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Dynamics of galactic disks

NGC 3137 
Credit: ESA/Hubble & NASA
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Context
• Observations: geometry/kinematics
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Context
• Observations: geometry/kinematics


• Galaxy : stellar+gas disk, bulge, DM halo


• Evolution: N-body or matrix method


• Historically : modeled by gas only or disk only

Image credit: Vera Rubin Observatory 
(skyviewer.app/explorer)
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Binney & Tremaine (2008)

Initial conditions
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Violent relaxation

Blocking

→ Symmetric configuration

Fast evolution

→ Quasi-stationary state (QSS)

Initial conditions
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Mean-field limit
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Mean-field limit

Mean field

→ Symmetry of QSS
→ Orbit labelling: actions J
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• Action : motion integrals

Angle action coordinates
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Actions in a globular cluster
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Mean-field limit

Mean field

→ Symmetry of QSS
→ Orbit labelling: actions J
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Discrete potential
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Fluctuations

Mean field Fluctuations

→ Departure from mean-field
→ Distortion of the orbits
→ Slow evolution of QSS
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→ Orbit labelling: actions J
→ Symmetry of QSS

Discrete potential
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Fluctuations

Mean field Fluctuations

→ Departure from mean-field
→ Distortion of the orbits
→ Slow evolution of QSS

13

→ Orbit labelling: actions J
→ Symmetry of QSS

Discrete potential

→ Secular relaxation
22
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Cold systems
Milky Way

25

Credit: NASA/JPL-Caltech/R.Hurt.

→ Supported by centrifugal force26



Cold systems
Milky Way

26

Time

Amplitude

Long coherent interaction build-up

Credit: NASA/JPL-Caltech/R.Hurt.

→ Supported by centrifugal force27
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Milky Way
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Time

Amplitude

Long coherent interaction build-up

→ Self-amplified gravitational wake

Credit: NASA/JPL-Caltech/R.Hurt.
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Milky Way
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Long coherent interaction build-up

→ Self-amplified gravitational wake
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F = F(x, v) = F(J)

ρ(x) = ∫ dv F(x, v)

ΔΦ = 4πGρ



The response matrix

δΦself = M̃(ω) ⋅ (δΦself + δΦext)
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The response matrix

δΦself = M̃(ω) ⋅ (δΦself + δΦext)
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F = F(x, v) = F(J)
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ΔΦ = 4πGρ



The response matrix

δΦself = M̃(ω) ⋅ (δΦself + δΦext)
(I − M̃(ω)) ⋅ δΦself = M̃(ω) ⋅ δΦext

δΦself = (I − M̃(ω))−1

self−amplification

⋅ M̃(ω) ⋅ δΦext

bare response
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F = F(x, v) = F(J)

ρ(x) = ∫ dv F(x, v)

ΔΦ = 4πGρ
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The response matrix

Orbital distribution 
FT Basis functions

Scan over actions
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Mode frequencySum over 
resonances

U(r, r′￼) = − ∑
p

ψ(p)(r) ψ(p)(r′￼) *

Mpq(ω) ∼ ⟨ψ(p) |M(ω) |ψ(q)⟩



The response matrix

Mode frequencySum over 
resonances

Orbital distribution 
FT Basis functions

Scan over actions

det(I − M[ω]) = 0
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The response matrix

Mode frequencySum over 
resonances

Orbital distribution 
FT Basis functions

Scan over actions

det(I − M[ω]) = 0
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Infinite matrix

U(r, r′￼) = − ∑
p

ψ(p)(r) ψ(p)(r′￼) *

Mpq(ω) ∼ ⟨ψ(p) |M(ω) |ψ(q)⟩



The response matrix

Mode frequencySum over 
resonances

Orbital distribution 
FT Basis functions

Scan over actions

det(I − M[ω]) = 0
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Mode ω = ω0 + iγ ⇔ ψ ∼ e−iωt = eγte−iω0t



The response matrix: flat disc 2D 
• Angle actions:                    


• Basis functions: Kalnajs 76, Aoki 78, …


• DF: Schwarzschild, Isochrone, Mestel, Cored exponential, …

JR, Lz
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The response matrix: flat disc 2D 
• Angle actions:                    


• Basis functions: Kalnajs 76, Clutton-Brock 72, Aoki 78 …


• DF: Schwarzschild, Isochrone, Mestel, Cored exponential, …

JR, Lz
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The response matrix: flat disc 2D 
• Angle actions:                    


• Basis functions: Kalnajs 76, Clutton-Brock 72, Aoki 78 …


• DF: Schwarzschild, Isochrone, Mestel, Cored exponential, Miyamoto, …

JR, Lz
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The response matrix: flat disc 2D 

N-bodyLinear theory

Mestel disk

De Rijcke et al. (2019)
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The response matrix: flat disc 2D 

N-bodyLinear theory

Mestel disk

De Rijcke et al. (2019)



