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Thermal entropy & Entanglement transitions
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JHEP

from Modular objects
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Entanglement: Hamiltonian, Spectrum and Entropy

e.g.: spatial bipartition

BA

Quantum system in its ground state: ⇢ = | ih |
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Factorised Hilbert space H = HA ⌦HB
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Entanglement Entropy (EE)
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SA ⌘ �TrA(⇢A log ⇢A) = � @nTrA(⇢
n
A)

��
n=1
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Entanglement Spectrum (ES): spectrum of the EH
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�A = TrB�reduced density matrixA’s

(normalisation: Tr⇢A = 1)
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<latexit sha1_base64="/FvYpIwbhWM9o8pPrvHIRMpxyu4=">AAACAHicbVC7SgNBFJ31GdfXqoWFzWAQYhN2U0TLgE3KCOYByRLuTibJkHksM7NCWNL4KzYWitj6GXb+jZtkC008cOFwzr3ce08Uc2as7387G5tb2zu7hT13/+Dw6Ng7OW0ZlWhCm0RxpTsRGMqZpE3LLKedWFMQEaftaHI399uPVBum5IOdxjQUMJJsyAjYTOp75yWhBgkHjesgGLdKMpDXrtv3in7ZXwCvkyAnRZSj0fe+egNFEkGlJRyM6QZ+bMMUtGWE05nbSwyNgUxgRLsZlSCoCdPFAzN8lSkDPFQ6K2nxQv09kYIwZiqirFOAHZtVby7+53UTO7wNUybjxFJJlouGCcdW4XkaeMA0JZZPMwJEs+xWTMaggdgss3kIwerL66RVKQfVcuW+UqxV8zgK6AJdohIK0A2qoTpqoCYiaIae0St6c56cF+fd+Vi2bjj5zBn6A+fzBzY4lXc=</latexit>

(modular Hamiltonian)

<latexit sha1_base64="IlVBPtHA8t+bw+n3iOwQ/iivkvM=">AAACA3icbVC7SgNBFJ2Nrxhfq+m0GQyChYbdFD66BBvBJoJ5QHZdZiezyZDZnWVmVghLwMZfEcFCEVs7K0s7P8M/cPIoNPHAwOGce7lzjh8zKpVlfRmZufmFxaXscm5ldW19w9zcqkueCExqmDMumj6ShNGI1BRVjDRjQVDoM9Lwe2dDv3FDhKQ8ulL9mLgh6kQ0oBgpLXnmtiO63KtAJxY8Vhw6B5Bcp4cXXmXgmQWraI0AZ4k9IYVy/vu99NF4qHrmp9PmOAlJpDBDUrZsK1ZuioSimJFBzkkkiRHuoQ5paRqhkEg3HWUYwD2ttGHAhX6RgiP190aKQin7oa8nQ6S6ctobiv95rUQFJ25KozhRJMLjQ0HCoA47LAS2qSBYsb4mCAuq/wpxFwmEla4tp0uwpyPPknqpaB8VS5e6jVMwRhbsgF2wD2xwDMrgHFRBDWBwC+7BE3g27oxH48V4HY9mjMlOHvyB8fYDwiiarA==</latexit>

⇢A / e�KA

<latexit sha1_base64="apHPzuJPFJrfmYWQadJpfDxzcF4="></latexit>

⇢A / e�KA generates the one-parameter family {⇢i⌧A : ⌧ 2 R}
<latexit sha1_base64="pY+L2EYFhDQ9LTQT54qZGwVisRw="></latexit>

of unitary operators providing an automorphism on the operator algebra
<latexit sha1_base64="mD96fZQ5ZNh0JZDBADHIkhXV/jY=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUo6FMZKLIxFog+prSrHcVqrfkS2A6qijiz8CgsDCLHyCWz8DU6aAVrOdHTOvbrnniBmVBvP+3ZKa+sbm1vl7crO7t7+gXt41NEyUZi0sWRS9QKkCaOCtA01jPRiRRAPGOkG0+vM794TpakUd2YWkyFHY0EjipGx0sg9xYgxEsJ0QA3kMkwYUjBi8mFeyTFyq17NywFXiV+QKijQGrlfg1DihBNhMENa930vNsMUKUMxI/PKINEkRniKxqRvqUCc6GGaPzKH51YJYSRtBCkMzNXfGyniWs94YCc5MhO97GXif14/MdHVMKUiTgwReHEoShg0EmatwJAqgg2bWYKwojYrxBOkEDa2u6wEf/nlVdKp1/xGrX5brzYbRR1lcALOwAXwwSVoghvQAm2AwSN4Bq/gzXlyXpx352MxWnKKnWPwB87nD59Xl7g=</latexit>

called modular flow



Motivation: Entanglement Entropy is not enough

<latexit sha1_base64="BnK3sRCzAYFclgUy1zlIGccxNGQ=">AAAB+nicbZDLTgIxFIY7XhFvgy7dNBITV2SGBbokceMSjVwSmJBOOUBDp520Hcxk5FHcuNAYtz6JO9/GArNQ8CRNvvz/Oe3pH8acaeN5387G5tb2zm5hr7h/cHh07JZOWlomikKTSi5VJyQaOBPQNMxw6MQKSBRyaIeTm7nfnoLSTIoHk8YQRGQk2JBRYqzUd0v3wC1OAYMwSsYp7rtlr+ItCq+Dn0MZ5dXou1+9gaRJZC+gnGjd9b3YBBlRhlEOs2Iv0RATOiEj6FoUJAIdZIvVZ/jCKgM8lMoeYfBC/T2RkUjrNAptZ0TMWK96c/E/r5uY4XWQMREnBgRdPjRMODYSz3PAA6aAGp5aIFQxuyumY6IINTatog3BX/3yOrSqFb9Wqd1Vy/VaHkcBnaFzdIl8dIXq6BY1UBNR9Iie0St6c56cF+fd+Vi2bjj5zCn6U87nDxpOk98=</latexit>

Relative entropy
<latexit sha1_base64="58MHG19QT2P5vqd8TEkORJ9Faxs=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgqsx0UV0WunFZwT6gHUomzbSheQxJRjoM/RU3LhRx64+482/MtLPQ1gOBwzn3ck9OGDOqjed9O6Wd3b39g/Jh5ej45PTMPa/2tEwUJl0smVSDEGnCqCBdQw0jg1gRxENG+uG8nfv9J6I0leLRpDEJOJoKGlGMjJXGbrVNFU6ogVjymJEFNenYrXl1bwW4TfyC1ECBztj9Gk0kTjgRBjOk9dD3YhNkSBmKGVlWRokmMcJzNCVDSwXiRAfZKvsSXltlAiOp7BN5DKv+3sgQ1zrloZ3kyMz0ppeL/3nDxER3QUZFnBgi8PpQlDBoJMyLgBOqCDYstQRhRW1WiGdIIWxsXRVbgr/55W3Sa9T9Zr350Ki1mkUdZXAJrsAN8MEtaIF70AFdgMECPINX8OYsnRfn3flYj5acYucC/IHz+QNWa5Sd</latexit>

Circuit complexity

<latexit sha1_base64="x5Kk9ekjYQuQt4y91AgL4o1cVio=">AAAB/HicbVDLSgMxFL3js9ZXtUs3wSK4KjNdVJcFNy5bsA9oh5JJM21oJjPkIQxD/RU3LhRx64e482/MtLPQ1gOBwzn35CYnSDhT2nW/na3tnd29/dJB+fDo+OS0cnbeU7GRhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3+V+/5FKxWLxoNOE+hGeChYygrWVxpVqx2Bhc4wqlN8zQblac+vuEmiTeAWpQYH2uPI1msTERFRowrFSQ89NtJ9hqRnhdFEeGUUTTOZ4SoeWChxR5WfLxy/Qlcm3hrG0R2i0VH8nMhwplUaBnYywnql1Lxf/84ZGh7d+xkRiNBVktSg0HOkY5U2gCZOUaJ5agom0FRBEZlhiom1fZVuCt/7lTdJr1L1mvdlp1FrNoo4SXMAlXIMHN9CCe2hDFwik8Ayv8OY8OS/Ou/OxGt1yikwV/sD5/AGGsJSp</latexit>

Quantities based on
<latexit sha1_base64="+g4cfrip3I6vryvzu60IFbBO6uc=">AAAB+XicbVA9SwNBEJ2LXzF+nVraLAbBKtyliJYBG8sI5gOSEPY2e8mSvb1jdy4SjvwTGwtFbP0ndv4bN8kVmvhg4PHeDDPzgkQKg5737RS2tnd294r7pYPDo+MT9/SsZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTuY3C389pRrI2L1iLOE9yM6UiIUjKKVBq6b9YKQ4FNMDFLkZj5wy17FW4JsEj8nZcjRGLhfvWHM0ogrZJIa0/W9BPsZ1SiY5PNSLzU8oWxCR7xrqaIRN/1sefmcXFllSMJY21JIlurviYxGxsyiwHZGFMdm3VuI/3ndFMPbfiZUkiJXbLUoTCXBmCxiIEOhOUM5s4QyLeythI2ppgxtWCUbgr/+8iZpVSt+rVJ7qJbrtTyOIlzAJVyDDzdQh3toQBMYTOEZXuHNyZwX5935WLUWnHzmHP7A+fwBiA6Tkg==</latexit>

two states

<latexit sha1_base64="MiQK+VetFLZ8j/dpaqI6/XzLTeg=">AAAB7HicbVBNT8JAFHzFL8Qv1KOXjcTEE2k5oEcSLx4xsUACDdkuW9iw3Ta7ryak4Td48aAxXv1B3vw3LtCDgpNsMpl5k31vwlQKg6777ZS2tnd298r7lYPDo+OT6ulZxySZZtxniUx0L6SGS6G4jwIl76Wa0ziUvBtO7xZ+94lrIxL1iLOUBzEdKxEJRtFK/mCUoBlWa27dXYJsEq8gNSjQHla/bI5lMVfIJDWm77kpBjnVKJjk88ogMzylbErHvG+pojE3Qb5cdk6urDIiUaLtU0iW6u9ETmNjZnFoJ2OKE7PuLcT/vH6G0W2QC5VmyBVbfRRlkmBCFpeTkdCcoZxZQpkWdlfCJlRThrafii3BWz95k3Qada9Zbz40aq1mUUcZLuASrsGDG2jBPbTBBwYCnuEV3hzlvDjvzsdqtOQUmXP4A+fzB/C+jr8=</latexit>. . .

<latexit sha1_base64="fKArEa/hvBbjP8D5K/LNX8QXha4=">AAACEHicbVDLSgMxFM3UV62vUZdugkV0VWa6qC4LgrisYB/QlpJJ77ShmWRIMkIZ+glu/BU3LhRx69Kdf2OmnYW2HggczrmP3BPEnGnjed9OYW19Y3OruF3a2d3bP3APj1paJopCk0ouVScgGjgT0DTMcOjECkgUcGgHk+vMbz+A0kyKezONoR+RkWAho8RYaeCe3wAxiQKNZYjNGHDAYqLsIMAgDBEjDpEleOCWvYo3B14lfk7KKEdj4H71hpImWTPlROuu78Wmn2azKYdZqZdoiAmdkBF0LRUkAt1P5wfN8JlVhjiUyj67fK7+7khJpPU0CmxlRMxYL3uZ+J/XTUx41U+ZiBMDgi4WhQnHRuIsHTxkCqjhU0sIVcz+FdMxUYQam2HJhuAvn7xKWtWKX6vU7qrlei2Po4hO0Cm6QD66RHV0ixqoiSh6RM/oFb05T86L8+58LEoLTt5zjP7A+fwBlLyc6Q==</latexit>

Features of the bipartite entanglement
<latexit sha1_base64="GXqZABYXhoy+Lk5nTsM9gRjQITk=">AAACGnicbVDLSgMxFM3Ud31VXboJFsFVmemiuhTcuFSwD6il3Elv22AmGZI7wlD8Djf+ihsXirgTN/6NmbYLXwcCJ+fcm9x74lRJR2H4GZQWFpeWV1bXyusbm1vblZ3dljOZFdgURhnbicGhkhqbJElhJ7UISaywHd+cFX77Fq2TRl9RnmIvgZGWQymAvNSvRDQG4mCRa0NcQEqZxQGPc05j5KgJ9Ehh4klxsSbN+5VqWAun4H9JNCdVNsdFv/J+PTAiK94QCpzrRmFKvQlYkkLhXfk6c5iCuIERdj3VkKDrTaar3fFDrwz40Fh//AxT9XvHBBLn8iT2lQnQ2P32CvE/r5vR8KQ3kTrNCLWYfTTMFCfDi5z4QFoUpHJPQFjpZ+ViDBYE+TTLPoTo98p/Sateixq1xmW9etqYx7HK9tkBO2IRO2an7JxdsCYT7J49smf2EjwET8Fr8DYrLQXznj32A8HHF5DmoTM=</latexit>

that are not captured by the entanglement entropy

<latexit sha1_base64="x5Kk9ekjYQuQt4y91AgL4o1cVio=">AAAB/HicbVDLSgMxFL3js9ZXtUs3wSK4KjNdVJcFNy5bsA9oh5JJM21oJjPkIQxD/RU3LhRx64e482/MtLPQ1gOBwzn35CYnSDhT2nW/na3tnd29/dJB+fDo+OS0cnbeU7GRhHZJzGM5CLCinAna1UxzOkgkxVHAaT+Y3+V+/5FKxWLxoNOE+hGeChYygrWVxpVqx2Bhc4wqlN8zQblac+vuEmiTeAWpQYH2uPI1msTERFRowrFSQ89NtJ9hqRnhdFEeGUUTTOZ4SoeWChxR5WfLxy/Qlcm3hrG0R2i0VH8nMhwplUaBnYywnql1Lxf/84ZGh7d+xkRiNBVktSg0HOkY5U2gCZOUaJ5agom0FRBEZlhiom1fZVuCt/7lTdJr1L1mvdlp1FrNoo4SXMAlXIMHN9CCe2hDFwik8Ayv8OY8OS/Ou/OxGt1yikwV/sD5/AGGsJSp</latexit>

