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4%

22%

74%

Makeup of universe today

Dark Matter 
(suspected since 1930s 

established since 1970s)

Dark Energy 
(suspected since 1980s 
established since 1998)

Also:  
radiation (0.01%)

Baryonic Matter 
(stars 0.4%,  gas 3.6%)



How do we describe the large-scale structure 
and constrain cosmological model?

Harvard-Cfa survey; 
de Lapparent, Geller & Huchra (1986)

SDSS/BOSS survey
SDSS/BOSS collaboration 

~104 galaxies ~106 galaxies

Claire Lamman and DESI collaboration

~0.5×108 galaxies



•Ground photometric:  
‣Kilo-Degree Survey (KiDS) 

‣Dark Energy Survey (DES) ⟹ final results on webinar on 22nd Jan  

‣Hyper Supreme Cam (HSC)  

‣LSST on Vera Rubin Telescope 

•Ground spectroscopic: 
‣Prime Focus Spectrograph (PFS) 

‣Dark Energy Spectroscopic Instrument (DESI) 

•Space:  
‣Euclid  

‣Roman Space Telescope 

Ongoing or upcoming DE experiments:



Galaxy power spectrum

Matter power spectrum contains (almost!) all information 
at large scales in cosmology

keq

smaller 
scales

larger 
scales



Linear galaxy power spectrum 𝛥g2(k)

Δ2
g(k, a) ≡

k3Pg(k)
2π2

Principal sensitivity to cosmo parameters comes from: 

•growth function  (D is linear growth, g is 
growth suppression, i.e. value relative to EdS) 

•transfer function T(k) 

•(for non-Gaussianity only): galaxy bias b 

•[Also anisotropic power spectrum, not shown above, RSD 
will be discussed in a bit]
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Transfer function
BAOs barely visible

small-scale 
suppression 
in some DM 
models

Main feature 
is transition 
scale 
from RD to 
MD



Baryon Acoustic Oscillations (BAO)
Multiple wiggles in Fourier space 

(power spectrum)

BAO in SDSS-III BOSS DR9 galaxies 11

Figure 3. The CMASS correlation function before (left) and after (right) reconstruction (crosses) with the best-fit models overplotted (solid lines). Error bars
show the square root of the diagonal covariance matrix elements, and data on similar scales are also correlated. The BAO feature is clearly evident, and well
matched to the best-fit model. The best-fit dilation scale is given in each plot, with the χ2 statistic giving goodness of fit.

Figure 4. Average of the mock correlation functions before and after recon-
struction showing that the average acoustic peak sharpens up significantly
after reconstruction. This indicates that, on average, our reconstruction tech-
nique effectively removes some of the smearing caused by non-linear struc-
ture growth, affording us the ability to more precisely centroid the acoustic
peak.

where �d is the measured correlation function and �m(α) is the best-
fit model at each α. C is the sample covariance matrix, and we use
a fitting range of 28 < r < 200h−1 Mpc. We therefore fit over 44
points using 5 parameters, leaving us with 39 degrees-of-freedom
(dof). Assuming a multi-variate Gaussian distribution for the fitted
data (this is tested and shown to be a good approximation in Manera
et al. 2012), the probability distribution of α is

p(α) ∝ e−χ2(α)/2. (28)

The normalisation constant is determined by ensuring that the dis-
tribution integrates to 1. In calculating p(α), we also impose a 15
per cent Gaussian prior on log(α) to suppress values of α � 1
that correspond to the BAO being shifted to the edge of our fit-
ting range at large scales. The sample variance is larger at these

scales, and the fitting algorithm is afforded some flexibility to hide
the acoustic peak within the larger errors.

The standard deviation of this probability distribution serves
as an error estimate on our distance measurement. The standard
deviation σα for the data and each individual mock catalog can be
calculated as σ2

α = �α2� − �α�2, where the moments of α are

�αn� =
�

dα p(α)αn . (29)

Note that �α� refers to the mean of the p(α) distribution in this
equation only.

In reference to the mocks, �α� will denote the ensemble mean
of the α values measured from each individual mock, and α̃ will
denote the median. The term “Quantiles” will denote the 16th/84th

percentiles, which are approximately the 1σ level if the distribution
is Gaussian. The scatter predicted by these quantiles suffers less
than the rms from the effects of extreme outliers.

