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Structure formation  can be described 
at O(1) in metric perturbations

- need  for , high order for  

- higher order for  only necessary around 

black holes, no impact on LSS 

- consistent with observed velocities 

( ) 

- confirmed by relativistic N-body codes like 

gevolution,                                      

Adamek et al. astro-ph/1604.0665,         

github.com/gevolution-code/gevolution-1.2 

- In , some d.o.f. evolve strictly like in 

linear theory, some get enhanced 

perturbatively on small scales

O(1) δgμν δTμν

δgμν

ψ ∼ v2
esc /c2 ∼ 10−5

δgμν
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Linear gauge transformations applicable to structure formation

- gauge transformation induced by coordinate 

transformation / displacement field  

- transformation of  and  given by Lie 

derivative along  (linear transformation) 

- employed to cancel some degrees of freedom /reduce number of equations / match perturbations 

in one gauge to gauge-independent combinations… 

- Newtonian / longitudinal / Poisson 

- synchronous 

- comoving ( , ) to make contact with observations in real/redshift space 

                                                                                  Durrer et al., Yoo et al., Jeong et al., … 

- formalism for gauge transformations at  exists, relevant only for specific problems (PNG, SD…)

ϵμ(xα)

δgμν δTμν

ϵμ(xα)

θtot = kB HT = 0

O(2)
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Most N-body codes implement Newtonian gravity 
in expanding background

- pure non-relativistic matter, Newtonian gravity, Poisson equation 

- neglect: density and shear of photons and neutrinos, , time-derivative of metric: “GR and 

radiation correction” 

- justified in small-scale limit, but GR and radiation correction potentially interesting for large-

volume survey 

- small impact, can be studied with gevolution or COSIRA (GADGET  CLASS) 

Fidler et al. 1505.04756, 1606.05558, 1702.03221, 1708.0769  

(with Tram, Rampf, Crittenden, Koyama, …) 

Brandbyge et al. 1610.04236 

Adamek et al. 1703.08585 

- Another approach: N-body / N-boisson gauge 

[Same authors]

ϕ ≠ ψ

↔
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Getting GR / radiation corrections from N-body codes “for free”

- define gauge in which e.o.m for  including GR / radiation corrections become identical to 

Newtonian e.o.m for pure non-relativistic matter: N-boisson gauge

δcb
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Getting GR / radiation corrections from N-body codes “for free”

- define gauge in which e.o.m for  including GR / radiation corrections become identical to 

Newtonian e.o.m for pure non-relativistic matter: N-boisson gauge

δcb

- use linear Boltzmann code to find: 

- gauge transformation from e.g. arbitrary gauge, e.g. Poisson gauge, to N-boisson gauge at 

each time; get   

- adiabatic ICs in Poisson gauge  special ICs in N-boisson gauge; linear spectrum 

ϵμ(xα)

→
P(NM)

L (k, zini)
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Getting GR / radiation corrections from N-body codes “for free”

- define gauge in which e.o.m for  including GR / radiation corrections become identical to 

Newtonian e.o.m for pure non-relativistic matter: N-boisson gauge

δcb

- use linear Boltzmann code to find: 

- gauge transformation from e.g. arbitrary gauge, e.g. Poisson gauge, to N-boisson gauge at 

each time; get   

- adiabatic ICs in Poisson gauge  special ICs in N-boisson gauge; linear spectrum 

ϵμ(xα)

→
P(NM)

L (k, zini)

- use , use it to initialise particle positions in N-body codeP(NM)
L (k, zini)

- run Newtonian N-body code without radiation

- Take snapshot, displace particles according to , measure power spectrum in, e.g., Poisson 

or comoving gauge

−ϵμ(xα)

- Method validated by comparing to  gevolution and COSIRA



/ 22               Theories of LSS and NM gauges - J. Lesgourgues6

Adding massive neutrinos corrections “for free”

- define gauge in which e.o.m including radiation and massive neutrino perturbations become 

identical to Newtonian e.o.m without radiation and massive neutrinos: Newtonian Motion gauges        

(pick up one: time at which NM gauge = N-boisson gauge, e.g. today)

- In NM gauge, single self-gravitating fluid cb with Poisson equation

                                                −k2Ψ = 4πGa2ρ̄cbδcb

    growth rate becomes scale-independent (e.g. during MD:  )⇒ δcb ∝ a1− 3
5 fν
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Adding massive neutrinos corrections “for free”

- define gauge in which e.o.m including radiation and massive neutrino perturbations become 

identical to Newtonian e.o.m without radiation and massive neutrinos: Newtonian Motion gauges        

(pick up one: time at which NM gauge = N-boisson gauge, e.g. today)

- In NM gauge, single self-gravitating fluid cb with Poisson equation

                                                −k2Ψ = 4πGa2ρ̄cbδcb

    growth rate becomes scale-independent (e.g. during MD:  )⇒ δcb ∝ a1− 3
5 fν

- use linear Boltzmann code to find gauge transformation,  , ICs,  ϵμ(xα) P(NM)
L (k, zini)

- initialise particle positions, run Newtonian N-body code without radiation nor massive neutrinos

- take snapshot, displace particles according to , measure power spectrum in, e.g., Poisson 

or comoving gauge; get spoon-shape suppression “for free” ! 

Fidler et al. 1807.03701, 1810.12019 

Partmann et al. 2003.07387 

Heuschling et al. 2201.13186

−ϵμ(xα)
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Adding massive neutrinos corrections “for free”

- NM gauge method fully validated using gevolution  (or gadget on small scales)
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Figure 5. Comparison of cosmologies with di↵erent neutrinos masses to our reference cosmology.
We also show the results of the fully relativistic and non-linear simulations in [12] and find excellent
agreement. The black lines represent the fitting function �P/P = �9.8f⌫ presented in [15]. Results
obtained with our previous method (dashed line) [37] are almost indistinguishable from the improved
implementation.

do not include the power spectrum of massive neutrinos in backscaling, as neutrinos are not
represented by N-body particles in our approach.

