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JOINT WORK WITH JEAN-BERNARD ZUBER

A question we have been knotting together since 1999

1999 Matrix integrals and the counting 2010 Kbnot theory
of tangles and links and matrix integrals

P. Zinn-Justin & J.-B. Zuber

P. Zinn-Justin & J.-B. Zuber

Along the way: coloured tangles (2000), with |BZ; plane-curve asymptotics (2004), with G. Schaeffer.
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oral \//
AR S N[

J |
o | February 2005

/””\ Moscow

logZ v ; Combinatorial methods in
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Today: logarithmic corrections, an exactly solvable check, and statistics of loop lengths.

The paper dates are preprint dates. The 2010 review appeared in The Oxford Handbook of Random Matrix Theory (2011).
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BACKGROUND

From knot diagrams to planar maps

Knot and link types
Diagrams must be identified under Reidemeister
moves: a difficult counting problem.

Prime alternating links

For reduced alternating diagrams, flypes suffice—but
counting modulo flypes still requires extra
combinatorics.

Our simplification
Forget over/under crossings and all move equivalences.
Count all connected four-valent planar maps.

An alternating knot diagram Forget over / under: its shadow

Working hypothesis: these simplifications preserve the universality class.

A crossing becomes a degree-four vertex; opposite half-edges trace the loops.

Rooted quartic-map formula: Tutte / planar matrix integrals. Knot background: Zinn-Justin-Zuber (2010).



https://arxiv.org/abs/1006.1812

BACKGROUND

From knot diagrams to planar maps

First count all connected, rooted, four-valent maps on the sphere.

Exact enumeration What changes when we prescribe the
number of components?
23"(2n)! 2 n_—5/2
An = ~ =120 The one- is much harder. I |
nl(n+2)! 7 e one-component sector is much harder. In general,
introduce a fugacity per component.
n crossings - 2n edges The exponential growth depends on the ensemble; the power-law
Root: one distinguished oriented edge. exponent is the proposed universal information.
59 knot shadow: 1 component Borromean shadow: 3 components

Trace each loop through crossings; both planar maps are connected.

Rooted quartic-map formula: Tutte / planar matrix integrals. Knot background: Zinn-Justin-Zuber (2010).
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THE MATRIX-MODEL DICTIONARY

The matrix integral for crossing loops

For integer ¢ > 0, use g Hermitian matrices of size IV:

q
1
Zyn(g,9) = / ][ dM, exp N tr -5 > M+ % > M, M,M,M,
a a,b

a=1

b Matrix indices make a ribbon graph.
A surface of genus h contributes N272",

Colour is conserved along a strand.
*g Each closed loop contributes q.

Large NN selects the spherical topology.
b c At each order, the answer is a polynomial in g.

The cyclic order a, b, a, b makes a crossing.

Fy(q,9) = lim N 2log Zn(q,9),  Zu(q) = 4n|g"|Fo(q, 9).

N—oo

Formal, Gaussian-normalized integral. Here we keep all maps: no prime/reduced restriction or flype quotient.

Zinn-Justin-Zuber, 1999, 2000, 2010. N is the matrix size; n is the number of crossings.
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FROM ENUMERATION TO GRAVITY

The leading power: matter plus a fluctuating sphere

Zn(q) = Z M), N (M) = number of loops.

M rooted quartic map

[V (M)|=n

The rooted counting power is

Zn(q) o< 1(q)"n" 92,

Rooting shifts the exponent by one relative to the
automorphism-weighted unrooted count.

Crossing-loop / Goldstone hypothesis
c(g) =q—1.
The KPZ susceptibility is

g—2—+/(2—q)(26—q)
12 '

7(q) depends on the microscopic ensemble.

['(q) =

The one-component sector is [q] Z, (). Its conjectured power is n~(13+V13)/6,

The corresponding prime alternating-knot power is n_(19+‘/ﬁ)/6, with additional universality and quotient assumptions. Neither statement yet
specifies the logarithms.

Schaeffer-Zinn-Justin (2004); Zinn-Justin-Zuber (2010). All asymptotic powers on this frame are conjectural for the knot ensemble.
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THE CONTINUUM PICTURE

Crossings lead to a Goldstone theory

An O(q) sigma model with ¢ — 1 Goldstone modes.

T S
S:§/(VS)2, S*=1.

K is the stiffness. '
q — 1 is continued by replicas or supersymmetry.