Quantities based on
<latexit sha1_base64="fuhuvaF+dQiUHCQgUYMXgESp9nc=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBU9jNIXoMePEYwTwgCWF20psMmZ1dZnqFuAR/xYsHRbz6H978GyfJHjSxoKGo6qa7K0ikMOh5387a+sbm1nZhp7i7t39w6B4dN02cag4NHstYtwNmQAoFDRQooZ1oYFEgoRWMb2Z+6wG0EbG6x0kCvYgNlQgFZ2ilvnuadYOQMmqEGkqgBhnCtO+WvLI3B10lfk5KJEe97351BzFPI1DIJTOm43sJ9jKmUXAJ02I3NZAwPmZD6FiqWASml82vn9ILqwxoGGtbCulc/T2RsciYSRTYzojhyCx7M/E/r5NieN3LhEpSBMUXi8JUUozpLAo6EBo4yokljGthb6V8xDTjaAMr2hD85ZdXSbNS9qvl6l2lVKvmcRTIGTknl8QnV6RGbkmdNAgnj+SZvJI358l5cd6dj0XrmpPPnJA/cD5/AAmflPA=</latexit>

a single state
<latexit sha1_base64="0AXqe5tfspT70aYdW0Xj3lgw/fg=">AAACEXicbVDLSgMxFM34rPVVdekmWISuykwX1WVBBJcV7APaoWTSO9PYTDIkGWEY+gtu/BU3LhRx686df2P6WGjrhQuHc89N7jlBwpk2rvvtrK1vbG5tF3aKu3v7B4elo+O2lqmi0KKSS9UNiAbOBLQMMxy6iQISBxw6wfhqOu88gNJMijuTJeDHJBIsZJQYSw1KlWthiIg4xCAMtq1kkmEZ4iHT95JZTkFklXpQKrtVd1Z4FXgLUEaLag5KX/2hpOn0XcqJ1j3PTYyfE2UY5TAp9lMNCaFjEkHPQkFi0H4+czTB55YZ4lAq2/aGGft7Iyex1lkcWGVMzEgvz6bkf7NeasJLP2ciSQ0IOv8oTDk2Ek/jsbYVUMMzCwhVzN6K6YgoQo0NsWhD8JYtr4J2rerVq/XbWrlRX8RRQKfoDFWQhy5QA92gJmohih7RM3pFb86T8+K8Ox9z6Zqz2DlBf8r5/AEzjp3b</latexit>

Entanglement entropy of disjoint regions
<latexit sha1_base64="2u68z736lNlZW8Xj9+dNfM+8Y1Y=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKezmED0GRPAYwTwgWcPsbG8yZPbBTK8alvyHFw+KePVfvPk3TpI9aGJBQ1HVTXeXl0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6zhVHFo8lrHqekyDFBG0UKCEbqKAhZ6Ejje+mvmdB1BaxNEdThJwQzaMRCA4QyPdXz9xgeBTjQxBD8oVu2rPQVeJk5MKydEclL/6fszTECLkkmndc+wE3YwpFFzCtNRPNSSMj9kQeoZGLATtZvOrp/TMKD4NYmUqQjpXf09kLNR6EnqmM2Q40sveTPzP66UYXLqZiJIUIeKLRUEqKcZ0FgH1hQKOcmII40qYWykfMcU4mqBKJgRn+eVV0q5VnXq1flurNOp5HEVyQk7JOXHIBWmQG9IkLcKJIs/klbxZj9aL9W59LFoLVj5zTP7A+vwBgBCSfQ==</latexit>

Excited states

<latexit sha1_base64="kJqCnYO0/BqnhwQR3mynKgbBg7A=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWZLqrLggguK9gHtEPJpHfa0CQzJBmhjF34K25cKOLW33Dn35i2s9DWA4HDuY+ce8KEM20879sprK1vbG4Vt0s7u3v7B+7hUUvHqaLQpDGPVSckGjiT0DTMcOgkCogIObTD8fWs3n4ApVks780kgUCQoWQRo8RYqe+e3EhD5JCDAGmwToAalQrcd8texZsDrxI/J2WUo9F3v3qDmKazLZQTrbu+l5ggI8owymFa6qUaEkLHZAhdSyURoINs7n+Kz60ywFGs7LMu5urviYwIrScitJ2CmJFers3E/2rd1ERXQcZkkhqQdPFRlHJsYjwLAw+YsgfziSWEKma9YjoiilBjIyvZEPzlk1dJq1rxa5XaXbVcr+VxFNEpOkMXyEeXqI5uUQM1EUWP6Bm9ojfnyXlx3p2PRWvByWeO0R84nz8OyJYZ</latexit>

Entanglement spectrum

<latexit sha1_base64="ykkR6c5r3mTWv1ox+C5DkStvrKY=">AAACBXicbVDLSgMxFM34rPVVdamLYBFclZkuqsuCCC4r2Ae0Q8mkd9rQTDIkGaEM3bjxV9y4UMSt/+DOvzHTzqK2Hggczrn35t4TxJxp47o/ztr6xubWdmGnuLu3f3BYOjpuaZkoCk0quVSdgGjgTEDTMMOhEysgUcChHYxvMr/9CEozKR7MJAY/IkPBQkaJsVK/dHYrDBFDDhEIg2WI40Qt2GW34s6AV4mXkzLK0eiXvnsDSZNsFuVE667nxsZPiTKMcpgWe4mGmNAxGULXUkEi0H46u2KKL6wywKFU9tldZupiR0oirSdRYCsjYkZ62cvE/7xuYsJrP2UiTgwIOv8oTDg2EmeR4AFTQA2fWEKoYnZXTEdEEWpscEUbgrd88ippVSterVK7r5brtTyOAjpF5+gSeegK1dEdaqAmougJvaA39O48O6/Oh/M5L11z8p4T9AfO1y/VwpjE</latexit>

Entanglement of purification
<latexit sha1_base64="MiQK+VetFLZ8j/dpaqI6/XzLTeg=">AAAB7HicbVBNT8JAFHzFL8Qv1KOXjcTEE2k5oEcSLx4xsUACDdkuW9iw3Ta7ryak4Td48aAxXv1B3vw3LtCDgpNsMpl5k31vwlQKg6777ZS2tnd298r7lYPDo+OT6ulZxySZZtxniUx0L6SGS6G4jwIl76Wa0ziUvBtO7xZ+94lrIxL1iLOUBzEdKxEJRtFK/mCUoBlWa27dXYJsEq8gNSjQHla/bI5lMVfIJDWm77kpBjnVKJjk88ogMzylbErHvG+pojE3Qb5cdk6urDIiUaLtU0iW6u9ETmNjZnFoJ2OKE7PuLcT/vH6G0W2QC5VmyBVbfRRlkmBCFpeTkdCcoZxZQpkWdlfCJlRThrafii3BWz95k3Qada9Zbz40aq1mUUcZLuASrsGDG2jBPbTBBwYCnuEV3hzlvDjvzsdqtOQUmXP4A+fzB/C+jr8=</latexit>. . .

<latexit sha1_base64="HHDqLXsZSsiiuMeg8pRRH/bc+L0=">AAAB9HicbVBNSwMxFHxbv2r9qnr0EiyCp7LbQ/VYEMFjBdsK7VKy6ds2NJtdk2yhLP0dXjwo4tUf481/Y7btQVsHAsPMG97LBIng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJWjwHVKLjEluFG4GOikEaBwE4wvsn9zgSV5rF8MNME/YgOJQ85o8ZK/q00VA4FRigN6ZcrbtWdg6wTb0kqsESzX/7qDWKW5mEmqNZdz02Mn1FlOBM4K/VSjQllYzrErqWSRqj9bH70jFxYZUDCWNlnl8/V34mMRlpPo8BORtSM9KqXi/953dSE137GZZIalGyxKEwFMTHJGyADrpAZMbWEMsXtrYSNqKLM2J5KtgRv9cvrpF2revVq/b5WadSXdRThDM7hEjy4ggbcQRNawOAJnuEV3pyJ8+K8Ox+L0YKzzJzCHzifP6FOkfs=</latexit>

Entanglement
<latexit sha1_base64="eTGTsf+jD+Q0zRS/Bn8dSIgOuHo=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsx0UV0W3LisYB/QDiWTZtrQTBKSjDAM/Qg3LhRx6/e4829M21lo64HA4Zx7yL0nUpwZ6/vfXmlre2d3r7xfOTg8Oj6pnp51jUw1oR0iudT9CBvKmaAdyyynfaUpTiJOe9HsbuH3nqg2TIpHmykaJngiWMwItk7qUWG1VNmoWvPr/hJokwQFqUGB9qj6NRxLkiYuTzg2ZhD4yoY51pYRTueVYWqowmSGJ3TgqMAJNWG+XHeOrpwyRrHU7gmLlurvRI4TY7IkcpMJtlOz7i3E/7xBauPbMGdCpZYKsvooTjmyEi1uR2OmKbE8cwQTzdyuiEyxxsS6hiquhGD95E3SbdSDZr350Ki1mkUdZbiAS7iGAG6gBffQhg4QmMEzvMKbp7wX7937WI2WvCJzDn/gff4AvCyPzg==</latexit>

entropy
<latexit sha1_base64="LLlJbL+DXj2DSzCd/2qU0akprQk=">AAACEnicbVA7T8MwGHR4lvIKMLJYtEgwUCUdCgtSEQtjEfQhNVHkOE5r6jiR7SBVUX8DC3+FhQGEWJnY+De4aSWg5SRL57vvZH/nJ4xKZVlfxsLi0vLKamGtuL6xubVt7uy2ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO0PLsd++54ISWN+q4YJcSPU4zSkGCkteeZx+ca7gOfwBDoyjbw76DAdDlDO4t7PteyZJati5YDzxJ6SEpii4ZmfThDjNCJcYYak7NpWotwMCUUxI6Oik0qSIDxAPdLVlKOISDfLVxrBQ60EMIyFPlzBXP2dyFAk5TDy9WSEVF/OemPxP6+bqvDMzShPUkU4njwUpgyqGI77gQEVBCs21ARhQfVfIe4jgbDSLRZ1CfbsyvOkVa3YtUrtulqq16Z1FMA+OABHwAanoA6uQAM0AQYP4Am8gFfj0Xg23oz3yeiCMc3sgT8wPr4B9yKbyw==</latexit>

SA = �
P

j �j log �j

<latexit sha1_base64="HHDqLXsZSsiiuMeg8pRRH/bc+L0=">AAAB9HicbVBNSwMxFHxbv2r9qnr0EiyCp7LbQ/VYEMFjBdsK7VKy6ds2NJtdk2yhLP0dXjwo4tUf481/Y7btQVsHAsPMG97LBIng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJWjwHVKLjEluFG4GOikEaBwE4wvsn9zgSV5rF8MNME/YgOJQ85o8ZK/q00VA4FRigN6ZcrbtWdg6wTb0kqsESzX/7qDWKW5mEmqNZdz02Mn1FlOBM4K/VSjQllYzrErqWSRqj9bH70jFxYZUDCWNlnl8/V34mMRlpPo8BORtSM9KqXi/953dSE137GZZIalGyxKEwFMTHJGyADrpAZMbWEMsXtrYSNqKLM2J5KtgRv9cvrpF2revVq/b5WadSXdRThDM7hEjy4ggbcQRNawOAJnuEV3pyJ8+K8Ox+L0YKzzJzCHzifP6FOkfs=</latexit>

Entanglement
<latexit sha1_base64="WuZJImYip4jjf10PGB+zcbgLcfw=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFclZkuqsuCG5cV7APaoWTSO21okhmTjFBKf8KNC0Xc+jvu/BvTdhbaeiBwOOdecs+JUsGN9f1vb2Nza3tnt7BX3D84PDounZy2TJJphk2WiER3ImpQcIVNy63ATqqRykhgOxrfzv32E2rDE/VgJymGkg4Vjzmj1kkdkyKzOpP9Utmv+AuQdRLkpAw5Gv3SV2+QsEyiskxQY7qBn9pwSrXlTOCs2MsMppSN6RC7jioq0YTTxb0zcumUAYkT7Z6yZKH+3phSacxERm5SUjsyq95c/M/rZja+CadcpZlFxZYfxZkgNiHz8GTAtcsrJo5Qprm7lbAR1ZRZV1HRlRCsRl4nrWolqFVq99VyvZbXUYBzuIArCOAa6nAHDWgCAwHP8Apv3qP34r17H8vRDS/fOYM/8D5/AHi6kDo=</latexit>

spectrum
<latexit sha1_base64="+B2Ksw6iWXDm5gK9dlcww1VpVEM=">AAACBHicbVC7TsMwFL0pr1JeAcYuFi0SU5V0KIyVWBiLRB9SE0WO47SmzkO2g1RFHVj4FRYGEGLlI9j4G9w2A7QcydLROffo+h4/5Uwqy/o2ShubW9s75d3K3v7B4ZF5fNKTSSYI7ZKEJ2LgY0k5i2lXMcXpIBUURz6nfX9yPff7D1RIlsR3appSN8KjmIWMYKUlz6zWkeOzkZMjh+tUgL37pTBDdc+sWQ1rAbRO7ILUoEDHM7+cICFZRGNFOJZyaFupcnMsFCOczipOJmmKyQSP6FDTGEdUuvniiBk610qAwkToFyu0UH8nchxJOY18PRlhNZar3lz8zxtmKrxycxanmaIxWS4KM45UguaNoIAJShSfaoKJYPqviIyxwETp3iq6BHv15HXSazbsVqN126y1W0UdZajCGVyADZfQhhvoQBcIPMIzvMKb8WS8GO/Gx3K0ZBSZU/gD4/MHrK2W0A==</latexit>�
�j

 

<latexit sha1_base64="pM1dqnKPrUp2wcuE/d9V42HpwQc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5SRMuAjWUU8wHJEfb2JsmSvb1zd08IR/6EjYUitv4dO/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTm7nfeUKleSwfzDRBP6IjyYecUWOl7j2GKcOQDMoVt+ouQNaJl5MK5GgOyl/9MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4t7Z+TCKiEZxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea4bWfcZmkBiVbLhqmgpiYzJ8nIVfIjJhaQpni9lbCxlRRZmxEJRuCt/ryOmnXql69Wr+rVRr1PI4inME5XIIHV9CAW2hCCxgIeIZXeHMenRfn3flYthacfOYU/sD5/AGSi4+j</latexit>