We have further, for the first time, constructed a Nm gauge such that the corresponding
N-body simulation contains only a pure growing mode, with all decaying modes present in
the actual Universe being described via our choice of gauge. It is therefore no longer an
approximation to employ pure growing mode initial conditions in N-body simulations, but
theoretically justified in our framework. In contrast to our previous work this allows the use
of 2LPT or higher order initial conditions, that are based on a Newtonian growing mode,
out of the box. It may further be an interesting approach for studies of decaying modes
independent of massive neutrinos.

Our N-body simulations are in most parts equivalent to ordinary Newtonian N-body
simulations of cold dark matter and we only introduce three simple steps to make them
compatible with a massive neutrino cosmology. First, we modify the N-body code to include
the impact of massive neutrinos in the background evolution, i.e. in the Hubble rate. Second,
we use the above described initial conditions, either with the the Zel’dovich approximation
or the 2LPT formalism to realise the cold species only. We then run the simulation without
further modifications, which in particular allows us to take full advantage of the highly
optimised codes out-of-the-box. The simulation particles represent the evolution of cold
dark matter and baryons in the Nm gauge coordinates. The final step is a post-processing to
translate the output to a more well-known gauge for analysis. We find that in many cases this
correction remains small, especially at late times since the present-day correction vanishes by
design when using backscaling initial conditions. Most of the impact that massive neutrinos
have on the dark matter evolution is already included in our simulation by the change of the
Hubble rate and the use of our backscaling initial conditions.

Using those minimal modifications, we enable Newtonian N-body codes to include the

– 17 –

brute-force N-body 
with cdm+  particles 

only cdm particles, 
NM gauge method

ν

Heuschling, Partmann, Fidler, 2201.13186 

1. modified ICs 
2. modified Poisson 
3. particle displacement
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Up to where can you go?

- may work for some classes of modified gravity theories and non-standard DM model
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Up to where can you go?

- may work for some classes of modified gravity theories and non-standard DM model

- gauge transformation can only change large-scale behaviour: e.g., cannot absorb  effectΛ

- for massive neutrinos: growth factor has two 

asymptotes: e.g. during MD,

- small scales:  δcb ∝ a1− 3
5 fν ⇒ f = 1 − 3

5 fν

- large scales: δcb ∝ a ⇒ f = 1
- gauge transformation absorbs scale-

dependence by imposing the small-scale  

on all scales

f
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- gauge transformation can only change large-scale behaviour: e.g., cannot absorb  effectΛ

- for massive neutrinos: growth factor has two 

asymptotes: e.g. during MD,

- small scales:  δcb ∝ a1− 3
5 fν ⇒ f = 1 − 3

5 fν

- large scales: δcb ∝ a ⇒ f = 1
- gauge transformation absorbs scale-

dependence by imposing the small-scale  

on all scales

f

- applies to many other interesting models: f(R), WDM, CWDM, but not all (e.g. if all CDM decays 

or interacts at late time: requires infinite gauge transformation fields)
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Up to where can you go?

- may work for some classes of modified gravity theories and non-standard DM model

- gauge transformation can only change large-scale behaviour: e.g., cannot absorb  effectΛ

- for massive neutrinos: growth factor has two 

asymptotes: e.g. during MD,

- small scales:  δcb ∝ a1− 3
5 fν ⇒ f = 1 − 3

5 fν

- large scales: δcb ∝ a ⇒ f = 1
- gauge transformation absorbs scale-

dependence by imposing the small-scale  

on all scales

f

- applies to many other interesting models: f(R), WDM, CWDM, but not all (e.g. if all CDM decays 

or interacts at late time: requires infinite gauge transformation fields)

- can we transpose this to theories of large scale structure formation?
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Theories of Large Scale Structure

- Standard Perturbation Theory (SPT), EFTof LSS, etc., are all based on Newtonian e.o.m 

  

         Continuity:                        ,  

         Euler:                             ,   

         Einstein  Poisson:       

- gives matter power spectrum / bispectrum at -loop order 

- RSD from additional expansion in velocity field 

- galaxy power spectrum from additional bias expansion  

- potentially useful to fit full-shape galaxy power spectrum of spectroscopic surveys 

·δcb(k) = − θcb(k) + 3 ·ϕ(k) + ∫ d3q α(q, k − q) θcb(q) δcb(k − q)

·θcb(k) = −
·a
a

θcb(k) + k2ψ (k) − ∫ d3q β(q, k − q) θcb(q) θcb(k − q)

⟶ −k2ψ + 3
·a
a ( ·ϕ +

·a
a

ψ) = 4πGa2ρcbδ̄cb + 4πGa2 [ρ̄δ − 3(ρ̄ + p̄)σ]other

N
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Theories of Large Scale Structure: EdS limit

- simplest case: pure CDM, no : Einstein-De Sitter universe,  

                                         

                                          with     

- leads to separability of  in  and  

- famous time-independent EdS kernels , , , ,… 

- gives matter power/bispectrum  

- additional time-independent kernels for galaxy, RSD…

Λ δcb ∝ a ⇒ f = 1

Ψa = (δcb , − θcb/ℋf )

∂ηΨa + ΩabΨb = ∫ Kabc ΨaΨc Ωab = (
0 −1

− 3
2

1
2 )

Ψa(k, τ) τ k

F2(q, k) G2(q, k) F3(q, k) G3(q, k)
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Theories of Large Scale Structure: CDMΛ

- next level of complexity: pure CDM (but no GR / radiation / massive neutrino corrections): 

growth rate  modified, but still scale-independent

Λ
f (τ)

              with  growing by  during DΩab = (
0 −1

− 3
2

Ωbc(τ)
f 2(τ)

