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INTRODUCTION 

La construction de modèles de basse énergie pour lea interactions 

fortes à partir de la théorie des champs se heurte à un sérieux problème : il 

s'agit de concilier le calcul perturbatif des amplitudes et les importantes con-

traintes d'unitarité et de croirîcnent. Comme on le verra dans la suite, les 

approximants de Padé fournissent une solution raisonnable à ce problème et per-

mettent donc d'étudier les Implications dynamiques de théories de champs. 

Ce travail étudie un modèle pour la diffusion de basse énergie des me-

sons n, K, i) , Ce modèle est basé sur un lagrangien de Yang-Mills, dans lequel 

les champs de jauge, massifs, sont identifiés aux champs des mésons vectoriels 

p, le et $ . Ce modèle réalise donc l'hypothèse de Sakurai qui proposait de 

fonder la théorie des interactions fortes sur les symétries de jauge, et géné-

ralise le travail de Basdevant et Zinn-Justin'' qui étudiaient le système rot 

couplé au méson p . 

On montre qu'un tel lagrangien conduit à une théorie non renormalisa-

ble : on le considère donc ici comme un lagrangien phénoménologique, dont on 

calcule les deux premiers ordres de la série des perturbations et qu'on unlta-

rise par un approxiœant de Fade. Les déphasages de basse énergie et le spectre 

des résonances sont ainsi calculés. On montre ensuite comment construire un 

modèle renormal isable incorporant le mélange u-$ . 
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We present some investigations of the planar approximation to field theory
calculated through a limit of a large internal symmetry. Part of the motivation for
this work lies in the hope that it might ultimately provide a mean of performing
reliable computations in the large coupling phase of non-abelian gauge fields in
four dimensions.

Planar Diagrams
E. Brézin, C. Itzykson, G. Parisi*, and J. B. Zuber
Service de Physique Theorique, Centre d'Etudes Nucleaires de Saclay, F-91190 Gif-sur-Yvette, 
France

Commun. math. Phys. 59, 35—51 (1978) 

matrix model program & 2d gravity matrix model approach 
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REMARKS ABOUT THE EXISTENCE OF NON-LOCAL CHARGES IN TWO-DIMENSIONAL MODELS 

E. BRI~ZIN, C. ITZYKSON, J. ZINN-JUSTIN and J.-B. ZUBER 
CEN, Saclay, 91190 Gif sur Yvette, France 

Received 15 January 1979 

A simple derivation of the classical non-local conservation laws in two dimensions discovered by Liischer and Pohlmeyer 
is given. Several classes of models are shown to possess the same structure.  

A few years ago Ltischer and Pohhneyer [1] dis- 
covered conserved non-local charges in the two dimen- 
sional non-linear o-model. I f  the lagrangian is written 

"as 

£ = ( 2 X ) - I O u S O u S  , 
(1) 

S = (SI(x) ..... Sn(x)) ,  S 2 = 1 , 

the simplest nontrivial conserved charge is 

+~ +~ 

f f dx'jg7(t,x)JoV~(t,x')O(x-x ') 
+~ 

- f dx,  (2) 

+> 
j 2  ~ = 2S  a 3uSp.  (3) 

These charges have been obtained by inverse scatter- 
ing methods without use of conformal invariance and 
thus, as shown later by Lfischer [2], they are also 
quantum-mechanically conserved, implying the ab- 
sence of  particle production and factorization of  the 
multiparticle S-matrix elements. These were the main 
hypotheses made by the Zamalodchikovs [3] in their 
construction of  the S-matrix of  the O(n) non-linear 
o-model in two dimensions, 

In this note we want to give a brief derivation of  
the existence of  these conserved charges and to show 
that many generalized two-dimensional o-models 
possess this same structure. Assume that we have 
found a set of  matrices A ~ ( x )  with the following 
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properties: 
(i) Au(x ) is a pure gauge, i.e. there exists a non- 

singular matrix g such that 

A u ( x )  = g - l ( x ) O u g ( x )  ; (I)  

(ii) A u ( x  ) is conserved as a consequence of  the 
equations of  motion of  the model: 

a.A.(x) = 0 .  (II) 

We can then construct an infinite set of  (non-local) 
conserved currents by the following inductive proce- 
dure. Define the covariant derivative 

D y  = 5 ~ 3 ~  +A~ ~ . (4) 

It follows from (I) that 

IDa, Dvl = 0 ,  (5) 

and from (II) that 

OuD ~ = D  uO~ . (6) 

Let us assume that we have constructed the nth con- 
served current j(n).  Therefore, there exists a function 
x(n)(x) such that: 

j ( n ) = e u v 3 v x ( n ) ,  n~>l  . (7) 

The (n+l)th current is then defined as 

j ( n + l )  = DtaX(n) , n >~ 0 . (8) 

The induction starts with X (0) = 1, and thus j(1) = Au ' 
which is conserved. To show that j(n+l) is conserved, 
we note that from eq. (6) 

~uJ (n+l) = Du~ux(n)  , n >~ 1 , 

non-local conserved charges                 Yangian 
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M O D U L A R  INVARIANT PARTITION F U N C T I O N S  
IN  T W O  D I M E N S I O N S  

A. CAPPELLI*, C. ITZYKSON and J.-B. ZUBER 

Service de Physique Thdorique, CEN-Saclay, 91191 Gif-sur-Yvette Cedex, France 

Received 3 September 1986 

We present a systematic study of modular invariance of partition functions, relevant both for 
two-dimensional minimal conformal invariant theories and for string propagation on a SU(2) 
group manifold. We conjecture that all solutions are labelled by simply laced Lie algebras. 

1. Introduction 

The minimal  two-dimensional conformal invariant field theories [1] carry a set of 
representations of two Virasoro algebras of common central charge 

6 ( p  _ p , ) 2  
c = 1 , (1.1) pp' 

with (p ,  p ' )  a pair of coprime positive integers. Belavin, Polyakov and Zamo- 
lodchikov have shown that it is consistent to retain only a finite number of primary 
fields eph, ~, of conformal dimensions h and h chosen among the Kac values [2] 

with 

( r p _  sp , )2_  ( p _ p , ) 2  
hr, = = h p , _ r , p _ s ,  (1.2a) 4pp' 

l ~ r ~ p ' - l ,  l ~ s ~ p - 1 .  (1.2b) 

An impor tant  subset of these minimal theories consists of the unitary c < 1 
conformal  theories, for which p and p '  must be consecutive integers: [p - p ' [  = 1 
[31. 

Cardy [4] has shown that putting such a conformal theory in a finite box with 
periodic boundary  conditions, i.e. on a toms, gives stringent constraints on its 

* On leave of absence from Dipartimento di Fisica and INFN, Sezione di Firenze, Largo E. Fermi 2, 
50125 Firenze, Italy. 

0619-6823/87/$03.50©Elsevier Science Publishers B.V. 
(North-Holland Physics Publishing Division) 

ADE-ology               

massive perturbations of CFTs          TBA & Y-systems (different ADE-ology)                   



4d conformal, integrable, supersymmetric, 
dual to string theory 

solve Yang-Mills at large N 
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solve planar  SYM 𝒩 = 4

spectrum                    correlation functions, amplitudes, Wilson lines, … 



 SYM as an integrable spin chain 𝒩 = 4

• At weak coupling the spin chain is a supersymmetric, long range generalisation of the 
isotropic Heisenberg spin chain with a continuous parameter (’t Hooft coupling constant) 

• The spin states correspond to the fundamental fields of the gauge theory:  gauge fields, 
six real bosons and four complex fermions 

SU (Nc)
where �µ and �i are the chiral projections of the gamma matrices in four and six dimen-
sions respectively. The fields Aµ, �i and  a form a supermultiplet.

Symmetries

The action (
neq4

5) is Poincaré invariant and it is classically scale invariant. The classical
dimensions of the fields are

[Aµ] = [�i] = 1 [ a] =
3

2
. (6)

In fact, the theory remains scale invariant upon quantization, the beta function being
zero, and the theory is conformally invariant at quantum level. The conformal group
in four dimensions is SO(4, 2) ⇠ SU(2, 2). This group contains two su(2) components,
with generators L↵

� and L̄↵̇
�̇
, the dilatation operator, D, the translations, Pµ and the

special conformal transformations, Kµ. The internal symmetry which rotates the six
scalars into one another, or the R symmetry, is given by SO(6) ⇠ SU(4). Taking into
account the supertranslations Qa

↵, Q̄↵̇a and the super- version of the special conformal
transformations, S↵

a , S̄↵̇a, we obtain the total symmetry group as PSU(2, 2|4). The
structure of the generators can be schematically represented as

 
L, L̄, P, K, D Q, S̄

Q̄, S R

!
(7)

where the generators on the diagonal are bosonic and the ones on the anti-diagonal are
fermionic. The generators have a definite dimension

[D] = [L] = [L̄] = [R] = 0 , [P ] = 1 , [K] = �1 , [Q] = 1/2 , [S] = �1/2 . (8)

Conformal dimensions and the dilatation operator

We are going to consider gauge invariant, local operators, which are traces over the
gauge group of products of operators, e.g.

Oi1µi2...↵in(x) = Tr [�i1(x)Dµ�i2(x)... ↵(x)�in(x)] , (9)

Multiple trace operators occur as well, but in the planar limit we can restrain ourselves
to the single trace operators.

The operators organize in super-multiplets of the PSU(2, 2|4) symmetry. The op-
erator with the lowest dimension in the multiplet is called a superconformal primary
operator.

The unitary representations of the superconformal algebra are labeled by the quantum
numbers of the bosonic subgroup

SO(3, 1)⇥ SO(1, 1)⇥ SU(4) (10)

(s1, s2) � [r1, r2, r3]

with s1 and s2 being half-integer, � is the positive (or zero) conformal dimension and
[r1, r2, r3] are the (integer) Dynkin labels of SU(4).

The unitary representations of the superconformal group were classified by Dobrev
and Petkova. There are three discrete series of representations, for which at least one of

2

1 Introduction

The purpose of these lecture is to show how the integrable structures appeared in the
context of the AdS/CFT correspondence and how they might help proving the Maldacena
conjecture. Integrability is related to the planar limit of the N = 4 gauge theory, with
its counterpart, the free strings in AdS5 ⇥ S5.

1.1 Maldacena conjecture

Maldacena conjectured that the N = 4 gauge theory in four dimensions, with gauge
group SU(N), in the conformal phase, is equivalent to the IIB string theory on the space
AdS5 ⇥ S5, with a flux N units of flux through S5. The radius of the curvature of both
AdS5 and S5 is

R4 = 4⇡gsN↵
02 ,

where gs is the string coupling constant and

g2YM = gs .

The conjecture comes into several versions
a) strong version: holds for any values of gYM and N
b) weak version: holds in the planar limit, in which � = g2YMN is kept finite while N
goes to infinity. This is the limit in which the integrability appears.

2 The N = 4 gauge theory

The action for the N = 4 gauge theory in four dimensions can be obtained from the ten
dimensional N = 1 gauge theory

S =

Z
d10x

✓
1

4
TrFMNF

MN +
1

2
Tr �MDM  

◆
(1)

where the covariant derivative is defined as

DM = @M � igYM [AM , ] (2)

and  is a sixteen-component Majorana-Weyl spinor in ten dimensions. Upon dimen-
sional reduction, six of ten components of the gauge field become scalars, while the
sixteen-dimensional spinor decomposes into four copies of left and right two-dimensional
spinors in four dimensions.

