→0.019 0.256+0.033
→0.018 0.256+0.033

→0.019

↑ ↑ ↑ ↑ ↑
H0 [km/s/Mpc] 69.99+0.87

→2.6 68.62± 0.32 68.53± 0.31 68.55± 0.31 68.50± 0.31

67.21± 0.47 68.18± 0.28 68.09± 0.27 68.10± 0.28 68.06± 0.28

ϖ8 0.8152+0.0057
→0.010 0.8103± 0.0057 0.8105± 0.0057 0.8104± 0.0057 0.8106± 0.0057

0.8079± 0.0055 0.8060± 0.0057 0.8064+0.0053
→0.0059 0.8062+0.0051

→0.0059 0.8061± 0.0056

S8 0.803+0.027
→0.014 0.8126± 0.0077 0.8144± 0.0076 0.8140± 0.0078 0.8150± 0.0076

0.829± 0.011 0.8092± 0.0078 0.8114± 0.0076 0.8108± 0.0078 0.8115± 0.0077

#m 0.291+0.023
→0.0097 0.3017± 0.0036 0.3029± 0.0035 0.3026± 0.0036 0.3033± 0.0034

0.3157± 0.0065 0.3024± 0.0036 0.3037± 0.0035 0.3035± 0.0036 0.3040± 0.0035

#mh
2 0.1422± 0.0010 0.14206± 0.00076 0.14225± 0.00075 0.14220± 0.00076 0.14229± 0.00075

0.1426± 0.0010 0.14057± 0.00060 0.14077± 0.00059 0.14072± 0.00060 0.14081± 0.00059

rd 147.46± 0.25 147.48± 0.21 147.45± 0.21 147.46± 0.21 147.44± 0.21

147.39± 0.25 147.79± 0.19 147.75± 0.19 147.76± 0.19 147.74± 0.19

z† 2.50+0.51
→0.97 2.96+0.24

→0.53 2.95+0.23
→0.52 2.95+0.23

→0.52 2.95+0.23
→0.52

↑ ↑ ↑ ↑ ↑
ω
2
min 10, 978.054 10, 988.182 12, 393.466 11, 016.094 12, 622.136

10, 980.632 10, 997.728 12, 402.844 11, 025.218 12, 632.452

”ω
2
min ↑2.578 ↑9.546 ↑9.378 ↑9.124 ↑10.316

”AIC ↑0.578 ↑7.546 ↑7.378 ↑7.124 ↑8.316

” lnZ 0.07 ↑3.28 ↑3.11 ↑3.11 ↑3.19

TABLE V. Posterior 95% CL bounds on the transition red-
shift z† for di$erent priors. We report the marginalized lower
and upper limits z

→
† → z† ↑ ϖ→ and z

+
† → z† + ϖ+ inferred

from the posterior. In this scan the lower prior bound is fixed
to z† ↓ 0.1, while the upper prior bound is varied. [OA: re-
minder: this is from the run using the prior of z† = [0.5, 8]]

Prior on z† CMB CMB+DESI-DR2

z
→
† z

µ

† z
+
† z

→
† z

µ

† z
+
†

[0.1, 8.0] 1.2 3.4 7.0 2.29 3.23 5.33

[0.1, 7.0] 1.3 3.2 6.2 2.29 3.18 5.18

[0.1, 6.0] 1.3 3.0 5.5 2.3 3.12 4.62

[0.1, 5.0] 1.4 2.8 4.7 2.32 3.05 4.25

[0.1, 4.0] 1.4 2.5 3.9 2.35 2.93 3.74

[0.1, 3.5] 1.4 2.32 3.42 2.38 2.84 3.4

[0.1, 3.0] 1.38 2.14 2.94 2.39 2.68 2.98

[0.1, 2.5] 1.38 1.93 2.48 2.36 2.44 2.5

TABLE VI. Posterior 68% CL bounds on the transition red-
shift z† for di$erent priors. We report the marginalized lower
and upper limits z

→
† → z† ↑ ϖ→ and z

+
† → z† + ϖ+ inferred

from the posterior. In this scan the lower prior bound is fixed
to z† ↓ 0.1, while the upper prior bound is varied. [OA: re-
minder: this is from the run using the prior of z† = [0.5, 8]]
[LE: Re-do with the SPA runs]

Prior on z† CMB CMB+DESI-DR2

z
→
† z

µ

† z
+
† z

→
† z

µ

† z
+
†

[0.1, 8.0] 1.42 3.42 4.06 2.391 3.23 3.281

[0.1, 7.0] 1.42 3.22 3.85 2.389 3.18 3.263

[0.1, 6.0] 1.42 3.02 3.61 2.390 3.12 3.240

[0.1, 5.0] 1.47 2.77 3.32 2.410 3.05 3.210

[0.1, 4.0] 1.52 2.48 2.97 2.420 2.93 3.120

[0.1, 3.5] 1.54 2.32 2.77 2.440 2.84 3.040

[0.1, 3.0] 1.56 2.14 2.54 2.430 2.68 2.840

[0.1, 2.5] 1.61 1.93 2.25 2.407 2.44 2.493

DESI DR2 breaks the CMB degeneracy and localizes the transition near  
Further supported by SNIa data

z† ≃ 3
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TABLE VIII. Marginalized constraints (mean with 68% CL) on the cosmological parameters. The !CDM results are shown
in blue. We also report the fit-comparison statistics ”ω

2
min → ω

2
min(!sCDM) ↑ ω

2
min(!CDM) and ”AIC → AIC(!sCDM) ↑

AIC(!CDM), where AIC = ω
2
min + 2k and ”k = 1 since !sCDM has one extra free parameter. Negative values of ”ω

2
min and

”AIC favor !sCDM.

Parameter SPA SPA+DESI-DR2 SPA+DESI-DR2+PP SPA+DESI-DR2+Union3 SPA+DESI-DR2+DES-Dovekie

#b h
2 0.022446± 0.000096 0.022444± 0.000093 0.022438± 0.000092 0.022436± 0.000091 0.022436± 0.000091

0.022425± 0.000096 0.022493± 0.000091 0.022488± 0.000091 0.022485± 0.000092 0.022485± 0.000093

#c h
2 0.1193± 0.0010 0.11933+0.00071

→0.00081 0.11947± 0.00077 0.11947± 0.00075 0.11947± 0.00075

0.11980± 0.00099 0.11786± 0.00062 0.11803± 0.00061 0.11802± 0.00059 0.11807± 0.00060

100 εMC 1.04077± 0.00024 1.04077± 0.00023 1.04076± 0.00023 1.04077± 0.00023 1.04077± 0.00023

1.04073± 0.00024 1.04092± 0.00022 1.04091± 0.00023 1.04092± 0.00023 1.04091+0.00021
→0.00024

ϑreio 0.0585+0.0054
→0.0062 0.0596± 0.0057 0.0592+0.0051

→0.0060 0.0590+0.0049
→0.0060 0.0590+0.0049

→0.0060

0.0593+0.0055
→0.0061 0.0650+0.0057

→0.0064 0.0646+0.0058
→0.0066 0.0647+0.0054

→0.0065 0.0643+0.0054
→0.0064

ns 0.9711± 0.0035 0.9708± 0.0030 0.9705± 0.0031 0.9705± 0.0031 0.9705± 0.0031

0.9697± 0.0034 0.9740± 0.0029 0.9736± 0.0030 0.9738± 0.0030 0.9734± 0.0029

log
(
1010As

)
3.050± 0.011 3.055± 0.010 3.0540+0.0097

→0.011 3.0538+0.0095
→0.011 3.0538+0.0095

→0.011

3.056± 0.011 3.068± 0.010 3.0667+0.0099
→0.011 3.0667+0.0096

→0.012 3.0659+0.0093
→0.011

a† < 0.335 0.252+0.032
→0.021 0.252+0.032

→0.021 0.252+0.032
→0.020 0.252+0.032

→0.020

↑ ↑ ↑ ↑ ↑
H0 [km/s/Mpc] 70.49+0.94

→2.8 68.79± 0.31 68.72± 0.30 68.73± 0.31 68.73± 0.31

67.48± 0.41 68.28± 0.25 68.22± 0.25 68.22± 0.24 68.20± 0.25

ϖ8 0.8261+0.0039
→0.0099 0.8206± 0.0040 0.8206± 0.0040 0.8205± 0.0040 0.8205± 0.0040

0.8182± 0.0039 0.8177± 0.0041 0.8178± 0.0042 0.8178± 0.0042 0.8176+0.0038
→0.0043

S8 0.808+0.027
→0.013 0.8220± 0.0063 0.8232± 0.0062 0.8230± 0.0062 0.8230± 0.0062

0.8368± 0.0091 0.8210± 0.0065 0.8224± 0.0063 0.8223± 0.0062 0.8225± 0.0063

#m 0.288+0.024
→0.0098 0.3010± 0.0034 0.3019± 0.0033 0.3018± 0.0034 0.3018± 0.0034

0.3138± 0.0058 0.3024± 0.0034 0.3034± 0.0034 0.3033± 0.0033 0.3036± 0.0034

#mh
2 0.14237± 0.00099 0.14242± 0.00074 0.14256± 0.00075 0.14255± 0.00074 0.14255± 0.00074

0.14287± 0.00097 0.14100± 0.00061 0.14116± 0.00061 0.14115± 0.00059 0.14120± 0.00059

rd 147.21± 0.26 147.19± 0.20 147.16± 0.21 147.17± 0.20 147.17± 0.20

147.09± 0.25 147.53± 0.18 147.49± 0.18 147.50± 0.18 147.48± 0.18

z† 2.5+1.4
→1.1 3.01+0.80

→0.63 3.01+0.81
→0.63 3.00+0.82

→0.63 3.00+0.82
→0.63

↑ ↑ ↑ ↑ ↑
ω
2
min 993.82314 1005.1308 2410.8283 1033.1501 2640.1721

994.39781 1011.523 2417.0608 1039.6012 2646.4171

”ω
2
min ↑0.5746 ↑6.392 ↑6.232 ↑6.45 ↑6.245

”AIC 1.425 ↑4.392 ↑4.232 ↑4.45 ↑4.245

” lnZ ↑0.4811 ↑3.2167 ↑3.2066 ↑3.2116 ↑3.1539
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FIG. 13. Measurements of cosmological distances, DV in rd units and the ratio DM/DH, relative to the fiducial Planck !CDM
model (horizontal black line). We show the DESI DR2 BAO measurements and the new DESI DR2 Lyω FS measurement. The
DESI + CMB best-fit w0waCDM model that provides the highest improvement with respect to !CDM is shown in blue, with
the color bands representing the 68% and 95% confidence regions. We also show other DESI + CMB best-fit models tested
in this work as di”erent colored lines. These models include !CDM (orange), free curvature (dashed blue), massless neutrinos
(dashed brown), and the high-ε scenario (dotted), which is a !CDM fit where we drop the low-ϑ EE CMB likelihood.

improvements of the fit with respect to flat !CDM for
various data combinations and extensions considered in
this work in Table IV.

Together with the new Lyω FS measurement, the in-
clusion of CMB data anchors the high-redshift fits to
be close to Planck !CDM. However, as we approach
lower redshifts, the values of the spherically-averaged
distance, DV/rd, are systematically low with respect to
Planck !CDM. Such a deficit in the distances measured
by BAO can be explained by a variety of models, with
w0waCDM mildly outstanding since it has the flexibility
to better fit the LRG2 BAO measurement. Models such
as !CDM+”K, !CDM with three massless neutrinos in-
stead of the baseline neutrino with a mass of 0.06 eV, and
allowing for a high value of the optical depth ε (by ex-
cluding low-ϑ CMB polarization data) provide quite sim-
ilar fits in DV/rd and particularly DM/DH. However,
with the exception of w0waCDM, none of these models
are able to capture the data points in the AP measure-
ments below z < 1. The upcoming DESI full-shape anal-
ysis from galaxy and quasar clustering at these redshifts
may shed further light on this feature, while the DR3
BAO analysis could provide further insights into the AP
measurement at ze! = 2.33.

VII. CONCLUSIONS

We have presented a measurement of the Alcock–
Paczyński (AP) e#ect using the full shape of Lyω for-
est correlation functions measured from the second DESI
data release (DR2). Our data set includes over 820,000
Lyω forest spectra and the positions of over 1.2 million
quasars, which are used to compute the Lyω-QSO cross-

Datasets !ϖ
2

MAP Significance

w0waCDM

DESI →5.6 1.9ϱ

DESI+CMB →9.8 2.7ϱ

DESI+DES-Dovekie →6.7 2.1ϱ

DESI+CMB+DES-Dovekie →12.9 3.2ϱ

”CDM + #K

DESI →2.4 1.5ϱ

DESI+CMB →4.3 2.0ϱ

DESI+DES-Dovekie →4.3 2.0ϱ

DESI+CMB+DES-Dovekie →4.8 2.2ϱ

TABLE IV. Summary of the e”ective ϖ
2

MAP di”erences com-
pared to !CDM for di”erent models and datasets. The dif-
ferences are listed for the best-fit w0waCDM model relative
to a !CDM model with w0 = →1 and wa = 0, and simi-
larly for the best-fit model with spatial curvature compared
to flat !CDM. The corresponding frequentist significance for
the preference over flat !CDM is listed in the third column.

correlation. Our combined AP measurement corresponds
to a 1% constraint on the ratio DM/DH at an e#ective
redshift ze! = 2.33, where DM is the comoving angu-
lar diameter distance and DH is the ratio of the speed
of light and the Hubble parameter at ze! . This is the
tightest constraint on DM/DH at redshifts z > 1 so far.

Our analysis is based on a template fit of the Lyω auto-
correlation and its cross-correlation with quasars. Fol-

20

FIG. 7. Constraints on the distance pair (DM/rd, DH/rd)
at ze! = 2.33 from Lyω forest measurements, shown as 68%
and 95% confidence contours. The red filled contours give
the DESI DR2 full-shape result from this work, compared
with DESI DR2 BAO (blue), DESI DR1 full-shape (purple
dashed), and DESI DR1 BAO (gray). The orange contour
shows the Planck CMB prediction in !CDM, while the black
contour shows the CMB+BAO prediction in w0waCDM.
The Lyω full-shape results provide the tightest distance con-
straints from large-scale structure at z > 1, and the un-
certainty is now small enough to begin to separate between
!CDM and w0waCDM predictions from other data sets in
this space.

DH/rd in the redshift range of the Lyω forest (1.9 < z <

4.0) from the original 5-year survey [2, 19]. Those fore-
casts were based on BAO-only, as no Lyω forest 3D full-
shape analyses had been performed at the time. There-
fore, with the new constraints presented here, we have
already exceeded the original DESI requirements using
only the first 3 years of DESI data.

We compare our results with previous DESI Lyω forest
measurements in Figure 7. The first DESI results from
DR1 BAO are shown in gray. When they were released
two years ago, they were the state-of-the-art distance
constraints in the redshift interval 1 < z < 4, narrowly
improving over the previous best constraints from SDSS
[12]. Since then, DESI has also released DR1 Lyω for-
est full-shape measurements (dashed purple) and DR2
BAO measurements (blue), both of which significantly
improved these distance constraints and were in excellent
agreement with each other. The measurement we have
presented here (red) provides yet another significant im-
provement and corresponds to a 6.7-fold reduction in the
area of the contours compared with the original DESI
DR1 BAO constraint.

The precision gain from the new measurement al-
lows us to begin to separate between the !CDM and
w0waCDM predictions of DM (ze!)/rd and DH(ze!)/rd

from other cosmological tracers at more than 1ε. This
is illustrated in Figure 7, where we also show the !CDM
prediction from Planck (orange) and the w0waCDM pre-
diction from the joint CMB19 and DESI BAO analysis
(black).20 The DR2 Lyω forest constraints are in excel-
lent agreement with the !CDM prediction, but show a
roughly 2ε tension with the w0waCDM prediction. We
will investigate this tension and its implications in the
following Section.

To summarize, we have provided our final measure-
ments in Equation (26), which represent significant im-
provements in the precision of cosmological distances at
z = 2.33. These measurements allow us for the first time
to meaningfully distinguish among di”erent state-of-the-
art dark energy constraints with the Lyω forest alone.

VI. COSMOLOGICAL CONSTRAINTS

In this section, we discuss the cosmological implica-
tions from the Lyω forest full-shape measurements and
define the datasets that are used to perform joint con-
straints on cosmological parameters.

A. Other data sets

We complement the high-redshift information accessi-
ble to the Lyω forest by including BAO measurements
from galaxies and quasar clustering. We use the DESI
DR2 BAO data presented in [5]. This dataset includes
measurements of DV/rd at 0.1 < z < 0.4 for the Bright
Galaxy Sample (BGS), joint measurements of DM/rd

and DH/rd for the Luminous Red Galaxies (LRG) at
0.4 < z < 0.6 and 0.6 < z < 0.8, the combined LRG and
Emission Line Galaxies (ELG) tracer at 0.8 < z < 1.1,
the ELG at 1.1 < z < 1.6, and the Quasar (QSO) clus-
tering at 0.8 < z < 2.1. For comparison, we also include
the Lyω BAO measurements from [14], when necessary.
Throughout, we refer to this combination as DESI BAO,
and to the combination with the new AP Lyω measure-
ment as either DESI BAO+Lyω FS or simply as DESI.

We also include external data to DESI to constrain
parameters beyond the late-time expansion history. In
particular, anisotropies in the CMB provide a wealth
of information that can help constrain the complete set
of base cosmological parameters. Following the previ-
ous main DESI analyses, we use data from the Planck
satellite [87, 88] based on the PR4 release that uses the

19 See Section VIA for the combination of CMB results used here.
20 The prediction from the joint w0waCDM analysis that also in-

cludes Supernovae is not meaningfully di!erent, as SNe largely
contribute to improvements at lower redshifts (z < 1.5).

DESI DR2 Results IV: Alcock–Paczynski Measurements from the Lyman Alpha 
Forest and Cosmological Constraints

DESI Collaboration, arXiv:2607.27410 (Today’s arXiv)

Fig. 13: joint CPL fit including Lyα full shape Fig. 7: pre-Lyα-FS CMB+BAO CPL prediction

zeff = 2.33 DM/rd = 39.32 ± 0.33 DH/rd = 8.600 ± 0.066 DM/DH = 4.572 ± 0.046
(1.0% precision)

WHAT DESI
DEMONSTRATES

Planck ΛCDM: agreement within 0.5σ    |    CMB+BAO CPL prediction: ≈2σ away
DESI+CMB: CPL preference decreases 3.2σ → 2.7σ after Lyα FS; Δχ2

MAP = −9.8
DESI+CMB+DES-Dovekie SNe: CPL remains preferred at 3.2σ; Δχ2

MAP = −12.9
Quoted σ values are frequentist likelihood-ratio significances, not Bayesian evidence.

POSSIBLE RELEVANCE FOR ΛsCDM - OUR INTERPRETATION z† > 2.33 ⇒ Λs(zeff) = +Λs0
If z† > 2.33, the Lyα epoch lies on the positive-Λ, approximately ΛCDM-like branch. The new high-redshift anchor may therefore help distinguish smooth
CPL evolution from a sign-switching history.

Next step: a common-likelihood fit is needed to assess the relative support for the two models.
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FIG. 2. Marginalized posterior distributions and contours (68% and 95% CL) of ⇤sCDM+Ne↵+
P

m⌫ (Left ) and
⇤CDM+Ne↵+

P
m⌫ (Right) model parameters for the Planck (green), Planck+BAOtr (blue), and Planck+BAOtr+PP&SH0ES

(magenta) datasets.

of datasets presented in Refs. [56, 58]. The analysis of
CMB-alone data yields Ne↵ = 2.91 ± 0.19 and H0 =
69.00+2.10

�3.70 km s�1 Mpc�1 for the ⇤sCDM+Ne↵+
P

m⌫

model, while the ⇤CDM+Ne↵+
P

m⌫ model results in
Ne↵ = 2.88 ± 0.18 and H0 = 65.50+2.00

�1.60 km s�1 Mpc�1.
Considering the SH0ES measurement of H0 =
73.04 ± 1.04 km s�1 Mpc�1 [25], the H0 tension is signif-
icantly alleviated to 1.3� for the ⇤sCDM+Ne↵+

P
m⌫

model, whereas it reduces only to 3.6� for the
⇤CDM+Ne↵+

P
m⌫ model. The predicted Ne↵ values

are consistent with the SM value of Ne↵ = 3.044 [157–159]
within 1� for both models. The models yield similar con-
straints on the total neutrino mass, with

P
m⌫ < 0.41 eV

at a 95% CL for the ⇤sCDM+Ne↵+
P

m⌫ model andP
m⌫ < 0.40 eV at a 95% CL for the ⇤CDM+Ne↵+

P
m⌫

model. The parameter z† in the ⇤sCDM+Ne↵+
P

m⌫

model remains unconstrained.
We also present in Figs. 1 and 2 the one- and two-

dimensional marginalized distributions of the extended
⇤sCDM and ⇤CDM model parameters at 68% and
95% CL for the Planck, Planck+BAO/BAOtr, and
Planck+BAO/BAOtr+PP&SH0ES datasets. We observe
a strong positive correlation between H0 and Ne↵ ow-
ing to the physical mechanism discussed in Section IIA.
Notably, the addition of data from low redshift probes
such as BAO/BAOtr and supernova samples, which fix
the late-universe evolution, helps break the geometric
degeneracies and tighten the constraints on Ne↵ and
other related parameters. With that being said, all
the datasets that favor somewhat large H0 values, with
H0 & 70 km s�1 Mpc�1, also show preference for a rel-
atively significant deviation from Ne↵ = 3.044, except
for the ⇤sCDM + Ne↵ +

P
m⌫ model when subjected to

Planck+BAOtr and Planck+BAOtr+PP&SH0ES, which
warrants particular attention. In the ⇤sCDM + Ne↵ +P

m⌫ model, H0 values that agree well with the ones

measured using the local distance ladder approach can
be realized in two ways: either by shrinking the sound
horizon scale r⇤ due to the introduction of extra relics
to the early universe, i.e., �Ne↵ > 0, while keeping the
sign switch redshift z† at large enough values where the
model is not significantly distinguishable from its ⇤CDM
counterpart, or by adhering approximately to the stan-
dard value of neutrino species (�Ne↵ ⇠ 0) and allowing
a value of z† ⇠ 2, resulting in a significantly larger H0

due to the abrupt mirror AdS-dS transition in the late
universe as discussed above. We read o↵ from Table I
that Planck+BAOtr and Planck+BAOtr+PP&SH0ES
favor exactly the latter case by placing the constraints
Ne↵ = 2.97± 0.19 and Ne↵ = 3.11+0.13

�0.15, respectively, well
consistent with the standard particle physics value of
Ne↵ = 3.044 [157–159]. The strong degeneracy of charac-
teristic parameter z† of the ⇤sCDM model is broken and
it is constrained to be z† = 1.57+0.16

�0.22 and z† = 1.62+0.19
�0.30,

corresponding to time periods when the dark energy den-
sity is non-negligible and therefore ⇤sCDM+Ne↵ +

P
m⌫

is statistically distinct from ⇤CDM + Ne↵ +
P

m⌫ . The
upshot is that the observational data do not spoil the early
universe account of the SM, keeping Ne↵ , r⇤, rd, and Yp

at values roughly similar to those in the baseline standard
⇤CDM model as shown in Figs. 3 and 4, but instead call
for new physics or modification in the post-recombination
universe.

Moreover, it is noteworthy that replacement of BAOtr
dataset with BAO holds back both models from attain-
ing H0 values consistent with SH0ES measurements,
thereby from e�ciently resolving the H0 tension. No-
tice also that inclusion of BAO data in the analysis
makes H0 of ⇤sCDM+Ne↵ +
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close to those of ⇤CDM + Ne↵ +
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m⌫ and the ef-
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⇤CDM+Ne↵+
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m⌫ (Right) model parameters for the Planck (green), Planck+BAOtr (blue), and Planck+BAOtr+PP&SH0ES
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m⌫ . The
upshot is that the observational data do not spoil the early
universe account of the SM, keeping Ne↵ , r⇤, rd, and Yp

at values roughly similar to those in the baseline standard
⇤CDM model as shown in Figs. 3 and 4, but instead call
for new physics or modification in the post-recombination
universe.

Moreover, it is noteworthy that replacement of BAOtr
dataset with BAO holds back both models from attain-
ing H0 values consistent with SH0ES measurements,
thereby from e�ciently resolving the H0 tension. No-
tice also that inclusion of BAO data in the analysis
makes H0 of ⇤sCDM+Ne↵ +

P
m⌫ assume values rather

close to those of ⇤CDM + Ne↵ +
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m⌫ and the ef-
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FIG. 5. In these whisker plots, we present mean values with 68% CL obtained for ⇤sCDM+Ne↵ +
P

m⌫ and ⇤CDM+Ne↵ +
P

m⌫

and shaded bands represent various cosmological observations and predictions. In the upper left panel we compare the Hubble
constants H0 of both models to the SH0ES measurement H0 = 73.04 ± 1.04 km s�1 Mpc�1 [25] and the Planck-⇤CDM value
H0 = 67.36 ± 0.54 km s�1 Mpc�1 [3]. Notice that H0 values predicted by ⇤sCDM + Ne↵ +

P
m⌫ lie well within the region of

local H0 measurements when a weakly model-dependent dataset BAOtr is included in the analysis. In the upper right, we
confront S8 values with those found by KiDS in the context of both ⇤CDM and ⇤sCDM, S8 = 0.746+0.026

�0.021 of ⇤sCDM-KiDS and
S8 = 0.749+0.027

�0.020 of ⇤CDM-KiDS [58]. Similarly ⇤sCDM+Ne↵ +
P

m⌫ fully resolves the S8 tension for datasets with BAOtr, and
alleviates it at the worst cases. The lower left panel displays the deviation of Ne↵ from the standard value Ne↵ = 3.044 predicted
in particle physics [157–159], with which ⇤sCDM + Ne↵ +

P
m⌫ is compatible, except in the case of the BAO dataset. Lastly at

the lower right, we confront the predicted abundance of primeval helium-4 with the results found in astrophysical observations.
We see a very similar pattern to that of Ne↵ here as Ne↵ and Yp are strongly correlated. Overall ⇤sCDM + Ne↵ +

P
m⌫ agrees

much better with the observed values Y
Aver et al.
p = 0.2453 ± 0.0034 and Y

Fields et al.
p = 0.2469 ± 0.0002 [182, 183].

exception. On the other hand, the ⇤sCDM+Ne↵ +
P

m⌫

model performs significantly better, exhibiting no S8 ten-
sion at all when combined Planck, Planck+BAOtr, and
Planck+BAOtr+PP&SH0ES datasets are used. These
predict S8 values in excellent alignment with S8 =
0.746+0.026

�0.021 [58] from KiDS-1000 data, obtained for
the abrupt ⇤sCDM model. Additionally, it reduces
the tension to 1.9� even for the Planck+BAO and
Planck+BAO+PP&SH0ES datasets. Interestingly, de-
spite the fact that matter density parameter ⌦m of
⇤sCDM + Ne↵ +

P
m⌫ trends towards higher values—

similar to those in the ⇤CDM+Ne↵ +
P

m⌫ model—due
to the counteracting low-redshift BAO data points in
case of the Planck+BAO and Planck+BAO+PP&SH0ES
datasets, it still manages to yield a reasonably lower
S8. This outcome is plausible because the e↵ective-
ness of the two-parameter extension in the ⇤sCDM
model in mitigating the S8 tension partially lies un-
derneath how massive neutrinos are allowed to get

in each model: We observe in Figs. 1 and 2 thatP
m⌫ is anti-correlated with S8 in both models, es-

pecially when subjected to Planck+BAOtr/BAO and
Planck+BAOtr/BAO+PP&SH0ES datasets. This means
that larger

P
m⌫ values further suppress �8. On

the other hand, recalling the sum of neutrino massesP
m⌫ is degenerate with H0, as seen in Fig. 2, within

the context of the ⇤CDM + Ne↵ +
P

m⌫ model, rel-
atively higher H0 can only be attained unless neutri-
nos are too massive, which explains the rather strin-
gent constraints,

P
m⌫ < 0.06 (< 0.13) eV,

P
m⌫ <

0.06 (< 0.13) eV found by Planck+BAOtr(BAO) and
Planck+BAOtr(BAO)+PP&SH0ES, respectively. Con-
sequently, a su�ciently large reduction in S8 through
the suppression of �8 to bring it to the range consis-
tent with S8 = 0.759+0.024

�0.021 of ⇤CDM-KiDS [29] can-
not be accomplished. Given the obtained ⌦m values
are also not low enough, that is ⌦m,0 & 0.29, we con-
clude that ⇤CDM + Ne↵ +

P
m⌫ cannot be expected
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and shaded bands represent various cosmological observations and predictions. In the upper left panel we compare the Hubble
constants H0 of both models to the SH0ES measurement H0 = 73.04 ± 1.04 km s�1 Mpc�1 [25] and the Planck-⇤CDM value
H0 = 67.36 ± 0.54 km s�1 Mpc�1 [3]. Notice that H0 values predicted by ⇤sCDM + Ne↵ +
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local H0 measurements when a weakly model-dependent dataset BAOtr is included in the analysis. In the upper right, we
confront S8 values with those found by KiDS in the context of both ⇤CDM and ⇤sCDM, S8 = 0.746+0.026

�0.021 of ⇤sCDM-KiDS and
S8 = 0.749+0.027

�0.020 of ⇤CDM-KiDS [58]. Similarly ⇤sCDM+Ne↵ +
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m⌫ fully resolves the S8 tension for datasets with BAOtr, and
alleviates it at the worst cases. The lower left panel displays the deviation of Ne↵ from the standard value Ne↵ = 3.044 predicted
in particle physics [157–159], with which ⇤sCDM + Ne↵ +

P
m⌫ is compatible, except in the case of the BAO dataset. Lastly at

the lower right, we confront the predicted abundance of primeval helium-4 with the results found in astrophysical observations.
We see a very similar pattern to that of Ne↵ here as Ne↵ and Yp are strongly correlated. Overall ⇤sCDM + Ne↵ +
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m⌫ agrees

much better with the observed values Y
Aver et al.
p = 0.2453 ± 0.0034 and Y
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exception. On the other hand, the ⇤sCDM+Ne↵ +
P

m⌫

model performs significantly better, exhibiting no S8 ten-
sion at all when combined Planck, Planck+BAOtr, and
Planck+BAOtr+PP&SH0ES datasets are used. These
predict S8 values in excellent alignment with S8 =
0.746+0.026

�0.021 [58] from KiDS-1000 data, obtained for
the abrupt ⇤sCDM model. Additionally, it reduces
the tension to 1.9� even for the Planck+BAO and
Planck+BAO+PP&SH0ES datasets. Interestingly, de-
spite the fact that matter density parameter ⌦m of
⇤sCDM + Ne↵ +

P
m⌫ trends towards higher values—

similar to those in the ⇤CDM+Ne↵ +
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m⌫ model—due
to the counteracting low-redshift BAO data points in
case of the Planck+BAO and Planck+BAO+PP&SH0ES
datasets, it still manages to yield a reasonably lower
S8. This outcome is plausible because the e↵ective-
ness of the two-parameter extension in the ⇤sCDM
model in mitigating the S8 tension partially lies un-
derneath how massive neutrinos are allowed to get

in each model: We observe in Figs. 1 and 2 thatP
m⌫ is anti-correlated with S8 in both models, es-

pecially when subjected to Planck+BAOtr/BAO and
Planck+BAOtr/BAO+PP&SH0ES datasets. This means
that larger

P
m⌫ values further suppress �8. On

the other hand, recalling the sum of neutrino massesP
m⌫ is degenerate with H0, as seen in Fig. 2, within

the context of the ⇤CDM + Ne↵ +
P

m⌫ model, rel-
atively higher H0 can only be attained unless neutri-
nos are too massive, which explains the rather strin-
gent constraints,

P
m⌫ < 0.06 (< 0.13) eV,

P
m⌫ <

0.06 (< 0.13) eV found by Planck+BAOtr(BAO) and
Planck+BAOtr(BAO)+PP&SH0ES, respectively. Con-
sequently, a su�ciently large reduction in S8 through
the suppression of �8 to bring it to the range consis-
tent with S8 = 0.759+0.024

�0.021 of ⇤CDM-KiDS [29] can-
not be accomplished. Given the obtained ⌦m values
are also not low enough, that is ⌦m,0 & 0.29, we con-
clude that ⇤CDM + Ne↵ +

P
m⌫ cannot be expected
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The latest cosmological constraints on the sum of the neutrino masses depend on prior physical assumptions
about the mass spectrum. To test the accordance of cosmological and laboratory constraints in the absence
of such priors, we introduce an e!ective neutrino mass parameter that extends consistently to negative values.
For the ωCDM model, we analyze data from Planck, ACT, and DESI and find a 2.8 ↑ 3.3𝐿 tension with the
constraints from oscillation experiments. Motivated by recent hints of evolving dark energy, we analyze the
𝑀0𝑀𝐿 and mirage dark energy models, finding that they favour larger masses consistent with laboratory data,
respectively

∑
𝑁𝑀,e! = 0.06+0.15

↑0.10 eV and
∑
𝑁𝑀,e! = 0.04+0.15

↑0.11 eV (both at 68%).

I. INTRODUCTION

The ability of cosmological surveys to probe the sum of
the neutrino masses [1–3] provides a unique opportunity to
evaluate cosmological models by confronting them with labo-
ratory constraints on this same quantity. The strongest model-
independent constraint on the neutrino mass comes from mea-
surements of tritium 𝑂-decay by KATRIN:𝑁𝑁 < 0.45 eV (90%
C.L.) [4]. If neutrinos are Majorana particles, searches for neu-
trinoless double 𝑂-decay are also sensitive to the mass scale,
with the strongest limit coming from the KamLAND-Zen ex-
periment [5] at 𝑁𝑁𝑁 < 0.028 ↑ 0.122 eV (90%) [6]. Most rel-
evant for cosmology are the neutrino oscillation experiments,
which are sensitive to the mass squared di!erences. Global
fits to the experimental data indicate that ε𝑁2

21 ↓ 𝑁2
2 ↑ 𝑁2

1 ↔
7.5 ↗ 10↑5 eV2 and |ε𝑁2

31 |↓ |𝑁2
3 ↑ 𝑁2

1 | ↔ 2.5 ↗ 10↑3 eV2 [7–
11]. These set a lower limit on the sum of the three neutrino
masses, depending on the sign of ε𝑁2

31:

∑
𝑁𝑀 = 𝑁1 +

√
𝑁2

1 + ε𝑁2
21 +

√
𝑁2

1 + ε𝑁2
31 > 0.059 eV,

if 𝑁1 < 𝑁2 < 𝑁3 (the normal ordering) or
∑
𝑁𝑀 = 𝑁3 +

√
𝑁2

3 ↑ ε𝑁2
31 +

√
𝑁2

3 ↑ ε𝑁2
31 + ε𝑁2

21 > 0.10 eV,

if 𝑁3 < 𝑁1 < 𝑁2 (the inverted ordering).
Recent cosmological constraints are approaching or breach-

ing these lower limits, when assuming a standard ωCDM
model. The strongest bounds generally result from the com-
bination of Planck measurements of the cosmic microwave
background (CMB) [12] and di!erent probes of the large-
scale structure [13–15]. With the latest baryon acoustic oscil-
lations (BAO) and full-shape measurements by DESI [16–19],
the limit has tightened to

∑
𝑁𝑀 < 0.071 eV (95%) [17]. In-

corporating also other background measurements, a bound of∑
𝑁𝑀 < 0.043 eV (95%) was obtained [20], in significant ten-

sion with the lower bounds for both the normal and inverted
orderings.

→ willem.h.elbers@durham.ac.uk

The tension with neutrino oscillations motivates the search
for alternative cosmological models. Alternative models of
dark energy are of particular interest, due to the degeneracy
between the sum of neutrino masses,

∑
𝑁𝑀 , and the dark en-

ergy equation of state, 𝑀 [21–29]. Recently, DESI reported
hints of an evolving dark energy equation of state of 2.5↑3.9𝐿
[17, 30, 31]. In the 𝑀0𝑀𝐿CDM model, the equation of state
is a function of the expansion factor, 𝑀(𝑃) = 𝑀0 + 𝑀𝐿 (1 ↑ 𝑃).
This simple empirical model is flexible enough to match the
observational predictions for DESI of physically motivated
dark energy models [32–34]. For instance, the mirage class
of dark energy models, in which the equation of state crosses
𝑀 ↘ ↑1 around 𝑄 ↘ 0.4 and therefore resembles that of a
cosmological constant, and which provide an improved fit
to the DESI data compared to ωCDM, can be described by
𝑀𝐿 = ↑3.66(1 + 𝑀0) [30, 35]. When adopting the general
𝑀0𝑀𝐿CDM model, the DESI constraint on the neutrino masses
is relaxed to

∑
𝑁𝑀 < 0.195 eV (95%), which is consistent with

neutrino oscillation data.
The possibility of systematic errors must also be considered.

One concern is the presence of an oscillatory residual in the
best-fitting ωCDM temperature power spectrum from Planck

[36]. Such a feature could be explained by additional smooth-
ing of the acoustic peaks, which is a characteristic signature
of gravitational lensing. The anomaly can be quantified by
scaling the gravitational lensing potential by a factor 𝑅lens, de-
fined such that 𝑅lens = 1 in the absence of systematics or new
physics [37–39]. Various analyses have found a preference for
𝑅lens > 1 [12, 39–42], albeit with reduced significance since
the latest data release of Planck (PR4) [43, 44]. Since massive
neutrinos suppress the growth of cosmic structure and thereby
the strength of lensing, a preference for 𝑅lens > 1 implies tight
upper limits on the neutrino mass [27, 40, 45–48], and could
even be interpreted as

∑
𝑁𝑀 < 0 [46–48].

Nearly all cosmological analyses to date have imposed the
physical constraint,

∑
𝑁𝑀 ≃ 0, and found that the marginal

posterior distribution, 𝑆(∑𝑁𝑀), peaks at
∑
𝑁𝑀 = 0. As a

consequence, imposing more restrictive constraints from neu-
trino oscillations leads to outcomes that are dominated by those
constraints. Indeed, imposing the prior,

∑
𝑁𝑀 > 0.059 eV, sig-

nificantly degrades the DESI constraint to
∑
𝑁𝑀 < 0.113 eV
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The latest cosmological constraints on the sum of the neutrino masses depend on prior physical assumptions
about the mass spectrum. To test the accordance of cosmological and laboratory constraints in the absence
of such priors, we introduce an e!ective neutrino mass parameter that extends consistently to negative values.
For the ωCDM model, we analyze data from Planck, ACT, and DESI and find a 2.8 ↑ 3.3𝐿 tension with the
constraints from oscillation experiments. Motivated by recent hints of evolving dark energy, we analyze the
𝑀0𝑀𝐿 and mirage dark energy models, finding that they favour larger masses consistent with laboratory data,
respectively

∑
𝑁𝑀,e! = 0.06+0.15

↑0.10 eV and
∑
𝑁𝑀,e! = 0.04+0.15

↑0.11 eV (both at 68%).

I. INTRODUCTION

The ability of cosmological surveys to probe the sum of
the neutrino masses [1–3] provides a unique opportunity to
evaluate cosmological models by confronting them with labo-
ratory constraints on this same quantity. The strongest model-
independent constraint on the neutrino mass comes from mea-
surements of tritium 𝑂-decay by KATRIN:𝑁𝑁 < 0.45 eV (90%
C.L.) [4]. If neutrinos are Majorana particles, searches for neu-
trinoless double 𝑂-decay are also sensitive to the mass scale,
with the strongest limit coming from the KamLAND-Zen ex-
periment [5] at 𝑁𝑁𝑁 < 0.028 ↑ 0.122 eV (90%) [6]. Most rel-
evant for cosmology are the neutrino oscillation experiments,
which are sensitive to the mass squared di!erences. Global
fits to the experimental data indicate that ε𝑁2

21 ↓ 𝑁2
2 ↑ 𝑁2

1 ↔
7.5 ↗ 10↑5 eV2 and |ε𝑁2

31 |↓ |𝑁2
3 ↑ 𝑁2

1 | ↔ 2.5 ↗ 10↑3 eV2 [7–
11]. These set a lower limit on the sum of the three neutrino
masses, depending on the sign of ε𝑁2

31:

∑
𝑁𝑀 = 𝑁1 +

√
𝑁2

1 + ε𝑁2
21 +

√
𝑁2

1 + ε𝑁2
31 > 0.059 eV,

if 𝑁1 < 𝑁2 < 𝑁3 (the normal ordering) or
∑
𝑁𝑀 = 𝑁3 +

√
𝑁2

3 ↑ ε𝑁2
31 +

√
𝑁2

3 ↑ ε𝑁2
31 + ε𝑁2

21 > 0.10 eV,

if 𝑁3 < 𝑁1 < 𝑁2 (the inverted ordering).
Recent cosmological constraints are approaching or breach-

ing these lower limits, when assuming a standard ωCDM
model. The strongest bounds generally result from the com-
bination of Planck measurements of the cosmic microwave
background (CMB) [12] and di!erent probes of the large-
scale structure [13–15]. With the latest baryon acoustic oscil-
lations (BAO) and full-shape measurements by DESI [16–19],
the limit has tightened to

∑
𝑁𝑀 < 0.071 eV (95%) [17]. In-

corporating also other background measurements, a bound of∑
𝑁𝑀 < 0.043 eV (95%) was obtained [20], in significant ten-

sion with the lower bounds for both the normal and inverted
orderings.
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The tension with neutrino oscillations motivates the search
for alternative cosmological models. Alternative models of
dark energy are of particular interest, due to the degeneracy
between the sum of neutrino masses,

∑
𝑁𝑀 , and the dark en-

ergy equation of state, 𝑀 [21–29]. Recently, DESI reported
hints of an evolving dark energy equation of state of 2.5↑3.9𝐿
[17, 30, 31]. In the 𝑀0𝑀𝐿CDM model, the equation of state
is a function of the expansion factor, 𝑀(𝑃) = 𝑀0 + 𝑀𝐿 (1 ↑ 𝑃).
This simple empirical model is flexible enough to match the
observational predictions for DESI of physically motivated
dark energy models [32–34]. For instance, the mirage class
of dark energy models, in which the equation of state crosses
𝑀 ↘ ↑1 around 𝑄 ↘ 0.4 and therefore resembles that of a
cosmological constant, and which provide an improved fit
to the DESI data compared to ωCDM, can be described by
𝑀𝐿 = ↑3.66(1 + 𝑀0) [30, 35]. When adopting the general
𝑀0𝑀𝐿CDM model, the DESI constraint on the neutrino masses
is relaxed to

∑
𝑁𝑀 < 0.195 eV (95%), which is consistent with

neutrino oscillation data.
The possibility of systematic errors must also be considered.

One concern is the presence of an oscillatory residual in the
best-fitting ωCDM temperature power spectrum from Planck

[36]. Such a feature could be explained by additional smooth-
ing of the acoustic peaks, which is a characteristic signature
of gravitational lensing. The anomaly can be quantified by
scaling the gravitational lensing potential by a factor 𝑅lens, de-
fined such that 𝑅lens = 1 in the absence of systematics or new
physics [37–39]. Various analyses have found a preference for
𝑅lens > 1 [12, 39–42], albeit with reduced significance since
the latest data release of Planck (PR4) [43, 44]. Since massive
neutrinos suppress the growth of cosmic structure and thereby
the strength of lensing, a preference for 𝑅lens > 1 implies tight
upper limits on the neutrino mass [27, 40, 45–48], and could
even be interpreted as

∑
𝑁𝑀 < 0 [46–48].

Nearly all cosmological analyses to date have imposed the
physical constraint,

∑
𝑁𝑀 ≃ 0, and found that the marginal

posterior distribution, 𝑆(∑𝑁𝑀), peaks at
∑
𝑁𝑀 = 0. As a

consequence, imposing more restrictive constraints from neu-
trino oscillations leads to outcomes that are dominated by those
constraints. Indeed, imposing the prior,

∑
𝑁𝑀 > 0.059 eV, sig-

nificantly degrades the DESI constraint to
∑
𝑁𝑀 < 0.113 eV
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The latest cosmological constraints on the sum of the neutrino masses depend on prior physical assumptions
about the mass spectrum. To test the accordance of cosmological and laboratory constraints in the absence
of such priors, we introduce an e!ective neutrino mass parameter that extends consistently to negative values.
For the ωCDM model, we analyze data from Planck, ACT, and DESI and find a 2.8 ↑ 3.3𝐿 tension with the
constraints from oscillation experiments. Motivated by recent hints of evolving dark energy, we analyze the
𝑀0𝑀𝐿 and mirage dark energy models, finding that they favour larger masses consistent with laboratory data,
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∑
𝑁𝑀,e! = 0.04+0.15

↑0.11 eV (both at 68%).

I. INTRODUCTION

The ability of cosmological surveys to probe the sum of
the neutrino masses [1–3] provides a unique opportunity to
evaluate cosmological models by confronting them with labo-
ratory constraints on this same quantity. The strongest model-
independent constraint on the neutrino mass comes from mea-
surements of tritium 𝑂-decay by KATRIN:𝑁𝑁 < 0.45 eV (90%
C.L.) [4]. If neutrinos are Majorana particles, searches for neu-
trinoless double 𝑂-decay are also sensitive to the mass scale,
with the strongest limit coming from the KamLAND-Zen ex-
periment [5] at 𝑁𝑁𝑁 < 0.028 ↑ 0.122 eV (90%) [6]. Most rel-
evant for cosmology are the neutrino oscillation experiments,
which are sensitive to the mass squared di!erences. Global
fits to the experimental data indicate that ε𝑁2

21 ↓ 𝑁2
2 ↑ 𝑁2

1 ↔
7.5 ↗ 10↑5 eV2 and |ε𝑁2

31 |↓ |𝑁2
3 ↑ 𝑁2

1 | ↔ 2.5 ↗ 10↑3 eV2 [7–
11]. These set a lower limit on the sum of the three neutrino
masses, depending on the sign of ε𝑁2
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if 𝑁1 < 𝑁2 < 𝑁3 (the normal ordering) or
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𝑁𝑀 = 𝑁3 +
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3 ↑ ε𝑁2
31 +

√
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3 ↑ ε𝑁2
31 + ε𝑁2

21 > 0.10 eV,

if 𝑁3 < 𝑁1 < 𝑁2 (the inverted ordering).
Recent cosmological constraints are approaching or breach-

ing these lower limits, when assuming a standard ωCDM
model. The strongest bounds generally result from the com-
bination of Planck measurements of the cosmic microwave
background (CMB) [12] and di!erent probes of the large-
scale structure [13–15]. With the latest baryon acoustic oscil-
lations (BAO) and full-shape measurements by DESI [16–19],
the limit has tightened to

∑
𝑁𝑀 < 0.071 eV (95%) [17]. In-

corporating also other background measurements, a bound of∑
𝑁𝑀 < 0.043 eV (95%) was obtained [20], in significant ten-

sion with the lower bounds for both the normal and inverted
orderings.
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The tension with neutrino oscillations motivates the search
for alternative cosmological models. Alternative models of
dark energy are of particular interest, due to the degeneracy
between the sum of neutrino masses,

∑
𝑁𝑀 , and the dark en-

ergy equation of state, 𝑀 [21–29]. Recently, DESI reported
hints of an evolving dark energy equation of state of 2.5↑3.9𝐿
[17, 30, 31]. In the 𝑀0𝑀𝐿CDM model, the equation of state
is a function of the expansion factor, 𝑀(𝑃) = 𝑀0 + 𝑀𝐿 (1 ↑ 𝑃).
This simple empirical model is flexible enough to match the
observational predictions for DESI of physically motivated
dark energy models [32–34]. For instance, the mirage class
of dark energy models, in which the equation of state crosses
𝑀 ↘ ↑1 around 𝑄 ↘ 0.4 and therefore resembles that of a
cosmological constant, and which provide an improved fit
to the DESI data compared to ωCDM, can be described by
𝑀𝐿 = ↑3.66(1 + 𝑀0) [30, 35]. When adopting the general
𝑀0𝑀𝐿CDM model, the DESI constraint on the neutrino masses
is relaxed to

∑
𝑁𝑀 < 0.195 eV (95%), which is consistent with

neutrino oscillation data.
The possibility of systematic errors must also be considered.

One concern is the presence of an oscillatory residual in the
best-fitting ωCDM temperature power spectrum from Planck

[36]. Such a feature could be explained by additional smooth-
ing of the acoustic peaks, which is a characteristic signature
of gravitational lensing. The anomaly can be quantified by
scaling the gravitational lensing potential by a factor 𝑅lens, de-
fined such that 𝑅lens = 1 in the absence of systematics or new
physics [37–39]. Various analyses have found a preference for
𝑅lens > 1 [12, 39–42], albeit with reduced significance since
the latest data release of Planck (PR4) [43, 44]. Since massive
neutrinos suppress the growth of cosmic structure and thereby
the strength of lensing, a preference for 𝑅lens > 1 implies tight
upper limits on the neutrino mass [27, 40, 45–48], and could
even be interpreted as

∑
𝑁𝑀 < 0 [46–48].

Nearly all cosmological analyses to date have imposed the
physical constraint,

∑
𝑁𝑀 ≃ 0, and found that the marginal

posterior distribution, 𝑆(∑𝑁𝑀), peaks at
∑
𝑁𝑀 = 0. As a

consequence, imposing more restrictive constraints from neu-
trino oscillations leads to outcomes that are dominated by those
constraints. Indeed, imposing the prior,

∑
𝑁𝑀 > 0.059 eV, sig-

nificantly degrades the DESI constraint to
∑
𝑁𝑀 < 0.113 eV
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The latest cosmological constraints on the sum of the neutrino masses depend on prior physical assumptions
about the mass spectrum. To test the accordance of cosmological and laboratory constraints in the absence
of such priors, we introduce an e!ective neutrino mass parameter that extends consistently to negative values.
For the ωCDM model, we analyze data from Planck, ACT, and DESI and find a 2.8 ↑ 3.3𝐿 tension with the
constraints from oscillation experiments. Motivated by recent hints of evolving dark energy, we analyze the
𝑀0𝑀𝐿 and mirage dark energy models, finding that they favour larger masses consistent with laboratory data,
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I. INTRODUCTION

The ability of cosmological surveys to probe the sum of
the neutrino masses [1–3] provides a unique opportunity to
evaluate cosmological models by confronting them with labo-
ratory constraints on this same quantity. The strongest model-
independent constraint on the neutrino mass comes from mea-
surements of tritium 𝑂-decay by KATRIN:𝑁𝑁 < 0.45 eV (90%
C.L.) [4]. If neutrinos are Majorana particles, searches for neu-
trinoless double 𝑂-decay are also sensitive to the mass scale,
with the strongest limit coming from the KamLAND-Zen ex-
periment [5] at 𝑁𝑁𝑁 < 0.028 ↑ 0.122 eV (90%) [6]. Most rel-
evant for cosmology are the neutrino oscillation experiments,
which are sensitive to the mass squared di!erences. Global
fits to the experimental data indicate that ε𝑁2
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1 ↔
7.5 ↗ 10↑5 eV2 and |ε𝑁2
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11]. These set a lower limit on the sum of the three neutrino
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Recent cosmological constraints are approaching or breach-

ing these lower limits, when assuming a standard ωCDM
model. The strongest bounds generally result from the com-
bination of Planck measurements of the cosmic microwave
background (CMB) [12] and di!erent probes of the large-
scale structure [13–15]. With the latest baryon acoustic oscil-
lations (BAO) and full-shape measurements by DESI [16–19],
the limit has tightened to

∑
𝑁𝑀 < 0.071 eV (95%) [17]. In-

corporating also other background measurements, a bound of∑
𝑁𝑀 < 0.043 eV (95%) was obtained [20], in significant ten-
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orderings.
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ergy equation of state, 𝑀 [21–29]. Recently, DESI reported
hints of an evolving dark energy equation of state of 2.5↑3.9𝐿
[17, 30, 31]. In the 𝑀0𝑀𝐿CDM model, the equation of state
is a function of the expansion factor, 𝑀(𝑃) = 𝑀0 + 𝑀𝐿 (1 ↑ 𝑃).
This simple empirical model is flexible enough to match the
observational predictions for DESI of physically motivated
dark energy models [32–34]. For instance, the mirage class
of dark energy models, in which the equation of state crosses
𝑀 ↘ ↑1 around 𝑄 ↘ 0.4 and therefore resembles that of a
cosmological constant, and which provide an improved fit
to the DESI data compared to ωCDM, can be described by
𝑀𝐿 = ↑3.66(1 + 𝑀0) [30, 35]. When adopting the general
𝑀0𝑀𝐿CDM model, the DESI constraint on the neutrino masses
is relaxed to

∑
𝑁𝑀 < 0.195 eV (95%), which is consistent with

neutrino oscillation data.
The possibility of systematic errors must also be considered.

One concern is the presence of an oscillatory residual in the
best-fitting ωCDM temperature power spectrum from Planck

[36]. Such a feature could be explained by additional smooth-
ing of the acoustic peaks, which is a characteristic signature
of gravitational lensing. The anomaly can be quantified by
scaling the gravitational lensing potential by a factor 𝑅lens, de-
fined such that 𝑅lens = 1 in the absence of systematics or new
physics [37–39]. Various analyses have found a preference for
𝑅lens > 1 [12, 39–42], albeit with reduced significance since
the latest data release of Planck (PR4) [43, 44]. Since massive
neutrinos suppress the growth of cosmic structure and thereby
the strength of lensing, a preference for 𝑅lens > 1 implies tight
upper limits on the neutrino mass [27, 40, 45–48], and could
even be interpreted as

∑
𝑁𝑀 < 0 [46–48].

Nearly all cosmological analyses to date have imposed the
physical constraint,

∑
𝑁𝑀 ≃ 0, and found that the marginal

posterior distribution, 𝑆(∑𝑁𝑀), peaks at
∑
𝑁𝑀 = 0. As a

consequence, imposing more restrictive constraints from neu-
trino oscillations leads to outcomes that are dominated by those
constraints. Indeed, imposing the prior,

∑
𝑁𝑀 > 0.059 eV, sig-

nificantly degrades the DESI constraint to
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FIG. 3. (a) Posterior distribution of
∑
𝐿𝐿,e! from Planck, ACT, and DESI data, for ωCDM, 𝑀0𝑀𝑀CDM, and mirage dark energy. The black

dotted line is a Gaussian fit to the ωCDM posterior restricted to
∑
𝐿𝐿,e! → 0, normalized by the same 𝑁max. (b) The 68% and 95% constraints

on
∑
𝐿𝐿,e! and 𝑀𝑀 for the same models and data.
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FIG. 4. (a) Residuals of the best-fitting ωCDM temperature power spectrum with physical neutrino masses, together with the best-fitting
ωCDM model with

∑
𝐿𝐿,e! < 0, and the best-fitting 𝑀0𝑀𝑀CDM and mirage models with physical neutrino masses. (b) DESI measurements

of the angle-averaged distance ratio, 𝑂V/𝑃d, arbitrarily rescaled by a factor of 𝑄2/3 for clarity, together with the predictions for the best-fitting
ωCDM, 𝑀0𝑀𝑀CDM, and mirage models with physical neutrino masses and the best-fitting ωCDM model with

∑
𝐿𝐿,e! < 0.

The same oscillations can also be described by abandoning the
laboratory constraints and allowing

∑
𝐿𝐿,e! < 0, since nega-

tive e!ective neutrino masses enhance the growth of density
perturbations and boost the lensing potential. Gravitational
lensing is similarly enhanced for the best-fitting dark energy
models with physical neutrino masses (both for 𝑀0𝑀𝑀 and
mirage dark energy), obtained from a combined analysis of
cosmological data and laboratory constraints. The preference
for these models is not just driven by the CMB, but also by the
expansion history. Fig. 4b shows the isotropic BAO distance
measurements from DESI, along with the best-fitting ωCDM
model with negative neutrino masses (black) and the best-
fitting models with physical neutrino masses for ωCDM (grey
dashed), 𝑀0𝑀𝑀 (red) and mirage dark energy (blue). Within
ωCDM, adopting

∑
𝐿𝐿,e! < 0 provides a better fit to the BAO

data, especially at 𝑄 < 1. The evolving dark energy models fit
the data even better, but with one or two additional parameters.

The 𝑅2 for these four models are given in Table I, confirming
that negative values of e!ective neutrino masses and evolving
dark energy both improve the fit to the BAO data, the high-𝑆
CMB temperature data, and the low-𝑆 CMB polarization data.