5.3 Results

Using the procedure described in §5.2, we measure the shift in the
acoustic scale from the CMASS DR9 data to be α = 1.016±0.017
before reconstruction and α = 1.024± 0.016 after reconstruction.
The quoted errors are the σα values measured from the probabil-
ity distributions, p(α). Plots of the data and corresponding best-
fit models are shown in Fig. 3 for before (left) and after (right)
reconstruction. We see that for CMASS DR9, reconstruction has
not significantly improved our measurement of the acoustic scale.
However, in the context of the mock catalogues, this result is not
surprising.

Fig. 5 shows the σα values measured from the mocks before
reconstruction versus those measured after reconstruction from the
correlation function fits. The CMASS DR9 point is overplotted as
the black star and falls within the locus of mock points. However,
we see that before reconstruction, our recovered σα for CMASS
DR9 is much smaller than the mean expected from the mocks. For
typical cases, reconstruction improves errors on α, but if one has a
“lucky” realisation that yields a low error to begin with, then recon-
struction does not produce much improvement. The mock catalog
comparison in Figure 5 shows that the BOSS DR9 data volume

c� 2011 RAS, MNRAS 000, 2–33

…or one wiggle in configuration space 
(2-point correlation function)

BOSS collaboration

First discussed in: Sunyaev & Zeldovich, 1972



Dark energy - (w0, wa)

DESI shows  
preference for 
w0 > −1, wa < 0

ΛCDM 
(standard model)

w(a) = w0 + wa(1 − a) a is scale factor 
a=0: Big Bang 
a=1: today
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DESI+CMB+Union3

DESI+CMB+DESY5

DESI+CMB

Significance against 
LCDM: 

DESI+CMB+Pantheon: 2.8σ 
DESI+CMB+Union3: 3.8σ 
DESI+CMB+DESY5: 4.2σ

becomes 3.2σ with update DES SNIa “Dovekie” analysis (Popovic et al, arXiv:2511.07517)
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What about the growth function?

Power spectrum is actually not separable in k and a (except on very linear scales)

⇒ need a more sophisticated modeling of P(k, z) in redshift and k bins 
⇒ a “full-shape” modeling approach (includes EFT or HOD for small scales) 
⇒ constrains geometry and growth but doesn’t cleanly separate them

[no good 
“publicity photo” 

for full-shape analysis]



Redshift-space distortions

P(k)(s) = b2 [1 + βμ2]2 P(k) where β ≡
f
b

; μ ≡ k̂ ⋅ ̂rz = kz /k

s∥ = Δz
H(z)

s⊥ = dA(z)θ

θ

Real space Redshift space
Small-scale  

motions

Large-scale  
infall

Kaiser 
effect

"Fingers of God” 
effect

Line  
of  

sight
⇒

⇒

growth rate!Kaiser (1987) formula:



Redshift Space Distortions
Kaiser RSD formula (roughly ok at large scales):

µ0, µ2, µ4 terms become 
the monopole (l=0), 
quadrupole (l=2) and 
hexadecapole (l=4), 
respectively

P(k)(s) = b2 [1 + βμ2]2 P(k)



In addition to the power spectrum (BAO and RSD), let 
me mention very briefly these probes/combinations: 

1. Peculiar velocities 
2. Bispectrum (of galaxy distribution) 
3. Gravitational lensing and 3x2 cosmology



Peculiar velocities
Consider a galaxy at redshift z; then czobs ≈ cz + vpec

•Imagine now that you measure redshifts and distances 
.  

•The former gets you zobs, them latter gives you z 

•[Getting distances is the hard part; use Fundamental 
Plane or Tully-Fisher relation] 

•Hence you get a (noisy) measurement of vpec 

•Correlating these vpec, get a measurement of the velocity 
power spectrum, since  (in linear theory), it 
follows that  

•…and hence pecvel are sensitive to  

r(z) ≃ cz /H0

∇ ⋅ v = aHfδ
⟨vv⟩ ∝ f 2P(k) ∝ f 2σ2

8

fσ8 ≡ f(z)σ8(z)



Why pecvel are very 
sensitive to  
DE and MG

Probes that measure 
growth rate  

are particularly valuable 
(peculiar velocities and 
RSD!)

f(a) ≡
d ln D
d ln a
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1. Peculiar velocities

F. Qin et al (DESI collaboration), arXiv:2512.03231



Fourier space:

Harmonic space:

�a�1m1a�2m2a�3m3� ≡ Bm1m2m3
�1�2�3

h�~k1
�~k2

�~k3
i = (2⇡)3 �(3)(~k1 + ~k2 + ~k3)B(~k1,~k2,~k3)