This is the vortex-suppressed Goldstone phase, not the ordinary dense

non-crossing loop theory. .
2R A=y The sigma model

Marginally irrelevant coupling - slow running -. logarithmic corrections
RG equation (two loops, fixed background): for ¢ < 2, with t = log(L/Lg), where L is the linear size:

dK 2-—g¢q 1 i 2—q 1
— S . K(t)=——t+ —logt+ O(1).
= o |1+ 5 TOE™) (t) = —- 5 108 (1)

Jacobsen-Read-Saleur (2003); Nahum-Serna-Somoza-Ortufio (2013). The random-map continuum identification is a physical hypothesis.
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RECENT THEORY - ARBITRARY LOOP FUGACITY

Gravity changes the logarithms, too

Three ingredients must run together.

The spin stiffness The curvature coupling The area operator
The marginally irrelevant coupling The nonlinear dilaton changes the Holding physical area fixed is not
produces K ~ logn, with a two-loop weight of a sphere. holding the Liouville field fixed.

log log n correction.

log Zn(q) = nlog7(q) + [I'(¢) — 2]logn + p(q) loglogn + O(1).
P(Q) — Pcouective(q) + pdilaton(Q) + parea(q).

2

The Gaussian collective factor K (4-1/2 js only one part of the answer.

Continuum prediction on the generic Goldstone branch, —2 < g < 2, assuming regular microscopic matching and a nonzero leading amplitude. At g = 0,
extract the one-component sector first.

Finite-g coupled metric/dilaton/area calculation: PZJ, unpublished. Goldstone universality and regular microscopic matching remain physical inputs.



RECENT THEORY - ARBITRARY LOOP FUGACITY

Gravity changes the logarithms, too

Fixed spherical area - rooted partition function

Zn(q) = C(q)T(q)”nF(q)—2(1Og n)p(q)
w |14 h(Q) IOg IOg n + cmatch(Q) L0 (log log 'TL)2 |
logn (logn)?

umrzvﬁf;% p@%=2i1p+u@ﬂ,

p(q)[u(q) — 1] 3(5—q)
h(q) = 4 —3(g—1) — :
(9) o4 u(g) —3(g — 1) Q)
Universal predictions Microscopic matching
I'(q), p(q), h(q) within the Goldstone universality class. C(q), 7(q), Cmatcn(q) are non-universal.

Logarithmic origins are absorbed in cy4:cn- The formula is not uniform at ¢ = 2; a vanishing amplitude at ¢ = 0 requires a separate marked/one-

component normalization.

Finite-g coupled metric/dilaton/area calculation: PZJ, unpublished. Goldstone universality and regular microscopic matching remain physical inputs.



AN INDEPENDENT EXACT BENCHMARK

At g = —1, the two logarithms can be checked

On each graph, negative-fugacity spanning forests are exactly related to an
OSp(1|2) projective-spin model.

y o, —1<t<0, g=1-2=-1, c=-2.
.\. / : F' spanning

Aspanning for.est: SIS t counts trees, not loops. The map sum is rooted and quartic.
cycles are forbidden; here k(F') = 2.

Exact solution on rooted quartic maps - singularity expansion

Ziorest () — C; A} . 2log logn N c; N O((log log n)2)] |

~ n3(logn)? logn logn (log n)?

Independent coupled-gravity prediction I'(—1) = —1, p(—1) =h(—1) = —2. Both logarithms agree.

This model is not the crossing-loop model at ¢ = —1; it is only a test of the QFT predictions.

q = —2 - exact fermionic matrix model; q = 1 - pure gravity;

q = 2 - exact six-vertex model;
exceptional point. p(1) =h(1) =0.

separate ¢ = 1 endpoint.

Bousquet-Mélou-Courtiel (2015); Bondesan-Caracciolo-Sportiello (2017); Caracciolo-Sokal-Sportiello (2017). Next logarithm: PZJ, unpublished.



https://arxiv.org/abs/1306.4536
https://arxiv.org/abs/1608.02916
https://discovery.ucl.ac.uk/10025167/

BACK TO UNIFORM RANDOM MAPS

At g = 1, differentiate instead of counting knots

At g = 1, all rooted maps have equal weight.

0, log Z,,(q) ]qzl = EN,, k= OylogT(q)|

g=1"

The logarithms disappear from Z, (1), but not from its derivative:

3 3 22
') = — (1) = = h'(1) = =—.
V=1 PO=35 HO=3
Crossing / Goldstone model (II) Dense non-crossing model (I)
EN, = kn+ 35 logn + ---. Instead, I"(1) = 2 ~ 0.4135.

Idea: easy to sample g = 1 planar maps, and e.g., distinguish two families that both have ¢ = 0 at g = 1.

Schaeffer-Zinn-Justin (2004), equation (11); logarithmic corrections: PZJ, unpublished. Primes here denote g-derivatives.
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BACK TO UNIFORM RANDOM MAPS

At g = 1, differentiate instead of counting knots

Continuum prediction under the stated matching assumptions

The mean number of loops, for n crossings:

3 3
EN,, = kn + 0 logn + 5 loglogn + C
22 loglogn C log log n)?
| 22loglogn + of Uoglogn)™\
5 logn logn (logn)?
Universal prediction Microscopic information
3/10, 3/2, 22/5, for this fixed-area observable. k, C, c:non-universal.