Finally, we consider the impact of constraints on the expan-
sion history from type 1a supernovae. The inclusion of super-
novae helps to constrain the dark energy parameters by break-
ing the degeneracy between 𝑀0 and 𝑀𝑀 [17], but also leads to
weaker constraints on

∑
𝐿𝐿 [47]. We consider three di!erent

data sets: Union-3 [68], Dark Energy Survey (DES) Year 5
[69], and Pantheon+ [70, 71]. These data sets have many su-
pernovae in common but di!er in their treatment of systematic
errors. We show the 68% constraints on

∑
𝐿𝐿,e! from Planck +

ACT + DESI alone and combined with each of the three super-
nova data sets in Fig. 5. The inclusion of supernovae helps to
constrain𝑇0, which forωCDM shifts

∑
𝐿𝐿,e! to slightly larger

values along the geometric degeneracy. Nevertheless, the ten-
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FIG. 5. The 68% constraints on the e!ective neutrino mass,
∑
𝐿𝐿,e!,

from CMB/DESI (Planck + ACT + DESI) alone and combined with
supernovae from Union-3, DES-Y5, and Pantheon+.

TABLE I. Values of 𝑀2 for the best-fitting ωCDM model with physi-
cal neutrino masses, together with the ε𝑀2 for the best-fitting ωCDM
model with negative e!ective neutrino masses and the best-fitting
𝑁0𝑁𝑀 and mirage DE models with physical neutrino masses.

high-𝑂 CMB low-𝑂 CMB CMB
BAO TT TEEE TT EE Lensing

ωCDM 14.93 6419.56 4121.90 22.73 398.27 19.88∑
𝐿𝐿,e! < 0 →2.13 →2.09 →0.25 +0.55 →2.55 +0.17

𝑁0𝑁𝑀 DE →4.13 →3.13 +0.47 +1.56 →2.57 →0.15
Mirage DE →3.28 →2.71 +0.65 +1.23 →2.57 →0.19

sion with the lower bound for the normal ordering remains
at 2.4𝑃 (Union-3), 2.0𝑃 (DES-Y5), and 2.3𝑃 (Pantheon+).
For 𝑁0𝑁𝑀CDM, the values of

∑
𝐿𝐿,e! are reduced, but re-

main compatible with the lower bound for the normal order-
ing. In general, the greater the pull away from ωCDM (with
𝑁0 = →1 and 𝑁𝑀 = 0), the greater the shift in

∑
𝐿𝐿,e! between

ωCDM and 𝑁0𝑁𝑀CDM. Hence, the shift is most pronounced
for Union-3 (𝑁0 = →0.69+0.10

→0.12, 𝑁𝑀 = →1.04+0.54
→0.44) and least sig-

nificant for Pantheon+ (𝑁0 = →0.866+0.062
→0.069, 𝑁𝑀 = →0.43+0.38

→0.30).
This confirms that a large shift away from ωCDM is needed
to reconcile cosmology with positive neutrino masses satisfy-
ing the constraints from neutrino oscillations. For the mirage
dark energy model, the results with supernovae are remark-
ably consistent with Planck + ACT + DESI alone, but with
greatly reduced uncertainty. Moreover, once combined with
supernovae, mirage dark energy favours the largest neutrino
masses, which are always compatible with the lower bound for
the normal ordering [72].

IV. CONCLUSION

Cosmological constraints on the neutrino mass sum,
∑
𝐿𝐿 ,

are becoming increasingly sensitive to prior assumptions about
the mass spectrum. In this paper, we showed how the domain of
an e!ective neutrino mass parameter,

∑
𝐿𝐿,e!, can be consis-

tently extended to negative values. By abandoning the physical
constraint,

∑
𝐿𝐿 ↑ 0, and adopting an e!ective mass param-

eter with a broad prior, we can assess whether cosmological
data are compatible with laboratory constraints, determine the
sensitivity of the data independently of the prior, and reveal
how the central value depends on the data and choice of model.
Analyzing cosmological data from Planck, ACT, and DESI in
the context of the ωCDM model, we found a preference for
negative masses and a tension of 2.8 → 3.3𝑃 with the lower
bounds on

∑
𝐿𝐿 that apply in the case of positive neutrino

masses satisfying the constraints from neutrino oscillations.
We showed that adopting an evolving dark energy equation

of state, combined with physical neutrino masses, leads to
similar predictions as the ωCDM model with

∑
𝐿𝐿,e! < 0. In

particular, both models predict additional gravitational lensing
of the CMB. As a result, evolving dark energy models can
address both the preference for additional CMB lensing and
the tension with neutrino oscillations. The mirage class of dark
energy models appears promising [30, 35], favouring larger
neutrino masses compatible with laboratory data, with similar
uncertainty as ωCDM once combined with supernova data.
The lower bounds from neutrino oscillations are saturated in
the case where the lightest neutrino is massless. Measurement
of a non-zero lightest neutrino mass by KATRIN [4], Project
8 [73], or from neutrinoless double-𝑄 decay [5, 74, 75] would
further challenge the assumptions of a standard cosmological
evolution and cosmic neutrino background.
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FIG. 11. Left: marginalized constraints on the e!ective neutrino mass parameter,
∑

mω,e!, in the ”CDM model, from the
CMB, from a full-shape power spectrum analysis of DESI DR1 (including BBN and CMB priors on #bh

2
, ω→, and ns), and from

the combination of DR2 BAO and CMB. All three combinations prefer negative values, but the tension with the lower limits
from neutrino oscillations (the second and third vertical dashed lines) is only significant for DESI + CMB. Right: the same for
the w0waCDM model, using DESI DR2 BAO and CMB data, combined with three di!erent SNe Ia datasets as indicated.

oscillations and that the minimum of the likelihood is in
the negative sector. This motivates a Bayesian analysis
with an e!ective neutrino mass parameter,

∑
mω,e! , that

can be extended to negative values.

We utilize the e!ective neutrino mass parameter of
[73], which allows for a negative neutrino contribution
to the energy density at late times. The parameter is im-
plemented at the level of cosmological perturbation the-
ory, ensuring that all cosmological e!ects of

∑
mω are

extended consistently to negative values. By definition,
it agrees exactly with

∑
mω for positive values. We re-

fer to Appendix A for details. It should be emphasized
that this is an e!ective parameter and any evidence for
negative values should be interpreted as a signature of
unidentified systematic errors or possibly of new physics
which may be unrelated to neutrinos, rather than as a
direct sign of negative mass neutrinos.

While unorthodox, the e!ective neutrino mass param-
eter,

∑
mω,e! , has a number of advantages compared to

the standard approach. First of all, it removes the prior
weight e!ects that drive the posterior away from the max-
imum likelihood value. It thus provides a robust metric
for the tension between cosmological data and oscillation
constraints. Moreover, extending the model to negative
values provides significant insight, given that the stan-
dard analysis reveals only the tail of the distribution of∑

mω,e! . This helps, for instance, to di!erentiate pa-
rameter shifts from changes in precision and clarifies the
directions of parameter degeneracies.

Adopting the
∑

mω,e! parametrization in ”CDM, we
obtain the following constraint from the combination of

DESI DR2 BAO and our baseline CMB dataset:

DESI DR2 BAO + CMB:
∑

mω,e! = →0.101+0.047
→0.056 eV (68%).

(31)

The marginalized error is ω(
∑

mω,e!) = 0.053 eV. This is
a factor 2.6 larger than in the baseline analysis and more
in line with the expectation from forecasts [162, 163].
Eq. (31) amounts to a slight shift and a 20% improve-
ment in precision compared to the constraint,

∑
mω,e! =

→0.125+0.058
→0.070 eV, from [73] obtained for DESI DR1 BAO

and CMB data. The tension with the lower limit,∑
mω ↑ 0.059 eV, for the normal mass ordering is 3.0ω

(an increase from the 2.8ω quoted in [73]).4 The marginal
posterior distribution is shown in the left panel of Fig. 11
and the constraints on other parameters are given in Ta-
ble V. As the asymmetric error bars in Eq. (31) indicate,
the posterior is non-Gaussian and slightly skewed toward
negative values.

The preference for negative e!ective masses agrees
with the profile likelihood analysis of Section V A, but
the tension is markedly stronger for the Bayesian analy-
sis presented here. This is not unexpected, as the profile
curves are extrapolated from the positive region, which
becomes less accurate the further the minimum is in the

4 We compute the tension in terms of the probability to exceed the
lower limit from neutrino oscillations, using the 1D marginalized
posterior distribution of

∑
mω,e! . See Section V C for alterna-

tive tension metrics.
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FIG. 5. Posterior distributions of the e!ective neutrino mass parameter,
∑

mω,e! , for ”CDM and ”sCDM, obtained from
DESI DR2 BAO + CMB alone (dashed) and combined with DES-Dovekie SNe (solid). The right panel shows the 68% and 95%
constraints on the e!ective neutrino mass and the transition redshift, z†, in the ”sCDM model. The posteriors are truncated
by the prior on z†. The vertical dotted lines in both panels indicate the lower bounds on the neutrino mass from oscillation
experiments for the normal and inverted orderings.

This broader picture is also reflected in the dedi-
cated posterior comparisons between !CDM and !sCDM
shown later in the paper. Across the one-dimensional
posteriors of

∑
mω,e! , the !sCDM distribution is sys-

tematically shifted toward the region allowed by neu-
trino oscillation experiments relative to !CDM. The two-
dimensional posterior in the (

∑
mω,e! , z†) plane further

shows that this shift is associated with a preference for
transition scales concentrated in the late-time interval
z† → 2–3. The preference for a late AdS-to-dS transition
therefore appears qualitatively robust across low-redshift
dataset choices, even if its statistical support remains
modest in model-comparison terms.

Taken together, the results point to a clear hier-
archy. Free-!CDM with

∑
mω,e! < 0 provides the

sharpest phenomenological diagnostic of the anomaly it-
self. Smooth dark-energy models can improve the fit,
especially once supernova data are included, but they of-
ten do so by redistributing parameter degeneracies rather
than by directly realizing the e”ective negative-energy
contribution required by the data. This is illustrated
in Fig. 7 for the ODE model. While ODE allows for a
reduction of the dark energy density and can in princi-
ple access negative values, the regions of parameter space
corresponding to a strongly negative contribution are not
preferred by the data. As a result, its behaviour remains
qualitatively similar to that of CPL and Mirage: the in-
ferred neutrino mass is shifted toward positive values, but
only weakly. A similar conclusion applies to spatial cur-
vature: although #k < 0 can in principle provide an e”ec-
tive negative contribution to the expansion history, the
data do not favor this regime, and the preferred solutions
remain on the negative side of

∑
mω,e! . By contrast,

!sCDM provides the most explicit physical realization

of the required mechanism among the models considered
here. By construction, it enforces a negative contribution
over an intermediate-redshift interval, thereby restoring
a positive e”ective neutrino mass more e$ciently than
smooth dark-energy extensions.

Could it be good to add likelihood-by-likelihood break-
down to show from where %ω

2

min
comes from: A

small table or bar chart with contributions from DESI,
TT/TE/EE, lensing reconstruction, and SNe? And then
discuss mechanism versus fit and see how models help
replacing negative mass cleanly etc.?

VII. DISCUSSION

The results of this work suggest that the negative ef-
fective neutrino-mass anomaly may be interpreted pri-
marily as a structural indication related to late-time cos-
mology. Once the physical prior

∑
mω ↑ 0 is relaxed,

the combined DESI + CMB + CMB lensing fit shifts to-
ward

∑
mω,e! < 0, reflecting the fact that the standard

!CDM framework lacks a degree of freedom capable of
providing the intermediate-redshift modification to the
expansion history that the data appear to favor. In this
sense, the anomaly is more naturally viewed as an indica-
tion that the fit is seeking additional late-time freedom,
rather than as evidence for exotic neutrino physics.

Our comparison also highlights that there are two dis-
tinct notions of success in this problem. One is statistical:
the extent to which a model improves the global fit and
how strongly it is penalized by its enlarged parameter
volume. The other is physical: how e”ectively the model
captures the phenomenological behaviour associated with∑

mω,e! < 0 through a concrete and interpretable late-

8

tive neutrino masses and the exacerbation of the lensing
anomaly.

�0.1 0.0 0.1 0.2 0.3 0.4

m�,e↵ [eV]

1.5

2.0

2.5

3.0

3.5

4.0

z †

NO IO

IO
ru

le
d

ou
t

N
O

+
IO

ru
le

d
ou

t

U
n
p
h
y
si

ca
l
m

as
s

H0 = 69.0 [km/s/Mpc]

H0 = 71.0 [km/s/Mpc]

H0 = 73.0 [km/s/Mpc]

FIG. 1. Relation between the transition redshift z† and the
e!ective neutrino-mass parameter

∑
mω,e! in abrupt ”sCDM

for selected fixed values of H0. Each curve corresponds to the
locus obtained by requiring consistency with the CMB acous-
tic scale ωε: larger

∑
mω,e! requires a lower transition red-

shift, whereas more negative values push the model toward
the ”CDM limit at higher z†. The shaded vertical bands
indicate the lower bounds implied by terrestrial neutrino-
oscillation data for the normal and inverted orderings. The
region

∑
mω,e! < 0 is shown to emphasize the phenomeno-

logical extension considered in this work.

From the perspective of growth, the negative cosmo-
logical constant alters the growth history through the
reduction of H(z) at redshifts z > z†. The positive
contribution to the linear growth factor in !sCDM then
arises from the deformation in H(z) that extends across
intermediate redshifts z ↭ 2 and terminates in a sharp
localized transition. The lensing convergence power spec-
trum C

ωω

ε
is accordingly boosted, and we show the im-

pact of varying z† on it in Fig. 2. As expected, the longer
the AdS vacuum phase persists (or the smaller z†), the
greater the amount of lensing excess produced relative to
!CDM. This additional lensing power can act to com-
pensate for the suppression e”ect of massive neutrinos
on structure growth and thereby relax the preference for
lower neutrino masses.

B. Neutrino Mass in Omnipotent DE

Omnipotent dark energy (ODE) is a class of dark en-
ergy models with non-monotonically evolving energy den-
sity that can exhibit properties such as phantom cross-
ing and, in some cases, attaining negative energy densi-
ties. Here, we focus on its specific realization, the DMS20
parametrization, in which the dark energy density given
in Eq. (2) is constructed to have an extremum at am,
and ω, ε are the coe#cients of the quadratic and cu-
bic contributions around am. The cubic term controlled
by ε is negative as long as a < am and allows ϑDE to

evolve into negative values in the past while remaining
positive at late times, which tends to increase both the
low-redshift expansion rate and the CMB lensing in a way
similar to !sCDM. The parameter space of the DMS20
parametrization is complex, yet it is still informative to
vary its additional degrees of freedom in order to identify
the regions relevant to our context. For fixed am = 0.8
and ω = 3.0, the condition for ϑDE(a) to cross below
zero at some point in the past is given by ε ↭ 5.7. The
middle panel in Fig. 2 shows that the residual lensing pre-
dicted by ODE transitions from a deficit to an excess as
ε increases across this boundary. We also observe that
increasing ω while keeping the other parameters fixed
amplifies the positive contribution of the quadratic term
to ϑDE(a). As a result, its e”ect is qualitatively opposite
to that of ε, as reflected in the corresponding decrease
in the lensing amplitude with increasing ω (see Fig. 2).
The parameters ω and ε are thus strongly degenerate.
And the combination of model parameters, i.e. am = 0.8,
ω = 3.0 and ε ↭ 5.7, gives rise to a sign-switching DE
density, as noted before, in a manner similar in spirit to
!sCDM. Owing to its flexible background dynamics and
enhancement of the lensing signal, ODE tends to yield
larger upper bounds on neutrino masses.

C. The w0waCDM (or CPL) Model

The w0waCDM model, commonly known as the
Chevallier-Polarski-Linder (CPL) parametrization [40,
41], is a phenomenological extension of !CDM that can
reproduce the behavior of several other well-known dark
energy models. It modifies the dark energy equation of
state, introducing a scale-factor dependence in the form
of

wDE(a) = w0 + wa(1 → a), (15)

where w0 and wa are free parameters. With the CPL
form adopted, recent DESI BAO observations have
hinted at dynamical dark energy with phantom-crossing
behavior. This preference appears to share a common
origin with the tendency of the same data to push neu-
trino masses toward unphysically low values, associated
with the so-called $m discrepancy. Therefore, one may
argue that CPL dark energy can naturally alleviate the
neutrino mass tension, since phantom crossing can shrink
H(z) at relatively early times and boost it at late times.
As a preliminary investigation of this possibility, we vary
its free parameters w0 and wa as displayed in the right
panel of Fig. 2. It can be seen that, in all cases where
CPL produces a larger lensing excess than !CDM, sim-
ilarly to sign-switching dark energies, the DE equation
of state exhibits phantom behavior in the past, namely
wDE ↑ w0 + wa < →1. By contrast, NPDDE defines
the region in the CPL parameter space demarcated by
w0 ↓ →1 and w0 + wa ↓ →1. Its changes in both expan-
sion and growth tend to act against the e”ects of positive
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FIG. 4. Summary of the constraints on the e!ective neutrino
mass parameter,

∑
mω,e! , from DESI DR2 BAO + CMB

alone (black) and combined with DES-Dovekie SNe (red), for
the set of models considered in this work. Points and hor-
izontal bars indicate marginalized posterior means and 68%
credible intervals. The vertical dotted lines denote the lower
bounds from neutrino oscillation experiments for the normal
and inverted orderings. The figure highlights that ”sCDM is
the only model in the current set that yields a 68% interval
for

∑
mω,e! entirely within the positive range for the full data

combination.

data are not simply asking for generic late-time flexibil-
ity; rather, they select a more specific type of modifica-
tion, one that mimics an e!ective negative contribution
to the expansion history at intermediate redshifts.

Against this background, ”sCDM stands out in a qual-
itatively di!erent way. In the same baseline combination,
it yields

∑
mω,e! = 0.040 ± 0.051 eV, z† > 2.41 (95%),

(23)
with H0 = 69.03±0.37 km s→1 Mpc→1 and S8 = 0.8232±
0.0078. Thus, relative to free-”CDM, the sign-switching
model preserves the elevated value of H0 preferred by the
DESI-driven late-time fit, while simultaneously moving
the e!ective neutrino mass back to the positive side and
lowering S8 toward the fixed-mass ”CDM value. This is
precisely the behaviour expected if the fit is exchanging
one e!ective negative contribution — previously carried
by

∑
mω,e! < 0 — for another, now carried by the neg-

ative intermediate-redshift branch of the sign-switching
vacuum energy. In this sense, ”sCDM is not simply an-
other late-time extension in the comparison set, but the
clearest explicit realization of the mechanism identified
in Sec. IV.

It is nevertheless important to distinguish this
mechanism-level success from the raw goodness of fit. In
the baseline table, ODE and CPL achieve larger improve-
ments in ω

2 than ”sCDM, while the Bayesian evidence

penalizes the additional parameter volume of all extended
models relative to the fixed-mass ”CDM baseline. The
role of ”sCDM is therefore not that of the statistical
winner in a broad model-selection sense. Rather, it is
the model that most cleanly converts the negative-mass
anomaly into a positive inferred neutrino mass, while re-
taining the high-H0 character of the DESI-preferred solu-
tion and avoiding the elevated S8 that accompanies free
negative-mass fits.

The supernova-augmented constraints sharpen this in-
terpretation rather than overturning it. Once DES-
Dovekie SNe are added to the baseline dataset combi-
nation, the free-”CDM anomaly weakens but does not
disappear:

∑
mω,e! = →0.075+0.039

→0.053
eV. (24)

At the same time, ”sCDM shifts further toward the phys-
ical side,

∑
mω,e! = 0.055 ± 0.050 eV, z† > 2.40 (95%),

(25)
with H0 = 68.88±0.36 km s→1 Mpc→1 and S8 = 0.8233±
0.0079. The mean e!ective neutrino mass now lies very
close to the lower bound implied by neutrino oscillation
experiments, while the preferred transition scale remains
stable. The main qualitative lesson therefore survives
the inclusion of supernova distances: the anomaly is not
removed by additional low-redshift information, but it
can be converted into a positive inferred mass by a model
that makes the required negative intermediate-redshift
contribution explicit.

At the same time, the supernova table makes clear
that there is an important distinction between fit im-
provement and physical replacement. With DES-Dovekie
included, several smooth dark-energy models — most
notably CPL, Mirage, NPDDE, and wCDM — achieve
larger improvements in ω

2 than ”sCDM. However, these
models generally do so without resolving the neutrino-
sign problem as cleanly. CPL remains centered on nega-
tive

∑
mω,e! , and NPDDE and wCDM push even more

strongly in that direction, indicating that the correspond-
ing modifications to the late-time expansion history do
not su#ciently reproduce the e!ective reduction of the
dark energy density at z ↭ 1 required by the data [25].
Mirage is the closest smooth competitor, yielding

∑
mω,e! = 0.017+0.060

→0.051
eV, (26)

together with a substantial improvement in ω
2 and only

a mild evidence penalty. Even so, the positive shift re-
mains weaker than in ”sCDM, while the corresponding
increase in H0 is also smaller. The supernova-supported
fits therefore do not erase the distinctive role of ”sCDM;
rather, they show that the late-time model preferred by
raw goodness of fit need not be the one that most trans-
parently captures the physical mechanism underlying the
negative-neutrino-mass degree of freedom.
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vacuum energy. In this sense, ”sCDM is not simply an-
other late-time extension in the comparison set, but the
clearest explicit realization of the mechanism identified
in Sec. IV.

It is nevertheless important to distinguish this
mechanism-level success from the raw goodness of fit. In
the baseline table, ODE and CPL achieve larger improve-
ments in ω

2 than ”sCDM, while the Bayesian evidence

penalizes the additional parameter volume of all extended
models relative to the fixed-mass ”CDM baseline. The
role of ”sCDM is therefore not that of the statistical
winner in a broad model-selection sense. Rather, it is
the model that most cleanly converts the negative-mass
anomaly into a positive inferred neutrino mass, while re-
taining the high-H0 character of the DESI-preferred solu-
tion and avoiding the elevated S8 that accompanies free
negative-mass fits.

The supernova-augmented constraints sharpen this in-
terpretation rather than overturning it. Once DES-
Dovekie SNe are added to the baseline dataset combi-
nation, the free-”CDM anomaly weakens but does not
disappear:
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with H0 = 68.88±0.36 km s→1 Mpc→1 and S8 = 0.8233±
0.0079. The mean e!ective neutrino mass now lies very
close to the lower bound implied by neutrino oscillation
experiments, while the preferred transition scale remains
stable. The main qualitative lesson therefore survives
the inclusion of supernova distances: the anomaly is not
removed by additional low-redshift information, but it
can be converted into a positive inferred mass by a model
that makes the required negative intermediate-redshift
contribution explicit.

At the same time, the supernova table makes clear
that there is an important distinction between fit im-
provement and physical replacement. With DES-Dovekie
included, several smooth dark-energy models — most
notably CPL, Mirage, NPDDE, and wCDM — achieve
larger improvements in ω

2 than ”sCDM. However, these
models generally do so without resolving the neutrino-
sign problem as cleanly. CPL remains centered on nega-
tive

∑
mω,e! , and NPDDE and wCDM push even more

strongly in that direction, indicating that the correspond-
ing modifications to the late-time expansion history do
not su#ciently reproduce the e!ective reduction of the
dark energy density at z ↭ 1 required by the data [25].
Mirage is the closest smooth competitor, yielding

∑
mω,e! = 0.017+0.060

→0.051
eV, (26)

together with a substantial improvement in ω
2 and only

a mild evidence penalty. Even so, the positive shift re-
mains weaker than in ”sCDM, while the corresponding
increase in H0 is also smaller. The supernova-supported
fits therefore do not erase the distinctive role of ”sCDM;
rather, they show that the late-time model preferred by
raw goodness of fit need not be the one that most trans-
parently captures the physical mechanism underlying the
negative-neutrino-mass degree of freedom.
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mass parameter,
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mω,e! , from DESI DR2 BAO + CMB
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the set of models considered in this work. Points and hor-
izontal bars indicate marginalized posterior means and 68%
credible intervals. The vertical dotted lines denote the lower
bounds from neutrino oscillation experiments for the normal
and inverted orderings. The figure highlights that ”sCDM is
the only model in the current set that yields a 68% interval
for

∑
mω,e! entirely within the positive range for the full data

combination.

data are not simply asking for generic late-time flexibil-
ity; rather, they select a more specific type of modifica-
tion, one that mimics an e!ective negative contribution
to the expansion history at intermediate redshifts.

Against this background, ”sCDM stands out in a qual-
itatively di!erent way. In the same baseline combination,
it yields

∑
mω,e! = 0.040 ± 0.051 eV, z† > 2.41 (95%),

(23)
with H0 = 69.03±0.37 km s→1 Mpc→1 and S8 = 0.8232±
0.0078. Thus, relative to free-”CDM, the sign-switching
model preserves the elevated value of H0 preferred by the
DESI-driven late-time fit, while simultaneously moving
the e!ective neutrino mass back to the positive side and
lowering S8 toward the fixed-mass ”CDM value. This is
precisely the behaviour expected if the fit is exchanging
one e!ective negative contribution — previously carried
by

∑
mω,e! < 0 — for another, now carried by the neg-

ative intermediate-redshift branch of the sign-switching
vacuum energy. In this sense, ”sCDM is not simply an-
other late-time extension in the comparison set, but the
clearest explicit realization of the mechanism identified
in Sec. IV.

It is nevertheless important to distinguish this
mechanism-level success from the raw goodness of fit. In
the baseline table, ODE and CPL achieve larger improve-
ments in ω

2 than ”sCDM, while the Bayesian evidence

penalizes the additional parameter volume of all extended
models relative to the fixed-mass ”CDM baseline. The
role of ”sCDM is therefore not that of the statistical
winner in a broad model-selection sense. Rather, it is
the model that most cleanly converts the negative-mass
anomaly into a positive inferred neutrino mass, while re-
taining the high-H0 character of the DESI-preferred solu-
tion and avoiding the elevated S8 that accompanies free
negative-mass fits.

The supernova-augmented constraints sharpen this in-
terpretation rather than overturning it. Once DES-
Dovekie SNe are added to the baseline dataset combi-
nation, the free-”CDM anomaly weakens but does not
disappear:

∑
mω,e! = →0.075+0.039

→0.053
eV. (24)

At the same time, ”sCDM shifts further toward the phys-
ical side,

∑
mω,e! = 0.055 ± 0.050 eV, z† > 2.40 (95%),

(25)
with H0 = 68.88±0.36 km s→1 Mpc→1 and S8 = 0.8233±
0.0079. The mean e!ective neutrino mass now lies very
close to the lower bound implied by neutrino oscillation
experiments, while the preferred transition scale remains
stable. The main qualitative lesson therefore survives
the inclusion of supernova distances: the anomaly is not
removed by additional low-redshift information, but it
can be converted into a positive inferred mass by a model
that makes the required negative intermediate-redshift
contribution explicit.

At the same time, the supernova table makes clear
that there is an important distinction between fit im-
provement and physical replacement. With DES-Dovekie
included, several smooth dark-energy models — most
notably CPL, Mirage, NPDDE, and wCDM — achieve
larger improvements in ω

2 than ”sCDM. However, these
models generally do so without resolving the neutrino-
sign problem as cleanly. CPL remains centered on nega-
tive

∑
mω,e! , and NPDDE and wCDM push even more

strongly in that direction, indicating that the correspond-
ing modifications to the late-time expansion history do
not su#ciently reproduce the e!ective reduction of the
dark energy density at z ↭ 1 required by the data [25].
Mirage is the closest smooth competitor, yielding

∑
mω,e! = 0.017+0.060

→0.051
eV, (26)

together with a substantial improvement in ω
2 and only

a mild evidence penalty. Even so, the positive shift re-
mains weaker than in ”sCDM, while the corresponding
increase in H0 is also smaller. The supernova-supported
fits therefore do not erase the distinctive role of ”sCDM;
rather, they show that the late-time model preferred by
raw goodness of fit need not be the one that most trans-
parently captures the physical mechanism underlying the
negative-neutrino-mass degree of freedom.
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bounds from neutrino oscillation experiments for the normal
and inverted orderings. The figure highlights that ”sCDM is
the only model in the current set that yields a 68% interval
for

∑
mω,e! entirely within the positive range for the full data

combination.

data are not simply asking for generic late-time flexibil-
ity; rather, they select a more specific type of modifica-
tion, one that mimics an e!ective negative contribution
to the expansion history at intermediate redshifts.

Against this background, ”sCDM stands out in a qual-
itatively di!erent way. In the same baseline combination,
it yields

∑
mω,e! = 0.040 ± 0.051 eV, z† > 2.41 (95%),

(23)
with H0 = 69.03±0.37 km s→1 Mpc→1 and S8 = 0.8232±
0.0078. Thus, relative to free-”CDM, the sign-switching
model preserves the elevated value of H0 preferred by the
DESI-driven late-time fit, while simultaneously moving
the e!ective neutrino mass back to the positive side and
lowering S8 toward the fixed-mass ”CDM value. This is
precisely the behaviour expected if the fit is exchanging
one e!ective negative contribution — previously carried
by

∑
mω,e! < 0 — for another, now carried by the neg-

ative intermediate-redshift branch of the sign-switching
vacuum energy. In this sense, ”sCDM is not simply an-
other late-time extension in the comparison set, but the
clearest explicit realization of the mechanism identified
in Sec. IV.

It is nevertheless important to distinguish this
mechanism-level success from the raw goodness of fit. In
the baseline table, ODE and CPL achieve larger improve-
ments in ω

2 than ”sCDM, while the Bayesian evidence

penalizes the additional parameter volume of all extended
models relative to the fixed-mass ”CDM baseline. The
role of ”sCDM is therefore not that of the statistical
winner in a broad model-selection sense. Rather, it is
the model that most cleanly converts the negative-mass
anomaly into a positive inferred neutrino mass, while re-
taining the high-H0 character of the DESI-preferred solu-
tion and avoiding the elevated S8 that accompanies free
negative-mass fits.

The supernova-augmented constraints sharpen this in-
terpretation rather than overturning it. Once DES-
Dovekie SNe are added to the baseline dataset combi-
nation, the free-”CDM anomaly weakens but does not
disappear:

∑
mω,e! = →0.075+0.039

→0.053
eV. (24)

At the same time, ”sCDM shifts further toward the phys-
ical side,

∑
mω,e! = 0.055 ± 0.050 eV, z† > 2.40 (95%),

(25)
with H0 = 68.88±0.36 km s→1 Mpc→1 and S8 = 0.8233±
0.0079. The mean e!ective neutrino mass now lies very
close to the lower bound implied by neutrino oscillation
experiments, while the preferred transition scale remains
stable. The main qualitative lesson therefore survives
the inclusion of supernova distances: the anomaly is not
removed by additional low-redshift information, but it
can be converted into a positive inferred mass by a model
that makes the required negative intermediate-redshift
contribution explicit.

At the same time, the supernova table makes clear
that there is an important distinction between fit im-
provement and physical replacement. With DES-Dovekie
included, several smooth dark-energy models — most
notably CPL, Mirage, NPDDE, and wCDM — achieve
larger improvements in ω

2 than ”sCDM. However, these
models generally do so without resolving the neutrino-
sign problem as cleanly. CPL remains centered on nega-
tive

∑
mω,e! , and NPDDE and wCDM push even more

strongly in that direction, indicating that the correspond-
ing modifications to the late-time expansion history do
not su#ciently reproduce the e!ective reduction of the
dark energy density at z ↭ 1 required by the data [25].
Mirage is the closest smooth competitor, yielding

∑
mω,e! = 0.017+0.060

→0.051
eV, (26)

together with a substantial improvement in ω
2 and only

a mild evidence penalty. Even so, the positive shift re-
mains weaker than in ”sCDM, while the corresponding
increase in H0 is also smaller. The supernova-supported
fits therefore do not erase the distinctive role of ”sCDM;
rather, they show that the late-time model preferred by
raw goodness of fit need not be the one that most trans-
parently captures the physical mechanism underlying the
negative-neutrino-mass degree of freedom.
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TABLE II. Cosmological parameter constraints for nine model cases: fixed-mass !CDM, free-
∑

mω,e! !CDM, !sCDM, ODE,
CPL, Mirage, NPDDE, wCDM, and !CDM+”k from DESI DR2 BAO combined with CMB temperature and polarization
data from Planck and ACT, and CMB lensing reconstruction from Planck, ACT, and SPT. We report marginalized posterior
means with 68% credible intervals, except for z† in !sCDM and the ω parameter in ODE, for which 95% bounds are quoted.

Parameter !CDM + fixed
∑

mω !CDM !sCDM ODE CPL Mirage NPDDE wCDM !CDM+”k

100”bh
2 2.2493 ± 0.0096 2.2459 ± 0.0095 2.2419 ± 0.0095 2.2457 ± 0.0099 2.245 ± 0.010 2.245 ± 0.010 2.2488 ± 0.0097 2.2477 ± 0.0096 2.249 ± 0.010

”cdmh
2 0.11781 ± 0.00059 0.11880 ± 0.00065 0.11960 ± 0.00066 0.11893 ± 0.00079 0.11913 ± 0.00078 0.11910 ± 0.00078 0.11832 ± 0.00071 0.11851 ± 0.00072 0.1182 ± 0.0011

100εs 1.04186 ± 0.00020 1.04177 ± 0.00020 1.04169 ± 0.00020 1.04175 ± 0.00020 1.04173 ± 0.00021 1.04174 ± 0.00020 1.04178 ± 0.00020 1.04177 ± 0.00020 1.04181 ± 0.00021
ln

(
1010

As

)
3.072+0.011

→0.012 3.051+0.011
→0.013 3.054+0.010

→0.012 3.051+0.011
→0.013 3.052+0.010

→0.013 3.052+0.011
→0.013 3.048+0.010

→0.012 3.049+0.011
→0.013 3.047+0.011

→0.013

ns 0.9735 ± 0.0028 0.9715 ± 0.0028 0.9696 ± 0.0029 0.9712 ± 0.0030 0.9708 ± 0.0030 0.9707 ± 0.0029 0.9725 ± 0.0030 0.9721 ± 0.0029 0.9728 ± 0.0033
ϑ 0.0710+0.0060

→0.0068 0.0605+0.0056
→0.0067 0.0608+0.0054

→0.0065 0.0604+0.0055
→0.0065 0.0604+0.0053

→0.0067 0.0606+0.0054
→0.0065 0.0598+0.0055

→0.0065 0.0600+0.0054
→0.0066 0.0596+0.0055

→0.0066∑
mω,e! [eV] 0.06 (fixed) →0.090+0.040

→0.050 0.040 ± 0.051 →0.034+0.092
→0.11 →0.013+0.10

→0.079 →0.032+0.11
→0.086 →0.175+0.069

→0.062 →0.136+0.059
→0.067 →0.123+0.052

→0.065

z† — — > 2.41 — — — — — —
ϖ — — — 3.35+0.83

→3.2 — — — — —
ω — — — < 19.1 — — — — —
am — — — 0.849 ± 0.082 — — — — —
w0 or w — — — — →0.59+0.23

→0.26 →0.89+0.13
→0.17 →1.01+0.11

→0.080 →0.957 ± 0.045 —
wa — — — — →1.15+0.83

→0.68 →0.42+0.63
→0.46 0.18+0.12

→0.26 — —
”k — — — — — — — — →0.0011 ± 0.0015

H0 [km/s/Mpc] 68.23 ± 0.25 69.11 ± 0.38 69.03 ± 0.37 67.8+1.0
→0.68 65.0 ± 2.2 68.3+1.3

→1.1 68.7+1.2
→1.5 68.25 ± 0.96 69.11 ± 0.38

”m 0.3028 ± 0.0034 0.2938 ± 0.0043 0.2989 ± 0.0043 0.283+0.026
→0.015 0.336+0.024

→0.027 0.303+0.012
→0.015 0.295+0.012

→0.011 0.2997 ± 0.0074 0.2918+0.0047
→0.0054

ϱ8 0.8170 ± 0.0046 0.8437 ± 0.0096 0.8247 ± 0.0095 0.828+0.015
→0.013 0.803+0.023

→0.026 0.833 ± 0.018 0.847+0.013
→0.016 0.840 ± 0.010 0.848 ± 0.011

S8 0.8208 ± 0.0064 0.8349 ± 0.0078 0.8232 ± 0.0078 0.803+0.042
→0.012 0.848 ± 0.011 0.8369 ± 0.0081 0.8386 ± 0.0093 0.8390 ± 0.0090 0.8363 ± 0.0079

rd [Mpc] 147.55 ± 0.17 147.33 ± 0.18 147.16 ± 0.18 147.30 ± 0.21 147.25 ± 0.20 147.26 ± 0.21 147.44 ± 0.20 147.39 ± 0.20 147.47 ± 0.26

#ς
2

MAP 0.0 →10.68 →9.099 →11.81 →13.19 →11.57 →12.13 →11.99 →11.86
ln B 0.0 0.66 →1.83 →3.91 →2.35 →1.53 →4.08 →2.41 →4.11

TABLE III. Cosmological parameter constraints for nine model cases: fixed-mass !CDM, free-
∑

mω,e! !CDM, !sCDM,
ODE, CPL, Mirage, NPDDE, wCDM, and !CDM+”k from DESI DR2 BAO combined with Type Ia supernovae from the
DES-Dovekie compilation, CMB temperature and polarization data from Planck and ACT, and CMB lensing reconstruction
from Planck, ACT, and SPT. We report marginalized posterior means with 68% credible intervals, except for z† in !sCDM
and the am parameter in ODE, for which 95% bounds are quoted.
Parameter !CDM + fixed

∑
mω !CDM !sCDM ODE CPL Mirage NPDDE wCDM !CDM+”k

100”bh
2 2.2482 ± 0.0094 2.2452 ± 0.0096 2.2414 ± 0.0095 2.2455 ± 0.0098 2.2458 ± 0.0098 2.2429 ± 0.0096 2.2493 ± 0.0096 2.2489 ± 0.0096 2.246 ± 0.010

”cdmh
2 0.11796 ± 0.00058 0.11889 ± 0.00065 0.11971 ± 0.00066 0.11894 ± 0.00077 0.11888 ± 0.00076 0.11931 ± 0.00066 0.11825 ± 0.00069 0.11833 ± 0.00068 0.1187 ± 0.0010

100εs 1.04185 ± 0.00020 1.04176 ± 0.00020 1.04168 ± 0.00020 1.04175 ± 0.00020 1.04175 ± 0.00020 1.04172 ± 0.00020 1.04179 ± 0.00021 1.04179 ± 0.00020 1.04178 ± 0.00021
ln

(
1010

As

)
3.071 ± 0.012 3.051+0.011

→0.013 3.054+0.011
→0.013 3.051+0.011

→0.013 3.051+0.011
→0.012 3.053+0.010

→0.013 3.047+0.011
→0.012 3.049+0.010

→0.013 3.050+0.011
→0.014

ns 0.9731 ± 0.0028 0.9712 ± 0.0029 0.9695 ± 0.0029 0.9711 ± 0.0030 0.9713 ± 0.0030 0.9703 ± 0.0028 0.9725 ± 0.0029 0.9725 ± 0.0029 0.9718 ± 0.0034
ϑ 0.0703+0.0060

→0.0066 0.0606+0.0056
→0.0069 0.0608+0.0054

→0.0067 0.0604+0.0055
→0.0066 0.0603+0.0056

→0.0066 0.0607+0.0054
→0.0066 0.0596+0.0054

→0.0064 0.0600+0.0055
→0.0066 0.0602+0.0056

→0.0068∑
mω,e! [eV] 0.06 (fixed) →0.075+0.039

→0.053 0.055 ± 0.050 →0.041+0.087
→0.11 →0.060 ± 0.083 0.017+0.060

→0.051 →0.180+0.057
→0.052 →0.162 ± 0.054 →0.089+0.052

→0.075

z† — — > 2.40 — — — — — —
ϖ — — — 2.33+0.87

→1.3 — — — — —
ω — — — 4.1+1.7

→3.1 — — — — —
am — — — > 0.895 — — — — —
w0 or w — — — — →0.830 ± 0.072 →0.822 ± 0.074 →0.930+0.044

→0.040 →0.932 ± 0.028 —
wa — — — — →0.46 ± 0.30 →0.65 ± 0.27 0.026+0.057

→0.13 — —
”k — — — — — — — — →0.0005 ± 0.0015

H0 [km/s/Mpc] 68.16 ± 0.24 68.94 ± 0.37 68.88 ± 0.36 67.84 ± 0.59 67.31 ± 0.67 67.76 ± 0.59 67.61 ± 0.64 67.73 ± 0.61 68.92 ± 0.36
”m 0.3037 ± 0.0033 0.2958 ± 0.0042 0.3009 ± 0.0042 0.3046 ± 0.0066 0.3107 ± 0.0072 0.3092 ± 0.0069 0.3037 ± 0.0059 0.3033 ± 0.0052 0.2951+0.0047

→0.0052

ϱ8 0.8170 ± 0.0045 0.8409 ± 0.0097 0.8222 ± 0.0094 0.829 ± 0.012 0.826 ± 0.011 0.825 ± 0.011 0.837 ± 0.010 0.8370 ± 0.0094 0.843 ± 0.011
S8 0.8220 ± 0.0064 0.8349 ± 0.0079 0.8233 ± 0.0079 0.8353 ± 0.0087 0.8405 ± 0.0082 0.8373 ± 0.0078 0.8424 ± 0.0083 0.8414 ± 0.0083 0.8359 ± 0.0080
rd [Mpc] 147.53 ± 0.17 147.31 ± 0.18 147.14 ± 0.19 147.30 ± 0.20 147.31 ± 0.20 147.23 ± 0.18 147.45 ± 0.19 147.43 ± 0.19 147.36 ± 0.26

#ς
2

MAP 0.0 →8.104 →7.041 →15.00 →16.49 →14.85 →15.13 →14.62 →9.043
ln B 0.0 →0.21 →2.14 →4.79 →2.06 →0.175 →3.44 →1.28 →5.18

shown that enabling positive neutrino masses requires a
reduction of the dark energy density at z ↭ 1 [25], and
here we explore whether allowing for a negative dark en-
ergy contribution over an intermediate-redshift interval
can more naturally realize this behavior. A first impor-
tant result is that the negative-neutrino-mass anomaly is
clearly present at the phenomenological level in the base-
line DESI DR2 BAO + CMB + lensing combination. In
the !CDM analysis with the e”ective neutrino-mass pa-
rameter allowed to explore negative values, the fit yields

∑
mω,e! = →0.090+0.040

→0.050
eV, (22)

together with H0 = 69.11±0.38 km s→1 Mpc→1 and S8 =
0.8349± 0.0078. Relative to the fixed-mass !CDM base-
line, the improvement in the fit is substantial, #ω

2

MAP
=

→10.68, while the Bayesian evidence remains nearly un-
changed. This confirms that, once the physical boundary∑

mω ↑ 0 is relaxed, the data do not merely broaden
toward low masses but instead prefer to move into the
unphysical region. In this sense, free-

∑
mω,e! !CDM

provides a useful phenomenological diagnostic of the un-
derlying anomaly.

The comparison across extended late-time models re-
veals, however, that not all additional freedom is equally
e”ective. In the baseline DESI + CMB + lensing combi-
nation, smooth dark-energy models such as ODE, CPL,
and Mirage all soften the anomaly relative to free-!CDM,
but only partially: their posterior means remain close to,
or slightly below, zero. By contrast, NPDDE, wCDM,
and !CDM+$k leave the preferred value clearly on the
negative side. This is already a non-trivial result. The

DESI DR2 BAO combined with Type Ia supernovae from the DES-Dovekie compilation, CMB temperature and polarization data from Planck and ACT, and CMB lensing 
reconstruction from Planck, ACT, and SPT. 

Elbers, Kıbrıs, Akarsu & Di Valentino, arXiv:2607.18008Negative Neutrino Mass or Negative Dark Energy?
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FIG. 10. Analytical and numerical solutions of the growth
rate for the EdS, ⇤CDM, and ⇤sCDM models. Before the tran-
sition, negative cosmological constant supports the structure
formation, which results in a higher growth rate. Meanwhile,
after the transition due to ⌦⇤s0 > ⌦⇤0, structure formation is
suppressed with respect to the ⇤CDM model and the growth
rate falls below ⇤CDM value [224].

using Eq. (61), we can determine the appropriate value12

of f⇤s(a†) to satisfy our definition in Eq. (60)13.
Thus the complete analytical solutions of growth rate

in ⇤CDM and ⇤sCDM models (see Eq. (54) and Eq. (57))
can be written in a simpler form, considering obtain
|C1| = |C2| = |C3| ' 10�18 ⇡ 0 for aini = 10�3.

Thus, for the ⇤CDM model we can write Eq. (54) as:

f⇤(a;R⇤) = �3

2
⌦m +

5

2

1

2F1(�a3R⇤)
⌦3/2

m , (62)

Meanwhile, for the ⇤sCDM model, Eq. (57) becomes:

f⇤s(a;R⇤s) =

8
><

>:

�3

2
⌦m +

5

2

1

2F1(a3R⇤s)
⌦3/2

m a < a†

�3

2
⌦m +

5

2

1

2F1(�a3R⇤s)
⌦3/2

m a > a†

(63)
In Fig. 9, we present both numerical and analytical

solutions of the growth rate as a function of scale factor
for the EdS, ⇤CDM, and ⇤sCDM models. Before the
AdS–dS transition, the negative cosmological constant in
the ⇤sCDM model supports structure formation, resulting
in a higher growth rate. Meanwhile at the transition, a

12 The value of f⇤s (a†) holds no intrinsic physical significance; the
sole physically relevant quantity is �f⇤s . For this reason, the
jump in �f⇤s must be established as a physical process, ensuring
it remains invariant while allowing f⇤s (a†) to vary.

13 If we intend to solve Eq. (25) analytically, we proceed by inte-
grating over the interval (a† � ✏, a† + ✏) and applying Eq. (3).
The jump for the linear overdensity is uniquely defined, as
the boundary condition is now given in Eq. (60). This allows
us to specify �

0
⇤s

(a†) = a
�1
† �⇤s(a†)f⇤s(a†) and further obtain

��
0
⇤s

⌘ �
0
⇤s,+

� �
0
⇤s,� = �a

3
†R⇤s�

0
⇤s

(a†).

discontinuity in the growth rate occurs due to the type II
singularity. After the transition, since the Hubble rate of
the ⇤sCDM model is higher than the ⇤CDM, the growth
rate of the ⇤sCDM model falls below the ⇤CDM curve.

Overall, we observe that the analytical solution for the
growth rate aligns perfectly with the numerical results
for the EdS and ⇤CDM models, and nearly matches with
the ⇤sCDM. The slight discrepancy in the ⇤sCDM model
arises from the Dirac delta function approximation14. The
consistency between analytical and numerical approach
also supports our findings.

B. Growth Index

For many cosmological models, the growth rate f is ap-
proximately related to the matter energy density function
⌦m and the growth index � via:

f ⌘ ⌦�
m , (64)

where it depends on the underlying cosmology, such that
for ⇤CDM, � ⇡ 0.55 [182, 201].

1. Approximation

In 1998 paper of Wang and Steinhardt [182] showed
that evolution of � can be described by:

0 = 3wDE(1 � ⌦m)⌦m ln⌦m
d�

d⌦m

� 3wDE

✓
� � 1

2

◆
⌦m + ⌦�

m

� 3

2
⌦1��

m + 3wDE� � 3

2
wDE +

1

2
,

(65)

where wDE represents the EoS parameter of the dark
energy. For a slowly varying EoS parameter, (i.e.,
| dwDE/d⌦m | ⌧ 1/(1 � ⌦m)), � can be approximated
as [182]:

� =
3

5 � wDE
1�wDE

+
3

125

(1 � wDE)
�
1 � 3wDE

2

�

(1 � 6wDE
5 )3

(1 � ⌦m)

+ O
⇥
(1 � ⌦m)

2
⇤
.

(66)

In the case of ⇤CDM, Eq. (66) reduces to:

�
(approx)
⇤ (a) =

6

11
+

15

1331

 
a
3R⇤

1 + a3R⇤

!
. (67)

14 We refer readers to Appendix C for a detailed discussion.
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Meanwhile, in the ⇤sCDM model we can write:

�
(approx)
⇤s

(a) =

8
>><

>>:

6

11
� 15

1331

✓
a
3R⇤s

1 � a3R⇤s

◆
a < a†

6

11
+

15

1331

✓
a
3R⇤s

1 + a3R⇤s

◆
a > a†

(68)
Given R⇤ = ⌦⇤0/(1�⌦⇤0) = 2.158 and R⇤s = ⌦⇤s0/(1�
⌦⇤s0) = 2.618 (where we have used Table VI values for
⌦⇤0 and ⌦⇤s0), we obtain �

(approx)
⇤ (a = 1) = 0.553 and

�
(approx)
⇤s

(a = 1) = 0.554, respectively. We can also see
the approximate solution as a function of the redshift in
Fig. 11.

2. Analytical solution

For ⇤CDM, using Eq. (62) is sufficient to calculate the
evolution of the �⇤(a):

�⇤(a) =
ln

h
� 3

2⌦m + 5
2

1
2F1(�a3R⇤)⌦

3/2
m

i

ln⌦m
. (69)

Since we have derived an analytical solution for the growth
rate in the ⇤sCDM model, we can obtain the analytical
expression for the growth index, �⇤s(a):

�⇤s(a) =

8
>>>><

>>>>:

ln
h
� 3

2⌦m + 5
2

1
2F1(a3R⇤s )

⌦3/2
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� 3
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2

1
2F1(�a3R⇤s )

⌦3/2
m

i

ln⌦m
a > a†

(70)
Note that at the precise moment when a = a†, and consid-
ering the definition of the Hubble parameter in Eq. (3), we
obtain ⌦m(a†) = 1 while f⇤s(a†) 6= 1, making the growth
index undefined at this point. This may not always be the
case and depends on the specific definition of the Hubble
parameter15.

In Fig. 11, �⇤ and �⇤s are plotted as a function of
scale factor, for both analytical and approximate cases.
First we notice that the approximation given by Eq. (66)
works reasonably ell for both ⇤sCDM and ⇤CDM models.
This is no surprise given that the effect of the negative
(positive) cosmological constant is mostly negligible for
a . 0.1 and after the transition the ⇤sCDM dynamics
are the same as ⇤CDM. We observe that in the early-
universe (a ⌧ 1), both �⇤ and �⇤s approaches to the
same value; � ⇡ 6/11. Furthermore, until the moment of

15 In this study, the Hubble parameter at a† is defined by H(a†) =

H0

q
⌦m0a

�3
† . The regions preceding and following the transition

(along with ��) are of physical significance. In our definition,
where we set sgn(a� a†) = 0 at a†, we obtain ⌦m(a†) = 1 and
f⇤s 6= 1, which leads to an undefined �(a†).
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FIG. 11. Plot of �(a) for the ⇤CDM and ⇤sCDM models
obtained from the analytical and approximate solutions. The
observed discontinuity at a = a† is a result of the type II
singularity. Meanwhile, the light gray solid line represents the
Einstein-de Sitter, dust only universe, �EdS ⇡ 6/11.

transition, �⇤ increases, meanwhile �⇤s decreases. This
is expected considering that the negative cosmological
constant supports the structure formation and higher
grow rate (see Fig. 9) implies lower growth index. At the
AdS–dS transition, there occurs a discontinuity in the �⇤s

parameter due to the type II singularity, which occurs
only in the case of a rapid AdS-dS transition, where the
sign-switch in the ⇤s is described by the signum function.

Combined constraints on the ⇤CDM model from [224],
which include Planck CMB data and large-scale struc-
ture observations (weak lensing, galaxy clustering, and
cosmic velocities) while treating � as a free parameter,
predict � = 0.633+0.025

�0.024. This result excludes the flat
⇤CDM model in GR at 3.7� significance. This finding
suggests a suppression of the growth rate during the dark-
energy dominated epoch and indicates a possible internal
inconsistency within the ⇤CDM framework.

For the ⇤sCDM model, our theoretical solution sug-
gests �⇤s(a = 1) = 0.555, and given the matter density
parameter ⌦m0 = 0.276, we obtain f ' 0.489, which is
consistent with the findings of the Nguyen et al. [184].

C. Observational Constraints From f�8

Measurements

In the context of observational cosmology, the quantity
f�8 is often used, where �8 is the root-mean-square fluc-
tuation of the matter density field on scales of 8h�1 Mpc
and it is given by:

f�8 ⌘
✓
a
�
0

�

◆
�8

�

�(a = 1)

�
= a�8

�
0

�(a = 1)
. (71)

The f�8 data provides a powerful tool for testing different
cosmological models and constraining parameters like the
growth index �. Recent studies have indicated a tension
between the growth rate data and the predictions from the
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TABLE V. We present observational constraints on the parameters ⌦m0, �8, and S8 obtained from f�8 measurements (see
Table IV). The marginalized mean values with 68% confidence level (best-fit) parameters are provided for both the ⇤CDM
and ⇤sCDM models (assuming z† = 1.7). The value of the S8 ⌘ �8

p
⌦m0/0.3 is calculated via error propagation, taking

into account the correlation between ⌦m0 and �8 parametersa. Additionally, we have included the best-fit parameters derived
from the Planck dataset (see Ref. [71]), which were used to compute the �

2—difference for each model: |��
2
⇤CDM| ⌘

|�2
⇤CDM,min � �

2
⇤CDM(⌦Planck

m0 ,�
Planck
8 )| ' 6.6 and |��

2
⇤sCDM| = 2.2 (calculated using the same reasoning as in the ⇤CDM case).

Dataset f�8 (This Work) Planck [71]
⇤sCDM ⇤CDM ⇤sCDM ⇤CDM

⌦m0 0.249± 0.050 0.246± 0.050 0.2860+0.0230
�0.0099(0.2796) 0.3151± 0.0075(0.3163)

�8 0.809± 0.060 0.816± 0.070 0.8210+0.0064
�0.0110(0.8191) 0.8121+0.0055

�0.0061(0.8136)

S8 0.738± 0.089 0.739± 0.095 0.8010+0.0260
�0.0160(0.7910) 0.8320± 0.0130(0.8350)

�
2
min 12.04 12.36 2778.06 2780.52

a Its necessary to take into account the covariance, �2
uv = h(u� ū)(v � v̄)i. Given that S8 ⌘ S8(⌦m0,�8) we have

�
2
S8

= �
2
⌦m0

(@S8/@⌦m0 )2 + �
2
�8

(@S8/@�8 )2 + 2�2
⌦m0�8

(@S8/@⌦m0 )(@S8/@�8 ) [249].

Similarly, for the correlated SDSS data, the data vector
is derived from the SDSS data points numbered ID–18,
ID–19, ID–21, and ID–22 from Table IV, with the corre-
sponding covariance matrix given in Eq. (75). The total
�
2 is then computed as:

�
2 = �

2
WiggleZ + �

2
SDSS + �

2
diag . (76)

The parameters that minimize the �
2 expression in

Eq. (76) are the most probable values, referred to as the
best fit parameters. The confidence regions are obtained
using the relation ��

2
n� = 2Q�1⇥

m/2, 1 � Erf(n/
p
2)
⇤
,

where Q�1 denotes the inverse of the regularized gamma
function �(a, z)/�(a), with �(a, z) and �(a) being the in-
complete gamma and gamma functions, respectively [253].
Here, Erf represents the error function, m denotes the
dimension of the parameter space, and n = 1, 2, 3 cor-
responds to the � level of each contour. Note that
in a two-parameter space, the 1� region corresponds
to ��

2
1� ' 2.2, while the 2� region corresponds to

��
2
2� ' 6.2. The contours up to 2� for ⇤CDM and

⇤sCDM are shown in the bottom panel of Fig. 12.
Furthermore, we use the likelihood function, denoted as

L, to estimate the most probable values of the unknown
parameter ✓, which correspond to its maximum. In this
context, minimizing the �

2 function is equivalent to maxi-
mizing the likelihood function. The likelihood function L
is viewed as a function of an unknown parameter ✓ for an
n-dimensional random variable {Xi} and it is defined as
L({xi}|✓) = f({xi}; ✓), where f({xi}; ✓) is the probability
density function of the observed data {xi}. In this case,
the likelihood function is given by:

L
�
{xi}|✓

�
= e

� 1
2�

2(✓)
. (77)

Finally, the uncertainties in each best-fit parameter value
are quantified using a Fisher forecast. When the compo-
nents of the Fisher matrix are large in certain directions,
the likelihood changes rapidly, indicating that the data
are highly constraining, and thus the uncertainties in the

corresponding parameters are small. The Fisher matrix
defined as [226, 251]:

Fij ⌘ �
⌧
@
2 lnL

@✓i@✓j

�
. (78)

We use it to estimate the expected errors on ⌦m0 and �8

for each model.
As shown in Table V, we obtain the best-fit parameters

and the corresponding expected errors for {⌦m0,�8} in
each model. For ⇤CDM: {0.246 ± 0.050, 0.816 ± 0.070},
and for ⇤sCDM: {0.249 ± 0.050, 0.809 ± 0.060}. The
�
2–difference between the central point of each contour

and the corresponding best-fit value from the Planck data
is |��

2
⇤CDM| ⌘ |�2

⇤CDM,min ��
2
⇤CDM(⌦Planck

m0 ,�
Planck
8 )| '

6.6, which exceeds ��
2
2�. In contrast, |��

2
⇤sCDM| ' 2.2

(calculated using the same reasoning as in the ⇤CDM
case), which is approximately equal to ��

2
1�.