3
2

Ωbc(τ)
f 2(τ) − 1) Ωbc(τ)

f 2(τ) ∼ 14 % Λ

-  and kernels no longer separable in  and Ψa(k, τ) τ k
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Theories of Large Scale Structure: CDMΛ

- next level of complexity: pure CDM (but no GR / radiation / massive neutrino corrections): 

growth rate  modified, but still scale-independent

Λ
f (τ)

              with  growing by  during DΩab = (
0 −1

− 3
2

Ωbc(τ)
f 2(τ)

3
2

Ωbc(τ)
f 2(τ) − 1) Ωbc(τ)

f 2(τ) ∼ 14 % Λ

-  and kernels no longer separable in  and Ψa(k, τ) τ k

- exact and approximate methods giving time-dependent kernels (Bernardeau astro-ph/9312026, 

Garny & Taule 2008.00013, Green function method of Donath & Senatore 2005.04805 

implemented in PyBird…)
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Theories of Large Scale Structure: CDMΛ

- next level of complexity: pure CDM (but no GR / radiation / massive neutrino corrections): 

growth rate  modified, but still scale-independent

Λ
f (τ)

              with  growing by  during DΩab = (
0 −1

− 3
2

Ωbc(τ)
f 2(τ)

3
2

Ωbc(τ)
f 2(τ) − 1) Ωbc(τ)

f 2(τ) ∼ 14 % Λ

-  and kernels no longer separable in  and Ψa(k, τ) τ k

- exact and approximate methods giving time-dependent kernels (Bernardeau astro-ph/9312026, 

Garny & Taule 2008.00013, Green function method of Donath & Senatore 2005.04805 

implemented in PyBird…)

- Common EdS approximation:  

- -effect partially taken into account by using the right input  

- but EdS kernel  incorrect “memory of the past”, NL corrections slightly underestimated 

- error shown to be small (but not that small: see later)

Ωbc(τ)
f 2(τ) ≃ 1

Λ PL(k, z)

⇒
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Theories of Large Scale Structure: CDM+scale-dependent growthΛ

- additional level of complexity: massive neutrino corrections: scale-dependent growth rate

- 2-fluid problem (cb + ),  is a  matrix containing 

, which has two asymptotes on small/large scales

ν Ωab 4 × 4
f (k, τ)

- full 2-fluid problem with kernels integrated over time 

solved by Garny & Taule 2008.00013, 2205.11533.    

Slow and expensive method.
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- 2-fluid problem (cb + ),  is a  matrix containing 

, which has two asymptotes on small/large scales

ν Ωab 4 × 4
f (k, τ)

- full 2-fluid problem with kernels integrated over time 

solved by Garny & Taule 2008.00013, 2205.11533.    

Slow and expensive method.

- common EdS approximation: , neglecting memory effect from modified growth rate
Ωbc(τ)
f 2(τ) ≃ 1

- several intermediate levels of approximation (e.g., effective 1-fluid problem as in Aviles et al. 

2012.05077, …,  implemented in FOLPs, used in DESI full-shape analysis)
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Theories of Large Scale Structure: CDM+scale-dependent growthΛ

- additional level of complexity: massive neutrino corrections: scale-dependent growth rate

- 2-fluid problem (cb + ),  is a  matrix containing 

, which has two asymptotes on small/large scales

ν Ωab 4 × 4
f (k, τ)

- full 2-fluid problem with kernels integrated over time 

solved by Garny & Taule 2008.00013, 2205.11533.    

Slow and expensive method.

- common EdS approximation: , neglecting memory effect from modified growth rate
Ωbc(τ)
f 2(τ) ≃ 1

- several intermediate levels of approximation (e.g., effective 1-fluid problem as in Aviles et al. 

2012.05077, …,  implemented in FOLPs, used in DESI full-shape analysis)

- new idea: get these corrections + GR / radiation corrections “for free” using NM gauge !
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Finding the gauge transformation fields

- Metric scalar fluctuations: 

- What we really need is :  

- Sufficient to compute all relevant gauge transformations, in particular: 

                                         ,        

-  is blind to non-linear evolution

H(NM)
T

δ(NM)
cb ⟶ δ(C)

cb θ(NM)
cb ⟶ θ(C)

cb

H(NM)
T

with the standard EFTofLSS approach. Finally, section 6 summarizes our results and outlines

possible extensions of the method.

2 Newtonian motion gauges and their applications

2.1 Gauge definitions

To follow this work, it is essential to understand the di↵erence between a few gauges. Some are

widely known and used, like the Poisson gauge, the synchronous gauge and the comoving gauge.

The Newtonian motion gauge, which plays a central role in this work, is less frequently used; The

N-boisson gauge can be seen as intermediate step to understand the Newtonian motion gauge.

In this subsection, we recall the definition of these gauges, specify the relations between them,

and define our notations for metric fluctuations, gauges, and quantities in the non-relativistic

limit.

In a general gauge, the perturbed FLRW metric, including only scalar perturbations and

using conformal time as the temporal variable, is given by [59–63]

g00 = �a
2(1 + 2A) , (2.1)

g0i = �a
2
r̂iB , (2.2)

gij = a
2


�ij(1 + 2HL)� 2

✓
r̂ir̂j +

�ij

3

◆
HT

�
, (2.3)

where r̂i = �(�r
2)�1/2

ri is the normalized gradient operator, given by �iki/k in Fourier

space. In this section we will often refer to two gauge-invariant combinations of these metric

perturbations, the Bardeen potentials  and � [59]. We will also use the gauge-invariant cur-

vature perturbation, ⇣, built from metric fluctuations and from the scalar degree of freedom

contained in the total velocity field. In the notations of Ma & Bertschinger (MB) [64] and

of class [65], the latter is accounted for by the velocity divergence ✓tot. Then, the curvature

perturbation reads in Fourier space

⇣ = HL +
1

3
HT �

H

k2
✓tot +

H

k
B , (2.4)

with H = ȧ/a, and a dot denotes a derivative w.r.t. conformal time, @⌧ .