This is the original numerical test. Today, we go further: which loop lengths contribute?

Closed loops include the root loop. The original open-root convention differs by one component, hence only by a constant.

Schaeffer-Zinn-Justin (2004), equation (11); logarithmic corrections: PZJ, unpublished. Primes here denote g-derivatives.
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THE FINER QUESTION

Many short loops—or a few very long ones?

ay, = E[number of loops of length 2/].

Every edge lies on exactly one loop.

Zﬁam = n.

£>1

All loop lengths are even. We use the half-length £ throughout.

Fixed £: @y, = noy + Be + O(n_l).

ay: extensive density - [: finite-size intercept.

100 crossings - 200 edges - 9 loops
Loop length 2/ is the number of edges in the loop.

Exact length identity and fixed-length expansion: PZ), unpublished. Actual q = 1 Monte Carlo sample; colours identify its loops.



RECENT THEORY - MARKED LOOPS

A length penalty is a mass

One ordinary colour and 7 auxiliary marked colours.

Each marked edge carries e #/2, so a 2¢-edge loop carries e .

Zn(rv /J’) — Z H (1 + Te_'uzj) !

M:|V(M)|=n j€loops(M)

M) = 8, 1og Zn(r, 1), = <Zj eu@-> =Y agne

£>1

Rooted maps M; linear in 7 selects one marked loop. Aty = 0,q =1+ 7.

Marked colours: transverse components. o
Dress the operator; divide by K.

un un
(logn)s’ "B (logn)s

Fixed background: powers one and two, respectively.

K h
5752 :§S2L, h = K~. hp

Bare mass squared: v < L.
R denotes running couplings; yg = hg/K.

PZ), unpublished. Flat-space comparison: Nahum-Serna-Somoza-Ortufio (2013).
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RECENT THEORY - MARKED LOOPS

A length penalty is a mass

Recall: ag, = nay + B + O(n_l) asn — oo at fixed /.
as.,: mean number of 2{-edge loops; ay: density; 5,: finite-size intercept.

Tail predictions

Now take £ — oo in the fixed-length coefficients.

A
??(log £)6

3 28
-~ 11 |
be 106[ T 3logt ]

Qy

The coefficient 28 /3 also uses massive curvature/area matching and ordinary massive decoupling—not just the source flow.

Here A is a non-universal tail amplitude. Logarithmic origins are absorbed into the omitted subleading corrections.

Local tail regularity is assumed.

PZ), unpublished. Flat-space comparison: Nahum-Serna-Somoza-Ortufio (2013).
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RECENT THEORY - MARKED LOOPS

A length penalty is a mass

The length penalty reveals two crossover scales.

At fixed map size n, how strong must i be to affect the long-distance marked sector?

Bulk: nonconstant modes Collective: uniform orientation

The mass competes with gradient energy. No gradient cost; hg = K~ygr controls pinning.

(logn)°® | (logn)® .

YR=1 = ppux = hr=<1 = feon =

Because e * suppresses loops with £ 2 1/, define the corresponding inverse-source half-lengths:

1 1
L, := SR . KL, ="

Mbulk B (log n)ﬁ’ Leoll (log n)5°

The collective threshold is weaker by K = log n.
These are loop half-length response scales, not spatial distances or a derived longest-loop law.

PZ), unpublished. Flat-space comparison: Nahum-Serna-Somoza-Ortufio (2013).
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NUMERICAL TEST 1

The total count: agreement, not a measurement of every coefficient

Uniform maps from the blossom-tree bijection - two completed campaigns - sizes 10° < n < 1.024 x 10°.

34 Compatible
£7
2L 27 /7~
8 GL) / \\~~s ® ° .
e L b S~o _ Goldstone prediction
o3 / = 2
‘-E° = | . ~~<._1 1 x~ = 15.8 for 14 degrees of
OJJ; 0 \\ 7 J- =~-_I:~~_J:__ - _
s o AN / 17T~ freedom.
§ a 17 \\\ // -
o £ Only k, C, c fitted, with ng = 1.
Vun _7-
b
=) E —— Goldstone prediction (reference)
—3 - == Dense-loop alternative + n~'/2 correction
¢ Measured loop count The power-corrected dense-loop
105 108 10" 108  10° alternative also fits: x* = 19.6 for 14
Number of crossings n degrees of freedom.

One common subtraction for both models. Error bars: one sampling standard error.

The uncorrected alternative fails. Once allowed corrections are included, these data do not uniquely select
the theory.