VI. CONCLUSION

In this work, we have presented a comprehensive anal-
ysis of linear matter density perturbations within the
⇤sCDM framework, deriving key analytical solutions and
comparing growth dynamics with ⇤CDM.

We first carried out a thorough analysis of matter den-
sity perturbations, deriving the key ⇤sCDM equations. As
these perturbations obey second-order differential equa-
tions, their solutions are sensitive to initial and boundary
conditions. Building on the work of Herrera et al. [189],
we present a systematic numerical approach to evaluate
both linear and nonlinear matter density perturbations,
along with their respective growth parameters. Within
this framework, one can determine the linear density con-
trast at collapse, �c, to identify which regions in an initial
linear density field are likely to form halos. Furthermore,
the proposed numerical methods provide a robust and
adaptable approach, suitable for a wide range of cosmo-
logical models.
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FIG. 12. Top panel: f�8 vs z. Data points are obtained
from Table IV. Bottom panel: The data used for the �

2–
analysis is the growth dataset, with additional support from
WiggleZ and SDSS data [193, 225, 226]. The left panel dis-
plays contours up to 2� for the ⇤CDM model, while the
right panel illustrates the ⇤sCDM model with z† = 1.7
(the gray dashed contour in the right panel corresponds to
the ⇤CDM model from the left panel). The larger (red)
dots indicate the best-fit values from Planck data for the
⇤CDM model {⌦m0,�8} = {0.3163, 0.8136} and ⇤sCDM
model {⌦m0,�8} = {0.2796, 0.8191}[71].

Planck ⇤CDM model, which could suggest a weakening
of gravity at low redshifts [193, 227–235].

In the top panel of Fig. 12, we fit the f�8 function
to selected data from the growth datasets presented
in [193, 225, 250], which are summarized in Table IV.
Let {xi} denote a set of measurements, where xobs repre-
sents the observed data vector, and x = xtheory � xobs is
the difference between the theoretical and observed data
vectors. The �

2 distribution defined as16:

�
2(✓) = xT

⇥
Ckl

⇤�1x
=

⇥
xth,i(✓) � xobs,i

⇤�
[Ckl]

�1
�
ij

⇥
xth,j(✓) � xobs,j

⇤
,

(72)
where ([Ckl])ij ⌘ C(xi, xj) represents the covariance ma-
trix and ✓ denotes the unknown parameter. For the
assumed uncorrelated data points listed in Table IV, the

16 We refer readers to Refs. [226, 251] for detailed discussion.

TABLE IV. Summary of the f�8 measurements from various
astronomical surveys.

ID ze↵ f�8 Survey Reference
1 0.02 0.398± 0.065 SnIa IRAS [236]
2 0.02 0.314± 0.048 2MRS [236]
3 0.02 0.428± 0.0465 6dFGS+SnIa [237]
4 0.1 0.37± 0.13 SDSS-veloc [238]
5 0.15 0.490± 0.145 SDSS-MGS [239]
6 0.17 0.51± 0.06 2dFGRS [240]
7 0.18 0.36± 0.09 GAMA [241]
8 0.25 0.3512± 0.0583 SDSS-LRG-200 [242]
9 0.25 0.471± 0.024 BOSS LOWZ [243]
10 0.37 0.4602± 0.0378 SDSS-LRG-200 [242]
11 0.38 0.44± 0.06 GAMA [241]
12 0.44 0.413± 0.08 WiggleZ [244]
13 0.59 0.488± 0.06 SDSS-CMASS [245]
14 0.6 0.39± 0.063 WiggleZ [244]
15 0.6 0.550± 0.120 Vipers PDR-2 [246]
16 0.73 0.437± 0.072 WiggleZ [244]
17 0.86 0.48± 0.1 Vipers PDR-2 [246]
18 0.978 0.379± 0.176 SDSS-IV eBOSS [247]
19 1.230 0.3850± 0.0990 SDSS-IV eBOSS [247]
20 1.4 0.482± 0.116 FastSound [248]
21 1.526 0.342± 0.07 SDSS-IV eBOSS [247]
22 1.944 0.364± 0.106 SDSS-IV eBOSS [247]

�
2 distribution is given by

�
2 =

X

i

h
f�8(zi,⌦m0,�8) � f�

obs
8

i2

�
2
i

, (73)

where we assume a diagonal covariance matrix for all data
points except those from the WiggleZ [244] and SDSS-IV
eBOSS surveys. For the WiggleZ data set, a published
covariance matrix is available (see also Ref. [193]).

h
C

WiggleZ
ij

i
=

0

B@
0.00640 0.002570 0.000000

0.00257 0.003969 0.002540

0.00000 0.002540 0.005184

1

CA . (74)

The data vector is derived from the points numbered ID–
12, ID–14, and ID–16 in Table IV, with the corresponding
covariance matrix provided in Eq. (74). We also include
the correlated SDSS IV eBOSS data points from Table IV,
with their corresponding covariance matrix given by [225,
247, 252]:

⇥
C

SDSS
ij

⇤
=

0

BBB@

0.0310 0.0089 0.0033 �0.0002

0.0089 0.0098 0.0044 0.0008

0.0033 0.0044 0.0049 0.0035

�0.0002 0.0008 0.0035 0.0112

1

CCCA
. (75)
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FIG. 12. Top panel: f�8 vs z. Data points are obtained
from Table IV. Bottom panel: The data used for the �
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analysis is the growth dataset, with additional support from
WiggleZ and SDSS data [193, 225, 226]. The left panel dis-
plays contours up to 2� for the ⇤CDM model, while the
right panel illustrates the ⇤sCDM model with z† = 1.7
(the gray dashed contour in the right panel corresponds to
the ⇤CDM model from the left panel). The larger (red)
dots indicate the best-fit values from Planck data for the
⇤CDM model {⌦m0,�8} = {0.3163, 0.8136} and ⇤sCDM
model {⌦m0,�8} = {0.2796, 0.8191}[71].

Planck ⇤CDM model, which could suggest a weakening
of gravity at low redshifts [193, 227–235].

In the top panel of Fig. 12, we fit the f�8 function
to selected data from the growth datasets presented
in [193, 225, 250], which are summarized in Table IV.
Let {xi} denote a set of measurements, where xobs repre-
sents the observed data vector, and x = xtheory � xobs is
the difference between the theoretical and observed data
vectors. The �

2 distribution defined as16:

�
2(✓) = xT
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xth,i(✓) � xobs,i

⇤�
[Ckl]

�1
�
ij

⇥
xth,j(✓) � xobs,j

⇤
,

(72)
where ([Ckl])ij ⌘ C(xi, xj) represents the covariance ma-
trix and ✓ denotes the unknown parameter. For the
assumed uncorrelated data points listed in Table IV, the

16 We refer readers to Refs. [226, 251] for detailed discussion.

TABLE IV. Summary of the f�8 measurements from various
astronomical surveys.

ID ze↵ f�8 Survey Reference
1 0.02 0.398± 0.065 SnIa IRAS [236]
2 0.02 0.314± 0.048 2MRS [236]
3 0.02 0.428± 0.0465 6dFGS+SnIa [237]
4 0.1 0.37± 0.13 SDSS-veloc [238]
5 0.15 0.490± 0.145 SDSS-MGS [239]
6 0.17 0.51± 0.06 2dFGRS [240]
7 0.18 0.36± 0.09 GAMA [241]
8 0.25 0.3512± 0.0583 SDSS-LRG-200 [242]
9 0.25 0.471± 0.024 BOSS LOWZ [243]
10 0.37 0.4602± 0.0378 SDSS-LRG-200 [242]
11 0.38 0.44± 0.06 GAMA [241]
12 0.44 0.413± 0.08 WiggleZ [244]
13 0.59 0.488± 0.06 SDSS-CMASS [245]
14 0.6 0.39± 0.063 WiggleZ [244]
15 0.6 0.550± 0.120 Vipers PDR-2 [246]
16 0.73 0.437± 0.072 WiggleZ [244]
17 0.86 0.48± 0.1 Vipers PDR-2 [246]
18 0.978 0.379± 0.176 SDSS-IV eBOSS [247]
19 1.230 0.3850± 0.0990 SDSS-IV eBOSS [247]
20 1.4 0.482± 0.116 FastSound [248]
21 1.526 0.342± 0.07 SDSS-IV eBOSS [247]
22 1.944 0.364± 0.106 SDSS-IV eBOSS [247]
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where we assume a diagonal covariance matrix for all data
points except those from the WiggleZ [244] and SDSS-IV
eBOSS surveys. For the WiggleZ data set, a published
covariance matrix is available (see also Ref. [193]).
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The data vector is derived from the points numbered ID–
12, ID–14, and ID–16 in Table IV, with the corresponding
covariance matrix provided in Eq. (74). We also include
the correlated SDSS IV eBOSS data points from Table IV,
with their corresponding covariance matrix given by [225,
247, 252]:
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0.0089 0.0098 0.0044 0.0008
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ΛsCDMΛCDM

The growth index parameter γ yields almost the same value of ~0.55 
 in both ΛCDM and ΛsCDM models!
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FIG. 1. Triangle plot for the likelihoods PL18 and PL18+f�8

for the models �⇤CDM, �⇤sCDM, and �⇤sCDM with z† =
1.7. The gray dotted line represents the theoretical value
� = 0.55, and the gray band represents the value H0 =
73.04± 1.04 km s�1 Mpc�1 found by the SH0ES collaboration.

bound of z† > 1.6 for the mirror AdS-to-dS transi-
tion redshift, the H0 tension drops below 1.5�, with
values of H0 = 70.76+0.72

�2.1 km s�1 Mpc�1 and H0 =

70.67+0.72
�2.0 km s�1 Mpc�1, respectively, though we note

the relatively larger uncertainties and non-Gaussianities
in the posteriors and refer the reader to Fig. 1 for the
marginalized posteriors. The improvement in the � ten-
sion follows a similar trend, with the Planck-alone analysis
yielding � = 0.631±0.065, corresponding to a 1.2� tension
with the theoretically expected value, while the PL18+f�8

combination gives � = 0.607 ± 0.027, corresponding to
a 2.1� tension. We emphasize that in the Planck-alone
case, the relatively larger uncertainties contribute to the
reduced significance of the � tension. Additionally, we
note that S8 ⇡ 0.79 remains consistent with the predic-
tions of the standard Planck-⇤sCDM and KiDS-⇤sCDM
analyses [43, 45], implying that our results do not indicate
deviations from the standard ⇤sCDM framework. Incor-
porating SN Ia data further strengthens the constraints.
In the PL18+f�8+PP case, the lower bound on the tran-
sition redshift increases slightly to z† > 2.12, diminishing
the impact of the mirror AdS-to-dS transition. Conse-
quently, both the H0 and � tensions increase to ⇠ 3.1�,
but this still constitutes a non-negligible improvement
over �⇤CDM, which exhibits a 3.8� � tension and a 4.7�
H0 tension for the same dataset combination. In contrast,

FIG. 2. Marginalized posterior distributions arranged on a
triangle plot for �⇤CDM. The gray dotted line represents the
theoretical value � = 0.55. The only case where this value
falls within the 2� contour is when the PL18 likelihood is
used alone, as seen in Fig. 1; any other data combination is in
tension with it at a level of at least 2�.

for the PL18+f�8+PP&SH0ES combination, the lower
bound on z† does not increase significantly relative to
the Planck-alone analysis, allowing the model to oper-
ate more e↵ectively. This results in a reduction of both
the � and H0 tensions, bringing them down to 2.4� and
1.9�, respectively, below the commonly considered 2.5�
threshold for a tension to be statistically significant. More-
over, it is worth noting that S8 ⇡ 0.80 remains consistent
with the predictions of the standard Planck-⇤sCDM and
KiDS-⇤sCDM analyses [43, 45].

We note that across these dataset combinations, the
constraints on f0 = ⌦�

m0 remain consistent with each
other within the 1� confidence level, as well as with those
obtained for the �⇤CDM model. This consistency leads
to the positive correlation observed between ⌦m0 and �

in the �⇤sCDM model, as seen in the 2D contour plots of
⌦m0-� in Figs. 1, 3 and 4. Furthermore, we also observe
a negative correlation between ⌦m0 and H0, as well as
between H0 and �, in the same figures. This highlights the
key mechanism through which �⇤sCDM mitigates both
the H0 and � tensions. Specifically, ⌦m0 is systematically
lower than in �⇤CDM, tending to remain between 0.28
and 0.30 in all these cases, whereas in �⇤CDM, it remains
above 0.30. Notably, lower values of ⌦m0 in �⇤sCDM
correlate with reduced � and H0 tensions, with the most
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TABLE III. Significance of the H0 and � tensions across ex-
tended combinations of datasets. We assume � = 0.55 for
both models and incorporate the SH0ES H0 measurement.

Model Data �� �H0

�⇤sCDM(z† free)

PL18 1.2� 1.3�

PL18+f�8 2.1� 1.4�

PL18+f�8+PP 3.0� 3.2�

PL18+f�8+PP&SH0ES 2.4� 1.9�

PL18+f�8+PP+SDSS 3.1� 3.9�

PL18+f�8+PP+DESI 3.0� 3.6�

PL18+DESI 1.4� 3.3�

PL18+DESI+PP&SH0ES 1.5� 3.2�

�⇤sCDM(z† = 1.7)
PL18 0.9� 0.1�

PL18+f�8 1.6� 0.0�

�⇤sCDM(z† = 2.16) PL18+f�8+PP&SH0ES 2.2� 1.8�

�⇤CDM

PL18 1.8� 4.0�

PL18+f�8 3.6� 4.5�

PL18+f�8+PP 3.8� 4.7�

PL18+f�8+PP&SH0ES 3.6� 4.2�

PL18+f�8+PP+SDSS 3.4� 4.7�

PL18+f�8+PP+DESI 3.5� 4.4�

PL18+DESI 2.6� 3.9�

PL18+DESI+PP&SH0ES 2.8� 3.8�

in the constraint on � in this dataset combination. In
contrast, with � = 0.693+0.060

�0.051, �⇤CDM, despite having
similarly large uncertainties, exhibits a significantly
higher � tension at the 2.6� level, while also yielding
a 3.6� H0 tension. This suggests that even when z† is
constrained to relatively high values, �⇤sCDM continues
to o↵er a modest advantage over �⇤CDM in alleviating
cosmological tensions, particularly in the context of the
� tension. However, since the DESI BAO data constrain
z† to relatively high values (z† > 2.4), the ability of
�⇤sCDM to fully resolve both the H0 and � tensions is
somewhat limited in this dataset combination. Notably,
this picture remains unchanged when SN Ia data are
included in the analysis, as we find similar results for
PL18+DESI+PP&SH0ES.

These higher tensions, which arise when the BAO data
are incorporated into our analysis, suggest that the DESI
and SDSS datasets—both of which rely on 3D BAO mea-
surements calibrated against Planck-⇤CDM as the fiducial
model—limit the e↵ectiveness of �⇤sCDM in predicting
� = 0.55.3 Even so, the DESI likelihood still shows a
slight preference for �⇤sCDM, as indicated by its nega-

3
The performance of the abrupt ⇤sCDM model against pre-DESI

BAO data, particularly the SDSS BAO dataset, has been exten-

sively studied in the literature [41, 42, 45]. While SDSS BAO data

statistically favors z† & 2.1, limiting the model’s e↵ectiveness, it

tive ��
2
min value. Moreover, in all analyses incorporating

DESI data, �⇤sCDM consistently reduces both the H0

and � tensions by approximately 0.5–1� compared to
�⇤CDM for the same dataset combinations.
As a next step, we fix z† = 1.7, motivated by pre-

vious studies on ⇤sCDM showing that a mirror AdS-
to-dS transition around this redshift e↵ectively allevi-
ates multiple major cosmological tensions, including
those in H0, MB, and S8 [41–43, 45]. For instance,
Ref. [43] finds z† = 1.72+0.09

�0.12 from a combined analysis
using Planck+BAOtr+PP&SH0ES+KiDS-1000, yielding
H0 = 73.16±0.64 km s�1 Mpc�1 and completely eliminat-
ing the H0 tension. For this reason, we find it interesting
to explicitly examine the z† = 1.7 scenario, for the Planck-
alone and PL18+f�8 dataset combinations, as our free z†
analysis indicates that z† = 1.7 remains consistent with
the lower bound z† > 1.58 inferred for these cases. Thus,
for these cases, we conduct an additional analysis of the
�⇤sCDM model by fixing z† = 1.7, reducing the number
of free parameters to the same seven as �⇤CDM, and
evaluating its impact on the inferred cosmological ten-
sions. As seen in Tables II and III, this special case can
e↵ectively eliminate both the � and H0 tensions in each
of these two data combinations. See also Fig. 1, which
compares PL18 and PL18+f�8 for �⇤CDM, �⇤sCDM,
and the special fixed-z† = 1.7 case. However, this value of
z† is disfavored by both the PL18 and PL18+f�8 in terms
goodness of it, as the �⇤sCDM model worsens the �

2
min by

⇠4 and ⇠2, respectively, compared to �⇤CDM. Moreover,
in our analyses including any other data set, this value of
z† is excluded at more than 2�. Regardless, in the Planck-
alone analysis, the lowered ⌦m0 implied by z† = 1.7 raises
H0 enough to remove the H0 tension completely (0.1�)
and simultaneously keeps � near 0.55, eliminating the
� tension (0.9�) as well. A similar e↵ect emerges when
f�8 data are added: the PL18+f�8 combination still al-
lows H0 to remain su�ciently high (& 73 km s�1 Mpc�1)
while keeping � ⇡ 0.58–0.60, reducing the � tension to
1.6� and driving the H0 tension down to 0�. The fact that

has been shown that when combined with CMB data, the overall

fit remains comparable to, or even slightly better than, standard

⇤CDM in terms of Bayesian evidence [42]. A detailed analysis

in [42] demonstrated that low-z SDSS BAO data primarily weaken

the model’s success, whereas high-z BAO, viz., Ly-↵ BAO, favor

a transition redshift of z† . 2.3. Recognizing that high-z and low-

z BAO constraints yield distinctive correlations in the H0-⌦m0

plane within ⇤CDM [163], Ref. [45] performed an analysis using

only the high-z subset of SDSS BAO data (z > 1), finding that

both the model’s fit and its ability to mitigate cosmological ten-

sions improve significantly compared to using the full SDSS BAO

dataset. Furthermore, Ref. [43] investigated the use of transverse

BAO (BAOtr) (or 2D BAO), a less model-dependent alternative

to the commonly used 3D BAO data (often referred to simply as

BAO), which relies on Planck-⇤CDM to determine the distance

to the spherical shell and could potentially introduce a bias when

analyzing scenarios beyond ⇤CDM. They found that combining

Planck with BAOtr provides very strong Bayesian evidence for

⇤sCDM over ⇤CDM, yielding H0 = 73.30
+1.20
�1.00 km s

�1
Mpc

�1

and completely eliminating the H0 tension.
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FIG. 1. Posterior predictive regions for the kinematical diagnostics, namely the Hubble parameter H(z), the conformal Hubble
parameter H(z)/(1+ z), and the deceleration parameter q(z), comparing the non-parametric node-based reconstruction (Rec.)
with the CPL parametrization, shown here as a representative EoS-based DE benchmark. The four rows correspond, from top
to bottom, to the dataset combinations CC+DESI, CC+DESI+H0DN, CC+SN+DESI, and CC+SN+DESI+H0DN, with SN
denoting Pantheon+. In each panel, the cool (blue–green) and warm (yellow–red) shaded bands show, respectively, the CPL and
reconstruction constraints; the accompanying color strips indicate the ω-equivalent credible levels, with inner and outer shading
corresponding approximately to 1ω and 2ω (i.e. → 68% and → 95% for a Gaussian posterior). The black dashed curve shows the
best-fit reconstruction, while the green dash-dotted curve shows the best-fit !CDM baseline for the same dataset combination.
Because the highest-redshift node is fixed at z = 3 and no data lie in the interval 2.4 < z < 3.0, the behaviour approaching this
boundary should be interpreted cautiously, particularly for the derivative-based diagnostic q(z). Corresponding comparisons
with the JBP, Barboza–Alcaniz, exponential, and logarithmic parametrizations are shown in Appendix B.

the reconstructed e!ective DE density becomes small.
Accordingly, q(1.7) provides the cleaner and more ro-
bust measure of the class-level separation identified in
this work.

It is important to distinguish the most robust quan-
titative result of the present paper from the broader
intermediate-redshift phenomenology suggested by the

reconstruction. Within the redshift range directly sup-
ported by the data, the clearest class-level discrimina-
tor is the persistent separation at z = 1.7, where the
reconstruction prefers systematically stronger decelera-
tion than the smooth low-dimensional EoS-based DE
parametrizations. At the same time, the reconstructed
q(z) profiles also admit, in some cases, hints of a further

9

FIG. 2. E!ective dark energy fluid variables obtained by mapping the inferred expansion histories to an e!ective GR dark
energy sector: the density ωDE(z), pressure pDE(z) (both normalized to ωc,0), and the EoS parameter wDE(z) = pDE/ωDE. The
layout, dataset ordering (top to bottom: CC+DESI, CC+DESI+H0DN, CC+SN+DESI, CC+SN+DESI+H0DN), and visual
conventions are the same as in Fig. 1. In particular, the cool (blue–green) and warm (yellow–red) shaded bands correspond
to CPL and the reconstruction, respectively, with the ε-equivalent credible levels indicated by the adjacent color strips. The
black dashed curve denotes the best-fit reconstruction and the green dash-dotted curve the best-fit ”CDM baseline. Apparent
divergences or fragmentation in wDE(z) should be interpreted as ratio e!ects: they arise when ωDE(z) becomes very small
or crosses zero, and do not correspond to singular behaviour in the underlying expansion history. As in Fig. 1, the interval
2.4 < z < 3.0 is extrapolation-dominated in our node setup and should be treated conservatively.

localized intermediate-redshift feature at z ↭ 2, including
a possible additional accelerated-expansion interval with
q(z) < 0, although this lies closer to the boundary of the
directly constrained region and must therefore be inter-
preted more cautiously. This is fully consistent with the
companion reconstruction analysis, which showed that
some dataset combinations can accommodate a transient
additional accelerated phase around z → 1.7–2.3 only
at the level of a hint and with non-negligible sensitiv-

ity to both the dataset combination and the treatment
of the high-redshift boundary [45]. The broader physi-
cal relevance of this possibility is underscored by smooth
!sVCDM realizations, in which a finite-width AdS-to-
dS transition can generate an additional accelerated-
expansion interval around the transition epoch, whereas
a genuine super-acceleration phase with Ḣ > 0 requires
a stronger condition and is not generic [44, 54, 55]. The
point of the present paper is therefore not to claim a de-
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TABLE II. Marginalized constraints on q(1.7) and wDE(1.7) for the non-parametric node-based reconstruction (Rec.) and
the smooth low-dimensional EoS-based DE parametrizations considered in this work, for each dataset combination. Quoted
uncertainties correspond to 68% credible intervals. For the reconstruction, wDE(1.7) denotes the e!ective DE EoS parameter
inferred from the reconstructed expansion history under the GR background mapping.

Dataset Parameter Rec. !CDM wCDM CPL JBP Barb. Alc. Exp. Log.

CC+DESI
q(1.7) 0.589+0.090

→0.11 0.340+0.0056
→0.0056 0.324+0.020

→0.020 0.350+0.024
→0.024 0.335+0.020

→0.020 0.360+0.029
→0.029 0.347+0.026

→0.022 0.359+0.030
→0.030

wDE(1.7) 0.18+0.27
→0.34 →1 →0.939+0.071

→0.071 →1.53+0.32
→0.32 →1.01+0.09

→0.09 →1.53+0.34
→0.34 →1.40+0.24

→0.33 →1.8+0.49
→0.49

CC+DESI

+H0DN

q(1.7) 0.61+0.13
→0.11 0.3422+0.0055

→0.0055 0.374+0.009
→0.009 0.375+0.011

→0.016 0.359+0.012
→0.016 0.376+0.011

→0.018 0.370+0.010
→0.016 0.381+0.010

→0.016

wDE(1.7) →0.81+2.61
→2.38 →1 →1.143+0.037

→0.037 →1.10+0.26
→0.21 →1.064+0.08

→0.05 →1.13+0.26
→0.19 →1.03+0.23

→0.18 →1.25+0.32
→0.25

CC+SN+DESI
q(1.7) 0.565+0.078

→0.10 0.3440+0.0049
→0.0049 0.321+0.014

→0.013 0.334+0.018
→0.019 0.329+0.021

→0.021 0.337+0.021
→0.024 0.332+0.020

→0.020 0.336+0.018
→0.023

wDE(1.7) 0.08+0.36
→0.27 →1 →0.926+0.038

→0.038 →1.06+0.17
→0.16 →0.963+0.083

→0.083 →1.08+0.19
→0.17 →1.02+0.16

→0.16 →1.13+0.26
→0.23

CC+SN+DESI

+H0DN

q(1.7) 0.560+0.080
→0.10 0.3457+0.0048

→0.0048 0.362+0.008
→0.008 0.391+0.015

→0.015 0.384+0.013
→0.013 0.395+0.015

→0.015 0.387+0.014
→0.014 0.391+0.015

→0.015

wDE(1.7) 0.07+0.37
→0.31 →1 →1.060+0.027

→0.027 →1.48+0.18
→0.15 →1.19+0.075

→0.075 →1.49+0.19
→0.15 →1.39+0.15

→0.13 →1.62+0.23
→0.19

ment of the expansion rate at lower redshift, thereby
tending to raise the inferred H0 [40–44, 54, 55]. The
present analysis does not identify the reconstruction
uniquely with that class, but it does show that the kind of
localized kinematics embodied by such models is among
the structures that EoS-based DE parametrizations are
predisposed to smear out. The reconstruction generically
prefers structured intermediate-redshift evolution, char-
acterized by a rapid descent of ωDE(z) toward very small
values and, in some realizations, toward a sign change at
z†. By contrast, the EoS-based DE parametrizations—
of which CPL serves as a representative benchmark in
the main figures—project these same late-time kinemat-
ics onto sign-preserving, globally smooth e!ective den-
sities over most of the constrained interval. Within
that positive-density framework, they compensate for the
lack of localized structure by shifting the EoS parameter
to more negative values, often into the NECB-violating
(phantom-like) regime at intermediate redshift. In this
sense, the apparent phantom-like behaviour returned by
the EoS-based parametrizations is best interpreted not
as direct evidence for exotic DE microphysics, but as a
compensating projection of a more localized kinematical
feature onto a globally smooth low-dimensional manifold.

This interpretation also clarifies how the EoS param-
eter of the DE, wDE(z) = pDE(z)/ωDE(z), should be
read in Fig. 2. In the reconstruction, the large excur-
sions and fragmented morphology of wDE(z) near the
transition are primarily a ratio e!ect: as ωDE(z) → 0,
the ratio becomes ill-conditioned even when the un-
derlying pressure and kinematics remain smooth. The
physically robust information is therefore carried by
ωDE(z), pDE(z), and the overall location of the rapid
intermediate-redshift descent, rather than by the de-
tailed morphology of wDE(z) in the immediate vicinity
of a near-crossing or crossing. Seen in this light, the
additional EoS-based DE parametrizations strengthen
rather than weaken the main interpretation: they show
that a broad class of smooth models responds to the
same underlying late-time kinematical preference in es-
sentially the same way, namely by distributing the re-

quired flexibility into a smoother evolution, often extend-
ing into NECB-violating (phantom-like) regimes within
their positive-density framework. More generally, the dif-
ficulty is not only that wDE(z) can become singular near
ωDE = 0, but also that, for su”ciently fast transition-like
histories, it can remain observationally close to ↑1 over
most of the redshift range while the actual dynamics is
carried by the localized evolution of ωDE(z) itself [44–
46, 54, 55].

The scalar-field diagnostics shown in Fig. 3 provide
an e!ective-field interpretation of the same background
relations. A central point is that the reconstruction
does not merely shift the inferred DE EoS parame-
ter; it produces a localized enhancement of the e!ec-
tive kinetic contribution #X (z) around z ↓ 1.7–2, fol-
lowed by a rapid turnover as the solution approaches
the regime in which ωDE becomes very small. This lo-
calized feature is largely absent from the EoS-based DE
parametrizations, which remain comparatively feature-
less in #X (z) and instead accommodate the same late-
time kinematics by shifting wDE(z) toward more negative
values. In the e!ective scalar-field mapping, this distinc-
tion is physically meaningful: Appendix A shows that
ωDE + pDE = 2#X and ω̇DE = ↑6H#X , so the sign and
magnitude of #X directly control both the NEC char-
acter of the e!ective DE sector and the rate at which
ωDE(z) evolves [44, 45, 59, 60].

In a two-field reading, the evolution—and, where
present, the sign change—of #X may be interpreted
as a shift in the balance between canonical and phan-
tom sectors, whereas in an e!ective single-field reading it
simply signals a transient episode in which the kinetic
sector becomes dynamically non-negligible; the recon-
struction itself remains agnostic between these interpre-
tations. The localized positive excursion in #X around
z ↓ 1.7–2 therefore provides the scalar-sector counter-
part of the enhanced deceleration seen in q(z) and of
the rapid intermediate-redshift descent of ωDE(z). This
point is further corroborated by the appendix compar-
isons: the JBP, Barboza–Alcaniz, exponential, and log-
arithmic forms all remain much smoother in #X (z) and

7

TABLE I. Marginalized parameter constraints and model-comparison diagnostics for the non-parametric node-based recon-
struction (Rec.) and the smooth low-dimensional EoS-based DE parametrizations considered in this work, for each dataset
combination. Quoted uncertainties correspond to 68% credible intervals. For the reconstruction, w0 denotes the present-day
DE EoS parameter inferred from the reconstructed background under the GR mapping, while wa is not defined. For each
model column i, the last two rows report the improvement in the best-fit likelihood and the Bayesian evidence relative to the
!CDM baseline, defined as ”ω

2
min,i → ω

2
min(i)↑ω

2
min(!CDM) and lnB!CDM,i → ln(Z!CDM/Zi). Thus, ”ω

2
min,i < 0 indicates a

better best fit than !CDM, while lnB!CDM,i > 0 indicates that the Bayesian evidence favors the simpler !CDM baseline once
the Occam penalty is taken into account. By construction, the !CDM entries in these two rows are shown as dashes.

Dataset Parameter Rec. !CDM wCDM CPL JBP Barb. Alc. Exp. Log.

CC+DESI

H0 65.96± 3.80 68.50± 0.53 67.0± 2.0 64.69± 2.12 64.6+2.2
→2.6 64.8+1.8

→2.2 64.9+1.6
→2.4 65.3+1.7

→2.1

q0 →0.35+0.27
→0.31 →0.55± 0.01 →0.486± 0.077 0.02+0.34

→0.22 →0.05+0.39
→0.20 →0.03+0.28

→0.24 0.03+0.37
→0.22 →0.02± 0.26

w0 →0.81+0.26
→0.30 →1 →0.939± 0.071 →0.48± 0.26 →0.54+0.37

→0.20 →0.54± 0.24 →0.47+0.35
→0.23 →0.52+0.24

→0.28

wa → → → →1.66+0.87
→1.0 →2.03+0.95

→1.8 →0.85± 0.48 →1.99+0.93
→1.5 →1.29+0.79

→0.72

”ω
2
min,i →3.47 → →0.91 →3.42 →3.21 →3.49 →3.41 →3.34

lnB!CDM,i 10.76 → 2.01 1.27 1.26 1.89 1.28 1.38

CC+DESI

+H0DN

H0 72.41± 1.71 68.92± 0.42 72.14± 0.85 70.10± 1.09 72.38± 0.77 72.36± 0.78 72.76± 0.79 72.60± 0.79
q0 →0.61± 0.20 →0.55± 0.01 →0.709± 0.045 →0.46± 0.23 →0.918+0.093

→0.17 →0.74± 0.15 →0.81± 0.18 →0.67± 0.14

w0 →1.02± 0.19 →1 →1.143± 0.037 →0.92± 0.19 →1.314+0.074
→0.14 →1.17+0.10

→0.12 →1.22+0.13
→0.16 →1.11+0.10

→0.11

wa → → → →0.45+0.76
→0.59 1.07+0.87

→0.41 0.03+0.31
→0.25 0.41+0.84

→0.63 →0.14+0.43
→0.34

”ω
2
min,i →6.88 → →4.03 →4.87 →5.15 →4.33 →4.82 →4.81

lnB!CDM,i 10.59 → 2.14 1.54 1.22 1.78 1.55 1.55

CC+SN+DESI

H0 68.05± 1.63 68.54± 0.52 66.7± 1.2 67.42± 1.16 66.8+1.3
→1.2 67.2+1.6

→1.3 67.2+1.5
→1.3 67.5+1.7

→1.3

q0 →0.56+0.16
→0.22 →0.54± 0.01 →0.471± 0.037 →0.43± 0.07 →0.435± 0.092 →0.434± 0.059 →0.428± 0.078 →0.428± 0.064

w0 →1.01+0.15
→0.21 →1 →0.926± 0.038 →0.89± 0.06 →0.894± 0.080 →0.899± 0.048 →0.891± 0.065 →0.895+0.048

→0.055

wa → → → →0.30+0.34
→0.29 →0.30± 0.62 →0.15+0.19

→0.16 →0.29+0.47
→0.41 →0.23+0.30

→0.25

”ω
2
min,i →6.61 → →3.81 →4.11 →3.86 →4.22 →4.32 →4.23

lnB!CDM,i 12.23 → 1.08 2.11 1.87 2.27 2.08 2.07

CC+SN+DESI

+H0DN

H0 70.12± 1.31 68.92± 0.42 71.24± 0.63 71.24± 0.85 71.02± 0.69 71.61± 0.65 71.57± 0.65 71.69± 0.65
q0 →0.57+0.11

→0.15 →0.548± 0.011 →0.598± 0.029 →0.43+0.06
→0.07 →0.427± 0.095 →0.456± 0.063 →0.417± 0.078 →0.433± 0.064

w0 →1.01+0.08
→0.20 →1 →1.060± 0.027 →0.91± 0.06 →0.906± 0.087 →0.942± 0.055 →0.902± 0.070 →0.921± 0.057

wa → → → →0.46+0.36
→0.27 →1.23+0.68

→0.62 →0.46+0.19
→0.16 →1.04+0.46

→0.40 →0.71+0.28
→0.23

”ω
2
min,i →7.24 → →1.77 →3.11 →2.66 →3.31 →3.13 →3.23

lnB!CDM,i 12.12 → 2.92 2.11 2.85 2.16 2.09 2.14

clearly in several combinations without SN but with an
external H0 prior [45]. In particular, the cases with
the strongest high-H0 preference tended to reconstruct
transitions around z† → 1.7, whereas adding SN gener-
ally weakened this degeneracy and shifted the inferred
transition to somewhat higher redshift [45]. This is also
close to the transition range in which !sCDM-like sign-
switching scenarios have been found to be most e”ec-
tive in mitigating multiple late-time tensions [40–43] (see
also Refs. [44, 51, 53, 55, 57, 58, 65]). The present
comparison therefore isolates, at z = 1.7, not an arbi-
trary reference point, but a physically suggestive redshift
at which the class-level kinematical separation between
the smooth low-dimensional EoS-based DE parametriza-
tions and the reconstruction becomes especially clear. At
the same time, this should not be read as implying that
all dataset combinations reconstruct z† ↑ 1.7; once SN
are included, the inferred sign change in the compan-
ion analysis typically shifts to somewhat higher redshift,
even though z = 1.7 remains a particularly discriminat-
ing point for the deceleration history.

Table III quantifies this discrepancy. The Gaussian-
ized tensions in q(1.7) persist at the → 1.8–2.9ω level
across all model and dataset combinations. This shows

that the mismatch at intermediate redshift is a robust,
class-wide feature of the EoS-based DE parametrizations
considered here. The fact that the tension persists not
only for the two-parameter EoS-based forms but also for
the !CDM and wCDM baselines further strengthens the
interpretation that the relevant distinction is between
functional classes of description rather than between indi-
vidual parametrizations. In this sense, the present anal-
ysis sharpens the message beyond a purely CPL-versus-
reconstruction comparison.

By contrast, the corresponding tensions in wDE(1.7),
though often nominally larger, must be interpreted with
considerably greater caution. Table II shows that the
EoS-based DE parametrizations cluster around negative
and, in several cases, NECB-violating (phantom-like)
values of wDE(1.7), whereas the reconstruction yields a
broad and strongly non-Gaussian posterior. This is espe-
cially striking for the CC+DESI+H0DN combination, in
which the reconstructed wDE(1.7) posterior broadens to
↓0.81+2.61

→2.38, causing the nominal tensions reported in Ta-
ble III to collapse to ↭ 0.2ω despite the continued mis-
match in q(1.7). The correct inference is therefore not
that the discrepancy in wDE(1.7) disappears, but that
wDE(1.7) is intrinsically a less stable discriminator once
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FIG. 4. Two-dimensional marginalized posterior distributions for the derived transition redshift z† versus H0 (shown here for
H0DN; SH0ES cases are nearly indistinguishable in our pipeline). Contours denote the 68% and 95% credible regions. The
top row shows combinations without SN (as labeled in the panels), and the bottom row shows the corresponding combinations
including SN. Combinations without SN exhibit a pronounced anticorrelation between z† and H0 in several cases, while adding
SN significantly reduces this degeneracy and compresses the H0 posterior toward → 70 km s→1 Mpc→1.

malization 1 → !m0 and therefore moves the redshift at
which ωDE crosses zero. This dependence is illustrated
explicitly in Appendix A (Fig. 5): for the representa-
tive case CC+SN+DESI+H0DN, lowering the assumed
!m0 from 0.30 to 0.27 shifts the inferred transition to
higher redshift, z† : 2.48+0.04

→0.07 ↑ 2.59+0.06
→0.10, and corre-

spondingly shifts the inferred w0 slightly toward less neg-
ative values, w0 : →1.03 ± 0.06 ↑ →1.005 ± 0.059. For
these reasons, the most conservative statement is that our
pipeline robustly identifies an e”ective sign-changing ωDE

within the assumed mapping, while the precise localiza-
tion of z† should be interpreted as a derived, model- and
assumption-dependent quantity, especially when it lies
close to the data boundary. Because BAO constrain dis-
tances in units of rd, the assumed calibration/anchor for
rd can propagate into the inferred intermediate-redshift
structure and hence into the localization of z†.

It is also useful to place the reconstructed phenomenol-
ogy in the context of sign-switching vacuum-energy sce-
narios, most notably the #sCDM framework and closely
related extensions, in which the e”ective cosmological
term changes sign at a transition epoch (often idealized
as an AdS-to-dS switch) characterized by a transition
redshift. In that class of models the transition scale
is not a cosmetic parameter: it governs where the ex-
pansion history departs from a strictly #-like evolution
and therefore controls how e$ciently one can reconcile
early- and late-time distance information, with a “sweet
spot” around z† ↓ O(1.5–2) often found in joint analy-

ses as the regime where multiple late-time discrepancies
can be simultaneously mitigated (see, e.g., Refs. [116–
119, 122]). While the present work does not perform
a direct parameter inference within #sCDM, it is no-
table that the model-agnostic reconstruction repeatedly
maps onto an e”ective sign change of ωDE(z) and yields
transition scales that cluster either near z† ↓ 1.7 (in
the high-H0 mode realized most clearly in BAOtr+H0

combinations) or at somewhat higher redshift once SN
are included. This is qualitatively consistent with the
degeneracy structure expected in sign-switching scenar-
ios: moving the transition to lower redshift increases the
leverage of late-time distances to raise the inferred H0,
and Fig. 4 shows this anticorrelation directly. Moreover,
in #sCDM the vacuum-like relation p!s = →ω!s implies
w ↔ →1 away from the crossing, while w becomes ill-
defined at ω!s = 0; correspondingly, the large excursions
of wDE near z† in our reconstruction should be under-
stood as a kinematic consequence of ωDE ↑ 0, not as ev-
idence for a violently dynamical equation of state. Taken
together, these points suggest that #sCDM-like sign-
switching parametrizations provide a particularly sharp
benchmark for interpreting our data-driven results and
motivate a targeted follow-up in which a minimal #sCDM
template is fit directly to the same dataset combinations
under the same calibration assumptions. This should be
read as contextual benchmarking, not as a detection of a
specific model.

Within the scalar-field interpretation, it is crucial to
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FIG. 3. Scalar-sector diagnostics inferred from the same background relations by interpreting the e!ective fluid in terms of
a scalar sector: the e!ective kinetic contribution ”X (z) and the total e!ective potential V (z) (both normalized to ωc,0). The
four rows correspond, from top to bottom, to the dataset combinations CC+DESI, CC+DESI+H0DN, CC+SN+DESI, and
CC+SN+DESI+H0DN. As in Figs. 1 and 2, the cool (blue–green) and warm (yellow–red) shaded bands correspond to CPL
and the reconstruction, respectively, with inner and outer regions indicating approximately 1ε and 2ε credible levels. The
black dashed curve shows the best-fit reconstruction, while the green dash-dotted curve shows the best-fit #CDM baseline.
Because ”X (z) and V (z) depend on derivatives of the inferred expansion history, their detailed behaviour is especially sensitive
to the reconstruction near the high-redshift boundary; consequently, features developing primarily in the extrapolation interval
2.4 < z < 3.0 should be interpreted with caution. A change of sign in ”X may be viewed either as an e!ective phantom-like
contribution in a single-field reading, or as the net kinetic balance in a two-field (quintom) realization; the reconstruction itself
remains agnostic, since it is performed at the level of background kinematics.

tection of an intermediate accelerated phase, but to show
that the kind of localized intermediate-redshift kinemat-
ics from which such a phase could emerge is system-
atically compressed when projected onto smooth low-
dimensional EoS-based DE parametrizations.

The origin of this behaviour becomes more transparent
when the inferred kinematics are mapped onto an e!ec-

tive DE sector, as shown in Fig. 2. The resulting pat-
tern closely mirrors the phenomenology of sign-switching
and transition-like DE models, such as ”sCDM and its
smooth realizations, in which a negative intermediate-
redshift e!ective DE density contribution lowers H(z)
relative to ”CDM and, once the early-Universe distance
anchor is maintained, requires a compensating enhance-

6

gence at ωDE = 0 is a kinematic artifact of the ratio
wDE = pDE/ωDE rather than a physical singularity of
the background: ωDE passes smoothly through zero while
pDE remains finite (and correspondinglyH and curvature
scalars need not diverge). In particular, the crossing cor-
responds to the perfectly regular condition U = ε̇

2
/2 at

the crossing.

Away from the transition, whenever the scalar behaves
in a potential-dominated regime with ε̇

2
→ 2|U | (equiva-

lently |ωDE| ↑ |ωDE + pDE| = ε̇
2), one has wDE ↓ ↔1 on

either side of the crossing. It should be emphasized that
the evolution through ωDE = 0 is therefore characterized
by wDE diverging to ↔↗ as ωDE ↘ 0+ (approaching the
crossing from the ωDE > 0 side), and reappearing from
+↗ as ωDE ↘ 0→ (on the ωDE < 0 side), before relaxing
back toward finite values away from the crossing.

Next, Eqs. (5) and (6) can be combined to isolate the
potential U and the kinetic contribution,

ϑ
2
U = 3H2 + Ḣ ↔

ϑ
2

2
(ωm ↔ pm) , (16)

ϑ
2!X ≃

1

2
ϖϑ

2
ε̇
2 = ↔Ḣ ↔

ϑ
2

2
(ωm + pm) . (17)

For a real single field one has ε̇
2

⇐ 0, so the sign of
!X is fixed by the choice of ϖ: !X ⇐ 0 for ϖ = +1
(quintessence) and !X ⇒ 0 for ϖ = ↔1 (phantom), with
equality only when ε̇ = 0. Thus, within the minimal
single-field framework the e”ective kinetic contribution
cannot change sign, and a smooth transition between
quintessence-like and phantom-like dynamics is not possi-
ble. Alternatively, in Sec. II B we consider a dark-energy
sector composed of two scalar fields, for which the net
kinetic contribution can change sign, enabling smooth
transitions between quintessence-like and phantom-like
regimes.

B. Two-field Dark Energy Sector: Minimally
Coupled Phantom and Quintessential Scalars

We model the dark-energy sector with two minimally
coupled scalars: a canonical field Q and a phantom field
P . The following results can be generalized to q canoni-
cal (quintessence) fields Qi (i = 1, . . . , q) and p phantom
fields Pj (j = 1, . . . , p). At the level of the homoge-
neous background (which is our focus), multiple canoni-
cal/phantom fields can be packaged into e”ective single
canonical/phantom degrees of freedom along the back-
ground trajectory (while additional entropy modes may
appear at the perturbation level). In full generality the
scalar potential is an arbitrary function of both fields,
U ≃ U(Q,P ); here we restrict to the separable case
U(Q,P ) = U1(Q) + U2(P ), for which the scalar equa-
tions decouple in the potential (with the two fields still
coupled through gravity via H). Accordingly, action (1)

is rewritten as

S =

∫
d
4
x

⇑
↔g

[
1

2ϑ2
R ↔

1

2
(⇓Q)2 ↔ U1(Q)

+
1

2
(⇓P )2 ↔ U2(P )

]
+ Sm ,

(18)

such that the Einstein equations and the Klein–Gordon
equations read

Gµω = ϑ
2
[
⇓µQ⇓ωQ ↔ gµω

(
1
2 (⇓Q)2 + U1

)

↔ ⇓µP⇓ωP + gµω

(
1
2 (⇓P )2 ↔ U2

)
+ T

(m)
µω

]
,

(19)

↭Q = U1,Q , ↭P = ↔U2,P . (20)

For the separable potential the single-field Klein–
Gordon equation (3) is replaced by two decoupled equa-
tions, one for each scalar. Without separability, the
field equations remain two coupled equations through the
mixed derivatives of U(Q,P ). Note also that a single
complex canonical scalar is equivalent to two real canon-
ical scalars; this is not the case here because one of the
degrees of freedom carries a wrong-sign kinetic term.

Once again, specializing to a spatially flat FLRW back-
ground yields

3H2 = ϑ
2
[
U1(Q) + U2(P )

+ 1
2

(
Q̇

2
↔ Ṗ

2
)
+ ωm

]
,

(21)

3H2 + 2Ḣ = ϑ
2
[
U1(Q) + U2(P )

↔
1
2

(
Q̇

2
↔ Ṗ

2
)

↔ pm

]
,

(22)

Q̈+ 3HQ̇ = ↔U1,Q , (23)

P̈ + 3HṖ = U2,P . (24)

It is then convenient to introduce the total potential and
the net (e”ective) kinetic contribution,

ϑ
2
U ≃ ϑ

2 (U1(Q) + U2(P ))

= 3H2 + Ḣ ↔
ϑ
2

2
(ωm ↔ pm) ,

(25)

ϑ
2!X ≃

ϑ
2

2

(
Q̇

2
↔ Ṗ

2
)

= ↔Ḣ ↔
ϑ
2

2
(ωm + pm) .

(26)

Thus, U receives contributions from both component
potentials, while the sign of !X tracks which kinetic
term dominates at the background level: !X > 0 cor-
responds to Q̇

2
> Ṗ

2 (canonical-kinetic dominance),
whereas !X < 0 corresponds to Ṗ

2
> Q̇

2 (phantom-
kinetic dominance).

The dark energy sector can be expressed in terms of Q
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2
/2 at

the crossing.

Away from the transition, whenever the scalar behaves
in a potential-dominated regime with ε̇

2
→ 2|U | (equiva-

lently |ωDE| ↑ |ωDE + pDE| = ε̇
2), one has wDE ↓ ↔1 on

either side of the crossing. It should be emphasized that
the evolution through ωDE = 0 is therefore characterized
by wDE diverging to ↔↗ as ωDE ↘ 0+ (approaching the
crossing from the ωDE > 0 side), and reappearing from
+↗ as ωDE ↘ 0→ (on the ωDE < 0 side), before relaxing
back toward finite values away from the crossing.

Next, Eqs. (5) and (6) can be combined to isolate the
potential U and the kinetic contribution,

ϑ
2
U = 3H2 + Ḣ ↔

ϑ
2

2
(ωm ↔ pm) , (16)

ϑ
2!X ≃

1

2
ϖϑ

2
ε̇
2 = ↔Ḣ ↔

ϑ
2

2
(ωm + pm) . (17)

For a real single field one has ε̇
2

⇐ 0, so the sign of
!X is fixed by the choice of ϖ: !X ⇐ 0 for ϖ = +1
(quintessence) and !X ⇒ 0 for ϖ = ↔1 (phantom), with
equality only when ε̇ = 0. Thus, within the minimal
single-field framework the e”ective kinetic contribution
cannot change sign, and a smooth transition between
quintessence-like and phantom-like dynamics is not possi-
ble. Alternatively, in Sec. II B we consider a dark-energy
sector composed of two scalar fields, for which the net
kinetic contribution can change sign, enabling smooth
transitions between quintessence-like and phantom-like
regimes.

B. Two-field Dark Energy Sector: Minimally
Coupled Phantom and Quintessential Scalars

We model the dark-energy sector with two minimally
coupled scalars: a canonical field Q and a phantom field
P . The following results can be generalized to q canoni-
cal (quintessence) fields Qi (i = 1, . . . , q) and p phantom
fields Pj (j = 1, . . . , p). At the level of the homoge-
neous background (which is our focus), multiple canoni-
cal/phantom fields can be packaged into e”ective single
canonical/phantom degrees of freedom along the back-
ground trajectory (while additional entropy modes may
appear at the perturbation level). In full generality the
scalar potential is an arbitrary function of both fields,
U ≃ U(Q,P ); here we restrict to the separable case
U(Q,P ) = U1(Q) + U2(P ), for which the scalar equa-
tions decouple in the potential (with the two fields still
coupled through gravity via H). Accordingly, action (1)

is rewritten as

S =

∫
d
4
x

⇑
↔g

[
1

2ϑ2
R ↔

1

2
(⇓Q)2 ↔ U1(Q)

+
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2
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]
+ Sm ,
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such that the Einstein equations and the Klein–Gordon
equations read
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(m)
µω
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,

(19)

↭Q = U1,Q , ↭P = ↔U2,P . (20)

For the separable potential the single-field Klein–
Gordon equation (3) is replaced by two decoupled equa-
tions, one for each scalar. Without separability, the
field equations remain two coupled equations through the
mixed derivatives of U(Q,P ). Note also that a single
complex canonical scalar is equivalent to two real canon-
ical scalars; this is not the case here because one of the
degrees of freedom carries a wrong-sign kinetic term.

Once again, specializing to a spatially flat FLRW back-
ground yields

3H2 = ϑ
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Q̈+ 3HQ̇ = ↔U1,Q , (23)

P̈ + 3HṖ = U2,P . (24)

It is then convenient to introduce the total potential and
the net (e”ective) kinetic contribution,
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2 (U1(Q) + U2(P ))

= 3H2 + Ḣ ↔
ϑ
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2
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2
)

= ↔Ḣ ↔
ϑ
2

2
(ωm + pm) .

(26)

Thus, U receives contributions from both component
potentials, while the sign of !X tracks which kinetic
term dominates at the background level: !X > 0 cor-
responds to Q̇

2
> Ṗ

2 (canonical-kinetic dominance),
whereas !X < 0 corresponds to Ṗ

2
> Q̇

2 (phantom-
kinetic dominance).

The dark energy sector can be expressed in terms of Q

6

gence at ωDE = 0 is a kinematic artifact of the ratio
wDE = pDE/ωDE rather than a physical singularity of
the background: ωDE passes smoothly through zero while
pDE remains finite (and correspondinglyH and curvature
scalars need not diverge). In particular, the crossing cor-
responds to the perfectly regular condition U = ε̇

2
/2 at

the crossing.

Away from the transition, whenever the scalar behaves
in a potential-dominated regime with ε̇

2
→ 2|U | (equiva-

lently |ωDE| ↑ |ωDE + pDE| = ε̇
2), one has wDE ↓ ↔1 on

either side of the crossing. It should be emphasized that
the evolution through ωDE = 0 is therefore characterized
by wDE diverging to ↔↗ as ωDE ↘ 0+ (approaching the
crossing from the ωDE > 0 side), and reappearing from
+↗ as ωDE ↘ 0→ (on the ωDE < 0 side), before relaxing
back toward finite values away from the crossing.

Next, Eqs. (5) and (6) can be combined to isolate the
potential U and the kinetic contribution,

ϑ
2
U = 3H2 + Ḣ ↔

ϑ
2

2
(ωm ↔ pm) , (16)

ϑ
2!X ≃

1

2
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2 = ↔Ḣ ↔
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(ωm + pm) . (17)

For a real single field one has ε̇
2

⇐ 0, so the sign of
!X is fixed by the choice of ϖ: !X ⇐ 0 for ϖ = +1
(quintessence) and !X ⇒ 0 for ϖ = ↔1 (phantom), with
equality only when ε̇ = 0. Thus, within the minimal
single-field framework the e”ective kinetic contribution
cannot change sign, and a smooth transition between
quintessence-like and phantom-like dynamics is not possi-
ble. Alternatively, in Sec. II B we consider a dark-energy
sector composed of two scalar fields, for which the net
kinetic contribution can change sign, enabling smooth
transitions between quintessence-like and phantom-like
regimes.

B. Two-field Dark Energy Sector: Minimally
Coupled Phantom and Quintessential Scalars

We model the dark-energy sector with two minimally
coupled scalars: a canonical field Q and a phantom field
P . The following results can be generalized to q canoni-
cal (quintessence) fields Qi (i = 1, . . . , q) and p phantom
fields Pj (j = 1, . . . , p). At the level of the homoge-
neous background (which is our focus), multiple canoni-
cal/phantom fields can be packaged into e”ective single
canonical/phantom degrees of freedom along the back-
ground trajectory (while additional entropy modes may
appear at the perturbation level). In full generality the
scalar potential is an arbitrary function of both fields,
U ≃ U(Q,P ); here we restrict to the separable case
U(Q,P ) = U1(Q) + U2(P ), for which the scalar equa-
tions decouple in the potential (with the two fields still
coupled through gravity via H). Accordingly, action (1)

is rewritten as

S =

∫
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⇑
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[
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R ↔

1

2
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+
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such that the Einstein equations and the Klein–Gordon
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)

↔ ⇓µP⇓ωP + gµω
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2 (⇓P )2 ↔ U2

)
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(m)
µω

]
,

(19)

↭Q = U1,Q , ↭P = ↔U2,P . (20)

For the separable potential the single-field Klein–
Gordon equation (3) is replaced by two decoupled equa-
tions, one for each scalar. Without separability, the
field equations remain two coupled equations through the
mixed derivatives of U(Q,P ). Note also that a single
complex canonical scalar is equivalent to two real canon-
ical scalars; this is not the case here because one of the
degrees of freedom carries a wrong-sign kinetic term.

Once again, specializing to a spatially flat FLRW back-
ground yields

3H2 = ϑ
2
[
U1(Q) + U2(P )

+ 1
2

(
Q̇

2
↔ Ṗ
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+ ωm

]
,

(21)

3H2 + 2Ḣ = ϑ
2
[
U1(Q) + U2(P )

↔
1
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(
Q̇

2
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2
)

↔ pm

]
,

(22)

Q̈+ 3HQ̇ = ↔U1,Q , (23)

P̈ + 3HṖ = U2,P . (24)

It is then convenient to introduce the total potential and
the net (e”ective) kinetic contribution,

ϑ
2
U ≃ ϑ

2 (U1(Q) + U2(P ))

= 3H2 + Ḣ ↔
ϑ
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2
(ωm ↔ pm) ,
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= ↔Ḣ ↔
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Thus, U receives contributions from both component
potentials, while the sign of !X tracks which kinetic
term dominates at the background level: !X > 0 cor-
responds to Q̇

2
> Ṗ

2 (canonical-kinetic dominance),
whereas !X < 0 corresponds to Ṗ

2
> Q̇

2 (phantom-
kinetic dominance).

The dark energy sector can be expressed in terms of Q

6

gence at ωDE = 0 is a kinematic artifact of the ratio
wDE = pDE/ωDE rather than a physical singularity of
the background: ωDE passes smoothly through zero while
pDE remains finite (and correspondinglyH and curvature
scalars need not diverge). In particular, the crossing cor-
responds to the perfectly regular condition U = ε̇

2
/2 at

the crossing.

Away from the transition, whenever the scalar behaves
in a potential-dominated regime with ε̇

2
→ 2|U | (equiva-

lently |ωDE| ↑ |ωDE + pDE| = ε̇
2), one has wDE ↓ ↔1 on

either side of the crossing. It should be emphasized that
the evolution through ωDE = 0 is therefore characterized
by wDE diverging to ↔↗ as ωDE ↘ 0+ (approaching the
crossing from the ωDE > 0 side), and reappearing from
+↗ as ωDE ↘ 0→ (on the ωDE < 0 side), before relaxing
back toward finite values away from the crossing.