In this work, we will refer to the following gauges:

• Poisson gauge: We use a superscript (P) to denote quantities in this gauge, e.g., the

density fluctuation of a species x is referred to as �(P)x . In this gauge, the metric is

diagonal, B(P) = H
(P)
T = 0, with perturbations ( ,�) = (A(P)

,�H
(P)
L ) in the notations of

MB and class, and Bardeen potentials given by ( ,�) = ( ,��) = (A(P)
, H

(P)
L ). In MB

and class, this gauge is called the (conformal) Newtonian gauge. However, in this work,

we refrain from using such a name, in order to avoid confusion with quantities defined in

the full Newtonian limit of the theory.

• Synchronous gauge comoving with CDM: We use a superscript (S) to denote quantities

in this gauge, e.g., the density fluctuation of a species x is referred to as �(S)x . In that gauge,

one imposes A(S) = B
(S) = 0 and ✓(S)c = 0. The remaining perturbations are (H(S)

L , H
(S)
T ),

or in the notations of MB and class:

(h, ⌘) =

✓
6H(S)

L ,�H
(S)
L �

1

3
H

(S)
T

◆
. (2.5)

– 4 –
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Finding the gauge transformation fields

Two methods allow to compute  in a Boltzmann code (for us: modified CLASS): 

1. Solve full system including Einstein equations in NM gauge: gives directly   

2. Solve in parallel: 
- full system in arbitrary gauge (e.g. Poisson, …)  
- equations in Newtonian limit [Nl] for self-gravitating cb fluid with scale-independent growth 

factor (= small-scale limit of usual growth factor) and appropriate (non-trivial) ICs: 

    Then, compare the two:  

                                               

- In both case, self-consistency condition:  at all 

H(NM)
T (k, τ)

H(NM)
T (k, τ)

H(NM)
T = δ(P)

cb − δ[Nl]
cb − 3ϕ

|H(NM)
T (k, τ) | ≪ 1 (k, τ)

H
(Nb)
L = H

✓
(Nb)
tot

k2
, (2.13)

where the first condition enforces the same temporal gauge fixing as in the Poisson gauge,

while the latter implies a spatial gauge fixing condition such that ⇣ = 1
3H

(Nb)
T + H

k2@⌧H
(Nb)
T .

Additionally, in this gauge, there is an attractor solution on super-Hubble scales such that

H
(Nb)
T becomes constant and

⇣ =
1

3
H

(Nb)
T . (2.14)

In this gauge, one finds that the particle trajectories computed according to the full rel-

ativistic equations coincide with those derived from Newtonian equations whenever the

density and pressure of radiation (photons and neutrinos) are neglected. In other words,

in the no-radiation limit, velocities are the same in the Nb gauge and in the purely New-

tonian framework. This gauge is thus implicitly assumed in N-body simulations.

• Newtonian Motion (NM) gauges: We use a superscript (NM) to denote quantities

in this gauge, e.g., the density fluctuation of a species x is referred to as �
(NM)
x [13, 14].

These gauges are constructed such that the trajectories of non-relativistic particles under-

going non-linear clustering (such as CDM and baryons), as inferred from either relativistic

or Newtonian equations of motion, coincide with each other even when the density and

pressure of radiation (and potentially of other smoothly-distributed relics such as massive

neutrinos) are included. To achieve this, one needs to stick to the condition in eq. (2.12),

kB
(NM) = @⌧H

(NM)
T , (2.15)

while generalizing eq. (2.13) to a di↵erential equation that usually should be solved nu-

merically [13, 14]:

(@2
⌧ +H@⌧ )H

(NM)
T + 4⇡Ga

2
⇢̄cb(3⇣

(NM)
�H

(NM)
T ) = S , (2.16)

S = 4⇡Ga
2
�⇢

(NM)
other + 3

H

k2
(⇢̄+ p̄)other(✓

(NM)
tot � @⌧H

(NM)
T ) + 8⇡Ga

2⌃(NM)
other , (2.17)

where ‘cb’ refers to the CDM+baryon fluid, whose trajectories are meant to mimic Newto-

nian trajectories in this gauge, ‘other’ are additional species (usually photons and massless

or massive neutrinos) acting as a source in the gauge-fixing equation, ‘tot’ stands for the

total, and ⌃ = (⇢̄+ p̄)� is the trace-free scalar component of the spatial energy momentum

tensor. In the next subsection, we will discuss concrete methods to find quantities in this

gauge and relate them to other gauges. We note that eq. (2.16) admits di↵erent solutions

that can be mapped to di↵erent choices of a time at which all quantities in the NM gauge

coincide with those in the Nb gauge. One possible choice is to perform the matching at

early times (in the context of N-body simulations, this means at the starting time of the

simulation), which defines the forward NM gauge or forward method. Alternatively, one

can match the gauges today, resulting in the backward NM gauge or backward method.

As outlined in [57], NM gauges o↵er a streamlined approach for computing the non-linear

evolution of the cold dark matter and baryon components consistently, even in cosmolo-

gies with massive neutrinos. If a prediction for the total matter spectrum is needed, the

non-linear �cb computed consistently with this method can be combined with the neutrino

fluctuations �⌫ , which can be treated as linear for this purpose.2

2For neutrinos with a realistic mass, �⌫ is indeed linear down to scales where the matter power spectrum is

anyway strongly dominated by �cb.

– 6 –

2.2 Inferring NM gauge perturbations from a Newtonian fluid

There are two ways to compute the evolution of metric and matter perturbations in a NM gauge.

