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Motivation



The current cosmological paradigm (ΛCDM) predicts nearly universal density

profiles for dark matter haloes

• Not strictly universal:

small halo-to-halo

differences

• A template to compare

real galaxies against
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Figure 3. Left: Spherically-averaged density profiles of all level-2 Aquarius halos. Density estimates have been multiplied by r2 in order
to emphasize details in the comparison. Radii have been scaled to r−2, the radius where the logarithmic slope has the “isothermal” value,

−2. Thick lines show the profiles from r
(7)
conv outward; thin lines extend inward to r

(1)
conv. For comparison, we also show the NFW and M99

profiles, which are fixed in these scaled units. This scaling makes clear that the inner profiles curve inward more gradually than NFW,
and are substantially shallower than predicted by M99. The bottom panels show residuals from the best fits (i.e., with the radial scaling
free) to the profiles using various fitting formulae (Sec. 3.2). Note that the Einasto formula fits all profiles well, especially in the inner
regions. The shape parameter, α, varies significantly from halo to halo, indicating that the profiles are not strictly self-similar: no simple
physical rescaling can match one halo onto another. The NFW formula is also able to reproduce the inner profiles quite well, although
the slight mismatch in profile shapes leads to deviations that increase inward and are maximal at the innermost resolved point. The
steeply-cusped Moore profile gives the poorest fits. Right: Same as left, but for the circular velocity profiles, scaled to match the peak of
each profile. This cumulative measure removes the bumps and wiggles induced by substructures and confirms the lack of self-similarity
apparent in the left panel.

shells are centered at the location of the particle identified by
the SUBFIND algorithm (Springel et al., 2001) as having the
minimum gravitational potential. Extensive tests show that
this procedure identifies the region where the local density of
the main subsystem of each halo peaks, and is coincident in
most cases (except perhaps major ongoing mergers between
comparable-mass halos) with the results of other methods,
such as the “shrinking sphere” method discussed by P03.

The mass density in each radial bin is estimated as the
dark mass in the bin divided by its volume, and assigned to
a radius corresponding to the bin center. Circular velocities
are computed by adding up the mass of each bin plus all
interior ones, and assigned to the radius corresponding to the
outer edge of the bin. The construction of velocity dispersion
and anisotropy profiles is described in detail in Sec. 4.1.
When differentiation is necessary, such as when computing
the logarithmic slopes shown in Figs. 5 and 6, we use a simple
3-point Lagrangian interpolation to perform the numerical
differentiation (as implemented by the DERIV subroutine of
the IDL software package).

3 MASS PROFILES

3.1 Numerical Convergence

We begin our study of the mass profile by using our series
of re-simulations of the Aq-A halo in order to assess the ra-
dial range where numerical convergence is achieved. Figure 1
shows the mass profile of the five Aq-A resimulations; the left
panels show the spherically-averaged density profile (multi-
plied by r2 in order to emphasize small departures); the right
panels the corresponding circular velocity profile. Lines of
different colours correspond to different resimulations, as la-
beled. Arrows indicate hs = 2.8 ǫG, the lengthscale where
softened pairwise interactions become fully Newtonian.

This figure demonstrates the striking numerical conver-
gence achieved in our re-simulations. Outside some char-
acteristic radius (which we discuss below), all the profiles
are essentially indistinguishable from each other, even down
to details such as “bumps” in the outer regions caused by
the presence of substructure. As discussed by Springel et al.
(2008b), this reflects the high quality of the numerical in-
tegration of GADGET-3 and the careful approach we have
taken to building our initial conditions; indeed, the Aq-A
resimulations not only reproduce faithfully the properties
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Colours: six simulated Milky-Way-mass haloes (Aquarius). Black:

Einasto, NFW and Moore fits; lower panels: residuals. Navarro et al.

2010, Fig. 3

Navarro et al. 1997, 2010; Wang et al. 2020 1/25



The universal halo in detail: density profile and shape

Density profile — the universal profile

is one member of the (α, β, γ) family:

ρ(r) = ρs
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• Global parameters: mass M200 inside r200;

concentration c200 = r200/rs — higher

means more centrally concentrated

• Shape: axis ratios p = b/a, q = c/a, via

r →
√
x2 + (y/p)2 + (z/q)2; may vary with

radius

Navarro et al. 1997; Zhao 1996 2/25



Simulations show departures from ΛCDM change the halo — but so do baryons

Inner slope Concentration Shape References

ΛCDM γ ≈ 1 (cusp) decreases with

mass

triaxial, mostly

prolate

Allgood et al. 2006;

Ludlow et al. 2016

WDM γ ≈ 1 (cusp, lower central

density)

lower in dwarfs like ΛCDM Bose et al. 2016;

Lovell et al. 2014

SIDM core, grows with mass (≲1 kpc

in dwarfs); can collapse

like ΛCDM

outside the

core

rounder centre Despali et al. 2026;

Rocha et al. 2013

FDM soliton core, shrinks with mass

(∼kpc in dwarfs)

lower in

dwarfs∗
prolate near

Rvir
∗

Dome et al. 2023;

Schive et al. 2014b

Baryons γ ≈ 0.1–0.4 (bright dwarfs,

bursty feedback); γ ≳ 1 (MW)

raised at MW

mass

rounder, oblate

(MW mass)

Chua et al. 2022

Di Cintio et al.

2014a,b
∗ simulations with FDM-like initial conditions only, at high redshift
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To test dark matter physics, measure several halo properties across a range of

masses

• The signatures depend on mass: cores

from bursty feedback are strongest at

M⋆/Mhalo ≈ 0.5% (M⋆ ∼ 108 M⊙: bright

dwarfs)

Di Cintio et al. 2014a

• One galaxy can’t decide: measure inner

slope, concentration and flattening

together, in a sample from dwarfs to

Milky Way-mass galaxies

Cusps and Cores in MaGICC galaxies 5

Figure 2. Top panel: The abundance matching relation for our suite of sim-
ulated galaxies. The feedback schemes are indicated with different colors,
while the different galaxies are represented with symbols.The thick solid
line corresponds to the abundance matching prediction fromMoster et al.
(2013) and the thin lines are the1σ uncertainty on it. Bottom panel:
The inner slope of the dark matter distribution, measured between0.01
and0.02 of each galaxy’s virial radius, as a function of total halo mass.
The solid lines are the theoretical expectation for dark matter haloes from
Macciò et al. (2008) with its scatter.

due to the increasing energy available from SNe explosions,as
derived in Peñarrubia et al. (2012). Indeed, all the galaxies in our
sample whose inner slope is shallower than the corresponding DM
run, have had an energy injection from SNe equal or higher than
the conservative values found in Peñarrubia et al. (2012).We note,
however, that in our simulations the core creation process does not
only depend on the total amount of energy available: in the g15784
MUGS dwarf galaxy (black triangle), for example, the energyfrom
SNe is higher than in the g15784 dwarfs of the same mass that had
an expansion, yet this galaxy is strongly contracted. What we ob-
serve is the interplay between the energy from stellar feedback and
the increased potential well caused by the high number of stars at
the galaxy center (see next section for more details).