Next, Eqs. (5) and (6) can be combined to isolate the
potential U and the kinetic contribution,

ϑ
2
U = 3H2 + Ḣ ↔

ϑ
2

2
(ωm ↔ pm) , (16)

ϑ
2!X ≃

1

2
ϖϑ

2
ε̇
2 = ↔Ḣ ↔

ϑ
2

2
(ωm + pm) . (17)

For a real single field one has ε̇
2

⇐ 0, so the sign of
!X is fixed by the choice of ϖ: !X ⇐ 0 for ϖ = +1
(quintessence) and !X ⇒ 0 for ϖ = ↔1 (phantom), with
equality only when ε̇ = 0. Thus, within the minimal
single-field framework the e”ective kinetic contribution
cannot change sign, and a smooth transition between
quintessence-like and phantom-like dynamics is not possi-
ble. Alternatively, in Sec. II B we consider a dark-energy
sector composed of two scalar fields, for which the net
kinetic contribution can change sign, enabling smooth
transitions between quintessence-like and phantom-like
regimes.

B. Two-field Dark Energy Sector: Minimally
Coupled Phantom and Quintessential Scalars

We model the dark-energy sector with two minimally
coupled scalars: a canonical field Q and a phantom field
P . The following results can be generalized to q canoni-
cal (quintessence) fields Qi (i = 1, . . . , q) and p phantom
fields Pj (j = 1, . . . , p). At the level of the homoge-
neous background (which is our focus), multiple canoni-
cal/phantom fields can be packaged into e”ective single
canonical/phantom degrees of freedom along the back-
ground trajectory (while additional entropy modes may
appear at the perturbation level). In full generality the
scalar potential is an arbitrary function of both fields,
U ≃ U(Q,P ); here we restrict to the separable case
U(Q,P ) = U1(Q) + U2(P ), for which the scalar equa-
tions decouple in the potential (with the two fields still
coupled through gravity via H). Accordingly, action (1)

is rewritten as

S =

∫
d
4
x

⇑
↔g

[
1

2ϑ2
R ↔

1

2
(⇓Q)2 ↔ U1(Q)

+
1

2
(⇓P )2 ↔ U2(P )

]
+ Sm ,

(18)

such that the Einstein equations and the Klein–Gordon
equations read

Gµω = ϑ
2
[
⇓µQ⇓ωQ ↔ gµω

(
1
2 (⇓Q)2 + U1

)

↔ ⇓µP⇓ωP + gµω

(
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2 (⇓P )2 ↔ U2

)
+ T

(m)
µω

]
,

(19)

↭Q = U1,Q , ↭P = ↔U2,P . (20)

For the separable potential the single-field Klein–
Gordon equation (3) is replaced by two decoupled equa-
tions, one for each scalar. Without separability, the
field equations remain two coupled equations through the
mixed derivatives of U(Q,P ). Note also that a single
complex canonical scalar is equivalent to two real canon-
ical scalars; this is not the case here because one of the
degrees of freedom carries a wrong-sign kinetic term.

Once again, specializing to a spatially flat FLRW back-
ground yields

3H2 = ϑ
2
[
U1(Q) + U2(P )

+ 1
2

(
Q̇

2
↔ Ṗ

2
)
+ ωm

]
,

(21)

3H2 + 2Ḣ = ϑ
2
[
U1(Q) + U2(P )

↔
1
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(
Q̇

2
↔ Ṗ

2
)

↔ pm

]
,

(22)

Q̈+ 3HQ̇ = ↔U1,Q , (23)

P̈ + 3HṖ = U2,P . (24)

It is then convenient to introduce the total potential and
the net (e”ective) kinetic contribution,

ϑ
2
U ≃ ϑ

2 (U1(Q) + U2(P ))

= 3H2 + Ḣ ↔
ϑ
2

2
(ωm ↔ pm) ,
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= ↔Ḣ ↔
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Thus, U receives contributions from both component
potentials, while the sign of !X tracks which kinetic
term dominates at the background level: !X > 0 cor-
responds to Q̇

2
> Ṗ

2 (canonical-kinetic dominance),
whereas !X < 0 corresponds to Ṗ

2
> Q̇

2 (phantom-
kinetic dominance).

The dark energy sector can be expressed in terms of Q

6

gence at ωDE = 0 is a kinematic artifact of the ratio
wDE = pDE/ωDE rather than a physical singularity of
the background: ωDE passes smoothly through zero while
pDE remains finite (and correspondinglyH and curvature
scalars need not diverge). In particular, the crossing cor-
responds to the perfectly regular condition U = ε̇

2
/2 at

the crossing.

Away from the transition, whenever the scalar behaves
in a potential-dominated regime with ε̇

2
→ 2|U | (equiva-

lently |ωDE| ↑ |ωDE + pDE| = ε̇
2), one has wDE ↓ ↔1 on

either side of the crossing. It should be emphasized that
the evolution through ωDE = 0 is therefore characterized
by wDE diverging to ↔↗ as ωDE ↘ 0+ (approaching the
crossing from the ωDE > 0 side), and reappearing from
+↗ as ωDE ↘ 0→ (on the ωDE < 0 side), before relaxing
back toward finite values away from the crossing.

Next, Eqs. (5) and (6) can be combined to isolate the
potential U and the kinetic contribution,

ϑ
2
U = 3H2 + Ḣ ↔

ϑ
2

2
(ωm ↔ pm) , (16)

ϑ
2!X ≃
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2
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2 = ↔Ḣ ↔
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(ωm + pm) . (17)

For a real single field one has ε̇
2

⇐ 0, so the sign of
!X is fixed by the choice of ϖ: !X ⇐ 0 for ϖ = +1
(quintessence) and !X ⇒ 0 for ϖ = ↔1 (phantom), with
equality only when ε̇ = 0. Thus, within the minimal
single-field framework the e”ective kinetic contribution
cannot change sign, and a smooth transition between
quintessence-like and phantom-like dynamics is not possi-
ble. Alternatively, in Sec. II B we consider a dark-energy
sector composed of two scalar fields, for which the net
kinetic contribution can change sign, enabling smooth
transitions between quintessence-like and phantom-like
regimes.

B. Two-field Dark Energy Sector: Minimally
Coupled Phantom and Quintessential Scalars

We model the dark-energy sector with two minimally
coupled scalars: a canonical field Q and a phantom field
P . The following results can be generalized to q canoni-
cal (quintessence) fields Qi (i = 1, . . . , q) and p phantom
fields Pj (j = 1, . . . , p). At the level of the homoge-
neous background (which is our focus), multiple canoni-
cal/phantom fields can be packaged into e”ective single
canonical/phantom degrees of freedom along the back-
ground trajectory (while additional entropy modes may
appear at the perturbation level). In full generality the
scalar potential is an arbitrary function of both fields,
U ≃ U(Q,P ); here we restrict to the separable case
U(Q,P ) = U1(Q) + U2(P ), for which the scalar equa-
tions decouple in the potential (with the two fields still
coupled through gravity via H). Accordingly, action (1)

is rewritten as
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R ↔
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↭Q = U1,Q , ↭P = ↔U2,P . (20)

For the separable potential the single-field Klein–
Gordon equation (3) is replaced by two decoupled equa-
tions, one for each scalar. Without separability, the
field equations remain two coupled equations through the
mixed derivatives of U(Q,P ). Note also that a single
complex canonical scalar is equivalent to two real canon-
ical scalars; this is not the case here because one of the
degrees of freedom carries a wrong-sign kinetic term.

Once again, specializing to a spatially flat FLRW back-
ground yields

3H2 = ϑ
2
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Q̈+ 3HQ̇ = ↔U1,Q , (23)

P̈ + 3HṖ = U2,P . (24)

It is then convenient to introduce the total potential and
the net (e”ective) kinetic contribution,
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Thus, U receives contributions from both component
potentials, while the sign of !X tracks which kinetic
term dominates at the background level: !X > 0 cor-
responds to Q̇

2
> Ṗ

2 (canonical-kinetic dominance),
whereas !X < 0 corresponds to Ṗ

2
> Q̇

2 (phantom-
kinetic dominance).

The dark energy sector can be expressed in terms of Q

6

gence at ωDE = 0 is a kinematic artifact of the ratio
wDE = pDE/ωDE rather than a physical singularity of
the background: ωDE passes smoothly through zero while
pDE remains finite (and correspondinglyH and curvature
scalars need not diverge). In particular, the crossing cor-
responds to the perfectly regular condition U = ε̇

2
/2 at

the crossing.

Away from the transition, whenever the scalar behaves
in a potential-dominated regime with ε̇

2
→ 2|U | (equiva-

lently |ωDE| ↑ |ωDE + pDE| = ε̇
2), one has wDE ↓ ↔1 on

either side of the crossing. It should be emphasized that
the evolution through ωDE = 0 is therefore characterized
by wDE diverging to ↔↗ as ωDE ↘ 0+ (approaching the
crossing from the ωDE > 0 side), and reappearing from
+↗ as ωDE ↘ 0→ (on the ωDE < 0 side), before relaxing
back toward finite values away from the crossing.

Next, Eqs. (5) and (6) can be combined to isolate the
potential U and the kinetic contribution,
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For a real single field one has ε̇
2

⇐ 0, so the sign of
!X is fixed by the choice of ϖ: !X ⇐ 0 for ϖ = +1
(quintessence) and !X ⇒ 0 for ϖ = ↔1 (phantom), with
equality only when ε̇ = 0. Thus, within the minimal
single-field framework the e”ective kinetic contribution
cannot change sign, and a smooth transition between
quintessence-like and phantom-like dynamics is not possi-
ble. Alternatively, in Sec. II B we consider a dark-energy
sector composed of two scalar fields, for which the net
kinetic contribution can change sign, enabling smooth
transitions between quintessence-like and phantom-like
regimes.

B. Two-field Dark Energy Sector: Minimally
Coupled Phantom and Quintessential Scalars

We model the dark-energy sector with two minimally
coupled scalars: a canonical field Q and a phantom field
P . The following results can be generalized to q canoni-
cal (quintessence) fields Qi (i = 1, . . . , q) and p phantom
fields Pj (j = 1, . . . , p). At the level of the homoge-
neous background (which is our focus), multiple canoni-
cal/phantom fields can be packaged into e”ective single
canonical/phantom degrees of freedom along the back-
ground trajectory (while additional entropy modes may
appear at the perturbation level). In full generality the
scalar potential is an arbitrary function of both fields,
U ≃ U(Q,P ); here we restrict to the separable case
U(Q,P ) = U1(Q) + U2(P ), for which the scalar equa-
tions decouple in the potential (with the two fields still
coupled through gravity via H). Accordingly, action (1)

is rewritten as

S =
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[
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2ϑ2
R ↔

1

2
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+
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such that the Einstein equations and the Klein–Gordon
equations read
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)
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,

(19)

↭Q = U1,Q , ↭P = ↔U2,P . (20)

For the separable potential the single-field Klein–
Gordon equation (3) is replaced by two decoupled equa-
tions, one for each scalar. Without separability, the
field equations remain two coupled equations through the
mixed derivatives of U(Q,P ). Note also that a single
complex canonical scalar is equivalent to two real canon-
ical scalars; this is not the case here because one of the
degrees of freedom carries a wrong-sign kinetic term.

Once again, specializing to a spatially flat FLRW back-
ground yields

3H2 = ϑ
2
[
U1(Q) + U2(P )

+ 1
2
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,
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2
[
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]
,

(22)

Q̈+ 3HQ̇ = ↔U1,Q , (23)

P̈ + 3HṖ = U2,P . (24)

It is then convenient to introduce the total potential and
the net (e”ective) kinetic contribution,
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Thus, U receives contributions from both component
potentials, while the sign of !X tracks which kinetic
term dominates at the background level: !X > 0 cor-
responds to Q̇

2
> Ṗ

2 (canonical-kinetic dominance),
whereas !X < 0 corresponds to Ṗ

2
> Q̇

2 (phantom-
kinetic dominance).

The dark energy sector can be expressed in terms of Q

Double scalar field action (canonical+phantom)

Model independent scalar field reconstruction

Einstein field equations Friedmann equations
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FIG. 2: One-dimensional posterior distributions and joint marginalized contours (at 68% and 95% CL) of the free parameters
of the ⇤CDM, ⇤sCDM, and ⇤sCDM+ models using data from Planck, transversal BAO, Pantheon+, and KiDS-1000.

TABLE I: Marginalized constraints, mean values with 68% CL, on free parameters of the models. �2
min is given in the last row.

parameter ⇤CDM ⇤sCDM ⇤sCDM+

!b 0.02283± 0.000127 0.022562± 0.000139 0.022756± 0.000139

!cdm 0.114628± 0.000815 0.117709± 0.000974 0.12117± 0.00106

100 ✓s 1.04239± 0.000278 1.04204± 0.000298 1.04151± 0.00028

ln(1010As) 3.0496± 0.0154 3.0289± 0.0147 3.0400± 0.0148

ns 0.97806± 0.00369 0.97074± 0.00381 0.97978± 0.00391

⌧reio 0.06226± 0.00784 0.04958± 0.00763 0.05084± 0.00769

zc - 1.864± 0.149 2.105± 0.264

�2
min 4224.7 4192.64 4195.94

marginalized 68% CL constraints on the baseline free pa-
rameters and selected derived parameters are listed in
Tables I and II. One can immediately appreciate the
qualitative similarities in the predictions of ⇤sCDM and
⇤sCDM+. The best parameter to distinguish the models
seem to be !cdm and ns has the potential to discrimi-

nate between ⇤sCDM and ⇤sCDM+. There is quite a
good agreement between the ⇤CDM+ predicted value of
the Hubble constant h = 0.7404± 0.0071 and the SH0ES
measurement h = 0.73±0.01 [4, 5]. The situation is even
more interesting for S8: an estimate of structure growth
predicted by ⇤sCDM+ follows from �8 = 0.8343±0.0071,

Anchordoqui, Antoniadis, Lüst, Noble, Soriano, PDU (2024), arXiv:2404.17334- From infinite to infinitesimal: Using the Universe as a dataset to probe Casimir corrections to 
the vacuum energy from fields inhabiting the dark dimension
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TABLE II: Marginalized constraints, mean values with 68% CL, on derived parameters of the models.

parameter ⇤CDM ⇤sCDM ⇤sCDM+

H0/km/s/Mpc 70.44± 0.39 73.25± 0.65 74.04± 0.71

�8 0.8102± 0.0058 0.8284± 0.0070 0.8343± 0.0071

⇤sCDM
⇤sCDM+

zc

FIG. 3: One-dimensional distribution of the critical redshift
for the ⇤sCDM and ⇤sCDM+ models using data from Planck,
transversal BAO, Pantheon+, and KiDS-1000.

!b = 0.022756 ± 0.000139, !cdm = 0.12117 ± 0.00106,
yielding S8 ' 0.78. The predicted S8 is within 1� of
KiDS-1000 measurement, S8 = 0.766+0.020

�0.014 [6].
The one-dimensional posterior distribution of the sev-

enth parameter zc is shown in Fig. 3. We find that
⇤sCDM+ slightly shifts the transition to higher redshifts,
from zc = 1.864 ± 0.149 to zc = 2.105 ± 0.264.

In Table I we give the minimum values of �
2 ob-

tained for each model. One can check by inspection that
⇤sCDM and ⇤sCDM+ are very strongly preferred over
⇤CDM. The �

2

min
of ⇤sCDM is smaller than the one of

⇤sCDM+ by roughly two units. We can then conclude
that the addition of extra relativistic degrees of freedom
does not spoil the resolution of the cosmic discrepancies
presented in [16]. In Fig. 4 we show the H0 states of
the Markov chains produced by the three models and the
corresponding histograms. We can see that both ⇤sCDM
and ⇤sCDM+ exhibit a wider distribution than ⇤CDM.

IV. CONCLUSIONS

⇤sCDM is a promising model for solving the H0 and
S8 cosmological tensions by demanding the cosmologi-
cal constant ⇤ to switch sign (from negative to positive)
at a critical redshift zc ⇠ 2 [13–16]. We have reexam-
ined a string-inspired model which can describe the re-
quired transition in the vacuum energy making use of the
Casimir forces driven by fields inhabiting the incredible
bulk of the dark dimension scenario [21]. The model,
dubbed ⇤sCDM+, deviates from ⇤CDM in the early

FIG. 4: Top panel. Markov chains produced by the
Metropolis-Hastings algorithm for the Hubble constant with
the three models under consideration. Bottom panel. His-
tograms of the states in the Markov chains produced by the
Metropolis-Hastings algorithm for the Hubble constant with
three models under consideration.

universe due to the existence of relativistic neutrino-like
species. We used the Boltzmann solver CLASS in combi-
nation with MontePython to confront model prediction
to experimental data. We have shown that ⇤sCDM+

provides a satisfactory fit to the data and can resolve the
cosmological tensions.

We end by reviewing some key aspects of the H0 co-
nundrum. At the moment, there is a huge set of as-
trophysical and cosmological observations that (on aver-
age) seem to show a discrepant trend, in which “early-
time” model dependent measurements prefer a low H0

(0.65 < h < 0.70), whereas “late-time” direct measure-
ments prefer a high H0 (h ⇠ 0.73) [12]. To understand
the origin of this discrepancy it is worthwhile to look at
the interplay between H0 and the comoving sound hori-
zon at the end of the baryonic-drag epoch rdrag, which
sets the transverse BAO scale. The rationale here is that
BAO data play an important role in defining the H0 ten-
sion and also in illuminating possible paths to resolve
it. Let us then focus on current experimental constraints
placed on the H0-rdrag plane. Firstly, requiring ⇤CDM
to accommodate Planck data we obtain a constraint on
the sound horizon rdrag = 147.18±0.29 Mpc and another
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TABLE II: Marginalized constraints, mean values with 68% CL, on derived parameters of the models.

parameter ⇤CDM ⇤sCDM ⇤sCDM+

H0/km/s/Mpc 70.44± 0.39 73.25± 0.65 74.04± 0.71

�8 0.8102± 0.0058 0.8284± 0.0070 0.8343± 0.0071

⇤sCDM
⇤sCDM+

zc

FIG. 3: One-dimensional distribution of the critical redshift
for the ⇤sCDM and ⇤sCDM+ models using data from Planck,
transversal BAO, Pantheon+, and KiDS-1000.

!b = 0.022756 ± 0.000139, !cdm = 0.12117 ± 0.00106,
yielding S8 ' 0.78. The predicted S8 is within 1� of
KiDS-1000 measurement, S8 = 0.766+0.020

�0.014 [6].
The one-dimensional posterior distribution of the sev-

enth parameter zc is shown in Fig. 3. We find that
⇤sCDM+ slightly shifts the transition to higher redshifts,
from zc = 1.864 ± 0.149 to zc = 2.105 ± 0.264.

In Table I we give the minimum values of �
2 ob-

tained for each model. One can check by inspection that
⇤sCDM and ⇤sCDM+ are very strongly preferred over
⇤CDM. The �

2

min
of ⇤sCDM is smaller than the one of

⇤sCDM+ by roughly two units. We can then conclude
that the addition of extra relativistic degrees of freedom
does not spoil the resolution of the cosmic discrepancies
presented in [16]. In Fig. 4 we show the H0 states of
the Markov chains produced by the three models and the
corresponding histograms. We can see that both ⇤sCDM
and ⇤sCDM+ exhibit a wider distribution than ⇤CDM.

IV. CONCLUSIONS

⇤sCDM is a promising model for solving the H0 and
S8 cosmological tensions by demanding the cosmologi-
cal constant ⇤ to switch sign (from negative to positive)
at a critical redshift zc ⇠ 2 [13–16]. We have reexam-
ined a string-inspired model which can describe the re-
quired transition in the vacuum energy making use of the
Casimir forces driven by fields inhabiting the incredible
bulk of the dark dimension scenario [21]. The model,
dubbed ⇤sCDM+, deviates from ⇤CDM in the early

FIG. 4: Top panel. Markov chains produced by the
Metropolis-Hastings algorithm for the Hubble constant with
the three models under consideration. Bottom panel. His-
tograms of the states in the Markov chains produced by the
Metropolis-Hastings algorithm for the Hubble constant with
three models under consideration.

universe due to the existence of relativistic neutrino-like
species. We used the Boltzmann solver CLASS in combi-
nation with MontePython to confront model prediction
to experimental data. We have shown that ⇤sCDM+

provides a satisfactory fit to the data and can resolve the
cosmological tensions.

We end by reviewing some key aspects of the H0 co-
nundrum. At the moment, there is a huge set of as-
trophysical and cosmological observations that (on aver-
age) seem to show a discrepant trend, in which “early-
time” model dependent measurements prefer a low H0

(0.65 < h < 0.70), whereas “late-time” direct measure-
ments prefer a high H0 (h ⇠ 0.73) [12]. To understand
the origin of this discrepancy it is worthwhile to look at
the interplay between H0 and the comoving sound hori-
zon at the end of the baryonic-drag epoch rdrag, which
sets the transverse BAO scale. The rationale here is that
BAO data play an important role in defining the H0 ten-
sion and also in illuminating possible paths to resolve
it. Let us then focus on current experimental constraints
placed on the H0-rdrag plane. Firstly, requiring ⇤CDM
to accommodate Planck data we obtain a constraint on
the sound horizon rdrag = 147.18±0.29 Mpc and another
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We now have to define the 5D mass spectrum. Count-
ing the six 5D Weyl fields we find that neutrinos con-
tribute with NF = 12. On the other hand, the 5D gravi-
ton contributes with 5 bosonic degrees of freedom. In ad-
dition, we assume that the 5D spectrum contains a real
scalar field '. We further assume that ' has a poten-
tial with two local minima, with very small di↵erence in
vacuum energy and bigger curvature (mass) of the lower
one. Around z ⇠ 2 the false vacuum “tunnels” to its true
vacuum state. After the quantum tunneling ' becomes
more massive and its contribution to the Casimir energy
becomes exponentially suppressed. Altogether, this im-
plies that for z & 2, the number of bosonic degrees of
freedom is NB = 6, but for z . 2, it reduces to NB = 5.
In Fig. 1 we show an illustrative example of the phase
transition of AdS ! dS vacua generated by the dark sec-
tor described above.

Worthy of mention, the 5D vacuum transition creates
a �V contribution to ⇤5, where �V = Vmin � Vlocalmin

corresponding to the vacuum energies of the upper (lo-
calmin) and the lower (min) minima. We take �V ⌧ ⇤5

so that it does not perturb the analysis producing the
curves shown if Fig. 1.

Now, the AdS ! dS transition shown in Fig. 1 slightly
deviates from the model analyzed in [16], because the
fields characterizing the deep infrared region of the dark
sector contribute to the e↵ective number of relativistic
neutrino-like species Ne↵ [63]. Using conservation of en-
tropy, fully thermalized relics with g⇤ degrees of freedom
contribute

�Ne↵ = g⇤

✓
43

4gs

◆4/3 ⇢
4/7 for bosons
1/2 for fermions

, (9)

where gs denotes the e↵ective degrees of freedom for the
entropy of the other thermalized relativistic species that
are present when they decouple [64]. The 5D graviton
has 5 helicities, but the spin-1 helicities do not have
zero modes, because we assume the compactification has
S

1
/Z2 symmetry and so the ±1 helicities are projected

out. The spin-0 is the radion and the spin-2 helicities
form the massless (zero mode) graviton. This means
that for the 5D graviton, g⇤ = 3. The scalar field '

contributes with g⇤ = 1. The (bulk) left-handed neutri-
nos are odd, but the right-handed neutrinos are even and
so each counts as a Weyl neutrino, for a total g⇤ = 2⇥ 3.
Assuming that the dark sector decouples from the SM
sector before the electroweak phase transition we have
gs = 106.75. This gives �Ne↵ = 0.25. It is of interest
to investigate whether these extra-relativistic degrees of
freedom can spoil the ⇤sCDM predictions for H0 and S8.

III. NUMERICAL ANALYSIS

To implement the data analysis we use the Markov
Chain Monte Carlo technique. A Markov chain consists
of a sequence of random numbers called states. Each

number is stochastically obtained from the previous num-
ber without explicitly being dependent on it. In our anal-
ysis the states of a chain consist on specific values of the
free parameters in a given cosmological model.

We adopt the CLASS+MontePython code [65–67] to ex-
plore the full parameter space of the ⇤sCDM+ model and
compare its predictions to ⇤CDM and ⇤sCDM. We de-
rive constraints on the cosmological parameters of these
three models from data-sets and likelihoods given below
using the Metropolis-Hastings algorithm [68], while en-
suring a Gelman-Rubin convergence criterion of R� 1 <

10�2 in all the runs [69]. The baseline seven free param-
eters of the ⇤sCDM and ⇤sCDM+ models are given by
P = {!b, !cdm, ✓s, ⌧reio, ns, As, zc}, where the first six
are the common ones with ⇤CDM: (i) the baryon den-
sity !b ⌘ ⌦bh

2, (ii) the CDM density !cdm ⌘ ⌦ch
2,

(iii) the angular size of the sound horizon at recom-
bination ✓s, (iv) the Thomson scattering optical depth
due to reionization ⌧reio, (v) the scalar spectral index
ns, and (vi) the power spectrum amplitude of adiabatic
scalar perturbations As. For ⇤CDM and ⇤sCDM, we
take Ne↵ = 3.044 [70], whereas for ⇤sCDM+, we take
Ne↵ = 3.294.

To constrain the free parameters of the models we
make use of a series of astrophysical and cosmological
probes:

• Planck 2018 CMB data: The CMB tempera-
ture, polarization, and lensing angular power spec-
tra from the Planck 2018 legacy release [3, 71].

• Transversal BAO: Measurements of 2D baryon
acoustic oscillations (BAO), ✓BAO(z), obtained in
a weakly model-dependent approach, and compiled
in Table I of [72].

• Pantheon+: The 1701 light curves of 1550 dis-
tinct supernovae type Ia, which are distributed in
the redshift interval 0.001  z  2.26 [73]. We in-
corporate the most recent SH0ES Cepheid host dis-
tance anchors [4] into the likelihood function by
integrating distance modulus measurements of the
Pantheon+ supernovae.

• Cosmic Shear: KiDS-1000 data [74, 75], includ-
ing the weak lensing two-point statistics data for
both the auto and cross-correlations across five to-
mographic redshift bins [76]. We follow the KiDS
team analysis and adopt the COSEBIs (Complete
Orthogonal Sets of E/B-Integrals) likelihood [77].
Nonlinearities are implemented into the analysis us-
ing HALOFIT [78, 79].3

In Fig. 2 we show the one-dimensional posterior dis-
tributions and joint marginalized contours (at 68% and
95% CL) of free and derived parameters of the ⇤CDM,
⇤sCDM, and ⇤sCDM+ models. The corresponding

3 This implementation comes up with a di↵erence to the data
analysis carried out in [16] (which was executed using the
HMcode [80]), but such a di↵erence leads to (almost) negligible
e↵ects in the results.

Planck18+BAOtr+PhanteonPlus+KiDS-1000
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where Z(T ) =
R
[dx] e�SE/} is the path integral, [dx]

is a functional measure, and SE the Euclidean ac-
tion [39, 40]. Finally, we take ⇤5 ⇠ (22.6 meV)5 and
|T4| = (24.2 meV)4 to obtain the vacuum energy densi-
ties of the AdS and dS phases shown in Fig. 3. For this
scenario, �Ne↵ = 0.25.
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FIG. 3: The potential V (R) for ⇤5 = (22.6 meV)5 and |T4| =
(24.2 meV)4 considering NF �NB = 6 (AdS) and NF �NB =
7 (dS).

At this stage, it is constructive to connect with con-
trasting and complementary perspectives to comment on
two caveats of our analysis: (i) although the cosmologi-
cal models are motivated by swampland constraints and
string constructions, they have no concrete UV comple-
tion; (ii) another aspect of this analysis which may seem
discrepant at first blush is the fact that the (one loop)
Casimir energy is a zero-T e↵ect. However, in the ex-
ample of the real scalar (which not unexpectedly is at
zero temperature) the argument to understand the tran-
sition is essentially the same than the one in finite tem-
perature models because the number of light degrees of
freedom changes due to a di↵erent transition of the 5D
scalar field. In other words, the model avoids finite tem-

perature requirements and relies on an ordinary vacuum
decay in five dimensions. This obviously implies that the
AdS vacuum is not a true vacuum. The vacuum in the
radius modulus is determined by the contribution to the
Casimir potential of the number of light degrees of free-
dom. This number changes discontinuously due to an
ordinary vacuum decay of a 5D scalar field which satis-
fies the swampland AdS conjecture (for instance it can
be dS to dS). This change drives the AdS to dS transition
in the radius modulus, which is therefore discontinuous
as in first order transitions.

It is of interest to further investigate the impact of
adding extra-relativistic degrees of freedom into the
⇤sCDM model. In particular, a value of �Ne↵ 6= 0
would accelerate the universe before the CMB epoch,
and hence could modify the critical redshift zc for
the AdS ! dS crossover transition. A study along
this line is presented in an accompanying paper [41]
where we use the Boltzmann solver CLASS [42, 43] in
combination with MontePython [44, 45] (and the latest
results from the Planck mission [13], Pantheon+ SNe
Ia [14], BAO [15, 16], and KiDS-1000 [5]) to perform a
Monte Carlo Markov Chain study of the ⇤sCDM+Ne↵

model and determine regions of the parameter space
that can simultaneously resolve the H0 and S8 tensions.
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⇤CDM model only during the transition epoch. The po-
tential imprints of these deviations can be checked and
verified against observations. The Hubble parameter of
this model that aligns almost exactly with ⇤CDM in
the pre- and post-transition eras, as demonstrated for
the abrupt ⇤sCDM model in Refs. [9–11], allows for a
background phenomenology that is in good agreement
with both high- and low-redshift cosmological data and is
capable of addressing major cosmological tensions, most
notably the H0 tension, with remarkable success. It has
been shown that these background dynamics can also
alleviate the S8 tension, related to the evolution of per-
turbations, by modifying the H(z) term in the perturba-
tion equations [10]. In the VCDM setup of the model,
the perturbation equations are defined at all times, in
contrast to previous ⇤sCDM studies where the AdS-dS
transition epoch was not modeled, leaving its impact on
observables unpredicted. These equations are necessar-
ily di↵erent from those in GR, particularly during the
transition epoch, as seen in Eq. (26). In our new theoret-
ical framework, where ⇤sCDM is augmented by VCDM,
di↵erent types of transitions may impact the predicted
S8 value di↵erently. Therefore, a thorough study of the
S8 parameter, conducted by comparing all available data
from related probes, will enable us to rigorously test the
model and identify a family of potentials/transitions that
can simultaneously address the H0 and S8 tensions.
Thus, the integration of the ⇤sCDM model into the

VCDM framework elevates it to a fully predictive model
capable of exploring the evolution of the Universe,
including the late-time AdS-dS transition epoch. This ad-
vancement not only broadens its applicability but also has
the potential to deepen our understanding of cosmological
phenomena, by giving a complete description of the
background and perturbation evolution at all redshifts,
paving the way to resolve the observational tensions
plaguing the ⇤CDM model. We believe further research is
warranted to establish the ⇤sCDM model as a leading can-
didate or guide for a new concordance cosmological model.
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Appendix A: type-II minimally modified gravity

In the type-II minimally modified gravity introduced
in [14] (later dubbed VCDM [15]), the standard cosmo-
logical constant, ⇤, is promoted to a potential V (�) of
a non-dynamical auxiliary field, �, without introducing
extra physical degrees of freedom. The action of this
theory is given by

S = Sm +M
2
P

Z
d
4
xN

p
�


1

2

�
R+KijK

ij �K
2
�

� V (�) +
�2

N
�
ij
DiDj�� 3�2

4
� �(K + �)

�
, (13)

where Sm is the sum of standard matter Lagrangians,
N is the lapse, and Kij is the extrinsic curvature (with
K = �

ij
Kij as its trace) relative to the 3D metric �ij

(endowed with inverse �
ij , determinant �, and a co-

variant derivative Di). Instead �, �2, and � are aux-
iliary fields. This modified gravity theory breaks four-
dimensional di↵eomorphism invariance but retains three-
dimensional spatial di↵eomorphism invariance and time-
reparametrization invariance.6 Consequently, on a ho-
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6
As shown in Ref. [18], by using the Stückelberg trick, it is possible

to rewrite the theory in a fully covariant form. A time-like

Stückelberg field, i.e., a chronon field, is present and acquires a

time-like VEV on any background of the theory. On each of these

backgrounds, we quantize all the fields following the quantum

field theory (QFT) procedures commonly employed on curved

spacetimes [24]. This approach also applies to other minimal

theories, such as the Cuscuton [25].
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Hubble expansion rate while maintaining only two gravita-
tional degrees of freedom, as in GR. In general, this allows
for a spectrum of possibilities typically much broader than
in scalar-tensor theories. For the latter, generally, the
extra scalar degree of freedom imposes strong constraints,
both locally (viz., at solar system scales) and at cosmo-
logical scales. To evade the local constraints, the scalar
must be either very massive or shielded by non-trivial
dynamical mechanisms, such as chameleon or Vainshtein
e↵ects. Additionally, constraining the cosmological back-
ground dynamics is necessary to avoid ghost and gradient
instabilities.

The equations of motion for VCDM on a homogeneous
and isotropic background can be expressed as [14]:

V =
1

3
�
2� ⇢

M
2
P

,
d�

dN =
3

2

⇢+ P

M
2
PH

,
d⇢I
dN +3(⇢I +PI) = 0 ,

(14)
where N = ln(a/a0), with a0 = 1 being the present-day
value of the scale factor, and H = ȧ/(aN) is the Hubble
expansion rate, with a dot denoting di↵erentiation w.r.t.
the time variable t, which is specified only after fixing
N . For instance, when fixing N = a, the variable t corre-
sponds to the conformal time. It is important to note that
� is a growing function of a, meaning it increases as the
universe expands (H > 0). To derive the above equation,
we have assumed a cosmological expansion history for
which H 6= 0, a condition expected to hold at least after
inflation.7 Additionally, we have defined ⇢ =

P
I ⇢I and

P =
P

I PI , where the sum includes all standard mat-
ter species, including the dark matter component, each
satisfying the usual continuity equation.

Provided that ⇢+P 6= 0, the following equation can be
derived from the set of equations presented in Eq. (14):8

� =
3

2
V,� � 3H, (15)

where V,� ⌘ dV
d� . This equation can be used to specify

the initial condition for � today: in our model, where
the AdS-dS transition occurs in our past, V (z = 0) can
be approximated by a linear function of �, namely V ⇡
↵�+ �, thereby implying the initial condition �(z = 0) ⇡
3
2 ↵ � 3H0, for a chosen value of ↵. By combining the
equations of motion, we express the Friedmann equation
as follows;

3M2
PH

2 = ⇢+ ⇢� , (16)

where

⇢� ⌘ M
2
P(V � �V,�) +

3

4
M

2
P V
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,� . (17)
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Choosing a di↵erent time variable is su�cient to describe certain

phenomena, such as a bouncing solution [26].
8
The theory is also endowed with a shadowy mode, another

auxiliary field, whose profile on this background is given by

� = � 2
3 �� 2H.

Taking derivatives of the expressions for � and H reveals
that

Ḣ

N
=

(⇢+ P ) (3V,�� � 2)

4M2
P

, (18)

which deviates from the corresponding equation in GR
if and only if V,�� 6= 0. If V is a linear function of �,
the standard ⇤CDM dynamics are obtained. Examin-
ing Eq. (18), we find that it can be expressed in terms of
an e↵ective pressure defined by

P� = �3

2
(⇢+ P )V,�� � ⇢� , (19)

which makes it evident that P� ! �⇢� (mimicking a
CC, ⇢� ! ⇢⇤ = const) as V,�� ! 0 (approaching a
linear function). It should be noted that by using the
second equation in Eq. (14), along with Eqs. (15), (17)
and (19), we see that the auxiliary scalar field, i.e., the �

component, satisfies local energy-momentum conservation,
viz., the continuity equation ⇢̇�/N + 3H(⇢� + P�) = 0.
Importantly, since no physical particle, i.e., an additional
degree of freedom, is associated with �, the apparent
violation of the weak energy condition (WEC) indicated by
⇢̇� > 0 does not lead to classical or quantum instabilities.9

This is because the � field, unlike conventional matter
fields, does not represent a physical substance that could
contribute to such instabilities. As discussed in Refs. [14,
15], this unique characteristic of the � field in VCDM
theory ensures the stability of the cosmological model,
even in scenarios where the WEC condition might appear
violated. Indeed, for scalar field to induce an e↵ective
cosmological constant, ⇤e↵ = const, in the Friedmann
equation, solving Eq. (17) reveals that:10

⇢�/M
2
P = ⇤e↵ ) V (�) = ↵�� 3

4
↵
2 + ⇤e↵ . (20)

This result implies that an abrupt shift in ⇤e↵ at a critical
value of � = �c from one value to another is not necessarily
caused by a potential that has undergone an abrupt shift.
For instance, it is always possible to define a continuous
piece-wise linear potential with two pieces, and as the
scalar field rolls through it, it causes a shift in ⇤e↵ due
to the sudden change in the slope at � = �c.
It is precisely these features of the VCDM [14, 15]

that enable us to realize the ⇤sCDM model [8–11] within

9
It should be noted that it is a key feature of our model that ⇢�

increases as the universe expands (as z decreases), at least for a

period of time, but this does not necessarily imply that the scalar

field � climbs up the potential V (�) in VCDM theory. As can be

seen, for instance, in Figs. 1, 2 and 4, ⇤s = ⇢�/M
2
P increases as

� rolls down the potential V (�).

10
The solution V (�) =

�2

3 + �, � being a constant, should be

excluded as Eq. (15) results in H = 0, leading to a non-dynamical

evolution of the Universe.
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Abrupt and Smooth ΛsCDM cosmology from a type-II minimally modified gravity (VCDM): ΛsVCDM model
2

Rationale – The simplest form of the ⇤sCDM model [9–
11] was constructed phenomenologically by replacing the
CC in ⇤CDM with an abrupt sign-switching one at red-
shift z†: ⇤ ! ⇤s ⌘ ⇤s0 sgn[z† � z], where the transition
employs the signum function (sgn), and ⇤s0 > 0 is the
present-day value of ⇤s. Accordingly, the Friedmann equa-
tion2 can be written as 3M2

PH
2 =

P
I ⇢I+⇢⇤s0 sgn[a�a†],

whereH is the Hubble parameter, ⇢I represents the energy
densities of each standard matter field, and ⇢⇤s0 = ⇤s0M

2
P

is the energy density of the present-day CC, with a† being
the scale factor, a, at the time of the transition. Given
that this model is remarkably simple, representing a min-
imal deviation from ⇤CDM, and demonstrates a far su-
perior statistical fit to the available data compared to
⇤CDM [9–11], it suggests that the CC might indeed have
undergone a sign switch sometime after recombination.
This implies the profound possibility that the Universe
was in an AdS vacuum phase until recently (z ⇠ 2), a
theoretical sweet spot welcomed due to the AdS/CFT
correspondence [20] and preferred by string theory and
string theory motivated supergravities [21]. However, to
advance ⇤sCDM beyond a phenomenological model and
establish it as a predictive one, it is necessary to integrate
it with a concrete theoretical mechanism/model that ex-
plains the sign-switch in the CC, as well as to smooth
out the abrupt behavior implemented by the signum func-
tion since the discontinuity in this case leads to a type
II (sudden) singularity [22].3 One of the primary aims
of this letter is to eliminate this singularity and provide
precise predictions about the impact of the transition
on cosmological observables. However, smoothing out
the transition introduces a new challenge: the need for a
model or mechanism that allows such a transition, partic-
ularly one that can facilitate rapid growth of H , i.e., large
values of |Ḣ|/(NH

2) (equivalent to R, the Ricci scalar),
where N , the lapse function, determines the nature of
the time variable t. In any case, for a smooth but rapid
AdS-dS transition, the dynamics will induce a kick in
Ḣ/(NH

2), leading to a phase of super-acceleration of the
Universe during the transition, which could significantly
influence the observables of the theory, and quantifying
this e↵ect unequivocally will be an integral part of the
features of the model. Furthermore, it is acknowledged
that super-accelerating behavior can readily introduce
ghost-like degrees of freedom and/or instabilities in per-
turbation dynamics. For this reason, incorporating such
a dynamic and smooth component into a minimal theory
of gravity becomes a natural course of action, specifically

2 In this study, we focus exclusively on spatially flat and uniform
cosmology; it can be readily extended to non-flat scenarios.

3 See [23] for a demonstration of the presence of a type II singularity
in abrupt ⇤sCDM and its minimal impact on the formation and
evolution of cosmic bound structures, thereby preserving the
model’s viability in this context.

in the theory known as VCDM, which has only tensor
modes in the gravity sector and a predictive Lagrangian,
and a smooth limit for an evolution that approaches (even
exponentially fast) ⇤CDM dynamics. For further explo-
ration of these aspects and other topics related to VCDM,
see Refs. [14–19].

Abrupt ⇤sCDM – As a warm-up, we first demonstrate
the realization of the abrupt ⇤sCDM model [9–11], which
is the simplest, idealized case achieved by replacing the
usual CC in the ⇤CDM model with

⇤ ! ⇤s ⌘ ⇤s0 sgn[a� a†], (1)

where ⇤s0 > 0 is the present-day (a = 1) value of the CC.
To realize this within the VCDM framework [14] with
a potential, V (�), we start by considering a continuous
piece-wise linear potential with two segments of di↵erent
slopes4 around a critical point � = �c:

V (�) =

(
↵b(�� �c)� � , for � < �c ,

↵a(�� �c)� � , for � � �c ,
(2)

where the indices “b” and “a” denote the states before
and after the critical point/transition, respectively. Using
this in the field equations (see Appendix A), we find a
corresponding e↵ective CC (⇤sft = ⇢�/M

2
P) that shifts

(sft) from an initial value to a final value as follows:

⇤sft =

(
⇤sft,b = 3

4↵
2
b � ↵b�c � � , for � < �c ,

⇤sft,a = 3
4↵

2
a � ↵a�c � � , for � � �c .

(3)

Consequently, a sudden change in the slope of the poten-
tial induces an abrupt shift in the e↵ective CC, �⇤sft ⌘
⇤sft,a � ⇤sft,b. And, the abrupt ⇤sCDM, defined by

⇤s = ⇤s0 sgn[�c � �], (4)

can be achieved by imposing ⇤sft,a = �⇤sft,b = ⇤s0 which
requires � = ⇤s0 +

3
4↵

2
b � ↵b�c and the final slope to be

↵a =
2

3
�c +

s✓
2

3
�c � ↵b

◆2

+
8

3
⇤s0 . (5)

Here, the plus sign in front of the second fraction has
been chosen such that �(z = 0) > �c, which requires ↵a >
2
3�c+2H0, as derived from Eq. (15). An example of V (�)
and its corresponding ⇤s(�) for this kind of transition is
illustrated in Fig. 1. Note that, there is a redundancy of
parameters in this prescription; for a given �c, the exact
same ⇤s(�) can be achieved by infinitely many pairs of,
say, {↵b,�}.

4 Refer to Appendix A for the rationale behind using linear poten-
tial segments and the discussion on the possibility of a sudden
transition where the potential V is discontinuous at � = �c, not
just in its slope. This scenario is also addressed later in the letter.
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the realization of the abrupt ⇤sCDM model [9–11], which
is the simplest, idealized case achieved by replacing the
usual CC in the ⇤CDM model with

⇤ ! ⇤s ⌘ ⇤s0 sgn[a� a†], (1)

where ⇤s0 > 0 is the present-day (a = 1) value of the CC.
To realize this within the VCDM framework [14] with
a potential, V (�), we start by considering a continuous
piece-wise linear potential with two segments of di↵erent
slopes4 around a critical point � = �c:
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where the indices “b” and “a” denote the states before
and after the critical point/transition, respectively. Using
this in the field equations (see Appendix A), we find a
corresponding e↵ective CC (⇤sft = ⇢�/M
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P) that shifts

(sft) from an initial value to a final value as follows:
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Consequently, a sudden change in the slope of the poten-
tial induces an abrupt shift in the e↵ective CC, �⇤sft ⌘
⇤sft,a � ⇤sft,b. And, the abrupt ⇤sCDM, defined by

⇤s = ⇤s0 sgn[�c � �], (4)

can be achieved by imposing ⇤sft,a = �⇤sft,b = ⇤s0 which
requires � = ⇤s0 +
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b � ↵b�c and the final slope to be
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Here, the plus sign in front of the second fraction has
been chosen such that �(z = 0) > �c, which requires ↵a >
2
3�c+2H0, as derived from Eq. (15). An example of V (�)
and its corresponding ⇤s(�) for this kind of transition is
illustrated in Fig. 1. Note that, there is a redundancy of
parameters in this prescription; for a given �c, the exact
same ⇤s(�) can be achieved by infinitely many pairs of,
say, {↵b,�}.

4 Refer to Appendix A for the rationale behind using linear poten-
tial segments and the discussion on the possibility of a sudden
transition where the potential V is discontinuous at � = �c, not
just in its slope. This scenario is also addressed later in the letter.
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Rationale – The simplest form of the ⇤sCDM model [9–
11] was constructed phenomenologically by replacing the
CC in ⇤CDM with an abrupt sign-switching one at red-
shift z†: ⇤ ! ⇤s ⌘ ⇤s0 sgn[z† � z], where the transition
employs the signum function (sgn), and ⇤s0 > 0 is the
present-day value of ⇤s. Accordingly, the Friedmann equa-
tion2 can be written as 3M2

PH
2 =

P
I ⇢I+⇢⇤s0 sgn[a�a†],

whereH is the Hubble parameter, ⇢I represents the energy
densities of each standard matter field, and ⇢⇤s0 = ⇤s0M

2
P

is the energy density of the present-day CC, with a† being
the scale factor, a, at the time of the transition. Given
that this model is remarkably simple, representing a min-
imal deviation from ⇤CDM, and demonstrates a far su-
perior statistical fit to the available data compared to
⇤CDM [9–11], it suggests that the CC might indeed have
undergone a sign switch sometime after recombination.
This implies the profound possibility that the Universe
was in an AdS vacuum phase until recently (z ⇠ 2), a
theoretical sweet spot welcomed due to the AdS/CFT
correspondence [20] and preferred by string theory and
string theory motivated supergravities [21]. However, to
advance ⇤sCDM beyond a phenomenological model and
establish it as a predictive one, it is necessary to integrate
it with a concrete theoretical mechanism/model that ex-
plains the sign-switch in the CC, as well as to smooth
out the abrupt behavior implemented by the signum func-
tion since the discontinuity in this case leads to a type
II (sudden) singularity [22].3 One of the primary aims
of this letter is to eliminate this singularity and provide
precise predictions about the impact of the transition
on cosmological observables. However, smoothing out
the transition introduces a new challenge: the need for a
model or mechanism that allows such a transition, partic-
ularly one that can facilitate rapid growth of H , i.e., large
values of |Ḣ|/(NH

2) (equivalent to R, the Ricci scalar),
where N , the lapse function, determines the nature of
the time variable t. In any case, for a smooth but rapid
AdS-dS transition, the dynamics will induce a kick in
Ḣ/(NH

2), leading to a phase of super-acceleration of the
Universe during the transition, which could significantly
influence the observables of the theory, and quantifying
this e↵ect unequivocally will be an integral part of the
features of the model. Furthermore, it is acknowledged
that super-accelerating behavior can readily introduce
ghost-like degrees of freedom and/or instabilities in per-
turbation dynamics. For this reason, incorporating such
a dynamic and smooth component into a minimal theory
of gravity becomes a natural course of action, specifically

2 In this study, we focus exclusively on spatially flat and uniform
cosmology; it can be readily extended to non-flat scenarios.

3 See [23] for a demonstration of the presence of a type II singularity
in abrupt ⇤sCDM and its minimal impact on the formation and
evolution of cosmic bound structures, thereby preserving the
model’s viability in this context.
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FIG. 1. Abrupt mirror AdS-dS transition. The upper panel
displays the potential V (�), and the lower panel the corre-
sponding e↵ective cosmological constant for the sudden step
transition. We have considered here ↵b = �1, �c = �5, and
⇤s0 = 1, leading to ↵a ⇡ �0.48 and � ⇡ �3.25. The potential
is not di↵erentiable at transition. This model cannot be ac-
commodated within the framework of VCDM.

parameters in this prescription; for a given �c, the exact
same ⇤s(�) can be achieved by infinitely many pairs of,
say, {↵b,�}.
We have thus demonstrated that an abrupt ⇤sCDM

can readily be realized within the VCDM framework.
However, this abrupt version, despite describing the back-
ground dynamics for most of the redshift ranges, cannot
be fully integrated into VCDM. This is because a dis-
continuity in the derivative of the potential at �c would
cause a discontinuity in H, leading to a singularity in
Ḣ (a crucial term in perturbation theory, as shown in
Appendix B). To address this issue, it becomes necessary
to smooth out the transition. Consequently, we will now
investigate a completely smooth (C1) model.

Smooth ⇤sCDM – In this section, we extend the above
findings by incorporating sigmoid functions, enabling
a smooth transition between two linear regimes. The
sigmoid function, distinguished by its characteristic ‘S’-
shaped curve, o↵ers a gradual and continuous shift from
one value to another. Here, we utilize a typical sigmoid
function called the logistic function; it is expressed as:

S(�) =
1

1 + e�2⌘(���c)
, (6)

where 2⌘ > 0 determines the steepness of the curve dur-

ing the transition epoch, thus enabling control over the
rapidity of the mirror AdS-dS transition. The parameter
�c now represents the midpoint of this transition. For
details on the rapidity/width of the transition epoch, see
Appendix A.