First, one may solve jointly (within a Boltzmann code) the equations of conservation of energy

and momentum for each species, two of the linearized Einstein equations, and finally the two

constrain equations (2.15, 2.16) that are necessary to close the di↵erential system. Starting

from an appropriate choice of initial conditions, this would give all the perturbations in one NM

gauge, including (�(NM)
cb , ✓

(NM)
cb ). One could then check that

(�[Nl]
cb , ✓

[Nl]
cb ) = (�(NM)

cb + 3H(NM)
L , ✓

(NM)
cb ) (2.21)

is a solution of the linearized Newtonian equations of motion for a self-gravitating ‘cb’ fluid:

�̇
[Nl]
cb = �✓

[Nl]
cb , (2.22)

✓̇
[Nl]
cb = �

ȧ

a
✓
[Nl]
cb + k

2 [Nl]
, (2.23)

 [Nl]
⌘ �

3

2

H
2

k2
(⌦c + ⌦b) �

[Nl]
cb . (2.24)

This is automatically fulfilled, since eq. (2.16) was derived in order to achieve such a be-

havior. Since these equations describe a self-gravitating fluid, the linear growth factor in

such a gauge is scale-independent. Additionally, as long as |H
(NM)
T | ⌧ 1 and the weak-field

approximation applies, reference [14] shows that the full non-linear equations of motion for

(�(NM)
cb +3H(NM)

L , ✓
(NM)
cb ), which include quadratic terms, match the non-linear Newtonian equa-

tions.

However, there is a second approach, which is simpler to implement in practice [57]. One

may integrate all the equations (within a Boltzmann code) in a gauge G of their choice, and

simultaneously solve the Newtonian equations (2.22, 2.23, 2.24) to get (�[Nl]
cb , ✓

[Nl]
cb ) with appro-

priate initial conditions detailed in section 2.3. Then, for each time and each wavenumber,

the comparison between �
(G)
cb and �

[Nl]
cb returns the fields providing the full (linear-order) gauge

transformation from the G gauge to one NM gauge, including large-scale relativistic corrections

of any order in (aH/k).

We implemented the second logic in a modified version of the class code. To solve for

(�[Nl]
cb , ✓

[Nl]
cb ), we define one extra fluid called the ‘Newtonian fluid’, obeying the equations of

motions in eqs. (2.22, 2.23, 2.24) and to initial conditions that we will specify in section 2.3. We

then run the code either in the Poisson or synchronous gauge and infer the metric perturbation

H
(NM)
T , which will be useful for the next steps, from a simple comparison between �

[Nl]
cb and �

(G)
cb

in this gauge.

Let us start with the case of the Poisson gauge. By assumption, there is no temporal

component in the gauge transformations from the Poisson gauge to NM gauges, which implies

�
(NM)
cb = �

(P)
cb . Thus eq. (2.20) immediately gives

3H(NM)
L = �

[Nl]
cb � �

(P)
cb . (2.25)

To find H
(NM)
T , one can write the transformation of the components HL and HT from the Poisson

gauge to a NM gauge. Using the fact that the temporal component of the transformation vanishes

and that H(P)
T = 0, one can eliminate the spatial part of the transformation and find

H
(NM)
T + 3H(NM)

L = 3H(P)
L = �3� . (2.26)

– 8 –
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Finding the one-loop power spectrum

- feed  to e.g. EFTofLSS algorithm (for us: CLASS-Oneloop) to get  

(already differs from usual through non-trivial ICs and scale-independent/time-dependent 

growth factor reflected in time/dependent kernels)

P[Nl]
cb,L(k, z) P[Nl]

cb,NL(k, z)
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Finding the one-loop power spectrum

- feed  to e.g. EFTofLSS algorithm (for us: CLASS-Oneloop) to get  

(already differs from usual through non-trivial ICs and scale-independent/time-dependent 

growth factor reflected in time/dependent kernels)

P[Nl]
cb,L(k, z) P[Nl]

cb,NL(k, z)

- we can infer the non-linear cb power spectrum in real space and comoving gauge: 

-  where  can be expanded in powers of  

- knowing that  remains linear and negligible on small scales, we prove:

P(C)
cb,NL(k, z) = ⟨ |δcb,NL + Δ(C) |2 ⟩ δcb,NL δcb,L

Δ(C)(k, z)

                            P(C)
cb,NL = P[Nl]

cb,NL + 2 P 
Δ(C) P[Nl]

cb,L + PΔ(C)
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Finding the one-loop power spectrum

- feed  to e.g. EFTofLSS algorithm (for us: CLASS-Oneloop) to get  

(already differs from usual through non-trivial ICs and scale-independent/time-dependent 

growth factor reflected in time/dependent kernels)

P[Nl]
cb,L(k, z) P[Nl]

cb,NL(k, z)

- we can infer the non-linear cb power spectrum in real space and comoving gauge: 

-  where  can be expanded in powers of  

- knowing that  remains linear and negligible on small scales, we prove:

P(C)
cb,NL(k, z) = ⟨ |δcb,NL + Δ(C) |2 ⟩ δcb,NL δcb,L

Δ(C)(k, z)

                            P(C)
cb,NL = P[Nl]

cb,NL + 2 P 
Δ(C) P[Nl]

cb,L + PΔ(C)

- we can infer similarly the total matter power spectrum in real space and comoving gauge: 

- knowing that  remains linear and negligible on small scales, we prove:δ(C)
ν (k, z)

                        P(C)
m,NL = (1 − fν)2 P(C)

cb,NL + 2fν (1 − fν) P(C)
ν,L P(C)

cb,L + f 2
ν P(C)

ν,L
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Finding the one-loop power spectrum

Figure 6: (Left panels) Ratio of massive-to-massless CDM+baryon power spectra of comoving gauge
density, P

(C)
cb,NL(k, z), in a ⇤CDM cosmology with three degenerate massive neutrinos and ⌃m⌫ =

0.05, 0.12, 0.3 eV, computed at z = 0 (top) or z = 2 (bottom) with di↵erent approaches: EFTofLSS
applied to the comoving gauge power spectrum P

(C)
cb,L (standard approach, solid); EFTofLSS applied to

the NM gauge power spectrum P
[Nl]
cb,L and transformed back to the comoving gauge (NM gauge), either

without (dotted lines) or with (dashed lines) the ⇤ correction; and linear theory (dot-dashed). (Right)
For each summed neutrino mass, percentage di↵erence between the power spectrum of the NM gauge
and standard approach, at z = 0 (top) or z = 2 (bottom).