Reduced
<latexit sha1_base64="S77BJPUJ+rJIXB2Yxu2OAUpS2R8=">AAAB9XicbVC7TsMwFHXKq5RXgZHFokJiqpIOhbESC2OR6EMqoXLc29aq40T2DRBF/Q8WBhBi5V/Y+BvcNgO0HMnS0Tn36h6fIJbCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNlGiObR4JCPdDZgBKRS0UKCEbqyBhYGETjC5mvmdB9BGROoW0xj8kI2UGArO0Er3A1BGYEpDhlo89csVt+rOQVeJl5MKydHsl7/uBhFPQlDIJTOm57kx+hnTKLiEaekuMRAzPmEj6FmqWAjGz+app/TMKgM6jLR9Culc/b2RsdCYNAzspI03NsveTPzP6yU4vPQzoeIEQfHFoWEiKUZ0VgEdCA0cZWoJ41rYrJSPmWYcbVElW4K3/OVV0q5VvXq1flOrNOp5HUVyQk7JOfHIBWmQa9IkLcKJJs/klbw5j86L8+58LEYLTr5zTP7A+fwB23+SuA==</latexit>

density matrix
<latexit sha1_base64="LSrdDxqi7S/V33AZ5KLJCoKZZsE=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIph4Irsc0CPGi0dM5GFgQ2aHWZgwj83MrAkhfIUXDxrj1c/x5t84wB4UrKSTSlV3uruihDNjff/by21sbm3v5HcLe/sHh0fF45OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzv32E9WGKflgJwkNBR5KFjOCrZMey6inR6p/U+4XS37FXwCtkyAjJcjQ6Be/egNFUkGlJRwb0w38xIZTrC0jnM4KvdTQBJMxHtKuoxILasLp4uAZunDKAMVKu5IWLdTfE1MsjJmIyHUKbEdm1ZuL/3nd1MbX4ZTJJLVUkuWiOOXIKjT/Hg2YpsTyiSOYaOZuRWSENSbWZVRwIQSrL6+TVrUS1Cq1+2qpXsviyMMZnMMlBHAFdbiDBjSBgIBneIU3T3sv3rv3sWzNednMKfyB9/kDb9SPfg==</latexit>⇢A

<latexit sha1_base64="CNvqj5Hn5MkjcWgXsphDAG6/I1s=">AAACIHicbVC7SkNBEN3r2/iKWtosBsEq3GsRLQUbSwWjgRjC3M0kWdzHZXeuGoKfYuOv2Fgoop1+jZtHoYkHFg7nzMzOnDRT0lMcf0Uzs3PzC4tLy4WV1bX1jeLm1qW3uRNYFVZZV0vBo5IGqyRJYS1zCDpVeJXenAz8q1t0XlpzQb0MGxo6RralAApSs3h40UWurSdugHIHit9Bj+N9pqwkzym4aAhMR6EOhPsMBblcN4uluBwPwadJMiYlNsZZs/h53bIiHwwRCryvJ3FGjT44kkLhQ+E695iBuIEO1gM1oNE3+sMDH/heUFq8bV14YYmh+rujD9r7nk5DpQbq+klvIP7n1XNqHzX60mQ5oRGjj9q54mT5IC3eki7cq3qBgHAy7MpFFxwICpkWQgjJ5MnT5PKgnFTKlfOD0nFlHMcS22G7bJ8l7JAds1N2xqpMsEf2zF7ZW/QUvUTv0ceodCYa92yzP4i+fwDeYKQI</latexit>

The most natural way exploits the entanglement spectrum



Motivation: Entanglement Entropy is not enough

<latexit sha1_base64="6LRGxn6NmcGAM5zqcSEujOkS0Qo=">AAACB3icbVDLSsNAFJ3UV62vqEtBBlvBVU26qOKqUhCXFfuCNoTJZNIOnUzCzEQooTs3/oobF4q49Rfc+TdO2yy09cCFM+fcy9x7vJhRqSzr28itrK6tb+Q3C1vbO7t75v5BW0aJwKSFIxaJrockYZSTlqKKkW4sCAo9RjreqD71Ow9ESBrxphrHxAnRgNOAYqS05JrHzSGVUCE2uoL1m2bJrZQg4j689u/P9ds1i1bZmgEuEzsjRZCh4ZpffT/CSUi4wgxJ2bOtWDkpEopiRiaFfiJJjPAIDUhPU45CIp10dscEnmrFh0EkdHEFZ+rviRSFUo5DT3eGSA3lojcV//N6iQounZTyOFGE4/lHQcKgiuA0FOhTQbBiY00QFlTvCvEQCYSVjq6gQ7AXT14m7UrZrpard5VirZrFkQdH4AScARtcgBq4BQ3QAhg8gmfwCt6MJ+PFeDc+5q05I5s5BH9gfP4A6A2Wvw==</latexit>

This talk: CFT2 and AdS/CFT

<latexit sha1_base64="nU1HuIGuoggr7XOCwFulgPt/SUY=">AAACAnicbVC7SgNBFJ2NrxhfUSuxGQyCVdhNEcUqYJMyQl6QLGF2MpsMmZldZu4KYQk2/oqNhSK2foWdf+Mk2UITD1w4nHMvl3OCWHADrvvt5DY2t7Z38ruFvf2Dw6Pi8UnbRImmrEUjEeluQAwTXLEWcBCsG2tGZCBYJ5jczf3OA9OGR6oJ05j5kowUDzklYKVB8aw55gYDEZNbXCdaRopTTMeEW6/klt0F8DrxMlJCGRqD4ld/GNFEMgVUEGN6nhuDnxINnAo2K/QTw2JCJ2TEepYqIpnx00WEGb60yhCHkbajAC/U3xcpkcZMZWA3JYGxWfXm4n9eL4Hwxk+5ihNgii4fhYnAEOF5H3jINaMgppYQqjks42tCwbZWsCV4q5HXSbtS9qrl6n2lVKtmdeTRObpAV8hD16iG6qiBWoiiR/SMXtGb8+S8OO/Ox3I152Q3p+gPnM8fS4iWtA==</latexit>

This talk: Harmonic chain

<latexit sha1_base64="HHDqLXsZSsiiuMeg8pRRH/bc+L0=">AAAB9HicbVBNSwMxFHxbv2r9qnr0EiyCp7LbQ/VYEMFjBdsK7VKy6ds2NJtdk2yhLP0dXjwo4tUf481/Y7btQVsHAsPMG97LBIng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJWjwHVKLjEluFG4GOikEaBwE4wvsn9zgSV5rF8MNME/YgOJQ85o8ZK/q00VA4FRigN6ZcrbtWdg6wTb0kqsESzX/7qDWKW5mEmqNZdz02Mn1FlOBM4K/VSjQllYzrErqWSRqj9bH70jFxYZUDCWNlnl8/V34mMRlpPo8BORtSM9KqXi/953dSE137GZZIalGyxKEwFMTHJGyADrpAZMbWEMsXtrYSNqKLM2J5KtgRv9cvrpF2revVq/b5WadSXdRThDM7hEjy4ggbcQRNawOAJnuEV3pyJ8+K8Ox+L0YKzzJzCHzifP6FOkfs=</latexit>

Entanglement
<latexit sha1_base64="eTGTsf+jD+Q0zRS/Bn8dSIgOuHo=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsx0UV0W3LisYB/QDiWTZtrQTBKSjDAM/Qg3LhRx6/e4829M21lo64HA4Zx7yL0nUpwZ6/vfXmlre2d3r7xfOTg8Oj6pnp51jUw1oR0iudT9CBvKmaAdyyynfaUpTiJOe9HsbuH3nqg2TIpHmykaJngiWMwItk7qUWG1VNmoWvPr/hJokwQFqUGB9qj6NRxLkiYuTzg2ZhD4yoY51pYRTueVYWqowmSGJ3TgqMAJNWG+XHeOrpwyRrHU7gmLlurvRI4TY7IkcpMJtlOz7i3E/7xBauPbMGdCpZYKsvooTjmyEi1uR2OmKbE8cwQTzdyuiEyxxsS6hiquhGD95E3SbdSDZr350Ki1mkUdZbiAS7iGAG6gBffQhg4QmMEzvMKbp7wX7937WI2WvCJzDn/gff4AvCyPzg==</latexit>

entropy
<latexit sha1_base64="eTGTsf+jD+Q0zRS/Bn8dSIgOuHo=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsx0UV0W3LisYB/QDiWTZtrQTBKSjDAM/Qg3LhRx6/e4829M21lo64HA4Zx7yL0nUpwZ6/vfXmlre2d3r7xfOTg8Oj6pnp51jUw1oR0iudT9CBvKmaAdyyynfaUpTiJOe9HsbuH3nqg2TIpHmykaJngiWMwItk7qUWG1VNmoWvPr/hJokwQFqUGB9qj6NRxLkiYuTzg2ZhD4yoY51pYRTueVYWqowmSGJ3TgqMAJNWG+XHeOrpwyRrHU7gmLlurvRI4TY7IkcpMJtlOz7i3E/7xBauPbMGdCpZYKsvooTjmyEi1uR2OmKbE8cwQTzdyuiEyxxsS6hiquhGD95E3SbdSDZr350Ki1mkUdZbiAS7iGAG6gBffQhg4QmMEzvMKbp7wX7937WI2WvCJzDn/gff4AvCyPzg==</latexit>

entropy

<latexit sha1_base64="uwp4SwK93OjRP2cEN4Su+7pYv8g=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5SRMuAjWWEfAjJEfY2k2TJ7t6xuyeEIz/CxkIRW3+Pnf/GTXKFJj4YeLw3w8y8KBHcWN//9gpb2zu7e8X90sHh0fFJ+fSsY+JUM2yzWMT6MaIGBVfYttwKfEw0UhkJ7EbTu4XffUJteKxadpZgKOlY8RFn1Dqp25qgllQMyhW/6i9BNkmQkwrkaA7KX/1hzFKJyjJBjekFfmLDjGrLmcB5qZ8aTCib0jH2HFVUogmz5blzcuWUIRnF2pWyZKn+nsioNGYmI9cpqZ2YdW8h/uf1Uju6DTOuktSiYqtFo1QQG5PF72TINTIrZo5Qprm7lbAJ1ZRZl1DJhRCsv7xJOrVqUK/WH2qVRj2PowgXcAnXEMANNOAemtAGBlN4hld48xLvxXv3PlatBS+fOYc/8D5/AFRJj4o=</latexit>

Thermal<latexit sha1_base64="8INEVM2I0I9c6tDBwFzR1fivx8M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB07LbQyueCiJ4rGA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YKG5tb2zvF3dLe/sHhUfn4pK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTTm7mfueJKs2keDDThAYxHgkWMYKNldq37si9RoNyxXO9BdA68XNSgRzNQfmrP5QkjakwhGOte76XmCDDyjDC6azUTzVNMJngEe1ZKnBMdZAtrp2hC6sMUSSVLWHQQv09keFY62kc2s4Ym7Fe9ebif14vNdFVkDGRpIYKslwUpRwZieavoyFTlBg+tQQTxeytiIyxwsTYgEo2BH/15XXSrrp+za3dVyuNWh5HEc7gHC7Bhzo04A6a0AICj/AMr/DmSOfFeXc+lq0FJ585hT9wPn8ABMiOFQ==</latexit>

E.g.:

<latexit sha1_base64="tFvUXRsok/BxISQg74YRKotQFwM=">AAAB/3icbVA9SwNBEN2LXzF+nQo2NotBsAp3KaJlwCZlBPMByRH2NnPJkt27Y3dOCDGFf8XGQhFb/4ad/8bNR6GJDwYe780wMy9MpTDoed9ObmNza3snv1vY2z84PHKPT5omyTSHBk9kotshMyBFDA0UKKGdamAqlNAKR7czv/UA2ogkvsdxCoFig1hEgjO0Us89q4nBkCKoFDTDTAOVQgnsuUWv5M1B14m/JEWyRL3nfnX7Cc8UxMglM6bjeykGE6ZRcAnTQjczkDI+YgPoWBozBSaYzO+f0kur9GmUaFsx0rn6e2LClDFjFdpOxXBoVr2Z+J/XyTC6CSYiTjOEmC8WRZmkmNBZGLQvNHCUY0sY18LeSvmQacbRRlawIfirL6+TZrnkV0qVu3KxWl7GkSfn5IJcEZ9ckyqpkTppEE4eyTN5JW/Ok/PivDsfi9acs5w5JX/gfP4A/XmWDQ==</latexit>

High temperature limit

<latexit sha1_base64="8kHODCujqRGkP5Gq4XIf3jYTWBU=">AAAB8XicbVC7TsMwFL0pr1JeBUYWiwqJqUo6FMZKXRiLRB+ijSrHdVqrthPZDlIV9S9YGECIlb9h429w0gzQciRLR+fca/ucIOZMG9f9dkpb2zu7e+X9ysHh0fFJ9fSsp6NEEdolEY/UIMCaciZp1zDD6SBWFIuA034wb2d+/4kqzSL5YBYx9QWeShYygo2VHtuKGcs5qoyrNbfu5kCbxCtIDQp0xtWv0SQiiaDSEI61HnpubPwUK3shp8vKKNE0xmSOp3RoqcSCaj/Nf7xEV1aZoDBS9kiDcvX3RoqF1gsR2EmBzUyve5n4nzdMTHjrp0zGiaGSrB4KE45MhLL4aMIUJYYvLMEkD4/IDCtMjC0pK8Fbj7xJeo2616w37xu1VqOoowwXcAnX4MENtOAOOtAFAhKe4RXeHO28OO/Ox2q05BQ75/AHzucPmSuQLA==</latexit>