To facilitate a quiescent smooth transition (see Ap-
pendix A where this term is made precise) from the pre-
to the post-transition linear regimes, we employ the sig-
moid function in the following blended function:

V = [↵b(���c)��][1�S(�)]+[↵a(���c)��]S(�) , (7)

a formulation that is valid across all values of �. This equa-
tion ensures a smooth transition, with S(�) progressing
from 0 to 1 as � increases across the critical value �c. Note
that S(�), in this case, is specifically designed to facilitate
a smooth transition from the pre- to the post-transition
linear regimes, i.e., from the ⇤s ⇡ �⇤dS phase to the
⇤s ⇡ ⇤dS phase, in accordance with the abrupt sign-switch
solution. Here we introduced a new term, ⇤dS > 0, that
bounds5 ⇤s(�) = ⇢�/M

2
P, i.e., lim�!±1 ⇢�/M

2
P = ±⇤dS.

The parameters must therefore satisfy the following rela-
tions:

� =
3↵2

b↵a +
�
4⇤dS � 3↵2

a

�
↵b + 4⇤dS↵a

4↵a � 4↵b
, (8)

�c = (8⇤dS � 3↵2
a + 3↵2

b)/(4↵b � 4↵a), (9)

where it is assumed that ↵b 6= ↵a, as required (see Ap-
pendix A). Finally, to determine the dynamics of our
constructed physical system, it is necessary to specify an
initial condition for �. Specifically, to find H(z) and �(z),
we must integrate the following di↵erential equation:

d�

dz
= �3

2

⇢+ P

M
2
PH(1 + z)

, (10)

where H = 1
2 V,� � �

3 , and an initial condition for � at
a certain reference redshift is required (see Appendix
A). Given that the background evolution of each matter
component, ⇢I (and PI), is known as a function of z,
the expression for ⇢+ P consequently becomes a known
function of z.
We have thus demonstrated that a smooth ⇤sCDM

can also be realized within the VCDM framework using a
sigmoid-based transition of the potential function, which
ensures the continuity of the function and its derivatives,
making it ideally suited for, e.g., cosmological applications.
For example, a solution for V (�) and its corresponding
⇤s(�) is illustrated in Fig. 2. We now consider another
type of smooth ⇤sCDM scenario permitted within the
VCDM framework: the agitated smooth transition (see
Appendix A where this term is made precise). Note that

5
For the abrupt sign switch, ⇤dS = ⇤s0.

(Blended function)

3
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commodated within the framework of VCDM.
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Figure 1. Abrupt (step) mirror AdS–to–dS transition. Top left: Potential + (q) over �7 q  �3, showing a sharp kink at the transition (q2 = �5). Bottom left:
Corresponding effective cosmological constant ⇤s (q) , which jumps discontinuously from �⇤s0 to +⇤s0 across q2 . Top right: Normalized effective cosmological
constant ⇤s (I)/⇤s (0) (solid), compared with the ⇤CDM baseline (red dashed = 1); the step is centered at I† ' 1.8. Bottom right: Expansion history, shown as
the normalized co-moving Hubble parameter ⇢ (I)/(1 + I) for the step model (solid) and ⇤CDM (red dashed) over 0  I  5, with ⇢ (I) = � (I)/�0. We
adopt Ub = �1, qc = �5, and ⇤s0 = 1, which fix Ua = �0.48 and V = �3.25 via the model constraints. We assume ⌦m0 = 0.30 and ⌦r0 = 9 ⇥ 10�5 for the
present-day density parameters and a spatially flat universe. Because the potential is non-differentiable at the transition, this abrupt case cannot be embedded in
the VCDM framework, which requires a smooth (differentiable) realization.

term dominates, ensuring that ⇤sft can still take positive values for U
values far from Umin. In particular, setting ⇤sft = 0 yields two real

roots: U1,2 = 2
3

✓
qc ±

q
q2

c + 3V
◆
, with U1 < U2. Thus, ⇤sft < 0 for

U1 < U < U2, and ⇤sft > 0 outside this interval.
The key feature of this idealized setup is that the abrupt shift in

⇤sft—from one constant value to another at q = qc—stems from a
sudden change in the slope of the linear potential, �U ⌘ Ua � Ub,
rather than from a discontinuous shift in + (q) itself, as might be
commonly expected. This change in slope induces a corresponding
abrupt shift in the effective CC, �⇤sft ⌘ ⇤sft,a � ⇤sft,b, given by:

�⇤sft =
3
2
[�a (qc) + �b (qc)] �U, (5)

where �a (qc) ⌘ limq!q+
2
� (q) and �b (qc) ⌘ limq!q�

2 � (q) are
the (positive) values of the Hubble parameter immediately before
and after the transition, respectively. We are particularly interested in
scenarios with�⇤sft > 0, allowing an initially negative⇤sft to become
positive, corresponding to an AdS-dS transition in the effective CC.
For each linear potential segment, we have the relation q = 3

2U � 3�
(see Eq. (A3) in Appendix A), implying U > 2

3q for an expanding
universe (� > 0). Accordingly, as the scalar field continues to evolve
monotonically in the positive q-direction, the sudden slope change
at q = qc simultaneously induces an abrupt shift in the Hubble
parameter:

�� (qc) =
�U
2

, (6)

where �� (q2) ⌘ �a (qc) ��b (qc). Thus, �U > 0 leads to a positive
shift in the expansion rate (�� (qc) > 0), which can be leveraged
to address the �0 tension, while �U < 0 results in a negative shift

(�� (qc) < 0). Since §q > 0, ensuring the scalar field rolls down the
potential, requires Ub < 0 and Ua < 0. Combining this with �U > 0
(necessary for �� (qc) > 0) gives Ub < Ua < 0. To achieve a shift in
⇤sft from negative to positive values, we further need U1 < Ub < U2
(ensuring ⇤sft,b < 0) and Ua > U2 (ensuring ⇤sft,a > 0). Hence, it is
possible to abruptly increase the effective CC—and consequently �—
through a sudden flattening of the potential slope, i.e., |Ua | < |Ub |. An
abrupt AdS-dS transition in the effective CC is also possible if �⇤sft
is positive and sufficiently large to offset the initially negative ⇤sft, as
proposed by the ⇤sCDM model. This model, considering a mirror
AdS-dS transition with the additional condition ⇤sft,a = �⇤sft,b > 0,
has shown to be promising for addressing major cosmological tensions
such as �0 and (8 discrepancies simultaneously. In such cases, we
require V = ⇤s0 +

3
4U

2
b � Ubqc and the final slope to be:

Ua =
2
3
qc +

s✓
2
3
qc � Ub

◆2
+

8
3
⇤s0 . (7)

Here, the plus sign in front of the second fraction is selected to
ensure that q(I = 0) > qc, which requires Ua > 2

3qc + 2�0, as
derived from Eq. (A3). For a comparison with ⇤CDM, an exam-
ple of the abrupt (step) ⇤sCDM transition is illustrated in Fig. 1,
which shows the piecewise-linear potential + (q), the corresponding
discontinuous effective cosmological constant ⇤s (q), its redshift
evolution ⇤s (I)/⇤s (0), and the associated expansion history, namely
the normalized co-moving Hubble parameter ⇢ (I)/(1 + I) (with
⇢ (I) ⌘ � (I)/�0, where � (I) is the Hubble parameter and �0 its
present value). For numerical illustrations throughout this paper we
adopt present-day density parameters ⌦m0 = 0.30 for pressureless
matter and ⌦r0 = 9 ⇥ 10�5 for radiation, assuming spatial flatness.
Note that there is a redundancy of parameters in this prescription;
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Figure 1. Abrupt (step) mirror AdS–to–dS transition. Top left: Potential + (q) over �7 q  �3, showing a sharp kink at the transition (q2 = �5). Bottom left:
Corresponding effective cosmological constant ⇤s (q) , which jumps discontinuously from �⇤s0 to +⇤s0 across q2 . Top right: Normalized effective cosmological
constant ⇤s (I)/⇤s (0) (solid), compared with the ⇤CDM baseline (red dashed = 1); the step is centered at I† ' 1.8. Bottom right: Expansion history, shown as
the normalized co-moving Hubble parameter ⇢ (I)/(1 + I) for the step model (solid) and ⇤CDM (red dashed) over 0  I  5, with ⇢ (I) = � (I)/�0. We
adopt Ub = �1, qc = �5, and ⇤s0 = 1, which fix Ua = �0.48 and V = �3.25 via the model constraints. We assume ⌦m0 = 0.30 and ⌦r0 = 9 ⇥ 10�5 for the
present-day density parameters and a spatially flat universe. Because the potential is non-differentiable at the transition, this abrupt case cannot be embedded in
the VCDM framework, which requires a smooth (differentiable) realization.

term dominates, ensuring that ⇤sft can still take positive values for U
values far from Umin. In particular, setting ⇤sft = 0 yields two real

roots: U1,2 = 2
3

✓
qc ±

q
q2

c + 3V
◆
, with U1 < U2. Thus, ⇤sft < 0 for

U1 < U < U2, and ⇤sft > 0 outside this interval.
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commonly expected. This change in slope induces a corresponding
abrupt shift in the effective CC, �⇤sft ⌘ ⇤sft,a � ⇤sft,b, given by:

�⇤sft =
3
2
[�a (qc) + �b (qc)] �U, (5)

where �a (qc) ⌘ limq!q+
2
� (q) and �b (qc) ⌘ limq!q�

2 � (q) are
the (positive) values of the Hubble parameter immediately before
and after the transition, respectively. We are particularly interested in
scenarios with�⇤sft > 0, allowing an initially negative⇤sft to become
positive, corresponding to an AdS-dS transition in the effective CC.
For each linear potential segment, we have the relation q = 3

2U � 3�
(see Eq. (A3) in Appendix A), implying U > 2

3q for an expanding
universe (� > 0). Accordingly, as the scalar field continues to evolve
monotonically in the positive q-direction, the sudden slope change
at q = qc simultaneously induces an abrupt shift in the Hubble
parameter:

�� (qc) =
�U
2

, (6)

where �� (q2) ⌘ �a (qc) ��b (qc). Thus, �U > 0 leads to a positive
shift in the expansion rate (�� (qc) > 0), which can be leveraged
to address the �0 tension, while �U < 0 results in a negative shift

(�� (qc) < 0). Since §q > 0, ensuring the scalar field rolls down the
potential, requires Ub < 0 and Ua < 0. Combining this with �U > 0
(necessary for �� (qc) > 0) gives Ub < Ua < 0. To achieve a shift in
⇤sft from negative to positive values, we further need U1 < Ub < U2
(ensuring ⇤sft,b < 0) and Ua > U2 (ensuring ⇤sft,a > 0). Hence, it is
possible to abruptly increase the effective CC—and consequently �—
through a sudden flattening of the potential slope, i.e., |Ua | < |Ub |. An
abrupt AdS-dS transition in the effective CC is also possible if �⇤sft
is positive and sufficiently large to offset the initially negative ⇤sft, as
proposed by the ⇤sCDM model. This model, considering a mirror
AdS-dS transition with the additional condition ⇤sft,a = �⇤sft,b > 0,
has shown to be promising for addressing major cosmological tensions
such as �0 and (8 discrepancies simultaneously. In such cases, we
require V = ⇤s0 +

3
4U

2
b � Ubqc and the final slope to be:

Ua =
2
3
qc +

s✓
2
3
qc � Ub

◆2
+

8
3
⇤s0 . (7)

Here, the plus sign in front of the second fraction is selected to
ensure that q(I = 0) > qc, which requires Ua > 2

3qc + 2�0, as
derived from Eq. (A3). For a comparison with ⇤CDM, an exam-
ple of the abrupt (step) ⇤sCDM transition is illustrated in Fig. 1,
which shows the piecewise-linear potential + (q), the corresponding
discontinuous effective cosmological constant ⇤s (q), its redshift
evolution ⇤s (I)/⇤s (0), and the associated expansion history, namely
the normalized co-moving Hubble parameter ⇢ (I)/(1 + I) (with
⇢ (I) ⌘ � (I)/�0, where � (I) is the Hubble parameter and �0 its
present value). For numerical illustrations throughout this paper we
adopt present-day density parameters ⌦m0 = 0.30 for pressureless
matter and ⌦r0 = 9 ⇥ 10�5 for radiation, assuming spatial flatness.
Note that there is a redundancy of parameters in this prescription;
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Figure 3. Agitated mirror AdS-to-dS transition. Top left: Potential 𝐿 (𝑀) (scaled by 𝑀2
c ) for 𝑁 → 𝑂 |𝑀c | = 4, 8, 24 (with the setting 𝑀c/𝑃0 = ↑8), which control

the rapidity/width of the transition, over ↑2↓ 𝑀/|𝑀c | ↓ 𝑀0/|𝑀c | ↔ ↑0.375; the potential interpolates smoothly and monotonically from the AdS plateau to the
dS plateau of equal magnitude as the scalar field passes through the transition-layer centre at 𝑀/|𝑀c | = ↑1. Bottom left: Corresponding normalised e!ective
cosmological constant ωs (𝑀)/ωs0, with ωs0 → ωs (𝑄 = 0) , showing a localised bump centred at 𝑀 = 𝑀c that overshoots the dS plateau (expected if the transition
has completed by today); the peak height increases and the width narrows as 𝑁 increases (equivalently, as 𝑂 increases at fixed 𝑀c = ↑8𝑃0). The peak value is
ωs (𝑀c ) = 𝑁 ωdS +

3
4 𝑂

2ω2
dS. Top right: Normalised e!ective cosmological constant ωs (𝑄)/ωs0 over the redshift range 0↓ 𝑄 ↓ 5 for the same 𝑁 values, compared

with the ωCDM baseline (red dashed = 1). Bottom right: Corresponding expansion history, shown as the normalised conformal Hubble rate 𝑅 (𝑄)/(1 + 𝑄)
(equivalently, ↗𝑆/𝑃0) for the three agitated models (solid) and ωCDM (red dashed) over 0↓ 𝑄 ↓ 5, with 𝑅 (𝑄) = 𝑃 (𝑄)/𝑃0; a bump in 𝑅 (𝑄)/(1 + 𝑄) appears,
nearly coincident with that in ωs (𝑄) , whereas for su"ciently slow transitions the enhancement in 𝑅 (𝑄)/(1 + 𝑄) may remain gentle without an interior maximum.
In the agitated examples shown, the universe undergoes accelerated expansion ( ↘𝑆 > 0) not only today (for 𝑄 ⊋ 0.6, as in standard ωCDM), but also over a short
additional interval around 𝑄 ≃ 2.0. A rise in 𝑅 (𝑄)/(1 + 𝑄) does not, by itself, necessarily imply a rise in the Hubble parameter 𝑃 (𝑄) , i.e. a super–acceleration
phase with ↗𝑃 > 0; a genuine super–acceleration requires 𝐿,𝐿𝐿 > 2/3 along the background, which for the logistic agitated blend used here is equivalent
to 𝑂2ωdS >

⇐
3/2. For the parameter choices in this figure, this condition translates to 𝑁 ⫅̸ 5; consequently, the 𝑁 = 8 and 𝑁 = 24 models develop a short

super–acceleration phase—hence a bump—in 𝑃 (𝑄) nested within the transition, whereas the 𝑁 = 4 case remains in the gentle, non–bump regime. In all panels we
adopt 𝑀c/𝑃0 = ↑8, εm0 = 0.30, εr0 = 9 ⇒ 10↑5, and assume a spatially flat universe, implying εωs0 = 1 ↑ εm0 ↑ εr0 and hence ωs0 = 3𝑃2

0 (1 ↑ εm0 ↑ εr0 ) .
The field–redshift map is obtained by solving the equation of motion d(𝑀/𝑃0 )/d𝑄 = ↑

3
2 [3εm0 (1 + 𝑄)3

+ 4εr0 (1 + 𝑄)4
]/[ (1 + 𝑄)𝑅 (𝑄) ] with the initial

condition 𝑀0 → 𝑀 (𝑄 = 0) = ↑3𝑃0.

amplitudes scaling as 𝐿,𝑀 (𝑀c) = 𝑁ωdS and 𝐿,𝑀𝑀 ≃ 𝑁
2ωdS)—while

the dimensionless 𝑂 → 𝑁 |𝑀c | controls the overall rapidity and, together
with 𝑁, the overshoot of ωs. These features of the agitated transitions
therefore leave short-lived, potentially measurable imprints in both
the background expansion and the evolution of perturbations.

As an example, Fig. 3 shows the agitated case. The smooth potential
𝐿 (𝑀) (Eq. (22)) yields a ωs (𝑀) profile with a single central bump, in
contrast to the shallow edge shoulders in the quiescent example of
Fig. 2. The figure also displays the redshift evolution of ωs (𝑃) and
the normalised conformal Hubble rate, 𝑄 (𝑃)/(1 + 𝑃), overlaid with
the ωCDM baseline. The pronounced central bump in ωs around
𝑀 = 𝑀c is nearly coincident with a localised enhancement in 𝑅

2 near
the transition redshift 𝑃†. Thus, although the agitated and quiescent
constructions share the same late-time e!ective CC, they exhibit
distinct transient 𝑅2 behaviour during the transition, providing a

potential observational discriminant between the two scenarios at
both the background and perturbative levels.

5 SIGMOID ωS (𝑆) AND RECONSTRUCTION OF THE
SCALAR FIELD POTENTIAL

We now explore an alternative approach to constructing a smooth
ωsCDM. Instead of deriving ωs (𝑀) from a potential, we directly
implement a smooth one as a function of scale factor 𝑇 (or redshift
𝑃), equivalently specifying the Hubble function 𝑅 (𝑇), given that
the behaviour of the matter sector is established. With the matter
sector fixed, the dynamics of 𝑈𝑀 (𝑇) are also automatically defined.
Knowing 𝑅 (𝑇), which yields the desired ωs (𝑇), enables us to imme-
diately determine the background and coe"cients of the perturbation
equations (D2) without the need for integration. For instance, by
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Figure 4. Scale-factor-driven quiescent mirror AdS-to-dS transition. Top left: Potential 𝐿 (𝑀) (scaled by 𝑀2
c ) reconstructed from the imposed background

solution for 𝑁̃ = 10, 30, 100 (yellow, orange, blue) over →2 ↑ 𝑀/|𝑀c | ↑ →0.3; the transition field values are 𝑀c/𝑂0 ↓ →8.21, →8.14, →8.11, respectively.
The reconstructed potential’s slope varies smoothly and monotonically as the field traverses the centre at 𝑀/|𝑀c | = →1. The field–redshift map is obtained
by solving d(𝑀/𝑂0 )/d𝑃 = →

3
2 [3εm0 (1 + 𝑃)3

+ 4εr0 (1 + 𝑃)4
]/[ (1 + 𝑃)𝑄 (𝑃) ] with 𝑄 (𝑃) = 𝑂 (𝑃)/𝑂0 and the initial condition 𝑀 (𝑃 = 0) = →3𝑂0. Bottom

left: Corresponding normalised e!ective cosmological constant ωs (𝑀)/ωs0, with ωs0 ↔ ωs (𝑃 = 0) , exhibiting a smooth, strictly monotonic sign switch from
the negative to the positive asymptotic plateau—i.e., with no entrance/exit shoulders, unlike the quiescent example in Fig. 2. Top right: Normalised e!ective
cosmological constant ωs (𝑃)/ωs0 (imposed; the other panels follow from this choice) over 0↑ 𝑃 ↑ 5 for the same 𝑁̃ values, compared with the ωCDM baseline
(red dashed = 1). Bottom right: Corresponding expansion history, shown as the normalised conformal Hubble rate 𝑄 (𝑃)/(1 + 𝑃) (equivalently, ↗𝑅/𝑂0) for the
same 𝑁̃ values (solid) and ωCDM (red dashed) over 0↑ 𝑃 ↑ 5, with 𝑄 (𝑃) = 𝑂 (𝑃)/𝑂0. In all these reconstructed examples the universe undergoes accelerated
expansion ( ↘𝑅 > 0) today (for 𝑃 ⊋ 0.6, as in standard ωCDM). Adopting the fiducial values εm0 = 0.30 and 𝑃† ↓ 1.8, and using the analytic thresholds derived
in Section 5, one finds that an additional accelerated–expansion interval (a local rise in 𝑄 (𝑃)/(1 + 𝑃)) around the transition appears for 𝑁̃ ⫅̸ 𝑁̃acc ↓ 26,
whereas a super–acceleration regime ( ↗𝑂 > 0), and hence a genuine bump in 𝑂 (𝑃) (not shown), occurs only for 𝑁̃ ⫅̸ 𝑁̃super ↓ 79. Accordingly, the slowest case
(𝑁̃ = 10 < 𝑁̃acc) does not develop an extra accelerated–expansion phase near 𝑃 ≃ 1.8 and the transition appears only as a broad, mild flattening with respect to
ωCDM over 𝑃 ↓ 1–2. The intermediate case (𝑁̃ = 30 > 𝑁̃acc but < 𝑁̃super) exhibits such an additional accelerated interval without entering a super–acceleration
regime, while the sharpest case (𝑁̃ = 100 > 𝑁̃super) develops a brief super–acceleration phase nested inside the transition. All curves converge to the ωCDM
baseline at high redshift. Unlike in Figs. 1 to 3, here the transition-layer centre is imposed at a fixed scale factor 𝑅† (such that 𝑃† ⇐ 1.8), so the corresponding
𝑀c = 𝑀 (𝑃† ) depends on the steepness/rapidity 𝑁̃ of the transition.

reveals that the smooth ωsCDM model realised within the VCDM
theory, here referred to as the ωsVCDM theory, facilitates two types
of rapid, smooth mirror AdS-to-dS transitions of the e!ective CC
(ωs : ωAdS < 0⇒ωdS > 0 with ωdS = |ωAdS |):

• Agitated mirror AdS-to-dS transition, wherein the scalar field evolves
in a potential that climbs smoothly and monotonically from a pre-
transition flat AdS plateau to a post-transition flat dS plateau of equal
magnitude, across a finite transition layer centred at 𝐿 = 𝐿c (the
midpoint of the interpolant). During this interval, ωs undergoes a
smooth mirror AdS-to-dS transition and develops a single central
bump that, if the transition has completed by today, overshoots
the late-time dS plateau. In our fiducial example (cf. Fig. 3), the
universe undergoes accelerated expansion ( ↘𝑀 > 0) not only today
(for 𝑁 ⊋ 0.6, as in standard ωCDM), but also over a short additional
interval within the transition, around 𝑁 ≃ 2. Moreover, if the transition

is su"ciently sharp (with width ≃ 𝑂
→1)—i.e. if 𝑂

2ωdS >

⇑
3/2,

equivalently 𝑂 ⫅̸ 0.64𝑃→1
0 for a flat fiducial cosmology with εm0 ↓

0.3—then the Hubble rate 𝑃 (𝑁) can also develop a bump (a brief
super–acceleration episode with ↗𝑃 > 0, while keeping both the
background and perturbations stable, with the theory embedded in
VCDM) nearly coincident with that in ωs, with an amplitude that
grows as the transition is sharpened; this transient feature is nested
within the overall transition and occurs on the AdS side shortly after
the onset of the transition.

• Quiescent mirror AdS-to-dS transition, wherein the scalar field
evolves on a smooth potential obtained by sigmoid–smoothing a
continuous, piecewise–linear parent whose slope changes across a
finite transition layer centred at 𝐿 = 𝐿c, while the potential itself
remains continuous and exhibits no o!set jump. Correspondingly, ωs
undergoes a smooth mirror AdS–to–dS transition in a comparatively
gentle manner with respect to the agitated case: ωs (𝑀) can remain
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Figure 2. Quiescent mirror AdS-to-dS transition. Top left: Potential 𝐿 (𝑀) (scaled by 𝑀2
c ) for 𝑁 = 𝑂 |𝑀c | = 16, 40, 80 (with the setting 𝑀c/𝑃0 = →8), which set

the rapidity/width of the transition, over →1.5 ↑ 𝑀/|𝑀c | ↑ 𝑀0/|𝑀c | ↓ →0.46; the piecewise–linear potential’s slope changes smoothly and monotonically as
the scalar field traverses the transition-layer centre at 𝑀/|𝑀c | = →1. Bottom left: Corresponding normalised e!ective cosmological constant ωs (𝑀)/ωs0, with
ωs0 ↔ ωs (𝑄 = 0) , showing a smooth mirror AdS-to-dS transition across 𝑀c, with localised non-monotonic “shoulders” near the entrance and exit of the transition;
these arise where the curvature of the potential changes sign (𝐿,𝐿𝐿 = 0), consistent with dωs/d𝑀 = 3𝑃 𝐿,𝐿𝐿 . Top right: Normalised e!ective cosmological
constant ωs (𝑄)/ωs0 over 0↑ 𝑄 ↑ 5 for the same 𝑁 values, compared with the ωCDM baseline (red dashed = 1). Bottom right: Corresponding expansion history,
shown as the normalised conformal Hubble rate 𝑅 (𝑄)/(1 + 𝑄) (equivalently, ↗𝑆/𝑃0) for the three quiescent models (solid) and ωCDM (red dashed) over 0↑ 𝑄 ↑ 5,
with 𝑅 (𝑄) = 𝑃 (𝑄)/𝑃0; during the transition, 𝑅 (𝑄)/(1 + 𝑄) exhibits a local rise and shallow “shoulders” near the entrance and exit, co-located with those in
ωs (𝑄) . In the quiescent examples shown, the universe undergoes accelerated expansion ( ↘𝑆 > 0) not only today (for 𝑄 ⊋ 0.6, as in standard ωCDM), but also over
a short additional interval around 𝑄 ≃ 1.6. A rise in 𝑅 (𝑄)/(1 + 𝑄) does not, by itself, necessarily imply a rise in the Hubble parameter 𝑃 (𝑄) (not shown in the
figure), i.e. a super–acceleration phase with ↗𝑃 > 0; a genuine super–acceleration requires 𝐿,𝐿𝐿 > 2/3 along the background, which for the logistic quiescent
blend used here is equivalent to ε𝑇 𝑂 > 2/3. For the examples shown, this condition is satisfied and 𝑃 (𝑄) develops a short super–acceleration phase—hence a
bump—nested inside the transition. In all panels we adopt 𝑇b/𝑃0 = →1, 𝑀c/𝑃0 = →8, ϑm0 = 0.30, ϑr0 = 9⇐ 10→5, and assume a spatially flat universe, implying
ϑωs0 = 1→ϑm0 →ϑr0 and henceωs0 = 3𝑃2

0 (1→ϑm0 →ϑr0 ) . The function 𝑅 (𝑄) = 𝑃 (𝑄)/𝑃0 depends onϑm0,ϑr0, and on the parameters of 𝑈𝐿 = 𝑉2
Pωs and the

field 𝑀. The condition 𝑅 (0) = 1 can be solved for 𝑊/𝑃2
0 given the other parameters. We set the initial condition for the scalar field 𝑀0 ↔ 𝑀 (𝑄 = 0) = →3𝑃0 +

3
2 𝑇a.

The condition ωs (𝑀 ⇒ 𝑀c ) = →ωs (𝑀0 ) can be solved numerically for 𝑇a once 𝑂𝑃0 = 𝑁 𝑃0/|𝑀c | is specified; for the values shown, 𝑇a/𝑃0 ↓ →0.396. The
field–redshift map is obtained by solving the equation of motion d(𝑀/𝑃0 )/d𝑄 = →

3
2 [3ϑm0 (1 + 𝑄)3

+ 4ϑr0 (1 + 𝑄)4
]/[ (1 + 𝑄)𝑅 (𝑄) ].

𝐿,𝑀𝑀 = 0 (at |𝑀 → 𝑀c | ⇑ 1.20 𝑁→1 for the logistic case)—the Hubble
rate inherits co-located, gentle, inflection-like features; at those points
d𝑂/d𝑀 = →

1
3 , so the sign change of𝐿,𝑀𝑀 modifies only the curvature

of 𝑂 (𝑀) (not the sign of its slope), yielding mild, localised features
in 𝑂 (𝑃) near the beginning and end of the transition.

To determine the dynamics of our constructed physical system, it
is necessary to specify an initial condition for 𝑀. Specifically, to find
𝑂 (𝑃) and 𝑀(𝑃), we must integrate the following di!erential equation:
d𝑀
d𝑃

= →
3
2

𝑄 + 𝑅

𝑆
2
P𝑂 (1 + 𝑃)

, (19)

where 𝑂 = 1
2 𝐿,𝑀 →

𝑀
3 , and an initial condition for 𝑀 at a certain

reference redshift is required (see Appendix A). Since the background
evolution of each matter component 𝑄𝑋 (and 𝑅𝑋 ) is known as a
function of redshift 𝑃, the combination 𝑄 + 𝑅 is therefore a prescribed
function of 𝑃.

We have thus demonstrated that a smooth ωsCDM can be realized
within the VCDM framework using a sigmoid-based transition of
the potential function, which ensures the continuity of the function
and its derivatives, making it ideally suited for, e.g., cosmological
applications. As an example, Fig. 2 illustrates a quiescent ωsCDM
model that can be regarded as a smoothed counterpart of the abrupt
case in Fig. 1. It shows the smooth potential 𝐿 (𝑀) constructed
via the logistic interpolant Eq. (8) and the blended form Eq. (9)
(equivalently, Eq. (11)); the corresponding ωs (𝑀) (cf. Eq. (12)); the
redshift evolution ωs (𝑃); and the associated expansion history, shown
through the normalised conformal Hubble rate 𝑇 (𝑃)/(1 + 𝑃) (where
𝑇 (𝑃) ↔ 𝑂 (𝑃)/𝑂0 with 𝑂 (𝑃) the Hubble function and 𝑂0 the Hubble
constant), directly compared with the ωCDM baseline. Note that
𝑇 (𝑃)/(1 + 𝑃) = ↗𝑈/𝑂0; thus, an increase in 𝑇 (𝑃)/(1 + 𝑃) (towards
lower redshift, i.e. forward in time) signals a phase of accelerated
expansion, ↘𝑈 > 0. However, a rise in 𝑇 (𝑃)/(1 + 𝑃) does not, by
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Figure 1. Abrupt (step) mirror AdS-to-dS transition. Top left: Potential 𝐿 (𝑀) (scaled by 𝑀2
c ) over →1.6↑ 𝑀/|𝑀c | ↑ 𝑀0/|𝑀c | ↓ →0.424 (with 𝑀c/𝑁0 ↓ →8.851),

showing a sharp kink: the potential is continuous but its slope jumps at the transition, located at 𝑀/|𝑀c | = →1. Bottom left: Corresponding normalised e!ective
cosmological constant ωs (𝑀)/ωs0, with ωs0 ↔ ωs (𝑂 = 0) , exhibiting an abrupt mirror AdS-to-dS transition—i.e., a discontinuous jump from →ωs0 to +ωs0 across
𝑀c. Top right: Normalised e!ective cosmological constant ωs (𝑂)/ωs0 (solid), compared with the ωCDM baseline (red dashed = 1); the abrupt transition is set at
𝑂† = 1.8. Bottom right: Corresponding expansion history, shown as the normalised conformal Hubble rate 𝑃 (𝑂)/(1 + 𝑂) (equivalently, ↗𝑄/𝑁0) for the abrupt
model (solid) and ωCDM (red dashed) over redshift range 0↑ 𝑂 ↑ 5, with 𝑃 (𝑂) = 𝑁 (𝑂)/𝑁0; an abrupt jump, coincident with that in the e!ective CC, appears at
𝑂† = 1.8. We adopt 𝑀0 = 𝑀 (𝑂 = 0) = →3𝑁0 +

3
2 𝑅a with 𝑅a/𝑁0 = →0.5, leading to 𝑅b/𝑁0 ↓ →1.046, 𝑀c/𝑁0 ↓ →8.851, and 𝑆/𝑁2

0 ↓ →6.337 via the model
constraints. We assume εm0 = 0.30, εr0 = 9 ↘ 10→5, and a spatially flat universe, implying εωs0 = 1 → εm0 → εr0 and hence ωs0 = 3𝑁2

0 (1 → εm0 → εr0 ) .
Because the potential is non-di!erentiable at the transition, this abrupt case cannot be embedded in the VCDM framework, which requires a smooth (di!erentiable)
realisation.

there is a redundancy of parameters in this prescription; for a given
𝐿c, exactly the same ωs (𝐿) can be achieved by infinitely many pairs
of, say, {𝑀b, 𝑁}.

We have thus demonstrated that an abrupt shifting e!ective CC—
and consequently an abrupt ωsCDM model featuring a mirror AdS-
to-dS transition as a particular case—can indeed be realized within
the VCDM framework. However, despite accurately capturing the
background dynamics over most redshift ranges, this abrupt version
cannot be fully integrated into VCDM. The underlying reason is
that a discontinuity in the derivative of the potential at 𝐿c induces a
discontinuity in 𝑂, resulting in a singularity in ↗𝑂 (a crucial term in
perturbation theory, as shown in Appendix D). To address this issue,
it becomes necessary to smooth out the transition. Consequently, we
will now investigate a completely smooth (𝑃≃) ωsCDM model.

4 ωSVCDM: SMOOTH ωSCDM WITHIN VCDM

In this section, we extend the above findings by incorporating sig-
moid functions, enabling a smooth transition between two linear
regimes: at this point, 𝐿 does acquire the meaning of the auxiliary
field inside VCDM which gives rise to the dynamical dark energy
component, and 𝐿(𝑄) has its own equation of motion, making possible

the map 𝑅 (𝐿)⇐𝑅

(
𝐿(𝑄)

)
and, equivalently, ωs (𝐿)⇐ωs

(
𝐿(𝑄)

)
, and

conversely allowing the reconstruction of 𝑅 (𝐿) from a prescribed
ωs (𝑄) trajectory (see Appendix A).

The sigmoid function, distinguished by its characteristic S–shaped
curve, o!ers a gradual and continuous shift from one value to another.
Here, we utilize a typical sigmoid function called the logistic function;
it is expressed as:

𝑆(𝐿) =
1

1 + 𝑇
→2𝑇 (𝑀→𝑀c )

, (8)

where 𝑈 > 0 controls the steepness (and hence the width) of the
transition layer, and 𝐿c is the centre (midpoint) of the interpolant,
𝑆(𝐿c) = 1

2 , at which |𝑆
⇒
| is maximal; note for later reference that

the zero-crossing of ωs (𝐿) need not coincide with 𝐿c (in general
it occurs at some nearby 𝐿ωs=0 ϑ 𝐿c). It is often convenient to
characterise the rapidity by the dimensionless parameter 𝑉 ↔ 𝑈 |𝐿c |,
which naturally measures the transition sharpness in units of the
field location: small 𝑉 corresponds to broad/gentle blends, while
large 𝑉 signals sharper/narrower transitions. For late-time transitions
of interest one typically has |𝐿c |/𝑂0 = 𝑉/(𝑈𝑂0) = O(1–10). For
additional discussions on the rapidity/width of the transition epoch,
see Appendices A to C.
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for a given qc, exactly the same ⇤s (q) can be achieved by infinitely
many pairs of, say, {Ub, V}.

We have thus demonstrated that an abrupt shifting effective CC—
and consequently an abrupt ⇤sCDM model featuring a mirror AdS-dS
transition as particular case—can indeed be realized within the VCDM
framework. However, despite accurately capturing the background
dynamics over most redshift ranges, this abrupt version cannot be fully
integrated into VCDM. The underlying reason is that a discontinuity
in the derivative of the potential at qc induces a discontinuity in �,
resulting in a singularity in §� (a crucial term in perturbation theory,
as shown in Appendix B). To address this issue, it becomes necessary
to smooth out the transition. Consequently, we will now investigate a
completely smooth (⇠1) ⇤sCDM model.

4 SMOOTH ⇤SCDM

In this section, we extend the above findings by incorporating sigmoid
functions, enabling a smooth transition between two linear regimes.
The sigmoid function, distinguished by its characteristic ‘S’-shaped
curve, offers a gradual and continuous shift from one value to another.
Here, we utilize a typical sigmoid function called the logistic function;
it is expressed as:

((q) =
1

1 + 4�2[ (q�qc )
, (8)

where 2[ > 0 determines the steepness of the curve during the
transition epoch, thus enabling control over the rapidity of the mirror
AdS-dS transition. The parameter qc now represents the midpoint
of this transition. For details on the rapidity/width of the transition
epoch, see Appendix A.

4.1 Quiescent smooth transition

To facilitate a quiescent smooth transition (see Appendix A where
this term is made precise) from the pre- to the post-transition linear
regimes, we employ the sigmoid function in the following blended
function, a formulation that is valid across all values of q:

+ = [Ub (q � qc) � V] [1 � ((q)] + [Ua (q � qc) � V]((q) , (9)

with the corresponding effective CC

⇤s (q) = �Ubqc � V � �U[qc((q) + q(q � qc)(
0
(q)]

+
3
4
[Ub + �U((q) + �U(q � qc)(

0
(q)]2,

(10)

where one may substitute (0 (q) = 2[ ((q) [1 � ((q)] when using
the logistic interpolant ((q) of Eq. (8). Equivalently, since ((q) =
1
2 +

1
2 tanh[[(q � qc)], the potential (9) can be cast in the compact

form

+ (q) = ⌃U
2 (q � qc) � V +

�U
2 (q � qc) tanh[[(q � qc)], (11)

with the corresponding effective CC, ⇤s (q) = dq/"2
P ,

⇤s (q) =
⌃U
2

(q � qc) � V +
�U
2

(q � qc) tanh[[(q � qc)]

� q


⌃U
2

+
�U
2

tanh[[(q � qc)] +
�U
2

(q � qc)[ sech2
[[(q � qc)]

�

+
3
4

✓
⌃U
2

+
�U
2

tanh[[(q � qc)] +
�U
2

(q � qc)[ sech2
[[(q � qc)]

◆2
,

(12)

where ⌃U ⌘ Ub + Ua. The potential introduced in Eq. (9) ensures
a smooth (⇠1) transition, with the interpolant function ((q) pro-
gressing from 0 to 1 as q increases across the critical value qc. Note
that if one wishes to engineer a smooth AdS-to-dS transition—i.e.,
to connect the pre- and post-transition linear branches of + (q) so
that the effective CC evolves from ⇤s ⇡ �⇤dS to ⇤s ⇡ +⇤dS, in
accordance with the abrupt sign-switch solution—then it is conve-
nient to introduce a positive constant ⇤dS > 0 that bounds 10, ⇤s (q),
i.e., limq!±1 dq/"2

P = ±⇤dS. Imposing these asymptotes fixes the
parameters as

V =
3U2

bUa +
⇣
4⇤dS � 3U2

a
⌘
Ub + 4⇤dSUa

4Ua � 4Ub
, (13)

qc = (8⇤dS � 3U2
a + 3U2

b)/(4Ub � 4Ua), (14)

where it is assumed that Ub < Ua, as required (see Appendix A). At
the transition center q = qc one has

+ (qc) = �V, (15)

⇤s (qc) = �V �
⌃U
2

qc +
3
16

⌃U2 =
⇤sft,a + ⇤sft,b

2
�

3
16

(�U)2, (16)

In the mirror AdS–dS case (⇤sft,a = �⇤sft,b = ⇤dS > 0), this reduces
to

⇤s (qc) = �
3
16

(�U)2  0, (17)

while+ (qc) = �V as above. In the [!1 limit, this smooth quiescent
construction reduces to the abrupt model of Sec. 3: the potential
approaches the piecewise-linear form in Eq. (3), and the effective CC
collapses to the step functions in Eqs. (1) and (2). For any finite [ the
transition is ⇠1 and ⇤s (q) remains continuous; the instantaneous
jump at q = qc is recovered only in the strict [ ! +1 limit (the
value at qc itself is conventional). In the asymptotic limits of the
scalar field, the smooth construction approaches the abrupt model:
as q ! �1 one finds ⇤s (q) ! ⇤sft,b, while as q ! +1 it tends to
⇤s (q) ! ⇤sft,a. Thus, the quiescent smooth transition interpolates
continuously between the two constant plateaus of the abrupt model,
with the width of the transition layer controlled by [�1. Although
⇤s (q) is globally monotone across the quiescent transition, localized
departures from strict monotonicity can appear near the entrance and
exit of the transition layer. These arise because the interpolant function
((q) introduces regions where the curvature +,qq changes sign, i.e.
the trajectory briefly traverses inflection points of the smoothed
potential. In such cases, the derivative d⇤s

dq = 3�+,qq can vanish
at isolated points within the transition window, creating shallow
bump–dip structures (“shoulders”) before rejoining the monotone
envelope. The amplitude of these features is controlled by the slope
contrast �U and the width of the transition �q ⇠ [�1: broad or
gentle transitions suppress the shoulders, while steep transitions with
large |�U | enhance them. Importantly, these non-monotonic shoulders
are a generic artifact of smoothing, absent in the abrupt model, but
parametrically small for physically motivated ranges of parameters.

In all panels we adopt Ub = �1, Ua = �0.48, and ⇤dS = 1, which
fix V ⇡ �3.25 and q2 ⇡ �5 via the model constraints.

Finally, to determine the dynamics of our constructed physical
system, it is necessary to specify an initial condition for q. Specifically,
to find � (I) and q(I), we must integrate the following differential
equation:
dq
dI

= �
3
2

d + %

"2
P� (1 + I)

, (18)

10 For the abrupt sign switch, ⇤dS = ⇤s0.
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for a given qc, exactly the same ⇤s (q) can be achieved by infinitely
many pairs of, say, {Ub, V}.

We have thus demonstrated that an abrupt shifting effective CC—
and consequently an abrupt ⇤sCDM model featuring a mirror AdS-dS
transition as particular case—can indeed be realized within the VCDM
framework. However, despite accurately capturing the background
dynamics over most redshift ranges, this abrupt version cannot be fully
integrated into VCDM. The underlying reason is that a discontinuity
in the derivative of the potential at qc induces a discontinuity in �,
resulting in a singularity in §� (a crucial term in perturbation theory,
as shown in Appendix B). To address this issue, it becomes necessary
to smooth out the transition. Consequently, we will now investigate a
completely smooth (⇠1) ⇤sCDM model.

4 SMOOTH ⇤SCDM

In this section, we extend the above findings by incorporating sigmoid
functions, enabling a smooth transition between two linear regimes.
The sigmoid function, distinguished by its characteristic ‘S’-shaped
curve, offers a gradual and continuous shift from one value to another.
Here, we utilize a typical sigmoid function called the logistic function;
it is expressed as:

((q) =
1

1 + 4�2[ (q�qc )
, (8)

where 2[ > 0 determines the steepness of the curve during the
transition epoch, thus enabling control over the rapidity of the mirror
AdS-dS transition. The parameter qc now represents the midpoint
of this transition. For details on the rapidity/width of the transition
epoch, see Appendix A.

4.1 Quiescent smooth transition

To facilitate a quiescent smooth transition (see Appendix A where
this term is made precise) from the pre- to the post-transition linear
regimes, we employ the sigmoid function in the following blended
function, a formulation that is valid across all values of q:

+ = [Ub (q � qc) � V] [1 � ((q)] + [Ua (q � qc) � V]((q) , (9)

with the corresponding effective CC

⇤s (q) = �Ubqc � V � �U[qc((q) + q(q � qc)(
0
(q)]

+
3
4
[Ub + �U((q) + �U(q � qc)(

0
(q)]2,

(10)

where one may substitute (0 (q) = 2[ ((q) [1 � ((q)] when using
the logistic interpolant ((q) of Eq. (8). Equivalently, since ((q) =
1
2 +

1
2 tanh[[(q � qc)], the potential (9) can be cast in the compact

form

+ (q) = ⌃U
2 (q � qc) � V +

�U
2 (q � qc) tanh[[(q � qc)], (11)

with the corresponding effective CC, ⇤s (q) = dq/"2
P ,

⇤s (q) =
⌃U
2

(q � qc) � V +
�U
2

(q � qc) tanh[[(q � qc)]

� q


⌃U
2

+
�U
2

tanh[[(q � qc)] +
�U
2

(q � qc)[ sech2
[[(q � qc)]

�

+
3
4

✓
⌃U
2

+
�U
2

tanh[[(q � qc)] +
�U
2

(q � qc)[ sech2
[[(q � qc)]

◆2
,

(12)

where ⌃U ⌘ Ub + Ua. The potential introduced in Eq. (9) ensures
a smooth (⇠1) transition, with the interpolant function ((q) pro-
gressing from 0 to 1 as q increases across the critical value qc. Note
that if one wishes to engineer a smooth AdS-to-dS transition—i.e.,
to connect the pre- and post-transition linear branches of + (q) so
that the effective CC evolves from ⇤s ⇡ �⇤dS to ⇤s ⇡ +⇤dS, in
accordance with the abrupt sign-switch solution—then it is conve-
nient to introduce a positive constant ⇤dS > 0 that bounds 10, ⇤s (q),
i.e., limq!±1 dq/"2

P = ±⇤dS. Imposing these asymptotes fixes the
parameters as

V =
3U2

bUa +
⇣
4⇤dS � 3U2

a
⌘
Ub + 4⇤dSUa

4Ua � 4Ub
, (13)

qc = (8⇤dS � 3U2
a + 3U2

b)/(4Ub � 4Ua), (14)

where it is assumed that Ub < Ua, as required (see Appendix A). At
the transition center q = qc one has

+ (qc) = �V, (15)

⇤s (qc) = �V �
⌃U
2

qc +
3
16

⌃U2 =
⇤sft,a + ⇤sft,b

2
�

3
16

(�U)2, (16)

In the mirror AdS–dS case (⇤sft,a = �⇤sft,b = ⇤dS > 0), this reduces
to

⇤s (qc) = �
3
16

(�U)2  0, (17)

while+ (qc) = �V as above. In the [!1 limit, this smooth quiescent
construction reduces to the abrupt model of Sec. 3: the potential
approaches the piecewise-linear form in Eq. (3), and the effective CC
collapses to the step functions in Eqs. (1) and (2). For any finite [ the
transition is ⇠1 and ⇤s (q) remains continuous; the instantaneous
jump at q = qc is recovered only in the strict [ ! +1 limit (the
value at qc itself is conventional). In the asymptotic limits of the
scalar field, the smooth construction approaches the abrupt model:
as q ! �1 one finds ⇤s (q) ! ⇤sft,b, while as q ! +1 it tends to
⇤s (q) ! ⇤sft,a. Thus, the quiescent smooth transition interpolates
continuously between the two constant plateaus of the abrupt model,
with the width of the transition layer controlled by [�1. Although
⇤s (q) is globally monotone across the quiescent transition, localized
departures from strict monotonicity can appear near the entrance and
exit of the transition layer. These arise because the interpolant function
((q) introduces regions where the curvature +,qq changes sign, i.e.
the trajectory briefly traverses inflection points of the smoothed
potential. In such cases, the derivative d⇤s

dq = 3�+,qq can vanish
at isolated points within the transition window, creating shallow
bump–dip structures (“shoulders”) before rejoining the monotone
envelope. The amplitude of these features is controlled by the slope
contrast �U and the width of the transition �q ⇠ [�1: broad or
gentle transitions suppress the shoulders, while steep transitions with
large |�U | enhance them. Importantly, these non-monotonic shoulders
are a generic artifact of smoothing, absent in the abrupt model, but
parametrically small for physically motivated ranges of parameters.

In all panels we adopt Ub = �1, Ua = �0.48, and ⇤dS = 1, which
fix V ⇡ �3.25 and q2 ⇡ �5 via the model constraints.

Finally, to determine the dynamics of our constructed physical
system, it is necessary to specify an initial condition for q. Specifically,
to find � (I) and q(I), we must integrate the following differential
equation:
dq
dI

= �
3
2

d + %

"2
P� (1 + I)

, (18)

10 For the abrupt sign switch, ⇤dS = ⇤s0.
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Figure 2. Quiescent mirror AdS–to–dS transition. Top left: Potential + (q) for [ = 2, 5, 20, which set the width/rapidity of the transition, over �8 q  �2; the
vertical dashed line marks the transition center (q2 ⇡ �5). Bottom left: Corresponding effective cosmological constant ⇤s (q) for the same [ values, showing a
smooth sign switch across q2 , with localized non-monotonic “shoulders” near the entrance and exit of the transition; these arise where the curvature changes sign
(+,qq = 0), consistent with d⇤s/dq = 3� +,qq . Top right: Normalized effective cosmological constant ⇤s (I)/⇤s (0) over 0 I  5 for the same [ values,
compared with the ⇤CDM baseline (red dashed = 1). Bottom right: Expansion history, shown as the normalized co-moving Hubble parameter ⇢ (I)/(1 + I) for
the three quiescent models (solid) and ⇤CDM (red dashed) over 0 I  5, with ⇢ (I) = � (I)/�0. In all panels we adopt Ub = �1, Ua = �0.48, and ⇤dS = 1;
the asymptotic-matching constraints then give V = �3.21 and q2 = �4.96, values close to those used in the abrupt model (Fig. 1), so this figure can be regarded
as its smooth quiescent counterpart. We assume ⌦m0 = 0.30 and ⌦r0 = 9 ⇥ 10�5 for the present-day density parameters and a spatially flat universe.

where � = 1
2 +,q �

q
3 , and an initial condition for q at a certain

reference redshift is required (see Appendix A). Given that the
background evolution of each matter component, d� (and %� ), is
known as a function of I, the expression for d + % consequently
becomes a known function of I.

We have thus demonstrated that a smooth ⇤sCDM can also be
realized within the VCDM framework using a sigmoid-based transition
of the potential function, which ensures the continuity of the function
and its derivatives, making it ideally suited for, e.g., cosmological
applications. As an example, Fig. 2 illustrates a quiescent ⇤sCDM
model that can be regarded as a smoothed counterpart of the abrupt
case in Fig. 1, and compares it with ⇤CDM. It shows the smooth
potential + (q) constructed via the logistic interpolant Eq. (8) and
the blended form Eq. (9) (equivalently, Eq. (11)); the corresponding
⇤s (q) (cf. Eq. (12)); the normalized redshift evolution ⇤s (I)/⇤s (0);
and the associated expansion history, shown via the normalized
co-moving Hubble parameter ⇢ (I)/(1 + I).

4.2 Agitated smooth transition

We now consider another type of smooth ⇤sCDM scenario permit-
ted within the VCDM framework: the agitated smooth transition

(see Appendix A where this term is made precise). Note that within
VCDM, introducing a linear potential that suddenly changes slope
is not the only method for achieving an abrupt shift in the effec-
tive CC. Another approach involves introducing a sudden shift from
one constant potential value to another. Specifically, for an abrupt
⇤sCDM, one could consider a potential abruptly jumping from
+b (q) = const < 0 to +a (q) = �+b (q) at a critical point. To create a

smooth version of this scenario, we can again utilize ((q); this can
be achieved simply by setting Ub = 0 = Ua in Eq. (A9), leading to
+ = �⇤dS [1 � ((q)] + ⇤dS ((q), i.e.,

+ (q) = ⇤dS tanh[[(q � qc)], (19)

with the corresponding effective CC

⇤s (q) = ⇤dS tanh[[(q � qc)] � ⇤dS[q sech2
[[(q � qc)]

+
3
4
⇤2

dS[
2 sech4

[[(q � qc)] .
(20)

Because today (I = 0), as the transition has already occurred, + (q) ⇡
⇤dS (or ⇤s ⇡ ⇤dS), it follows that q(I = 0) ⇡ �3�0. Accordingly,
we need to set qc < q(I = 0) < 0, which in turn implies, as
can be shown, that ⇤s (q) > 0. As discussed in Appendix A, this
type of transition generally leads to large values of |+,q | around
q = qc, and correspondingly, to large values of �2 and | §� |/(#�2

).
Specifically, it is straightforward to show that while the effective CC
eventually transitions from ⇤s ⇡ �⇤dS to ⇤s ⇡ ⇤dS, at the critical
point (q = qc), when the potential is at its steepest, the effective CC
will reach the value of ⇤s (q = qc) = �[⇤dSqc +

3
4[

2⇤2
dS. Therefore,

the transition always produces a central bump in ⇤s at q = qc;
whether this bump overshoots the late-time plateau ⇤dS depends on
the steepness. In particular, once the transition is sufficiently fast
(large [, equivalently �q Æ 4/[), the peak value ⇤s (qc) exceeds ⇤dS,
yielding an overshoot. An example of the typical shape of the ⇤s in
this scenario can be observed in Fig. 3, which deviates considerably
from that in Fig. 2, potentially leading to different phenomenology
distinguishable by available observations. In particular, there is a
noticeable large bump in ⇤s around q = qc, which generally expected
to result in a corresponding large bump in �2 around midway through
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Figure 2. Quiescent mirror AdS–to–dS transition. Top left: Potential + (q) for [ = 2, 5, 20, which set the width/rapidity of the transition, over �8 q  �2; the
vertical dashed line marks the transition center (q2 ⇡ �5). Bottom left: Corresponding effective cosmological constant ⇤s (q) for the same [ values, showing a
smooth sign switch across q2 , with localized non-monotonic “shoulders” near the entrance and exit of the transition; these arise where the curvature changes sign
(+,qq = 0), consistent with d⇤s/dq = 3� +,qq . Top right: Normalized effective cosmological constant ⇤s (I)/⇤s (0) over 0 I  5 for the same [ values,
compared with the ⇤CDM baseline (red dashed = 1). Bottom right: Expansion history, shown as the normalized co-moving Hubble parameter ⇢ (I)/(1 + I) for
the three quiescent models (solid) and ⇤CDM (red dashed) over 0 I  5, with ⇢ (I) = � (I)/�0. In all panels we adopt Ub = �1, Ua = �0.48, and ⇤dS = 1;
the asymptotic-matching constraints then give V = �3.21 and q2 = �4.96, values close to those used in the abrupt model (Fig. 1), so this figure can be regarded
as its smooth quiescent counterpart. We assume ⌦m0 = 0.30 and ⌦r0 = 9 ⇥ 10�5 for the present-day density parameters and a spatially flat universe.
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q
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realized within the VCDM framework using a sigmoid-based transition
of the potential function, which ensures the continuity of the function
and its derivatives, making it ideally suited for, e.g., cosmological
applications. As an example, Fig. 2 illustrates a quiescent ⇤sCDM
model that can be regarded as a smoothed counterpart of the abrupt
case in Fig. 1, and compares it with ⇤CDM. It shows the smooth
potential + (q) constructed via the logistic interpolant Eq. (8) and
the blended form Eq. (9) (equivalently, Eq. (11)); the corresponding
⇤s (q) (cf. Eq. (12)); the normalized redshift evolution ⇤s (I)/⇤s (0);
and the associated expansion history, shown via the normalized
co-moving Hubble parameter ⇢ (I)/(1 + I).
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We now consider another type of smooth ⇤sCDM scenario permit-
ted within the VCDM framework: the agitated smooth transition
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is not the only method for achieving an abrupt shift in the effec-
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can be shown, that ⇤s (q) > 0. As discussed in Appendix A, this
type of transition generally leads to large values of |+,q | around
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Specifically, it is straightforward to show that while the effective CC
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point (q = qc), when the potential is at its steepest, the effective CC
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dS. Therefore,

the transition always produces a central bump in ⇤s at q = qc;
whether this bump overshoots the late-time plateau ⇤dS depends on
the steepness. In particular, once the transition is sufficiently fast
(large [, equivalently �q Æ 4/[), the peak value ⇤s (qc) exceeds ⇤dS,
yielding an overshoot. An example of the typical shape of the ⇤s in
this scenario can be observed in Fig. 3, which deviates considerably
from that in Fig. 2, potentially leading to different phenomenology
distinguishable by available observations. In particular, there is a
noticeable large bump in ⇤s around q = qc, which generally expected
to result in a corresponding large bump in �2 around midway through
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Rationale – The simplest form of the ⇤sCDM model [9–
11] was constructed phenomenologically by replacing the
CC in ⇤CDM with an abrupt sign-switching one at red-
shift z†: ⇤ ! ⇤s ⌘ ⇤s0 sgn[z† � z], where the transition
employs the signum function (sgn), and ⇤s0 > 0 is the
present-day value of ⇤s. Accordingly, the Friedmann equa-
tion2 can be written as 3M2

PH
2 =

P
I ⇢I+⇢⇤s0 sgn[a�a†],

whereH is the Hubble parameter, ⇢I represents the energy
densities of each standard matter field, and ⇢⇤s0 = ⇤s0M

2
P

is the energy density of the present-day CC, with a† being
the scale factor, a, at the time of the transition. Given
that this model is remarkably simple, representing a min-
imal deviation from ⇤CDM, and demonstrates a far su-
perior statistical fit to the available data compared to
⇤CDM [9–11], it suggests that the CC might indeed have
undergone a sign switch sometime after recombination.
This implies the profound possibility that the Universe
was in an AdS vacuum phase until recently (z ⇠ 2), a
theoretical sweet spot welcomed due to the AdS/CFT
correspondence [20] and preferred by string theory and
string theory motivated supergravities [21]. However, to
advance ⇤sCDM beyond a phenomenological model and
establish it as a predictive one, it is necessary to integrate
it with a concrete theoretical mechanism/model that ex-
plains the sign-switch in the CC, as well as to smooth
out the abrupt behavior implemented by the signum func-
tion since the discontinuity in this case leads to a type
II (sudden) singularity [22].3 One of the primary aims
of this letter is to eliminate this singularity and provide
precise predictions about the impact of the transition
on cosmological observables. However, smoothing out
the transition introduces a new challenge: the need for a
model or mechanism that allows such a transition, partic-
ularly one that can facilitate rapid growth of H , i.e., large
values of |Ḣ|/(NH

2) (equivalent to R, the Ricci scalar),
where N , the lapse function, determines the nature of
the time variable t. In any case, for a smooth but rapid
AdS-dS transition, the dynamics will induce a kick in
Ḣ/(NH

2), leading to a phase of super-acceleration of the
Universe during the transition, which could significantly
influence the observables of the theory, and quantifying
this e↵ect unequivocally will be an integral part of the
features of the model. Furthermore, it is acknowledged
that super-accelerating behavior can readily introduce
ghost-like degrees of freedom and/or instabilities in per-
turbation dynamics. For this reason, incorporating such
a dynamic and smooth component into a minimal theory
of gravity becomes a natural course of action, specifically

2 In this study, we focus exclusively on spatially flat and uniform
cosmology; it can be readily extended to non-flat scenarios.

3 See [23] for a demonstration of the presence of a type II singularity
in abrupt ⇤sCDM and its minimal impact on the formation and
evolution of cosmic bound structures, thereby preserving the
model’s viability in this context.

in the theory known as VCDM, which has only tensor
modes in the gravity sector and a predictive Lagrangian,
and a smooth limit for an evolution that approaches (even
exponentially fast) ⇤CDM dynamics. For further explo-
ration of these aspects and other topics related to VCDM,
see Refs. [14–19].

Abrupt ⇤sCDM – As a warm-up, we first demonstrate
the realization of the abrupt ⇤sCDM model [9–11], which
is the simplest, idealized case achieved by replacing the
usual CC in the ⇤CDM model with

⇤ ! ⇤s ⌘ ⇤s0 sgn[a� a†], (1)

where ⇤s0 > 0 is the present-day (a = 1) value of the CC.
To realize this within the VCDM framework [14] with
a potential, V (�), we start by considering a continuous
piece-wise linear potential with two segments of di↵erent
slopes4 around a critical point � = �c:

V (�) =

(
↵b(�� �c)� � , for � < �c ,

↵a(�� �c)� � , for � � �c ,
(2)

where the indices “b” and “a” denote the states before
and after the critical point/transition, respectively. Using
this in the field equations (see Appendix A), we find a
corresponding e↵ective CC (⇤sft = ⇢�/M

2
P) that shifts

(sft) from an initial value to a final value as follows:

⇤sft =

(
⇤sft,b = 3

4↵
2
b � ↵b�c � � , for � < �c ,

⇤sft,a = 3
4↵

2
a � ↵a�c � � , for � � �c .

(3)

Consequently, a sudden change in the slope of the poten-
tial induces an abrupt shift in the e↵ective CC, �⇤sft ⌘
⇤sft,a � ⇤sft,b. And, the abrupt ⇤sCDM, defined by

⇤s = ⇤s0 sgn[�c � �], (4)

can be achieved by imposing ⇤sft,a = �⇤sft,b = ⇤s0 which
requires � = ⇤s0 +

3
4↵

2
b � ↵b�c and the final slope to be

↵a =
2

3
�c +

s✓
2

3
�c � ↵b

◆2

+
8

3
⇤s0 . (5)

Here, the plus sign in front of the second fraction has
been chosen such that �(z = 0) > �c, which requires ↵a >
2
3�c+2H0, as derived from Eq. (15). An example of V (�)
and its corresponding ⇤s(�) for this kind of transition is
illustrated in Fig. 1. Note that, there is a redundancy of
parameters in this prescription; for a given �c, the exact
same ⇤s(�) can be achieved by infinitely many pairs of,
say, {↵b,�}.

4 Refer to Appendix A for the rationale behind using linear poten-
tial segments and the discussion on the possibility of a sudden
transition where the potential V is discontinuous at � = �c, not
just in its slope. This scenario is also addressed later in the letter.
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Refs. (De Felice et al. 2020, 2021; De Felice & Mukohyama 2021;
De Felice et al. 2022a,b; Jalali et al. 2024).

3 ABRUPT SHIFTING COSMOLOGICAL CONSTANT AND
ωSCDM

As a preliminary step, before fully implementing the ωsCDM
scenario (Akarsu et al. 2021, 2023c,a) within the VCDM frame-
work (De Felice et al. 2020)—a goal we will ultimately achieve in the
next section by adopting a smooth AdS-to-dS transition rather than
an abrupt one—we first aim to illustrate how a shifting (sft) e!ective
cosmological constant (CC) can, in principle, be realized through the
auxiliary scalar field 𝐿 in VCDM, leveraging its unique properties.
To this end, we begin by considering an idealized abrupt shifting CC

scenario, which, for example, can be parameterized simply as:

ωsft (𝐿) =
ωsft,a + ωsft,b

2
+
ωsft,a → ωsft,b

2
sgn(𝐿 → 𝐿c), (1)

where the scalar field 𝐿 increases monotonically as the universe
expands (𝑀 > 0), i.e., d𝐿

d𝑀 = →𝑀 (1 + 𝑁)
d𝐿
d𝑁 > 0 (cf. Appendix A).

Consequently, ωsft (𝐿) = ωsft,b (𝐿) holds true for 𝐿 < 𝐿c—i.e, before
the transition at 𝐿 = 𝐿c—while ωsft (𝐿) = ωsft,a (𝐿) applies afterward
(𝐿 > 𝐿c). By imposing a mirror AdS-to-dS transition condition
(ωsft,a = →ωsft,b > 0), this construction reduces to an abrupt ωsCDM
scenario (Akarsu et al. 2021, 2023c,a):

ωs (𝐿) = ωs0 sgn[𝐿 → 𝐿c], (2)

where ωs0 ↑ ωs (𝑁 = 0) denotes the present-day value of the e!ective
CC; for the mirror transition it coincides with the constant post-
transition plateau, ωs0 = ωsft,a.

Remarkably, in VCDM, realizing such scenarios does not neces-
sitate an abrupt shift in the scalar field potential 𝑂 (𝐿) itself; such
transitions remain achievable even while the scalar field is monotoni-
cally rolling down the potential. To demonstrate this, we now proceed
with a continuous, piecewise linear potential 𝑂 (𝐿) composed of two
segments with di!erent slopes (𝑃 = 𝑂,𝐿) before and after the critical
scalar field value 𝐿 = 𝐿c. 9 Specifically, we define:

𝑂 (𝐿) =

{
𝑃b (𝐿 → 𝐿c) → 𝑄 , for 𝐿 < 𝐿c ,

𝑃a (𝐿 → 𝐿c) → 𝑄 , for 𝐿 ↓ 𝐿c ,
(3)

where 𝑄 is a constant o!set. Substituting this potential into the field
equations (see Appendix A), we obtain an abrupt shift in the e!ective
CC, ωsft = 𝑅𝐿/𝑆

2
P , as follows:

ωsft (𝐿) =

{
ωsft,b = 3

4𝑃
2
b → 𝑃b𝐿c → 𝑄 , for 𝐿 < 𝐿c ,

ωsft,a = 3
4𝑃

2
a → 𝑃a𝐿c → 𝑄 , for 𝐿 ↓ 𝐿c .