⇠ 0.06% at k = 0.3hMpc�1 and for ⌃m⌫ = 0.30 eV, with equal contribution from neutrino and

⇤ e↵ects (as can be checked by comparing the dotted line, without ⇤ corrections, with the dashed

lines, with ⇤ corrections). At z = 0, the di↵erence is significantly bigger, reaching ⇠ 0.66% at

k = 0.3hMpc�1 and for the same mass. In that case, it is dominated by ⇤ corrections, since

neutrino-only e↵ects do not exceed 0.14%.

Role of the growth factor. In figures 5, 6, the loop corrections of the ‘standard’ and ‘NM

gauge without ⇤ correction’ approaches are computed at z = 0 and rescaled to z = 2 using

the scale-independent growth factor D(z).12 We already stressed that in the NM gauge, there

is no ambiguity on the fact that this growth factor should be the small-scale one, coming from

12Instead, the linear power spectrum is always rescaled consistently with D(k, z).
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Figure 7: (Left) Ratio of massive-to-massless matter power spectra of the comoving gauge density at
z = 0, P (C)

m,NL(k, z = 0), in a ⇤CDM cosmology with three degenerate massive neutrinos and ⌃m⌫ =
0.05, 0.12, 0.3 eV, computed with di↵erent approaches: EFTofLSS applied to the linear comoving gauge
power spectrum P

(C),L
cb , with neutrino perturbations added linearly at the end (standard approach, solid);

and EFTofLSS applied to the NM gauge power spectrum P
[Nl]
cb,L and transformed back to the comoving

gauge, with neutrino perturbations added linearly at the end, using kernels without (dotted) or with
(dashed) the ⇤ correction. (Right) Percentage di↵erence between the total matter power spectrum of the
NM gauge and standard approaches at z = 0.

eq. (4.4) with ⌦x = ⌦c + ⌦b, and scaling like a
1� 3

5f⌫ during matter domination. As a matter

of fact, in this particular gauge, it describes the growth of �cb on all scales. We also argued

that the same choice should be performed when using the standard approach, since this growth

factor is the one that applies approximately to the scales over which non-linear corrections

are computed. In the standard approach, rescaling the loops with the large-scale D(z) would

introduce a very large error. This is illustrated by the right panel of figure 12 in appendix C.2.

With ⌃m⌫ = 0.12 eV, rescaling the loops from z = 2 to z = 0 using the large-scale D(z) leads

to a 1.5% error at k = 0.3hMpc�1.

4.5 Total matter spectrum

Since the NM gauge is constructed in such way that �(NM)
cb +3H(NM)

L = �
[Nl]
cb obeys to Newtonian

equations of evolution, there is no ambiguity on the fact that, in this method, the EFTofLSS

contributions must be computed from P
[Nl]
cb,L rather than P

[Nl]
m,L. If needed, the total-matter power

spectrum in the comoving gauge, P (C)
m,NL, can then be inferred from eq. (4.6). Similarly, in the

standard approach, one should compute the loops corrections (and other EFTofLSS contribu-

tions) starting from P
(C)
cb,L rather than P

(C)
m,L, since the results of the previous sections demonstrate

that �(C)
cb remains very close to �

[Nl]
cb , and thus, close to a self-gravitating fluid with Newtonian

evolution. The total matter power spectrum can then be inferred from eq. (4.6) – but with

P
(C)
cb,NL evaluated directly, instead of going through eq. (3.13).

In figure 7, we compare the total matter power spectrum obtained using the di↵erent

methods at z = 0. The level of agreement between the ‘standard’ and ‘NM gauge’ approaches

is very similar for P (C)
m,NL and P

(C)
cb,NL, as can be seen by comparing figure 7 with the top panels

of figure 6. To further illustrate that computing the loop contributions from P
(C)
cb,L rather than

– 28 –
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Going to redshift space

5.2 Newtonian Motion gauge approach with/without ⇤ correction

We want to evaluate the gauge-invariant power spectrum of eq. (5.4) without making any

approximation on the growth rate of perturbations. According to the discussion in section 4.3,

EFTofLSS calculations with separable functions of k and ⌧ and scale-independent kernels are

fully justified only in NM gauges, that is, when we compute the moments of the fields

(�[Nl]
cb , ✓

[Nl]
cb ) = (�(NM)

cb + 3H(NM)
L , ✓

(NM)
cb ) , (5.8)

related to the fields appearing in eq. (5.4) or (5.5) through

�
(C)
cb = �

[Nl]
cb +�(C) = �

[Nl]
cb +H

(NM)
T � 3⇣ , (5.9)

✓
(C)
cb = ✓

[Nl]
cb � Ḣ

(NM)
T , (5.10)

where in the last equality we used the expression of Vcb in the comoving and NM gauges. Thus,

we can express the observable power spectrum of eq. (5.4) as

P
(C)
cb,NL(k, µ, z) =

*�����
[Nl]
cb �

µ
2

H
✓
[Nl]
cb +�(RSD)

����
2
+
+�Ploops

h
�
[Nl]
cb +�(C)