The profiles are flattest aroundMhalo ∼ 1011M⊙.
At higher masses, however, the inner profiles steepen again.

All the simulations above theM⋆ − Mhalo relationship have in-
ner slopesα < −1.5, i.e. a contracted halo steeper than the DM
expectation at each halo mass. These simulations are all black col-
ored indicating that they were part of the MUGS simulations.

Thus, depending on the feedback and the halo mass used, the
dark matter haloes may expand, contract or retain the initial NFW

Figure 3. The relation between dark matter density profile slope,α, mea-
sured between0.01 < r/Rvir < 0.02, and the stellar-to-halo-mass ratio
of each galaxy. Colors and symbols are the same as in Fig. 2. The best fit
function of Eq. (3) is overplotted as a dashed line. The grey area on the right
side indicates the1σ peak in theM⋆/Mhalo abundance matching.

inner slope. It seems that the inner slope of the dark matter density
profile does not show a clear dependence on halo mass (or equiva-
lently stellar mass) when different feedback schemes are included.

3.2 Inner slope as a funcion of stellar-to-halo mass

While there is not a well defined relation betweenα and stel-
lar or halo mass individually, Fig. 3 showsα, measured between
0.01 < r/Rvir < 0.02, plotted as a function ofM⋆/Mhalo. The
dark matter inner profile slope shows a tight relationship asa func-
tion of M⋆/Mhalo: indeed, much of the scatter apparent whenα
was plotted as a function ofMhalo disappears. The grey area in-
dicates the region where theM⋆/Mhalo ratios are more than1σ
above theM⋆/Mhalo peak in the abundance matching relation.
Real galaxies do not have these star formation efficiencies.

The tight relationship betweenα andM⋆/Mhalo points to the
conditions in which stellar feedback can create dark matterden-
sity cores. At low values ofM⋆/Mhalo, the stellar content per halo
mass is too small for the feedback energy to modify the DM dis-
tribution, and the halo of such galaxies retains a cuspy profile. As
the stellar content per halo mass increases, the feedback energy is
strong enough to produce expanded dark matter haloes, and thus
for increasing values ofM⋆/Mhalo the inner slope of dark mat-
ter profiles gets flatter, reaching a maximum ofα = −0.10 at
M⋆/Mhalo = 0.5 per cent. The maximum value ofα is even
smaller, i.e. the profiles are flatter, if the inner slope is measured
closer to the centre. At3 < r/ǫ < 10,α ∼ 0 atM⋆/Mhalo = 0.35
per cent. At higher masses, the amount of stars formed in the cen-
tral regions deepens the potential well at the center of the galaxies,
opposing the expansion process and leading to increasinglycuspy
profiles for higher values ofM⋆/Mhalo.

We verified this claim by studying in detail the medium mass
version of g15784 for different choices of feedback parameters.
We found that the stellar mass within 1 kpc is a good indicator
of the minimum of the potential in each galaxy and that, as ex-
pected, the cored most version of g15784 (green triangle) has the
shallowest potential well. Looking at the evolution of thisgalaxy,
we observe that its SFR decreases with time and correspondingly

c© 2010 RAS, MNRAS000, 1–10

Milky Way

Inner slope of the dark matter density (−1 = cusp, 0

= core) vs stellar-to-halo mass ratio in MaGICC

hydrodynamical simulations; dashed black: fit. From

Di Cintio et al. 2014a, Fig. 3; Milky Way line added

(our estimate)
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Equilibrium models and action-based

distribution functions



Galaxies are close to equilibrium
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• Orbits take ∼0.2 Gyr near the Sun:

stars have phase-mixed into a steady

state

• In a steady state, the motions of

tracers map the potential

• Far out, only a few orbits in 10Gyr:

equilibrium is weaker there

McMillan 2017 5/25



Equilibrium models are simplest where dark matter dominates

Two ingredients, fitted together: the tracers’ distribution (the DF) and the potential they

move in, made by all the mass
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• Milky Way: about half the mass inside

the Sun’s radius is dark matter; further

out, almost all of it

• Most dwarf galaxies are dominated by

dark matter throughout

• There, the potential is essentially all

dark matter

Battaglia & Nipoti 2022; McMillan 2017 6/25



Actions label orbits; a steady state is a function f (J)
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One orbit over 10Gyr in the axisymmetric McMillan 2017 Milky Way potential. Left: (R, z). Middle:

(R, vR) at each upward crossing of z = 0 — a closed curve for a regular orbit. Right: angles,

coloured by time — straight lines that wrap and fill the square.

• Actions J = (Jr , Jz , Lz) are constant along an orbit; angles θ advance uniformly

• Phase mixing spreads stars evenly in θ ⇒ equilibrium DF f (J) (Jeans theorem)

Binney 2012; McMillan 2017; Vasiliev 2019 7/25



Fitting DFs to data in dark-matter-dominated systems

DF: generally well described by a double power law in

actions:

f (J) =
M0

J30

[1 + J0/h(J)]
(6−γ)/(4−γ)

[1 + g(J)/J0]
2β−3

Potential Φ: simply that of the dark matter — the (α, β, γ)

density, oblate and axisymmetric (p = 1, flattening q)

Likelihood is given rather simply by:

lnL(Φ,DF) =

N⋆∑
i=1

ln
f
(
Ji (xi , vi |Φ)

)
N

data (xi , vi ) + trial Φ

actions Ji

DF values f (Ji )

likelihood L(Φ,DF)

MCMC over Φ and DF

McMillan & Binney 2013; Posti et al. 2015; Williams & Evans 2015 8/25



Advantages of working with f (J) models

• Full likelihood for each star — no binning, no moments

• Self-consistent models possible: the tracers can also make the potential

Binney & Piffl 2015; Binney & Vasiliev 2023; Pascale et al. 2019; Piffl et al. 2015

• Chemistry and age fold in naturally: extended DFs f (J, [Fe/H], τ)

Das & Binney 2016; Das et al. 2016; Sanders & Binney 2015
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Ability to constrain dark matter

distribution with action-based

dynamical models



Few tests on realistic simulated galaxies: is the model applicable, and how well

are haloes recovered?

• Action-based models have been applied to real data, but rarely tested on realistic

simulated galaxies, where the true halo is known

• 1. Is the model applicable at all? DF form, potential form, axisymmetry,

approximate actions; mergers, substructure

• 2. If so, how well are the halo parameters recovered? Uncertainties and

systematics in mass, concentration, flattening

Gherghinescu et al. 2024, 2026; Hattori et al. 2021 10/25



Much of what follows was led by Paula Gherghinescu

• PhD at the University of Surrey

• Now a postdoctoral researcher at Durham,

working with Francesca Fragkoudi

• Led two papers testing action-based models on

simulated galaxies with 6D data (2024), and

with 3D to 6D data (2026)

Gherghinescu et al. 2024, 2026 11/25



General approach: apply the pipeline to idealised mocks, then simulated galaxies

1. Idealised mocks
Stars with positions and velocities, generated

from the same model that is then fitted ⇒
tests the pipeline itself

2. Realistic simulated galaxies
M31-like Auriga galaxies, whose stars are not

in perfect equilibrium; tracers in the outskirts,

where dark matter dominates ⇒ tests the

model form and the equilibrium assumption8 P. Gherghinescu et al.
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Figure 8. Hexbin projections of halo 24 of the Auriga simulations in the 𝑥-𝑦, 𝑥-𝑧, and 𝑦-𝑧 planes. The plots show the stellar particles only (in-situ, ex-situ, and
part of subhaloes).