AM , M = 5, ..., 10 ! �i , i = 1, ..., 6 . (3)

 A , A = 1, ..., 16 !  ̄a
↵̇ +  a,↵ , a = 1, ..., 4, ↵, ↵̇ = 1, 2 (4)

The action for the four dimensional gauge theory becomes

S =

Z
d4x

⇣1
4
TrFµ⌫F

µ⌫ +
1

2
TrDµ�i D

µ�i � g2
YM

4
Tr [�i,�j][�

i,�j] + (5)

Tr  ̄a �µDµ  a �
igYM

2
Tr �ab

i  a[�
i, b]�

igYM

2
iTr �i

ab ̄
a[�i,  ̄

b]
⌘

1
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Aµ = � Aµ � , {Z, Z̄} = � {Z, Z̄} � , � {X, Y, X̄, Ȳ } � = ! {X, Y, X̄, Ȳ } . (143)

! = e2⇡i/K

Uk(x) =
1p
2
TrZk(x) =

1p
2
Tr

�
ZL

0
+ ZL

1

�
,

Tk(x) =
1p
2
Tr ⌧Zk(x) =

1p
2
Tr

�
ZL

0
� ZL

1

�
,

Ūk(x) =
1p
2
Tr Z̄k(x) , T̄k(x) =

1p
2
Tr ⌧ Z̄k(x)

G(↵)
` = G(0)

`

det(1� s↵ K`+1)

det(1� s↵ K`�1)
(144)

G(0)

` = `N `

s↵ = sin2
⇡↵

K
↵ = 1, . . . , K � 1

K` = Koct

`

���
⇠=0

�(t) =
et

(et � 1)2

g =
q

g2
YM

Nc/4⇡

r
1 +

1

2`
g@g lnGT`

=
det(1�K`+1)p

det(1�K`) det(1�K`+2)

CUk,T`,T̄p
=

p
k`pp
2N

r
1 +

1

2`
g@g lnGT`

r
1 +

1

2p
g@g lnGTp , (145)

CTk,T`,Ūp
=

p
k`pp
2N

r
1 +

1

2`
g@g lnGT`

r
1 +

1

2k
g@g lnGTk

.

psu(2, 2|4) ! su(2, 2|2)⇥ su(2)

⌧ ! 1L ⇥ diag(1F ,�1B)R ⌘ 1L ⇥ ⌧R

V (zi, zj) =
zizj
zijzji

=
1

4 sin2 ⇡(i� j)/N

44

• Planar limit    single-trace operators   spin chain with periodic boundary conditions→ →

• Two-point correlators at              :

!oct(g) =
2

ω2
log(cosh(2ωg))

1 +
1

2ε
gϑg

Oω+1

Oω→1

=
O

2

ω

Oω+1 Oω→1

OL(x, y) = yI1
1
. . . yILL Tr ”I1(x) . . .”IL(x)

→OA(x1)OB(x2)↑ =
ϖAB

|x1 ↓ x2|2L

52

!oct(g) =
2

ω2
log(cosh(2ωg))

1 +
1

2ε
gϑg

Oω+1

Oω→1

=
O

2

ω

Oω+1 Oω→1

OL(x, y) = yI1
1
. . . yILL Tr ”I1(x) . . .”IL(x)

→OA(x1)OB(x2)↑ =
ϖAB

|x1 ↓ x2|2L

g ↔ 0

52

…

!oct(g) =
2

ω2
log(cosh(2ωg))

1 +
1

2ε
gϑg
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=
O
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ω
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 SYM as an integrable spin chain/2d 
field theory 

𝒩 = 4

N∑

j=1

znj = N ωn,0 mod N

p = q2/ω

εk → ε̄k + 1

N ↑ 2M + 1 ↓ ε1 ↓ . . . ↓ εM ↓ 1

si → Ki,i+1

Weierstrass elliptic function with periods N and ϑ

T pol

i := ↑t→1/2 tzi ↑ zi+1

(zi ↑ zi+1)
(1↑Ki,i+1) + t1/2

Rpol

i,i+1
:= t→1/2 T pol

i Ki,i+1

Ti zi Ti = zi+1 , Tj zi = zi Tj , if j ↔= i, i+ 1

Ři,i+1(u) = t1/2
uT sp

i ↑ (T sp

i )→1

tu↑ 1

q↑ = (t↑)1/2 = q

ϑ ↗ e2ε

Kijzi = zjKij

(ϖ/N)2

sin2(ϖz/N)

N ↗ ↘

Ea(p) = a±
√

a2 + 16g2 sin2
p

2
∑

ϑi↓ϑ̄i=ui

≃OA(x1)OB(x2)⇐ =
ωAB

|x1 ↑ x2|2!A(g)

HA1Ȧ1...AN ȦN =
∏

1↔i<j↔N

h(ui, uj) ≃ϱȦN
N . . .ϱȦ1

1
| S |ϱA1

1
. . .ϱAN

N ⇐

p̃(j)

p̂(j)

(ς, φ) ↗ (iφ, iς)

↼ ↗ ϖ + i↘

36

• Two-point correlators at finite coupling :

• Excitations (spin waves) are called magnons and they carry  flavours 

• Magnons scatter with Beisert’s scattering matrix                

psu(2 |2) L × psu(2 |2) R

2

~ ferromagnetic vacuum of the Heisenberg-like  spin chain

• 1/2 BPS state:  

contours of integration C1 in ω and C2 in ω→ should be ordered in the same way. It will be

useful to think of the relation (3.37) as an ordering on the contours,

C1 → C2 . (1.8)

TO BE MOVED This remark is important for the driving terms of the com-

posites. It is to be plugged to the place needed. The formula applies to each edge

of the triangulation and extends to composite excitations involving several edges by simple

addition, e.g. lω1+ω2 = lω1 + lω2 , and so on.

TO BE MOVED The text below should be put where the composites are

introduced after the remark above. These ε-functions enjoy several useful properties.

First, they are multiplicative under charge addition. [Link to above! – EK]

εω+ω→(ω) = εω(ω)εω→(ω) , (1.9)

which follows directly from the linear dependence on the charge ϑ in the defining rela-

tions (4.44).

2 Hexagonalisation and cluster algebras

2.1 Hexagonalization of correlation functions

In this section, we review some background material on the hexagonalization of correlation

functions, following the general proposal of [? ? ].

The operators we consider are single-trace chiral primary operators constructed from the

six real scalar fields !I(x) of the theory, with I = 1, . . . , 6. As is well known, these operators

can be conveniently parametrized using six-dimensional null polarization vectors yI ,

OL(x, y) = Tr (y · !(x))L := yI1 . . . yIL Tr !I1(x) . . .!IL(x) , (2.1)

where L denotes the R-charge of the operator. The polarization vectors satisfy

y · y :=
6∑

I=1

yIyI = 0 . (2.2)

so they parametrize null directions in C
6. Rescaling these vectors simply rescale the operators,

and therefore the correlation functions. Formally, the y vectors lie on a null projective cone,

commonly encountered in embedding formalism of CFT [? ? ]. In the integrability picture,

these operators correspond to the vacuum states of the associated spin chains.

Throughout this paper we consider two-dimensional kinematics in which the operator

insertions are restricted to a plane, which we take to be Euclidean, R
2, for definiteness,

xi = (0, x1i , x
2
i , 0). Thus, the kinematics of interest is described by a configuration of n points

on the Riemann sphere C↑. The corresponding configuration space is the moduli space of

– 5 –

  factorised scattering   Yang-Baxter equation → ↔

energy of the spin chain 
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1 Introduction

It is well known that the spectra of integrable two dimensional QFT’s in finite volume can be studied
by the thermodynamic Bethe ansatz (TBA) approach [1]. TBA results in a system of non-linear
integral equations which can be always “miraculously” recast into the universal Y-system — a system
of functional equations on Y-functions, looking simpler than TBA, but at the price of loss of a certain
analyticity input. Apart from some exceptional cases (Lee-Yang model, SS-model, Wess-Zumino
cosets) both the TBA system and the Y-system are infinite. However, Destri and de Vega noticed [2]
that the infinite TBA system for the vacuum of the Sine-Gordon model can be reduced to only one
non-linear integral equation, and this was later generalized to excited states [3]. For the models with
higher rank groups of symmetries a similar reduction to a few integral equations is usually possible.
DdV-type equations often make possible a systematic study of IR and UV limits. In general this is
the best one can do with the spectral problem of a finite volume integrable QFT. This reduction, still
not very well studied and understood, can be traced down to the fact [4, 5] that the Y-system itself
is a gauge invariant version (see (2.3)) of the integrable finite di↵erence bilinear Hirota equation, or
T-system:

Ta,s(u+ i

2
)Ta,s(u�

i

2
) = Ta+1,s(u)Ta�1,s(u) + Ta,s+1(u)Ta,s�1(u) . (1.1)

The equation is essentially the same for all known integrable 2D QFT’s1, and what di↵ers from
one model to another is its boundary conditions w.r.t. the “representational” variables a, s and the

1with slight modifications for the algebras other than Ak.
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and even to perform its numerical study for the Konishi dimension. The results of this numerical
study are in perfect correspondence with the results obtained in [22, 25] from TBA and thus confirm
the validity of our FiNLIE. We also prove the equivalence between FiNLIE and TBA analytically.

(a) lattice for T-functions’ (a,s) indices (b) lattice for Y-functions’ (a,s) indices

Figure 1: Boundary conditions for Y-system (b) and T-system (a) of AdS5/CFT4: T-
shaped “fat hook” (T-hook). We will often distinguish in the T-hook (a) the upper band – all the
nodes with a � |s|, the right band – all the nodes with a  s and the left band – all the nodes with
a  |s|, s < 0.

This paper is composed as follows: section 2 introduces the Y-system and our notations. The
readers familiar with the subject can go directly to section 3 where the analytic properties of T-
functions are described and the Z4 symmetry of the classical string is generalized to a new symmetry
of the full quantum T-functions. In section 4, the Wronskian solution of T-system in terms of a finite
set of Q-functions is introduced. We work out here a compact and general representation of such
solutions in terms of exterior forms. In section 5, the equations constraining these Q-functions are
obtained with the use of the analyticity and symmetry constraints identified in section 3. Finally,
section 6 summarizes our construction and the resulting FiNLIE, while section 7 presents the results
of our first numerical implementation of this FiNLIE. A systematic study of the analyticity properties,
as well as a recasting of the spectral problem into the FiNLIE form, are performed explicitly for the
sl(2) sector’s symmetric states, and in particular having only two magnons, containing a relatively
large class of operators including Konishi operator.

2 Y-system generalities

For the detailed description of the Y-system for AdS/CFT we refer to [8–10]. In this section we list
the main results and general facts about Y-systems and Hirota equation. The reader familiar with the
basics of Y-systems can skip this section.

2.1 AdS/CFT Y-system

The AdS/CFT Y-system belongs to a class of functional equations arising in spectral problems of
many integrable models

Ya,s(u+ i/2)Ya,s(u� i/2) =
(1 + Ya,s+1(u))(1 + Ya,s�1(u))

(1 + 1/Ya+1,s(u))(1 + 1/Ya�1,s(u))
. (2.1)

In particular, the same equations are used to compute the spectrum of SU(N) principal chiral model
[4, 6] which is an important source of inspiration for the AdS/CFT case. Y-functions are associated
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with certain nodes on a two-dimensional (a, s) lattice. The main di↵erence from model to model is
the shape of the domain on this lattice where the Y-functions are defined. In the present AdS5/CFT4

it is the T-shaped hook [7] depicted in figure 1b. 2

In addition to the shape of the (a, s) domain one should also specify the analyticity properties of
the Y-functions. These properties can be deduced from the TBA equations [14–16] and were explicitly
written in [9, 11, 13].

Y-functions are natural objects in the TBA approach, however not the most elementary ones.
More fundamental quantities are the T-functions defined by

Ya,s =
Ta,s+1Ta,s�1

Ta+1,sTa�1,s

. (2.2)

As it is the case for many relativistic sigma models, T-functions can sometimes be identified with
eigenvalues of the transfer matrices of an underlying spin chain-type discretization. A similar scenario
may exist in the AdS/CFT case, however the physical interpretation of the AdS/CFT T-functions and
their operatorial realization is not yet established. In the strong coupling limit the T-functions were
identified with the psu(2, 2|4) characters of the monodromy matrix [17]. This classical monodromy
matrix was perturbatively quantized, up to two loops on the world sheet, in [29, 30] and the Hirota
functional equation (1.1) was shown to hold at least in this approximation.

It was noticed for the AdS/CFT system that T-functions are much simpler objects than the Y-
functions in all limiting cases where the general solution of the Y-system was obtained explicitly, i.e.
in the asymptotic large volume limit [7] and in the strong coupling limit [17]. It is very natural to
assume that the formulation of analytic properties at the level of T-functions should be also more
revealing and simple. Indeed this is the case, as described in the next sections.

As one can see from (1.1), the T-functions live in an enlarged T-hook depicted on figure 1b. The
meaning of the shape of the (a, s) domain in this case also becomes clear in terms of the T-functions:
the super-Young diagrams of the unitary highest weight representations of psu(2, 2|4) should be en-
tirely contained inside this domain [17, 27]. Furthermore, as we explain in this paper, an important
Z4 symmetry of the super-coset model noticed in [18] has a transparent realization in terms of the
analyticity of T-functions w.r.t. both the spectral parameter u and the representational variables
(a, s).