, ✓
[Nl]
cb � Ḣ

(NM)
T

i
, (5.11)

where we defined

�(RSD)(k, µ, z) ⌘ �(C)(k, z) +
µ
2

H
Ḣ

(NM)
T (k, z) = H

(NM)
T � 3⇣ +

µ
2

H
Ḣ

(NM)
T . (5.12)

When the linear power spectrum P
[Nl]
cb,L is passed to class-OneLoop, the module computes the

one-loop redshift-space power spectrum P
[Nl]
cb,NL assuming consistently ✓

[Nl]
cb = �f H �̇

[Nl]
cb with a

scale-independent f . This relation is exact, unlike in the standard approach based on comoving-

gauge variables. Like for the real-space power spectrum, the loop calculation is performed

with the ⌫-dependent kernels that account for the modified growth of density and velocity

perturbations caused by massive neutrinos, and possibly also by ⇤ domination: we can use

eq. (4.12) to define the kernels F2, G2, F3, G3 in the NM gauge approach without ⇤ corrections,

or eq. (4.13) in the approach with ⇤ corrections.

To compute the spectrum P
(C)
cb,NL(k, µ, z) at a given order using eq. (5.11), we would need

to compute the moments of the linear and gaussian fields (�(1)cb , ✓(1)cb , �(C), Ḣ(NM)
T ) at this order,

where the non-linear fields (�[Nl]
cb , ✓[Nl]

cb ) are expanded in powers of �(1)cb , ✓(1)cb . The moments that

do not contain (�(C), Ḣ(NM)
T ) are the ones computed by standard EFTofLSS algorithms when

the linear power spectrum of the Newtonian fluid P
[Nl]
cb,L is passed in input. The sum of these

moments provides the non-linear power spectrum in redshift space, P [Nl]
cb,NL, not accounting for

relativistic and scale-dependent growth e↵ects. In principle, the additional moments containing

the fields (�(C), Ḣ(NM)
T ) could be computed explicitly, noting however that �(C) and Ḣ

(NM)
T are

not exactly separable functions of time and wavenumber. However, like in section 3.2, we find

that it is not necessary to perform the full explicit calculation in order to capture leading-order

e↵ects, because the problem features a separation of scales:

• On small scales, �[Nl]
cb and ✓

[Nl]
cb grow non-linear, while �(G) and Ḣ

(NM)
T remain linear and

totally negligible compared to these fields, such that

P
(C)
cb,NL(k, µ, z) '

*�����
[Nl]
cb �

µ
2

H
✓
[Nl]
cb

����
2
+

+�Ploops

h
�
[Nl]
cb , ✓

[Nl]
cb

i
= P

[Nl]
cb,NL(k, µ, z) . (5.13)
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• On large scales, all fields remain linear and�Ploops is negligible. Then, the power spectrum

reads

P
(C)
cb,L(k, µ, z) ' P

[Nl]
cb,L(k, µ, z) + 2

q
P�(RSD)(k, µ, z)

q
P

[Nl]
cb,L(k, µ, z) + P�(RSD)(k, µ, z) ,

(5.14)

with

P
[Nl]
cb,L(k, µ, z) =

*�����
[Nl]
cb �

µ
2

H
✓
[Nl]
cb

����
2
+

, P�(RSD)(k, µ, z) =

⌧����(RSD)
���
2
�

. (5.15)

• On intermediate scales, the e↵ect of the gauge transformation and of non-linear corrections

are both negligible.

Thus, to a very good approximation, the result for the observable power spectrum in redshift

space is captured on all scales by the expression

P
(C)
cb,NL(k, µ, z) ' P

[Nl]
cb,NL(k, µ, z)+2

q
P�(RSD)(k, µ, z)

q
P

[Nl]
cb,NL(k, µ, z)+P�(RSD)(k, µ, z) . (5.16)

We stress that, like in real space, this expression applies even in presence of massive neutrinos.

Thanks to the use of the NM gauge for the calculation of EFTofLSS contribution, it captures

general-relativistic e↵ects, gravitational couplings with relativistic species, and scale-dependent

growth due to free-streaming species. These e↵ects are implemented through the peculiar initial

conditions and background equations of the Newtonian fluid used for the calculation of P [Nl]
cb,L,

and by corrections in P�(RSD) that account for the transformation from the NM gauge to gauge-

independent variables accounting for observable quantities. When the kernels are defined using

eq. (4.13), the e↵ect of ⇤ domination is also incorporated in the calculation of the one-loop

power spectrum.

5.3 Results and comparison

Results for fixed neutrino mass and di↵erent redshifts. In figure 8, we compare the

redshift-space power spectrum computed using the standard and NM gauge approaches at z = 0

and 2, for µ = 0.5, with degenerate neutrinos of mass ⌃m⌫ = 0.12 eV, and assuming a counter-

term c
2
s = 0.

We first focus on the dotted lines in the right panel, accounting for the di↵erence between

the ‘NM gauge without ⇤ correction approach’ and the ‘standard approach’ in its simplest flavor.

In this case, we do find a substantial di↵erence, reaching 0.3% on large scales for ⌃m⌫ = 0.3 eV

and z = 2. However, the dominant contribution to this error is obvious. In the simplest version

of the standard method, the growth factor f is assumed to be scale-independent, because this

assumption is required for the self-consistency of loop calculations. However, the growth factor

does not appear only in the normalization of the loops. It is also involved in the normalization

of the tree-level power spectrum through the Kaiser term, that is, the multiplicative factor in

eq. (5.3). This term is important on all scales. The di↵erences observed in the dotted line of the

right panel of figure 8 is dominated by the fact that the standard approach uses the small-scale

f also in the Kaiser term on large scales.