Table 3. The median and 68% confidence intervals of the recovered parameters for the three Auriga stellar haloes investigated. Parameters marked with an ’*’
have been fixed prior to the runs.

Parameter Auriga 21 Auriga 23 Auriga 24

𝑅𝑏

𝑛𝑏

𝑞𝑏

𝑅𝑑

ℎ

𝑛𝑑

𝑀0

𝐽0,𝜙

𝛼

𝛽

𝐽0

ℎ𝑟

ℎ𝑧

𝑔𝑟

𝑔𝑧

𝜒

𝜌0

𝑅𝑠

𝑞

Mbulge

Mdisk

1.155∗ kpc
2.7∗

0.72∗

2.57∗ kpc
0.4∗ kpc
1.2∗

1∗

1∗

0.65+0.08
−0.08

3.00+0.01
−0.01

375.74+25.34
−23.50 kpc km s−1

0.37+0.06
−0.06

2.46+0.08
−0.08

0.91+0.01
−0.01

1.19+0.01
−0.01

− 0.50+0.01
−0.01

5.77E + 6+8.31E+5
−7.57E+5 M⊙/kpc3

23.56+1.36
−1.20 kpc

0.93+0.01
−0.02

1.15E + 10+1.06E+9
−1.03E+9 M⊙

6.46E + 10+3.64+E+9
−3.59E+9 M⊙

1.155∗ kpc
2.7∗

0.72∗

2.57∗ kpc
0.4∗ kpc
1.2∗

1∗

1∗

1.96+0.02
−0.004

1.41E + 15+1.48E+13
−1.5E+13

5.14E + 19+2.70E+18
−2.4E+18 kpc km s−1

0.78+0.001
−0.03

2.05+0.02
−0.006

0.72+0.08
−0.03

0.87+0.01
−0.07

− 0.61+0.01
−0.001

2.12E + 7+2.49E+6
−4.11E+6 M⊙/kpc3

17.20+1.20
−1.15 kpc

0.58+0.03
−0.006

2.29E + 10+1.08E+9
−3.19E+9 M⊙

2.52E + 10+1.33E+9
−1.60E+8 M⊙

1.155∗ kpc
2.7∗

0.72∗

2.57∗ kpc
0.4∗ kpc
1.2∗

1∗

1∗

1.56+0.02
−0.02

3.22+0.04
−0.04

2818.61+136.77
−126.57 kpc km s−1

1.07+0.02
−0.02

1.90+0.02
−0.02

0.77+0.01
−0.01

1.46+0.01
−0.01

− 0.48+0.01
−0.01

1.45E + 7+1.33E+6
−1.26E+6 M⊙/kpc3

18.24+0.73
−0.67 kpc

0.72+0.01
−0.02

2.55E + 10+9.45E+8
−9.32E+8 M⊙

1.01E + 10+2.18E+9
−2.12E+9 M⊙

profile shape. The full technical details of these implementations are
given in the AGAMA documentation (Vasiliev 2018). The density then
follows from the Poisson equation.

Figure 9a shows the comparison between the total spherically
averaged density profiles of the best-fit model and the Auriga haloes.
They follow an approximate single power-law profile and agree well.
Figure 9b compares the total true enclosed mass profiles with the
best-fit profiles. Similarly to the density profiles, due to the presence
of substructure and other sources of anisotropy in the haloes, we
spherically average within thin spherical shells when computing the
profiles. Again the agreement is excellent.

The best-fit DM density profiles in Figure 10a and enclosed DM
mass profiles in Figure 10b show a good overall fit to the true DM

density and mass profiles, particularly in the outer halo regions.
Furthermore, the dynamical model recovers a range of axis ratios
for the DM haloes: 𝑞Au21 = 0.93, 𝑞Au23 = 0.60, and 𝑞Au24 = 0.72.
The higher DM halo flattening of haloes 23 and 24 could be caused
by what appears to be an ex-situ disk, which would lead to a more
significant baryonic effect in the more central regions (see also Read
et al. (2009)).

4.3 The stellar halo distribution function

Here we present the results for the fitting to the stellar halo distribution
function.

Figure 11 compares the joint distribution of pairs of (x, v) phase-

MNRAS 000, 1–?? (2022)
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Table 3. The median and 68% confidence intervals of the recovered parameters for the three Auriga stellar haloes investigated. Parameters marked with an ’*’
have been fixed prior to the runs.
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profile shape. The full technical details of these implementations are
given in the AGAMA documentation (Vasiliev 2018). The density then
follows from the Poisson equation.

Figure 9a shows the comparison between the total spherically
averaged density profiles of the best-fit model and the Auriga haloes.
They follow an approximate single power-law profile and agree well.
Figure 9b compares the total true enclosed mass profiles with the
best-fit profiles. Similarly to the density profiles, due to the presence
of substructure and other sources of anisotropy in the haloes, we
spherically average within thin spherical shells when computing the
profiles. Again the agreement is excellent.

The best-fit DM density profiles in Figure 10a and enclosed DM
mass profiles in Figure 10b show a good overall fit to the true DM

density and mass profiles, particularly in the outer halo regions.
Furthermore, the dynamical model recovers a range of axis ratios
for the DM haloes: 𝑞Au21 = 0.93, 𝑞Au23 = 0.60, and 𝑞Au24 = 0.72.
The higher DM halo flattening of haloes 23 and 24 could be caused
by what appears to be an ex-situ disk, which would lead to a more
significant baryonic effect in the more central regions (see also Read
et al. (2009)).

4.3 The stellar halo distribution function

Here we present the results for the fitting to the stellar halo distribution
function.

Figure 11 compares the joint distribution of pairs of (x, v) phase-
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Figure 8. Hexbin projections of halo 24 of the Auriga simulations in the 𝑥-𝑦, 𝑥-𝑧, and 𝑦-𝑧 planes. The plots show the stellar particles only (in-situ, ex-situ, and
part of subhaloes).

Table 3. The median and 68% confidence intervals of the recovered parameters for the three Auriga stellar haloes investigated. Parameters marked with an ’*’
have been fixed prior to the runs.

Parameter Auriga 21 Auriga 23 Auriga 24

𝑅𝑏
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−0.08

3.00+0.01
−0.01
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−23.50 kpc km s−1

0.37+0.06
−0.06

2.46+0.08
−0.08

0.91+0.01
−0.01

1.19+0.01
−0.01

− 0.50+0.01
−0.01

5.77E + 6+8.31E+5
−7.57E+5 M⊙/kpc3

23.56+1.36
−1.20 kpc

0.93+0.01
−0.02

1.15E + 10+1.06E+9
−1.03E+9 M⊙

6.46E + 10+3.64+E+9
−3.59E+9 M⊙

1.155∗ kpc
2.7∗

0.72∗
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0.4∗ kpc
1.2∗

1∗

1∗

1.96+0.02
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−1.5E+13
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−2.4E+18 kpc km s−1

0.78+0.001
−0.03

2.05+0.02
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0.72+0.08
−0.03

0.87+0.01
−0.07

− 0.61+0.01
−0.001
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17.20+1.20
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0.58+0.03
−0.006
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2.52E + 10+1.33E+9
−1.60E+8 M⊙
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−0.04
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profile shape. The full technical details of these implementations are
given in the AGAMA documentation (Vasiliev 2018). The density then
follows from the Poisson equation.