It is easy to see that the definition of T-functions by (2.2) is ambiguous. This ambiguity is
expressed in the “gauge” transformation

Ta,s ! g
[+a+s]

1
g
[+a�s]

2
g
[�a�s]

3
g
[�a+s]

4
Ta,s (2.3)

which does not a↵ect Y’s and the Hirota equation. Here and everywhere in the text we use a short-hand
notation for the shift of the spectral parameter:

f
[±a] = f(u± ia/2) , f

[±1]
⌘ f

±
. (2.4)

It is also useful to notice that due to the Hirota equation (1.1) there are several equivalent ways for
the Y-functions to be expressed in terms of the T-functions

1 + Ya,s =
T

+
a,s

T
�
a,s

Ta+1,sTa�1,s

, 1 + 1/Ya,s =
T

+
a,s

T
�
a,s

Ta,s+1Ta,s�1

. (2.5)

2More general Y-systems with T-hook shapes are possible for generalizations to other non-compact supersymmetry
groups, see [26–28].
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14 CHAPTER 2. FROM HARMONIC OSCILLATOR TO QQ-RELATIONS

In order to keep track of the dualities we place numbers 1, 2, 3 in between the
nodes of the Dynkin diagram. We place the Q-functions on the nodes of the diagram
as in Fig.2.2. Then we interpret the duality as an exchange of the corresponding
labels sitting on the links of the diagram, so if before the dualization of QA we had
1, 2, 3, after the duality we have to exchange the indexes 1 and 2 obtaining 2, 1, 3.
If instead we first dualised QB we would obtain 1, 3, 2. Each duality produces a
permutation of the numbers. We also use these numbers to label the Q-functions.
Namely we assign the indexes to the Q function in accordance with the numbers
appearing above the given node. So, in particular, in the new notation

QA = Q1 , QB = Q12 . (2.31)

Each order of the indexes naturally corresponds to a particular set of Bethe equations.
For instance, the initial set of Bethe equations on QA, QB correspond to the order
1, 2, 3 and the Bethe ansatz (BA) for QÃ, QB correspond to 2, 1, 3 and so on. Now
we can answer the question of how many dual BA systems we could have; this is
given by the number of permutations of 1, 2, 3 i.e. for the case of SU(3) we get 6
equivalent systems of BA equations.

Following our prescription we also denote

QÃ = Q2 , QB̃ = Q13 . (2.32)

We note that we should not distinguish Q’s which only di↵er by the order of indexes.
So, for instance, Q21 and Q12 is the same QB. We can count the total number of
various Q-functions we could possibly generate with the dualities: 23�2 = 6 di↵erent
Q-functions which are

Qi , Q[ij] , i, j = 1, . . . , 3 (2.33)

for completeness we also add Q; ⌘ 1 and Q123 = Q[ijk] ⌘ Q✓ = uL so that in total we
have 23. For general SU(N) we will find 2N di↵erent Q-functions. We see that the
number of the Q-functions grows rapidly with the rank of the symmetry group. For
PSU(2, 2|4) we get 256 functions, and we should study the relations among them in
more detail.

QQ-relations Let us rewrite the Bosonic duality in the new notation. The relation
(2.23) becomes ����

Q�
i Q+

i

Q�
j Q+

j

���� / QijQ; (2.34)

where we added Q; = 1 to the r.h.s. to make both l.h.s and r.h.s be bilinear in Q.
Very similarly (2.26) gives

����
Q�

12 Q+
12

Q�
13 Q+

13

���� / Q1(u)Q123(u) . (2.35)

We see that both identities can be written in one go as
����
Q�

Ii Q+
Ii

Q�
Ij Q+

Ij

���� / QI(u)QIij(u) , (2.36)

and ultimately as QQ-relations: rapidity variable
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Zhukovsky variable

    Quantum Spectral Curve (QSC): [Cavaglia, Fioravanti, Gromov, Kazakov, Leurent, Sorin,  
Tateo, Tsuboi, Vieira, Volin, Zabrodin…]  based on the TBA approach for integrable 2d field theories
→

• The spectrum of conformal dimensions          is determined by fusion relations of transfer 

matrices             + boundary conditions + analyticity constraints
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Correlation functions and the hexagon expansion

• sum over partitions for the three groups of physical magnons 

• insertion of an arbitrary number of virtual (mirror) magnons on the bridges of lengths

data of the three operators, namely the charges of the global symmetry group PSU(2, 2|4)
and the charges of the infinite symmetry group associated to integrability. The latter ones,

dependent on the coupling constant g, can be encapsulated, at least in the regime of in the

small g, by three collections of rapidities u1,u2,u3, each associated to one of the operators

O1(x1), O2(x2), O3(x3). At g = 0 the three sets of rapidities are determined by Bethe

ansatz equations for three PSU(2, 2|4) spin chains with lengths L1, L2 and L3. At non-zero

values of the coupling constant g, the spin chains acquire long-range interaction and the

so-called asymptotic Bethe ansatz is not exact anymore. The long-range corrections can be

interpreted as coming from virtual particles circulating in the so-called mirror channel, where

time and space are interchanged. These virtual particles are called mirror particle. Their

contribution to the spectrum of conformal dimensions �(g) can be exactly determined via

a set of functional equations known under the name of Quantum Spectral Curve, equivalent

to a system of Thermodynamic Bethe Ansatz equations. In the large volume limit the

contribution of the virtual particles is exponentially small.

Through the AdS/CFT correspondence [23], the three-point function is dual to a three-

string interaction connecting three strings with energies �1, �2, �3. The rapidities can

be then associated to the momenta of excitation modes, or magnons, propagating on the

1+1 dimensional worldsheet. For a particular subset of the operators, the BPS operators,

the conformal dimensions do not depend on the coupling constant g and the associated

rapidities are trivial (i.e. infinite). We are going to use a bullet to symbolise a non-BPS

operator and an empty circle to denote the BPS one with the same global charges. To

remove some trivial combinatorial factors we are dividing the three-point function by the

three-point function of the corresponding BPS operators, e.g.

C••�
123 ⌘ C••�

123

C���
123

p
N1N2 (2.2)

denotes the three-point function of two non-BPS and one BPS operator. In the above

formula,
p
Ni are the normalisation of the three incoming states, which can be expressed

in terms of the Gaudin determinants. In this work we are not considering the explicit

expression of the norms, and prefer considering the unnormalised structure constants C123
defined in (2.2) instead of the normalised structure constants C123. The semiclassical limit

of the norms in the absence of mirror correction was taken in [7, 24].

An all-loop prescription to compute the three-point function was given in [1]. The

guiding principle of the proposal is to split the worldsheet of the three interacting strings

into two overlapping hexagons, and then sum over all possible ways of distributing the

magnon excitations between the two hexagons, u1 = ↵1 [ ↵̄1,u2 = ↵2 [ ↵̄2,u3 = ↵3 [ ↵̄3

as illustrated in figure 2.1. In the absence of the mirror corrections (asymptotic limit) the
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rapidities are trivial (i.e. infinite). We are going to use a bullet to symbolise a non-BPS

operator and an empty circle to denote the BPS one with the same global charges. To

remove some trivial combinatorial factors we are dividing the three-point function by the

three-point function of the corresponding BPS operators, e.g.

C••�
123 ⌘ C••�

123

C���
123

p
N1N2 (2.2)

denotes the three-point function of two non-BPS and one BPS operator. In the above

formula,
p
Ni are the normalisation of the three incoming states, which can be expressed

in terms of the Gaudin determinants. In this work we are not considering the explicit

expression of the norms, and prefer considering the unnormalised structure constants C123
defined in (2.2) instead of the normalised structure constants C123. The semiclassical limit

of the norms in the absence of mirror correction was taken in [7, 24].

An all-loop prescription to compute the three-point function was given in [1]. The

guiding principle of the proposal is to split the worldsheet of the three interacting strings

into two overlapping hexagons, and then sum over all possible ways of distributing the

magnon excitations between the two hexagons, u1 = ↵1 [ ↵̄1,u2 = ↵2 [ ↵̄2,u3 = ↵3 [ ↵̄3

as illustrated in figure 2.1. In the absence of the mirror corrections (asymptotic limit) the
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• Three point function: 
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• pants decomposition: [Basso, Komatsu, Vieira, 15]
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From sphere to disk geometry

• Further simplification: cut open the sphere into two disks: 

         - set  and send a collection of points to light-like distances ; connection 
to amplitudes  [Alday, Eden, Korchemsky, Maldacena, Sokatchev, 10] 

or 

         - send  on some edges to decouple two hemispheres [Coronado, 18]; duality with  
scattering amplitudes on the Coulomb branch [Caron-Huot, Coronado, 21; Bargheer, Bekov, 
Bercini, Coronado, 25] 

L = 2 x2
i i+1 → 0

L → ∞

• For   points (octagon) this allows to find the result in closed form for any coupling  

• For  results in particular limits (strong coupling, null polygonal limit, origins)              

n = 4

n > 4

n = 4 : [ ]
2



The octagon kernel
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• the octagon depends on two space-time cross ratios

 and two R-charge cross ratios:

H+ has eigenvalues {04} eigenvectors |⊋→ , (f+

1
+f+

2
) |⊋→ , (f+

1
↑f+

2
) |⊋→ , f+

1
f+

2
|⊋→ .

ωi ↑ ωi+1 ↓ ε

ϑ1

ϑ12

ϑ2

ϑ3

ϑ4

ϑ5

ϑ34

ϑ35

ϑ45

ϖ12, ϖ23, ϖ31 ↔ 1

ϖ23

ϖ31

H1

H2

C123 =
∑

ωi→ω̄i=ui

∑

mirror

wε12wε23wε31 H1 ↗H2

ϱ1 ϱ̄1

R0, Rε, Rk ↘ ≃

ϱ3 = ϱ1 + ϱ2 mod K

z, z̄,ϱ, ϱ̄

50

• analytical computation of the octagon by summing up the mirror particle contribution 
  Fredholm determinant [Kostov, Petkova, D.S., 19] →
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• octagon (Bessel) kernel:

contains all the information about the specifics of the 
correlation function (cross ratios, coupling constant,…)

<latexit sha1_base64="8+tpUSvVc0qUOfox5p/as9DO/10="></latexit>

ω(t) =
cosε→ coshϑ

cosε→ cosh
↑
t2 + ϑ2

simplified by [Belitsky, Korchemsky, 19]

<latexit sha1_base64="0LhCBNZ0OIkEtRFqce6++vKnAtY=">AAACHnicbVDLSgMxFM34rPU16tJNsAiCbZkRrW6EohuXFewDOrXcSTNtaObRJCPUoV/ixl9x40IRwZX+jeljUVsPBA7nnMvNPW7EmVSW9WMsLC4tr6ym1tLrG5tb2+bObkWGsSC0TEIeipoLknIW0LJiitNaJCj4LqdVt3s99KsPVEgWBneqH9GGD+2AeYyA0lLTPHu8pPdJzpGs7cMxc6IOGzjZrNPrxdDCjgsCTydy40TTzFh5awQ8T+wJyaAJSk3zy2mFJPZpoAgHKeu2FalGAkIxwukg7cSSRkC60KZ1TQPwqWwko/MG+FArLeyFQr9A4ZE6PZGAL2Xfd3XSB9WRs95Q/M+rx8q7aCQsiGJFAzJe5MUcqxAPu8ItJihRvK8JEMH0XzHpgACidKNpXYI9e/I8qZzk7UK+cHuaKV5N6kihfXSAjpCNzlER3aASKiOCntALekPvxrPxanwYn+PogjGZ2UN/YHz/ArVKokE=</latexit>

z = e→ω+iε , z̄ = e→ω→iε



Polygonal correlation functions
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• 2d kinematics (easier to handle) <latexit sha1_base64="1nOh/k7a8HKHiMeBSo52MnYpGYs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qkneqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gBkIo3j</latexit>xi become complex coordinates

•  cross ratios        associated to quadrilaterals that surround the edge E :  <latexit sha1_base64="ppq7QMGee5BVMiA5BhyJn0TP97I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BETxGNA9IljA7mSRDZmeXmV4hLvkELx4U8eoXefNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMrqd+85FrIyL1gOOY+yEdKNEXjKKV7p+6N91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwaZ2WvUq7cnZeqV1kceTiCYzgFDy6gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBMJ6NwQ==</latexit>zE