So depends on six numbers (describing a triangle in 3D 
space); the angle-averaged version, , 
still depends on three numbers (recall P(k) depends on just 
k)

B(k1, k2, k3) or Bℓ1,ℓ2,ℓ3

2. Bispectrum (of galaxies)



•Years of promises (the “bispectrum winter”), but recent progress  
•Challenging to measure (lots of triangles) 
•Challenging to theoretically predict, both B and its Cov matrix  
•Challenging to control systematics in (!)  
•Proportional to galaxy bias cubed — both a problem and a 

feature 
•DESI in process of making major advances in measurements of, 

and constraints from, the bispectrum

2. Bispectrum (of galaxies)

In principle a major source of 
cosmological information at quasi-

linear and nonlinear scales!  
But:



Mock data

Prakhar Bansal 
and 

DESI collaboration



3. Gravitational lensing and 3x2 cosmology

Can correlate: 
1. galaxy position with 

galaxy position (galaxy 
clustering) 

2. galaxy shape with 
galaxy shape (weak 
lensing) 

3. galaxy position with 
galaxy shape (galaxy-
galaxy lensing)

gg  gs
gs  ss[ [

g

s
(shear of

background galaxies;
5 redshift bins)

(positions of
foreground galaxies;

5 redshift bins)

“3x2 (point-function)” 
clustering measurements:

image: LSST science book 3x2 analysis
in a picture
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Gravitational lensing and 3x2 cosmology9

FIG. 5. Multi-probe
correlation matrix
for a joint data
vector of cosmic
shear, galaxy–galaxy
lensing, and galaxy
clustering including
the non-Gaussian
terms, with the
same ordering as the
data vector shown in
Fig. 3. The upper left
triangle shows the
correlation matrix
obtained from 1200
lognormal realiza-
tions (see Sect. III B
for details), the lower
right shows the cor-
relation matrix of the
non-Gaussian halo
model covariance
(see Sect. III A).
We recommend a
zoom factor of ∼ 5
to inspect structures
within the matrix.

A. Halo Model Covariances

The covariance of two angular two-point functions
Ξ,Θ ∈ {w, γt, ξ+, ξ−} is related to the covariance of the
angular power spectra by

Cov
(
Ξij(θ), Θkm(θ′)

)
=

∫
dl l

2π
Jn(Ξ)(lθ)

∫
dl′ l′

2π
Jn(Θ)(l

′θ′)
[
CovG

(
Cij

Θ (l), Ckm
Ξ (l′)

)
+CovNG

(
Cij

Θ (l), Ckm
Ξ (l′)

)]
,

(15)

with Cξ+ ≡ Cξ− ≡ Cκκ, Cγt ≡ Cδgκ and Cw ≡ Cδgδg
in the notation of Eqs. (5), and where the order of the
Bessel function is given by n = 0 for ξ+, w, n = 2
for γt, and n = 4 for ξ−. We calculate the covariance

of the angular power spectra Cov
(
Cij

Θ (l), Ckm
Ξ (l′)

)
as

the sum on Gaussian CovG and non-Gaussian covariance
CovNG, which includes super-sample variance [73], as de-
tailed in Krause and Eifler [21], using the halo model to
compute the higher-order matter correlation functions.
Equation 15 gives the covariance of two-point functions
at angles θ and θ′, and does not account for the finite
width of angular bins. In practice, the covariance of two-
point functions in angular bins is often evaluated at rep-
resentative angles for each bin, assuming that the covari-
ance varies only slowly across angular bins (called the

narrow-bin approximation). The harmonic transform of
the Gaussian contribution in Eq. (15) reduces to a sin-
gle integral as different harmonic modes are uncorrelated
in the Gaussian covariance approximation. In the eval-
uation of the Gaussian covariance we split off the pure
white noise terms and transform these terms analytically
[68].

B. Covariance Validation

Most analytic models for the covariance of two-point
functions in configuration space are assume the narrow-
bin approximation, and that the maximum angular
scales are much smaller than the survey diameter [e.g.
67, 74, 75]. In the context of harmonic space correla-

Krause, Eifler et al (2017) [3x2 Cov for DES]

Covariance is non-trivial 
to calculate.

… but effort in progress to 
combine DESI with 
DES, KiDS, HSC (and I am 
sure Euclid, Roman and 
DESC in other efforts)

J. Lange for DESI C3 WG

Also important: LSS×CMB cross-correlations (“6x2” etc)!