Figure 9a shows the comparison between the total spherically
averaged density profiles of the best-fit model and the Auriga haloes.
They follow an approximate single power-law profile and agree well.
Figure 9b compares the total true enclosed mass profiles with the
best-fit profiles. Similarly to the density profiles, due to the presence
of substructure and other sources of anisotropy in the haloes, we
spherically average within thin spherical shells when computing the
profiles. Again the agreement is excellent.

The best-fit DM density profiles in Figure 10a and enclosed DM
mass profiles in Figure 10b show a good overall fit to the true DM

density and mass profiles, particularly in the outer halo regions.
Furthermore, the dynamical model recovers a range of axis ratios
for the DM haloes: 𝑞Au21 = 0.93, 𝑞Au23 = 0.60, and 𝑞Au24 = 0.72.
The higher DM halo flattening of haloes 23 and 24 could be caused
by what appears to be an ex-situ disk, which would lead to a more
significant baryonic effect in the more central regions (see also Read
et al. (2009)).

4.3 The stellar halo distribution function

Here we present the results for the fitting to the stellar halo distribution
function.

Figure 11 compares the joint distribution of pairs of (x, v) phase-

MNRAS 000, 1–?? (2022)

Stars in one simulated galaxy, face-on and from two sides; each panel 500 kpc across

Free: DF parameters; halo ρ0, rs , flattening q; bulge and disc mass; inclination (2026)

Fixed: halo slopes (NFW: γ = 1, β = 3); bulge and disc scale lengths.
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With 6D data (15 000 stars), total mass is recovered to ∼10% out to 100 kpc
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(a) Total density profiles for the best-fit model and true Auriga haloes.
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(c) Fractional difference of the total enclosed mass between the best-fit model and true Auriga haloes.

Figure 9. Comparison between the true (continuous, black line) and best-fit (dotted, black line) profiles for the three Auriga haloes investigating (a) total density,
(b) total enclosed mass. Subfigure (c) shows the fractional difference between the true and best-fit enclosed mass profiles. There is very good agreement between
the best-fit model and the true Auriga halos, with the model incurring a mass error which is always below 20%.

space coordinates. The colour-filled contours illustrate stellar halo
phase-space distribution recovered by our best-fit model, while the
black contours show the true phase-space distribution of the Auriga
24 halo. It can be seen that, overall, there is good agreement between
the two distributions. The distribution of the density and velocity
ellipsoids are discussed in more detail below.

4.3.1 Number density

Figure 12 shows the number density profiles for the stars in the best-
fit models and in the investigated Auriga haloes. The number density
profiles of the Auriga stellar haloes have been calculated by binning
the accreted stellar particles from the simulation snapshot into radial

bins and computing the corresponding number density in each bin:

𝑛∗ (𝑟𝑖) =
𝑁∗,𝑖
Δ𝑉𝑖

,

where Δ𝑉 =
4𝜋
3
(𝑟3
𝑖+1 − 𝑟3

𝑖 ),
(12)

with 𝑁∗,𝑖 being the number of stars in the radial bin 𝑖 with edges
𝑟𝑖 and 𝑟𝑖+1. To obtain the number density for the best-fit model, we
sampled a number of halo stars equal to the number of accreted stellar
particles in the corresponding Auriga halo snapshot and proceeded
to calculate the number density profile as described above.

It can be seen that there is very good agreement between the
Auriga and best-fit profiles, with both following a power-law profile
with similar inner and outer slopes.
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Figure 9. Comparison between the true (continuous, black line) and best-fit (dotted, black line) profiles for the three Auriga haloes investigating (a) total density,
(b) total enclosed mass. Subfigure (c) shows the fractional difference between the true and best-fit enclosed mass profiles. There is very good agreement between
the best-fit model and the true Auriga halos, with the model incurring a mass error which is always below 20%.

space coordinates. The colour-filled contours illustrate stellar halo
phase-space distribution recovered by our best-fit model, while the
black contours show the true phase-space distribution of the Auriga
24 halo. It can be seen that, overall, there is good agreement between
the two distributions. The distribution of the density and velocity
ellipsoids are discussed in more detail below.

4.3.1 Number density

Figure 12 shows the number density profiles for the stars in the best-
fit models and in the investigated Auriga haloes. The number density
profiles of the Auriga stellar haloes have been calculated by binning
the accreted stellar particles from the simulation snapshot into radial

bins and computing the corresponding number density in each bin:

𝑛∗ (𝑟𝑖) =
𝑁∗,𝑖
Δ𝑉𝑖

,

where Δ𝑉 =
4𝜋
3
(𝑟3
𝑖+1 − 𝑟3

𝑖 ),
(12)

with 𝑁∗,𝑖 being the number of stars in the radial bin 𝑖 with edges
𝑟𝑖 and 𝑟𝑖+1. To obtain the number density for the best-fit model, we
sampled a number of halo stars equal to the number of accreted stellar
particles in the corresponding Auriga halo snapshot and proceeded
to calculate the number density profile as described above.

It can be seen that there is very good agreement between the
Auriga and best-fit profiles, with both following a power-law profile
with similar inner and outer slopes.
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Figure 9. Comparison between the true (continuous, black line) and best-fit (dotted, black line) profiles for the three Auriga haloes investigating (a) total density,
(b) total enclosed mass. Subfigure (c) shows the fractional difference between the true and best-fit enclosed mass profiles. There is very good agreement between
the best-fit model and the true Auriga halos, with the model incurring a mass error which is always below 20%.

space coordinates. The colour-filled contours illustrate stellar halo
phase-space distribution recovered by our best-fit model, while the
black contours show the true phase-space distribution of the Auriga
24 halo. It can be seen that, overall, there is good agreement between
the two distributions. The distribution of the density and velocity
ellipsoids are discussed in more detail below.

4.3.1 Number density

Figure 12 shows the number density profiles for the stars in the best-
fit models and in the investigated Auriga haloes. The number density
profiles of the Auriga stellar haloes have been calculated by binning
the accreted stellar particles from the simulation snapshot into radial

bins and computing the corresponding number density in each bin:

𝑛∗ (𝑟𝑖) =
𝑁∗,𝑖
Δ𝑉𝑖

,

where Δ𝑉 =
4𝜋
3
(𝑟3
𝑖+1 − 𝑟3

𝑖 ),
(12)

with 𝑁∗,𝑖 being the number of stars in the radial bin 𝑖 with edges
𝑟𝑖 and 𝑟𝑖+1. To obtain the number density for the best-fit model, we
sampled a number of halo stars equal to the number of accreted stellar
particles in the corresponding Auriga halo snapshot and proceeded
to calculate the number density profile as described above.