• from hexagon tilings   → triangulation       Fock-Goncharov coordinates →
<latexit sha1_base64="9/96spixEE89tmWgSOvsiBDAdso=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VgUwWMF+wFNKJvttl262YTdiVBDf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJlIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2TZxqxhsslrFuh9RwKRRvoEDJ24nmNAolb4Wjm6nfeuTaiFg94DjhQUQHSvQFo2illp89dW/9SbdUdivuDGSZeDkpQ456t/Tl92KWRlwhk9SYjucmGGRUo2CST4p+anhC2YgOeMdSRSNugmx27oScWqVH+rG2pZDM1N8TGY2MGUeh7YwoDs2iNxX/8zop9q+CTKgkRa7YfFE/lQRjMv2d9ITmDOXYEsq0sLcSNqSaMrQJFW0I3uLLy6R5XvGqler9Rbl2ncdRgGM4gTPw4BJqcAd1aACDETzDK7w5ifPivDsf89YVJ585gj9wPn8AWl6PmQ==</latexit>

{zE}

•  similar cross ratios        associated to R-charges; each edge has bridge length  
<latexit sha1_base64="kQr5FpUMf0iTAZQc14fKShQBYUs=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VgUwWMF+wFtKJvtpF272YTdjVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVZqdlGI3m2vVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdu2EnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe+RmXSWpQsvmiMBXExGT6OulzhcyIsSWUKW5vJWxIFWXGBlS0IXiLLy+T5nnFq1aq9xfl2nUeRwGO4QTOwINLqMEd1KEBDB7hGV7hzYmdF+fd+Zi3rjj5zBH8gfP5A1b+jv4=</latexit>

ωE
<latexit sha1_base64="1JIPl9GmsdwnwSk0iLwvIMNtHgI=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9VgUwWMF+wFtKJPtpl262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGN1O/9cSU5rF8MOOE+REOJA85RWOldhdFMsTeba9UdivuDGSZeDkpQ456r/TV7cc0jZg0VKDWHc9NjJ+hMpwKNil2U80SpCMcsI6lEiOm/Wx274ScWqVPwljZkobM1N8TGUZaj6PAdkZohnrRm4r/eZ3UhFd+xmWSGibpfFGYCmJiMn2e9Lli1IixJUgVt7cSOkSF1NiIijYEb/HlZdI8r3jVSvX+oly7zuMowDGcwBl4cAk1uIM6NICCgGd4hTfn0Xlx3p2PeeuKk88cwR84nz/Ws4/b</latexit>ωE
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Figure 3: Open geometry with operator insertions at the vertices of a polygon. A repre-

sentative triangulation is shown in the left panel. The triangles are assigned an orientation

consistent with that in Figure 2. The middle panel displays both the triangulation and

the corresponding quiver determined by this orientation, while the right one shows only the

resulting quiver.

are interested in triangulations of the surface S, and we denote by N the number of edges

in a triangulation and by TS the set of all triangulations of S. As mentioned above, to

define cross-ratios unambiguously, we fix an orientation for each triangulation, indicated by

an orange arrow in Figure 2 and by orange circles in Figure 3.2

The combinatorial data of a triangulation, together with the choice of orientation, can

be encoded in a quiver, i.e., an oriented graph. Given a triangulation T → TS , the associated

quiver is constructed as follows:

• Each edge of the triangulation corresponds to a node of the quiver.

• For each triangle, the corresponding nodes are connected by arrows oriented according

to the chosen orientation, as illustrated in Figure 3.

The quiver can then be described by a set of nodes {i → I}, indexed by a subset I ↑ N of

cardinality N, and an antisymmetric matrix B, known as the signed adjacency (or exchange)

matrix. Its entries Bij(= ↓Bji) count the arrows between nodes i to j with sign: an arrow

i ↔ j contributes +1 to Bij , while an arrow i ↗ j contributes ↓1. In this way, the matrix B

encodes both the connectivity of the triangulation and the chosen orientation.

Beyond labeling nodes by i → I, it is convenient to introduce a charge lattice (cf. [44]). To

each node i, we associate a basis element ωi in an abstract vector space (or, more precisely, a

module). Henceforth, we label the nodes by their corresponding charges, denoted by ωi. The

2To ensure the existence of a well-defined cluster algebra structure, certain degenerate cases must be ex-

cluded, such as a monogon with zero or one puncture. In the present work, we also disregard pathological

configurations in which triangulations contain self-folded triangles. The latter necessitates tagged triangula-

tions. Further details may be found in the references cited above.
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From triangulations to quivers to cluster algebra

triangulation with orientation quiver with incidence matrix
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Bij = →ωi, ωj↑

• All arrows incident to i are reversed.

• For every oriented path j → i → k, an arrow j → k is added.

• Any resulting (oriented) two-cycles between nodes j and k are removed.

These transformations admit a concise reformulation as a change of basis of the charge lattice

!. Namely, under a mutation µi at node i, one has

(!, ↑·, ·↓, {ωj}j→I)
µi
↔→ (!, ↑·, ·↓, {ω↑

j}j→I) ,

with the basis elements transforming as

ωi
µi
↔→ ω↑

i = ↔ ωi , (2.11)

ωj
µi
↔→ ω↑

j = ωj + max
(
0, ↑ωj , ωi↓

)
ωi , j ↗= i .

The pairing ↑·, ·↓ itself is unchanged, but its matrix representation in the new basis, i.e. the

exchange matrix, transforms as Bij → B↑
ij = ↑ω↑

i, ω
↑
j↓.

The transformation of the cluster ε-coordinates is more involved and takes the form

ε↑
j =

{
ε↓1

j , j = i ,

εj (1 + ε
sgn Bij

i )Bij , j ↗= i .
(2.12)

In our setup, each edge of a triangulation is assigned two pairs of cross-ratios—holomorphic

and anti-holomorphic—defined both in spacetime and in R-space, as in (2.7). These furnish

the prototypical cluster ε-variables and transform according to (2.12) under a flip of the

corresponding edge i.

The transformation of the lattice charges in (2.11) admits a deeper interpretation in

relation to the cluster mutation rule (2.12). More precisely, it is naturally understood in

terms of the Fock–Goncharov decomposition of a flip, reviewed in Appendix G.
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Figure 5: The change of a quiver under the flip of an edge. In the configuration shown in

the figure the mutation µj takes places at the node j.
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• All arrows incident to i are reversed.

• For every oriented path j → i → k, an arrow j → k is added.

• Any resulting (oriented) two-cycles between nodes j and k are removed.

These transformations admit a concise reformulation as a change of basis of the charge lattice

!. Namely, under a mutation µi at node i, one has

(!, ↑·, ·↓, {ωj}j→I)
µi
↔→ (!, ↑·, ·↓, {ω↑

j}j→I) ,

with the basis elements transforming as

ωi
µi
↔→ ω↑

i = ↔ ωi , (2.11)

ωj
µi
↔→ ω↑

j = ωj + max
(
0, ↑ωj , ωi↓

)
ωi , j ↗= i .

The pairing ↑·, ·↓ itself is unchanged, but its matrix representation in the new basis, i.e. the

exchange matrix, transforms as Bij → B↑
ij = ↑ω↑

i, ω
↑
j↓.

The transformation of the cluster ε-coordinates is more involved and takes the form

ε↑
j =

{
ε↓1

j , j = i ,

εj (1 + ε
sgn Bij

i )Bij , j ↗= i .
(2.12)

In our setup, each edge of a triangulation is assigned two pairs of cross-ratios—holomorphic

and anti-holomorphic—defined both in spacetime and in R-space, as in (2.7). These furnish

the prototypical cluster ε-variables and transform according to (2.12) under a flip of the

corresponding edge i.

The transformation of the lattice charges in (2.11) admits a deeper interpretation in

relation to the cluster mutation rule (2.12). More precisely, it is naturally understood in

terms of the Fock–Goncharov decomposition of a flip, reviewed in Appendix G.
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Figure 5: The change of a quiver under the flip of an edge. In the configuration shown in

the figure the mutation µj takes places at the node j.
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• mutations (flips of diagonals)

- charges      :       

- Fock-Goncharov coordinates          : 
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Strong coupling limit: TBA equations and Y-system

minimal-surface problem can be reformulated in terms of a Hitchin system and analyzed via

WKB methods [44], mapping the string area to the free energy of a TBA system.

In this paper, we revisit the classical problem from the hexagonalization perspective and

generalize the findings of [40] to higher-point functions of half-BPS operators in the large-

charge regime Li → g ↑ 1. We restrict to two-dimensional kinematics [18], corresponding to

operator insertions in a plane and within an O(4) scalar subsector, or equivalently to string

configurations in an AdS3 ↓ S3 subspace.

Our main result is a set of TBA equations governing the classical strong-coupling limit of

these correlation functions. Starting from hexagonalization, the correlators are expressed as

partition functions Z of magnon systems associated with triangulations of the worldsheet. In

the classical regime, this representation simplifies dramatically: the system reduces to weakly

interacting magnons with purely diagonal interactions, in contrast to the finite-coupling case

where the matrix structure of the form factors leads to substantial technical complications.

These simplifications allow the partition function to exponentiate, with a free energy

governed by a Yang–Yang functional associated with a set of TBA equations, in close analogy

with null polygonal Wilson loops [46–52]. The final result takes the compact form

Z ↔ exp{↗2gA} , A =
∑

ω

Aω , (1.1)

with

Aω =

∫
dω

2ε cosh2 ω

[
R(Y Sph

ω (ω)) + R(Ȳ Sph
ω (ω)) ↗ R(Y AdS

ω (ω)) ↗ R(Ȳ AdS
ω (ω))

]
, (1.2)

where ω is the spectral parameter and R(Y ) denotes the Rogers dilogarithm,

R(Y ) ↘ Li2(↗Y ) +
1

2
log (Y/Y) log (1 + Y ) . (1.3)

Here the Y -functions Y I
ω (ω) come in four species, reflecting the PSU(2|2) symmetry of the

hexagon construction [15]. In the dual string description, they naturally split into AdS and

sphere sectors, mirroring the decomposition of string degrees of freedom in AdS3 ↓ S3. They

satisfy TBA equations of the form

log Y I
ω (ω) = log Y

I
ω (ω) +

∑

ω→

∑

J

(↗1)FJ+1
≃ϑ, ϑ→

⇐KIJ ϖ log (1 + Y J
ω→ (ω)) , (1.4)

where (↗1)FJ is a grading factor (FSph = 0, FAdS = 1). The driving terms Y
I
ω (ω) encode the

dependence on kinematics and operator insertions—namely, cross ratios and R-charges—while

the kernels KIJ(ω, ω→) capture magnon interactions. Remarkably, these kernels are directly

determined by the strong-coupling limit of the magnon S-matrix, essentially arising from its

logarithm. We present several equivalent formulations of these equations. In one, the kernel

matrix becomes block-diagonal, e!ectively decoupling the AdS and sphere sectors at the cost

of redefining the driving terms. In another, the kernels are recast in a relativistically invariant

form.
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• At leading order in        correlation functions are given by a partition function :
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of redefining the driving terms. In another, the kernels are recast in a relativistically invariant

form.
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I → {AdS, AdS, Sph, Sph}

region u → (↑1, 1) by passing through the blue region in the figure. Accordingly, the various

ingredients in (3.2) can be evaluated in the physical kinematics and subsequently continued

to the relevant strong coupling domain.

In particular, for the dispersion relation of the a-th magnon bound state, one may use

Ea = log

(
x[→a]

x[+a]

)
= ↑iPph

a , Pa = ↑ia +
1

ω

(
1

x[+a]
↑

1

x[→a]

)
= ↑iEph

a , (3.12)

where x[±a] are defined in (3.4). Expanding at strong coupling,

x[±a] = x ±
iωax2

x2 ↑ 1
+ O(ω2) , (3.13)

and expressing the result in terms of ε using (3.11), the dispersion relations simplify drasti-

cally. They reduce to those of relativistic particles with mass a,

Ea ↓ ↑
2ixaω

x2 ↑ 1
= aω cosh ε , Pa ↓ ↑ia

x2 + 1

x2 ↑ 1
= a sinh ε , (3.14)

up to an overall rescaling of the energy. This shows that, in the classical limit, a bound

state behaves as a stack of a fundamental particles, with vanishing binding energy. Thus, the

abelian factors of the transfer matrix becomes

e→ωEaeiεAdSPa = e→a l cosh ϑeiaεAdS sinh ϑ , (3.15)

where we introduced the rescaled length l = ωϑ.