PZJ, unpublished. Short-loop counts are used as control variates. Dense-loop corrections here are power laws, not marginal 1/ log n terms.



NUMERICAL TEST 2

Why an observed value near 0.35 can still tend to 0.30

0.35 - ————a {3 { T

£B, (or its dyadic average)
o o
N N
o Ul

—e— Exact coefficients, =1, ...,18
== Predicted correction: b; =28/3 (one fitted origin)
---- Predicted limit 3/10

¢ Monte Carlo: dyadic averages

_O

=

ul
1

10 10 102  10%  10* 105 106
Half-length £ (bin centre for Monte Carlo)

Dots at small £: exact. Large-length points: finite-size intercepts, averaged over dyadic bins.

this range.

PZ), unpublished. Covariance between bins is retained in the fit. The plotted error bars show marginal sampling uncertainties.

Compatible

3 28/3
=19 [1 * 1og<e/eo,ﬁ>] '

x? = 5.22 for 9 degrees of
freedom, fitting one logarithmic
origin.

But a free constant also fits. Even the
downward drift is not resolved.

Compatibility does not determine 28 /3: the coefficient and logarithmic origin compensate each other over



NUMERICAL TEST 3

The microscopic tail is more demanding

—e— Goldstone: £7*[log(£/Ly)]~® —m— Empirical power: {~2:9981

v
o2 04-
= % Finite-range tension
— O
O o

0.2 - : : :

S g The leading six-log curve is not the
o 01- :
g2 best fit here.
2> 00 . :
£8 4. RMS fractional discrepancy:
§§ | Goldstone: about 0.215%.

o
85702 Free power: about 0.124%.

©

= -0.3-

Ty ' Y= ' "7 7 777 1ps Themismatchislarger than sampling noise.
Half-length £ (bin centre)

Finite-size-corrected densities, not raw counts divided by the largest n. Each curve has two fitted
parameters. Grey band: one sampling standard error.

A good power-law fit is not yet evidence for a different asymptotic exponent.

PZJ, unpublished. RMS logarithmic residual is a relative-shape score, not a x? or model probability.



NUMERICAL TEST 3

The microscopic tail is more demanding

0.6 - —§— Goldstone leading tail

—§— Empirical power
The preference changes when the

o

o

—

x 0.5

© fitting window moves.

20.4-

0

c Later windows can favour the six-log

€ 0.3-

g form.

% 0.2 - Those wins are not statistically resolved.

2]

= 0.11 :% Subleading tail corrections are not
controlled well enough to identify the

08 1024 | " 4096 16584 asymptotic law from these leading
Lower end of the fitting window £, curves.

Same upper endpoint 22°; move only the lower endpoint. Sampling errors shown. Nested windows are
correlated.

The data constrain pre-asymptotic corrections; they do not eliminate the Goldstone asymptote.

PZJ, unpublished. RMS logarithmic residual is a relative-shape score, not a x? or model probability.



PERSPECTIVE

A billion crossings is not the asymptotic limit

80 - —eo— Loops with £=0.001n
—e— Loops with £=0.01n
70 - —e— Loops with£=0.1n

(o)}
o
|

Very large loops still carry
substantial length.

o
o
1

NS
o
1

Atn = 10, loops with £ > 0.1n
carry about 20%.

w
o
I

Fraction of total length (%)

N
o
1

The matched-collapse tests also do not
distinguish the five-log and six-log scales.

=
o
I

10° 10° 10’ 108 10°
Number of crossings n

Fraction of all edges belonging to loops whose half-length exceeds a fixed fraction of n.

Vanishing macroscopic mass would still not rule out length escaping to growing sublinear scales.

PZJ, unpublished. Complete ¢ = 0 gravitational logarithms, root-loop tightness and the full crossover remain open.



PERSPECTIVE

A billion crossings is not the asymptotic limit

Exact Qg ¢@6\;’§®¢ —_ Ag

. . R )
Fixed-length series. Al z _
Exact series up to ~ 20; knot expansion; sum rules. ) K |

1 P

r— Y gy . . ,
@z,ocg eux (%,nmv ersaitr

Universal logarithmic corrections.

Gravity dresses the observable as well as the theory.

;g eang@ emarch -

Numerics { (D y
Current Montecarlo simulations don't reach ) .
the asymptotic regime. ( ‘ , | )
The data are compatible with the conjectured : 0&)\ Vl@\’\'\@-¢ _[QQ .
universality, but don't single it out convincingly. Eﬁ | , 3] , 5 Mj

L5 N ' ; ; d Sl S i w2t I L it

PZJ, unpublished. Complete ¢ = 0 gravitational logarithms, root-loop tightness and the full crossover remain open.