It can be seen that there is very good agreement between the
Auriga and best-fit profiles, with both following a power-law profile
with similar inner and outer slopes.
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Enclosed mass M(< r) in the three simulated galaxies: true (solid) vs best fit (dashed)

• Idealised mock: truth within the uncertainties — no systematic bias

• Simulated galaxies: systematic offset ∼10% out to 100 kpc, ≲20–25% at 150 kpc —

well beyond the (very narrow) uncertainties
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The inner dark matter profile is the weak point
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(c) Fractional difference of the DM enclosed mass between the best-fit model and true Auriga haloes.

Figure 10. Comparison between the true (continuous, black line) and best-fit (dotted, black line) profiles for the three Auriga haloes investigating (a) DM density,
(b) DM enclosed mass. Subfigure (c) shows the fractional difference between the true and best-fit DM enclosed mass profiles. The fits agree well, but it can be
seen that the best-fit departs more form the true Auriga DM haloes at lower radii.

4.3.2 Velocity distributions

Figure 13 compares the mean rotational velocity v𝜙 vs. radius be-
tween the true Auriga halos and best-fit models. The best-fit v𝜙

profile has been obtained by computing the first moment of the DF

v̄ =
1
𝑛∗

∭
d3vv 𝑓 (J), (13)

where 𝑛∗ is the zeroth moment of the DF. The true v̄𝜙 profile has
been obtained by binning the accreted Auriga stars into radial bins
and computing the average v𝜙 in each bin. It can be seen that for both
the true Auriga stellar halos, and recovered best-fit models, there is a
net rotation of the component. While the equilibrium best-fit model
predicts a smooth profile, the undulations in the true Auriga 24 profile
are likely to be related to substructure and the number of stars per

bin. Stellar halos 23 and 24 show a much larger net rotational velocity
(v̄𝜙 ≈ 140 km/s) in the inner regions compared to halo 21 (v̄𝜙 ≈ 80
km/s). Furthermore, halo 21 shows a sharp increase in rotational
velocity at about 𝑟 ≈ 100 kpc to values of v̄𝜙 ≈ −80 km/s.

4.3.3 Stellar halo velocity anisotropy

Figure 14 shows the best-fit and true Auriga stellar haloes’ anisotropy
profiles for all of the three investigated haloes. The best-fit models
predict anisotropy profiles rising sharply from tangential to radial
(asymptoting at 𝛽 ≈ 0.5). The Auriga haloes show the same general
trend, but also display a series of tangential dips and radial peaks
in regions where the equilibrium best-fit model is smooth. These
departures from the equilibrium anisotropy profiles are expected to
arise as a result of more recent merger events that have not had time to
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Figure 10. Comparison between the true (continuous, black line) and best-fit (dotted, black line) profiles for the three Auriga haloes investigating (a) DM density,
(b) DM enclosed mass. Subfigure (c) shows the fractional difference between the true and best-fit DM enclosed mass profiles. The fits agree well, but it can be
seen that the best-fit departs more form the true Auriga DM haloes at lower radii.

4.3.2 Velocity distributions

Figure 13 compares the mean rotational velocity v𝜙 vs. radius be-
tween the true Auriga halos and best-fit models. The best-fit v𝜙

profile has been obtained by computing the first moment of the DF

v̄ =
1
𝑛∗

∭
d3vv 𝑓 (J), (13)

where 𝑛∗ is the zeroth moment of the DF. The true v̄𝜙 profile has
been obtained by binning the accreted Auriga stars into radial bins
and computing the average v𝜙 in each bin. It can be seen that for both
the true Auriga stellar halos, and recovered best-fit models, there is a
net rotation of the component. While the equilibrium best-fit model
predicts a smooth profile, the undulations in the true Auriga 24 profile
are likely to be related to substructure and the number of stars per

bin. Stellar halos 23 and 24 show a much larger net rotational velocity
(v̄𝜙 ≈ 140 km/s) in the inner regions compared to halo 21 (v̄𝜙 ≈ 80
km/s). Furthermore, halo 21 shows a sharp increase in rotational
velocity at about 𝑟 ≈ 100 kpc to values of v̄𝜙 ≈ −80 km/s.

4.3.3 Stellar halo velocity anisotropy

Figure 14 shows the best-fit and true Auriga stellar haloes’ anisotropy
profiles for all of the three investigated haloes. The best-fit models
predict anisotropy profiles rising sharply from tangential to radial
(asymptoting at 𝛽 ≈ 0.5). The Auriga haloes show the same general
trend, but also display a series of tangential dips and radial peaks
in regions where the equilibrium best-fit model is smooth. These
departures from the equilibrium anisotropy profiles are expected to
arise as a result of more recent merger events that have not had time to
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Figure 10. Comparison between the true (continuous, black line) and best-fit (dotted, black line) profiles for the three Auriga haloes investigating (a) DM density,
(b) DM enclosed mass. Subfigure (c) shows the fractional difference between the true and best-fit DM enclosed mass profiles. The fits agree well, but it can be
seen that the best-fit departs more form the true Auriga DM haloes at lower radii.

4.3.2 Velocity distributions

Figure 13 compares the mean rotational velocity v𝜙 vs. radius be-
tween the true Auriga halos and best-fit models. The best-fit v𝜙

profile has been obtained by computing the first moment of the DF

v̄ =
1
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where 𝑛∗ is the zeroth moment of the DF. The true v̄𝜙 profile has
been obtained by binning the accreted Auriga stars into radial bins
and computing the average v𝜙 in each bin. It can be seen that for both
the true Auriga stellar halos, and recovered best-fit models, there is a
net rotation of the component. While the equilibrium best-fit model
predicts a smooth profile, the undulations in the true Auriga 24 profile
are likely to be related to substructure and the number of stars per

bin. Stellar halos 23 and 24 show a much larger net rotational velocity
(v̄𝜙 ≈ 140 km/s) in the inner regions compared to halo 21 (v̄𝜙 ≈ 80
km/s). Furthermore, halo 21 shows a sharp increase in rotational
velocity at about 𝑟 ≈ 100 kpc to values of v̄𝜙 ≈ −80 km/s.

4.3.3 Stellar halo velocity anisotropy

Figure 14 shows the best-fit and true Auriga stellar haloes’ anisotropy
profiles for all of the three investigated haloes. The best-fit models
predict anisotropy profiles rising sharply from tangential to radial
(asymptoting at 𝛽 ≈ 0.5). The Auriga haloes show the same general
trend, but also display a series of tangential dips and radial peaks
in regions where the equilibrium best-fit model is smooth. These
departures from the equilibrium anisotropy profiles are expected to
arise as a result of more recent merger events that have not had time to

MNRAS 000, 1–?? (2022)

Dark matter enclosed mass: true (solid) vs best fit (dashed) (Gherghinescu et al. 2024, Fig. 10)

• The inner slope (NFW, γ = 1) and the bulge and disc scale lengths were fixed, so the

misfit inside a few kpc can’t be pinned on either

Gherghinescu et al. 2024 14/25



With 6D data, the halo flattening is well recovered

fitted q = c/a true (15–120 kpc)

c/a b/a

Au21 0.93+0.01
−0.02 0.74–0.88 0.97–0.99

Au23 0.58+0.03
−0.01 0.64–0.69 0.92–0.96

Au24 0.72+0.01
−0.02 0.63–0.68 0.97–1.00

Model: oblate, so b/a = 1 and q = c/a. Fitted:

Gherghinescu et al. 2024; true: Prada et al. 2019, full-physics

runs

• Idealised mocks: q within the

uncertainties — no systematic

bias

• Simulated galaxies: nearly

axisymmetric, as assumed;

systematic offset ∼0.1–0.2, well

beyond the uncertainties

(±0.01–0.03)

Gherghinescu et al. 2024, 2026; Prada et al. 2019 15/25



The data we get depend on the system

System Typical data References

Milky Way outskirts 6D for ∼20 000 stars out to ∼100 kpc,

thinning beyond 40 kpc (Gaia +

spectroscopy)

Bird et al. 2021

Dwarf spheroidals 3D for ∼400–2600 stars each; proper

motions for a few hundred (Draco) or

∼100 (Sculptor)

Massari et al. 2018; Vitral et al.