To make the standard approach more accurate, we can in principle use the full f(k, z) in

the tree-level Kaiser term, while sticking to the small-scale factor f(z) in the calculation of loop

corrections. We call this the ‘rescued standard approach’. This correction is also implemented

in other codes such as CLASS-PT. In the right panel of figure 8, the solid lines compare the ‘NM

– 32 –

- in redshift space, linear term with Kaiser formula plus loop correction: 

- using linearity of the gauge transformation field, we prove: 

- finally, we can infer the spectrum multipoles
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Summary of modifications to CLASS-Oneloop

- linear part (perturbations module):  

- solve Newtonian equations in parallel to usual perturbation equations 

- find correct (non-trivial) ICs for  

- find gauge transformation field  

- non-linear part (oneloop module):  

- input is  

- kernels ( ) incorporate a time-dependent but scale-independent  

accounting for both  and neutrino mass effect  

- finally (fourier module): 

- final cb non-linear spectrum combined with linear spectrum of gauge transformation fields 

- result: one-loop cb / matter power spectra in real or redshift space

δ[Nl]
cb,L(k, τ)

H(NM)
T (k, τ)

P[Nl]
cb,L(k, z)

F2, G2, F3, G3
Ωbc(τ)
f 2(τ)

Λ
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Results: z=0

Figure 10: (Left) Percentage di↵erence between the wedge power spectra in redshift space,
P

(C)
cb,NL(k, µ, z), at z = 0 (top) or z = 2 (bottom), inferred from the ‘NM gauge with ⇤ correction

approach’ or from the ‘rescued standard approach’. We assume a ⇤CDM cosmology with three degen-
erate massive neutrinos and ⌃m⌫ = 0.05, 0.12, 0.3 eV, and show the results for three di↵erent values of
µ = 0, 0.5, 1 (µ = 0 corresponds to power spectra in real space). (Right) Same for the power spectrum
multipoles, P (C)

cb,NL(k, `), with ` = 0, 2, 4.

smaller for larger µ. The reason is that in the expression of �(RSD), see eq. (5.12), the terms

Ḣ
(NM)
T and �(C) have opposite sign. On small scales, k > 10�2

hMpc�1, the e↵ect is reversed:

when µ increases, the correction induced by massive neutrinos and ⇤ corrections in the NM

gauge approach starts earlier in k-space and reaches higher values. The explanation is that on

non-linear scales, the velocity field is significantly more a↵ected by these corrections than the

density field.

This observation is fully consistent with the full time and scale-dependent treatment of

Garny & Taule [69], who show in their figure 3 that the one-loop velocity power spectrum is

more enhanced by massive neutrino and ⇤ e↵ects than the density power spectrum.14 In the

14The dashed lines in figure 3 of [69] show a suppression rather than an enhancement of the density and velocity
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 GR/radiation corrections: O(0.1%) 
Come through gauge 
transformation field 

  corrections: O(1%) 
Come through modified 

ICs and kernels 
(85% , 15% )

Λ + Σmν

Λ Σmν

dipole most sensitive 
(growth of )θcb

• all scales: highly consistent with gevolution 
• small scales: highly consistent with full calculation of Garny & Taule
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Figure 10: (Left) Percentage di↵erence between the wedge power spectra in redshift space,
P

(C)
cb,NL(k, µ, z), at z = 0 (top) or z = 2 (bottom), inferred from the ‘NM gauge with ⇤ correction

approach’ or from the ‘rescued standard approach’. We assume a ⇤CDM cosmology with three degen-
erate massive neutrinos and ⌃m⌫ = 0.05, 0.12, 0.3 eV, and show the results for three di↵erent values of
µ = 0, 0.5, 1 (µ = 0 corresponds to power spectra in real space). (Right) Same for the power spectrum
multipoles, P (C)

cb,NL(k, `), with ` = 0, 2, 4.

smaller for larger µ. The reason is that in the expression of �(RSD), see eq. (5.12), the terms

Ḣ
(NM)
T and �(C) have opposite sign. On small scales, k > 10�2

hMpc�1, the e↵ect is reversed:

when µ increases, the correction induced by massive neutrinos and ⇤ corrections in the NM

gauge approach starts earlier in k-space and reaches higher values. The explanation is that on

non-linear scales, the velocity field is significantly more a↵ected by these corrections than the

density field.

This observation is fully consistent with the full time and scale-dependent treatment of

Garny & Taule [69], who show in their figure 3 that the one-loop velocity power spectrum is

more enhanced by massive neutrino and ⇤ e↵ects than the density power spectrum.14 In the

14The dashed lines in figure 3 of [69] show a suppression rather than an enhancement of the density and velocity
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Results: z=2

 GR/radiation corrections: O(0.1%) 
Come through gauge 
transformation field 

  corrections: O(0.15%) 
Come through modified 

ICs and kernels

Σmν

• all scales: highly consistent with gevolution 
• small scales: highly consistent with full calculation of Garny & Taule
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Confirming some prescriptions in standard method

• In standard approach, accurate results require some choices/prescriptions: 

• Non-linear corrections computed for  , not  

• Time-scaling of the loops should be based on  excepted for Kaiser 

term rescaled by full  

• In NM gauge, everything uniquely defined, no choices/prescriptions

Pcb Pm

D(∞, z), f(∞, z)
f(k, z)
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Conclusion

• Effect of fully taking massive neutrino effects into account (compared to usual EdS 

approximation) is very small: just a confirmation 

• Effect of fully taking  effects into account at kernel level is not that small 

• Generalisation to galaxy spectrum with bias expansion under progress 

• Method could be applied to several extended models (CWDM with light WDM, fraction 

of decaying DM, two-body decaying DM, modified gravity…)                              

• Method is generic and straightforward (extended models only needs to be 

implemented at linear level in CLASS) 

• Potentially very useful for enhanced analysis of DESI / Euclid full-shape

Λ


