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- Symmetric configuration

ITIoNS

Initial cond

- Quasi-stationary state (QSS)
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Angle action coordinates
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Credit: NASA/JPL-Caltech/R.Hurt.
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— Supported by centrifugal force
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Credit: NASA/JPL-Caltech/R.Hurt.

Cold systems
Amplitude oo

A g/' o Milky Way

> Time

Magorrian (2021)

weak gravitational wake o8 — Supported by centrifugal force



Credit: NASA/JPL-Caltech/R.Hurt.

Cold systems
Amplitude oo
t o o« Milky Way

> Time

— Supported by centrifugal force

-> Self-amplified gravitational wake 29




Phase mixing

N

Relaxation_ Diffusion
™~ Tdyn

Tsec > Tdyn \

Violent relaxation

“Equilibrium?”

30 Fouvry (2020)



Collective effects

Secular Evolution

(or linear instability) ,

Phase mixing

N

Relaxation

>
4

Diffusion

>

TSGC >> Tdyn

™~ Tdyn

(Baryon. dissip.) “Equilibrium”

Violent relaxation

31 Fouvry (2020)



Collective effects

Secular Evolution

(or linear instability) ,

Phase mixing

N

Relaxation

>
4

Diffusion

>

TSGC >> Tdyn

™~ Tdyn

(Baryon. dissip.) “Equilibrium”

Violent relaxation

32



Collective effects

Secular Evolution

(or linear instability) ,

Phase m1x1ng

Linear

instability
Relaxat ion Diffusion
~ Tdyn Tsec > Tdyn

(Baryon dissip.) “Equilibrium?”

Vlolent relaxation

33



Collective effects

Secular Evolution

(or linear instability) ,

Phase mixing
Linear
N instability

Relaxation

>
4

Diffusion

>

TSGC >> Tdyn

™~ Tdyn

(Baryon. dissip.) “Equilibrium”

Violent relaxation

34



Contents

1) Context

2) Dynamics of self-gravitating systems

)
)
3) Linear response theory : the response matrix
4) Application

)

5) Future

35



The response matrix
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The response matrix F=F(x,v) = F(J)
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The response matrix F=F(x,v) = F(J)
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The response matrix F=F(x,v) = F(J)
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The response matrix F=F(x,v) = F(J)
p(X) = Jdv F(x, V)
Collective effects A® = 47Gp
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The response matrix F=F(x,v) = F(J)
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The response matrix F=F(x,v) = F(J)
p(X) = Jdv F(x, V)
Collective effects A® = 47Gp

spext Klimontovich ST Secular Evolution

(or linear instability)
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The response matrix
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The response matrix
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The response matrix

Scan over actions | S
Orbital distribution

l / %FT Basis functions
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The response matrix det(I - Mlw]) =0

Scan over actions | R
Orbital distribution

l / %FT Basis functions
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The response matrix detd — Mlw]) =0

Infinite matrix

Scan over actions | R
Orbital distribution

l / %FT Basis functions

a k-0F/0J (p)* (9)
My, (w) = (27) /de_k e OTLE)
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The response matrix det(I - Mlw]) =0

Scan over actions | R
Orbital distribution
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The response matrix: flat disc 2D

* Angle actions:

e Basis functions:

e DF:

k-OF/0J (o,
_ (21) /de_k g )% (1)@ ()



The response matrix: flat disc 2D

- Angle actions: JR, L,
e Basis functions:

e DF:

k-OF/0J (o,
_ (21) /de_k g )% (1)@ ()



The response matrix: flat disc 2D

- Angle actions: JR, L,
* Basis functions: Kalnajs 76, Clutton-Brock 72, Aoki 78 ...
e DF:

M, (w) = (27)° /dek_ ng)J (D ()



The response matrix: flat disc 2D

- Angle actions: JR, L,
* Basis functions: Kalnajs 76, Clutton-Brock 72, Aoki 78 ...

 DF: Schwarzschild, Isochrone, Mestel, Cored exponential, Miyamoto, ...

d k-0F/0J (p)» (q)
My, (w) = (27) /de_k L)
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The response matrix: flat disc 2D

Mestel disk

w = 0.599 + 0.016i.

8.—

De Rijcke et al. (2019)
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The response matrix: flat disc 2D

Mestel disk

w = 0.599 + 0.016i.

N-body
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The system

o Stellar component : disk, ...
» (Gas component : disk, bulge

« DM halo : spherical

NGC 4414
Credit: NASA/Hubble




The system

o Stellar component : disk, ...
» (Gas component : disk, bulge

DM halo : spherical

Spiral arms and bar : m=2 instability

=> How to explain ?