Critical
<latexit sha1_base64="n7LwnclvVpm+y8/73ujzUKYJ8bo=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkP1WPBi8cK9kPaUDababt0swm7G6GE/govHhTx6s/x5r9x0+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3dJeef/g8Oi4cnLa0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0Nve7T6g0j+WDmSXoR3Qs+Ygzaqz0GNoNVDIsDytVt+YuQNaJV5AqFGgNK1+DMGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4uD5+TSKiEZxcqWNGSh/p7IaKT1LApsZ0TNRK96ufif10/N6MbPuExSg5ItF41SQUxM8u9JyBUyI2aWUKa4vZWwCVWUGZtRHoK3+vI66dRrXqPWuK9Xm/UijhKcwwVcgQfX0IQ7aEEbGETwDK/w5ijnxXl3PpatG04xcwZ/4Hz+AHHvkCI=</latexit>

distance

<latexit sha1_base64="V8LyR6XUbhMxVWdYCGlkAnNfAR0=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VZIuqsuCCC4r2Ae0oUymt+3QySTMTAoh9BPc+CtuXCji1qU7/8ZJG0FbD1w4nHPvzL3HjzhT2nG+rMLa+sbmVnG7tLO7t39gHx61VBhLCk0a8lB2fKKAMwFNzTSHTiSBBD6Htj+5zvz2FKRiobjXSQReQEaCDRkl2kh9+/xGaCJGHAIQGpuSYZTgqcJ6DDIg/Efq22Wn4syBV4mbkzLK0ejbn71BSOPsWcqJUl3XibSXEqkZ5TAr9WIFEaETMoKuoYIEoLx0ftAMnxllgIehNGXWmqu/J1ISKJUEvukMiB6rZS8T//O6sR5eeSkTUaxB0MVHw5hjHeIsHTxgEqjmiSGESmZ2xXRMJKHaZFgyIbjLJ6+SVrXi1iq1u2q5XsvjKKITdIoukIsuUR3dogZqIooe0BN6Qa/Wo/VsvVnvi9aClc8coz+wPr4BkWKdiA==</latexit>

Entanglement entropy vs thermal entropy

<latexit sha1_base64="F2bLcXffzkAS54zpbjiGjo00zeU=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkrSRXVZEMFlBfuANpTJ9KYdOpmEmRuhlLrxV9y4UMStf+HOv3HSZqGtBwYO59w7M+cEieAaXffbKqytb2xuFbdLO7t7+wf24VFLx6li0GSxiFUnoBoEl9BEjgI6iQIaBQLawfg689sPoDSP5T1OEvAjOpQ85Iyikfr2yY1EKocCIpDooKJS88zRfbvsVtw5nFXi5aRMcjT69ldvELM0u4cJqnXXcxP0p1QhZwJmpV6qIaFsTIfQNVTSCLQ/nSeYOedGGThhrMwx/5irvzemNNJ6EgVmMqI40steJv7ndVMMr/wpl0mKINnioTAVDsZOVocz4AoYiokhlCkTnTlsRBVlaEormRK85cirpFWteLVK7a5artfyOorklJyRC+KRS1Int6RBmoSRR/JMXsmb9WS9WO/Wx2K0YOU7x+QPrM8fMKqXWA==</latexit>

Entanglement transitions

<latexit sha1_base64="bPIyFDlS/SMJYDLnx8tAqWaICAA=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhCswl2KKFYBG8sI+YLkCHubuWTJ3t65uxcJIb/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8IBFcG9f9djY2t7Z3dnN7+f2Dw6PjwslpU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJZ1M0nQj+hA8pAzaqzk159iEiI1qUJ92ysU3ZK7AFknXkaKkKHWK3x1+zFLI5SGCap1x3MT40+pMpwJnOW7qcaEshEdYMdSSSPU/nRx9IxcWqVPwljZkoYs1N8TUxppPYkC2xlRM9Sr3lz8z+ukJrzxp1wmqUHJlovCVBATk3kCpM8VMiMmllCmuL2VsCFVlBmbU96G4K2+vE6a5ZJXKVUeysVqJYsjB+dwAVfgwTVU4R5q0AAGj/AMr/DmjJ0X5935WLZuONnMGfyB8/kDiR2R7A==</latexit>

Two features:

<latexit sha1_base64="QefufMgeK0FDc22D3G8yLfFwoXs=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgad3NIYqnSFA8RswLkiXMzs4mQ2YfzswGwpLv8OJBEa9+jDf/xkmyB00saCiquunucmPOpLKsbyO3tr6xuZXfLuzs7u0fFA+PWjJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjmozvz2mQrIobKhJTJ0AD0LmM4KVlpxbc2Beoxvv8aJ21+gXS5ZpzYFWiZ2REmSo94tfPS8iSUBDRTiWsmtbsXJSLBQjnE4LvUTSGJMRHtCupiEOqHTS+dFTdKYVD/mR0BUqNFd/T6Q4kHISuLozwGool72Z+J/XTZR/5aQsjBNFQ7JY5CccqQjNEkAeE5QoPtEEE8H0rYgMscBE6ZwKOgR7+eVV0iqbdsWsPJRL1UoWRx5O4BTOwYZLqMI91KEJBJ7gGV7hzRgbL8a78bFozRnZzDH8gfH5AyWNkF8=</latexit>

E.g.: AdS/CFT

<latexit sha1_base64="BMBecSS+jCPdlRivBrV8TqzeAx0=">AAAB9XicbVA9T8MwEL3wWcpXgZHFokJiqpIOhbESC2OR+iW1oXJcpzV17Mh2qKqo/4OFAYRY+S9s/BucNgO0POmkp/fudHcviDnTxnW/nY3Nre2d3cJecf/g8Oi4dHLa1jJRhLaI5FJ1A6wpZ4K2DDOcdmNFcRRw2gkmt5nfeaJKMymaZhZTP8IjwUJGsLHSQ3Mq0ZDpR8mEQcVBqexW3AXQOvFyUoYcjUHpqz+UJImoMIRjrXueGxs/xcowwum82E80jTGZ4BHtWSpwRLWfLq6eo0urDFEolS27faH+nkhxpPUsCmxnhM1Yr3qZ+J/XS0x446dMxImhgiwXhQlHRqIsAvuwosTwmSWYKGZvRWSMFSbGBpWF4K2+vE7a1YpXq9Tuq+V6NY+jAOdwAVfgwTXU4Q4a0AICCp7hFd6cqfPivDsfy9YNJ585gz9wPn8AoT2R5w==</latexit>

Two disjoint
<latexit sha1_base64="lC5v45FLYAukYR/qsW90MGHoDaM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkP1WPBi8cK9gPaUDbbSbt0s4m7G6GE/gkvHhTx6t/x5r9x0+agrQ+Wfbw3w8y8IBFcG9f9djY2t7Z3dkt75f2Dw6PjyslpR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbT29zvPqHSPJYPZpagH9Gx5CFn1Fipp3BsP10eVqpuzV2ArBOvIFUo0BpWvgajmKURSsME1brvuYnxM6oMZwLn5UGqMaFsSsfYt1TSCLWfLfadk0urjEgYK/ukIQv1d0dGI61nUWArI2ometXLxf+8fmrCGz/jMkkNSrYcFKaCmJjkx5MRV8iMmFlCmeJ2V8ImVFFmbER5CN7qyeukU695jVrjvl5t1os4SnAOF3AFHlxDE+6gBW1gIOAZXuHNeXRenHfnY1m64RQ9Z/AHzucPym+PxA==</latexit>

regions

<latexit sha1_base64="h1WTFFCNIewU8yU06b6qL6/PocI=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTti0JLExsICE0EMXMjeMgcbdu8uu3smhPArbCw0xtafY+e/cYErFHzJJC/vzWRmXpAIro3rfju5tfWNza38dmFnd2//oHh41NJxqhg2WSxi1Q6oRsEjbBpuBLYThVQGAh+C0fXMf3hCpXkc3Ztxgr6kg4iHnFFjpcdbqgZIyqzcK5bcijsHWSVeRkqQodErfnX7MUslRoYJqnXHcxPjT6gynAmcFrqpxoSyER1gx9KIStT+ZH7wlJxZpU/CWNmKDJmrvycmVGo9loHtlNQM9bI3E//zOqkJr/wJj5LUYMQWi8JUEBOT2fekzxUyI8aWUKa4vZWwIVWUGZtRwYbgLb+8SlrViler1O6qpfpFFkceTuAUzsGDS6jDDTSgCQwkPMMrvDnKeXHenY9Fa87JZo7hD5zPH37lj4U=</latexit>

Large c



Outline
<latexit sha1_base64="317YfyPAMBVsE8QcKgyJeN1YKUM=">AAACF3icbZDLSgMxFIYz9VbrbdSlm2AruCozXbQuCwXpRqjQi9CWcibNtKGZZEgyhVL6Fm58FTcuFHGrO9/G9LLQ1h8CH/85h5PzBzFn2njet5Pa2t7Z3UvvZw4Oj45P3NOzppaJIrRBJJfqIQBNORO0YZjh9CFWFKKA01YwqszrrTFVmklRN5OYdiMYCBYyAsZaPTd/J/sJB4WrEDFupGAgNJYhBoGZMFSNgVvAldt6rlfI9dysl/cWwpvgryCLVqr13K9OX5IkosIQDlq3fS823Skowwins0wn0TQGMoIBbVsUEFHdnS7umuEr6/RxKJV9wuCF+3tiCpHWkyiwnRGYoV6vzc3/au3EhDfdKRNxYqggy0VhwrGReB4S7jNFieETC0AUs3/FZAgKiA1EZ2wI/vrJm9As5P1ivnhfyJZLqzjS6AJdomvkoxIqoyqqoQYi6BE9o1f05jw5L86787FsTTmrmXP0R87nDwwSnoY=</latexit>

Modular Hamiltonians of an interval in CFT2

<latexit sha1_base64="GOnep55Lyxk3RfI7WorpxSPxHe0=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimKunQMlbqwlgk+pDaqnLcm9aqY0e2g1RF/QQWfoWFAYRYGdn4G5w2A7Tc6fice6/PPUHMmTae9+1sbG5t7+wW9or7B4dHx+7JaVvLRFFoUcml6gZEA2cCWoYZDt1YAYkCDp1g2sj0zgMozaS4N7MYBhEZCxYySoylhu5VQwpjl2kcSoXNBDAIQ8SYQ2RB9lAyZqCHbskre4vC68DPQQnl1Ry6X/2RpEm2hXKidc/3YjNIiTKMcpgX+4mGmNApGUPPQkEi0IN0cdAcX1pmtHAUWnt4wf6eSEmk9SwKbGdEzESvahn5n9ZLTHgzSJmIEwOCLj8KE46NxFk6eMQUUMNnFhCqmPWK6YQoQo3NsGhD8FdPXgftStmvlqt3lVK9lsdRQOfoAl0jH9VQHd2iJmohih7RM3pFb86T8+K8Ox/L1g0nnzlDf8r5/AFljp1v</latexit>

Contours for the entanglement entropies

<latexit sha1_base64="idsJr/6ZWm5IY1c1TxyME1TgFCo=">AAACBnicbVA9SwNBEN2LXzF+RS1FWAyKVbhLkVgGLLSMYD4gOcLeZpIs2ds7dueEEFLZ+FdsLBSx9TfY+W/cJFdo4oOBx3szzMwLYikMuu63k1lb39jcym7ndnb39g/yh0cNEyWaQ51HMtKtgBmQQkEdBUpoxRpYGEhoBqPrmd98AG1EpO5xHIMfsoESfcEZWqmbP73RUaJ61CBDoJ0LikPQIZMLoZsvuEV3DrpKvJQUSIpaN//V6UU8CUEhl8yYtufG6E+YRsElTHOdxEDM+IgNoG2pYiEYfzJ/Y0rPrdKj/UjbUkjn6u+JCQuNGYeB7QwZDs2yNxP/89oJ9q/8iVBxgqD4YlE/kRQjOsuE9oQGjnJsCeNa2FspHzLNONrkcjYEb/nlVdIoFb1ysXxXKlQraRxZckLOyCXxSIVUyS2pkTrh5JE8k1fy5jw5L86787FozTjpzDH5A+fzB2SjmGs=</latexit>

Ground state & thermal state

<latexit sha1_base64="rpuwLtJQi4V0RlxlNx6fCAaqfiY="></latexit>

[Caggioli, Gentile, Seminara, E.T. (2024)]

<latexit sha1_base64="wAcT0yyUp5iOF/7l5xGPNKuOfSA=">AAACAHicdVDLSgMxFM3UV62vURcu3ASLUEGGmYC13RVEcCNU6AumQ8mkmTY08yDJFMrQjb/ixoUibv0Md/6N6UNQ0QMXDufcm9x7/IQzqWz7w8itrK6tb+Q3C1vbO7t75v5BS8apILRJYh6Ljo8l5SyiTcUUp51EUBz6nLb90dXMb4+pkCyOGmqSUC/Eg4gFjGClpZ555N6ySJEhHZ/Da6thwRKyETrzembRtuwLVK0iqMkcmlSrFYQQdJZKESxR75nv3X5M0pDq1ziW0nXsRHkZFooRTqeFbippgskID6iraYRDKr1sfsAUnmqlD4NY6IoUnKvfJzIcSjkJfd0ZYjWUv72Z+JfnpiqoeBmLklTRiCw+ClIOVQxnacA+E5QoPtEEE8H0rpAMscBE6cwKOoSvS+H/pIUsp2yV71CxZi/jyINjcAJKwAGXoAZuQB00AQFT8ACewLNxbzwaL8brojVnLGcOwQ8Yb586cJQx</latexit>

[Mintchev, E.T. (2022)]

<latexit sha1_base64="sCVOfoD+zow+8cwRFDtwh8vc+lg=">AAACGHicbVDLTgIxFO34RHyNunTTSDSucIYFuiRxw8YEE3kkQEinU6DSaSftHRMy4TPc+CtuXGiMW3b+jQVmoeBJmpycc0/be4JYcAOe9+2srW9sbm3ndvK7e/sHh+7RccOoRFNWp0oo3QqIYYJLVgcOgrVizUgUCNYMRrczv/nEtOFKPsA4Zt2IDCTvc0rASj336k6FiSAaUyUfk8FcNbhzgas2OtAkHnKKAw4Yhvba0PTcglf05sCrxM9IAWWo9dxpJ1Q0iZgEKogxbd+LoZsSDZwKNsl3EsNiQkdkwNqWShIx003ni03wuVVC3FfaHgl4rv5OpCQyZhwFdjIiMDTL3kz8z2sn0L/pplzGCTBJFw/1E4FB4VlLOOSaURBjSwjV3P4V0yHRhILtMm9L8JdXXiWNUtEvF8v3pUKlnNWRQ6foDF0iH12jCqqiGqojip7RK3pHH86L8+Z8Ol+L0TUny5ygP3CmP6nJoCI=</latexit>