The transfer matrices simplify accordingly and can be expressed in terms of the basic

building blocks of the fundamental transfer matrix. Introducing

g = diag
(

Y
AdS, Ȳ

AdS, Y
Sph
ϖ , Ȳ

Sph
ϖ

)
, (3.16)

in the basis of the fundamental representations V ±
1 defined above, one finds

log Y
AdS(ε) = iϖAdS + iϱAdS sinh ε ↑ l cosh ε , (3.17)

log Ȳ
AdS(ε) = ↑iϖAdS + iϱAdS sinh ε ↑ l cosh ε ,

for the eigenvalues corresponding to the AdS components (fermions). The expressions for the

sphere components (scalars) read similarly but their form depends on the dressing (ς = ±)5

log Y
Sph
ϖ (ε) = iϖSph + ς log U + iϱAdS sinh ε ↑ l cosh ε ,

log Ȳ
Sph
ϖ (ε) = ↑iϖSph

↑ ς log U + iϱAdS sinh ε ↑ l cosh ε ,
(3.18)

where we defined for later convenience,

log U = φ = ϱAdS
↑ ϱSph . (3.19)

5We note that for both choices of dressing, the superdeterminant of the transfer matrix is equal to unity.

In terms of the eigenvalues introduced above, this condition reads YSph
ω (ω) ȲSph

ω (ω) = YAdS(ω) ȲAdS(ω).
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Strong coupling limit: TBA equations and Y-system

Substituting the solution (4.3) back into the action, we obtain the free energy A describing

the strong-coupling limit of the multi-cut hexagon sum,

Z[{gω}] → exp

{
↑

1

ω
A

}
. (4.7)

It decomposes into contributions from each cut, all of which are controlled by the same

expression,

A =
∑

ω → B
Aω , with Aω =

∑

I

(↑1)FI

∫
dε

2ϑ cosh2 ε
R(Y I

ω ) . (4.8)

The function

R(Y ) ↓ Li2(↑Y ) +
1

2
log (Y/Y) log (1 + Y ) , (4.9)

is, up to a contribution depending on the driving term Y, the expression of the Rogers

dilogarithm.10 It naturally extends the formula found for the octagon (3.26), where we have

Y = Y.

Inspecting the kernels in Appendix B, it is natural to separate their contributions into

the two sectors, AdS and Sph, corresponding to the indices I = ϖ1, ϖ2 and I = ϱ1, ϱ2,

respectively. The motivation for this decomposition is that the dominant interactions occur

among magnons within the same sector and are governed by identical kernels.

Namely, writing

KIJ
ωω→ = (↑1)1+FJ (K̃IJ

ωω→ + ςK̃IJ
ωω→) , (4.10)

with K̃IJ
ωω→(ε, ε↑) = ↔φ, φ↑

↗K̃IJ(ε, ε↑), etc., these interactions are encoded in the block-diagonal

matrix

K̃IJ =





K K̄ 0 0

K̄ K 0 0

0 0 K K̄

0 0 K̄ K




, I, J ↘ {ϖ1, ϖ2|ϱ1, ϱ2} . (4.11)

Here, K = K̃ε1ε1 and K̄ = K̃ε1ε2 define the AdS kernels,

K(ε, ε↑) =
i

2
cosh ε cosh ε↑ coth

(
ε ↑ ε↑

2

)
, K̄(ε, ε↑) = ↑K(ε + iϑ, ε↑) . (4.12)

In particular, K arises directly from the SL(2) scattering phase in (3.42). It has a pole at

coincident rapidities, ε = ε↑,

K ≃
i cosh2 ε

ε ↑ ε↑ , (4.13)

while K̄ has poles at shifted arguments, e.g. ε ± iϑ = ε↑. Thus, the poles at ε = ε↑ appear

only on the diagonal in (4.11), as for the decoupling poles of the hexagon form factors.

10More precisely, the function R above coincides—up to an overall minus sign—with what is commonly

known as the modified Rogers dilogarithm in the mathematical literature. Conventions di!er among authors

(see, e.g., [75]). In what follows, we shall simply refer to R as the Rogers dilogarithm.
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• with a bit of massaging the kernel can be put in a block diagonal form
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• the kernel is of Cauchy type with singularity

regularisation by splitting the contours of integration 
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Cω

• Y-system, with 

Naively, this suggests that

Y ++
ω → Yω(ω + iε) (4.33)

maps to 1/Ȳω , and vice versa. However, this ignores that the kernel (4.12) has a pole at

coincident rapidities,

Kωω→(ω, ω→) → ↑ϑ, ϑ→
↓ K(ω, ω→)

ε↑ε→
↔

i ↑ϑ, ϑ→
↓

ω ↗ ω→ cosh2 ω . (4.34)

As a result, the right-hand side of the TBA equation for log Yω(ω) jumps whenever ω crosses

a contour Cω→ with ϑ→
↘ ϑ. Taking the residue at ω = ω→ yields

(
Kωω→ ϖ Lω→

)
(ω ↗ i0) =

(
Kωω→ ϖ Lω→

)
(ω + i0) ↗ ↑ϑ, ϑ→

↓ log (1 + Yω→) , (4.35)

for ω ≃ Cω→ . Similar poles arise from K̄ωω→ ϖL̄ω→ at the end of the continuation, that is when the

rapidity reaches ω + iε, as seen in (4.32). These cross all contours with ϑ→
⇐ ϑ and contribute

with the opposite sign.

After combining all these e!ects, we obtain that the Y -functions obey the relations

Y ++
ω Ȳω =

∏

ω→↓ω

(1 + Y ++
ω→ )↔ω→,ω↗

∏

ω→↘ω

(
1 + Ȳω→

)↔ω,ω→↗
, (4.36)

together with a similar equation obtained by exchanging Y ⇒ Ȳ . Since the driving terms

cancelled out in the derivation, the AdS and sphere sectors are completely decoupled in this

formulation. In turn, the Y -system encodes all the information about the TBA equations,

except for the driving terms: these are zero-mode solutions of the homogeneous di!erence

equations, Y
++
ω Ȳω = 1, which must be fixed by additional conditions.

We note that the Y -system (4.36) has a somewhat unusual structure since its right-hand

side contains both shifted and unshifted Y -functions. This feature reflects the presence of

decoupling poles near the initial contour of integration in the hexagon construction. It would

be interesting to investigate whether this system can be brought to a more canonical form by

redefining some Y -functions through shifts of their arguments.

Similar structures have been observed in the context of null polygonal Wilson loops [76].

As in that case, the Y -system is extremely e”cient for solving the TBA equations in particular

regimes [46, 47], such as the zero bridge-lengths limit, where the Y -functions become constant

(Y ++ = Y = const). We refer the reader to Appendix E for a construction of this solution.

5 Quiver cycles and wall crossing

Up to this point we have restricted our attention to triangulations associated with linear

quivers. This allowed us to work with the contour ordering induced from the quiver (4.1).

However, when the quiver contains oriented cycles, the integration contours can no longer be

consistently ordered in this way.
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both for AdS and Sph sector 

up to an overall normalization and with suitable integration contours. In this representation,

the action of lim!→0 D is straightforward. Namely, it amounts to replacing the exponent in

the first exponential by

→
1

2

∑

ω,I

∑

ω→,J

∫
dudu↑

(2ω)2ε
!I

ω(u) KIJ
ωω→(u, u↑) !J

ω→(u↑) . (3.67)

Applying this to the product of octagons in (3.64), and using (3.65), one finally obtains the

path-integral representation

Z[{gω}] ↑

∫
D”D! exp

{
→

1

ε
S[”, !]

}
, (3.68)

with the action

S =
∑

ω,I

∫
du

2ω
!I

ω(u) ”I
ω(u) +

1

2

∑

ω,I

∑

ω→,J

∫
dudu↑

(2ω)2
!I

ω(u) KIJ
ωω→(u, u↑) !J

ω→(u↑)

+
∑

ω

∫
du

2ω
Str Li2

(
→Yωe!ω(u)

)
. (3.69)

Here, the indices ϑ, ϑ↑ run over the full set B and I, J over the four fundamental flavors. At

this stage, one could integrate out the momenta !I
ω by formally inverting the kernels, thereby

obtaining a path-integral representation involving the fields ”I
ω alone. This representation

would make contact with the resummation method used in the context of null polygonal

Wilson loops [50–52]. However, this step is unnecessary for the classical limit ε ↓ 0, which

can be obtained directly via a saddle-point analysis, as discussed in the next section.

4 TBA equations and free energy for linear quivers

In what follows, starting from the action (3.69), we derive the saddle-point equations for

the fields ”I
ω , as well as the value of the partition function Z[{gω}] at the saddle point, and

cast them into the form of a system of TBA equations. To facilitate comparison with the

equations obtained in the string-theory context, we switch to the variable ϖ and rewrite the

action (3.69) accordingly, keeping the rest of the notation unchanged.

Throughout this section, we restrict our attention to polygon triangulations correspond-

ing to linear (acyclic) quivers, with N = n→3, such as those shown in Figure 4. This restriction

is necessary because the formulation of the TBA equations requires a definite prescription for

the integration contours. As discussed in Section 3.2.1, this prescription is fixed locally for

each pair of cuts by the decoupling pole and is implemented by shifting the contours along

the imaginary ϖ-direction, thereby inducing a partial ordering on the states. Denoting by Cω

the integration contour associated with a state ϑ, and writing ϑ ↔ ϑ↑ for Im Cω > Im Cω→ , the

decoupling pole condition then requires

↗ϑ, ϑ↑
↘ > 0 ≃ ϑ ↔ ϑ↑ . (4.1)
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ordering of the contours                 ordering of the roots 
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maps to 1/Ȳω , and vice versa. However, this ignores that the kernel (4.12) has a pole at

coincident rapidities,

Kωω→(ω, ω→) → ↑ϑ, ϑ→
↓ K(ω, ω→)

ε↑ε→
↔

i ↑ϑ, ϑ→
↓

ω ↗ ω→ cosh2 ω . (4.34)

As a result, the right-hand side of the TBA equation for log Yω(ω) jumps whenever ω crosses

a contour Cω→ with ϑ→
↘ ϑ. Taking the residue at ω = ω→ yields

(
Kωω→ ϖ Lω→

)
(ω ↗ i0) =

(
Kωω→ ϖ Lω→

)
(ω + i0) ↗ ↑ϑ, ϑ→

↓ log (1 + Yω→) , (4.35)

for ω ≃ Cω→ . Similar poles arise from K̄ωω→ ϖL̄ω→ at the end of the continuation, that is when the

rapidity reaches ω + iε, as seen in (4.32). These cross all contours with ϑ→
⇐ ϑ and contribute

with the opposite sign.

After combining all these e!ects, we obtain that the Y -functions obey the relations

Y ++
ω Ȳω =
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Up to this point we have restricted our attention to triangulations associated with linear
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Quivers with cycles: wall-crossing

• the construction above works for the linear quivers but not for those with cycles 
(unavoidable for the sphere geometry)

integer span of these vectors defines the charge lattice !. On !, we define a skew-symmetric

bilinear form, or pairing, by its values on the basis vectors,

→ωi, ωj↑ ↓ Bij , (2.10)

and extend it to all of ! by linearity. In this formulation, the adjacency matrix B is completely

encoded in the bilinear form.3

For the open geometry illustrated in Figure 3, we consider triangulations of an n-gon

with operator insertions at its vertices. Each such triangulation consists of n ↔ 2 triangles

and N = n ↔ 3 internal edges (diagonals). In the classification of cluster algebras, these

triangulations correspond to type An→3, and we will occasionally refer to our systems by this

type. They can be further distinguished according to whether the associated quiver contains

oriented cycles. We refer to the acyclic case as linear quivers, see Figure 4. These satisfy the

property that each triangle contains at most two internal edges, a feature that significantly

simplifies the hexagon resummation. For this reason, linear quivers play a special role in

Section 4, while the general (cyclic) case is treated in Section 5.
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Figure 4: Two canonical examples of triangulations giving rise to linear quivers: the fan

triangulation (left) and the zig-zag triangulation (right). The quivers associated with these

triangulations are equivalent to the An→3 Dynkin diagram, up to arrow orientation.

Cluster algebras. Along with the charges, one may also introduce additional variables

associated with the quiver through a labeled seed, i.e. a pair ({εωi}, B), where {εωi} is an

N-tuple of variables and B is the exchange matrix. The set {εωi} is called a cluster, and its

elements (εω1 , . . . , εωN) are referred to as cluster ε-variables [59, 60], or ε-coordinates in the

sense of Fock and Goncharov.