NGC 4414
Credit: NASA/Hubble
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Pure stellar
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e Pur stellar disk

 Boltzmann equation
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Pure stellar
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e Pur stellar disk

 Boltzmann equation + Linearization
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Pure stellar

FE T Kk ke
* Pur stellar disk
 Boltzmann equation + Linearization + FT
00F 00F OFy 0oy —~ k-0Fy/0J —
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Pure stellar

= TR 3NN S o

e Pur stellar disk

 Boltzmann equation + Linearization + FT 5§m(R, W) = Zgn(w) D"(R),

Ym(R, @) = ) Tn(w) U (R).
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Pure stellar
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e Pur stellar disk

 Boltzmann equation + Linearization + FT 5§m(R, W) = Zgn(w) D"(R),

Ym(R, @) = ) Tn(w) U (R).
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w = 0.599 + 0.016i

Pure stellar

e Pur stellar disk

 Boltzmann equation + Linearization + FT
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De Rijcke & al. (2019)
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 Toomre disk of pure gas



Pure gas

 Toomre disk of pure gas
e Euler-Poisson equation
o 10 1 o0
at + R R [RZVR] + R a¢ [ZV¢] = 0,
Ove | Ve Vs v Vs 10P &y
o T ReR TR 6 R XOR OR’
oy vy Vydvy VRVy 1 OP 10y

ot R "Rop R _ R-06 ROS

Aoki & al. (1979)
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Pure gas

 Toomre disk of pure gas

* Euler-Poisson equation + linearization

05T S, 0
ot RaR R 8¢

651’1{ (9(5VR ow
9) — 20 = ——,
o 2 a4 2% =~ 3R

Aovy K vy  10W
Svg + O - ,
g 20, T %9 T TR a4

[Rz Svr| + 6V, | + Qg%[éz] = 0,

Aoki & al. (1979)
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Pure gas

 Toomre disk of pure gas
 Euler-Poisson equation + linearization + FT
. . = 1 d 2, (im)
(—iw + imQy) 6T + = — | R 6Vm | + Vpm = 0,
dw,,
(—ia) + lng) ﬁR,m — ZQgé’V\(p,m — — R
Ky (im) —
2 +.Qé«~m+ gJ\m:_ Wm
(—lw + imLdg) Ovy, 20, VR, =

Aoki & al. (1979)
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Pure gas

* Toomre disk of pure gas

* Euler-Poisson equation + linearization

T, W, 1 d [RZg]dWm+(mng 2m d lzgﬂg _

5§m R, w) = + — W, = Wm R, w).
Row)=-3."a® ~Rar| 2 | a& "\RPA, " Re, dr| A, D LelWnl(R, 0)

’r’



Pure gas

 Toomre disk of pure gas

* Euler-Poisson equation + linearization

6§m(Ra w) —

> d2W,, 1 d[RZ,]dW,, (m*EZy 2m d [Z,Q:]\~ _
+ + — W, = W, (R, w).
A, dR? RdR[ Ag] dR (RzAg R, dR[ Ag LelWnl(R, )

6Tn(R, @) = ) () D (R),

Ym(R, @) = ) Gn(w) UL(R).
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Pure gas

 Toomre disk of pure gas

* Euler-Poisson equation + linearization

6§m(Ra w) —

> &?W,, 1 d [RZ, dWm+(m22g
A, dR2  RdR| A, | dR

6Tn(R, @) = ) () D (R),

Ym(R, @) = ) Gn(w) UL(R).

79
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Pure gas

 Toomre disk of pure gas

* Euler-Poisson equation + linearization

62, (R, w) = —

L, W, 1 d[RZ, dvT/m+
A, dR2  RdR| A, | dR

6Tn(R, @) = ) () D (R),

Ym(R, @) = ) Gn(w) U (R).
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Application to NewHorizon

 Toomre disk of pure gas + bulge + DM halo
* Euler-Poisson equation + linearisation

e Global dispersion relation

—

a=P+L)-a+L-b

log(Disk/Disk+Halo)

Reddish & al. (2022)
Reddish & al. (2022) —2.955 - —r . =5 - — =20
log(Bulge/Bulge+Disk)
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Coupled gas+stars

 (Gas + stars + DM halo (external)

2:gas(Ra ¢) =Re [ Zan W(R) e ]a

Y.ars(R, @) = Re [ ZZ,, D' (R) ™9 ]
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Coupled gas+stars

 (Gas + stars + DM halo (external)

* Coupling via gravity of respective disks

a=P+L)-a+L-b,

—— ——

b=H-a+H:b.
2:gas(Ra ¢) = Re [Zan ﬂ:z(R) e ]a

2stars(R, ¢) = Re [ Z’b\n Z)?(R) eim¢ ‘
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Coupled gas+stars

 (Gas + stars + DM halo (external)

* Coupling via gravity of respective disks

e Global dispersion relation

—(P+L)-a+L-b, Ei
b=H-a+H-b.

] ()

b
Zgas(R, §) = Re[z » D (R) e’m¢]

2stars(R, ¢) = Re [ Z b, M(R) e'™? ‘
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Coupled gas+stars

 (Gas + stars + DM halo (external)

* Coupling via gravity of respective disks

e Global dispersion relation

—(P+L)-a+L-b, al
b=H-a+H-b. -

] ()

I1-Plw)-Lw) -Lw) | _ 0
-H(w) I-Hw)| ™

b

Zgas(Ra ¢) = Re [ Zan D:(R) e ]a
" det[I - M(w)] = det [
Years(R, #) = Re [ ZZ” D'(R) e'm? ‘
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Coupled gas+stars

 (Gas + stars + DM halo (external)

* Coupling via gravity of respective disks

e Global dispersion relation

b

—(P+L)-a+L-b, al
b=H-a+H-b. -

] ()

Zgas(Ra ¢) = Re [Zan D:(R) e ]9
” det[T — M] = det |(I - Mg)(I - M) — L, M, | =0.