Modular conjugations & Holographic bit threads

<latexit sha1_base64="Qzlm/ebUHf7aZ32NQ/IZnwfOpoA=">AAACBHicbVC7TgJBFJ31ifhataSZCCZWZBcTtERtLDHyikDI7OwFJszObmZmTciGwsZfsbHQGFs/ws6/cYAtFDzJTU7OuXfm3uNFnCntON/Wyura+sZmZiu7vbO7t28fHDZUGEsKdRryULY8ooAzAXXNNIdWJIEEHoemN7qe+s0HkIqFoqbHEXQDMhCszyjRRurZuUv/rtA7K2AifHxVu8ceJ3SEPUkE9Oy8U3RmwMvETUkepaj27K+OH9I4AKEpJ0q1XSfS3YRIzSiHSbYTK4jM82QAbUMFCUB1k9kRE3xiFB/3Q2lKaDxTf08kJFBqHHimMyB6qBa9qfif1451/6KbMBHFGgSdf9SPOdYhniaCfSaBaj42hFDJzK6YDokkVJvcsiYEd/HkZdIoFd1ysXxbylfKaRwZlEPH6BS56BxV0A2qojqi6BE9o1f0Zj1ZL9a79TFvXbHSmSP0B9bnD6mhljA=</latexit>

AdS3 and BTZ black brane
<latexit sha1_base64="7y/RyW19pcUHW2/dqcaR6ifBuZM=">AAACDnicbVC7TsMwFHV4lvIKMLJYtJWQkKqkQ2EsYmEsKn1IbRQ5jtNYdZzIdkAl6hew8CssDCDEyszG3+C2GaDlSFc6Oude+97jJYxKZVnfxsrq2vrGZmGruL2zu7dvHhx2ZJwKTNo4ZrHoeUgSRjlpK6oY6SWCoMhjpOuNrqZ+944ISWN+q8YJcSI05DSgGCktuWalhcN7JB4kDinz4aXfKruZf1ablKHHEB5BTyBOXLNkVa0Z4DKxc1ICOZqu+TXwY5xGhCvMkJR920qUkyGhKGZkUhykkiT6eTQkfU05ioh0stk5E1jRig+DWOjiCs7U3xMZiqQcR57ujJAK5aI3Ff/z+qkKLpyM8iRVhOP5R0HKoIrhNBvoU0GwYmNNEBZU7wpxiATCSidY1CHYiycvk06tater9ZtaqVHP4yiAY3ACToENzkEDXIMmaAMMHsEzeAVvxpPxYrwbH/PWFSOfOQJ/YHz+AKgJmzA=</latexit>

Schwarzschild AdSd+2 black brane

<latexit sha1_base64="OPlf485gnidU9kCSJxpv0Nvm/xQ=">AAACB3icdVDLSgMxFM3UV62vUZeCBItQoQyZAWu7K4joskpfMB1KJs20oZkHSUYopTs3/oobF4q49Rfc+TemD0FFD1w4nHNvcu/xE86kQujDyCwtr6yuZddzG5tb2zvm7l5TxqkgtEFiHou2jyXlLKINxRSn7URQHPqctvzh+dRv3VIhWRzV1SihXoj7EQsYwUpLXfPQvaSRYpwW4U2ssEiL8MKqW7DgIOf0xOuaeWQhjVIJToldRrYmlUrZcSrQnlkI5cECta753unFJA31o4RjKV0bJcobY6EY4XSS66SSJpgMcZ+6mkY4pNIbz+6YwGOt9GAQC12RgjP1+8QYh1KOQl93hlgN5G9vKv7luakKyt6YRUmqaETmHwUphyqG01BgjwlKFB9pgolgeldIBlhgonR0OR3C16Xwf9J0LLtkla6dfBUt4siCA3AECsAGZ6AKrkANNAABd+ABPIFn4954NF6M13lrxljM7IMfMN4+AQm7ls8=</latexit>

[Gentile, Rotaru, E.T. (2025)]

<latexit sha1_base64="MOmHT6tHpPG8hBWUKD1TFn3ZCwM=">AAACJnicbVDLSitBFOzxcdV4vUZdumkMwl2FGRfRjSCI4FLBqBBDONM5kzTpx9B9RgnBr3Hjr7hxoYi481PsSbLwVdBQVJ3D6ao0V9JTHL9FM7Nz838WFpcqy39X/q1W19bPvS2cwKawyrrLFDwqabBJkhRe5g5Bpwov0sFh6V9co/PSmjMa5tjW0DMykwIoSJ3q/pEhMD2FGg3xY9BSkTUSDLcZpxvLU2XFwHNpOPWR98HpYAsu+iBNpVOtxfV4DP6TJFNSY1OcdKpPV10rivKYUOB9K4lzao/AkRQKbytXhcccxAB62ArUgEbfHo1j3vLtoHR5Zl144bNj9fPGCLT3Q52GSQ3U99+9UvzNaxWU7bVH0uQFoRGTQ1mhOFledsa70qEgNQwEhJM0ye9AUGi2LCH5HvknOd+pJ41643SndtCY1rHINtkW+88StssO2DE7YU0m2B17YE/sObqPHqOX6HUyOhNNdzbYF0TvHyU/pYM=</latexit>

Entanglement Hamiltonian of two blocks in the harmonic chain

<latexit sha1_base64="1WieBLGyXT5CmgLBqHk8XG3R/rQ=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCUdCmMlFsYi9SW1UeW4N6lV24lsB6mq+gUs/AoLAwixMrPxNzhtB2g50pWOz7nXV/eEKWfaeN63U9ja3tndK+6XDg6Pjk/c07OOTjJFoU0TnqheSDRwJqFtmOHQSxUQEXLohpPb3O8+gNIskS0zTSEQJJYsYpQYKw3dSksRqVn+0JhJbMaAOVExYEG0xgpiJqA0dMte1VsAbxJ/RcpohebQ/RqMEpoJkIZy+1Hf91ITzIgyjHKYlwaZhpTQCYmhb6kkAnQwW5wzxxWrjHCUKFvS4IX6e2JGhNZTEdpOQcxYr3u5+J/Xz0x0E8yYTDMDki4XRRnHJsF5NnjEFFDDp5YQqmwoFNMxUYQam2Aegr9+8ibp1Kp+vVq/r5Ub9VUcRXSBLtEV8tE1aqA71ERtRNEjekav6M15cl6cd+dj2VpwVjPn6A+czx94Vpuy</latexit>

Transitions in the large mass regime

<latexit sha1_base64="nriB1U0KiEVqqWGM3ocUY3KQH7M=">AAACCHicbVC7SgNBFJ2NrxhfUUsLBxPBKuymSCwDAbERIuQFybLMzs4mY2ZnlplZISwpbfwVGwtFbP0EO//GySaFRg9cOJxzL/fe48eMKm3bX1ZubX1jcyu/XdjZ3ds/KB4edZVIJCYdLJiQfR8pwignHU01I/1YEhT5jPT8SXPu9+6JVFTwtp7GxI3QiNOQYqSN5BVPb0SQMCQhFvwuGWWqgpTD5lW77FXLXrFkV+wM8C9xlqQElmh5xc9hIHASEa4xQ0oNHDvWboqkppiRWWGYKBIjPEEjMjCUo4goN80emcFzowQwFNIU1zBTf06kKFJqGvmmM0J6rFa9ufifN0h0eOmmlMeJJhwvFoUJg1rAeSowoJJgzaaGICypuRXiMZIIa5NdwYTgrL78l3SrFadWqd1WS436Mo48OAFn4AI4oA4a4Bq0QAdg8ACewAt4tR6tZ+vNel+05qzlzDH4BevjGx0VmLQ=</latexit>

Modular conjugations in CFT2
<latexit sha1_base64="idsJr/6ZWm5IY1c1TxyME1TgFCo=">AAACBnicbVA9SwNBEN2LXzF+RS1FWAyKVbhLkVgGLLSMYD4gOcLeZpIs2ds7dueEEFLZ+FdsLBSx9TfY+W/cJFdo4oOBx3szzMwLYikMuu63k1lb39jcym7ndnb39g/yh0cNEyWaQ51HMtKtgBmQQkEdBUpoxRpYGEhoBqPrmd98AG1EpO5xHIMfsoESfcEZWqmbP73RUaJ61CBDoJ0LikPQIZMLoZsvuEV3DrpKvJQUSIpaN//V6UU8CUEhl8yYtufG6E+YRsElTHOdxEDM+IgNoG2pYiEYfzJ/Y0rPrdKj/UjbUkjn6u+JCQuNGYeB7QwZDs2yNxP/89oJ9q/8iVBxgqD4YlE/kRQjOsuE9oQGjnJsCeNa2FspHzLNONrkcjYEb/nlVdIoFb1ysXxXKlQraRxZckLOyCXxSIVUyS2pkTrh5JE8k1fy5jw5L86787FozTjpzDH5A+fzB2SjmGs=</latexit>

Ground state & thermal state
<latexit sha1_base64="Go3V79Sz9BA40hAzkJkqwPssCJg=">AAACB3icbVC7SgNBFJ2N7/hatRRkMAhWYTdFYinYWCrkBUkIdyd3kyGzM8vMbCAEOxt/xcZCEVt/wc6/cfIoNPHAhcM5987ce6JUcGOD4NvLra1vbG5t7+R39/YPDv2j47pRmWZYY0oo3YzAoOASa5Zbgc1UIySRwEY0vJn6jRFqw5Ws2nGKnQT6ksecgXVS1z+rDlAnIChKq1U6piqmICmXFvUIRNcvBMVgBrpKwgUpkAXuuv5Xu6dYlrjnmABjWmGQ2s4EtOVM4EO+nRlMgQ2hjy1HJSRoOpPZHQ/0wik9GivtSlo6U39PTCAxZpxErjMBOzDL3lT8z2tlNr7qTLhMM4uSzT+KM0GtotNQaI9rZFaMHQGmuduVsgFoYC4Fk3chhMsnr5J6qRiWi+X7UuG6sohjm5ySc3JJQlIh1+SW3JEaYeSRPJNX8uY9eS/eu/cxb815i5kT8gfe5w/IUJk8</latexit>

Thermal entropy of an interval

<latexit sha1_base64="wAcT0yyUp5iOF/7l5xGPNKuOfSA=">AAACAHicdVDLSgMxFM3UV62vURcu3ASLUEGGmYC13RVEcCNU6AumQ8mkmTY08yDJFMrQjb/ixoUibv0Md/6N6UNQ0QMXDufcm9x7/IQzqWz7w8itrK6tb+Q3C1vbO7t75v5BS8apILRJYh6Ljo8l5SyiTcUUp51EUBz6nLb90dXMb4+pkCyOGmqSUC/Eg4gFjGClpZ555N6ySJEhHZ/Da6thwRKyETrzembRtuwLVK0iqMkcmlSrFYQQdJZKESxR75nv3X5M0pDq1ziW0nXsRHkZFooRTqeFbippgskID6iraYRDKr1sfsAUnmqlD4NY6IoUnKvfJzIcSjkJfd0ZYjWUv72Z+JfnpiqoeBmLklTRiCw+ClIOVQxnacA+E5QoPtEEE8H0rpAMscBE6cwKOoSvS+H/pIUsp2yV71CxZi/jyINjcAJKwAGXoAZuQB00AQFT8ACewLNxbzwaL8brojVnLGcOwQ8Yb586cJQx</latexit>

[Mintchev, E.T. (2022)]



Modular Hamiltonian & Modular Conjugation
<latexit sha1_base64="cOWKF4cXpDUra25NkZCfHk0vEmM="></latexit>

Von Neumann algebra A of localised observables acting on H
<latexit sha1_base64="iCMTDojmNE+7V41UbZre62SoaHc=">AAACH3icbVDLTsJAFJ3iC/FVdelmIpi4Ii2L6pLEjTsxETABQqaXaTthOm1mppiG8Cdu/BU3LjTGuONvHB4LBc/q5Jx7c+49fsqZ0o4ztQobm1vbO8Xd0t7+weGRfXzSUkkmgTYh4Yl89IminAna1Exz+phKSmKf07Y/vJn57RGViiXiQecp7cUkFCxgQLSR+rb3FDGIMCRCEyYUJhhy4AwwEQOsaEqkGRQhHlHQicSV7l1MQ1Lp22Wn6syB14m7JGW0RKNvf3cHCWQxFRo4UarjOqnujYnUDDidlLrZLAyGJKQdQwWJqeqN5/9N8IVRBjgw+YG5E8/V3xtjEiuVx76ZjImO1Ko3E//zOpkOrntjJtJMUwGLoCDjWCd4VhYeMGn+5rkhBCQzt2KITCWgTaUlU4K7+vI6adWqrlf17mvlureso4jO0Dm6RC66QnV0ixqoiQA9o1f0jj6sF+vN+rS+FqMFa7lziv7Amv4AQBOibw==</latexit>

which contains a cyclic and separating vector ⌦

<latexit sha1_base64="iZ52H514MRDQLG8pKNiojWkqJOw=">AAACHXicbVDLSgMxFM34rPU16tJNsAgVSpkRqeLGiht3VrQPaIaSSTNtaOZBkhHK0G9w78YfcSGCC0VcuBE/xL2ZtgttPZBwOOde7r3HjTiTyrK+jJnZufmFxcxSdnlldW3d3NisyTAWhFZJyEPRcLGknAW0qpjitBEJin2X07rbO0v9+g0VkoXBtepH1PFxJ2AeI1hpqWUeXKHCMSpA5GPVJZgnpwOILnzawRAVkAr1N+20zJxVtIaA08Qek9zJQ/776RbtVVrmB2qHJPZpoAjHUjZtK1JOgoVihNNBFsWSRpj0cIc2NQ2wT6WTDK8bwF2ttKEXCv0CBYfq744E+1L2fVdXpqvKSS8V//OasfKOnIQFUaxoQEaDvJhDFcI0KthmghLF+5pgIpjeFZIuFpgoHWhWh2BPnjxNavtFu1QsXVq5cgmMkAHbYAfkgQ0OQRmcgwqoAgLuwCN4Aa/GvfFsvBnvo9IZY9yzBf7A+PwBUYqkkA==</latexit>