2024; Walker & Peñarrubia 2011

M31 and other

nearby galaxies

3D, ∼ 103 tracers (planetary nebulae,

globular clusters)

Bhattacharya et al. 2023;

Coccato et al. 2009

3D sky position + line-of-sight velocity 5D sky position + all 3 velocities

4D sky position + proper motions 6D 5D + distance (full position and velocity)
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With 3D to 6D data (1000 stars, 3 inclinations), the mass is still well recovered6 P. Gherghinescu et al.
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Figure 3. Total enclosed mass profiles of the best-fit models (coloured lines) compared to the true mass distribution of the mock galaxy (black dotted line)
for inclination angles (a) 𝑖 = 0◦, (b) 𝑖 = 45◦, and (c) 𝑖 = 90◦, where the tracers used to constrain the potential have 3D phase-space information. The different
coloured lines correspond to fits to four independent data realisations. Shaded regions indicate the 1𝜎 uncertainties.

100 101 102

r [kpc]

109

1010

1011

1012

M
(r

)  
[M

]

i = 0 Mocks
3D

Data 1
Data 2
Data 3
Data 4
True

100 101 102

r [kpc]

109

1010

1011

1012 i = 45

100 101 102

r [kpc]

109

1010

1011

1012 i = 90

Figure 4. DM enclosed mass profiles of the best-fit models (coloured lines) compared to the true mass distribution of the mock galaxy (black dotted line) for
inclination angles (a) 𝑖 = 0◦, (b) 𝑖 = 45◦, and (c) 𝑖 = 90◦, where the tracers used to constrain the potential have 3D phase-space information. The different
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Figure 5. The posterior distribution of the DM flattening parameter 𝑞DM for
all inclinations and data set realisations (coloured lines): 𝑖 = 0◦, 𝑖 = 45◦, and
𝑖 = 90◦, where the tracers used to constrain the potential have 3D phase-
space information. The different coloured lines correspond to fits to four
independent data realisations. The solid black line is the true value of the
parameter used to generate the mock galaxies (𝑞DM, true = 0.7).

Figure 12 shows the recovery of the velocity dispersions in cylin-
drical coordinates for the Au23 accreted stellar halo. The same re-
covery trends and biases are observed as in the mock tests. The
vertical dispersion profile 𝑣2

𝑧 is best recovered for the face-on incli-
nation (𝑖 = 0◦), as that is when the 𝑣𝑧 velocity vector component is
aligned with the LOS. The opposite is true for the edge-on inclination
(𝑖 = 90◦).

For the velocity components lying in the axisymmetry plane (𝑣𝑅

and 𝑣𝜙), the opposite trend is observed, as expected. The 𝑣2
𝑅 and 𝑣2

𝜙
profiles are more accurately recovered within the confidence intervals
for the edge-on inclination (𝑖 = 90◦), when these components are
aligned with the LOS, and show the largest bias and uncertainty in
the face-on configuration (𝑖 = 0◦).

Even though similar systematic trends are observed in the recov-
ered kinematic properties of the tracers in both the Auriga 23 halo
and idealised mocks, there is a larger degree of uncertainty and bias
in the more realistic Auriga 23 halo. A higher level of bias is expected
when applying the dynamical model to the cosmological simulation
compared to the idealised mock galaxy from Section 3. This is be-
cause Auriga 23 represents a more complex and realistic system,
featuring a richer dynamical structure, non-equilibrium features, and
a wider range of stellar orbits. Moreover, the true mass distributions
of both the baryons and the DM often deviate from the idealised
analytical profiles assumed in such models, even if these deviations
are not dominant at first order.

5 SCHWARZSCHILD MODELLING

To demonstrate that the inability to constrain the halo flattening 𝑞DM
cannot be explained by some limitations of the DF-based models,
we conducted another series of tests, using a completely different
modelling approach, namely the Schwarzschild orbit-superposition
method (Schwarzschild 1979), as implemented in the Forstand code
(Vasiliev & Valluri 2020). Instead of fitting a parameterised DF to
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Figure 13. Total enclosed mass profiles of the best-fit models (coloured lines) compared to the true mass distribution of the mock galaxy (black dotted line) for
inclination angles, where the tracers used to constrain the potential have (a) 6D (full), (b) 5D, and (c) 4D phase-space information. The different coloured lines
correspond to fits to the same four independent data realisations as in Section 3. Shaded regions indicate the 1𝜎 uncertainties.

halo potential) and found that while they could successfully recover
the mass profile, the halo flattening was poorly constrained. Most
applications of Schwarzschild models stipulate that the kinematic
tracers (stars) also create the gravitational potential, either entirely
or partially (there may be other components in the potential, such as
central black hole or a DM halo, usually spherical). In the gravita-
tionally self-consistent case, unlike our experiments, the flattening of
the potential is directly inferred from the observed shape of the stel-
lar distribution (if the inclination can be well constrained). van den
Bosch & van de Ven (2009) fitted self-consistent triaxial and (nearly)
axisymmetric Schwarzschild models to mock data, and found that
the shape was only weakly constrained in the axisymmetric case, but
much more strongly in the triaxial case, in which the structure of the
velocity field is more complicated (e.g., with kinematic twists). On
the other hand, de Nicola et al. (2022) and Neureiter et al. (2023)
find that their implementation of the Schwarzschild method, when
applied to mock data from a simulation in which both stars and DM

halo have triaxial shapes, can recover the total mass profile to within
10% and the axis ratios of both stars and DM within ≲ 0.1. Lipka
et al. (2024), using the same code but with an axisymmetric halo,
also found that the models correctly recover the true axis ratio (0.8
in their case) when projected along the intermediate axis (i.e. edge-
on), strongly excluding a spherical halo. We recall that in our tests,
we could also place an upper limit on the axis ratio (𝑞DM ≲ 0.9)
only in the edge-on orientation. It remains to be explored why their
tests suggest a better precision in constraining the halo shape than
ours, given that their stellar tracers represent elliptical galaxies and
are more centrally concentrated relative to the DM halo than in our
experiments.