2stars(R, ¢) = Re [ Zzn M(R) e'™? ‘
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Coupled gas+stars

 (Gas + stars + DM halo (external)

* Coupling via gravity of respective disks

e Global dispersion relation

det[I - M] = det [(I - Mp)I - M,) - L, M, | =0
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Coupled gas+stars

 (Gas + stars + DM halo (external)

* Coupling via gravity of respective disks

e Global dispersion relation

det(I - M] =det I - (M, +M,)-P,M,| =0
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Coupled gas+stars

 (Gas + stars + DM halo (external)

* Coupling via gravity of respective disks

e Global dispersion relation
det(I - M] =det I - (M, +M,)-P,M,| =0

Two stellar components:
det[I — M] = det [I - (M, + M,)| =0
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Coupled gas+stars

 (Gas + stars + DM halo (external)

* Coupling via gravity of respective disks

e Global dispersion relation
det[I — M] = det [T — (M, +M,)—P,M,| =0

Two stellar components:
det[I — M] = det [I - (M, + M,)| =0
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Coupled gas+stars

 (Gas + stars + DM halo (external)

* Coupling via gravity of respective disks

e Global dispersion relation

det(I - M] =det I - (M, +M,)-P,M,| =0

Tightly wound + cool disk limit: reduction to the local dispersion relation
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Coupled gas+stars

 (Gas + stars + DM halo (external)

* Coupling via gravity of respective disks

e Global dispersion relation

det(I - M] =det I - (M, +M,)-P,M,| =0
Tightly wound + cool disk limit: reduction to the local dispersion relation

2nGlkZ,  2aGKIEF

+ = 1.  Rafikov (2001)
2 T2 21,2 2 T2
Ky —wi +cik Ky — Wy
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Coupled gas+stars

 (Gas + stars + DM halo (external)

* Coupling via gravity of respective disks

e Global dispersion relation

Parameter exploration : how do each

disk component impact the global
stability ?
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Coupled gas+stars

 (Gas + stars + DM halo (external)

* Coupling via gravity of respective disks

e Global dispersion relation

Parameter exploration : how do each
disk component impact the global

stability ?

-> Evolution of the location of the dominant mode
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Coupled gas+stars

 (Gas + stars + DM halo (external)

* Coupling via gravity of respective disks

e Global dispersion relation

Parameter space map (slice) :

-> FIt galaxies and place it on the
(multidimensional) map !
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Coupled gas+stars

Gas mode fg=1.0
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Coupled gas+stars
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Growth rate
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 (Gas + stars + DM halo (external)

* Coupling via gravity of respective disks
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The coupled time response

Phase mixing

/‘\ Linear
instability

Relaxation_ Diffusion
™~ Tdyn Tsec >Tdyn

Violent relaxation

w U “Equilibrium”

103



The coupled time response
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The coupled time response

* Time response to perturbation

- Zang (1976) and Toomre (1981)

- Weinberg (1998)

- Dootson et Magorrian (2022)

- Rozier et al. (2022) : Coupled star disk/DM
- Rozier et al. (2024)
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The coupled time response

* Time response to perturbation
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The coupled time response

* Time response to perturbation
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The coupled time response

* Time response to perturbation

» \ery small modifications to sy — — [ ar _imgoa_tf)(l d (oo nony . M0 o t,>
the equation : Volterra-like 2 /_oo ) RdR'[ ovr(R,8)] + = vs(R. 1)
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t
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The coupled time response

* Time response to perturbation

e Very small modifications to A M I A
the equation : Volterra-like d _ g g d
system /l; M* M* /l;
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The coupled time response

* Time response to perturbation perturbation
e Very small modifications to 2 I — M 1/ - I c
the equation : Volterra-like ’ t] _ g g g1
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* Given the knowledge of the
galactic geometry and
Kinetics : way to probe the
external potential from
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The coupled time response

* Time response to perturbation perturbation
e Very small modifications to 2 I — M 1/ - I c
the equation : Volterra-like ’ t] _ g g g1
system b t B ' /
: M, I-M, M.c,

* Given the knowledge of the
galactic geometry and
Kinetics : way to probe the

external potential from : :
Satemtesp Generalization of the gas- and stellar-
only analysis
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Near and far future

e Move on to more realistic models :
- Galactic potential
- Fitted stellar DF

- Other state equations P = P(2) (e.g., from hydro simulations)
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Near and far future

e Move on to more realistic models :

- Galactic potential
- Fitted stellar DF

- Other state equations P = P(2) (e.g., from hydro simulations)
* Consider a thick disk (Tep et al. 2025) instead of the infinitely thin case

* Apply to real or simulation data

* Fast Exploration of the parameter space is achievable
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