S : A⌦ ! A⌦
<latexit sha1_base64="p0EFWNe53se/9tfpZZipQuq+zEY=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRdVJcFNy4r2Ae0oUymk3boZBJmboQS+hFuXCji1u9x5984abPQ1gMDh3PuYe49QSKFQdf9dkpb2zu7e+X9ysHh0fFJ9fSsa+JUM95hsYx1P6CGS6F4BwVK3k80p1EgeS+Y3eV+74lrI2L1iPOE+xGdKBEKRtFKvTxGNRlVa27dXYJsEq8gNSjQHlW/huOYpRFXyCQ1ZuC5CfoZ1SiY5IvKMDU8oWxGJ3xgqaIRN362XHdBrqwyJmGs7VNIlurvREYjY+ZRYCcjilOz7uXif94gxfDWz4RKUuSKrT4KU0kwJvntZCw0ZyjnllCmhd2VsCnVlKFtqGJL8NZP3iTdRt1r1psPjVqrWdRRhgu4hGvw4AZacA9t6ACDGTzDK7w5ifPivDsfq9GSU2TO4Q+czx8JDI9Y</latexit>

linear
<latexit sha1_base64="6lPxU/0QI74PpPSTvwVo2Wepbog=">AAACGnicbVC7SgNBFJ2Nrxhfq5Y2g0GIIGHXItqIARu7RDQPyMZwdzJJhsw+mJkVwpJvsLTxU7RJoYid2Pgh9k4eQkw8cOFwzr3ce48bciaVZX0ZiYXFpeWV5GpqbX1jc8vc3inLIBKElkjAA1F1QVLOfFpSTHFaDQUFz+W04nYvhn7ljgrJAv9G9UJa96DtsxYjoLTUMO1r5wg7HqgOAR4X+tgpeLQN+GxavHVAql+nYaatrDUCnif2hKTPnzLfg3vnsNgwP5xmQCKP+opwkLJmW6GqxyAUI5z2U04kaQikC21a09QHj8p6PHqtjw+00sStQOjyFR6p0xMxeFL2PFd3Du+Vs95Q/M+rRap1Wo+ZH0aK+mS8qBVxrAI8zAk3maBE8Z4mQATTt2LSAQFE6TRTOgR79uV5Uj7O2rls7spK53NojCTaQ/sog2x0gvLoEhVRCRH0gJ7RC3o1Ho2B8Wa8j1sTxmRmF/2B8fkD2mCj3A==</latexit>

SO⌦ = O
⇤⌦

<latexit sha1_base64="UPuwhK/JFN6hwv23HNL7k6EwdiM=">AAACEXicbVC7SgNBFL3rM8ZX1NJmMBFSSNhNES0jNnZGMA/ILmF2MpsMmZ1dZmaFsOQXbPwVGwtFbO3s/BsnySKaeGDgzLn3cs89fsyZ0rb9Za2srq1vbOa28ts7u3v7hYPDlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb90dW03r6nUrFI3OlxTL0QDwQLGMHaSL1CueQGkcScI/fMDbEeEszTmwlymUA//8sJKvUKRbtiz4CWiZORImRo9Aqfbj8iSUiFJhwr1XXsWHsplpoRTid5N1E0xmSEB7RrqMAhVV46u2iCTo3SR8aZeUKjmfp7IsWhUuPQN51Tk2qxNhX/q3UTHVx4KRNxoqkg80VBwpGO0DQe1GeSEs3HhmAimfGKyBBLTLQJMW9CcBZPXiatasWpVWq31WK9lsWRg2M4gTI4cA51uIYGNIHAAzzBC7xaj9az9Wa9z1tXrGzmCP7A+vgGEtWcgw==</latexit>

8O 2 A

<latexit sha1_base64="neL84VpYrib43eLuM7uk+0eJmg8=">AAACA3icbVC7SgNBFJ2NrxhfUTttBoNgFXZTRMuAjWUE84BkCbOzd5MhszPrzKwQloCNv2JjoYitP2Hn3zhJttDEAxcO59zL5Zwg4Uwb1/12CmvrG5tbxe3Szu7e/kH58KitZaootKjkUnUDooEzAS3DDIduooDEAYdOML6e+Z0HUJpJcWcmCfgxGQoWMUqMlQblk1Sw+xRwIjlROAQq40RqtjArbtWdA68SLycVlKM5KH/1Q0nTGIShnGjd89zE+BlRhlEO01I/1ZAQOiZD6FkqSAzaz+YZpvjcKiGOpLIjDJ6rvy8yEms9iQO7GRMz0sveTPzP66UmuvIzJpLUgKCLR1HKsZF4VggOmQJq+MQSQpVNTjEdEUWosbWVbAnecuRV0q5VvXq1flurNOp5HUV0is7QBfLQJWqgG9RELUTRI3pGr+jNeXJenHfnY7FacPKbY/QHzucPm/CYHg==</latexit>

unique polar decomposition
<latexit sha1_base64="hpgdfd7jycM1r0sgSJP+7YHN9u8=">AAAB/XicbVC7SgNBFJ2Nrxhf66OzGQxCBIm7KaKNGNBCrCKaB2TXMDuZTYbMzi4zs0Jcgp/gL9hYKGJrY+Un2Pkh9k4ehRoPXDiccy/33uNFjEplWZ9Gamp6ZnYuPZ9ZWFxaXjFX16oyjAUmFRyyUNQ9JAmjnFQUVYzUI0FQ4DFS87rHA792TYSkIb9UvYi4AWpz6lOMlJaa5sYFPIRnzi50TghT6Cqx9wr9ppm18tYQcJLYY5I9est9vd85O+Wm+eG0QhwHhCvMkJQN24qUmyChKGakn3FiSSKEu6hNGppyFBDpJsPr+3BbKy3oh0IXV3Co/pxIUCBlL/B0Z4BUR/71BuJ/XiNW/oGbUB7FinA8WuTHDKoQDqKALSoIVqynCcKC6lsh7iCBsNKBZXQI9t+XJ0m1kLeL+eK5lS0VwQhpsAm2QA7YYB+UwCkogwrA4Abcg0fwZNwaD8az8TJqTRnjmXXwC8brN+RTl0w=</latexit>

S = J �1/2

<latexit sha1_base64="TQNJMmTVkUY+5HWzvmMJybdNKlU=">AAAB/nicbVC7SgNBFJ2Nrxhfq2JlMxiEWBh2LaKdAS0EmwjmAdkYZid3kyGzD2dmA2EJ+Ad+g42FIrYWVn6CnR9i7+RRaOKBC4dz7uXee9yIM6ks68tIzc0vLC6llzMrq2vrG+bmVkWGsaBQpiEPRc0lEjgLoKyY4lCLBBDf5VB1u2dDv9oDIVkYXKt+BA2ftAPmMUqUlprmjnMOXBHswG3MehjDTXJ4OWiaWStvjYBniT0h2dP33PfHvXNQapqfTiuksQ+BopxIWbetSDUSIhSjHAYZJ5YQEdolbahrGhAfZCMZnT/A+1ppYS8UugKFR+rviYT4UvZ9V3f6RHXktDcU//PqsfJOGgkLolhBQMeLvJhjFeJhFrjFBFDF+5oQKpi+FdMOEYQqnVhGh2BPvzxLKkd5u5AvXFnZYgGNkUa7aA/lkI2OURFdoBIqI4oS9ICe0LNxZzwaL8bruDVlTGa20R8Ybz9NA5jF</latexit>

� ⌘ e�K <latexit sha1_base64="LRxjsYIDN/1GV6VRUkLR9mZWvH8=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2AR3FhmuqguC25cVrAPaIeSyWTa2EwyJJlCKcWNv+LGhSJu/Qp3/o3pY6GtBwKHc+7h5p4w5Uwbz/t2cmvrG5tb+e3Czu7e/oF7eNTQMlOE1onkUrVCrClngtYNM5y2UkVxEnLaDAc3U785pEozKe7NKKVBgnuCxYxgY6Wue2Kj8SWOHiQTBmERoVRqZtiQdt2iV/JmQKvEX5AiLFDrul+dSJIsocIQjrVu+15qgjFWhhFOJ4VOpmmKyQD3aNtSgROqg/HshAk6t0qEYqnssx+Zqb8TY5xoPUpCO5lg09fL3lT8z2tnJr4OxkykmaGCzBfFGUdGomkfKGKKEsNHlmCi7OUEkT5WmBjbWsGW4C+fvEoa5ZJfKVXuysVqZVFHHk7hDC7Ahyuowi3UoA4EHuEZXuHNeXJenHfnYz6acxaZY/gD5/MHMsyXSA==</latexit>

self-adjoint and positive

<latexit sha1_base64="uw4OiYU56OhhVd5/lIbXhPrqKD0=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4sSQ9VI8FLx4r2A9oQ9lsN+3SzSbsToQQ+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+OxubW9s7u6W98v7B4dFx5eS0Y+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3s397hPXRsTqEbOE+xEdKxEKRtFKA6pQXKdKINXZsFJ1a+4CZJ14BalCgdaw8jUYxSyNuEImqTF9z03Qz6lGwSSflQep4QllUzrmfUsVjbjx88XNM3JplREJY21LIVmovydyGhmTRYHtjChOzKo3F//z+imGt34uVJIiV2y5KEwlwZjMAyAjoTlDmVlCmRb2VsImVFOGNqayDcFbfXmddOo1r1FrPNSrzUYRRwnO4QKuwIMbaMI9tKANDBJ4hld4c1LnxXl3PpatG04xcwZ/4Hz+AEuqkdQ=</latexit>

anti-unitary

<latexit sha1_base64="rKYw3R4ylPtNA3yeJAGyQbrrbqA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIuqsuCG5cV7APaUCaTm3boZBLmIdRQ/BU3LhRx63+482+ctllo64ELh3Pu5d57wowzpT3v21lb39jc2i7tlHf39g8O3aPjtkqNpNCiKU9lNyQKOBPQ0kxz6GYSSBJy6ITjm5nfeQCpWCru9SSDICFDwWJGibbSwD01IkyNiCDCTOAhCJCED9yKV/XmwKvEL0gFFWgO3K9+lFKTgNCUE6V6vpfpICdSM8phWu4bBRmhYzKEnqWCJKCCfH79FF9YJcJxKm0Jjefq74mcJEpNktB2JkSP1LI3E//zekbH10HORGY0CLpYFBuOdYpnUeCISaCaTywhVDJ7K6YjIgnVNrCyDcFffnmVtGtVv16t39UqjXoRRwmdoXN0iXx0hRroFjVRC1H0iJ7RK3pznpwX5935WLSuOcXMCfoD5/MHZi6VKQ==</latexit>

unbounded in general
<latexit sha1_base64="e/uGXuDOZ3f1yp5+uqhTaGvO2ng=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQxCbMKuRbQzYCNWCZgLJEuYnZxNxsxemJkVwpInsNBCEVufw8pHsPNB7J1cCk38YeDj/89hzjleLLjStv1lLS2vrK6tZzaym1vbO7u5vf26ihLJsMYiEcmmRxUKHmJNcy2wGUukgSew4Q0ux3njDqXiUXijhzG6Ae2F3OeMamNVrzu5vF20JyKL4Mwgf/Fe+P54aJ9UOrnPdjdiSYChZoIq1XLsWLsplZozgaNsO1EYUzagPWwZDGmAyk0ng47IsXG6xI+keaEmE/d3R0oDpYaBZyoDqvtqPhub/2WtRPvnbsrDONEYsulHfiKIjsh4a9LlEpkWQwOUSW5mJaxPJWXa3CZrjuDMr7wI9dOiUyqWqna+XIKpMnAIR1AAB86gDFdQgRowQLiHJ3i2bq1H68V6nZYuWbOeA/gj6+0H6gWQtw==</latexit>

J
<latexit sha1_base64="9bzs6CjBJAHPpS2/87mjhrNcYrI=">AAACHXicbVDLSgNBEJz1bXytevQymAgRJOyKRI+KF28qGA1kQ+idzCaj81hmZoWw5Ee8+CtePCjiwYv4N05iDppY0FBUddPdFaecGRsEX97U9Mzs3PzCYmFpeWV1zV/fuDYq04TWiOJK12MwlDNJa5ZZTuuppiBiTm/iu9OBf3NPtWFKXtleSpsCOpIljIB1Uss/yCNmsVDtjIPGRMnbrDO0+lgluFSOBNguAZ6f9PdwdC5oB3ZLLb8YVIIh8CQJR6SIRrho+R9RW5FMUGkJB2MaYZDaZg7aMsJpvxBlhqZA7qBDG45KENQ08+F3fbzjlDZOlHYlLR6qvydyEMb0ROw6B8eacW8g/uc1MpscNXMm08xSSX4WJRnHVuFBVLjNNCWW9xwBopm7FZMuaCDWBVpwIYTjL0+S6/1KWK1UL/eLx9VRHAtoC22jMgrRITpGZ+gC1RBBD+gJvaBX79F79t6895/WKW80s4n+wPv8Bl4hoWQ=</latexit>

modular conjugation of (A,⌦)

<latexit sha1_base64="9prsKmJDA61LPL+qTARbsO5/lCQ="></latexit>

modular operator of (A,⌦)

<latexit sha1_base64="tk3XqBVG/FlmwcX9Vh7/6FXVP8s=">AAAB/3icbZC7SgNBFIZn4y3G26pgYzMYhNiEXYtoIwa0sDOCuUB2CbOTs8mQ2Qszs0JYU/gEvoONhSK2gpWPYOeD2Du5FJr4w8DHf87hnPm9mDOpLOvLyMzNLywuZZdzK6tr6xvm5lZNRomgUKURj0TDIxI4C6GqmOLQiAWQwONQ93pnw3r9BoRkUXit+jG4AemEzGeUKG21zB3nHLgi2LkMoEPwyQRaZt4qWiPhWbAnkD99L3x/3DsHlZb56bQjmgQQKsqJlE3bipWbEqEY5TDIOYmEmNAe6UBTY0gCkG46un+A97XTxn4k9AsVHrm/J1ISSNkPPN0ZENWV07Wh+V+tmSj/2E1ZGCcKQjpe5CccqwgPw8BtJoAq3tdAqGD6Vky7RBCqdGQ5HYI9/eVZqB0W7VKxdGXlyyU0Vhbtoj1UQDY6QmV0gSqoiii6RQ/oCT0bd8aj8WK8jlszxmRmG/2R8fYDi0eY3Q==</latexit>