These variables transform by mutations, induced by flips of triangulations. An edge in

a triangulation is generically shared by two adjacent triangles forming a quadrilateral. A

flip replaces it with the other diagonal of the quadrilateral, as illustrated in Figure 5. This

operation corresponds to a mutation of the quiver at the associated node i, under which the

arrows transform according to the standard rules:

3More formally, in the spectral network and cluster algebra literature one speaks of a Z-module ! freely

generated by the nodes of the quiver; the data (!, →·, ·↑, (ωi)i→I) is referred to as a seed in this context [58, 59].
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Figure 11: Left: Symmetric triangulation of a hexagon, with implicit orientation as in

Figure 3. Right: The corresponding cyclic quiver.

The simplest example is the 3-cycle shown in Figure 11, corresponding to a symmetric

triangulation of a hexagon. In this case,

→ωi, ωi+1↑ = 1 , i = 1, 2, 3 , (5.1)

with ωi+3 = ωi, which makes the prescription (4.1) incompatible with any global contour

ordering.

A natural attempt to resolve this issue is to adopt a Feynman-like prescription, integrating

around each pole separately by introducing infinitesimal imaginary shifts determined by the

pairings,

Kωω→(ε, ε→) ↓ Kωω→(ε + i→ω, ω→
↑0, ε→) . (5.2)

In this formulation, no global contour ordering is required, and the TBA equations can be

written for arbitrary quivers, with all contours taken along the real ε-axis. The drawback

is that this prescription is not fully compatible with the hexagon construction and, in fact,

violates the decoupling condition.

The origin of this violation can be traced to contact terms arising in products of kernels.

The first instance appears in the three-magnon configuration, with one magnon on each cut of

the inner triangle. The hexagon decoupling property requires that the connected contribution

to this process be smooth at coincident rapidities. Instead, expanding the free energy to order

↔ Yω1Yω2Yω3 yields the following kernel combination11

Kω1ω2Kω2ω3 + cyclic = (2ϑ)2 cosh4 εω1ϖ(εω1 ↗ εω2)ϖ(εω2 ↗ εω3) + regular , (5.3)

which exhibits unphysical ϖ-function singularities when combined with (5.2).12 Equivalently,

these singularities signal a breakdown of the OPE factorization depicted in Figure 12.

Since these contributions are ultra-local, they can in principle be cancelled by introducing

additional degrees of freedom in the form of new Y -functions. In the present case the singular

term can be removed by a Y -function describing a three-magnon state localized on the cycle.

11The regular part in the product of distributions is 1
4

∏
i=1,2,3 cosh ωωi(cosh ωω1 + cosh ωω2 + cosh ωω3).

12This follows by inserting the pole (4.34) of K(ω, ω→) into the left-hand side of the equation. Summing over

cyclic images cancels all poles, up to delta-function terms.
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linear quivers quiver with a cyclequiver with a cycle

• the solution is wall-crossing : exchanging the order of contour of integration creates 
a composite state (exemple below for )A2

Higher polygons

!oct(g) =
2

ω2
log(cosh(2ωg))

1 +
1

2ε
gϑg

Oω+1

Oω→1

=
O

2

ω

Oω+1 Oω→1

OL(x, y) = yI1
1
. . . yILL Tr ”I1(x) . . .”IL(x)

→OA(x1)OB(x2)↑ =
ϖAB

|x1 ↓ x2|2L

g ↔ 0

z1 z2 z3

52

!oct(g) =
2

ω2
log(cosh(2ωg))

1 +
1

2ε
gϑg

Oω+1

Oω→1

=
O

2

ω

Oω+1 Oω→1

OL(x, y) = yI1
1
. . . yILL Tr ”I1(x) . . .”IL(x)

→OA(x1)OB(x2)↑ =
ϖAB

|x1 ↓ x2|2L

g ↔ 0

z1 z2 z3

52

!oct(g) =
2

ω2
log(cosh(2ωg))

1 +
1

2ε
gϑg

Oω+1

Oω→1

=
O

2

ω

Oω+1 Oω→1

OL(x, y) = yI1
1
. . . yILL Tr ”I1(x) . . .”IL(x)

→OA(x1)OB(x2)↑ =
ϖAB

|x1 ↓ x2|2L

g ↔ 0

z1 z2 z3

52

!oct(g) =
2

ω2
log(cosh(2ωg))

1 +
1

2ε
gϑg

Oω+1

Oω→1

=
O

2

ω

Oω+1 Oω→1

OL(x, y) = yI1
1
. . . yILL Tr ”I1(x) . . .”IL(x)

→OA(x1)OB(x2)↑ =
ϖAB

|x1 ↓ x2|2L

g ↔ 0

z1 z2 z3

52

!oct(g) =
2

ω2
log(cosh(2ωg))

1 +
1

2ε
gϑg

Oω+1

Oω→1

=
O

2

ω

Oω+1 Oω→1

OL(x, y) = yI1
1
. . . yILL Tr ”I1(x) . . .”IL(x)

→OA(x1)OB(x2)↑ =
ϖAB

|x1 ↓ x2|2L

g ↔ 0

z1 z2 z3

52

• decagon and dodecagon : perturbative results

[Fleury, Komatsu, 17; Fleury, Gonçalves, 20; Bercini, Fernandes, Goncalves, 24; Bargeer, Bekov,       
Bercini, Coronado, 25, Belitsky et al. 25, …]
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•  cross ratios associated to quadrilaterals that surround them:  
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Permuting the contours requires crossing the decoupling pole of the kernel (4.34), whose

residue produces an additional local term, as in (4.35) with {ω, ω→
} → {ω1, ω2}.

The main point is that this local term can be absorbed into a redefinition of the Y -

functions while keeping the structure of the TBA equations intact, at the cost of introducing

a new function Y →
ω12

. Defining

Y →
ω1

=
Yω1

1 + Yω2

, Y →
ω2

=
Yω2

1 + Yω1

, Y →
ω12

=
Yω1Yω2

1 + Yω1 + Yω2

, (5.4)

one can verify that the Y →’s satisfy the TBA equations (4.5) for the enlarged set B
→ =

{ω1, ω2, ω12} with ω12 = ω1 + ω2. The redefinitions of Yω1 and Yω2 in (5.4) account for the

local term while the composite function Y →
ω12

ensures that the L-terms in (4.35) decompose

correctly,

(1 + Yω1) = (1 + Y →
ω1

)(1 + Y →
ω12

) , (1 + Yω2) = (1 + Y →
ω2

)(1 + Y →
ω12

) . (5.5)

The equation for Y →
ω12

follows from applying the same reasoning to log (Yω1Yω2), with driving

term

Yω12 = Yω1 Yω2 . (5.6)

Equivalently, the state ω12 carries weights lω12 = lω1 + lω2 and zω12 = zω1zω2 , and similarly for

z̄, ε and ε̄. Consistency further requires its contour to lie between the original ones,

ω2 ↑ ω12 ↑ ω1 , (5.7)

a characteristic feature of wall-crossing [53] (see Figure 13).
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Figure 13: Left: Canonical contour ordering for ↓ω1, ω2↔ = 1. Right: Swapping the contours

generates the state ω12, with Cω12 located between Cω1 and Cω2 along the imaginary ϑ-direction.

Physically, this describes the formation of a bound state ω12 = ω1 + ω2 from two ele-

mentary magnons ω1 and ω2 with identical rapidity and flavor, in line with the discussion in

Section 3.2.1.13 Once created, this state contributes on the same footing as the others and

interacts through the usual couplings ↗ ↓ω, ω→
↔KIJ .

13Relatedly, the wall-crossed system provides a better starting point for the study of the OPE limit discussed

in Section 3.2.1. In particular, the limit displayed in the top panel of Figure 8 is equivalent to the limit where

Y
→

ω1
, Y

→
ω2

→ 0 with Y
→

ω12
held fixed. In this regime, one easily verifies that the TBA equations reduce to those

of the octagon, with weights Yω12 = Yω1Yω2 , etc.
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Permuting the contours requires crossing the decoupling pole of the kernel (4.34), whose

residue produces an additional local term, as in (4.35) with {ω, ω→
} → {ω1, ω2}.

The main point is that this local term can be absorbed into a redefinition of the Y -

functions while keeping the structure of the TBA equations intact, at the cost of introducing

a new function Y →
ω12

. Defining

Y →
ω1

=
Yω1

1 + Yω2

, Y →
ω2

=
Yω2

1 + Yω1

, Y →
ω12

=
Yω1Yω2

1 + Yω1 + Yω2

, (5.4)

one can verify that the Y →’s satisfy the TBA equations (4.5) for the enlarged set B
→ =

{ω1, ω2, ω12} with ω12 = ω1 + ω2. The redefinitions of Yω1 and Yω2 in (5.4) account for the

local term while the composite function Y →
ω12

ensures that the L-terms in (4.35) decompose

correctly,

(1 + Yω1) = (1 + Y →
ω1

)(1 + Y →
ω12

) , (1 + Yω2) = (1 + Y →
ω2

)(1 + Y →
ω12

) . (5.5)

The equation for Y →
ω12

follows from applying the same reasoning to log (Yω1Yω2), with driving

term

Yω12 = Yω1 Yω2 . (5.6)

Equivalently, the state ω12 carries weights lω12 = lω1 + lω2 and zω12 = zω1zω2 , and similarly for

z̄, ε and ε̄. Consistency further requires its contour to lie between the original ones,

ω2 ↑ ω12 ↑ ω1 , (5.7)

a characteristic feature of wall-crossing [53] (see Figure 13).
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Figure 13: Left: Canonical contour ordering for ↓ω1, ω2↔ = 1. Right: Swapping the contours

generates the state ω12, with Cω12 located between Cω1 and Cω2 along the imaginary ϑ-direction.

Physically, this describes the formation of a bound state ω12 = ω1 + ω2 from two ele-

mentary magnons ω1 and ω2 with identical rapidity and flavor, in line with the discussion in

Section 3.2.1.13 Once created, this state contributes on the same footing as the others and

interacts through the usual couplings ↗ ↓ω, ω→
↔KIJ .

13Relatedly, the wall-crossed system provides a better starting point for the study of the OPE limit discussed

in Section 3.2.1. In particular, the limit displayed in the top panel of Figure 8 is equivalent to the limit where

Y
→

ω1
, Y

→
ω2

→ 0 with Y
→

ω12
held fixed. In this regime, one easily verifies that the TBA equations reduce to those

of the octagon, with weights Yω12 = Yω1Yω2 , etc.
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Figure 12: In the double OPE limit where the three left vertices approach each other, the six-

point function factorizes into a product of two four-point functions. This limit is controlled by

two types of excitations: pairs of magnons (in red), analogous to those appearing in the OPE

limit of the five-point function, and isolated magnons on the right cut (in blue). Ultra-local

interactions (5.3) involving magnons on three cuts simultaneously violate this factorization

and are therefore incompatible with the decoupling limit.

However, while this approach is workable in simple cases, it quickly becomes impractical for

triangulations with multiple cycles, due to the uncontrolled proliferation of composite states.

We refer the interested reader to Appendix F for illustrations of this construction.

A more elegant resolution is obtained by inverting the pole prescription for a pair of

states, e.g., i→ω1, ω2↑0 ↓ ↔i→ω1, ω2↑0. This removes the contact terms in (5.3) and restores

a consistent contour ordering. Such a prescription was used in ref. [80] to treat the cubic

contribution to the three-point function in the BPS sector of Zk orbifold N = 2 SYM theories.

Operationally, it corresponds to exchanging the integration contours.

In the remainder of this section, we explore the consequences of such contour exchanges,

which relate to wall-crossing transformations of the TBA equations [46, 47, 53, 54]. This

approach provides a systematic resolution of quiver cycles and yields TBA equations and free

energy for arbitrary triangulations.

5.1 Wall-crossing transformation

As noted above, handling cycles requires consistently swapping integration contours in the

TBA equations, introducing a partial ordering for the set of contours. This prevents contact

terms like (5.3) but introduces composite excitations, analogous to bound-state formation

in wall-crossing of 4D N = 2 theories [53]. We briefly review how this arises in TBA,

following [46, 54].

5.1.1 Revisiting A2 quiver

The wall-crossing mechanism is most transparently illustrated in the TBA equations for the

A2 system, and extends naturally to more general quivers. Since the mechanism works the

same for each flavor independently, we suppress flavor indices in the following.

Consider then a two-cut configuration with labels ω1 and ω2 such that →ω1, ω2↑ = 1. This

fixes the canonical ordering of contours, Im Cω1 > Im Cω2 , or, in shorthand notation, ω1 ↗ ω2.
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Permuting the contours requires crossing the decoupling pole of the kernel (4.34), whose

residue produces an additional local term, as in (4.35) with {ω, ω→
} → {ω1, ω2}.