Our findings suggest that when only 3D phase-space information
of tracers is available, one should not expect to obtain strong and
reliable constraints on the flattening of the DM halo from equilibrium
models. In our experiments, the accuracy of recovering the mass
profile is mostly unaffected by the flattening of the potential, so the
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Figure 13. Total enclosed mass profiles of the best-fit models (coloured lines) compared to the true mass distribution of the mock galaxy (black dotted line) for
inclination angles, where the tracers used to constrain the potential have (a) 6D (full), (b) 5D, and (c) 4D phase-space information. The different coloured lines
correspond to fits to the same four independent data realisations as in Section 3. Shaded regions indicate the 1𝜎 uncertainties.

halo potential) and found that while they could successfully recover
the mass profile, the halo flattening was poorly constrained. Most
applications of Schwarzschild models stipulate that the kinematic
tracers (stars) also create the gravitational potential, either entirely
or partially (there may be other components in the potential, such as
central black hole or a DM halo, usually spherical). In the gravita-
tionally self-consistent case, unlike our experiments, the flattening of
the potential is directly inferred from the observed shape of the stel-
lar distribution (if the inclination can be well constrained). van den
Bosch & van de Ven (2009) fitted self-consistent triaxial and (nearly)
axisymmetric Schwarzschild models to mock data, and found that
the shape was only weakly constrained in the axisymmetric case, but
much more strongly in the triaxial case, in which the structure of the
velocity field is more complicated (e.g., with kinematic twists). On
the other hand, de Nicola et al. (2022) and Neureiter et al. (2023)
find that their implementation of the Schwarzschild method, when
applied to mock data from a simulation in which both stars and DM

halo have triaxial shapes, can recover the total mass profile to within
10% and the axis ratios of both stars and DM within ≲ 0.1. Lipka
et al. (2024), using the same code but with an axisymmetric halo,
also found that the models correctly recover the true axis ratio (0.8
in their case) when projected along the intermediate axis (i.e. edge-
on), strongly excluding a spherical halo. We recall that in our tests,
we could also place an upper limit on the axis ratio (𝑞DM ≲ 0.9)
only in the edge-on orientation. It remains to be explored why their
tests suggest a better precision in constraining the halo shape than
ours, given that their stellar tracers represent elliptical galaxies and
are more centrally concentrated relative to the DM halo than in our
experiments.

Our findings suggest that when only 3D phase-space information
of tracers is available, one should not expect to obtain strong and
reliable constraints on the flattening of the DM halo from equilibrium
models. In our experiments, the accuracy of recovering the mass
profile is mostly unaffected by the flattening of the potential, so the
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Figure 13. Total enclosed mass profiles of the best-fit models (coloured lines) compared to the true mass distribution of the mock galaxy (black dotted line) for
inclination angles, where the tracers used to constrain the potential have (a) 6D (full), (b) 5D, and (c) 4D phase-space information. The different coloured lines
correspond to fits to the same four independent data realisations as in Section 3. Shaded regions indicate the 1𝜎 uncertainties.

halo potential) and found that while they could successfully recover
the mass profile, the halo flattening was poorly constrained. Most
applications of Schwarzschild models stipulate that the kinematic
tracers (stars) also create the gravitational potential, either entirely
or partially (there may be other components in the potential, such as
central black hole or a DM halo, usually spherical). In the gravita-
tionally self-consistent case, unlike our experiments, the flattening of
the potential is directly inferred from the observed shape of the stel-
lar distribution (if the inclination can be well constrained). van den
Bosch & van de Ven (2009) fitted self-consistent triaxial and (nearly)
axisymmetric Schwarzschild models to mock data, and found that
the shape was only weakly constrained in the axisymmetric case, but
much more strongly in the triaxial case, in which the structure of the
velocity field is more complicated (e.g., with kinematic twists). On
the other hand, de Nicola et al. (2022) and Neureiter et al. (2023)
find that their implementation of the Schwarzschild method, when
applied to mock data from a simulation in which both stars and DM

halo have triaxial shapes, can recover the total mass profile to within
10% and the axis ratios of both stars and DM within ≲ 0.1. Lipka
et al. (2024), using the same code but with an axisymmetric halo,
also found that the models correctly recover the true axis ratio (0.8
in their case) when projected along the intermediate axis (i.e. edge-
on), strongly excluding a spherical halo. We recall that in our tests,
we could also place an upper limit on the axis ratio (𝑞DM ≲ 0.9)
only in the edge-on orientation. It remains to be explored why their
tests suggest a better precision in constraining the halo shape than
ours, given that their stellar tracers represent elliptical galaxies and
are more centrally concentrated relative to the DM halo than in our
experiments.

Our findings suggest that when only 3D phase-space information
of tracers is available, one should not expect to obtain strong and
reliable constraints on the flattening of the DM halo from equilibrium
models. In our experiments, the accuracy of recovering the mass
profile is mostly unaffected by the flattening of the potential, so the
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M(< r), idealised mocks, face-on; colours: four mock data sets;

black dashed: truth. Gherghinescu et al. 2026, Figs 3, 13

• Idealised mocks (6D down

to 3D; inclination fitted):

truth within the

uncertainties at all

inclinations (widest face-on)

— no systematic bias

• Simulated galaxy (Au23,

3D only; inclination given to

the fit): within the

uncertainties at 45◦ and

edge-on; face-on,

systematically low beyond

∼10 kpc
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The halo flattening, however, is not as well constrained

6 P. Gherghinescu et al.
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Figure 3. Total enclosed mass profiles of the best-fit models (coloured lines) compared to the true mass distribution of the mock galaxy (black dotted line)
for inclination angles (a) 𝑖 = 0◦, (b) 𝑖 = 45◦, and (c) 𝑖 = 90◦, where the tracers used to constrain the potential have 3D phase-space information. The different
coloured lines correspond to fits to four independent data realisations. Shaded regions indicate the 1𝜎 uncertainties.
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Figure 4. DM enclosed mass profiles of the best-fit models (coloured lines) compared to the true mass distribution of the mock galaxy (black dotted line) for
inclination angles (a) 𝑖 = 0◦, (b) 𝑖 = 45◦, and (c) 𝑖 = 90◦, where the tracers used to constrain the potential have 3D phase-space information. The different
coloured lines correspond to fits to four independent data realisations. Shaded regions indicate the 1𝜎 uncertainties.
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Figure 5. The posterior distribution of the DM flattening parameter 𝑞DM for
all inclinations and data set realisations (coloured lines): 𝑖 = 0◦, 𝑖 = 45◦, and
𝑖 = 90◦, where the tracers used to constrain the potential have 3D phase-
space information. The different coloured lines correspond to fits to four
independent data realisations. The solid black line is the true value of the
parameter used to generate the mock galaxies (𝑞DM, true = 0.7).

Figure 12 shows the recovery of the velocity dispersions in cylin-
drical coordinates for the Au23 accreted stellar halo. The same re-
covery trends and biases are observed as in the mock tests. The
vertical dispersion profile 𝑣2

𝑧 is best recovered for the face-on incli-
nation (𝑖 = 0◦), as that is when the 𝑣𝑧 velocity vector component is
aligned with the LOS. The opposite is true for the edge-on inclination
(𝑖 = 90◦).