�⌦ = ⌦
<latexit sha1_base64="2cn733P3jcWtFL+9ZUdZpiUUI2c=">AAAB+XicbZC7SgNBFIZn4y3G26qlzWAQYhN2LaKNGLARGyOYC2SXMDuZTYbMzC4zs4Gw5Bl8ARsLRWxtrXwEOx/E3kk2hSb+MPDxn3M4Z/4gZlRpx/myckvLK6tr+fXCxubW9o69u9dQUSIxqeOIRbIVIEUYFaSuqWakFUuCeMBIMxhcTurNIZGKRuJOj2Lic9QTNKQYaWN1bPvau+Gkh+A5zKBjF52yMxVcBHcGxYv30vfHvXdc69ifXjfCCSdCY4aUartOrP0USU0xI+OClygSIzxAPdI2KBAnyk+nl4/hkXG6MIykeULDqft7IkVcqREPTCdHuq/maxPzv1o70eGZn1IRJ5oInC0KEwZ1BCcxwC6VBGs2MoCwpOZWiPtIIqxNWAUTgjv/5UVonJTdSrly6xSrFZApDw7AISgBF5yCKrgCNVAHGAzBA3gCz1ZqPVov1mvWmrNmM/vgj6y3H1J2loU=</latexit>

J⌦ = ⌦
<latexit sha1_base64="wUsn0hu/aaR0fPZrGvGs/jSo8AI=">AAAB/HicbZC7TsMwFIYdrqXcAh1ZLCqkMlAlDIUFUYkFdSoSvUhNqBzXaa06TmQ7SFFUXoFHYGEAIVYmJh6BjQdhx007QMsvWfr0n3N0jn8vYlQqy/oyFhaXlldWc2v59Y3NrW1zZ7cpw1hg0sAhC0XbQ5IwyklDUcVIOxIEBR4jLW94Ma63bomQNOTXKomIG6A+pz7FSGmraxZq8AzWbhwkVQbpkT3qmkWrbGWC82BPoXj+Xvr+uHcO613z0+mFOA4IV5ghKTu2FSk3RUJRzMgo78SSRAgPUZ90NHIUEOmm2fEjeKCdHvRDoR9XMHN/T6QokDIJPN0ZIDWQs7Wx+V+tEyv/1E0pj2JFOJ4s8mMGVQjHScAeFQQrlmhAWFB9K8QDJBBWOq+8DsGe/fI8NI/LdqVcubKK1QqYKAf2wD4oARucgCq4BHXQABgk4AE8gWfjzng0XozXSeuCMZ0pgD8y3n4AJmiW4A==</latexit>

J = J⇤ = J�1

<latexit sha1_base64="FTciL4RIKwO1tiozzRL0zSDLi00=">AAACB3icbVC7SgNBFJ31GeMrainIYCLEJuymiJYBm4BNBPOAJIS7k9lkyDyWmVkhhHQ2/oqNhSK2/oKdf+PkUWjigYHDOedy554w5sxY3//21tY3Nre2Uzvp3b39g8PM0XHdqEQTWiOKK90MwVDOJK1ZZjltxpqCCDlthMObqd94oNowJe/tKKYdAX3JIkbAOqmbOcvd5nA+Sji/xEL1Eg4aV0AwbpVk4AJZv+DPgFdJsCBZtEC1m/lq9xRJBJWWcDCmFfix7YxBW0Y4naTbiaExkCH0actRCYKaznh2xwRfOKWHI6XdkxbP1N8TYxDGjETokgLswCx7U/E/r5XY6LozZjJOLJVkvsjdjK3C01Jwj2lKLB85AkQz91dMBqCBWFdd2pUQLJ+8SurFQlAqlO6K2XJpUUcKnaJzlEcBukJlVEFVVEMEPaJn9IrevCfvxXv3PubRNW8xc4L+wPv8ARmpmDM=</latexit>

K (full) modular Hamiltonian

<latexit sha1_base64="MfttH9yfCv28iuzCv4mALj4H24w="></latexit>

�⌧O ⌘ ��i⌧
O�i⌧ <latexit sha1_base64="B/iMIroYfionbxok5OYeGXck3ys=">AAAB/HicbVC7TsMwFHXKq6Q8Ah1ZLCokpiphKGxUYmEsjz6kpqoc122tOk5k3yCFqPwDX8DCAEKsfAgbX8Ev4D4GaDmSpaNz7tU9PkEsuAbX/bJyK6tr6xv5Tbuwtb2z6+ztN3SUKMrqNBKRagVEM8ElqwMHwVqxYiQMBGsGo4uJ37xjSvNI3kIas05IBpL3OSVgpK5T9IEk2OcS+yGBYRBk1+OuU3LL7hR4mXhzUjr/LlD78ea+1nU+/V5Ek5BJoIJo3fbcGDoZUcCpYGPbTzSLCR2RAWsbKknIdCebhh/jI6P0cD9S5knAU/X3RkZCrdMwMJOThHrRm4j/ee0E+medjMs4ASbp7FA/ERgiPGkC97hiFERqCKGKm6yYDokiFExftinBW/zyMmmclL1KuXLllqoVNEMeHaBDdIw8dIqq6BLVUB1RlKIn9IJerQfr2Xqz3mejOWu+U0R/YH38AG8jl5U=</latexit>

⌧ 2 R
<latexit sha1_base64="xpNvEYMSRFwx2c5P+65EfZ6InDY=">AAACGHicbVC7TsMwFHXKq5RXgJHFokUqS0k6FMZKLGwUiT6kJqoc12mtOnFkO0VVlM9g4VdYGECItRt/g9NmgJYjXenonHt17z1exKhUlvVtFDY2t7Z3irulvf2DwyPz+KQjeSwwaWPOuOh5SBJGQ9JWVDHSiwRBgcdI15vcZn53SoSkPHxUs4i4ARqF1KcYKS0NzKvEoQoGfBgzJCCZchZnRgqrPuNPl5D7sOIESI0xYsl9WhmYZatmLQDXiZ2TMsjRGphzZ8hxHJBQYYak7NtWpNwECUUxI2nJiSWJEJ6gEelrGqKASDdZPJbCC60Moc+FrlDBhfp7IkGBlLPA053ZjXLVy8T/vH6s/Bs3oWEUKxLi5SI/ZlBxmKUEh1QQrNhME4QF1bdCPEYCYaWzLOkQ7NWX10mnXrMbtcZDvdxs5HEUwRk4B1Vgg2vQBHegBdoAg2fwCt7Bh/FivBmfxteytWDkM6fgD4z5Dyedn8s=</latexit>

modular evolution (flow) of O
<latexit sha1_base64="bWl7wQk8zROp8t5JiC9EdfzgaCM=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LLaCp5L0UD0WvAheKtgPaEPZbCbt0s0m7G4KIfSfePGgiFf/iTf/jds2B219MPB4b4aZeX7CmdKO822VtrZ3dvfK+5WDw6PjE/v0rKviVFLo0JjHsu8TBZwJ6GimOfQTCSTyOfT86d3C781AKhaLJ50l4EVkLFjIKNFGGtn2GARIoiHAfoZrD7WRXXXqzhJ4k7gFqaIC7ZH9NQximkYgNOVEqYHrJNrLidSMcphXhqmChNApGcPAUEEiUF6+vHyOr4wS4DCWpoTGS/X3RE4ipbLIN50R0RO17i3E/7xBqsNbL2ciSTUIuloUphzrGC9iwAGTQDXPDCFUMnMrphMiCdUmrIoJwV1/eZN0G3W3WW8+NqqtZhFHGV2gS3SNXHSDWugetVEHUTRDz+gVvVm59WK9Wx+r1pJVzJyjP7A+fwAhVJKl</latexit>

generated by K

<latexit sha1_base64="rnoVmzLbDoAVWbjFhVR9/R/OgsM="></latexit>

��i⌧A�i⌧ = A
<latexit sha1_base64="3hDxVd8uVMxQrNeO50G/Xk5qT7Y="></latexit>

��i⌧A0 �i⌧ = A0
<latexit sha1_base64="NgRG+WNReYBzU2hUnNypV4Vq5CQ=">AAACCnicbVC7SgNBFJ31GeNr1dJmNIgRQti1iDZixEZSRTAPyC5hdjJJhszOLjOzQlhS2wh+iY2FIlqJX2Dnh9g7m6SIiQcuHM65l3vv8UJGpbKsb2NufmFxaTm1kl5dW9/YNLe2qzKIBCYVHLBA1D0kCaOcVBRVjNRDQZDvMVLzepeJX7slQtKA36h+SFwfdThtU4yUlprmXsnJQcdHqosRiy8G0MmV4NmEcNg0M1beGgLOEntMMufv2Z+PB+eo3DS/nFaAI59whRmSsmFboXJjJBTFjAzSTiRJiHAPdUhDU458It14+MoAHmilBduB0MUVHKqTEzHypez7nu5MbpTTXiL+5zUi1T51Y8rDSBGOR4vaEYMqgEkusEUFwYr1NUFYUH0rxF0kEFY6vbQOwZ5+eZZUj/N2IV+4tjLFAhghBXbBPsgCG5yAIrgCZVABGNyBR/AMXox748l4Nd5GrXPGeGYH/IHx+Qtb9J0k</latexit>

J A J = A0<latexit sha1_base64="GMd4IFamAVSSjw8OKRBw5YJ1Fuc=">AAACAXicbVA9SwNBEN3zM8avUxvBZjEINoa7FNFSsLGMkKgQjzC3mSRLdm+P3TkhBG38KzYWitj6L+z8N17iFRp9MPB4b4aZeXGqpKMg+PTm5hcWl5ZLK+XVtfWNTX9r+9KZzApsCaOMvY7BoZIJtkiSwuvUIuhY4VU8PJv4V7donTRJk0YpRhr6iexJAZRLHX+3abQkOGrCEB0MJacBGou63PErQTWYgv8lYUEqrECj43/cdI3INCYkFDjXDoOUojFYkkLhXfkmc5iCGEIf2zlNQKOLxtMP7vhBrnR5z9i8EuJT9efEGLRzIx3nnRpo4Ga9ifif186odxKNZZJmhIn4XtTLFCfDJ3HwrrQoSI1yAsLK/FYuBmBBUB7aJIRw9uW/5LJWDevV+kWtclov4iixPbbPDlnIjtkpO2cN1mKC3bNH9sxevAfvyXv13r5b57xiZof9gvf+BeFkln4=</latexit>

Tomita-Takesaki theorem

<latexit sha1_base64="QOpDKGoWXi4y7hC56EswhlTZNzc="></latexit>

Typically, �⌧ and J do not have a geometric action



EH in field theories: Bisognano-Wichmann & CFT EH in field theories: Bisognano-Wichmann & CFT 

<latexit sha1_base64="N2v4SkSi+i4VKoNc9T8l55jm8QM=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNiFe5SJNoFbCwjmA/IHWFvs5es2ds9dveEcOQ/2FgoYuv/sfPfuEmu0MQHA4/3ZpiZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+fdLRMFaFtIrlUvRBrypmgbcMMp71EURyHnHbDye3c7z5RpZkUD2aa0CDGI8EiRrCxUscPI+RfDsoVt+ougNaJl5MK5GgNyl/+UJI0psIQjrXue25iggwrwwins5KfappgMsEj2rdU4JjqIFtcO0MXVhmiSCpbwqCF+nsiw7HW0zi0nTE2Y73qzcX/vH5qousgYyJJDRVkuShKOTISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3urL66RTq3r1av2+Vmne5HEU4QzO4Qo8aEAT7qAFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8weehY58</latexit>

&
<latexit sha1_base64="yjLe/FoO95/0VI1za6WOm+CS33Q=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzLTRdVdwY3LCn1BW0omzbShyWRIMsIw1F9x40IRt36IO//GtJ2Fth4IHM65h3tzgpgzbTzv2ylsbe/s7hX3SweHR8cn7ulZR8tEEdomkkvVC7CmnEW0bZjhtBcrikXAaTeY3S387iNVmsmoZdKYDgWeRCxkBBsrjdzyIAhRa0qVwBzRyCgZpyO34lW9JdAm8XNSgRzNkfs1GEuSCJsnHGvd973YDDOsDCOczkuDRNMYkxme0L6lERZUD7Pl8XN0aZUxCqWyLzJoqf5OZFhonYrATgpspnrdW4j/ef3EhDfDjEVxYmhEVovChCMj0aIJNGaKEsNTSzBRzN6KyBQrTIztq2RL8Ne/vEk6tapfr9YfapXGbV5HEc7hAq7Ah2towD00oQ0EUniGV3hznpwX5935WI0WnDxThj9wPn8AgHqUqw==</latexit>

Thermal entropy

<latexit sha1_base64="M55Vg2IIktXXu55E2QEkBhgqkVE=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXZTRO0CEbERIuQFyRJmZ2eTMbMzy8ysEEJ6G3/FxkIRW3/Azr9xstlCEw9cOJxzL/fe48eMKu0431ZubX1jcyu/XdjZ3ds/sA+P2kokEpMWFkzIro8UYZSTlqaakW4sCYp8Rjr+uD73Ow9EKip4U09i4kVoyGlIMdJGGtjFvh/CWxEkDEmIBb9PhqmjIOWwcgXr182BXXLKTgq4StyMlECGxsD+6gcCJxHhGjOkVM91Yu1NkdQUMzIr9BNFYoTHaEh6hnIUEeVN019m8NQoAQyFNMU1TNXfE1MUKTWJfNMZIT1Sy95c/M/rJTq88KaUx4kmHC8WhQmDWsB5MDCgkmDNJoYgLKm5FeIRkghrE1/BhOAuv7xK2pWyWy1X7yql2mUWRx6cgCI4Ay44BzVwAxqgBTB4BM/gFbxZT9aL9W59LFpzVjZzDP7A+vwBL8WZ1Q==</latexit>