The main point is that this local term can be absorbed into a redefinition of the Y -

functions while keeping the structure of the TBA equations intact, at the cost of introducing

a new function Y →
ω12

. Defining

Y →
ω1

=
Yω1

1 + Yω2

, Y →
ω2

=
Yω2

1 + Yω1

, Y →
ω12

=
Yω1Yω2

1 + Yω1 + Yω2

, (5.4)

one can verify that the Y →’s satisfy the TBA equations (4.5) for the enlarged set B
→ =

{ω1, ω2, ω12} with ω12 = ω1 + ω2. The redefinitions of Yω1 and Yω2 in (5.4) account for the

local term while the composite function Y →
ω12

ensures that the L-terms in (4.35) decompose

correctly,

(1 + Yω1) = (1 + Y →
ω1

)(1 + Y →
ω12

) , (1 + Yω2) = (1 + Y →
ω2

)(1 + Y →
ω12

) . (5.5)

The equation for Y →
ω12

follows from applying the same reasoning to log (Yω1Yω2), with driving

term

Yω12 = Yω1 Yω2 . (5.6)

Equivalently, the state ω12 carries weights lω12 = lω1 + lω2 and zω12 = zω1zω2 , and similarly for

z̄, ε and ε̄. Consistency further requires its contour to lie between the original ones,

ω2 ↑ ω12 ↑ ω1 , (5.7)

a characteristic feature of wall-crossing [53] (see Figure 13).
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Figure 13: Left: Canonical contour ordering for ↓ω1, ω2↔ = 1. Right: Swapping the contours

generates the state ω12, with Cω12 located between Cω1 and Cω2 along the imaginary ϑ-direction.

Physically, this describes the formation of a bound state ω12 = ω1 + ω2 from two ele-

mentary magnons ω1 and ω2 with identical rapidity and flavor, in line with the discussion in

Section 3.2.1.13 Once created, this state contributes on the same footing as the others and

interacts through the usual couplings ↗ ↓ω, ω→
↔KIJ .

13Relatedly, the wall-crossed system provides a better starting point for the study of the OPE limit discussed

in Section 3.2.1. In particular, the limit displayed in the top panel of Figure 8 is equivalent to the limit where

Y
→

ω1
, Y

→
ω2

→ 0 with Y
→

ω12
held fixed. In this regime, one easily verifies that the TBA equations reduce to those

of the octagon, with weights Yω12 = Yω1Yω2 , etc.
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Figure 18: Sketch of the integration contours and domains, with D± located at the top and

bottom of the fundamental strip. The function Yω is initially defined in a neighborhood of its

contour Cω and then analytically continued. The function ωω is defined as the solution to the

TBA equations in the upper domain, and similarly for ω̃ω in the lower domain.

general properties of the ω-functions, in particular their transformations under flips. We refer

the reader to Appendix G for a discussion of the mutation properties of the ω-functions, as

well as a proof of the resulting flip invariance of the correlation functions.

We can now focus on the value of the discontinuities of the functions {Xω}. Crossing

the contour Cω→ relates the value of Xω below the contour to its value above via the KS

transformation

Kω→ : Xω →↑ Xω(1 + Xω→)→ω→,ω↑ . (6.4)

This follows from the residue analysis of (6.1) and becomes trivial when ↓ε, ε↓
↔ = 0, i.e. when

there is no mutual pole in the equations. More generally, the KS action extends to any

rational function F ({Xω}) via

Kω→F ({Xω}) = F ({Kω→Xω}) , (6.5)

enabling to write successive crossings as ordered products of KS factors. For instance, crossing

a second contour Cω→→ located just below Cω→ yields Kω→Kω→→Xω , and so on.16

Lastly, this structure allows one to express the Y -functions in terms of the ω-functions

in (6.2),

Yω =
ϑ∏

ω→↔ω

Kω→ ωω , (6.6)

where the product is ordered from the largest to the smallest element in the chamber B. This

relation can be inverted to give

ωω = Yω

∏

ω→↔ω

(1 + Yω→)→ω,ω→↑ . (6.7)

16This ordering may appear counterintuitive, since one first crosses ω
→ and then ω

→→. However, it correctly

reflects the implementation of the KS action and its extension in (6.5). In particular, using (6.5), one may

equivalently write Kω→Kω→→Xω = Kω→→(Kω→(Xω)), as expected.
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6.1 From Y -functions to ω-functions

To handle the singularity structure more e!ciently, it is convenient, following [53], to intro-

duce piecewise continuous functions Xω that solve the same TBA equations everywhere in

the fundamental strip except along the integration contours. That is, we define

log Xω(ε) = logωω(ε) +
∑

ω→ → B
→ϑ, ϑ↑

↑
[
G ↓ log

(
1 + Xω→(ε)

)
+ Ḡ ↓ log

(
1 + X̄ω→(ε)

)]
, (6.1)

and similarly for X̄ω , for all ε /↔ {Cω→ , ϑ↑
↗= ϑ}, with the convolutions defined along the same

contours as before.

To make the structure more transparent, one may further separate the contours by assign-

ing them a finite but arbitrary spacing, thereby opening finite domains between consecutive

contours. This deformation does not a”ect the equations, provided the contours remain within

the fundamental strip and assuming the integrals remain convergent. It also singles out two

distinguished domains, denoted by D±, located above and below all the contours.

So defined, Xω is continuous in each domain separately, with jumps across the contours,

unlike the Y -functions which are defined globally by analytic continuation. Since Xω and Yω

satisfy the same TBA equation along Cω , they coincide in a neighborhood of that contour.

In other domains, however, these functions generally di”er. In particular, the analytic con-

tinuation of Yω to the upper domain D+ does not agree with the value of Xω obtained there

using (6.1). We denote this upper determination by ωω . Like the Y -functions, the ω-functions

can then be extended to the full strip by analytic continuation.

Thus, the analytic Y - and ω-functions can be viewed as di”erent determinations of the

same underlying discontinuous functions {Xω},

ωω ↘ Xω

∣∣
D+

, Yω ↘ Xω

∣∣
Cω

, (6.2)

as illustrated in Figure 18. Since the original TBA equations are written in terms of the

Y -variables, the hexagonalization procedure e”ectively selects this determination. As we will

see, however, the ω-determination leads to a more geometric formulation of these equations,

in line with the string-theory description [40].

A useful property of the ω-functions, and more generally of the X-functions, is the mul-

tiplicative relation

ωω+ω→ = ωωωω→ , (6.3)

which follows from the linearity in ϑ of the TBA interactions (6.1), together with the same

property for the driving terms ωω . Bound-state fusion is thus encoded simply as multiplication

in the ω-variables, in contrast with the more involved composition rules for the Y -variables

(see e.g. (5.4) for A2).

This structure mirrors the behavior of cross ratios, zω+ω→ = zωzω→ , and reflects the Fock-

Goncharov nature of the ω-functions [40, 53]. These functions also satisfy the inversion

property, ω↓ω = 1/ωω , where ≃ϑ denotes the negative of the state ϑ in the GMN framework.

Although such states play no role in the present analysis, they are useful when discussing
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~ [Gaiotto, Moore, Neitzke, 08] for the Hitchin description of BPS spectra of 4D  theories  𝒩 = 2
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•  satisfy the multiplicative relation χγ

…
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Figure 18: Sketch of the integration contours and domains, with D± located at the top and

bottom of the fundamental strip. The function Yω is initially defined in a neighborhood of its

contour Cω and then analytically continued. The function ωω is defined as the solution to the

TBA equations in the upper domain, and similarly for ω̃ω in the lower domain.

general properties of the ω-functions, in particular their transformations under flips. We refer

the reader to Appendix G for a discussion of the mutation properties of the ω-functions, as

well as a proof of the resulting flip invariance of the correlation functions.

We can now focus on the value of the discontinuities of the functions {Xω}. Crossing

the contour Cω→ relates the value of Xω below the contour to its value above via the KS

transformation

Kω→ : Xω →↑ Xω(1 + Xω→)→ω→,ω↑ . (6.4)

This follows from the residue analysis of (6.1) and becomes trivial when ↓ε, ε↓
↔ = 0, i.e. when

there is no mutual pole in the equations. More generally, the KS action extends to any

rational function F ({Xω}) via

Kω→F ({Xω}) = F ({Kω→Xω}) , (6.5)

enabling to write successive crossings as ordered products of KS factors. For instance, crossing

a second contour Cω→→ located just below Cω→ yields Kω→Kω→→Xω , and so on.16

Lastly, this structure allows one to express the Y -functions in terms of the ω-functions

in (6.2),

Yω =
ϑ∏

ω→↔ω

Kω→ ωω , (6.6)

where the product is ordered from the largest to the smallest element in the chamber B. This

relation can be inverted to give

ωω = Yω

∏

ω→↔ω

(1 + Yω→)→ω,ω→↑ . (6.7)

16This ordering may appear counterintuitive, since one first crosses ω
→ and then ω

→→. However, it correctly

reflects the implementation of the KS action and its extension in (6.5). In particular, using (6.5), one may

equivalently write Kω→Kω→→Xω = Kω→→(Kω→(Xω)), as expected.
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• jumps are controlled by the Kontsevich-Soibelman transformations  

…
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Figure 18: Sketch of the integration contours and domains, with D± located at the top and

bottom of the fundamental strip. The function Yω is initially defined in a neighborhood of its

contour Cω and then analytically continued. The function ωω is defined as the solution to the

TBA equations in the upper domain, and similarly for ω̃ω in the lower domain.

general properties of the ω-functions, in particular their transformations under flips. We refer

the reader to Appendix G for a discussion of the mutation properties of the ω-functions, as

well as a proof of the resulting flip invariance of the correlation functions.

We can now focus on the value of the discontinuities of the functions {Xω}. Crossing

the contour Cω→ relates the value of Xω below the contour to its value above via the KS

transformation

Kω→ : Xω →↑ Xω(1 + Xω→)→ω→,ω↑ . (6.4)

This follows from the residue analysis of (6.1) and becomes trivial when ↓ε, ε↓
↔ = 0, i.e. when

there is no mutual pole in the equations. More generally, the KS action extends to any

rational function F ({Xω}) via

Kω→F ({Xω}) = F ({Kω→Xω}) , (6.5)

enabling to write successive crossings as ordered products of KS factors. For instance, crossing

a second contour Cω→→ located just below Cω→ yields Kω→Kω→→Xω , and so on.16

Lastly, this structure allows one to express the Y -functions in terms of the ω-functions

in (6.2),

Yω =
ϑ∏

ω→↔ω

Kω→ ωω , (6.6)

where the product is ordered from the largest to the smallest element in the chamber B. This

relation can be inverted to give

ωω = Yω

∏

ω→↔ω

(1 + Yω→)→ω,ω→↑ . (6.7)

16This ordering may appear counterintuitive, since one first crosses ω
→ and then ω

→→. However, it correctly

reflects the implementation of the KS action and its extension in (6.5). In particular, using (6.5), one may

equivalently write Kω→Kω→→Xω = Kω→→(Kω→(Xω)), as expected.
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-systemχ

• the integral equations can be transformed into difference equations;  using the spectrum 
generator, independent of the chamber 

As in the derivation of the Y -system in Section 4.3, this result follows from analytically con-

tinuing the Y -functions to the upper domain D+, collecting residues at the poles encountered

when crossing the contours Cω→ with ω→
→ ω. Alternatively, it can be derived algebraically

from (6.6) by computing
ε∏

ω→↑ω

[
Kω→(1 + ϑω→)↓ω,ω→↔

]
ϑω (6.8)

in two di!erent ways. The left-hand side of (6.7) is obtained by commuting ϑω to the left

through the KS operators, canceling all factors (1 + ϑω→). The right-hand side follows by

moving these factors to the left, where they are converted into (1 + Yω→) via (6.6).

6.2 Spectrum generator and KS wall-crossing formula

As mentioned above, is also useful to consider the total jump obtained by traversing all con-

tours in B. The corresponding ordered product of KS factors defines the spectrum generator

S =
ε∏

ω ↗ B
Kω , (6.9)

which encodes the full BPS spectrum in the GMN framework [44, 53]. Its main property

is invariance under wall-crossing. While permuting the integration contours may introduce

new domains through composite Y -functions (see Figure 13), the total discontinuity—and

hence S—remains unchanged. As such, S depends only on the quiver, or equivalently the

triangulation, and not on a specific choice of chamber.