For the velocity components lying in the axisymmetry plane (𝑣𝑅

and 𝑣𝜙), the opposite trend is observed, as expected. The 𝑣2
𝑅 and 𝑣2

𝜙
profiles are more accurately recovered within the confidence intervals
for the edge-on inclination (𝑖 = 90◦), when these components are
aligned with the LOS, and show the largest bias and uncertainty in
the face-on configuration (𝑖 = 0◦).

Even though similar systematic trends are observed in the recov-
ered kinematic properties of the tracers in both the Auriga 23 halo
and idealised mocks, there is a larger degree of uncertainty and bias
in the more realistic Auriga 23 halo. A higher level of bias is expected
when applying the dynamical model to the cosmological simulation
compared to the idealised mock galaxy from Section 3. This is be-
cause Auriga 23 represents a more complex and realistic system,
featuring a richer dynamical structure, non-equilibrium features, and
a wider range of stellar orbits. Moreover, the true mass distributions
of both the baryons and the DM often deviate from the idealised
analytical profiles assumed in such models, even if these deviations
are not dominant at first order.

5 SCHWARZSCHILD MODELLING

To demonstrate that the inability to constrain the halo flattening 𝑞DM
cannot be explained by some limitations of the DF-based models,
we conducted another series of tests, using a completely different
modelling approach, namely the Schwarzschild orbit-superposition
method (Schwarzschild 1979), as implemented in the Forstand code
(Vasiliev & Valluri 2020). Instead of fitting a parameterised DF to
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Figure 14. DM enclosed mass profiles of the best-fit models (coloured lines) compared to the true mass distribution of the mock galaxy (black dotted line) for
inclination angles, where the tracers used to constrain the potential have (a) 6D (full), (b) 5D, and (c) 4D phase-space information. The different coloured lines
correspond to fits to the same four independent data realisations as in Section 3. Shaded regions indicate the 1𝜎 uncertainties.
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Figure 14. DM enclosed mass profiles of the best-fit models (coloured lines) compared to the true mass distribution of the mock galaxy (black dotted line) for
inclination angles, where the tracers used to constrain the potential have (a) 6D (full), (b) 5D, and (c) 4D phase-space information. The different coloured lines
correspond to fits to the same four independent data realisations as in Section 3. Shaded regions indicate the 1𝜎 uncertainties.
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(coloured lines), where the tracers used to constrain the potential have 6D (full), 5D, and 4D phase space information. The different coloured lines correspond
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(i.e., 𝑞DM, true = 0.7).
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Figure 14. DM enclosed mass profiles of the best-fit models (coloured lines) compared to the true mass distribution of the mock galaxy (black dotted line) for
inclination angles, where the tracers used to constrain the potential have (a) 6D (full), (b) 5D, and (c) 4D phase-space information. The different coloured lines
correspond to fits to the same four independent data realisations as in Section 3. Shaded regions indicate the 1𝜎 uncertainties.
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Figure 15. The posterior distribution of the DM flattening parameter 𝑞DM for all inclinations (𝑖 = 0◦, 𝑖 = 45◦, and 𝑖 = 90◦, left to right) and data set realisations
(coloured lines), where the tracers used to constrain the potential have 6D (full), 5D, and 4D phase space information. The different coloured lines correspond
to fits to the same four independent data realisations as in Section 3. The solid black line is the true value of the parameter used to generate the mock galaxies
(i.e., 𝑞DM, true = 0.7).
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Posterior of q, four mock data sets; black line: true q = 0.7. Top

left: 3D at three inclinations; others: 4D, 5D, 6D at i = 0◦, 45◦, 90◦.

Gherghinescu et al. 2026, Figs 5, 15

• Idealised mocks

(inclination fitted): 6D

peaked at the truth; 5D only

partly; 3D and 4D broad —

truth mostly within the

uncertainties

• Simulated galaxy (Au23,

3D; inclination given):

broad, and systematically

biased to smaller q
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Literature tests with axisymmetric potentials: mass is robust, flattening is hard

Study Method System Data Flattening q

Hagen+19 orbits dwarf, idealised 3D binned unconstrained

Lipka+24 orbits dwarf, simulated 3D binned (IFU) 0.8 (grid 0.7–1.0,

edge-on)

Hattori+21 actions MW-like, idealised 5D, 6D recovered

actions MW-like, simulated 5D, 6D too high by 0.1–0.2

Orbits: Schwarzschild; actions: f (J). Idealised: equilibrium model; simulated: N-body/hydro. Binned: velocities

per spatial bin.

Hagen et al. 2019; Hattori et al. 2021; Lipka et al. 2024 19/25



Caveats of our approach



Caveats: what the tests don’t yet include

1. Observational errors — e.g. 5D relies on proper motions, whose errors can be

large

2. Other disequilibria — tilted haloes, an LMC-like perturber, tidal stripping of

dwarfs

3. Selection functions — they enter the normalisation N , recomputed for every

new set of model parameters

4. Cost — actions for every star at every MCMC step: days for the fits shown, far

longer with a selection function

Gherghinescu et al. 2024, 2026; Hattori et al. 2021; McMillan & Binney 2013 20/25



Prospects



Different halo properties separate the scenarios at different masses
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Bose et al. 2016; Chua et al. 2022; Despali et al. 2026; Di Cintio et al. 2014b; Dome et al. 2023; Peter et

al. 2013; Schive et al. 2014a; Vargya et al. 2022 21/25



Adding the precision from Paula’s mock tests
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Gherghinescu et al. 2024, 2026; Prada et al. 2019 22/25



Data: dwarf slopes don’t yet discriminate; the Milky Way halo is rounder
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Hattori et al. 2021; Piffl et al. 2014; Posti & Helmi 2019; Vitral et al. 2024; Walker & Peñarrubia 2011;

Wegg et al. 2019 23/25



What needs to be done, on three fronts

1. Simulations: every dark matter model, across masses, with and without baryons,

several feedback models hard

2. Mock tests like Paula’s, now with the inner slope free; triaxial or tilted haloes,

an LMC, selection functions doable

3. Fits to data with γ and c free (Gaia DR4, DESI MWS, WEAVE, 4MOST); for

dwarfs, is 5D within reach with deep imaging (Rubin, Euclid)? data arriving

Gherghinescu et al. 2024, 2026; Hattori et al. 2021; Libralato et al. 2024; Lipka et al. 2024; Vitral et al.

2024 24/25



Take-home



Take-home

1. Mass is robust: recovered from 3D to 6D

data, even in disturbed simulated galaxies

2. Flattening needs proper motions: well

constrained with 6D, not with 3D

3. Separating dark matter models needs

several properties across masses, in

simulations (every model, with and without

baryons, several feedback models) and in data

Look out for
Das et al. (2026, to be submitted),

Gration et al. (2026, to be submitted),

Gherghinescu et al. (in prep.):

likelihood + inversion of the Hessian,

and SBI — runtimes cut significantly; γ

recovered very well from 6D data in

dwarf-type systems

25/25


	Motivation
	Equilibrium models and action-based distribution functions
	Ability to constrain dark matter distribution with action-based dynamical models
	Caveats of our approach
	Prospects
	Take-home