(4)

In each segment, ωsft (𝐿) depends quadratically on the slope, 𝑃;
ωsft = 3

4𝑃
2
→ 𝑃𝐿c → 𝑄, representing an upward-opening parabola

bounded from below. Its minimum value,ωsft,min = →
1
3𝐿

2
c →𝑄, occurs

at 𝑃min = 2
3𝐿c. Notably, the e!ective CC can be negative near this

minimum if 𝑄 > →
1
3𝐿

2
c ; otherwise, it remains positive. However,

9 Refer to Appendix A for the rationale behind using continuously connected
linear potential segments and for a discussion on the possibility of an abrupt
shift in the e!ective CC through a sudden (discontinuous) change in the value
of 𝑂 (𝐿) at 𝐿 = 𝐿c, rather than merely in its slope. This scenario is also
addressed later in the paper. Additionally, the illustrative, non-di!erentiable
potential employed here as an illustrative example will later be replaced with
a smooth (infinitely di!erentiable) version.

when ωsft,min < 0, for su"ciently large |𝑃 |, the positive quadratic
term dominates, ensuring that ωsft can still take positive values for 𝑃
values far from 𝑃min. In particular, setting ωsft = 0 yields two real

roots: 𝑃1,2 = 2
3

(
𝐿c ±

√
𝐿

2
c + 3𝑄

)
, with 𝑃1 < 𝑃2. Thus, ωsft < 0 for

𝑃1 < 𝑃 < 𝑃2, and ωsft > 0 outside this interval.
The key feature of this idealized setup is that the abrupt shift in

ωsft—from one constant value to another at 𝐿 = 𝐿c—stems from a
sudden change in the slope of the linear potential, ε𝑃 ↑ 𝑃a → 𝑃b,
rather than from a discontinuous shift in 𝑂 (𝐿) itself, as might be
commonly expected. This change in slope induces a corresponding
abrupt shift in the e!ective CC, εωsft ↑ ωsft,a → ωsft,b, given by:

εωsft =
3
2
[𝑀a (𝐿c) + 𝑀b (𝐿c)] ε𝑃, (5)

where 𝑀a (𝐿c) ↑ lim𝐿↔𝐿+
c
𝑀 (𝐿) and 𝑀b (𝐿c) ↑ lim𝐿↔𝐿→

c 𝑀 (𝐿) are
the (positive) values of the Hubble parameter immediately before
and after the transition, respectively. We are particularly interested
in scenarios with εωsft > 0, allowing an initially negative ωsft to
become positive, corresponding to an AdS-to-dS transition in the
e!ective CC. For each linear potential segment, we have the relation
𝐿 = 3

2𝑃 → 3𝑀 (see Eq. (A3) in Appendix A), implying 𝑃 >
2
3𝐿

for an expanding universe (𝑀 > 0). Accordingly, as the scalar field
continues to evolve monotonically in the positive 𝐿-direction, the
sudden slope change at 𝐿 = 𝐿c simultaneously induces an abrupt shift
in the Hubble parameter:

ε𝑀 (𝐿c) =
ε𝑃
2

, (6)

where ε𝑀 (𝐿c) ↑ 𝑀a (𝐿c) →𝑀b (𝐿c). Thus, ε𝑃 > 0 leads to a positive
shift in the expansion rate (ε𝑀 (𝐿c) > 0), which can be leveraged
to address the 𝑀0 tension, while ε𝑃 < 0 results in a negative shift
(ε𝑀 (𝐿c) < 0). Since ↗𝐿 > 0, ensuring the scalar field rolls down the
potential, requires 𝑃b < 0 and 𝑃a < 0. Combining this with ε𝑃 > 0
(necessary for ε𝑀 (𝐿c) > 0) gives 𝑃b < 𝑃a < 0. To achieve a shift in
ωsft from negative to positive values, we further need 𝑃1 < 𝑃b < 𝑃2
(ensuring ωsft,b < 0) and 𝑃a > 𝑃2 (ensuring ωsft,a > 0). Hence, it is
possible to abruptly increase the e!ective CC—and consequently 𝑀—
through a sudden flattening of the potential slope, i.e., |𝑃a | < |𝑃b |. An
abrupt AdS-to-dS transition in the e!ective CC is also possible ifεωsft
is positive and su"ciently large to o!set the initially negative ωsft, as
proposed by theωsCDM model. This model, considering a mirror AdS-
to-dS transition with the additional condition ωsft,a = →ωsft,b > 0,
has shown to be promising for addressing major cosmological tensions
such as 𝑀0 and 𝑇8 discrepancies simultaneously (Akarsu et al. 2021,
2023c,a). In such cases, we require 𝑄 = ωs0 +

3
4𝑃

2
b → 𝑃b𝐿c and the

final slope to be:

𝑃a =
2
3
𝐿c +

√(
2
3
𝐿c → 𝑃b

)2
+

8
3
ωs0 . (7)

Here, the plus sign in front of the second fraction is selected to ensure
that 𝐿(𝑁 = 0) > 𝐿c, which requires 𝑃a >

2
3𝐿c + 2𝑀0, as derived

from Eq. (A3). For a comparison with ωCDM, an example of the
abrupt (step) ωsCDM transition is illustrated in Fig. 1, which shows
the piecewise-linear potential 𝑂 (𝐿), the corresponding discontin-
uous e!ective cosmological constant ωs (𝐿), its redshift evolution
ωs (𝑁)/ωs (0), and the associated expansion history, namely the nor-
malised conformal Hubble rate 𝑈 (𝑁)/(1 + 𝑁) (with 𝑈 (𝑁) ↑ 𝑀 (𝑁)/𝑀0,
where 𝑀 (𝑁) is the Hubble parameter and 𝑀0 its present value).
For numerical illustrations throughout this paper we adopt present-
day density parameters ϑm0 = 0.30 for pressureless matter and
ϑr0 = 9 ↘ 10→5 for radiation, assuming spatial flatness. Note that

MNRAS 000, 1–?? (2025)

4 Özgür Akarsu et al.

Refs. (De Felice et al. 2020, 2021; De Felice & Mukohyama 2021;
De Felice et al. 2022a,b; Jalali et al. 2024).

3 ABRUPT SHIFTING COSMOLOGICAL CONSTANT AND
ωSCDM

As a preliminary step, before fully implementing the ωsCDM
scenario (Akarsu et al. 2021, 2023c,a) within the VCDM frame-
work (De Felice et al. 2020)—a goal we will ultimately achieve in the
next section by adopting a smooth AdS-to-dS transition rather than
an abrupt one—we first aim to illustrate how a shifting (sft) e!ective
cosmological constant (CC) can, in principle, be realized through the
auxiliary scalar field 𝐿 in VCDM, leveraging its unique properties.
To this end, we begin by considering an idealized abrupt shifting CC

scenario, which, for example, can be parameterized simply as:

ωsft (𝐿) =
ωsft,a + ωsft,b

2
+
ωsft,a → ωsft,b

2
sgn(𝐿 → 𝐿c), (1)

where the scalar field 𝐿 increases monotonically as the universe
expands (𝑀 > 0), i.e., d𝐿

d𝑀 = →𝑀 (1 + 𝑁)
d𝐿
d𝑁 > 0 (cf. Appendix A).

Consequently, ωsft (𝐿) = ωsft,b (𝐿) holds true for 𝐿 < 𝐿c—i.e, before
the transition at 𝐿 = 𝐿c—while ωsft (𝐿) = ωsft,a (𝐿) applies afterward
(𝐿 > 𝐿c). By imposing a mirror AdS-to-dS transition condition
(ωsft,a = →ωsft,b > 0), this construction reduces to an abrupt ωsCDM
scenario (Akarsu et al. 2021, 2023c,a):

ωs (𝐿) = ωs0 sgn[𝐿 → 𝐿c], (2)

where ωs0 ↑ ωs (𝑁 = 0) denotes the present-day value of the e!ective
CC; for the mirror transition it coincides with the constant post-
transition plateau, ωs0 = ωsft,a.

Remarkably, in VCDM, realizing such scenarios does not neces-
sitate an abrupt shift in the scalar field potential 𝑂 (𝐿) itself; such
transitions remain achievable even while the scalar field is monotoni-
cally rolling down the potential. To demonstrate this, we now proceed
with a continuous, piecewise linear potential 𝑂 (𝐿) composed of two
segments with di!erent slopes (𝑃 = 𝑂,𝐿) before and after the critical
scalar field value 𝐿 = 𝐿c. 9 Specifically, we define:

𝑂 (𝐿) =

{
𝑃b (𝐿 → 𝐿c) → 𝑄 , for 𝐿 < 𝐿c ,

𝑃a (𝐿 → 𝐿c) → 𝑄 , for 𝐿 ↓ 𝐿c ,
(3)

where 𝑄 is a constant o!set. Substituting this potential into the field
equations (see Appendix A), we obtain an abrupt shift in the e!ective
CC, ωsft = 𝑅𝐿/𝑆

2
P , as follows:

ωsft (𝐿) =

{
ωsft,b = 3

4𝑃
2
b → 𝑃b𝐿c → 𝑄 , for 𝐿 < 𝐿c ,

ωsft,a = 3
4𝑃

2
a → 𝑃a𝐿c → 𝑄 , for 𝐿 ↓ 𝐿c .

(4)

In each segment, ωsft (𝐿) depends quadratically on the slope, 𝑃;
ωsft = 3

4𝑃
2
→ 𝑃𝐿c → 𝑄, representing an upward-opening parabola

bounded from below. Its minimum value,ωsft,min = →
1
3𝐿

2
c →𝑄, occurs

at 𝑃min = 2
3𝐿c. Notably, the e!ective CC can be negative near this

minimum if 𝑄 > →
1
3𝐿

2
c ; otherwise, it remains positive. However,

9 Refer to Appendix A for the rationale behind using continuously connected
linear potential segments and for a discussion on the possibility of an abrupt
shift in the e!ective CC through a sudden (discontinuous) change in the value
of 𝑂 (𝐿) at 𝐿 = 𝐿c, rather than merely in its slope. This scenario is also
addressed later in the paper. Additionally, the illustrative, non-di!erentiable
potential employed here as an illustrative example will later be replaced with
a smooth (infinitely di!erentiable) version.

when ωsft,min < 0, for su"ciently large |𝑃 |, the positive quadratic
term dominates, ensuring that ωsft can still take positive values for 𝑃
values far from 𝑃min. In particular, setting ωsft = 0 yields two real

roots: 𝑃1,2 = 2
3

(
𝐿c ±

√
𝐿

2
c + 3𝑄

)
, with 𝑃1 < 𝑃2. Thus, ωsft < 0 for

𝑃1 < 𝑃 < 𝑃2, and ωsft > 0 outside this interval.
The key feature of this idealized setup is that the abrupt shift in

ωsft—from one constant value to another at 𝐿 = 𝐿c—stems from a
sudden change in the slope of the linear potential, ε𝑃 ↑ 𝑃a → 𝑃b,
rather than from a discontinuous shift in 𝑂 (𝐿) itself, as might be
commonly expected. This change in slope induces a corresponding
abrupt shift in the e!ective CC, εωsft ↑ ωsft,a → ωsft,b, given by:

εωsft =
3
2
[𝑀a (𝐿c) + 𝑀b (𝐿c)] ε𝑃, (5)

where 𝑀a (𝐿c) ↑ lim𝐿↔𝐿+
c
𝑀 (𝐿) and 𝑀b (𝐿c) ↑ lim𝐿↔𝐿→

c 𝑀 (𝐿) are
the (positive) values of the Hubble parameter immediately before
and after the transition, respectively. We are particularly interested
in scenarios with εωsft > 0, allowing an initially negative ωsft to
become positive, corresponding to an AdS-to-dS transition in the
e!ective CC. For each linear potential segment, we have the relation
𝐿 = 3

2𝑃 → 3𝑀 (see Eq. (A3) in Appendix A), implying 𝑃 >
2
3𝐿

for an expanding universe (𝑀 > 0). Accordingly, as the scalar field
continues to evolve monotonically in the positive 𝐿-direction, the
sudden slope change at 𝐿 = 𝐿c simultaneously induces an abrupt shift
in the Hubble parameter:

ε𝑀 (𝐿c) =
ε𝑃
2

, (6)

where ε𝑀 (𝐿c) ↑ 𝑀a (𝐿c) →𝑀b (𝐿c). Thus, ε𝑃 > 0 leads to a positive
shift in the expansion rate (ε𝑀 (𝐿c) > 0), which can be leveraged
to address the 𝑀0 tension, while ε𝑃 < 0 results in a negative shift
(ε𝑀 (𝐿c) < 0). Since ↗𝐿 > 0, ensuring the scalar field rolls down the
potential, requires 𝑃b < 0 and 𝑃a < 0. Combining this with ε𝑃 > 0
(necessary for ε𝑀 (𝐿c) > 0) gives 𝑃b < 𝑃a < 0. To achieve a shift in
ωsft from negative to positive values, we further need 𝑃1 < 𝑃b < 𝑃2
(ensuring ωsft,b < 0) and 𝑃a > 𝑃2 (ensuring ωsft,a > 0). Hence, it is
possible to abruptly increase the e!ective CC—and consequently 𝑀—
through a sudden flattening of the potential slope, i.e., |𝑃a | < |𝑃b |. An
abrupt AdS-to-dS transition in the e!ective CC is also possible ifεωsft
is positive and su"ciently large to o!set the initially negative ωsft, as
proposed by theωsCDM model. This model, considering a mirror AdS-
to-dS transition with the additional condition ωsft,a = →ωsft,b > 0,
has shown to be promising for addressing major cosmological tensions
such as 𝑀0 and 𝑇8 discrepancies simultaneously (Akarsu et al. 2021,
2023c,a). In such cases, we require 𝑄 = ωs0 +

3
4𝑃

2
b → 𝑃b𝐿c and the

final slope to be:

𝑃a =
2
3
𝐿c +

√(
2
3
𝐿c → 𝑃b

)2
+

8
3
ωs0 . (7)

Here, the plus sign in front of the second fraction is selected to ensure
that 𝐿(𝑁 = 0) > 𝐿c, which requires 𝑃a >

2
3𝐿c + 2𝑀0, as derived

from Eq. (A3). For a comparison with ωCDM, an example of the
abrupt (step) ωsCDM transition is illustrated in Fig. 1, which shows
the piecewise-linear potential 𝑂 (𝐿), the corresponding discontin-
uous e!ective cosmological constant ωs (𝐿), its redshift evolution
ωs (𝑁)/ωs (0), and the associated expansion history, namely the nor-
malised conformal Hubble rate 𝑈 (𝑁)/(1 + 𝑁) (with 𝑈 (𝑁) ↑ 𝑀 (𝑁)/𝑀0,
where 𝑀 (𝑁) is the Hubble parameter and 𝑀0 its present value).
For numerical illustrations throughout this paper we adopt present-
day density parameters ϑm0 = 0.30 for pressureless matter and
ϑr0 = 9 ↘ 10→5 for radiation, assuming spatial flatness. Note that
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3 ABRUPT SHIFTING COSMOLOGICAL CONSTANT AND
ωSCDM

As a preliminary step, before fully implementing the ωsCDM
scenario (Akarsu et al. 2021, 2023c,a) within the VCDM frame-
work (De Felice et al. 2020)—a goal we will ultimately achieve in the
next section by adopting a smooth AdS-to-dS transition rather than
an abrupt one—we first aim to illustrate how a shifting (sft) e!ective
cosmological constant (CC) can, in principle, be realized through the
auxiliary scalar field 𝐿 in VCDM, leveraging its unique properties.
To this end, we begin by considering an idealized abrupt shifting CC

scenario, which, for example, can be parameterized simply as:

ωsft (𝐿) =
ωsft,a + ωsft,b

2
+
ωsft,a → ωsft,b

2
sgn(𝐿 → 𝐿c), (1)

where the scalar field 𝐿 increases monotonically as the universe
expands (𝑀 > 0), i.e., d𝐿

d𝑀 = →𝑀 (1 + 𝑁)
d𝐿
d𝑁 > 0 (cf. Appendix A).

Consequently, ωsft (𝐿) = ωsft,b (𝐿) holds true for 𝐿 < 𝐿c—i.e, before
the transition at 𝐿 = 𝐿c—while ωsft (𝐿) = ωsft,a (𝐿) applies afterward
(𝐿 > 𝐿c). By imposing a mirror AdS-to-dS transition condition
(ωsft,a = →ωsft,b > 0), this construction reduces to an abrupt ωsCDM
scenario (Akarsu et al. 2021, 2023c,a):

ωs (𝐿) = ωs0 sgn[𝐿 → 𝐿c], (2)

where ωs0 ↑ ωs (𝑁 = 0) denotes the present-day value of the e!ective
CC; for the mirror transition it coincides with the constant post-
transition plateau, ωs0 = ωsft,a.

Remarkably, in VCDM, realizing such scenarios does not neces-
sitate an abrupt shift in the scalar field potential 𝑂 (𝐿) itself; such
transitions remain achievable even while the scalar field is monotoni-
cally rolling down the potential. To demonstrate this, we now proceed
with a continuous, piecewise linear potential 𝑂 (𝐿) composed of two
segments with di!erent slopes (𝑃 = 𝑂,𝐿) before and after the critical
scalar field value 𝐿 = 𝐿c. 9 Specifically, we define:

𝑂 (𝐿) =

{
𝑃b (𝐿 → 𝐿c) → 𝑄 , for 𝐿 < 𝐿c ,

𝑃a (𝐿 → 𝐿c) → 𝑄 , for 𝐿 ↓ 𝐿c ,
(3)

where 𝑄 is a constant o!set. Substituting this potential into the field
equations (see Appendix A), we obtain an abrupt shift in the e!ective
CC, ωsft = 𝑅𝐿/𝑆

2
P , as follows:

ωsft (𝐿) =

{
ωsft,b = 3

4𝑃
2
b → 𝑃b𝐿c → 𝑄 , for 𝐿 < 𝐿c ,

ωsft,a = 3
4𝑃

2
a → 𝑃a𝐿c → 𝑄 , for 𝐿 ↓ 𝐿c .

(4)

In each segment, ωsft (𝐿) depends quadratically on the slope, 𝑃;
ωsft = 3

4𝑃
2
→ 𝑃𝐿c → 𝑄, representing an upward-opening parabola

bounded from below. Its minimum value,ωsft,min = →
1
3𝐿

2
c →𝑄, occurs

at 𝑃min = 2
3𝐿c. Notably, the e!ective CC can be negative near this

minimum if 𝑄 > →
1
3𝐿

2
c ; otherwise, it remains positive. However,

9 Refer to Appendix A for the rationale behind using continuously connected
linear potential segments and for a discussion on the possibility of an abrupt
shift in the e!ective CC through a sudden (discontinuous) change in the value
of 𝑂 (𝐿) at 𝐿 = 𝐿c, rather than merely in its slope. This scenario is also
addressed later in the paper. Additionally, the illustrative, non-di!erentiable
potential employed here as an illustrative example will later be replaced with
a smooth (infinitely di!erentiable) version.

when ωsft,min < 0, for su"ciently large |𝑃 |, the positive quadratic
term dominates, ensuring that ωsft can still take positive values for 𝑃
values far from 𝑃min. In particular, setting ωsft = 0 yields two real

roots: 𝑃1,2 = 2
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𝐿c ±

√
𝐿
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)
, with 𝑃1 < 𝑃2. Thus, ωsft < 0 for
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rather than from a discontinuous shift in 𝑂 (𝐿) itself, as might be
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[𝑀a (𝐿c) + 𝑀b (𝐿c)] ε𝑃, (5)

where 𝑀a (𝐿c) ↑ lim𝐿↔𝐿+
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𝑀 (𝐿) and 𝑀b (𝐿c) ↑ lim𝐿↔𝐿→

c 𝑀 (𝐿) are
the (positive) values of the Hubble parameter immediately before
and after the transition, respectively. We are particularly interested
in scenarios with εωsft > 0, allowing an initially negative ωsft to
become positive, corresponding to an AdS-to-dS transition in the
e!ective CC. For each linear potential segment, we have the relation
𝐿 = 3

2𝑃 → 3𝑀 (see Eq. (A3) in Appendix A), implying 𝑃 >
2
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for an expanding universe (𝑀 > 0). Accordingly, as the scalar field
continues to evolve monotonically in the positive 𝐿-direction, the
sudden slope change at 𝐿 = 𝐿c simultaneously induces an abrupt shift
in the Hubble parameter:

ε𝑀 (𝐿c) =
ε𝑃
2

, (6)

where ε𝑀 (𝐿c) ↑ 𝑀a (𝐿c) →𝑀b (𝐿c). Thus, ε𝑃 > 0 leads to a positive
shift in the expansion rate (ε𝑀 (𝐿c) > 0), which can be leveraged
to address the 𝑀0 tension, while ε𝑃 < 0 results in a negative shift
(ε𝑀 (𝐿c) < 0). Since ↗𝐿 > 0, ensuring the scalar field rolls down the
potential, requires 𝑃b < 0 and 𝑃a < 0. Combining this with ε𝑃 > 0
(necessary for ε𝑀 (𝐿c) > 0) gives 𝑃b < 𝑃a < 0. To achieve a shift in
ωsft from negative to positive values, we further need 𝑃1 < 𝑃b < 𝑃2
(ensuring ωsft,b < 0) and 𝑃a > 𝑃2 (ensuring ωsft,a > 0). Hence, it is
possible to abruptly increase the e!ective CC—and consequently 𝑀—
through a sudden flattening of the potential slope, i.e., |𝑃a | < |𝑃b |. An
abrupt AdS-to-dS transition in the e!ective CC is also possible ifεωsft
is positive and su"ciently large to o!set the initially negative ωsft, as
proposed by theωsCDM model. This model, considering a mirror AdS-
to-dS transition with the additional condition ωsft,a = →ωsft,b > 0,
has shown to be promising for addressing major cosmological tensions
such as 𝑀0 and 𝑇8 discrepancies simultaneously (Akarsu et al. 2021,
2023c,a). In such cases, we require 𝑄 = ωs0 +

3
4𝑃

2
b → 𝑃b𝐿c and the

final slope to be:

𝑃a =
2
3
𝐿c +

√(
2
3
𝐿c → 𝑃b

)2
+
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3
ωs0 . (7)

Here, the plus sign in front of the second fraction is selected to ensure
that 𝐿(𝑁 = 0) > 𝐿c, which requires 𝑃a >

2
3𝐿c + 2𝑀0, as derived

from Eq. (A3). For a comparison with ωCDM, an example of the
abrupt (step) ωsCDM transition is illustrated in Fig. 1, which shows
the piecewise-linear potential 𝑂 (𝐿), the corresponding discontin-
uous e!ective cosmological constant ωs (𝐿), its redshift evolution
ωs (𝑁)/ωs (0), and the associated expansion history, namely the nor-
malised conformal Hubble rate 𝑈 (𝑁)/(1 + 𝑁) (with 𝑈 (𝑁) ↑ 𝑀 (𝑁)/𝑀0,
where 𝑀 (𝑁) is the Hubble parameter and 𝑀0 its present value).
For numerical illustrations throughout this paper we adopt present-
day density parameters ϑm0 = 0.30 for pressureless matter and
ϑr0 = 9 ↘ 10→5 for radiation, assuming spatial flatness. Note that
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As a preliminary step, before fully implementing the ωsCDM
scenario (Akarsu et al. 2021, 2023c,a) within the VCDM frame-
work (De Felice et al. 2020)—a goal we will ultimately achieve in the
next section by adopting a smooth AdS-to-dS transition rather than
an abrupt one—we first aim to illustrate how a shifting (sft) e!ective
cosmological constant (CC) can, in principle, be realized through the
auxiliary scalar field 𝐿 in VCDM, leveraging its unique properties.
To this end, we begin by considering an idealized abrupt shifting CC

scenario, which, for example, can be parameterized simply as:

ωsft (𝐿) =
ωsft,a + ωsft,b

2
+
ωsft,a → ωsft,b

2
sgn(𝐿 → 𝐿c), (1)

where the scalar field 𝐿 increases monotonically as the universe
expands (𝑀 > 0), i.e., d𝐿

d𝑀 = →𝑀 (1 + 𝑁)
d𝐿
d𝑁 > 0 (cf. Appendix A).

Consequently, ωsft (𝐿) = ωsft,b (𝐿) holds true for 𝐿 < 𝐿c—i.e, before
the transition at 𝐿 = 𝐿c—while ωsft (𝐿) = ωsft,a (𝐿) applies afterward
(𝐿 > 𝐿c). By imposing a mirror AdS-to-dS transition condition
(ωsft,a = →ωsft,b > 0), this construction reduces to an abrupt ωsCDM
scenario (Akarsu et al. 2021, 2023c,a):

ωs (𝐿) = ωs0 sgn[𝐿 → 𝐿c], (2)

where ωs0 ↑ ωs (𝑁 = 0) denotes the present-day value of the e!ective
CC; for the mirror transition it coincides with the constant post-
transition plateau, ωs0 = ωsft,a.

Remarkably, in VCDM, realizing such scenarios does not neces-
sitate an abrupt shift in the scalar field potential 𝑂 (𝐿) itself; such
transitions remain achievable even while the scalar field is monotoni-
cally rolling down the potential. To demonstrate this, we now proceed
with a continuous, piecewise linear potential 𝑂 (𝐿) composed of two
segments with di!erent slopes (𝑃 = 𝑂,𝐿) before and after the critical
scalar field value 𝐿 = 𝐿c. 9 Specifically, we define:

𝑂 (𝐿) =

{
𝑃b (𝐿 → 𝐿c) → 𝑄 , for 𝐿 < 𝐿c ,

𝑃a (𝐿 → 𝐿c) → 𝑄 , for 𝐿 ↓ 𝐿c ,
(3)

where 𝑄 is a constant o!set. Substituting this potential into the field
equations (see Appendix A), we obtain an abrupt shift in the e!ective
CC, ωsft = 𝑅𝐿/𝑆

2
P , as follows:

ωsft (𝐿) =

{
ωsft,b = 3
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b → 𝑃b𝐿c → 𝑄 , for 𝐿 < 𝐿c ,

ωsft,a = 3
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In each segment, ωsft (𝐿) depends quadratically on the slope, 𝑃;
ωsft = 3
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→ 𝑃𝐿c → 𝑄, representing an upward-opening parabola
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c →𝑄, occurs
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3𝐿c. Notably, the e!ective CC can be negative near this
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c ; otherwise, it remains positive. However,

9 Refer to Appendix A for the rationale behind using continuously connected
linear potential segments and for a discussion on the possibility of an abrupt
shift in the e!ective CC through a sudden (discontinuous) change in the value
of 𝑂 (𝐿) at 𝐿 = 𝐿c, rather than merely in its slope. This scenario is also
addressed later in the paper. Additionally, the illustrative, non-di!erentiable
potential employed here as an illustrative example will later be replaced with
a smooth (infinitely di!erentiable) version.

when ωsft,min < 0, for su"ciently large |𝑃 |, the positive quadratic
term dominates, ensuring that ωsft can still take positive values for 𝑃
values far from 𝑃min. In particular, setting ωsft = 0 yields two real

roots: 𝑃1,2 = 2
3

(
𝐿c ±

√
𝐿

2
c + 3𝑄

)
, with 𝑃1 < 𝑃2. Thus, ωsft < 0 for

𝑃1 < 𝑃 < 𝑃2, and ωsft > 0 outside this interval.
The key feature of this idealized setup is that the abrupt shift in

ωsft—from one constant value to another at 𝐿 = 𝐿c—stems from a
sudden change in the slope of the linear potential, ε𝑃 ↑ 𝑃a → 𝑃b,
rather than from a discontinuous shift in 𝑂 (𝐿) itself, as might be
commonly expected. This change in slope induces a corresponding
abrupt shift in the e!ective CC, εωsft ↑ ωsft,a → ωsft,b, given by:
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3
2
[𝑀a (𝐿c) + 𝑀b (𝐿c)] ε𝑃, (5)

where 𝑀a (𝐿c) ↑ lim𝐿↔𝐿+
c
𝑀 (𝐿) and 𝑀b (𝐿c) ↑ lim𝐿↔𝐿→

c 𝑀 (𝐿) are
the (positive) values of the Hubble parameter immediately before
and after the transition, respectively. We are particularly interested
in scenarios with εωsft > 0, allowing an initially negative ωsft to
become positive, corresponding to an AdS-to-dS transition in the
e!ective CC. For each linear potential segment, we have the relation
𝐿 = 3

2𝑃 → 3𝑀 (see Eq. (A3) in Appendix A), implying 𝑃 >
2
3𝐿

for an expanding universe (𝑀 > 0). Accordingly, as the scalar field
continues to evolve monotonically in the positive 𝐿-direction, the
sudden slope change at 𝐿 = 𝐿c simultaneously induces an abrupt shift
in the Hubble parameter:

ε𝑀 (𝐿c) =
ε𝑃
2

, (6)

where ε𝑀 (𝐿c) ↑ 𝑀a (𝐿c) →𝑀b (𝐿c). Thus, ε𝑃 > 0 leads to a positive
shift in the expansion rate (ε𝑀 (𝐿c) > 0), which can be leveraged
to address the 𝑀0 tension, while ε𝑃 < 0 results in a negative shift
(ε𝑀 (𝐿c) < 0). Since ↗𝐿 > 0, ensuring the scalar field rolls down the
potential, requires 𝑃b < 0 and 𝑃a < 0. Combining this with ε𝑃 > 0
(necessary for ε𝑀 (𝐿c) > 0) gives 𝑃b < 𝑃a < 0. To achieve a shift in
ωsft from negative to positive values, we further need 𝑃1 < 𝑃b < 𝑃2
(ensuring ωsft,b < 0) and 𝑃a > 𝑃2 (ensuring ωsft,a > 0). Hence, it is
possible to abruptly increase the e!ective CC—and consequently 𝑀—
through a sudden flattening of the potential slope, i.e., |𝑃a | < |𝑃b |. An
abrupt AdS-to-dS transition in the e!ective CC is also possible ifεωsft
is positive and su"ciently large to o!set the initially negative ωsft, as
proposed by theωsCDM model. This model, considering a mirror AdS-
to-dS transition with the additional condition ωsft,a = →ωsft,b > 0,
has shown to be promising for addressing major cosmological tensions
such as 𝑀0 and 𝑇8 discrepancies simultaneously (Akarsu et al. 2021,
2023c,a). In such cases, we require 𝑄 = ωs0 +
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final slope to be:
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2
3𝐿c + 2𝑀0, as derived

from Eq. (A3). For a comparison with ωCDM, an example of the
abrupt (step) ωsCDM transition is illustrated in Fig. 1, which shows
the piecewise-linear potential 𝑂 (𝐿), the corresponding discontin-
uous e!ective cosmological constant ωs (𝐿), its redshift evolution
ωs (𝑁)/ωs (0), and the associated expansion history, namely the nor-
malised conformal Hubble rate 𝑈 (𝑁)/(1 + 𝑁) (with 𝑈 (𝑁) ↑ 𝑀 (𝑁)/𝑀0,
where 𝑀 (𝑁) is the Hubble parameter and 𝑀0 its present value).
For numerical illustrations throughout this paper we adopt present-
day density parameters ϑm0 = 0.30 for pressureless matter and
ϑr0 = 9 ↘ 10→5 for radiation, assuming spatial flatness. Note that
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FIG. 1. One- and two-dimensional (68% and 95% CL) marginalized distributions of the ⇤sVCDM, ⇤sCDM, and ⇤CDM model
parameters from Planck. The vertical violet and brown bands show the local measurements of H0 = 73.04± 1.04 km s�1 Mpc�1

(SH0ES) [10] and t0 = 13.50± 0.15Gyr (stat.) [95].

tends to be smaller in the ⇤sVCDM model compared to
the ⇤sCDM model. Notably, for ⇤sVCDM in the Planck-
alone case, the lower bound on z† reaches values of 1.2 at
a 95% CL (compared to 1.45 in the ⇤sCDM model), lead-
ing to large values of H0 (and thereby, smaller values of
⌦m). When the models become indistinguishable from the
⇤CDM model at the high end of z†, they predict H0 val-
ues similar to those of the ⇤CDM. This picture places H0

in the range of 75.2 km s�1 Mpc�1 to 68.8 km s�1 Mpc�1,
with a mean value of 73.4 km s�1 Mpc�1. This con-
straint aligns perfectly with the SH0ES measurement
of 73.30 ± 1.04 km s�1 Mpc�1 (derived by including
high-z SN Ia) [10], with the mean value almost ex-
actly matching it, and with the latest measurements of
73.17± 0.86 km s�1 Mpc�1 [11] and 73.22± 0.68 (stat)±
1.28 (sys) km s�1 Mpc�1 [96]. Notably, H0 predictions
from the Planck-alone analysis of both ⇤sCDM and
⇤sVCDM models exhibit no tension at all with any of the
SH0ES measurements. Specifically, the discrepancy for
Planck-⇤sCDM is only 1�1.2�, and for Planck-⇤sVCDM,
it is almost nonexistent, at an amazingly low 0.0� 0.1�.

Next, we examine the ramifications of our choices within

the BAO sample when considering both ⇤sCDM and
⇤sVCDM. In the joint analysis involving Planck+BAO
(z > 0.8, including DES Y6), a clear trend emerges to-
wards lower values of ⌦m ⇠ 0.29, consequently leading
to higher values of H0 ⇠ 70.4� 70.7 km s�1 Mpc�1. This
trend is attributed to the distinctive correlation exhib-
ited by the BAO sample within this redshift range. In
this context, the cosmological framework’s capability
to anticipate these correlations naturally manifests in
this joint analysis. Expanding our scope to encompass
all BAO samples, i.e., Planck+BAO, the comprehensive
sample unsurprisingly aligns the BAO constraints more
closely with the values prescribed by the ⇤CDM model.
However, it is noteworthy that both models still pre-
dict H0 ⇠ 69 km s�1 Mpc�1, values slightly higher than
those predicted by the ⇤CDM model, thereby reducing
the H0 tension. Consequently, our analysis solely with
Planck+BAO helps in mitigating the H0 tension. From
these joint analyses, evaluating the tension individually
using the standard 1D tension metric, we find a tension
of ⇠ 1.8� for both models from Planck+BAO(z > 0.8)
and a tension of ⇠ 3.3� from Planck+BAO. While for
the combination Planck+BAO(z > 0.8), we can constrain
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FIG. 4. 2D contours (68% & 95% CL) in the ⌦m-S8 plane for ⇤sCDM, ⇤sVCDM, and ⇤CDM. S8 = 0.746+0.026
�0.021 (⇤sCDM:

KiDS-1000), S8 = 0.801+0.026
�0.016 (⇤sCDM: Planck), S8 = 0.736± 0.027 (⇤sVCDM: KiDS-1000), S8 = 0.808+0.021

�0.017 (⇤sVCDM:
Planck), S8 = 0.749+0.027

�0.020 (⇤CDM: KiDS-1000), S8 = 0.832± 0.013 (⇤CDM: Planck) at 68% CL. In the ⇤sCDM and ⇤sVCDM
models, the S8 tension reduces to significance levels of 1.7� and 2.2�, respectively, compared to a higher level of 3.0� in the
standard ⇤CDM model.

better discriminate among cosmological models through
the age they predict, especially those addressing the H0

tension [97]. Considering only statistical uncertainties,
the GC-estimated age shows a ⇠ 2� tension with ⇤CDM
in all our analyses summarized in Table II. This level of
discrepancy in the age may not indicate a serious issue for
many, particularly as long as a model predicts an age of
the universe larger than the one from GCs, it remains on
the safe side. However, it is important to emphasize that
if a cosmological model is promising in resolving the H0

tension, which directly a↵ects the predicted age, it should
not predict an age conflicting with astrophysical estimates
such as those from GCs. For instance, the Early Dark
Energy (EDE) model, one of the most popular proposals
for resolving the H0 tension, typically not only worsens
the S8 tension but also predicts the age of the universe
to be significantly smaller than the ⇤CDM prediction,
even smaller than GC estimates [98, 99]. For example,
the axion-like EDE, a prominent EDE model, predicts
tu = 13.17+0.14

�0.15 Gyr (Planck+SH0ES), which is in ⇠ 2�
tension with the age derived from GCs [98–100]. On the
other hand, both ⇤sCDM and ⇤sVCDM models predict
an age slightly less than ⇤CDM, showing a tension of less
than ⇠ 1� (largest ⇠ 1.2� in the case of Planck+BAO)
in most of our analyses; see Table II and Figs. 1 to 3.
While the age discrepancies between the ⇤CDM and EDE
predictions and GC measurement alone may not seem
significant, an astonishing finding in our analyses of both
⇤sCDM and ⇤sVCDM models is that we reduce the H0

tension more, the closer the predicted age of the universe
gets to the one from GCs. Notably, in the Planck-alone
analysis of the ⇤sVCDM, the predicted H0 and t0 values
exhibit no tension at all, only ⇠ 0.1� when considering
the SH0ES H0 measurement and the astrophysical age
measurement from the oldest GCs.

Finalizing our main statistical and cosmological in-
terpretations, we aim to better quantify the agreement
(and/or disagreement) between the models and the data
analysis carried out in this work. To this end, we per-
form a statistical comparison of all models with the

⇤CDM model using the well-known Akaike Information
Criterion (AIC) defined as AIC ⌘ �

2

min
+ 2N , where

�
2

min
= �2 lnLmax with Lmax being the maximum like-

lihood of the model, and N is the total number of free
parameters in the model. For the statistical comparison,
the AIC di↵erence between the model under consideration
and the reference model is calculated. This di↵erence in
AIC values can be interpreted as the evidence in favor of
the model under consideration over the reference model. It
has been argued in [101] that one model can be preferred
over another if the AIC di↵erence between the two models
is greater than a threshold value �threshold. As a rule of
thumb, �threshold = 5 can be considered the minimum
value to assert strong support in favor of the model with
the smaller AIC value, regardless of the properties of the
models under comparison. We see from Table II that, for
the data analysis from Planck and Planck+BAO, no signif-
icant preference for either model was noted. The results
from Planck+BAO(z > 0.8) show moderate to strong
evidence for both ⇤sVCDM and ⇤sCDM models. Finally,
we highlight that all joint analyses with PP&SH0ES show
clear and very strong evidence in favor of both ⇤sVCDM
and ⇤sCDM models. For clarification purposes, we also
show the ��

2

min
values in Table II for all analyses. The

interpretation follows the same approach as for the �AIC
values discussed.

To provide insights into the kinematics of the universe
in di↵erent scenarios, in Fig. 5, we illustrate the comoving
Hubble parameter (upper panel), ȧ = H(z)/(1 + z) (a
dot represents a derivative with respect to the cosmo-
logical time), Hubble parameter H(z) (middle panel),
and the time rate of change of the Hubble param-
eter (lower panel), Ḣ(z), scaled by 3H2(z) for the
Planck+BAO(z > 0.8)+PP&SH0ES joint analysis. For
the ⇤sCDM and ⇤sVCDM scenarios, the panels are pro-
duced by doing a weighted sampling from our MCMC
chains and plotting for the sampled points using the
fgivenx [102] package; the more frequent the lines, the
more probable. For the ⇤CDM model, the best-fit predic-
tion from the same joint analysis is shown. Similarly, to
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FIG. 4. Reconstructed quiescent mirror AdS-dS transition.
The upper panel shows the reconstructed field in redshift
with the corresponding potential evolution V (�) for a given
sigmoid ⇤s(a) = ⇤dS tanh [⌘(a� a†)]. Parameters chosen are
�(a = 1) = �3H0, ⌘ = 10, ⌦m0 = 0.3, ⌦r0 = 9 ⇥ 10�5, and
a† = 1/(1 + 1.8) (corresponding to z† = 1.8).

coe�cients of the perturbation equations (26) without
the need for integration. For instance, by utilizing a
well-known smooth approximation of the signum function
(sgnx ⇡ tanh kx, for constant k > 1), from Eq. (1), we
define (with scaling):

⇤s(a) = ⇤dS tanh [⌘(a� a†)], (12)

where ⌘ > 1 determines the rapidity of the transition and
⇤dS = ⇤s0/ tanh[⌘(1� a†)]. For a fast transition (e.g., for
⌘ & 10) at around z† ⇠ 1.8, we can safely take ⇤dS ⇡ ⇤s0.
A realistic example of this approach, specifically for �(z)
and V (�), is presented in Fig. 4.

In this approach, we can straightforwardly further mod-
ify ⇤s(a), as given in Eq. (12), to incorporate additional
features into the ⇤sCDM model at various redshifts, be-
yond the smooth mirror AdS-dS transition around z† ⇠ 2.
However, we will leave the exploration of this possibility
to future works. Having uniquely defined the ⇤s(a) func-
tion, we can now determine H

2 =
P

I %I + %s(a) (where
the index I runs over the standard matter components,
and %s ⌘ ⇤s/3 represents the e↵ective CC contribution),
and consequently also the expressions for Ḣ [see Eq. (27)].
Hence, with ⇤s(a) specified, we have a complete model
ready for direct implementation into a Boltzmann code
(see Appendix B).

Conclusions – We have successfully integrated the
⇤sCDM model [8–11] into a novel theoretical framework
by endowing it with a specific Lagrangian, that of a
type-II minimally modified gravity dubbed the VCDM
model [14, 15]. Consequently, ⇤sCDM has now acquired
the status of a fully predictive model, applicable at any
time and in any configuration, even beyond the cosmolog-
ical context. In particular, we now have a fully predictive
model for the entire evolution of the universe, including
during the AdS-dS transition epoch. This enhancement
also removes any ambiguity in applying the ⇤sCDMmodel
when confronting it with observational data.

In the VCDM framework, we have demonstrated that,
most generally, an auxiliary scalar field endowed with a
linear potential induces an e↵ective cosmological constant,
⇤e↵ = const, in the Friedmann equation. This finding
has enabled us to realize an abrupt mirror AdS-dS transi-
tion, as proposed in the abrupt ⇤sCDM scenario [9–11],
by defining a piece-wise linear potential with two seg-
ments. To eliminate the type II (sudden) singularity [22],
which arises in the moment of an abrupt transition [23],
and ensure stable transitions, we have smoothed out this
piece-wise potential by implementing it into a blended
function incorporating a sigmoid function. Our work re-
veals that the ⇤sCDM model, realized within the VCDM
theory, facilitates two types of rapid and smooth mirror
AdS-dS transitions: (i) Agitated mirror AdS-dS transition,
wherein ⇤s (and potentially H

2 as a consequence) exhibits
a bump around the midpoint of the transition from AdS
to dS phase; and (ii) Quiescent mirror AdS-dS transition,
wherein ⇤s transitions gracefully (monotonically) from
AdS to dS phase. Although these two types of transitions
share the same cosmological constant values in the pre-
and post-transition eras, and through this transition, the
expansion rate of the universe increases significantly from
the pre- to post-transition eras, they di↵er in their H

2

behavior during the transition epoch. These distinct AdS-
dS transitions are likely to leave unique imprints in both
the background and perturbation dynamics, potentially
providing observational insights into the transition epoch
of the smooth ⇤sCDM models. Consequently, observa-
tional data may be capable of distinguishing between
these two types of transitions. Lastly, we have recon-
structed the potential for a given ⇤s(a) described by a
well-known smooth approximation of the signum function
(utilizing hyperbolic tangent), resulting in a quiescent
mirror AdS-dS transition.
It is worth noting that integrating the ⇤sCDM model

into the VCDM framework could have specific conse-
quences on structures at cosmological scales. The pres-
ence of a smooth, fast transition typically results in a
temporary rise in the background value of |Ḣ|/(NH

2)
during the transition epoch. And, the form of Hubble
function, H, deviates non-negligibly from the baseline
⇤CDM model only during the transition epoch. The po-
tential imprints of these deviations can be checked and

ΛsVCDM with a smooth and fast 
quiescent AdS-dS transition 

versus 
abrupt ΛsCDM (assuming GR) 

versus  
standard ΛCDM
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FIG. 2. One- and two-dimensional (68% and 95% CL) marginalized distributions of the ⇤sVCDM, ⇤sCDM, and ⇤CDM model
parameters from Planck+BAO(z>0.8) and Planck+BAO(z>0.8)+PP&SH0ES. The vertical violet and brown bands show the
local measurements of H0 = 73.04± 1.04 km s�1 Mpc�1 (SH0ES) [10] and t0 = 13.50± 0.15Gyr (stat.) [95].

z† ⇠ 2.1� 2.2 at 68% CL, when we consider the full BAO
data, we find only a lower limit that gives z† > 2.1 at
95% CL for both ⇤sCDM and ⇤sVCDM.

We further investigated the combination of the
PP&SH0ES and Planck datasets. The findings are sum-
marized in Table II. Consistent with previous analy-
ses, both models ⇤sCDM and ⇤sVCDM yield obser-
vational constraints that align well with each other in
this combined assessment. Employing the standard 1D
tension metric to assess individual tensions, we observe
a tension of approximately 0.6� on H0, with H0 ⇠
72 km s�1 Mpc�1. Consequently, based on this joint anal-
ysis, we conclude that both models e↵ectively alleviate
the tension in H0 with significant statistical support. It is
noteworthy that, as it is well known, the Planck data and
PP&SH0ES data are in tension within the ⇤CDM model.
Therefore, combining these two datasets for the ⇤CDM
analyses is not statistically worthwhile, but these results
are given here for completeness. The same argument ap-
plies to Planck+PP&SH0ES baseline and Planck+BAO;
consequently, combining all these datasets is not statis-
tically sound in this scenario. However, with regards
to the BAO samples, we can instead only consider the

combination of Planck+BAO(z > 0.8)+PP&SH0ES, as
these datasets demonstrate internal consistency, i.e., these
exhibit no tension among them. The results of our analy-
sis involving Planck+BAO(z > 0.8)+PP&SH0ES are also
summarized in Table II. In this case, we observe only a
tension of approximately 1� between the predictions of
⇤sCDM and ⇤sVCDM and the SH0ES H0 measurement.
Therefore, based on this comprehensive joint analysis, we
can conclude that both models e↵ectively alleviate the
H0 tension.

We now turn our attention to the weighted ampli-
tude of matter fluctuations, quantified by the parameter
S8 = �8

p
⌦m/0.3 using the standard definition. Initially,

it is crucial to acknowledge that in all joint analyses, both
the ⇤sCDM and ⇤sVCDM models exhibit a tendency to
project higher values for �8 compared to ⇤CDM, with
⇤sVCDM notably predicting a higher value compared to
⇤sCDM. This di↵erence arises from the fact that ⇤sVCDM
incorporates linear perturbative e↵ects of scalar modes,
whereas the ⇤sCDM model does not. Fundamentally,
this distinction arises from the analysis of CMB data,
where ⇤sVCDM also impacts the CMB spectrum during
late times, i.e., at large angular scales. This influence
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FIG. 3. One- and two-dimensional (68% and 95% CL) marginalized distributions of the ⇤sVCDM, ⇤sCDM, and ⇤CDM
model parameters from Planck+BAO and Planck+BAO+PP&SH0ES. The vertical violet and brown bands show the local
measurements of H0 = 73.04± 1.04 km s�1 Mpc�1 (SH0ES) [10] and t0 = 13.50± 0.15Gyr (stat.) [95].
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way, suggests tu = 13.50 ± 0.15 (stat.) ± 0.23 (sys.) Gyr
(±0.27 with combined uncertainties). This aligns well with
the age predicted by the standard ⇤CDM model, though
current systematic uncertainties in tu are substantial.
E↵orts are underway to reduce these uncertainties to
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FIG. 4. Constraints on the wCDM and ⌫⇤CDM models, as in Table IV. Left: w–⌦m constraints under the assumption
of a flat wCDM cosmology from the Planck CMB temperature and polarization data (gray), Pantheon SNe Ia sample (red),
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P
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where the summed neutrino mass is allowed as a free parameter, for the combination of CMB (grey), CMB + SN (red), and
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3H(z)
dH(z)

dz , for the ⇤sCDM,
⇤sVCDM, and ⇤CDM models. Plotted for the combined
Planck+BAO(z > 0.8)+PP&SH0ES dataset.

provide insights into the dynamics of the sign-switching
cosmological constant, ⇤s, particularly regarding the mir-
ror AdS-dS transition epoch, in Fig. 6, we plot the corre-
sponding energy density ⇢⇤s(z) scaled by the present-day
critical energy density ⇢c0 = 3H2

0
and the density pa-

rameter for both ⇤sCDM (with an abrupt transition)
and the ⇤sCDM (with a smooth transition) models. For
⇤sCDM, we observe an abrupt (instantaneous) lift in the
value of the comoving Hubble parameter by yielding a
Dirac-delta distribution at the mirror AdS-dS transition
moment. At this transition moment, Ḣ also exhibits a
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Dirac-delta distribution (not shown in the plot) resulting
in a jump in its value. Namely, ⇤sCDM exhibits a II
(sudden) singularity [103] at z ! z†. One may worry that
this can have violent consequences on the structures in
the universe; however, a recent work [104] demonstrated
that its impact on the formation and evolution of cosmic
bound structures is negligible. Therefore, the late time
mirror AdS-dS transition does not threaten viability of
the ⇤sCDM framework, even in the most extreme case,
where an abrupt transition is assumed. For the ⇤sVCDM
scenario, we observe a short period of increasing comoving
Hubble parameter, indicating a brief period of acceler-
ated expansion (ä > 0). An important point about the
⇤sCDM framework is that the rapid mirror AdS-dS tran-
sition does not necessarily imply a period of increasing
H(z), i.e., Ḣ(z) > 0. Of course, in the abrupt ⇤sCDM
scenario, we see an instantaneous jump in the value of
H(z) at z = z†. However, for the ⇤sVCDM model, which
features a rapid but smooth transition, the mean value of
Ḣ(z) barely becomes positive, and there is a region of the
parameter space from our constraints where it remains
always negative. Thus, the ⇤sCDM framework is not
characterized by a rapidly (abruptly as a limiting case)
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FIG. 6. Evolution of the energy density corresponding to
⇤ in the ⇤CDM model and ⇤s in ⇤sCDM and ⇤sVCDM
models, and density parameters (⌦) in redshift (z). Upper
panel: ⇢⇤s(z)/⇢c0. Lower panel: ⌦⇤s = ⇢⇤s(z)/⇢c(z) and
⌦m = ⇢m(z)/⇢c(z).

Dirac-delta distribution (not shown in the plot) resulting
in a jump in its value. Namely, ⇤sCDM exhibits a II
(sudden) singularity [103] at z ! z†. One may worry that
this can have violent consequences on the structures in
the universe; however, a recent work [104] demonstrated
that its impact on the formation and evolution of cosmic
bound structures is negligible. Therefore, the late time
mirror AdS-dS transition does not threaten viability of
the ⇤sCDM framework, even in the most extreme case,
where an abrupt transition is assumed. For the ⇤sVCDM
scenario, we observe a short period of increasing comoving
Hubble parameter, indicating a brief period of acceler-
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model, maintaining physical viability within the context
of the phantom field’s dynamics.

For phantom models with positive energy density, the
dynamics typically lead to a big rip singularity, where
the scale factor and energy density diverge within a fi-
nite time horizon [127–131]. However, if the asymptotic
geometry is de Sitter, the universe avoids the big rip sce-
nario [132]. It is crucial to recognize that the negative
kinetic term intrinsic to phantom fields inherently desta-
bilizes the model unless the potential is suitably bounded
from above. Consequently, both the onset of a big rip and
the instability associated with the phantom’s negative ki-
netic energy can be mitigated through a careful selection
of the potential. The potential introduced in Eq. (14) is
specifically designed to address these issues, ensuring the
model remains stable while preventing singular behavior.

We focus on the case of a mirror AdS-to-dS transition
realized when ⇠1 = �1. In this scenario, the potential
in Eq. (14) takes the form

V (�̃) = ⇤ tanh
h
⌫(�̃ � �̃c)

i
, ⇤ > 0 , (30)

with V (�̃) ⇡ �⇤ for ⌫(�̃ � �̃c) ⌧ 0 and V (�̃) ⇡ ⇤ for
⌫(�̃ � �̃c) � 0. The dimensionless counterpart, e⌦V , is
provided in Eq. (15) for ⇠1 = �1. This form of poten-
tial is particularly interesting, as the mirror AdS-to-dS
transition o↵ers a natural explanation for the ⇤sCDM
model. A similar potential was proposed in [38] to de-
scribe a smooth AdS-to-dS within the ⇤sCDM paradigm,
realized in the VCDM framework [59, 111]—a type-II
minimally modified gravity. Here, we demonstrate that
such a transition can also be realized within GR using a
phantom field.

We now solve the system of Eqs. (19) to (21) numer-
ically, following the method described in the Appendix.
Before proceeding with the calculations, several points
are worth highlighting. First, as seen in Eq. (20), the

present-day (z = 0, eh = 1) density parameter of the
phantom field is

e⌦�(z = 0) ⌘ ⌦�0 = 1 � ⌦m0 � ⌦r0 (31)

hence ⌦m0 and ⌦r0 determine ⌦�0. We assume that
at the present time the potential is very flat, i.e.,
⌫(�̃0 � �̃c) � 1. Therefore, the phantom field is nearly
frozen, and (d�̃/dz)2/6|z=0 ⌧ e⌦V (z = 0) ⌘ ⌦V 0. Thus,

⌦V 0 ⇡ ⌦⇤0 ⇡ ⌦�0 . (32)

Subsequent numerical calculations (see the Appendix for
details) confirm that these assumptions hold with very
high accuracy. It is also important to note that, in this
model, there are two characteristic redshift values. First,
zt marks the moment when the potential changes sign,
such that �̃(z = zt) = �̃c, leading to V (z = zt) = 0.
It is obvious that zt is also a potential inflection point.
As we will demonstrate below, the redshift zt also marks
key points in the evolution of the model parameters dur-
ing the AdS-to-dS transition. Additionally, z† signifies

TABLE I. The values of parameters zt z†, and �z ⌘ zt � z†
depending on the choice of parameters H0 and ⌫ in the case of
initial conditions �̃in = �̃

0
in = 0. Parameter ⌦m0 is calculated

by Eq. (A1). The case ⌫ = 15 (exist in Fig. 1) is not given,
as it gives results very similar to those for ⌫ = 10.

H0 ⌦m0 ⌫ �̃c zt z† �z

75 0.2545

10

0.1269 1.871 1.545 0.326

73 0.2687 0.1106 2.104 1.744 0.360

71 0.2840 0.0861 2.547 2.122 0.425

69 0.3007 0.0314 4.382 3.707 0.675

68 - - - - -

75 0.2545

100

0.0356 1.919 1.609 0.310

73 0.2686 0.0342 2.127 1.796 0.331

71 0.2840 0.0321 2.476 2.109 0.367

69 0.3007 0.0287 3.251 2.807 0.444

68 0.3096 0.0250 4.347 3.791 0.556

67 - - - - -

75 0.2545

1000

0.00585 1.929 1.610 0.319

73 0.2686 0.00571 2.139 1.798 0.341

71 0.2840 0.00550 2.491 2.112 0.379

69 0.3007 0.00515 3.278 2.813 0.465

68 0.3096 0.00478 4.392 3.809 0.583

67 - - - - -

the redshift at which the phantom field’s energy density
changes sign, satisfying e⌦�(z = z†) = 0. Our numerical
simulations reveal that z† < zt. This occurs because the
scalar field initially rolls in the negative potential region,
climbing the potential until it reaches V = 0 at zt, and
then continues ascending until the potential equals the
kinetic energy V = X, at which point ⇢� becomes zero
at z†.
It is worth mentioning a few key points regarding the

parameter ⌫. One of the main goals of this article is to in-
troduce a physical mechanism to realize ⇤sCDM model,
which is characterized by a rapid mirror AdS-to-dS tran-
sition in the late universe (z ⇠ 2) within GR. For the type
of potential given in Eq. (30), it is evident that ⌫ deter-
mines the rapidity of the transition, and a su�ciently
large value of ⌫ would result in the desired rapidity. The
rapidity can be quantified by the characteristic width of
the transition epoch, defined as ��̃ ⇡ 4⌫�1, as adopted
from Ref. [38]; the larger the ⌫, the smaller the �e�, rep-
resenting the di↵erence in the value of �̃ from the onset
to the end of the transition. Further details on the de-
termination of the characteristic width of the transition
epoch, as well as the definitions of the onset and end of
the transition, can be found in Ref. [38].
The result of the numerical integration of the sys-

tem of Eqs. (19) to (21) for the phantom field (by set-
ting ⇠ = �1 and parameter ⇠1 = �1) is presented
in Table I and Figs. 1 to 5. The initial conditions are
�̃in = �̃

0
in

= 0 (see the Appendix for details). We ob-
serve a consistent delay in the sign change of the en-
ergy density of the phantom field relative to the sign

GR with a minimally interacting phantom scalar 
field with hyperbolic tangent potential
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regimes before and after the transition—where the field
is slow-rolling and stabilized by cosmic friction—the en-
ergy density remains approximately constant, evolving
from an initial quasi-stationary state to a similar late-
time configuration. Overall, this framework provides a
theoretically controlled approach to modeling a smooth
AdS-to-dS transition, ensuring a physically robust real-
ization of ⇤sCDM.

In this paper, we conduct a comprehensive study of the
background dynamics of smooth transition models driven
by scalar fields, with particular emphasis on phantom
fields characterized by a negative kinetic term. Although
such fields naturally evolve toward the maximum of their
potential, they can also give rise to instabilities—such as
unbounded energy growth in the absence of an upper
bound, Big Rip singularities, and violations of the weak
energy condition. We show that adopting a hyperbolic
tangent step-like smooth potential circumvents these is-
sues, yielding a physically viable smooth AdS-to-dS tran-
sition. By deriving the governing equations for the scalar
field in a Friedmann–Lemâıtre–Robertson–Walker back-
ground, we analyze the impact of smooth dS/AdS-to-dS
transitions on key cosmological observables and compare
the predictions of phantom and canonical (quintessence)
realizations. Our goal is to establish a solid theoretical
foundation for the ⇤sCDM framework and to explore its
potential for alleviating the H0 tension through physi-
cally motivated dark energy dynamics.