This invariance is encoded in the Kontsevich–Soibelman wall-crossing formula. In the

simplest A2 case, it reduces to the so-called pentagon identity [44, 53, 82]

Kωi Kωj = Kωj Kωi+ωj Kωi , if ↑ωi, ωj↓ = +1 , (6.10)

which follows directly from the definition of the KS transformations (6.4). If instead ↑ωi, ωj↓ =

0, the operators commute

Kωi Kωj = Kωj Kωi , (6.11)

reflecting the absence of interactions. More general pairings (|↑ωi, ωj↓| > 1) lead to more

involved relations. However, these do not arise for polygons and are typically associated

with punctured geometries. Thus, for polygons, all chambers can be generated purely by

reordering the KS factors in S using the two basic relations (6.10)–(6.11).

As an application, we can confirm that our construction for the cyclic A3 quiver is indeed

minimal by inspecting all possible chambers. In fact, it is known that, up to cyclic relabeling,

only two types of chambers can arise in this case [53, 83], namely

S = Kω2Kω12Kω3Kω1 = Kω2Kω12Kω1Kω13Kω3 , (6.12)

with ω12 = ω1 + ω2 and ω13 = ω1 + ω3. The first decomposition corresponds to a minimal

(four-state) chamber, while the second describes a maximal (five-state) chamber. Using the
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pentagon identity, one also verifies that S is invariant under cyclic permutations of ω1,2,3, as

expected for this quiver.17

Similarly, the three orderings in (5.12) yield equivalent spectrum generators,

S→
a = S→

b = S→
c . (6.13)

This extends to higher quivers via the recursion relation for polygons (5.13), which can now

be expressed compactly as

S = Kω2Kω12S
→
Kω1 = Kω2S

→
Kω12Kω1 , (6.14)

where S→ is the spectrum generator for the leaf-stripped quiver Q→, and S that of the full

quiver Q. In the second expression, we used that the composite charge ω12 decouples from

all elements in Q→, allowing the KS factors to be reordered. This recursively establishes the

equivalence of the various minimal chambers.

6.3 ε-system

These properties make S a natural starting point for deriving a more invariant form of the

TBA equations. Acting with S on εω yields the determination of Xω in the lower domain

D↑,

ε̃ω → Xω

∣∣
D→

= S(εω) , (6.15)

as illustrated in Figure 18. A key feature of this lower determination is that it is simply related

to the upper one through the shift ϑ ↑ ϑ + iϖ. Denoting by ε̄++
ω the analytic continuation

of ε̄ω under this shift, one finds

ε̃ω = 1/ε̄++
ω , (6.16)

and similarly with ε ↓ ε̄. As a result, the ε-functions functions satisfy the ε-system

ε++
ω S(ε̄ω) = 1 , ε̄++

ω S(εω) = 1 . (6.17)

As a cross-check, we verify its equivalence with the Y -system using (6.7), together with18

S(εω) = εω

∏

ω↑ ↓ B
(1 + Yω↑)↔ω↑,ω↗ , (6.18)

and similarly for the barred functions.

A remarkable result of [53, 77] is that S can be computed directly from the geometric

data of the triangulation, independently of the chosen chamber. We present here the relevant

expressions for polygons, which correspond to Argyres–Douglas theories in the terminology

of [53] (see Section 11 therein). The case of closed geometries is presented in Section 7.

17For instance, applying Kω2Kω12Kω1 = Kω1Kω2 to the final term in (6.12), and using that Kω2Kω13 =

Kω13Kω2 , yields a cyclic image of the middle term in (6.12).
18This follows from computing

ω∏
ω→↓B

(
Kω→ (1 + εω→)↔ω,ω→↗)

εω using the same method as that employed to

derive (6.7) from (6.6).
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the Y-system becomes 

pentagon identity, one also verifies that S is invariant under cyclic permutations of ω1,2,3, as

expected for this quiver.17

Similarly, the three orderings in (5.12) yield equivalent spectrum generators,

S→
a = S→

b = S→
c . (6.13)

This extends to higher quivers via the recursion relation for polygons (5.13), which can now

be expressed compactly as

S = Kω2Kω12S
→
Kω1 = Kω2S

→
Kω12Kω1 , (6.14)

where S→ is the spectrum generator for the leaf-stripped quiver Q→, and S that of the full

quiver Q. In the second expression, we used that the composite charge ω12 decouples from

all elements in Q→, allowing the KS factors to be reordered. This recursively establishes the

equivalence of the various minimal chambers.

6.3 ε-system

These properties make S a natural starting point for deriving a more invariant form of the

TBA equations. Acting with S on εω yields the determination of Xω in the lower domain

D↑,

ε̃ω → Xω

∣∣
D→

= S(εω) , (6.15)

as illustrated in Figure 18. A key feature of this lower determination is that it is simply related

to the upper one through the shift ϑ ↑ ϑ + iϖ. Denoting by ε̄++
ω the analytic continuation

of ε̄ω under this shift, one finds

ε̃ω = 1/ε̄++
ω , (6.16)

and similarly with ε ↓ ε̄. As a result, the ε-functions functions satisfy the ε-system

ε++
ω S(ε̄ω) = 1 , ε̄++

ω S(εω) = 1 . (6.17)

As a cross-check, we verify its equivalence with the Y -system using (6.7), together with18

S(εω) = εω

∏

ω↑ ↓ B
(1 + Yω↑)↔ω↑,ω↗ , (6.18)

and similarly for the barred functions.

A remarkable result of [53, 77] is that S can be computed directly from the geometric

data of the triangulation, independently of the chosen chamber. We present here the relevant

expressions for polygons, which correspond to Argyres–Douglas theories in the terminology

of [53] (see Section 11 therein). The case of closed geometries is presented in Section 7.

17For instance, applying Kω2Kω12Kω1 = Kω1Kω2 to the final term in (6.12), and using that Kω2Kω13 =

Kω13Kω2 , yields a cyclic image of the middle term in (6.12).
18This follows from computing

ω∏
ω→↓B

(
Kω→ (1 + εω→)↔ω,ω→↗)

εω using the same method as that employed to

derive (6.7) from (6.6).
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E

Figure 19: Geometrical illustration of (6.19) for AE → APQ associated with the edge E

between the points P and Q (in red). The quadrilateral framing the edge E is PRQS. The

dotted lines denote internal edges and bold lines external ones. Orange arrows indicate quiver

orientation; note that our convention di!ers from [44] by a clockwise orientation of the arrows.

To simplify the notation, we denote by ωE the function associated with the charge εE of

the edge E, and write ↑E, E→
↓ = ↑εE , εE→↓. For the configuration in Figure 19, we associate

to each edge E the quantity

AE → APQ = (6.19)

(1 + ωPk(1 + ωPk↑1(. . . (1 + ωP1) . . .))) ωE (1 + ωQm(1 + ωQm↑1(. . . (1 + ωQ1) . . .))) .

In these terms, the ω-system (6.17) can be rewritten as

ω̄++
E ωE =

ωE

S(ωE)
=

(1 + APS)(1 + AQR)

(1 + APR)(1 + AQS)
=

∏

E→

(1 + AE→)↑E,E→↓ , (6.20)

with similar equations under (ωE , AE) ↔ (ω̄E , ĀE), in both the AdS and sphere sectors. The

identification of the edges surrounding E is given in Figure 19.

A derivation of (6.20) in our setup can be done using the identity

1 + AE =
∏

ω ↔ ωE

(1 + Yω) =
∏

ω

(1 + Yω)εω,E (for polygons) , (6.21)

where ε =
∑

E ϑω,E εE , εE ↗ ε if ϑω,E ↘= 0, and ϑω,E ↗ {0, 1} for polygons. Substituting this

relation in (6.9) yields (6.20), using
∏

ω→

(1 + Yω→)↑E,ω→↓ =
∏

E→,ω→

(1 + Yω→)↑E,E→↓εω→,E→ =
∏

E→

(1 + AE→)↑E,E→↓ . (6.22)

The identity (6.21) is immediate in the canonical poset (minimal chamber) of a linear quiver,

where each product reduces to a single factor AE = YωE . It is also preserved under the basic

wall-crossing transformation (6.10): the left-hand side of (6.21) remains unchanged, while the

right-hand side transforms as (see (5.5))

(1 + Yωi) = (1 + Y →
ωi

)(1 + Y →
ωi+ωj

) ,

(1 + Yωj ) = (1 + Y →
ωj

)(1 + Y →
ωi+ωj

) ,
(6.23)
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-system for closed geometry: the four point functionχ

1

2 3

4

E12

E12

E23

E34

E ̂24

E24

•  in the AdS  kinematics identical to the  -system for correlation functions [Caetano, Toledo, 12] 
obtained from the semiclassical string analysis

2 χ

ω = ε + iy , y → ↑

!oct(g) =
2

ε2
log(cosh(2εg))

1 +
1

2ϑ
gϖg

Oω+1

Oω→1

=
O

2

ω

Oω+1 Oω→1

OL(x, y) = yI1
1
. . . yILL Tr ”I1(x) . . .”IL(x)

↓OA(x1)OB(x2)↔ =
ϱAB

|x1 ↗ x2|2L

g → 0

z1 z2 z3

zik zjl = z→1

ik

uik = zikz̄ik

zik = ↗xijxkl

xilxjk

Sn(z, {log uij})

ς̄++

24
ς24 =

(
ς̄++

2̂4
ς
2̂4

)→1

=
(1 + A23)(1 + A14)

(1 + A34)(1 + A12)
, (168)

ς̄++

12
ς12 =

(
ς̄++

14
ς14

)→1

= ς̄++

34
ς34 =

(
ς̄++

23
ς23

)→1

=
(1 + A24)

(1 + A
2̂4
)
, (169)
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ω = ε + iy , y → ↑

!oct(g) =
2

ε2
log(cosh(2εg))

1 +
1

2ϑ
gϖg

Oω+1

Oω→1

=
O

2

ω

Oω+1 Oω→1

OL(x, y) = yI1
1
. . . yILL Tr ”I1(x) . . .”IL(x)

↓OA(x1)OB(x2)↔ =
ϱAB

|x1 ↗ x2|2L

g → 0

z1 z2 z3

zik zjl = z→1

ik

uik = zikz̄ik

zik = ↗xijxkl

xilxjk

Sn(z, {log uij})

ς̄++

24
ς24 =

(
ς̄++

2̂4
ς
2̂4

)→1

=
(1 + A23)(1 + A14)

(1 + A34)(1 + A12)
, (168)

ς̄++

12
ς12 =

(
ς̄++

14
ς14

)→1

= ς̄++

34
ς34 =

(
ς̄++

23
ς23

)→1

=
(1 + A24)

(1 + A
2̂4
)
, (169)
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•  for the four-point function in the triangulation in the figure we obtain

ω = ε + iy , y → ↑

!oct(g) =
2

ε2
log(cosh(2εg))

1 +
1

2ϑ
gϖg

Oω+1

Oω→1

=
O

2

ω

Oω+1 Oω→1

OL(x, y) = yI1
1
. . . yILL Tr ”I1(x) . . .”IL(x)

↓OA(x1)OB(x2)↔ =
ϱAB

|x1 ↗ x2|2L

g → 0

z1 z2 z3

zik zjl = z→1

ik

uik = zikz̄ik

zik = ↗xijxkl

xilxjk

Sn(z, {log uij})

ς̄++

24
ς24 =

(
ς̄++

2̂4
ς
2̂4

)→1

=
(1 + A23)(1 + A14)

(1 + A34)(1 + A12)
, (168)

ς̄++

12
ς12 =

(
ς̄++

14
ς14

)→1

= ς̄++

34
ς34 =

(
ς̄++

23
ς23

)→1

=
(1 + A24)

(1 + A
2̂4
)
, (169)

ς++ ↘ ς(φ + iε)

Aij = Aij({ςkl})
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• the same equations hold for the AdS and the sphere part 

• to get the full result, summation over the bridge lengths is necessary



Conclusion

•  correlation functions at strong coupling in  SYM have the structure expected 
from the duality with classical string theory 

• we obtained this description based on the integrability representation 
(hexagonalization) valid at any coupling 

• the expressions depend only on the kinematical data through the cross ratios, entering in 
the TBA equations via the driving terms 

• the next step would be to consider correlation functions of excited classical operators 
and understand how the spectral data combines with the kinematical one 

• it would be interesting to see how the wall-crossing phenomena manifest themselves at 
finite coupling

𝒩 = 4
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