Abbott et al (DES collaboration),  
“Constraints on dynamical DE from Multiple Probes in the full DES”, arXiv:2506:27221

Constraints on DE from 3x2 in DES 
(and 3x2+BAO+SN, all DES)



Beyond cosmological parameters: 
testing LCDM (and “testing gravity”)

•non-parametric methods 
•comparing at level of observations (eg. compare DL and DA) 
•geometry-growth split

Options include



Comparing geometry and growth 
(“geometry-growth split”)

One approach: Double the standard DE parameter space

Instead of ΩM and w, have: 

ΩMgeom, wgeom ΩMgrow, wgrow 

[In addition to other, usual parameters]

proposed by Zhang, Hui, & Stebbins (2005);  
reviewed in Huterer (2023)

Ruiz & Huterer (2015)

Andrade et al (2021)
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DESI DR2 (+CMB+…) forecast by U. Andrade

•Advantages: 

•motivated by physical 
considerations (e.g. MG) 

•particularly effective with a 
wealth of cosmo probes (lensing, 
SNIa, CMB, BAO, pecvel,…) 

•geom ≠ growth indicates a tension 
under any implementation of 
geom-growth split

Geometry-growth split



f(a) ≡
d ln D
d ln a

≃ Ωm(a)γ

A simpler alternative to full geometry-growth split:  
growth index ɣ  

(Peebles ~1980, Linder 2005) 

then the linear growth is

D(a) = exp∫
a

1
d ln a′￼Ωγ

m(a′￼)

γ ≃ 0.55

fits DE models in GR,  
to very high accuracy (0.1%)

(really γ ≃ 0.55[1 + 0.02w(z = 1)])

• Pros: γ is easy to implement 

• Cons: not “physical”  

• Pros: very robust - if  then something is wrongγ ≠ 0.55

Some hints for a higher-than-standard γ (~0.65) 
[Nguyen Huterer &Wen 2023, Calabrese et al (ACT collab) 2024, Giare et al 2025, Qin et al (DESI collab)] 



Bonus feature:  
Two facts about the Hubble tension



Bansal & Huterer, arXiv:2602.06293 

1. Late-time solutions to Hubble tension don’t work!

See also Efstathiou (2025), Poulin et al (2025), Dainotti et al (2021)…



Bansal & Huterer, arXiv:2602.06293 

1. Late-time solutions to Hubble tension don’t work

•SNIa data can move up and down by a constant, but tension always persists 
•A solution that changes H(z) doesn’t work since it would introduce a “slope” to 

SNIa 
•A successful solution would have to make M time-dependent (extremely contrived; 

we show a “physical” example)



2. Local H0 depends (somewhat) on cosmological model!

m − M = 5 log ( 1
H0 ∫

dz
E(z) )

Turner & Huterer, arXiv:2606.05358

Recall that, under LCDM,  
H0 = 73.50 ± 0.81 (Casertano et al)

HDN/DESI+CMB+SNIa
0 = 73.03 ± 0.81 ± 0.11

HDN/DESI+CMB
0 = 72.44 ± 0.81 ± 0.38

HDN/DESI
0 = 72.64 ± 0.81 ± 0.54

Mean goes down

Extra var due to  
cosmo model uncertainty

H0DN values (running code from Casertano et al 2026)



Conclusions I

•Parametric direct comparison of geometry to growth is a 
powerful way to test the standard model (LCDM or wCDM, e.g.)

•It will be exciting to see what forthcoming data show:  
•DESI DR2 full shape (later this year; see Sam Brieden talk) 
•DESI Pk + Bk (same) 
•DESI DR3, then Run 1b, Run 2 (more DESI! - talk to Lado S.) 
•ZTF, SO, cross-correlations, Euclid? Spherex? 

•LSS is sensitive to cosmology via 
•BAO and RSD 
•“full shape” power spectrum (includes growth) 
•peculiar velocities 
•bispectrum 
•combination with weak lensing (“3x2”)

•Hints for DDE are exciting, but to claim evidence for departure 
from the standard LCDM model should require a very high bar



Conclusions II

•Local H0 (from e.g. Distance Network) somewhat depends on 
cosmological model, and goes down (by up to ~1 km/s/Mpc) with DDE

•Hubble tension cannot be solved with late-time physics



Extra slides
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More details

Nguyen, Huterer & Wen (2023)
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DR2 Distance Measurements
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