II. GENERAL SETUP

We consider a model in which the universe is composed
of radiation, dust, represented by pressureless matter—
specifically, baryons and cold dark matter (CDM)—along
with a minimally interacting (only gravitationally cou-
pled) scalar field � with a potential V (�), described by
the following action:

S� =

Z
d4x

p
�g


⇠

2
g
ik
@i�@k� � V (�)

�
, (1)

where g is the determinant of the metric tensor gik, and
g
ik is its inverse. The indices i, k = 0, 1, 2, 3 run over the

four spacetime coordinates. The parameter ⇠ = +1 cor-
responds to quintessence (a canonical scalar field with a
positive kinetic energy term), while ⇠ = �1 corresponds
to a phantom field (a scalar field with a negative kinetic
energy term). The energy-momentum tensor and equa-
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where "m0 = const and "r0 = const are the present-day
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for the scale factor at the present time. The evolution of
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regimes before and after the transition—where the field
is slow-rolling and stabilized by cosmic friction—the en-
ergy density remains approximately constant, evolving
from an initial quasi-stationary state to a similar late-
time configuration. Overall, this framework provides a
theoretically controlled approach to modeling a smooth
AdS-to-dS transition, ensuring a physically robust real-
ization of !sCDM.

In this paper, we conduct a comprehensive study of the
background dynamics of smooth transition models driven
by scalar fields, with particular emphasis on phantom
fields characterized by a negative kinetic term. Although
such fields naturally evolve toward the maximum of their
potential, they can also give rise to instabilities—such as
unbounded energy growth in the absence of an upper
bound, Big Rip singularities, and violations of the weak
energy condition. We show that adopting a hyperbolic
tangent step-like smooth potential circumvents these is-
sues, yielding a physically viable smooth AdS-to-dS tran-
sition. By deriving the governing equations for the scalar
field in a Friedmann–Lemâıtre–Robertson–Walker back-
ground, we analyze the impact of smooth dS/AdS-to-dS
transitions on key cosmological observables and compare
the predictions of phantom and canonical (quintessence)
realizations. Our goal is to establish a solid theoretical
foundation for the !sCDM framework and to explore its
potential for alleviating the H0 tension through physi-
cally motivated dark energy dynamics.

II. GENERAL SETUP

We consider a model in which the universe is composed
of radiation, dust, represented by pressureless matter—
specifically, baryons and cold dark matter (CDM)—along
with a minimally interacting (only gravitationally cou-
pled) scalar field ω with a potential V (ω), described by
the following action:
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FIG. 4. On the left panel: The dimensionless phantom field �̃ and its derivative �̃
0 ⌘ d�̃/dz. The value of this derivative at

present time �̃
0
0 = �0.09661. �̃c = 0.03419 is the value of the phantom field where the potential changes sign. On the right

panel: The dimensionless potential e⌦V = V/"cr0 and its second derivative where ⌦⇤0 = 0.73161.

ergy density around z†—a↵ects the prediction of H0 de-
pending on when and how rapidly these transitions oc-
cur. To conclude this section and to highlight the char-
acteristic features of our model as well as its similari-
ties and deviations from the standard ⇤CDM model, we
illustrate the expansion dynamics of the universe and
the scalar field, as well as the total physical ingredi-
ents of the universe, for a fast transition (i.e., ⌫ = 100)
in Figs. 3 to 5. We ensure consistency with the CMB
power spectra [134] and the SH0ES H0 measurement of
73.04 km s�1 Mpc�1 [133]; our numerical analysis yields
zt ⇡ 2.12 and z† ⇡ 1.79 (using the initial conditions
�̃in = �̃

0
in
= 0 for the scalar field).

Fig. 3 demonstrates the typical behavior of the Hub-
ble parameter, its time derivative, and the deceleration
parameter for our model. The black curves represent the
standard ⇤CDM model, and all curves are smooth. No-
tably, we observe that H(z) is suppressed for z & 1.7
relative to ⇤CDM, with a compensating enhancement
at lower redshifts. The deceleration parameter q rises
noticeably above the value q = 1

2
(characteristic of a

matter-dominated universe) when the negative dark en-
ergy of the phantom field becomes significant compared
to pressureless matter—as z increases and approaches zt.
During the transition, q(z) rapidly decreases to values
close to zero and remains near zero throughout the ap-
proximately linear expansion phase in the range z ⇠ 2
to z ⇠ 1, whereas the ⇤CDM model continues to ex-
perience decelerated expansion during this period. Fi-
nally, the universe enters the accelerated expansion phase
slightly earlier than in the ⇤CDM model. At late times
(i.e., z . 1), our scalar field has settled into the dS-
like potential regime, (namely, the flat, positive poten-
tial regime), e↵ectively mimicking a positive CC with
!� ⇠ �1 and e⌦� ⇠ 0.7 (see Fig. 5). Consequently, for
z . 1 our model behaves essentially like ⇤CDM, albeit
with a higher H(z), which leads to a larger H0 and a

smaller q(z). We also observe that Ḣ remains negative
at all redshifts.

In the left panel of Fig. 4, we show the evolution of the
phantom scalar field in dimensionless form (�̃ ⌘

p
�),

specifically its position �̃ and its derivative with respect

to redshift, �̃0 = d�̃
dz . In the right panel, we display the

dimensionless potential, e⌦V = V/"cr0 (i.e., the poten-
tial scaled by the present-day critical energy density),

along with its curvature, d2e⌦V

d�̃2
, as functions of z. At

early times, when the field is in the AdS-like flat poten-
tial regime, it is in a slow-rolling phase (�̃0

⇡ 0). As the
field enters the rapidly increasing region of the potential,
its speed quickly rises (with |�̃

0
| reaching approximately

0.3), signaling the onset of the transition epoch. Upon
passing the inflection point of the potential at z = zt, the
field attains its maximum speed and then begins to decel-
erate. Finally, when the field reaches the dS-like positive
flat potential, its speed continues to decrease as the po-
tential increasingly dominates over the kinetic term, and
the field closely mimics a positive CC for z . 1. The
right panel of Fig. 4 demonstrates that the potential e⌦V

tends asymptotically to ⌦⇤0 when z ! 0. For the cho-
sen parameters, the calculated value is ⌦⇤0 = 0.73161;
and, according to Eq. (A1), the corresponding cosmo-
logical parameter is ⌦m0 = 0.26831, so that the relation
⌦⇤0 + ⌦m0 ⇡ 1 holds with high accuracy. Notably, the
curvature of the potential is nearly zero before the onset
of the AdS–dS transition; however, at the start of the
transition it rapidly increases to a finite positive value,
then, after the field reaches transition at zt, the curvature
quickly vanishes and becomes negative before approach-
ing zero again once the field settles into the dS-like flat
potential. Given that the potential’s curvature is nearly
zero both before and after the transition—and only be-
comes significantly positive for a brief period (�z . 0.5)
at the onset—the e↵ective mass of some modes of per-
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turbations may momentarily become imaginary, but it
quickly returns to a real value. Due to this transient
behavior our model can remain perturbatively stable1.

In the left panel of Fig. 5, we present the dimension-
less energy density parameter of the phantom field, e⌦� =
"�/"cr0, along with the total dimensionless energy den-

sity parameter, e⌦tot = ("�+"m+"r)/"cr0, which accounts
for the combined contributions of the phantom field, pres-
sureless matter (CDM and baryons), and radiation. The
right panel focuses on the EoS parameters, !� and !tot,
which correspond to the phantom field and the total en-
ergy content of the universe, respectively. At high red-
shifts, specifically for z & zt = 2.12, e⌦� ⇡ �e⌦�0 ⇡ �0.73
with !� ⇡ �1, indicating that the scalar field is in a
slow-roll phase (i.e., the potential dominates over the ki-
netic term) within the AdS-like flat potential. Conse-
quently, the scalar field e↵ectively behaves as a negative
CC during this epoch. Once the transition epoch be-
gins, e⌦� starts to increase, approaching zero, while its

EoS parameter rises rapidly. As e⌦� smoothly transitions
from negative to positive values, the EoS parameter ex-
hibits a singularity—diverging to +1 before reemerging
from �1—after which it rapidly increases, asymptot-
ically approaching �1. This is a ’safe’ singularity be-

1
In our model, the e↵ective mass squared for perturbations [145]

is given by m
2
e↵(z) ⇠ k

2�a
2 d

2
V

d�2 = k
2� 3

(1+z)2
H

2
0

c2
d
2 e⌦V

de�2
, where

we set a0 = 1, and k is the comoving wavenumber. For the

SH0ES H0 measurement and zt = 2.12, the prefactor in front

of the second derivative is ⇠ 2 ⇥ 10
�47

cm
�2

. According to

our calculations, the maximum value of this derivative is of the

order of 5 ⇥ 10
3
(see Fig. 4). Therefore, for modes satisfying

k
2 . 10

�43
cm

�2
, the e↵ective mass squared can become nega-

tive. However, this occurs only for a brief period, meaning that

perturbations may not have su�cient time to develop signifi-

cantly. In this paper, we analyze the phantom scalar field model

within the ⇤sCDM paradigm at the background level. A full

perturbative analysis will be developed in a separate work.

cause the divergence arises purely from the definition of
the EoS parameter—specifically, the energy density in
the denominator momentarily passes through zero while
the pressure in the numerator remains finite—ensuring
that no fundamental physical quantity actually diverges.
Furthermore, as demonstrated in Section II, despite the
unusual behavior of the phantom field’s EoS parameter,
the speed of sound associated with the phantom field al-
ways remains equal to the speed of light. As a result,
this singularity does not pose any threat to the consis-
tency of the FRW universe. In fact, e⌦tot, which also
includes contributions from pressureless matter, always
remains positive and decreases smoothly as z decreases,
asymptotically approaching zero (as shown in the lower-
left panel of Fig. 5). Consequently, !tot never exhibits
a singularity. Moreover, as shown in Fig. 5, the total
EoS parameter, !tot = ptot/"tot, remains greater than
�1, and the total energy density parameter, e⌦tot, stays
positive for all redshifts. This ensures that the condi-
tion ptot+"tot > 0 is satisfied alongside "tot > 0, thereby
guaranteeing the fulfillment of the weak energy condition
(WEC) throughout cosmic evolution. More precisely, our
model satisfies the strong form of the weak energy con-
dition (S-WEC), reinforcing its physical viability.

It is well known that in GR, the total EoS param-
eter, which describes the overall content of the uni-
verse, and the deceleration parameter are related by
q(z) = 1

2
+ 3

2
!tot(z) in a spatially flat FRW universe.

Therefore, the behavior of !tot(z) parallels exactly that of
q(z). We observe that !tot ⇡ 0 at high redshifts (z & 4),
as expected in the matter-dominated era. It then rises
noticeably, particularly when the negative energy of the
phantom field becomes significant, until the onset of the
transition at zt = 2.12. Once the AdS–dS transition
epoch begins, !tot drops rapidly to around �1/3, where
it remains until z ⇠ 1. Eventually, it decreases further,
reaching ⇠ �0.73 today (z = 0), a value very close to
that of the ⇤CDM model. Thus, the total EoS param-
eter remains smooth and free of singularities, confirm-
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in energy density
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FIG. 3. The Hubble parameter H/(1+z) km s�1 Mpc�1 , the
dimensionless combination Ḣ/(3H2), where Ḣ = dH/dt, and
the deceleration parameter q as functions of the redshift z. zt
determines the moment of the transition where the potential
is equal to zero: V (z = zt) = 0 and z† corresponds to the
redshift at which the phantom energy density is equal to zero:
e⌦�(z = z†) = 0. Black curves describe the standard ⇤CDM
model.

an ever-expanding universe, we must have z† & 0.33.
However, focusing on realistic cases, Table I and Fig. 1
show that H0 becomes very sensitive to zt and increases
rapidly—exceeding approximately 75 km s�1 Mpc�1—
when zt . 2 (corresponding to z† . 1.6). For example,
for ⌦m0 = 0.25 the model yields H0 ⇡ 75 km s�1 Mpc�1

for zt ⇡ 1.9, corresponding to z† ⇡ 1.5–1.6. There-
fore, for a realistic cosmological model—where H0 does
not exceed the largest local measurement values (roughly
75 km s�1 Mpc�1)—we would expect zt & 1.8 and, corre-
spondingly, z† & 1.5. Our estimates for z† in the present
phantom field realization of ⇤sCDM are in good agree-
ment with previous results obtained in the gDE[32] and
⇤sCDM models [33–37].

Interestingly, these lower bounds on z† and zt closely
match those obtained when requiring that the time
derivative of the Hubble parameter, Ḣ, remains nega-
tive for all redshifts. In fact, from Eq. (28) we have
Ḣ = �

1

2
H

2

0

�
3 e⌦m + 4 e⌦r + 6 e⌦K

�
, where the matter and

radiation contributions satisfy e⌦m,
e⌦r > 0 while the ki-

netic contribution of the phantom field satisfies e⌦K < 0.
Since the maximum (in absolute value) kinetic energy
density of the phantom field occurs during the transi-
tion, if Ḣ is negative at z ⇠ zt, it will remain negative
at all other redshifts. During the transition, the poten-

tial given by Eq. (30) is well approximated by a linear
function,

V (�) ⇡ ⇤ ⌫
p
 (� � �c) , (34)

so that the Klein–Gordon equation (10) simplifies to

�̈ ⇡ �3H �̇+ c
2⇤ ⌫

p
 . (35)

This equation describes the evolution of � under the in-
fluence of the cosmic “friction” (�3H �̇) and a constant
external “force”, which we define as A ⌘ c

2⇤ ⌫
p
. Let

�⌧ denotes the (short) duration of the transition. Since
H(zt)�⌧ ⌧ 1 (with H(zt) being approximately the in-
verse of the age of the universe at the transition epoch),
the friction term is initially subdominant, and we may
approximate �̇ ⇡ A t, assuming the pre-transition value
of �̇ is negligible. Taking the dimensionless field variation
during the transition as �e� ⇡ 4/⌫ (see, e.g., Ref. [38]),

one finds �⌧ ⇡
⇥
2�e�/(A

p
)

⇤1/2
⇡

⇥
8/(A

p
 ⌫)

⇤1/2
.

Thus, the maximum field derivative at the end of the
transition is �̇max ⇡ A�⌧ ⇡ 2

p
2 c2⇤ and the corre-

sponding (rescaled) kinetic energy density is estimated
as �e⌦K = (�̇max)2/(2c2"cr0) ⇡ 4⌦⇤0. At the end of the
transition, the Friedmann–Raychaudhuri equation then
yields Ḣ(zt) ⇡ �(3H2

0
/2)

⇥e⌦m(zt) � 8⌦⇤0

⇤
. Since the

matter density scales as e⌦m(zt) = ⌦m0 (1 + zt)3 and,
neglecting radiation, the flat-universe condition implies
⌦m0+⌦⇤0 = 1 (i.e. ⌦⇤0 = 1�⌦m0), the requirement for
Ḣ(z ⇠ zt) < 0 translates into ⌦m0 (1+zt)3 > 8 (1�⌦m0),
or equivalently,

zt & 2
⇣
⌦�1

m0
� 1

⌘ 1
3

� 1 . (36)

For example, taking ⌦m0 ⇠ 0.27 yields zt & 1.8. In
our model, a combination such as ⌦m0 ⇠ 0.27 with
zt ⇠ 2.1 (the value required for H0 to match the SH0ES
H0 measurement, as shown in Table I and Fig. 1) en-
sures that Ḣ remains negative at all redshifts (as seen
also in Fig. 3). However, if zt approaches the lower limit
determined by Eq. (36), the value of Ḣ(zt) approaches
zero and may even turn positive. As seen from in Ta-
ble I and Fig. 1, it may occur when H0 becomes highly
sensitive to zt and increases rapidly, exceeding approxi-
mately 75 km s�1Mpc�1. For instance, for ⌦m0 = 0.25,
the model yields H0 ⇡ 75 km s�1Mpc�1 for zt ⇡ 1.9,
while our condition requires zt & 1.88. It is particularly
interesting—if not coincidental—that the largest localH0

measurements, which are close to the upper bound of
the SH0ES result, correspond to the threshold at which
Ḣ can go from negative to positive in our model. In
other words, if one requires that Ḣ to remain negative
at all redshifts, our model predict a maximum value of
H0 ⇡ 75 km s�1Mpc�1.
Thus, we have discussed in detail how the smooth tran-

sition of the phantom field’s potential from an AdS-like
to a dS-like form—resulting in a sign change in its en-
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model, maintaining physical viability within the context
of the phantom field’s dynamics.

For phantom models with positive energy density, the
dynamics typically lead to a big rip singularity, where
the scale factor and energy density diverge within a fi-
nite time horizon [127–131]. However, if the asymptotic
geometry is de Sitter, the universe avoids the big rip sce-
nario [132]. It is crucial to recognize that the negative
kinetic term intrinsic to phantom fields inherently desta-
bilizes the model unless the potential is suitably bounded
from above. Consequently, both the onset of a big rip and
the instability associated with the phantom’s negative ki-
netic energy can be mitigated through a careful selection
of the potential. The potential introduced in Eq. (14) is
specifically designed to address these issues, ensuring the
model remains stable while preventing singular behavior.

We focus on the case of a mirror AdS-to-dS transition
realized when ⇠1 = �1. In this scenario, the potential
in Eq. (14) takes the form

V (�̃) = ⇤ tanh
h
⌫(�̃ � �̃c)

i
, ⇤ > 0 , (30)

with V (�̃) ⇡ �⇤ for ⌫(�̃ � �̃c) ⌧ 0 and V (�̃) ⇡ ⇤ for
⌫(�̃ � �̃c) � 0. The dimensionless counterpart, e⌦V , is
provided in Eq. (15) for ⇠1 = �1. This form of poten-
tial is particularly interesting, as the mirror AdS-to-dS
transition o↵ers a natural explanation for the ⇤sCDM
model. A similar potential was proposed in [38] to de-
scribe a smooth AdS-to-dS within the ⇤sCDM paradigm,
realized in the VCDM framework [59, 111]—a type-II
minimally modified gravity. Here, we demonstrate that
such a transition can also be realized within GR using a
phantom field.

We now solve the system of Eqs. (19) to (21) numer-
ically, following the method described in the Appendix.
Before proceeding with the calculations, several points
are worth highlighting. First, as seen in Eq. (20), the

present-day (z = 0, eh = 1) density parameter of the
phantom field is

e⌦�(z = 0) ⌘ ⌦�0 = 1 � ⌦m0 � ⌦r0 (31)

hence ⌦m0 and ⌦r0 determine ⌦�0. We assume that
at the present time the potential is very flat, i.e.,
⌫(�̃0 � �̃c) � 1. Therefore, the phantom field is nearly
frozen, and (d�̃/dz)2/6|z=0 ⌧ e⌦V (z = 0) ⌘ ⌦V 0. Thus,

⌦V 0 ⇡ ⌦⇤0 ⇡ ⌦�0 . (32)

Subsequent numerical calculations (see the Appendix for
details) confirm that these assumptions hold with very
high accuracy. It is also important to note that, in this
model, there are two characteristic redshift values. First,
zt marks the moment when the potential changes sign,
such that �̃(z = zt) = �̃c, leading to V (z = zt) = 0.
It is obvious that zt is also a potential inflection point.
As we will demonstrate below, the redshift zt also marks
key points in the evolution of the model parameters dur-
ing the AdS-to-dS transition. Additionally, z† signifies

TABLE I. The values of parameters zt z†, and �z ⌘ zt � z†
depending on the choice of parameters H0 and ⌫ in the case of
initial conditions �̃in = �̃

0
in = 0. Parameter ⌦m0 is calculated

by Eq. (A1). The case ⌫ = 15 (exist in Fig. 1) is not given,
as it gives results very similar to those for ⌫ = 10.

H0 ⌦m0 ⌫ �̃c zt z† �z

75 0.2545

10

0.1269 1.871 1.545 0.326

73 0.2687 0.1106 2.104 1.744 0.360

71 0.2840 0.0861 2.547 2.122 0.425

69 0.3007 0.0314 4.382 3.707 0.675

68 - - - - -

75 0.2545

100

0.0356 1.919 1.609 0.310

73 0.2686 0.0342 2.127 1.796 0.331

71 0.2840 0.0321 2.476 2.109 0.367

69 0.3007 0.0287 3.251 2.807 0.444

68 0.3096 0.0250 4.347 3.791 0.556

67 - - - - -

75 0.2545

1000

0.00585 1.929 1.610 0.319

73 0.2686 0.00571 2.139 1.798 0.341

71 0.2840 0.00550 2.491 2.112 0.379

69 0.3007 0.00515 3.278 2.813 0.465

68 0.3096 0.00478 4.392 3.809 0.583

67 - - - - -

the redshift at which the phantom field’s energy density
changes sign, satisfying e⌦�(z = z†) = 0. Our numerical
simulations reveal that z† < zt. This occurs because the
scalar field initially rolls in the negative potential region,
climbing the potential until it reaches V = 0 at zt, and
then continues ascending until the potential equals the
kinetic energy V = X, at which point ⇢� becomes zero
at z†.
It is worth mentioning a few key points regarding the

parameter ⌫. One of the main goals of this article is to in-
troduce a physical mechanism to realize ⇤sCDM model,
which is characterized by a rapid mirror AdS-to-dS tran-
sition in the late universe (z ⇠ 2) within GR. For the type
of potential given in Eq. (30), it is evident that ⌫ deter-
mines the rapidity of the transition, and a su�ciently
large value of ⌫ would result in the desired rapidity. The
rapidity can be quantified by the characteristic width of
the transition epoch, defined as ��̃ ⇡ 4⌫�1, as adopted
from Ref. [38]; the larger the ⌫, the smaller the �e�, rep-
resenting the di↵erence in the value of �̃ from the onset
to the end of the transition. Further details on the de-
termination of the characteristic width of the transition
epoch, as well as the definitions of the onset and end of
the transition, can be found in Ref. [38].
The result of the numerical integration of the sys-

tem of Eqs. (19) to (21) for the phantom field (by set-
ting ⇠ = �1 and parameter ⇠1 = �1) is presented
in Table I and Figs. 1 to 5. The initial conditions are
�̃in = �̃

0
in

= 0 (see the Appendix for details). We ob-
serve a consistent delay in the sign change of the en-
ergy density of the phantom field relative to the sign
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FIG. 2. Evolution of the phantom energy density e⌦�(z) = "�(z)/"cr0 for the rapidity parameters ⌫ = 10, 15, 100 and 1000. We
selected three cases where the potential changes its sign at zt = 2.12, 5 and 10. For these cases, z† indicates the redshifts when
e⌦� crosses zero.

pression of H(z) at high redshifts and a correspondingly
modest increase at lower redshifts, including in H0. Sim-
ilarly, our phantom model—characterized by a late-time
transition from n-phantom to p-phantom—also exhibits
a decreasing energy density with redshift. However, un-
like conventional phantom models, it has a distinguishing
feature: as we go into the past, the energy density crosses
below zero at a certain redshift, z = z†, and remains neg-
ative thereafter. This negative phase amplifies the sup-
pression of H(z) at earlier times, making the subsequent
compensatory increase in H(z) at lower redshifts more
pronounced compared to conventional phantom models.
Consequently, our model leads to a significantly greater
increase in H0 than standard phantom scenarios, even
though the phantom field behaves like a positive CC at
low redshifts. These similar yet distinct features between
our model and conventional phantom models also explain
why, in our model, slow transitions occurring at large red-
shifts, viz., z† & 4 (or zt & 4.5), predict H0 values that
remain above the Planck-⇤CDM prediction, whereas fast
transitions at large redshifts yield H0 values consistent
with Planck-⇤CDM. In the case of a fast transition, e.g.,
⌫ = 100, 1000, if the transition occurs too early, e.g.,
z† ⇠ 4, 9 (corresponding to zt ⇠ 5, 10, see Fig. 2)—
that is, when pressureless matter is still dominant—
the phantom field in its negative energy density phase
lacks su�cient time and strength to significantly influ-
ence H(z); consequently, H(z) remains largely consistent
with ⇤CDM during that period. Later, when the phan-
tom field begins to dominate, it already closely resembles
a CC—namely, as shown in Fig. 2, e⌦� ⇡ 0.7 for z . 2.5
when zt = 5 (with z† = 4.31) and for z . 5.0 when
zt = 10 (with z† = 8.71). As a result, the overall impact
of the phantom field on H(z) is minimal, and the model
e↵ectively resembles ⇤CDM, thereby predicting an H0

value consistent with Planck-⇤CDM. Now consider the
case of a slow transition (e.g., ⌫ = 10, 15). If the tran-

sition occurs too early, e.g., considering again z† ⇠ 4, 9
(corresponding to zt ⇠ 5, 10), the negative energy den-
sity phase of the phantom field again has minimal influ-
ence on H(z) during the matter-dominated era, similar
to the case of an early fast transition. However, in this
scenario, due to the slower nature of the transition, after
entering the positive energy density regime, the phantom
field does not settle into a horizontal plateau but instead
continues to increase significantly, even up to the present
time. As shown in Fig. 2, for ⌫ = 10, 15, the phantom
energy density e⌦� remains positive for z < z† = 4.31
choosing zt = 5 and for z < z† = 8.71 choosing zt = 10.

However, unlike a CC, e⌦� does not remain constant at
low redshifts but instead continues to increase at a sig-
nificant rate as redshift decreases—a behavior character-
istic of conventional phantom dark energy models. In
other words, when the phantom field begins to influ-
ence H(z), its EoS parameter remains significantly below
�1, meaning that overall, our model e↵ectively resembles
conventional phantom models with positive energy den-
sities rather than ⇤CDM, and hence Hmin

0
remains above

the Planck-⇤CDM value.
So far, we have elaborated on the model predictions

for increasing values of zt (or z†) beyond zt ⇠ 2.1 (or
z† ⇠ 1.8), where our model predicts H0 values consistent
with the SH0ES measurements [133, 135, 136], regardless
of whether the transition is slow or fast. We now consider
the consequences of decreasing zt (or z†). To this end,
assume that, due to transition delays, the scalar field re-
mains in its flat AdS potential regime for an extended
period, so that the total energy density may be approx-
imated by e⌦tot(z) ⇡ e⌦m + e⌦V ⇡ ⌦m0(1 + z)3 � ⌦⇤0 =
⌦m0(1+ z)3 � (1�⌦m0). Consequently, e⌦tot(z) becomes
zero at

zs =
�
⌦�1

m0
� 1

�1/3
� 1 , (33)

which yields zs ⇠ 0.33 for ⌦m0 ⇠ 0.3. Thus, to ensure

9

2 4 6 8 10

zt

67

69

71

73

75

H
0
[k

m
s�

1
M

p
c�

1 ]

2 4 6 8 10

z†

� = 10
� = 15
� = 100
� = 1000

FIG. 1. Dependence of H0 on zt and z† for di↵erent values of the rapidity parameter ⌫. The horizontal red line and shaded
region correspond to the SH0ES result H0 = 73.04 ± 1.04 km s�1 Mpc�1 [133] whereas the horizontal purple line and shaded
region indicate the Planck data H0 = 67.4±0.5 km s�1 Mpc�1 [134]. We see that for all selected values of the rapidity parameter
⌫ the present day value H0 can reach the SH0ES result 73.04 km s�1 Mpc�1 at zt ⇡ 2.1. By contrast, the Planck result for H0

takes place only for su�ciently rapid (⌫ & 100) early transitions (zt & 5).

change of the potential, such that z† < zt, with these
two parameters being highly correlated—a Pearson cor-
relation coe�cient of approximately r ⇠ 0.99, demon-
strating a nearly perfect linear correlation between these
two parameters. This behavior is expected, as the sign
change in the potential drives the sign change in the en-
ergy density. Furthermore, Table I reveals a negative
correlation between H0 and both zt and z†—shown for
some selected values of ⌫. In other words, smaller val-
ues of zt or z† correspond to larger values of H0, as an-
ticipated. This is explained as follows: Since the pre-
recombination universe in our model remains consistent
with the ⇤CDM framework, the comoving sound horizon
at last scattering, r⇤ =

R 1
z⇤

csH(z)�1dz, where z⇤ ⇠ 1090
is the redshift of the last scattering surface and cs is the
sound speed in the photon-baryon plasma, remains es-
sentially unchanged from its ⇤CDM counterpart. From
the Planck CMB spectra, the angular scale of the sound
horizon, ✓⇤ = r⇤/DM (z⇤), and the present-day physical
matter density, ⌦m0h

2 (derived from the peak structure
and damping tail, where h ⌘ H0/100 km s�1 Mpc�1),
are both measured, almost model-independently, with
high precision. Consequently, in our model, namely,
a phantom field driven ⇤sCDM scenario, both the co-
moving angular diameter distance to last scattering,
DM (z⇤) = c

R z⇤
0

H(z)�1dz, and ⌦m0h
2 are expected to

align with their Planck-inferred values for ⇤CDM. There-
fore, any suppression of H(z) (i.e., H(z) < H(z)⇤CDM)
for z > z†, due to the negative phantom energy den-
sity in this regime, must be o↵set by an enhancement
(H(z) > H(z)⇤CDM) at lower redshifts, z < z†, to
maintain consistency with the ⇤CDM inferred comov-
ing angular diameter distance. This implies an increased
H0 ⌘ H(z = 0) and thereby also a decreased ⌦m0 com-
pared to the Planck-⇤CDM model (i.e, standard ⇤CDM
model limited only by Planck CMB data [134]). Conse-

quently, a later transition—i.e., smaller values of z† (and
correspondingly zt)—results in a longer and more pro-
nounced period after recombination during whichH(z) <
H(z)⇤CDM. As result, decreasing z† (or zt) leads to a
greater enhancement of H0 and a corresponding reduc-
tion in ⌦m0 compared to the predictions of the Planck-
⇤CDM model, provided that the transition occurs before
the negative energy density of the phantom field com-
pletely dominates the universe—an event that would halt
expansion and trigger contraction.

In Fig. 1, we investigate the dependence of the Hubble
constant on zt and z† for di↵erent values of the rapidity
parameter ⌫. The analysis shows that, using some se-
lected values of ⌫, the Hubble constant attains the SH0ES
measurement of H0 = 73.04 ± 1.04 km s�1 Mpc�1 [133]
(see also [135, 136]) for zt ⇡ 2.1 (correspondingly for z† ⇠

1.8 ), irrespective of the rapidity of the transition. As zt
(or z†) increases, the predicted value of H0 decreases and
asymptotically converges to a specific minimum value,
denoted as H

min

0
(Hmin

0
= limzt!1 H0). This mini-

mum value, Hmin

0
, is found to depend on the rapidity of

the transition, determined by the parameter ⌫. For fast
transitions (⌫ = 100, 1000), Hmin

0
aligns with the Planck-

⇤CDM prediction ofH0 = 67.4±0.5 km s�1 Mpc�1 [134].
In contrast, for slow transitions (⌫ = 10, 15), Hmin

0
re-

mains above the Planck-⇤CDM prediction. Specifically,
for ⌫ = 15, Hmin

0
reaches 68.0 km s�1 Mpc�1, matching

the upper limit of the Planck-⇤CDM prediction, while
for ⌫ = 10, it increases further to 68.5 km s�1 Mpc�1. In
what follows, we will explain the relationships observed
between H0 and the parameters z† and zt.

It is well established that conventional phantom mod-
els (say, p-phantom) can provide only partial alleviation
of the H0 tension; see Refs. [137–144]. In conventional
phantom models, the energy density decreases with red-
shift while remaining positive, leading to a moderate sup-
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0 = �0.09661. �̃c = 0.03419 is the value of the phantom field where the potential changes sign. On the right

panel: The dimensionless potential e⌦V = V/"cr0 and its second derivative where ⌦⇤0 = 0.73161.

ergy density around z†—a↵ects the prediction of H0 de-
pending on when and how rapidly these transitions oc-
cur. To conclude this section and to highlight the char-
acteristic features of our model as well as its similari-
ties and deviations from the standard ⇤CDM model, we
illustrate the expansion dynamics of the universe and
the scalar field, as well as the total physical ingredi-
ents of the universe, for a fast transition (i.e., ⌫ = 100)
in Figs. 3 to 5. We ensure consistency with the CMB
power spectra [134] and the SH0ES H0 measurement of
73.04 km s�1 Mpc�1 [133]; our numerical analysis yields
zt ⇡ 2.12 and z† ⇡ 1.79 (using the initial conditions
�̃in = �̃

0
in
= 0 for the scalar field).

Fig. 3 demonstrates the typical behavior of the Hub-
ble parameter, its time derivative, and the deceleration
parameter for our model. The black curves represent the
standard ⇤CDM model, and all curves are smooth. No-
tably, we observe that H(z) is suppressed for z & 1.7
relative to ⇤CDM, with a compensating enhancement
at lower redshifts. The deceleration parameter q rises
noticeably above the value q = 1

2
(characteristic of a

matter-dominated universe) when the negative dark en-
ergy of the phantom field becomes significant compared
to pressureless matter—as z increases and approaches zt.
During the transition, q(z) rapidly decreases to values
close to zero and remains near zero throughout the ap-
proximately linear expansion phase in the range z ⇠ 2
to z ⇠ 1, whereas the ⇤CDM model continues to ex-
perience decelerated expansion during this period. Fi-
nally, the universe enters the accelerated expansion phase
slightly earlier than in the ⇤CDM model. At late times
(i.e., z . 1), our scalar field has settled into the dS-
like potential regime, (namely, the flat, positive poten-
tial regime), e↵ectively mimicking a positive CC with
!� ⇠ �1 and e⌦� ⇠ 0.7 (see Fig. 5). Consequently, for
z . 1 our model behaves essentially like ⇤CDM, albeit
with a higher H(z), which leads to a larger H0 and a

smaller q(z). We also observe that Ḣ remains negative
at all redshifts.

In the left panel of Fig. 4, we show the evolution of the
phantom scalar field in dimensionless form (�̃ ⌘

p
�),

specifically its position �̃ and its derivative with respect

to redshift, �̃0 = d�̃
dz . In the right panel, we display the

dimensionless potential, e⌦V = V/"cr0 (i.e., the poten-
tial scaled by the present-day critical energy density),

along with its curvature, d2e⌦V

d�̃2
, as functions of z. At

early times, when the field is in the AdS-like flat poten-
tial regime, it is in a slow-rolling phase (�̃0

⇡ 0). As the
field enters the rapidly increasing region of the potential,
its speed quickly rises (with |�̃

0
| reaching approximately

0.3), signaling the onset of the transition epoch. Upon
passing the inflection point of the potential at z = zt, the
field attains its maximum speed and then begins to decel-
erate. Finally, when the field reaches the dS-like positive
flat potential, its speed continues to decrease as the po-
tential increasingly dominates over the kinetic term, and
the field closely mimics a positive CC for z . 1. The
right panel of Fig. 4 demonstrates that the potential e⌦V

tends asymptotically to ⌦⇤0 when z ! 0. For the cho-
sen parameters, the calculated value is ⌦⇤0 = 0.73161;
and, according to Eq. (A1), the corresponding cosmo-
logical parameter is ⌦m0 = 0.26831, so that the relation
⌦⇤0 + ⌦m0 ⇡ 1 holds with high accuracy. Notably, the
curvature of the potential is nearly zero before the onset
of the AdS–dS transition; however, at the start of the
transition it rapidly increases to a finite positive value,
then, after the field reaches transition at zt, the curvature
quickly vanishes and becomes negative before approach-
ing zero again once the field settles into the dS-like flat
potential. Given that the potential’s curvature is nearly
zero both before and after the transition—and only be-
comes significantly positive for a brief period (�z . 0.5)
at the onset—the e↵ective mass of some modes of per-
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turbations may momentarily become imaginary, but it
quickly returns to a real value. Due to this transient
behavior our model can remain perturbatively stable1.

In the left panel of Fig. 5, we present the dimension-
less energy density parameter of the phantom field, e⌦� =
"�/"cr0, along with the total dimensionless energy den-

sity parameter, e⌦tot = ("�+"m+"r)/"cr0, which accounts
for the combined contributions of the phantom field, pres-
sureless matter (CDM and baryons), and radiation. The
right panel focuses on the EoS parameters, !� and !tot,
which correspond to the phantom field and the total en-
ergy content of the universe, respectively. At high red-
shifts, specifically for z & zt = 2.12, e⌦� ⇡ �e⌦�0 ⇡ �0.73
with !� ⇡ �1, indicating that the scalar field is in a
slow-roll phase (i.e., the potential dominates over the ki-
netic term) within the AdS-like flat potential. Conse-
quently, the scalar field e↵ectively behaves as a negative
CC during this epoch. Once the transition epoch be-
gins, e⌦� starts to increase, approaching zero, while its

EoS parameter rises rapidly. As e⌦� smoothly transitions
from negative to positive values, the EoS parameter ex-
hibits a singularity—diverging to +1 before reemerging
from �1—after which it rapidly increases, asymptot-
ically approaching �1. This is a ’safe’ singularity be-

1
In our model, the e↵ective mass squared for perturbations [145]

is given by m
2
e↵(z) ⇠ k

2�a
2 d

2
V

d�2 = k
2� 3

(1+z)2
H

2
0

c2
d
2 e⌦V

de�2
, where

we set a0 = 1, and k is the comoving wavenumber. For the

SH0ES H0 measurement and zt = 2.12, the prefactor in front

of the second derivative is ⇠ 2 ⇥ 10
�47

cm
�2

. According to

our calculations, the maximum value of this derivative is of the

order of 5 ⇥ 10
3
(see Fig. 4). Therefore, for modes satisfying

k
2 . 10

�43
cm

�2
, the e↵ective mass squared can become nega-

tive. However, this occurs only for a brief period, meaning that

perturbations may not have su�cient time to develop signifi-

cantly. In this paper, we analyze the phantom scalar field model

within the ⇤sCDM paradigm at the background level. A full

perturbative analysis will be developed in a separate work.

cause the divergence arises purely from the definition of
the EoS parameter—specifically, the energy density in
the denominator momentarily passes through zero while
the pressure in the numerator remains finite—ensuring
that no fundamental physical quantity actually diverges.
Furthermore, as demonstrated in Section II, despite the
unusual behavior of the phantom field’s EoS parameter,
the speed of sound associated with the phantom field al-
ways remains equal to the speed of light. As a result,
this singularity does not pose any threat to the consis-
tency of the FRW universe. In fact, e⌦tot, which also
includes contributions from pressureless matter, always
remains positive and decreases smoothly as z decreases,
asymptotically approaching zero (as shown in the lower-
left panel of Fig. 5). Consequently, !tot never exhibits
a singularity. Moreover, as shown in Fig. 5, the total
EoS parameter, !tot = ptot/"tot, remains greater than
�1, and the total energy density parameter, e⌦tot, stays
positive for all redshifts. This ensures that the condi-
tion ptot+"tot > 0 is satisfied alongside "tot > 0, thereby
guaranteeing the fulfillment of the weak energy condition
(WEC) throughout cosmic evolution. More precisely, our
model satisfies the strong form of the weak energy con-
dition (S-WEC), reinforcing its physical viability.

It is well known that in GR, the total EoS param-
eter, which describes the overall content of the uni-
verse, and the deceleration parameter are related by
q(z) = 1

2
+ 3

2
!tot(z) in a spatially flat FRW universe.

Therefore, the behavior of !tot(z) parallels exactly that of
q(z). We observe that !tot ⇡ 0 at high redshifts (z & 4),
as expected in the matter-dominated era. It then rises
noticeably, particularly when the negative energy of the
phantom field becomes significant, until the onset of the
transition at zt = 2.12. Once the AdS–dS transition
epoch begins, !tot drops rapidly to around �1/3, where
it remains until z ⇠ 1. Eventually, it decreases further,
reaching ⇠ �0.73 today (z = 0), a value very close to
that of the ⇤CDM model. Thus, the total EoS param-
eter remains smooth and free of singularities, confirm-
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ergy density around z†—a↵ects the prediction of H0 de-
pending on when and how rapidly these transitions oc-
cur. To conclude this section and to highlight the char-
acteristic features of our model as well as its similari-
ties and deviations from the standard ⇤CDM model, we
illustrate the expansion dynamics of the universe and
the scalar field, as well as the total physical ingredi-
ents of the universe, for a fast transition (i.e., ⌫ = 100)
in Figs. 3 to 5. We ensure consistency with the CMB
power spectra [134] and the SH0ES H0 measurement of
73.04 km s�1 Mpc�1 [133]; our numerical analysis yields
zt ⇡ 2.12 and z† ⇡ 1.79 (using the initial conditions
�̃in = �̃

0
in
= 0 for the scalar field).

Fig. 3 demonstrates the typical behavior of the Hub-
ble parameter, its time derivative, and the deceleration
parameter for our model. The black curves represent the
standard ⇤CDM model, and all curves are smooth. No-
tably, we observe that H(z) is suppressed for z & 1.7
relative to ⇤CDM, with a compensating enhancement
at lower redshifts. The deceleration parameter q rises
noticeably above the value q = 1

2
(characteristic of a

matter-dominated universe) when the negative dark en-
ergy of the phantom field becomes significant compared
to pressureless matter—as z increases and approaches zt.
During the transition, q(z) rapidly decreases to values
close to zero and remains near zero throughout the ap-
proximately linear expansion phase in the range z ⇠ 2
to z ⇠ 1, whereas the ⇤CDM model continues to ex-
perience decelerated expansion during this period. Fi-
nally, the universe enters the accelerated expansion phase
slightly earlier than in the ⇤CDM model. At late times
(i.e., z . 1), our scalar field has settled into the dS-
like potential regime, (namely, the flat, positive poten-
tial regime), e↵ectively mimicking a positive CC with
!� ⇠ �1 and e⌦� ⇠ 0.7 (see Fig. 5). Consequently, for
z . 1 our model behaves essentially like ⇤CDM, albeit
with a higher H(z), which leads to a larger H0 and a

smaller q(z). We also observe that Ḣ remains negative
at all redshifts.

In the left panel of Fig. 4, we show the evolution of the
phantom scalar field in dimensionless form (�̃ ⌘

p
�),

specifically its position �̃ and its derivative with respect

to redshift, �̃0 = d�̃
dz . In the right panel, we display the

dimensionless potential, e⌦V = V/"cr0 (i.e., the poten-
tial scaled by the present-day critical energy density),

along with its curvature, d2e⌦V

d�̃2
, as functions of z. At

early times, when the field is in the AdS-like flat poten-
tial regime, it is in a slow-rolling phase (�̃0

⇡ 0). As the
field enters the rapidly increasing region of the potential,
its speed quickly rises (with |�̃

0
| reaching approximately

0.3), signaling the onset of the transition epoch. Upon
passing the inflection point of the potential at z = zt, the
field attains its maximum speed and then begins to decel-
erate. Finally, when the field reaches the dS-like positive
flat potential, its speed continues to decrease as the po-
tential increasingly dominates over the kinetic term, and
the field closely mimics a positive CC for z . 1. The
right panel of Fig. 4 demonstrates that the potential e⌦V

tends asymptotically to ⌦⇤0 when z ! 0. For the cho-
sen parameters, the calculated value is ⌦⇤0 = 0.73161;
and, according to Eq. (A1), the corresponding cosmo-
logical parameter is ⌦m0 = 0.26831, so that the relation
⌦⇤0 + ⌦m0 ⇡ 1 holds with high accuracy. Notably, the
curvature of the potential is nearly zero before the onset
of the AdS–dS transition; however, at the start of the
transition it rapidly increases to a finite positive value,
then, after the field reaches transition at zt, the curvature
quickly vanishes and becomes negative before approach-
ing zero again once the field settles into the dS-like flat
potential. Given that the potential’s curvature is nearly
zero both before and after the transition—and only be-
comes significantly positive for a brief period (�z . 0.5)
at the onset—the e↵ective mass of some modes of per-
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turbations may momentarily become imaginary, but it
quickly returns to a real value. Due to this transient
behavior our model can remain perturbatively stable1.

In the left panel of Fig. 5, we present the dimension-
less energy density parameter of the phantom field, e⌦� =
"�/"cr0, along with the total dimensionless energy den-

sity parameter, e⌦tot = ("�+"m+"r)/"cr0, which accounts
for the combined contributions of the phantom field, pres-
sureless matter (CDM and baryons), and radiation. The
right panel focuses on the EoS parameters, !� and !tot,
which correspond to the phantom field and the total en-
ergy content of the universe, respectively. At high red-
shifts, specifically for z & zt = 2.12, e⌦� ⇡ �e⌦�0 ⇡ �0.73
with !� ⇡ �1, indicating that the scalar field is in a
slow-roll phase (i.e., the potential dominates over the ki-
netic term) within the AdS-like flat potential. Conse-
quently, the scalar field e↵ectively behaves as a negative
CC during this epoch. Once the transition epoch be-
gins, e⌦� starts to increase, approaching zero, while its

EoS parameter rises rapidly. As e⌦� smoothly transitions
from negative to positive values, the EoS parameter ex-
hibits a singularity—diverging to +1 before reemerging
from �1—after which it rapidly increases, asymptot-
ically approaching �1. This is a ’safe’ singularity be-

1
In our model, the e↵ective mass squared for perturbations [145]

is given by m
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we set a0 = 1, and k is the comoving wavenumber. For the

SH0ES H0 measurement and zt = 2.12, the prefactor in front

of the second derivative is ⇠ 2 ⇥ 10
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. According to
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order of 5 ⇥ 10
3
(see Fig. 4). Therefore, for modes satisfying
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, the e↵ective mass squared can become nega-

tive. However, this occurs only for a brief period, meaning that

perturbations may not have su�cient time to develop signifi-

cantly. In this paper, we analyze the phantom scalar field model

within the ⇤sCDM paradigm at the background level. A full

perturbative analysis will be developed in a separate work.

cause the divergence arises purely from the definition of
the EoS parameter—specifically, the energy density in
the denominator momentarily passes through zero while
the pressure in the numerator remains finite—ensuring
that no fundamental physical quantity actually diverges.
Furthermore, as demonstrated in Section II, despite the
unusual behavior of the phantom field’s EoS parameter,
the speed of sound associated with the phantom field al-
ways remains equal to the speed of light. As a result,
this singularity does not pose any threat to the consis-
tency of the FRW universe. In fact, e⌦tot, which also
includes contributions from pressureless matter, always
remains positive and decreases smoothly as z decreases,
asymptotically approaching zero (as shown in the lower-
left panel of Fig. 5). Consequently, !tot never exhibits
a singularity. Moreover, as shown in Fig. 5, the total
EoS parameter, !tot = ptot/"tot, remains greater than
�1, and the total energy density parameter, e⌦tot, stays
positive for all redshifts. This ensures that the condi-
tion ptot+"tot > 0 is satisfied alongside "tot > 0, thereby
guaranteeing the fulfillment of the weak energy condition
(WEC) throughout cosmic evolution. More precisely, our
model satisfies the strong form of the weak energy con-
dition (S-WEC), reinforcing its physical viability.

It is well known that in GR, the total EoS param-
eter, which describes the overall content of the uni-
verse, and the deceleration parameter are related by
q(z) = 1

2
+ 3

2
!tot(z) in a spatially flat FRW universe.

Therefore, the behavior of !tot(z) parallels exactly that of
q(z). We observe that !tot ⇡ 0 at high redshifts (z & 4),
as expected in the matter-dominated era. It then rises
noticeably, particularly when the negative energy of the
phantom field becomes significant, until the onset of the
transition at zt = 2.12. Once the AdS–dS transition
epoch begins, !tot drops rapidly to around �1/3, where
it remains until z ⇠ 1. Eventually, it decreases further,
reaching ⇠ �0.73 today (z = 0), a value very close to
that of the ⇤CDM model. Thus, the total EoS param-
eter remains smooth and free of singularities, confirm-
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FIG. 3. The Hubble parameter H/(1+z) km s�1 Mpc�1 , the
dimensionless combination Ḣ/(3H2), where Ḣ = dH/dt, and
the deceleration parameter q as functions of the redshift z. zt
determines the moment of the transition where the potential
is equal to zero: V (z = zt) = 0 and z† corresponds to the
redshift at which the phantom energy density is equal to zero:
e⌦�(z = z†) = 0. Black curves describe the standard ⇤CDM
model.

an ever-expanding universe, we must have z† & 0.33.
However, focusing on realistic cases, Table I and Fig. 1
show that H0 becomes very sensitive to zt and increases
rapidly—exceeding approximately 75 km s�1 Mpc�1—
when zt . 2 (corresponding to z† . 1.6). For example,
for ⌦m0 = 0.25 the model yields H0 ⇡ 75 km s�1 Mpc�1

for zt ⇡ 1.9, corresponding to z† ⇡ 1.5–1.6. There-
fore, for a realistic cosmological model—where H0 does
not exceed the largest local measurement values (roughly
75 km s�1 Mpc�1)—we would expect zt & 1.8 and, corre-
spondingly, z† & 1.5. Our estimates for z† in the present
phantom field realization of ⇤sCDM are in good agree-
ment with previous results obtained in the gDE[32] and
⇤sCDM models [33–37].

Interestingly, these lower bounds on z† and zt closely
match those obtained when requiring that the time
derivative of the Hubble parameter, Ḣ, remains nega-
tive for all redshifts. In fact, from Eq. (28) we have
Ḣ = �

1

2
H

2

0

�
3 e⌦m + 4 e⌦r + 6 e⌦K

�
, where the matter and

radiation contributions satisfy e⌦m,
e⌦r > 0 while the ki-

netic contribution of the phantom field satisfies e⌦K < 0.
Since the maximum (in absolute value) kinetic energy
density of the phantom field occurs during the transi-
tion, if Ḣ is negative at z ⇠ zt, it will remain negative
at all other redshifts. During the transition, the poten-

tial given by Eq. (30) is well approximated by a linear
function,

V (�) ⇡ ⇤ ⌫
p
 (� � �c) , (34)

so that the Klein–Gordon equation (10) simplifies to

�̈ ⇡ �3H �̇+ c
2⇤ ⌫

p
 . (35)

This equation describes the evolution of � under the in-
fluence of the cosmic “friction” (�3H �̇) and a constant
external “force”, which we define as A ⌘ c

2⇤ ⌫
p
. Let

�⌧ denotes the (short) duration of the transition. Since
H(zt)�⌧ ⌧ 1 (with H(zt) being approximately the in-
verse of the age of the universe at the transition epoch),
the friction term is initially subdominant, and we may
approximate �̇ ⇡ A t, assuming the pre-transition value
of �̇ is negligible. Taking the dimensionless field variation
during the transition as �e� ⇡ 4/⌫ (see, e.g., Ref. [38]),

one finds �⌧ ⇡
⇥
2�e�/(A

p
)

⇤1/2
⇡

⇥
8/(A

p
 ⌫)

⇤1/2
.

Thus, the maximum field derivative at the end of the
transition is �̇max ⇡ A�⌧ ⇡ 2

p
2 c2⇤ and the corre-

sponding (rescaled) kinetic energy density is estimated
as �e⌦K = (�̇max)2/(2c2"cr0) ⇡ 4⌦⇤0. At the end of the
transition, the Friedmann–Raychaudhuri equation then
yields Ḣ(zt) ⇡ �(3H2

0
/2)

⇥e⌦m(zt) � 8⌦⇤0

⇤
. Since the

matter density scales as e⌦m(zt) = ⌦m0 (1 + zt)3 and,
neglecting radiation, the flat-universe condition implies
⌦m0+⌦⇤0 = 1 (i.e. ⌦⇤0 = 1�⌦m0), the requirement for
Ḣ(z ⇠ zt) < 0 translates into ⌦m0 (1+zt)3 > 8 (1�⌦m0),
or equivalently,

zt & 2
⇣
⌦�1

m0
� 1

⌘ 1
3

� 1 . (36)

For example, taking ⌦m0 ⇠ 0.27 yields zt & 1.8. In
our model, a combination such as ⌦m0 ⇠ 0.27 with
zt ⇠ 2.1 (the value required for H0 to match the SH0ES
H0 measurement, as shown in Table I and Fig. 1) en-
sures that Ḣ remains negative at all redshifts (as seen
also in Fig. 3). However, if zt approaches the lower limit
determined by Eq. (36), the value of Ḣ(zt) approaches
zero and may even turn positive. As seen from in Ta-
ble I and Fig. 1, it may occur when H0 becomes highly
sensitive to zt and increases rapidly, exceeding approxi-
mately 75 km s�1Mpc�1. For instance, for ⌦m0 = 0.25,
the model yields H0 ⇡ 75 km s�1Mpc�1 for zt ⇡ 1.9,
while our condition requires zt & 1.88. It is particularly
interesting—if not coincidental—that the largest localH0

measurements, which are close to the upper bound of
the SH0ES result, correspond to the threshold at which
Ḣ can go from negative to positive in our model. In
other words, if one requires that Ḣ to remain negative
at all redshifts, our model predict a maximum value of
H0 ⇡ 75 km s�1Mpc�1.
Thus, we have discussed in detail how the smooth tran-

sition of the phantom field’s potential from an AdS-like
to a dS-like form—resulting in a sign change in its en-

The tachyonic regime is a 
short lived transient era

No gradient instability c2
s = 1
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this theoretical background and motivation, we now pro-
ceed to examine a specific model of f(T ) gravity within
the context of a spatially homogeneous and isotropic uni-
verse.

III. EXPONENTIAL INFRARED

TELEPARALLEL COSMOLOGY

In this work, we begin with a specific model known as
exponential infrared teleparallel gravity, originally pro-
posed in Ref. [136], and described by the functional form

f(T ) = Te
T→/T , (14)

where T→ represents a characteristic torsion scale. In the
context of cosmological model building, it is convenient
to express this function in terms of the present-day value
of the torsion scalar, denoted as T0. Defining the di-
mensionless parameter ω = T→/T0, we can equivalently
rewrite Eq. (14) in a form better suited for cosmological
applications:

f(T ) = Te
ω T0/T . (15)

Considering that pressureless matter follows the local
energy-momentum conservation law, as in GR, viz.,
ε̇m + 3Hεm = 0 [33], and substituting Eq. (15) into
Eq. (10) along with the relation (9), we obtain the follow-
ing independent Friedmann equation and the constraint
equation, respectively:

(
H

2

H
2
0

→ 2ω

)
e
ωH

2
0/H

2

= !m0(ω) (1 + z)3, (16)

!m0(ω) = (1→ 2ω)eω , (17)

where !m0 = ϑεm0/(3H2
0 ) is the present-day matter den-

sity parameter. The density parameter is defined as
! = ε/εcr, with the critical energy density of the Universe
given by εcr = 3H2

/ϑ. The redshift is related to the scale
factor as z = a0/a→ 1, where a0 denotes the present-day
value of the scale factor. Here and throughout this paper,
a subscript 0 attached to any quantity denotes its present-
day value (i.e., at z = 0). Note that Eq. (17) is derived
by applying the condition H(z = 0) = H0 to Eq. (16).
This constraint equation indicates that the model does
not introduce any new free parameters compared to the
standard, namely, six-parameter based, ”CDM model.
See Fig. 1, which explicitly shows that ω distinguishes
di!erent regions near a cosmic phase transition point (the
critical point ω = 0) taking the place of the present-day
matter density, !m0. We also note that the requirement
of a positive present-day matter density, !m0 > 0, im-
poses an upper bound on the parameter, namely ω <

1
2 .

For now, we assume ω < 1/2 in line with the aim of the
following discussion, but we will leave this assumption
while extensively exploring the theoretical capabilities of
the model.
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FIG. 1. !m0 vs ω plotted by using Eq. (17). The curve is
separated into four regions as described in Sec. IIIA: the
dotted orange part (Region I) is the new region that cov-
ers negative values of the present-day density parameter of
matter, i.e., !m0 < 0. The solid orange part (Region II) is
the widely studied region [136–138], which corresponds to
0 < !m0 < 1, because reasonable !m0 values from the ob-
servational point of view shown by the wheat-colored band
lie in this region. The dot-dashed blue curve (Region III) is
another new region leading to !m0 values larger than unity.
The solid blue curve (Region IV) is an overlooked region in
the literature even though the observationally reasonable !m0

values can be obtained in this region as well. Some special
points are (ω = →1/2, !m0 = 2/

↑
e = 1.21306) represented

by black diamond, (ω ↓ →↔, !m0 ↓ 0) by blue triangle,
(ω = 1/2, !m0 = 0) by green circle and (ω = 0, !m0 = 1) by
purple square.