Contents

1) Context


2) Dynamics of self-gravitating systems


3) Linear response theory : the response matrix


4) Application


5) Future

60



The system
• Stellar component : disk, …

NGC 4414 
Credit: NASA/Hubble
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The system
• Stellar component : disk, …


• Gas component : disk, bulge


• DM halo : spherical

NGC 4414 
Credit: NASA/Hubble

Spiral arms and bar : m=2 instability 

=> How to explain ?
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Pure stellar
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• Pur stellar disk


• Boltzmann equation + Linearization + FT

De Rijcke & al. (2019)
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• Toomre disk of pure gas




Pure gas

74

• Toomre disk of pure gas


• Euler-Poisson equation

Aoki & al. (1979)
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• Toomre disk of pure gas


• Euler-Poisson equation + linearization
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• Toomre disk of pure gas


• Euler-Poisson equation + linearization + FT

Aoki & al. (1979)
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Pure gas
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• Toomre disk of pure gas


• Euler-Poisson equation + linearization



Application to NewHorizon

81

• Toomre disk of pure gas + bulge + DM halo


• Euler-Poisson equation + linearisation


• Global dispersion relation

Reddish & al. (2022)

log(Bulge/Bulge+Disk)
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Reddish & al. (2022)
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• Gas + stars + DM halo (external)


• Coupling via gravity of respective disks


• Global dispersion relation

Tightly wound + cool disk limit: reduction to the local dispersion relation

det[I − M] = det [I − (Mg + M⋆) − Pg M⋆] = 0
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• Gas + stars + DM halo (external)


• Coupling via gravity of respective disks


• Global dispersion relation

Tightly wound + cool disk limit: reduction to the local dispersion relation

det[I − M] = det [I − (Mg + M⋆) − Pg M⋆] = 0

Rafikov (2001)
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• Gas + stars + DM halo (external)


• Coupling via gravity of respective disks


• Global dispersion relation

Parameter exploration : how do each 
disk component impact the global 
stability ?
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• Gas + stars + DM halo (external)


• Coupling via gravity of respective disks


• Global dispersion relation

Parameter exploration : how do each 
disk component impact the global 
stability ?

-> Evolution of the location of the dominant mode
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• Gas + stars + DM halo (external)


• Coupling via gravity of respective disks


• Global dispersion relation
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• Gas + stars + DM halo (external)


• Coupling via gravity of respective disks


• Global dispersion relation

Parameter space map (slice) : Pu
re
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No halo

Dominant halo

-> Fit galaxies and place it on the  
     (multidimensional) map !
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• Gas + stars + DM halo (external)


• Coupling via gravity of respective disks


• Global dispersion relation

Parameter space map (slice) : Pu
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Dominant halo

-> Which one is the dominant mode ?
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• Gas + stars + DM halo (external)


• Coupling via gravity of respective disks


• Global dispersion relation

Parameter space map (slice) : Pu
re

 g
as
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r

No halo

Dominant halo

-> Which one is the dominant mode ?

Mdisk

Mdisk + Mhalo
∝

1
m

Dobbs & Baba (2014)
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The coupled time response
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• Time response to perturbation

- Zang (1976) and Toomre (1981)


- Weinberg (1998)


- Dootson et Magorrian (2022)


- Rozier et al. (2022) : Coupled star disk/DM


- Rozier et al. (2024)
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• Time response to perturbation


• Very small modifications to 
the equation : Volterra-like 
system [ ̂a

̂b] = [
Mg Lg

M⋆ M⋆] [ ̂a
̂b]
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• Time response to perturbation


• Very small modifications to 
the equation : Volterra-like 
system
 [at

bt] = [
Mt

g Lt
g

Mt
⋆ Mt

⋆] [at

bt] +

perturbation

[
Lt

gct

Mt
⋆ct]



The coupled time response
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• Time response to perturbation


• Very small modifications to 
the equation : Volterra-like 
system


• Given the knowledge of the 
galactic geometry and 
kinetics : way to probe the 
external potential from 
satellites

[at

bt] = [
I − Mt

g Lt
g

Mt
⋆ I − Mt

⋆]
−1

perturbation

[
Lt

gct

Mt
⋆ct]



The coupled time response
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• Time response to perturbation


• Very small modifications to 
the equation : Volterra-like 
system


• Given the knowledge of the 
galactic geometry and 
kinetics : way to probe the 
external potential from 
satellites

[at

bt] = [
I − Mt

g Lt
g

Mt
⋆ I − Mt

⋆]
−1

perturbation

[
Lt

gct

Mt
⋆ct]

Generalization of the gas- and stellar-
only analysis
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Near and far future
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• Move on to more realistic models :  
- Galactic potential 
- Fitted stellar DF 
- Other state equations  (e.g., from hydro simulations)


• Consider a thick disk (Tep et al. 2025) instead of the infinitely thin case 


• Apply to real or simulation data


• Fast Exploration of the parameter space is achievable

P = P(Σ)