To gain deeper insight into the relation between ω

and !m0, the constraint equation (17) can be inverted
analytically as

ω =
1

2
+Wk

(
→
!m0

2
↑
e

)
, (18)

where Wk denotes the Lambert W function, with two
real-valued branches k = 0 and k = →1 yielding distinct
solutions. This inversion reveals that for any given value
of !m0 within the physically plausible range 0 < !m0 ↓ 1,
there are typically two admissible solutions for ω: one
positive and one negative—excluding the special case
!m0 = 1, for which one of the solutions is ω = 0, rather
than positive. These two branches are expected to yield
distinct cosmological behaviors, despite reproducing the
same present-day matter density parameter. Let us con-
sider an illustrative example that makes this immediately
evident: the special case ω = 0 corresponds to the telepar-
allel equivalent of general relativity, where f(T ) = T ,
yielding the Einstein–de Sitter universe—that is, a matter-
dominated FLRW universe with !m0 = 1 and a vanishing
cosmological constant. However, the converse does not
hold: alongside ω = 0, the condition !m0 = 1 also ad-
mits a second solution at ω ↔ →1.256, corresponding to
a nontrivial, torsionally modified cosmology. This case
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this theoretical background and motivation, we now pro-
ceed to examine a specific model of f(T ) gravity within
the context of a spatially homogeneous and isotropic uni-
verse.

III. EXPONENTIAL INFRARED

TELEPARALLEL COSMOLOGY
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f(T ) = Te
T→/T , (14)

where T→ represents a characteristic torsion scale. In the
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to express this function in terms of the present-day value
of the torsion scalar, denoted as T0. Defining the di-
mensionless parameter ω = T→/T0, we can equivalently
rewrite Eq. (14) in a form better suited for cosmological
applications:

f(T ) = Te
ω T0/T . (15)

Considering that pressureless matter follows the local
energy-momentum conservation law, as in GR, viz.,
ε̇m + 3Hεm = 0 [33], and substituting Eq. (15) into
Eq. (10) along with the relation (9), we obtain the follow-
ing independent Friedmann equation and the constraint
equation, respectively:

(
H

2

H
2
0

→ 2ω

)
e
ωH

2
0/H

2

= !m0(ω) (1 + z)3, (16)

!m0(ω) = (1→ 2ω)eω , (17)

where !m0 = ϑεm0/(3H2
0 ) is the present-day matter den-

sity parameter. The density parameter is defined as
! = ε/εcr, with the critical energy density of the Universe
given by εcr = 3H2

/ϑ. The redshift is related to the scale
factor as z = a0/a→ 1, where a0 denotes the present-day
value of the scale factor. Here and throughout this paper,
a subscript 0 attached to any quantity denotes its present-
day value (i.e., at z = 0). Note that Eq. (17) is derived
by applying the condition H(z = 0) = H0 to Eq. (16).
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not introduce any new free parameters compared to the
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See Fig. 1, which explicitly shows that ω distinguishes
di!erent regions near a cosmic phase transition point (the
critical point ω = 0) taking the place of the present-day
matter density, !m0. We also note that the requirement
of a positive present-day matter density, !m0 > 0, im-
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1
2 .

For now, we assume ω < 1/2 in line with the aim of the
following discussion, but we will leave this assumption
while extensively exploring the theoretical capabilities of
the model.
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lie in this region. The dot-dashed blue curve (Region III) is
another new region leading to !m0 values larger than unity.
The solid blue curve (Region IV) is an overlooked region in
the literature even though the observationally reasonable !m0

values can be obtained in this region as well. Some special
points are (ω = →1/2, !m0 = 2/

↑
e = 1.21306) represented

by black diamond, (ω ↓ →↔, !m0 ↓ 0) by blue triangle,
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and !m0, the constraint equation (17) can be inverted
analytically as

ω =
1

2
+Wk

(
→
!m0

2
↑
e

)
, (18)

where Wk denotes the Lambert W function, with two
real-valued branches k = 0 and k = →1 yielding distinct
solutions. This inversion reveals that for any given value
of !m0 within the physically plausible range 0 < !m0 ↓ 1,
there are typically two admissible solutions for ω: one
positive and one negative—excluding the special case
!m0 = 1, for which one of the solutions is ω = 0, rather
than positive. These two branches are expected to yield
distinct cosmological behaviors, despite reproducing the
same present-day matter density parameter. Let us con-
sider an illustrative example that makes this immediately
evident: the special case ω = 0 corresponds to the telepar-
allel equivalent of general relativity, where f(T ) = T ,
yielding the Einstein–de Sitter universe—that is, a matter-
dominated FLRW universe with !m0 = 1 and a vanishing
cosmological constant. However, the converse does not
hold: alongside ω = 0, the condition !m0 = 1 also ad-
mits a second solution at ω ↔ →1.256, corresponding to
a nontrivial, torsionally modified cosmology. This case
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particularly, at the perturbation level. The derivative of
the f(T ) function given in Eq. (15) with respect to the
torsion scalar T reads

fT = e
ωT0/T (1→ ωT0/T ) . (32)

It can be easily deduced from Eq. (32) that ω < 0 is
a su!cient condition to have fT > 0, independently of
the value dynamics of T on any background, including
the FLRW spacetime, which may be seen from Eq. (33)
as well. Conversely, when ω > 0, one needs to ensure
that dynamically the Universe never entered through an
era during which fT < 0. Using the relation (9) in the
Eq. (32) assuming FLRW spacetime metric, we obtain

fT = e
ωH

2
0/H

2 (
1→ ωH

2
0/H

2
)
. (33)

Hence, on FLRW spacetime assumption, we notice from
Eq. (33) that ω < 0 case including Regions III and IV
and Point III (ω = →1/2) satisfies fT > 0 irrespective of
the evolution of Hubble parameter. For Point II (ω = 0),
we have fT = 1. In the ω > 0 case, Region II and Point I
(ω = 1/2) ensure the positivity of fT ; for the former, the
Hubble parameter is already bounded as H2

> 2ωH2
0 and

for the latter, we have fT =
↑
e/2. Lastly, for Region I

where H
2 is bounded as 0 < H

2
< 2ωH2

0 , there are two
possibilities: the interval 0 < H

2
< ωH

2
0 leads to fT < 0,

whereas the interval ωH2
0 < H

2
< 2ωH2

0 implies fT > 0.
In other words, in Region I, !m0 is always negative but
fT takes both positive and negative values according to
the evolution of the Hubble parameter.

After giving all theoretical capabilities of the model in
terms of the quantity fT , we analyse the above regions
considering the positivity of fT , which is required for
several reasons. Probably the strongest of all is that
otherwise, viz., for fT < 0, the gravitational waves become
ghost degrees of freedom, leading to the decay of the
vacuum into standard particles and ghost particles (see,
e.g., Ref. [28]). On top of this constraint, we also need
to ensure that baryonic matter follows the usual laws of
gravity. If fT becomes negative, then baryons—whose
energy density is positive, being made of particles/quanta
with positive mass (energy)—would lead to “antigravity,”
a phenomenon that should not occur after recombination.
Therefore, based on the above discussion regarding the
signature of fT , only Region I is problematic in this
sense. One might observe that in cases where fT < 0
and !m0 < 0, Eq. (30) is still mathematically compatible
with a growth of perturbations. However, it is crucial to
note that when fT < 0, both the matter perturbations—
since εm = µ0n < 0 and ϑεm/ϑn < 0 (or µ0 < 0, given
that sign(!m0) = sign(µ0)) with n > 0 being the particle
number density—and gravitational waves always become
ghost degrees of freedom (the latter, regardless of the
value of !m0). Therefore, such a scenario cannot be
considered physically acceptable. The fractional change of
the e"ective gravitational constant, Ġe!/Ge! = →ḟT /fT ,
modifies the propagation of gravitational waves, governed

FIG. 4. Top panel: fT with respect to H/H0. Bottom

panel: Ġe!/Ge! scaled by H0 with respect to H/H0 for some
chosen ω values representing regions presented in Fig 1.

by [28]

ḧij +

(
3H +

ḟT

fT

)
ḣij +

k
2

a2
hij = 0, (34)

where the modification on Hubble friction term is too
slight to be constrained by the currently existing gravi-
tational wave data, as suggested by models considered
in the literature [142, 143]. In the exponential infrared
teleparallel model, this term takes the form

Ġe!

Ge!
=→

fTT

fT
Ṫ = →

2(ωH2
0/H

2)2

1→ ωH
2
0/H

2

dH

dN
, (35)

which shares the same signature as dH/dN given in
Eq. (27), except in Region I. Figure 4 illustrates the
behaviors of fT in the top panel and Ġe!/Ge! , scaled by
H0, in the bottom panel for the same ω values used in
Fig. 3.

We note that the e"ective gravitational constant Ge! , as
experienced by cosmological perturbations and defined in
Eq. (31), does not necessarily coincide with the e"ective
Newtonian constant Ge! measured within gravitation-
ally bound/virialized structures, such as galaxies and
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FIG. 3. Top panel: Hubble parameter H(z) scaled by H0.
Bottom panel: deceleration parameter q(z) with respect
to 1 + z for some ω values chosen according to the regions
presented in Fig 1 where colors are encoded with those used
for regions.

range 1 < !m0 < 2/
→
e, which is represented by

the blue dot-dashed curve and is being discussed
for the first time in the literature. In this region, as
demonstrated in the bottom panel of the Fig. 3, the
transition from deceleration to acceleration happens
in the future (ztr < 0); therefore, this case cannot
account for the present-day accelerated expansion
of the Universe.

Point III (ω = ↑1/2): in this case, shown by the black
diamond marker in Fig. 1, the present-day mat-
ter density parameter reaches its maximum value,
!m0 = 2/

→
e, within the model under considera-

tion. The dynamics observed are similar to those of
Region III, as illustrated in Fig 3.

Region IV (ω < ↑1/2): in this case, represented by the
blue curve, the present-day matter density parame-
ter lies within the range 0 < !m0 < 2/

→
e. Notably,

this region also includes the observationally rea-
sonable !m0 values indicated by the wheat-colored
band, though it has been largely overlooked in cos-
mological analyses to date. This region yields an
e!ective DE model with a sign-change in its density

formed from torsional terms. This second viable
model is thoroughly investigated in Sec. IVC. As
ω becomes more negative (corresponding to smaller
!m0), the transition redshift from deceleration to
acceleration shifts further into the past.4

Concerning the last three cases (ω < 0), in the far
future, i.e., for z ↓ ↑1, the solution of Eq. (16) leads to
H ↓ 0. In the same limit, we observe that dH/dz ↓ ↔,
which might raise concerns about a potential singularity.
However, from Eq. (27), it becomes evident that H ↓ 0
and dH/dN ↓ 0, indicating a finite Minkowski limit.5

B. The e!ective gravitational constant, the

signature of fT , and extended regions

We leave for future work the question of the stabil-
ity of the solutions against linear inhomogeneous and
anisotropic perturbation, yet we now discuss fT and its
contribution to e!ective Newtonian constant by adapting
it into a variable form considering the evolution of the
matter perturbations in the sub-horizon limit which is
governed by

ε̈m + 2H ε̇m ↑
4ϑGN

fT
ϖmεm = 0 , (30)

where εm = εϖm/ϖm is the matter density contrast.
Thus, the linear structure formation during the matter-
dominated era is a!ected both by the modified back-
ground evolution through H and by the modulation of
the e!ective Newtonian constant for the cosmological
perturbations through [28]

Ge! ↗
GN

fT
. (31)

The last term in Eq. (30) should be negative to ensure
that matter does cluster around galaxies and structure
is formed properly. In this regard, if we consider dark
matter as yet an unknown component of !m0 as in the
standard scenario, the positivity of fT guarantees the
attractive nature of gravity, having Ge! > 0, then matter
clusters around the galaxies.

Now we would like to discuss the signature of fT without
a detailed investigation on scalar and tensor perturba-
tions since it is an important quantity in f(T ) theory,

4 As we will also see later on, the change of sign happens for
|ω|H2

0/H
2 = →W→1(→2→1e→1/2)→ 1/2, Wk being the Lambert-

W function, leading to H ↑ 0.892|ω|1/2H0.
5 For example, from Eq. (28), we can see that the Ricci scalar

built from the metric gµω also tends to vanish in this Minkowski
limit. This is because this invariant, as well as others constructed
from the metric tensor, contains terms involving (1 + z) dH/dz
or equivalently dH/dN , which remain finite (along with higher
derivatives such as d2H/dN 2, etc.).
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FIG. 3. Top panel: Hubble parameter H(z) scaled by H0.
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to 1 + z for some ω values chosen according to the regions
presented in Fig 1 where colors are encoded with those used
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range 1 < !m0 < 2/
→
e, which is represented by

the blue dot-dashed curve and is being discussed
for the first time in the literature. In this region, as
demonstrated in the bottom panel of the Fig. 3, the
transition from deceleration to acceleration happens
in the future (ztr < 0); therefore, this case cannot
account for the present-day accelerated expansion
of the Universe.

Point III (ω = ↑1/2): in this case, shown by the black
diamond marker in Fig. 1, the present-day mat-
ter density parameter reaches its maximum value,
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→
e, within the model under considera-
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Region III, as illustrated in Fig 3.
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blue curve, the present-day matter density parame-
ter lies within the range 0 < !m0 < 2/
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this region also includes the observationally rea-
sonable !m0 values indicated by the wheat-colored
band, though it has been largely overlooked in cos-
mological analyses to date. This region yields an
e!ective DE model with a sign-change in its density

formed from torsional terms. This second viable
model is thoroughly investigated in Sec. IVC. As
ω becomes more negative (corresponding to smaller
!m0), the transition redshift from deceleration to
acceleration shifts further into the past.4

Concerning the last three cases (ω < 0), in the far
future, i.e., for z ↓ ↑1, the solution of Eq. (16) leads to
H ↓ 0. In the same limit, we observe that dH/dz ↓ ↔,
which might raise concerns about a potential singularity.
However, from Eq. (27), it becomes evident that H ↓ 0
and dH/dN ↓ 0, indicating a finite Minkowski limit.5

B. The e!ective gravitational constant, the

signature of fT , and extended regions

We leave for future work the question of the stabil-
ity of the solutions against linear inhomogeneous and
anisotropic perturbation, yet we now discuss fT and its
contribution to e!ective Newtonian constant by adapting
it into a variable form considering the evolution of the
matter perturbations in the sub-horizon limit which is
governed by

ε̈m + 2H ε̇m ↑
4ϑGN

fT
ϖmεm = 0 , (30)

where εm = εϖm/ϖm is the matter density contrast.
Thus, the linear structure formation during the matter-
dominated era is a!ected both by the modified back-
ground evolution through H and by the modulation of
the e!ective Newtonian constant for the cosmological
perturbations through [28]

Ge! ↗
GN

fT
. (31)

The last term in Eq. (30) should be negative to ensure
that matter does cluster around galaxies and structure
is formed properly. In this regard, if we consider dark
matter as yet an unknown component of !m0 as in the
standard scenario, the positivity of fT guarantees the
attractive nature of gravity, having Ge! > 0, then matter
clusters around the galaxies.

Now we would like to discuss the signature of fT without
a detailed investigation on scalar and tensor perturba-
tions since it is an important quantity in f(T ) theory,

4 As we will also see later on, the change of sign happens for
|ω|H2

0/H
2 = →W→1(→2→1e→1/2)→ 1/2, Wk being the Lambert-

W function, leading to H ↑ 0.892|ω|1/2H0.
5 For example, from Eq. (28), we can see that the Ricci scalar

built from the metric gµω also tends to vanish in this Minkowski
limit. This is because this invariant, as well as others constructed
from the metric tensor, contains terms involving (1 + z) dH/dz
or equivalently dH/dN , which remain finite (along with higher
derivatives such as d2H/dN 2, etc.).
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propagation will also reflect the cosmological behavior.
Future observational tests, including measurements of the
growth rate of cosmic structures, redshift-space distor-
tions, and weak lensing surveys, can provide stringent
constraints on f(T ) gravity. Exploring these phenomeno-
logical implications is beyond the scope of the current
work and will be left as a future project.

IV. EXPLORING VIABLE COSMOLOGIES

In this section, we investigate a compelling theoreti-
cal feature of the f(T ) model under consideration: the
possibility that the e!ective DE density can attain nega-
tive values at high redshifts, independent of the presence
of a negative bare cosmological constant. Typically, a
self-gravitating fluid component with ω < 0 in the back-
ground would be regarded as problematic. For a sim-
ple matter component, the energy density ωω remains
positive unless a ghost-like degree of freedom is present.
In standard quintessence models, if a negative bare cos-
mological constant is included, the total energy density
of the quintessence field and the cosmological constant
could indeed become negative, provided the cosmologi-
cal constant is su"ciently large and negative. However,
in the absence of such a cosmological constant, where
the quintessence potential vanishes at its absolute mini-
mum, the energy density of the quintessence field remains
strictly non-negative.

In the context of f(T ) gravity, as we will demonstrate
in the following discussion, the theory can enter an era
where ωT < 0 even without the need for a cosmological
constant.6 Moreover, the theory remains free from ghost
instabilities, as fT > 0 is preserved throughout. This
intriguing feature may lead to nontrivial phenomenologi-
cal consequences. While a cosmological constant can be
introduced into the f(T ) framework to enrich its phe-
nomenological scope, our analysis in this section is lim-
ited to the scenario without a cosmological constant. In
Sec. V, we will expand the discussion to explore viable
cosmologies by incorporating ! into the action (6), while
retaining the function (15) describing the exponential
infrared teleparallel model.

A. E!ective DE interpretation

To investigate the exponential infrared model from
the perspective of dynamical DE models, we treat the
additional geometrical terms arising from the f(T ) modifi-
cation in the modified Friedmann equations as an e!ective

6 For instance, at early times, we find limH/H0→↑ ωT = 3εH2
0/ϑ <

0 for ε < 0, while for any finite value of H, ωT + pT →= 0. This
shows that the f(T ) modification does not act as a cosmological
constant. By construction, we assume that at the present time,
ϑωT(z = 0)/(3H2

0 ) = 1↑ !m0, which is positive for !m0 < 1.

DE component, see Eqs. (10)-(13). Note that the T part
of the action (6) generates the standard 3H2 term, and
thereby, the extra terms stem from the variation of the
f(T )→T contribution. Similar to Eq. (26), we can express
all quantities in terms of the Hubble parameter H, thus
allowing their z-dependencies to be written in parametric
form. To proceed, we rewrite the Friedmann equation
from Eq. (16) as

3H2 = εωm0(1 + z)3 + εωT, (36)

where the energy density of the torsional DE can be
extracted as

ωT(H) =
3H2

ε

[
1→

(
1→ 2ϑH2

0/H
2
)
e
εH

2
0/H

2
]
, (37)

which can also be obtained by substituting Eq. (15) along
with the relation (9) into Eq. (12). Using Eq. (11),
or equivalently, the fact that the torsional DE satis-
fies the local energy-momentum conservation law, viz.,
ω̇T + 3H(ωT + pT) = 0, the pressure of the torsional DE
is given by

pT(H) = →
3ϑH2

0

ε

(
1 + 2ϑH2

0/H
2

1→ ϑH
2
0/H

2 + 2ϑ2H4
0/H

4

)
. (38)

Consequently, the corresponding equation of state (EoS)
parameter of the torsional DE reads

wT = →
ϑH

2
0/H

2

1→ ϑH
2
0/H

2 + 2ϑ2H4
0/H

4

↑
1 + 2ϑH2

0/H
2

1→ (1→ 2ϑH2
0/H

2) eεH
2
0/H

2 .

(39)

To conduct a reasonable quantitative analysis of the ef-
fective DE model, whose theoretical basis is outlined
above, we now present a preliminary forecast of the
relevant cosmological parameters. We fix the angular
scale of the sound horizon, ϖ→ = r→/DM (z→), and the
present-day physical matter density, ”m0h

2, to the Planck
CMB data constraints, assuming the base !CDM model,
ensuring reasonable consistency with the CMB power
spectra as described below. Since the modification con-
sidered in Eq. (15) becomes e!ective only in the post-
recombination epoch, we do not expect significant de-
viations in the comoving sound horizon at last scatter-
ing, r→ =

∫↑
z→

csH
↓1dz, which is determined primarily by

the pre-recombination Universe, from that predicted by
!CDM in the f(T ) model under consideration in our work.
Here, cs is the sound speed in the plasma and z→ ↓ 1090 is
the redshift of last scattering. Given that ϖ→ is measured
in a nearly model-independent manner with a precision
of 0.03% [122], we equivalently fix the comoving angular
diameter distance to last scattering, given by DM (z→) =∫
z→
0 cH

↓1dz. Accordingly, we adopt the value from the
Planck (TT,TE,EE+lowE+lensing) best-fit values for the
base !CDM model [122]; DM (z→) = 13869.6 Mpc, tightly
constrained through the measurement of ϖ→ (100ϖ→ =
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FIG. 5. Top left panel: ωT(z)/ωcr0 (energy density of torsional DE scaled by present-day critical density). Top right panel:
pT(z)/ωcr0 (pressure of torsional DE scaled by present-day critical density). Bottom left panel: wT(z) (EoS parameter of
torsional DE). Bottom right panel: !(z) (density parameters) of matter (dashed curves) and torsional DE (solid curves). To
ensure the consistency with the CMB data, we use H0 = 67.70 km s→1Mpc→1 for the ”CDM model shown by the red curve,
H0 = 72.36 km s→1Mpc→1 for the phantom DE model (ε+) shown by the orange curve, and H0 = 84.54 km s→1Mpc→1 for the
sign-changing DE model (ε→) shown by the blue curve.

compared to ztr → 0.63 in !CDM. The present-day de-
celeration parameter is q0 = ↑0.70, whereas it is ↑0.53
in !CDM. In the far future limit (z ↓ ↑1), we have
q ↓ ↑1 as H ↓ 65.39 km s→1Mpc→1, resulting in a de
Sitter universe. In the top panel of Fig. 6, we plot the
comoving Hubble parameter (viz., the expansion rate
ȧ = H(z)/(1+z)) as a function of redshift. It can be seen
that the phantom nature of the e!ective DE introduces a
late-time deviation in H(z) relative to !CDM. Specifically,
H(z) is lower than H!CDM(z) for z ↭ 0.5, but becomes
higher than H!CDM(z) for z ↫ 0.5, ensuring that DM (z↑)
remains consistent with its value obtained from Planck -
!CDM. Consequently, this deviation implies an increased
value of H0 compared to the Planck -!CDM prediction.
In particular, the enhanced late-time acceleration, due to
the pronounced phantom character of the torsional DE
at low redshifts, leads to a higher value of H0, with the
model predicting H0 = 72.36 km s→1Mpc→1, in excellent
agreement with the Supernovae and H0 for the Equation
of State of Dark Energy (SH0ES) H0 measurement of
73.04 ± 1.04 km s→1Mpc→1 [156]. Additionally, a visual

comparison suggests that the model describes the BAO
data at high redshifts better than the !CDM model.8

C. ε→ case: Sign-changing torsional DE

We now explore some features of the sign-changing DE
model achieved with ω→, remaining consistent with the
color used to represent Region IV, the solid blue curve, in
Fig. 1. As seen in the top left panel of Fig. 5, the energy
density of phantom DE (orange curve), which is achieved

8 For illustrative purposes, we include in Fig. 6, as well as in Fig. 9
of Sec. V, the green error bars corresponding to the pre-DESI
BAO data, viz., the completed extended Baryon Oscillation Spec-
troscopic Survey (eBOSS) BAO data [157]. A comprehensive
observational analysis of the model—based on the latest datasets,
including the recent DESI Data Release (DR) 2 BAO measure-
ments [158]—is currently underway, as noted in footnote 7, and
will be presented in a follow-up study.
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for ω+, decreases with increasing redshift but remains
positive throughout. In contrast, the energy density of
torsional DE with ω→ (blue curve) takes negative values
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provides a transition from a negative DE in the early
Universe to a positive one in the late Universe and in this
regard, the cosmological models deserve to be investigated
for this choice as well.
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† /H
2
0 = !m0(1+z†)3 where
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the redshift as

z† =

{
!m0

ω→

[
1

2
+W→1

(
↑

1

2
↓
e

)]}→1/3

↑ 1, (41)

where W→1 is the k = ↑1 branch of the Lambert-W
function, Wk, and !m0 is determined by ω→ through the
constraint equation (17). At z†, the energy density of tor-
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From Eq. (39), we find that lim

H↑H
±
†
wT(H) = ±↔,
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infinity. The singularity (pole) occurs at z† when the
torsional DE density crosses zero, from negative to posi-
tive. After this transition, the EoS parameter increases
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such a singularity (pole), lim
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±
†
wT(z) = ±↔ (and not
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phantom character is much more pronounced compared
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negative values during this epoch, beginning from neg-
ative infinity just after the transition at z† = 1.45, as
calculated from Eq. (41) using the relevant parameters.
Note that the torsional DE yields an EoS parameter in
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FIG. 6. Top panel: ȧ = H(z)/(1 + z) (comoving Hub-
ble parameter). Bottom panel: q(z) (deceleration param-
eter). The green bars corresponds to SH0ES collaboration
measurement [156] and clustering measurements for the BAO
samples in Ref. [157]; BOSS DR12 consensus Galaxy (from
ze! = 0.38, 0.51), eBOSS DR16 LRG (from ze! = 0.70),
eBOSS DR16 Quasar (from ze! = 1.48), eBOSS DR16
Lymanω (Lyω)-Lyω (from ze! = 2.33) and eBOSS DR16
Lyω-quasar (from ze! = 2.33 but shifted to ze! = 2.35 in the
figures for visual clarity) measurements.

asymptotically approaching ↑1 with increasing z, but
with a negative energy density, which reaches a finite
value, settling into a plateau at ↑3.736εcr0, as can be
seen from its behavior for z ↫ 8—consistent with the
relation εT/εcr0 ≃ ω as z ≃ ↔. In contrast, at low
redshifts, for z ↭ 0.2, the torsional DE returns to the
quintessence region, yet this time with positive energy
density. Specifically, we find wT(z = 0) = ↑0.93 with
the present-day energy density 0.798εcr0. The bottom
right panel of Fig. 5 shows the density parameters, whose
present-day values are !m0 = 0.202 for matter (dashed
curve) and !T0 = 0.798 for torsional DE (solid curve).
We note that !m(z) > 1 in the pre-transition era due
to the negative values of the torsional DE in this epoch.
Nevertheless, !m(z) decreases monotonically for z ↫ 2.5,
and at large redshifts, say for z ↫ 8, we find !m(z) ↘ 1,
implying that !T(z) ↘ 0. This indicates a recovery of
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this theoretical background and motivation, we now pro-
ceed to examine a specific model of f(T ) gravity within
the context of a spatially homogeneous and isotropic uni-
verse.

III. EXPONENTIAL INFRARED

TELEPARALLEL COSMOLOGY

In this work, we begin with a specific model known as
exponential infrared teleparallel gravity, originally pro-
posed in Ref. [136], and described by the functional form

f(T ) = Te
T→/T , (14)

where T→ represents a characteristic torsion scale. In the
context of cosmological model building, it is convenient
to express this function in terms of the present-day value
of the torsion scalar, denoted as T0. Defining the di-
mensionless parameter ω = T→/T0, we can equivalently
rewrite Eq. (14) in a form better suited for cosmological
applications:

f(T ) = Te
ω T0/T . (15)

Considering that pressureless matter follows the local
energy-momentum conservation law, as in GR, viz.,
ε̇m + 3Hεm = 0 [33], and substituting Eq. (15) into
Eq. (10) along with the relation (9), we obtain the follow-
ing independent Friedmann equation and the constraint
equation, respectively:

(
H

2

H
2
0

→ 2ω

)
e
ωH

2
0/H

2

= !m0(ω) (1 + z)3, (16)

!m0(ω) = (1→ 2ω)eω , (17)

where !m0 = ϑεm0/(3H2
0 ) is the present-day matter den-

sity parameter. The density parameter is defined as
! = ε/εcr, with the critical energy density of the Universe
given by εcr = 3H2

/ϑ. The redshift is related to the scale
factor as z = a0/a→ 1, where a0 denotes the present-day
value of the scale factor. Here and throughout this paper,
a subscript 0 attached to any quantity denotes its present-
day value (i.e., at z = 0). Note that Eq. (17) is derived
by applying the condition H(z = 0) = H0 to Eq. (16).
This constraint equation indicates that the model does
not introduce any new free parameters compared to the
standard, namely, six-parameter based, ”CDM model.
See Fig. 1, which explicitly shows that ω distinguishes
di!erent regions near a cosmic phase transition point (the
critical point ω = 0) taking the place of the present-day
matter density, !m0. We also note that the requirement
of a positive present-day matter density, !m0 > 0, im-
poses an upper bound on the parameter, namely ω <

1
2 .

For now, we assume ω < 1/2 in line with the aim of the
following discussion, but we will leave this assumption
while extensively exploring the theoretical capabilities of
the model.

FIG. 1. !m0 vs ω plotted by using Eq. (17). The curve is
separated into four regions as described in Sec. IIIA: the
dotted orange part (Region I) is the new region that cov-
ers negative values of the present-day density parameter of
matter, i.e., !m0 < 0. The solid orange part (Region II) is
the widely studied region [136–138], which corresponds to
0 < !m0 < 1, because reasonable !m0 values from the ob-
servational point of view shown by the wheat-colored band
lie in this region. The dot-dashed blue curve (Region III) is
another new region leading to !m0 values larger than unity.
The solid blue curve (Region IV) is an overlooked region in
the literature even though the observationally reasonable !m0

values can be obtained in this region as well. Some special
points are (ω = →1/2, !m0 = 2/

↑
e = 1.21306) represented

by black diamond, (ω ↓ →↔, !m0 ↓ 0) by blue triangle,
(ω = 1/2, !m0 = 0) by green circle and (ω = 0, !m0 = 1) by
purple square.

To gain deeper insight into the relation between ω

and !m0, the constraint equation (17) can be inverted
analytically as

ω =
1

2
+Wk

(
→
!m0

2
↑
e

)
, (18)

where Wk denotes the Lambert W function, with two
real-valued branches k = 0 and k = →1 yielding distinct
solutions. This inversion reveals that for any given value
of !m0 within the physically plausible range 0 < !m0 ↓ 1,
there are typically two admissible solutions for ω: one
positive and one negative—excluding the special case
!m0 = 1, for which one of the solutions is ω = 0, rather
than positive. These two branches are expected to yield
distinct cosmological behaviors, despite reproducing the
same present-day matter density parameter. Let us con-
sider an illustrative example that makes this immediately
evident: the special case ω = 0 corresponds to the telepar-
allel equivalent of general relativity, where f(T ) = T ,
yielding the Einstein–de Sitter universe—that is, a matter-
dominated FLRW universe with !m0 = 1 and a vanishing
cosmological constant. However, the converse does not
hold: alongside ω = 0, the condition !m0 = 1 also ad-
mits a second solution at ω ↔ →1.256, corresponding to
a nontrivial, torsionally modified cosmology. This case
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Consequently, the action of the f(T ) gravity reads [16]

S =

∫
d4x ||e||

[
→

1

2ω
f(T ) + Lm

]
, (6)

where ||e|| = det(eaµ) =
↑
→g with g being the deter-

minant of gµω , ω = 8εGN with GN being the standard
Newtonian constant, and Lm is the Lagrangian density of
material fields. Here and throughout the paper, we work
in units such that the speed of light equals unity, c = 1.
We note that the particular case f(T ) = T reduces to
TEGR [1].

This study investigates the cosmological applications of
f(T ) gravity. To this end, we adopt the following diagonal
vierbein configuration:

e
a
µ = diag[1, a(t), a(t), a(t)], (7)

which corresponds to the FLRW spacetime metric with
flat spatial sections, given by

ds2 =→ dt2 + a(t)2
(
dx2 + dy2 + dz2

)
, (8)

where a(t) is the scale factor and t denotes cosmic time.
Substituting Eq. (7) into Eq. (5) with Eq. (3), we obtain
the torsion scalar as

T = 6H2
, (9)

where H = ȧ

a
is the Hubble parameter. In the covariant

formulation of f(T ) gravity, the spin connection ϑ
a
µb

must be treated as an independent variable and varied
in the action, yielding the antisymmetric part of the
tetrad field equations [15, 140]. This ensures local Lorentz
invariance of the theory. However, for the diagonal FLRW
spacetime metric tetrad adopted in Eq. (7), constructed
in Cartesian coordinates, the spin connection components
can be safely set to zero since it is a pure gauge connection.
As a result, the antisymmetric part of the field equations
is trivially satisfied in our case, and the covariant and
noncovariant formulations coincide at the background
level. We suppose that all types of matter distributions
(viz., the usual cosmological sources such as radiation,
baryons, etc.) are perfect fluids with no peculiar velocities.
Accordingly, by expanding at first order the action (6) on
the FLRW background, we find the modified Friedmann
equations for an arbitrary function of the torsion scalar,
viz., f(T ), as follows [23]:

3H2 = 1
2 (T + f → 2TfT ) + ωϖ, (10)

→2Ḣ → 3H2 = 2Ḣ(fT + 2TfTT → 1)

→
1
2 (T + f → 2TfT ) + ωp, (11)

where fT = df/dT and fTT = d2
f/dT 2. Here ϖ and p

denote the energy density and pressure of the perfect fluid,
respectively.1 This expression of the dynamical equations

1 In the presence of multiple components, ω and p denote the total
energy density and total pressure, respectively, of the standard
matter fields (namely radiation, baryons, dark matter, and vac-
uum energy).

allows us to immediately write a general expression for
the e!ective contribution from T to the energy density
and pressure as

ωϖT ↓
1
2 (T + f → 2TfT ) , (12)

ωpT ↓ 2Ḣ(fT + 2TfTT → 1)→ 1
2 (T + f → 2TfT ) . (13)

And, it is immediate to verify that Eqs. (12) and (13) sat-
isfy by construction the continuity equation ϖ̇T+3H(ϖT+
pT) = 0. We note that the e!ective torsional contributions
ϖT and pT, given in Eqs. (12) and (13), vanish identically
in two cases: the trivial choice f(T ) = T (TEGR), and
the nontrivial square-root extension f(T ) = T + ϱ

↑
T ,

where ϱ is an arbitrary constant. In both models, the
background Friedmann equations reduce exactly to those
of standard GR. However, in the square-root extension,
the full field equations (and hence the perturbation equa-
tions) acquire additional

↑
T -dependent terms from the

variation of the action (6) (see Ref. [38]). A detailed anal-
ysis allowing small deviations around these two GR limits
has been conducted within the framework of f(Q) gravity,
whose Friedmann equations coincide with those of f(T )
gravity for a specifically chosen connection, in order to
investigate the dynamical stability of the Universe across
its evolutionary eras [141]. The study shows that the
models accommodate stable radiation and matter eras, as
well as stability during the late-time, DE–dominated era.2
Therefore, it is reasonable to expect that any viable cosmo-
logical model within the f(T ) gravity framework should
satisfy f ↔ T or f ↔ T + ϱ

↑
T for T ↗ T0, where T0 de-

notes the present-day value of the torsion scalar—in order
to preserve the successful description of the early Uni-
verse, including the recombination and pre-recombination
eras, as well as standard big bang nucleosynthesis. Like-
wise, to recover the standard !CDM behavior near the
present epoch, the model should satisfy f ↔ T + const.
or f ↔ T +ϱ

↑
T + const. for T ↔ T0. Teleparallel gravity

theories constructed from f(T ) functions that asymptoti-
cally match these GR-compatible forms in the respective
limits can robustly reproduce the well-established cosmic
epochs. In this context, investigating the intermediate
redshift regime—where multiple matter components are
subdominant and deviations intrinsic to the theory may
emerge—becomes particularly relevant for probing the
theory’s distinctive phenomenology. Having established

2 While both GR limits yield the same background evolution in
this regime, the stability properties di!er depending on how the
cosmological constant is realized. In the geometric DE case—
where an e!ective cosmological constant arises from the tor-
sion/nonmetricity modification itself as a constant o!set in the
GR limit, e.g., !e! → εωT = const., in line with Eq. (50) of
Ref. [141], corresponding to the introduction of a bare cosmo-
logical constant in GR—the model remains stable. In contrast,
when the cosmological constant is introduced explicitly as vacuum
energy in the matter sector, the model enters a marginally stable
phase during the late-time, DE-dominated era. See Ref. [141] for
further details.

Infrared teleparallel gravity

4

Consequently, the action of the f(T ) gravity reads [16]

S =

∫
d4x ||e||

[
→

1

2ω
f(T ) + Lm

]
, (6)

where ||e|| = det(eaµ) =
↑
→g with g being the deter-

minant of gµω , ω = 8εGN with GN being the standard
Newtonian constant, and Lm is the Lagrangian density of
material fields. Here and throughout the paper, we work
in units such that the speed of light equals unity, c = 1.
We note that the particular case f(T ) = T reduces to
TEGR [1].

This study investigates the cosmological applications of
f(T ) gravity. To this end, we adopt the following diagonal
vierbein configuration:

e
a
µ = diag[1, a(t), a(t), a(t)], (7)

which corresponds to the FLRW spacetime metric with
flat spatial sections, given by

ds2 =→ dt2 + a(t)2
(
dx2 + dy2 + dz2

)
, (8)

where a(t) is the scale factor and t denotes cosmic time.
Substituting Eq. (7) into Eq. (5) with Eq. (3), we obtain
the torsion scalar as

T = 6H2
, (9)

where H = ȧ
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→2Ḣ → 3H2 = 2Ḣ(fT + 2TfTT → 1)

→
1
2 (T + f → 2TfT ) + ωp, (11)

where fT = df/dT and fTT = d2
f/dT 2. Here ϖ and p

denote the energy density and pressure of the perfect fluid,
respectively.1 This expression of the dynamical equations

1 In the presence of multiple components, ω and p denote the total
energy density and total pressure, respectively, of the standard
matter fields (namely radiation, baryons, dark matter, and vac-
uum energy).

allows us to immediately write a general expression for
the e!ective contribution from T to the energy density
and pressure as

ωϖT ↓
1
2 (T + f → 2TfT ) , (12)
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pT) = 0. We note that the e!ective torsional contributions
ϖT and pT, given in Eqs. (12) and (13), vanish identically
in two cases: the trivial choice f(T ) = T (TEGR), and
the nontrivial square-root extension f(T ) = T + ϱ

↑
T ,

where ϱ is an arbitrary constant. In both models, the
background Friedmann equations reduce exactly to those
of standard GR. However, in the square-root extension,
the full field equations (and hence the perturbation equa-
tions) acquire additional

↑
T -dependent terms from the

variation of the action (6) (see Ref. [38]). A detailed anal-
ysis allowing small deviations around these two GR limits
has been conducted within the framework of f(Q) gravity,
whose Friedmann equations coincide with those of f(T )
gravity for a specifically chosen connection, in order to
investigate the dynamical stability of the Universe across
its evolutionary eras [141]. The study shows that the
models accommodate stable radiation and matter eras, as
well as stability during the late-time, DE–dominated era.2
Therefore, it is reasonable to expect that any viable cosmo-
logical model within the f(T ) gravity framework should
satisfy f ↔ T or f ↔ T + ϱ

↑
T for T ↗ T0, where T0 de-

notes the present-day value of the torsion scalar—in order
to preserve the successful description of the early Uni-
verse, including the recombination and pre-recombination
eras, as well as standard big bang nucleosynthesis. Like-
wise, to recover the standard !CDM behavior near the
present epoch, the model should satisfy f ↔ T + const.
or f ↔ T +ϱ

↑
T + const. for T ↔ T0. Teleparallel gravity

theories constructed from f(T ) functions that asymptoti-
cally match these GR-compatible forms in the respective
limits can robustly reproduce the well-established cosmic
epochs. In this context, investigating the intermediate
redshift regime—where multiple matter components are
subdominant and deviations intrinsic to the theory may
emerge—becomes particularly relevant for probing the
theory’s distinctive phenomenology. Having established

2 While both GR limits yield the same background evolution in
this regime, the stability properties di!er depending on how the
cosmological constant is realized. In the geometric DE case—
where an e!ective cosmological constant arises from the tor-
sion/nonmetricity modification itself as a constant o!set in the
GR limit, e.g., !e! → εωT = const., in line with Eq. (50) of
Ref. [141], corresponding to the introduction of a bare cosmo-
logical constant in GR—the model remains stable. In contrast,
when the cosmological constant is introduced explicitly as vacuum
energy in the matter sector, the model enters a marginally stable
phase during the late-time, DE-dominated era. See Ref. [141] for
further details.

with
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FIG. 7. Top left panel: !!0 vs ω graph. Top middle panel: H0 vs ω graph. Top right panel: !T0 vs !m0 graph. Bottom

left panel: !!0 vs !m0 graph. Bottom middle panel: H0 vs !!0 graph. Bottom right panel: !T0 vs !!0 graph, for
exponential infrared teleparallel model with cosmological constant ”. The dotted purple lines in the top right and bottom left
panels represent !m0 + !T0 = 1 and !m0 + !!0 = 1, respectively. The points correspond to models consistent with the CMB
power spectra having parameter sets (H0,!m0,!!0,ω) that satisfy the constraints on DM (z→) and !m0h

2 from Planck -CMB
observations. Orange points represent phantom DE models and blue points represent sign-changing DE models. Constraints at
1ε C.L. from SH0ES Collaboration measurement H0 = 73.04± 1.04 km s↑1Mpc↑1 [156] are shown as a horizontal wheat-colored
band.

density models with ω > 0, in contrast to the ! = 0 case.
It can be observed from the same panels that the orange
points are distributed in a parabola-like shape around the
ω = 0 line, and even for →1 ↭ ω < 0, with the help of a
positive ! (0.7 ↭ ”!0 ↭ 1), the energy density of the ef-
fective DE remains positive without any sign change. On
the other hand, in the same plots, all points are blue for
ω ↭ →1, indicating that the negative value of ω dominates
over the positive ! in the range →4 ↭ ω ↭ →1, causing the
energy density of e!ective DE to become negative beyond
a certain redshift. Conversely, in the positive ω region,
the dominance of a large negative ! for ω ↫ 0.6 leads to
sign-changing behavior. We observe that the points above
the ”m0+”!0 = 1 line in the bottom left panel are below
the ”T0 = 0 (dotted gray) line in the right panels, or vice
versa, as expected since all three parameters must sum
to unity. Similarly, the points above the ”m0 + ”T0 = 1
line in the top right panel are below the ”!0 = 0 (dotted

black) line in the bottom left panel and to the left of the
same line in the bottom right panel. The bottom left and
top right panels show that for relatively small present-day
matter density parameters (0.18 ↭ ”m0 ↭ 0.23) and for
relatively large ones (0.315 ↭ ”m0 ↭ 0.335), no phantom
models, i.e., orange points, are present. Comparing the
bottom right and top left panels reveals a linear rela-
tionship between ”T0 and ”!0 when |ω| ↭ 0.7. Next,
we consider the horizontal wheat-colored band represent-
ing the SH0ES H0 measurement, which corresponds to
(72.00 ↑ H0 ↑ 74.08) km s→1Mpc→1 [156]. The top mid-
dle panel of Fig. 7 shows that when the Hubble constant
is constrained within this range, the number of distin-
guishable phantom models is nearly double that of the
sign-changing models. Phantom models are found around
ω ↓ →0.7 and ω ↓ 0.4, whereas sign-changing models
appear around ω ↓ →6.5, with no sign-changing models
for ω > 0 within the wheat-colored band. As shown by
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the matter-dominated universe, similar to the behavior
in !CDM. For z ↭ 8, much like the ω+ case, the ω→ case
also becomes indistinguishable from the standard !CDM
model. As seen from the bottom panel of Fig. 6, the onset
of accelerated expansion occurs quite earlier in this model
at ztr → 1.50—much di!erent than ztr → 0.63 in !CDM
and ztr → 0.73 in phantom model—as a consequence of
the torsional DE taking large negative energy density
values in the past. The deceleration parameter takes
the value q0 = ↑0.61 today (compared to q0 = ↑0.53 in
!CDM), while it reaches values larger than q = 0.5 at
z = 2.6, with a maximum of q → 0.64 at z → 3.7 due
to the negative torsional DE density, and then decreases
with increasing redshift, ultimately settling into the usual
matter-dominated era, as in !CDM (q = 0.5), for z ↭ 10.
Specifically, q > 0.5 at redshifts higher than z → 2.5,
where the energy density parameter of torsional DE also
approaches its minimum values, up until z → 10. In the
far future limit (z ↓ ↑1), we have q ↓ ↑1 as H ↓ 0.
Hence, the Universe was initially sourced by an AdS-like
torsional DE, transitions to a dS-like one today, and in
the far future arrives at a Minkowskian fixed point (see
Sec. III for details). Due to the sign-changing nature of
the e!ective DE, deviations in H(z) relative to !CDM
begin at higher redshifts compared to the phantom model.
Specifically, H(z) is significantly lower than H!CDM(z)
for z ↭ 1, but then becomes much higher than H!CDM(z)
for z ↫ 1, ensuring that DM (z↑) remains consistent with
the value obtained from Planck -!CDM. Consequently,
this deviation implies an over enhanced value of H0 com-
pared to the Planck -!CDM prediction. In particular,
the transition of the torsional DE from large negative to
positive values at low redshifts leads to a higher value of
H0, with the model predicting H0 = 84.54 km s→1Mpc→1,
indicating an augmented accelerated expansion of the
Universe. It is also worth noting that, correlated with the
enhancement in the Hubble constant, the sign-changing
DE model conflicts with the BAO Lyε data in a di!erent
way compared to !CDM, preferring lower H(z) values
than the lower limits at z > z†.

The insight gained from this section is that the partic-
ular f(T ) model under consideration o!ers a promising
mechanism to alleviate major cosmological tensions. Our
findings highlight the potential of f(T ) gravity in ad-
dressing these tensions and call for further investigation,
either by exploring new functionals or re-examining exist-
ing models, as we have done for the exponential infrared
teleparallel model. The possibility of e!ective DE den-
sities assuming negative values in the past might have
been overlooked in previous studies, as the relevance of
such dynamics has only recently been recognized in con-
nection with cosmological tensions, despite f(T ) gravity
being studied long before these tensions became a central
discussion in cosmology.

V. INCLUSION OF COSMOLOGICAL

CONSTANT !: EXTENDED VIABLE

COSMOLOGIES

In this section, we extend the exponential infrared
cosmological model from the previous section by in-
corporating a cosmological constant, modifying it as
f(T ) ↓ f(T ) + 2! with f(T ) = Te

ωT0/T , where the
ω = 0 limit corresponds to TEGR with a cosmological
constant, thereby recovering the standard !CDM model.
We will explicitly demonstrate that, with this extension,
model families consistent with the CMB power spectra
and in strong agreement with the SH0ES H0 measure-
ment are broadened, leading to richer phenomenological
possibilities. This extension introduces one additional
free parameter compared to both the exponential infrared
cosmological model and the standard !CDM model. We
will show that even this simplest modification to the
original model significantly expands the range of viable
cosmologies.

We generalize the f(T ) action given in Eq. (6) by in-
troducing a cosmological constant (!),

S =

∫
d4x ||e||

{
↑

1

2ϑ
[f(T ) + 2!] + Lm

}
, (42)

from which the modified Friedmann equations (10)-(11)
are extended due to the cosmological constant, as follows:

3H2 = ϑϖ+ ϑϖT + !, (43)

↑2Ḣ ↑ 3H2 = ϑp+ ϑpT ↑ !, (44)

where ϖT and pT are as given by Eqs. (12) and (13), respec-
tively. To investigate extensions of the viable cosmologies
discussed in Sec. IV, we retain the exponential infrared
teleparallel model described by Eq. (15) along with the as-
sumption of pressureless matter. Thus, Eqs. (16) and (17)
are modified as
(
H

2

H
2
0

↑ 2ω

)
e
ωH

2
0/H

2

= ”m0(ω,!) (1 + z)3 + ”!0, (45)

”m0(ω,!) = (1↑ 2ω)eω ↑ ”!0, (46)

where the present-day density parameter of the cosmo-
logical constant is defined as ”!0 = !/(3H2

0 ). We note
that the field equations were derived by extending the
f(T ) = Te

ωT0/T model with the addition of a cosmo-
logical constant, !; however, they can also be equiva-
lently interpreted as a one-parameter exponential infrared
teleparallel extension of the standard !CDM, which is
recovered when ω = 0. As can be seen by comparing
Eq. (46) with Eq. (17), the inclusion of a positive or
negative cosmological constant shifts the curve in Fig. 1
downwards or upwards, respectively, leading to lower or
higher ”m0 values for a given ω.

Following the same procedure as in Sec. III, and using
Eqs. (45) and (46), we now express the redshift as a
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FIG. 8. Top left panel: ωDE(z)/ωcr0 (energy density of DE scaled by critical density today). Top right panel: pDE(z)/ωcr0
(pressure of DE scaled by critical density today). Bottom left panel: wDE(z) (EoS parameter of DE). Bottom right panel:
!(z) (density parameters) of matter (dashed curves) and DE (solid curves). Colors are in agreement with those of plus signs
used in Fig. 7.

the orange points in the bottom middle panel of Fig. 7,
phantom models with negative ! have a broader horizon-
tal intersection with the wheat-colored band compared
to those with positive !. In other words, phantom DE
with ! > 0 is less likely than phantom DE with ! < 0
when H0 is constrained within the SH0ES measurement
limits. For the phantom models, we find ”!0 → 0.93 for
negative ω and ↑0.2 ↭ ”!0 ↭ 0.04 for positive ω. How-
ever, for sign-changing models, the only viable value is
”!0 → ↑0.24 in the region intersecting with the wheat-
colored band, as shown in the bottom middle panel. A
Bayesian analysis would be necessary to compare these
models with the standard !CDM model to determine
which is more strongly supported by the datasets. This is
especially relevant given that the model with negative ω

is considered theoretically more elegant, as ω < 0 ensures
that fT remains positive, while ω > 0 does not guarantee
positivity throughout the Universe’s evolution.

Among the viable model families consistent with the
CMB power spectra, we highlight five special models in
the panels of Fig. 7, marked with brown, yellow, green,
dark blue, and violet plus signs. In addition to !CDM
(red plus sign), we observe in the bottom left panel that

the ”m0 + ”!0 = 1 line is also intersected by the green
plus sign, indicating another model where the present-day
torsional contribution to the Friedmann equation vanishes
(i.e., ”T0 = 0), as shown by the dotted gray line in the
top and bottom right panels, with ”!0 = 0.773 and ω =
↑1.256 (top left panel). Featuring sign-changing behavior,
its Hubble constant prediction, H0 = 79.74 km s→1Mpc→1,
is significantly above the SH0ES measurement limits, as
shown in the middle panels. The brown, yellow, and dark
blue plus signs denote models whose Hubble constants
perfectly match the SH0ES H0 measurement [156], with
the first two representing phantom models and the last
one representing a sign-changing model. At this point,
we remind readers that the phantom model with ω+ and
”!0 = 0 (orange plus sign) already predicts an H0 value
in strong agreement with the SH0ES measurement, and
the inclusion of a cosmological constant appears to fine-
tune the phantom models. However, the model marked
by the yellow plus sign (ω = ↑0.664, ”!0 = 0.928) di!ers
from those marked by the orange and brown plus signs
(ω = 0.433, ”!0 = ↑0.0649) in that it achieves phantom
behavior with a negative ω. Also, note that the yellow plus
sign is positioned very close to the local maximum in the
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this theoretical background and motivation, we now pro-
ceed to examine a specific model of f(T ) gravity within
the context of a spatially homogeneous and isotropic uni-
verse.

III. EXPONENTIAL INFRARED

TELEPARALLEL COSMOLOGY

In this work, we begin with a specific model known as
exponential infrared teleparallel gravity, originally pro-
posed in Ref. [136], and described by the functional form

f(T ) = Te
T→/T , (14)

where T→ represents a characteristic torsion scale. In the
context of cosmological model building, it is convenient
to express this function in terms of the present-day value
of the torsion scalar, denoted as T0. Defining the di-
mensionless parameter ω = T→/T0, we can equivalently
rewrite Eq. (14) in a form better suited for cosmological
applications:

f(T ) = Te
ω T0/T . (15)

Considering that pressureless matter follows the local
energy-momentum conservation law, as in GR, viz.,
ε̇m + 3Hεm = 0 [33], and substituting Eq. (15) into
Eq. (10) along with the relation (9), we obtain the follow-
ing independent Friedmann equation and the constraint
equation, respectively:

(
H

2

H
2
0

→ 2ω

)
e
ωH

2
0/H

2

= !m0(ω) (1 + z)3, (16)

!m0(ω) = (1→ 2ω)eω , (17)

where !m0 = ϑεm0/(3H2
0 ) is the present-day matter den-

sity parameter. The density parameter is defined as
! = ε/εcr, with the critical energy density of the Universe
given by εcr = 3H2

/ϑ. The redshift is related to the scale
factor as z = a0/a→ 1, where a0 denotes the present-day
value of the scale factor. Here and throughout this paper,
a subscript 0 attached to any quantity denotes its present-
day value (i.e., at z = 0). Note that Eq. (17) is derived
by applying the condition H(z = 0) = H0 to Eq. (16).
This constraint equation indicates that the model does
not introduce any new free parameters compared to the
standard, namely, six-parameter based, ”CDM model.
See Fig. 1, which explicitly shows that ω distinguishes
di!erent regions near a cosmic phase transition point (the
critical point ω = 0) taking the place of the present-day
matter density, !m0. We also note that the requirement
of a positive present-day matter density, !m0 > 0, im-
poses an upper bound on the parameter, namely ω <

1
2 .

For now, we assume ω < 1/2 in line with the aim of the
following discussion, but we will leave this assumption
while extensively exploring the theoretical capabilities of
the model.

FIG. 1. !m0 vs ω plotted by using Eq. (17). The curve is
separated into four regions as described in Sec. IIIA: the
dotted orange part (Region I) is the new region that cov-
ers negative values of the present-day density parameter of
matter, i.e., !m0 < 0. The solid orange part (Region II) is
the widely studied region [136–138], which corresponds to
0 < !m0 < 1, because reasonable !m0 values from the ob-
servational point of view shown by the wheat-colored band
lie in this region. The dot-dashed blue curve (Region III) is
another new region leading to !m0 values larger than unity.
The solid blue curve (Region IV) is an overlooked region in
the literature even though the observationally reasonable !m0

values can be obtained in this region as well. Some special
points are (ω = →1/2, !m0 = 2/

↑
e = 1.21306) represented

by black diamond, (ω ↓ →↔, !m0 ↓ 0) by blue triangle,
(ω = 1/2, !m0 = 0) by green circle and (ω = 0, !m0 = 1) by
purple square.

To gain deeper insight into the relation between ω

and !m0, the constraint equation (17) can be inverted
analytically as

ω =
1

2
+Wk

(
→
!m0

2
↑
e

)
, (18)

where Wk denotes the Lambert W function, with two
real-valued branches k = 0 and k = →1 yielding distinct
solutions. This inversion reveals that for any given value
of !m0 within the physically plausible range 0 < !m0 ↓ 1,
there are typically two admissible solutions for ω: one
positive and one negative—excluding the special case
!m0 = 1, for which one of the solutions is ω = 0, rather
than positive. These two branches are expected to yield
distinct cosmological behaviors, despite reproducing the
same present-day matter density parameter. Let us con-
sider an illustrative example that makes this immediately
evident: the special case ω = 0 corresponds to the telepar-
allel equivalent of general relativity, where f(T ) = T ,
yielding the Einstein–de Sitter universe—that is, a matter-
dominated FLRW universe with !m0 = 1 and a vanishing
cosmological constant. However, the converse does not
hold: alongside ω = 0, the condition !m0 = 1 also ad-
mits a second solution at ω ↔ →1.256, corresponding to
a nontrivial, torsionally modified cosmology. This case

Infrared teleparallel gravity extended 
with a cosmological constant with
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Conclusion

The introduction of a rapid (mirror-like) AdS-to-dS transition in the late 
universe into the current standard model of cosmology, the ΛsCDM 
model, could represent a promising candidate for, or a guide towards, the 
development of a new concordance model of cosmology…

Thanks!



The [1, 10] analysis averages mostly over an observationally null-like regime prior-volume test | 𝐻0 World Cup II

A flat 𝑧† ∈ [1, 10] prior places 67% of its probability above 𝑧† = 4
active transition1 ≤ 𝑧† ≲ 4 weakly identifiable ΛCDM-like tail4 ≲ 𝑧† ≤ 10

1 𝑧sat ≃ 4 10
The reported posterior barely con-
tracts relative to the prior𝒰(1, 10) ∶ 𝜇 = 5.50, 𝜎 = 2.60
reported: 𝑧† = 6.0 ± 2.4

𝐵[1,10] ≃ 13𝐵active⏟
finite-redshift switch

+ 23 × 1⏟ΛCDM-like tail

⟹ evidence diluted toward 𝐵 = 1.
𝐻0 World Cup II reports: Δ𝜒2 = −5.60 ΔAIC = −3.60 ln 𝐵 = +0.92

These numbers mildly favor ΛsCDM; what fails is the 𝐻0 shift for their particular CMB+BAO+SN setup.

Without a prior scan and profile Δ𝜒2(𝑧†), “weak support” is not a prior-robust verdict on the active ΛsCDM regime.

CMB likelihoods and neutrino-mass treatment also differ; the prior is a demonstrable contributor, not yet the uniquely isolated cause. Schöneberg et al., arXiv:2607.13283.