Modular conjugations in 2D CFT



EH in field theories: Bisognano-Wichmann & CFT 

[Hislop, Longo, (1982)]
<latexit sha1_base64="QqasEQDXRpsWc5sCXiNGrNTqzeQ=">AAACAHicdVDLSgMxFM34rPU16sKFm2ARKpQ6M4Xa7gpuunBRwT5gOpRMmrahmWRIMkIZuvFX3LhQxK2f4c6/MX0IKnrgwuGce7n3njBmVGnH+bBWVtfWNzYzW9ntnd29ffvgsKVEIjFpYsGE7IRIEUY5aWqqGenEkqAoZKQdjq9mfvuOSEUFv9WTmAQRGnI6oBhpI/XsY79OFRNxAV4LPhQFmHerFe886Nk5p+iUKqWyCw2Zw5CqMd0ydJdKDizR6Nnv3b7ASUS4xgwp5btOrIMUSU0xI9NsN1EkRniMhsQ3lKOIqCCdPzCFZ0bpw4GQpriGc/X7RIoipSZRaDojpEfqtzcT//L8RA8qQUp5nGjC8WLRIGFQCzhLA/apJFiziSEIS2puhXiEJMLaZJY1IXx9Cv8nLa/olorejZerXSzjyIATcArywAWXoAbqoAGaAIMpeABP4Nm6tx6tF+t10bpiLWeOwA9Yb5/nmJSb</latexit>

[Casini, Huerta, Myers, (2011)]
<latexit sha1_base64="7zQp5/pZl+O5SfdjI0jsjeUaDsQ=">AAACCHicdVBPSwJBHJ21f2b/tjp2aEgCA7HdFUxvghcvgUGasC4yO446ODu7zMwGi3js0lfp0qGIrn2Ebn2bRt2goh4MPN57P37ze37EqFSW9WFkVlbX1jeym7mt7Z3dPXP/oCPDWGDSxiELRddHkjDKSVtRxUg3EgQFPiM3/qQx929uiZA05NcqiYgXoBGnQ4qR0lLfPHYbSFJOi7AZE6FQEV4mOl6EBcey7TOvb+atklWulis21GQBTWq1qmNXoJ0qeZCi1Tffe4MQxwHhCjMkpWtbkfKmSCiKGZnlerEkEcITNCKuphwFRHrTxSEzeKqVARyGQj+u4EL9PjFFgZRJ4OtkgNRY/vbm4l+eG6th1ZtSHsWKcLxcNIwZVCGctwIHVBCsWKIJwoLqv0I8RgJhpcvI6RK+LoX/k45Tsssl58rJ18/TOrLgCJyAArDBBaiDJmiBNsDgDjyAJ/Bs3BuPxovxuoxmjHTmEPyA8fYJUG+XiQ==</latexit>

CFTd and A is a ball of radius R
<latexit sha1_base64="OSthe+QzHyrGRXIhdpkeH2mcjZw=">AAACEHicbVDLSgNBEJyNrxhfqx69DGZFT2E3gnqMBMRjlLwgCaF3djYZMju7zMwKIeQTvPgrXjwo4tWjN//GyeOgiQUNRVU33V1+wpnSrvttZVZW19Y3spu5re2d3T17/6Cu4lQSWiMxj2XTB0U5E7Smmea0mUgKkc9pwx+UJ37jgUrFYlHVw4R2IugJFjIC2khd+7R8U3W6gYNBBNi5djBTGLAPnOM4xBIClirs3DtdO+8W3CnwMvHmJI/mqHTtr3YQkzSiQhMOSrU8N9GdEUjNCKfjXDtVNAEygB5tGSogoqozmj40xidGCXAYS1NC46n6e2IEkVLDyDedEei+WvQm4n9eK9XhVWfERJJqKshsUZhyrGM8SQcHTFKi+dAQIJKZWzHpgwSiTYY5E4K3+PIyqRcL3nmheFfMly7mcWTRETpGZ8hDl6iEblEF1RBBj+gZvaI368l6sd6tj1lrxprPHKI/sD5/AFUcmZo=</latexit>

The Rindler wedge can be conformally mapped
<latexit sha1_base64="D7bAivJ149KBTdvWc460sWhI1KM=">AAACFXicbVDLSgMxFM34rPVVdekmWAQXUmYqqMuCG5dV+oK2lDuZ2zaYZIYko5TSn3Djr7hxoYhbwZ1/Y/pYaOuBkMM593LvPWEiuLG+/+0tLa+srq1nNrKbW9s7u7m9/ZqJU82wymIR60YIBgVXWLXcCmwkGkGGAuvh3dXYr9+jNjxWFTtIsC2hp3iXM7BO6uROK32kt1xFAjV9wKiHlIGiofti1Y21BCEGVEKSYEQ7ubxf8CegiySYkTyZodzJfbWimKUSlWUCjGkGfmLbQ9CWM4GjbCs1mAC7gx42HVUg0bSHk6tG9NgpEXU7uKcsnai/O4YgjRnI0FVKsH0z743F/7xmaruX7SFXSWpRsemgbiqojek4Ihpxjcy6syMOTHO3K2V90MCsCzLrQgjmT14ktWIhOCsUb4r50vksjgw5JEfkhATkgpTINSmTKmHkkTyTV/LmPXkv3rv3MS1d8mY9B+QPvM8fY4yeTA==</latexit>

into the causal diamond of A
<latexit sha1_base64="ATk0yk7cyH8Iq1Et4ho31UAye1A=">AAACB3icbVDLSgMxFM3UV62vUZeCBFvBVZmpoC4rblxWsA9oh5LJZNrQPIYkI5ShOzf+ihsXirj1F9z5N6btLLT1QOBwzr3cnBMmjGrjed9OYWV1bX2juFna2t7Z3XP3D1papgqTJpZMqk6INGFUkKahhpFOogjiISPtcHQz9dsPRGkqxb0ZJyTgaCBoTDEyVuq7x1QYCc2QQIxSjRiMKOJSRFDGsHJd6btlr+rNAJeJn5MyyNHou1+9SOKUE2EwQ1p3fS8xQYaUoZiRSamXapIgPEID0rVUIE50kM1yTOCpVSIYS2WfMHCm/t7IENd6zEM7yZEZ6kVvKv7ndVMTXwUZFUlqiMDzQ3HK4DS6LcWGVgQbNp6mx4rav0I8RAphY6sr2RL8xcjLpFWr+ufV2l2tXL/I6yiCI3ACzoAPLkEd3IIGaAIMHsEzeAVvzpPz4rw7H/PRgpPvHII/cD5/ABhVmBs=</latexit>

t

bKA = 2⇡

Z

A

R2 � r2

2R
T00 d

d�1x
<latexit sha1_base64="oLNl/CsuYnxl72zzd/afboK6QfQ="></latexit>

<latexit sha1_base64="JE3kF6U9+pLyeq5UCunukplQ910=">AAAB6nicbVBNS8NAEJ3UrxqtVj16WSwFTyXpQXusCCJ4qWg/oA1ls920SzebsLsRSuhP8OJBEa/iD/EnePPfuGl70NYHA4/3ZpiZ58ecKe0431ZubX1jcyu/be/sFvb2iweHLRUlktAmiXgkOz5WlDNBm5ppTjuxpDj0OW3748vMbz9QqVgk7vUkpl6Ih4IFjGBtpLub/kW/WHIqzgxolbgLUqoXPpPylf3R6Be/eoOIJCEVmnCsVNd1Yu2lWGpGOJ3avUTRGJMxHtKuoQKHVHnp7NQpKhtlgIJImhIazdTfEykOlZqEvukMsR6pZS8T//O6iQ5qXspEnGgqyHxRkHCkI5T9jQZMUqL5xBBMJDO3IjLCEhNt0rFNCO7yy6ukVa24Z5XqrUmjBnPk4RhO4BRcOIc6XEMDmkBgCI/wDC8Wt56sV+tt3pqzFjNH8AfW+w9kE5Ab</latexit>

KA

t

x1

QFT in its ground state, A is the (right) half-space x1 > 0 in R1,d�1
<latexit sha1_base64="yuTqsUYAlFin1T4vAOY14MhhXts="></latexit>

bKA is the generator of the Lorentz boosts
<latexit sha1_base64="oMTEWom5boPhc2EVo7yxf4OuYj4=">AAACH3icbVC7TgJBFJ3FF+ILtbSZiCZWZBcTtdTYmGiBiSgJEDI73IUJszObmbsa3PAnNv6KjYXGGDv/xgEpFD3VyTn3ecJECou+/+nlZmbn5hfyi4Wl5ZXVteL6xrXVqeFQ41pqUw+ZBSkU1FCghHpigMWhhJuwfzryb27BWKHVFQ4SaMWsq0QkOEMntYsHO8070YEew+x82D7ZocJS7AHtggLDUBuqo7FwoQ0ovKeh1hZtu1jyy/4Y9C8JJqREJqi2ix/NjuZp7GZwyaxtBH6CrYwZFFzCsNBMLSSM91kXGo4qFoNtZeP/hnTXKR0auWMirZCO1Z8dGYutHcShq4wZ9uy0NxL/8xopRketTKgkRVD8e1GUSoqajsKiHWGAoxw4wrgR7lbKe8wwji7SggshmH75L7mulIP9cuWyUjo+mMSRJ1tkm+yRgBySY3JGqqRGOHkgT+SFvHqP3rP35r1/l+a8Sc8m+QXv8wtgy6KM</latexit>

in the (right) Rindler wedge
<latexit sha1_base64="j4B3zGXefEm3UDRyRt7+26tqWDo=">AAACBXicbVA9SwNBEN3zM8avqKUWi0GITbiLoJYBG8so5gOSEPb2Jrkle3vH7pwSQhob/4qNhSK2/gc7/42bj0ITHww83pthZp6fSGHQdb+dpeWV1bX1zEZ2c2t7Zze3t18zcao5VHksY93wmQEpFFRRoIRGooFFvoS6378a+/V70EbE6g4HCbQj1lOiKzhDK3VyR0JRDIEWtOiFeEpvhQokaPoAQQ86ubxbdCegi8SbkTyZodLJfbWCmKcRKOSSGdP03ATbQ6ZRcAmjbCs1kDDeZz1oWqpYBKY9nHwxoidWCWg31rYU0on6e2LIImMGkW87I4ahmffG4n9eM8XuZXsoVJIiKD5d1E0lxZiOI6GB0MBRDixhXAt7K+Uh04yjDS5rQ/DmX14ktVLROyuWbkr58vksjgw5JMekQDxyQcrkmlRIlXDySJ7JK3lznpwX5935mLYuObOZA/IHzucPDGeXnA==</latexit>

[Bisognano, Wichmann, (1975)]
<latexit sha1_base64="MP/bBMTVgyAG0e8YUplkyMHCoxI=">AAACBnicdVDLSgMxFM34rPVVdSlCsAgVSp2ZYh+7ohuXFewDpkPJpGkbmkmGJCOUoSs3/oobF4q49Rvc+TemD0FFD1w4nHMv994TRIwqbdsf1tLyyuraemojvbm1vbOb2dtvKhFLTBpYMCHbAVKEUU4ammpG2pEkKAwYaQWjy6nfuiVSUcFv9DgifogGnPYpRtpI3cyRd0GVGHDERR62KB6GiPM8zDnV8vmp381k7YJdrBRLDjRkBkOq1YrrlKCzULJggXo3897pCRyHhGvMkFKeY0faT5DUFDMySXdiRSKER2hAPEM5Conyk9kbE3hilB7sC2mKazhTv08kKFRqHAamM0R6qH57U/Evz4t1v+InlEexJhzPF/VjBrWA00xgj0qCNRsbgrCk5laIh0girE1yaRPC16fwf9J0C06x4F672drZIo4UOATHIAccUAY1cAXqoAEwuAMP4Ak8W/fWo/Vivc5bl6zFzAH4AevtE6lxl0A=</latexit>

bKA =

Z

A
x1 T00 d

d�1x
<latexit sha1_base64="Xik241jhneyP8s1L18Z+TYJ1DfE="></latexit>

<latexit sha1_base64="JE3kF6U9+pLyeq5UCunukplQ910=">AAAB6nicbVBNS8NAEJ3UrxqtVj16WSwFTyXpQXusCCJ4qWg/oA1ls920SzebsLsRSuhP8OJBEa/iD/EnePPfuGl70NYHA4/3ZpiZ58ecKe0431ZubX1jcyu/be/sFvb2iweHLRUlktAmiXgkOz5WlDNBm5ppTjuxpDj0OW3748vMbz9QqVgk7vUkpl6Ih4IFjGBtpLub/kW/WHIqzgxolbgLUqoXPpPylf3R6Be/eoOIJCEVmnCsVNd1Yu2lWGpGOJ3avUTRGJMxHtKuoQKHVHnp7NQpKhtlgIJImhIazdTfEykOlZqEvukMsR6pZS8T//O6iQ5qXspEnGgqyHxRkHCkI5T9jQZMUqL5xBBMJDO3IjLCEhNt0rFNCO7yy6ukVa24Z5XqrUmjBnPk4RhO4BRcOIc6XEMDmkBgCI/wDC8Wt56sV+tt3pqzFjNH8AfW+w9kE5Ab</latexit>

KA

<latexit sha1_base64="JE3kF6U9+pLyeq5UCunukplQ910=">AAAB6nicbVBNS8NAEJ3UrxqtVj16WSwFTyXpQXusCCJ4qWg/oA1ls920SzebsLsRSuhP8OJBEa/iD/EnePPfuGl70NYHA4/3ZpiZ58ecKe0431ZubX1jcyu/be/sFvb2iweHLRUlktAmiXgkOz5WlDNBm5ppTjuxpDj0OW3748vMbz9QqVgk7vUkpl6Ih4IFjGBtpLub/kW/WHIqzgxolbgLUqoXPpPylf3R6Be/eoOIJCEVmnCsVNd1Yu2lWGpGOJ3avUTRGJMxHtKuoQKHVHnp7NQpKhtlgIJImhIazdTfEykOlZqEvukMsR6pZS8T//O6iQ5qXspEnGgqyHxRkHCkI5T9jQZMUqL5xBBMJDO3IjLCEhNt0rFNCO7yy6ukVa24Z5XqrUmjBnPk4RhO4BRcOIc6XEMDmkBgCI/wDC8Wt56sV+tt3pqzFjNH8AfW+w9kE5Ab</latexit>

KA

<latexit sha1_base64="nYtKwzIuCFGYF6gAwy1ccwrTbhs=">AAACFXicbVC7SgNBFJ31GeMramkzmAgWEnZTRMuAjVhFMA9IQrg7uUmGzMwuM7OBEPITNv6KjYUitoKdf+PkUWjigYHDOedy554wFtxY3//21tY3Nre2Uzvp3b39g8PM0XHVRIlmWGGRiHQ9BIOCK6xYbgXWY40gQ4G1cHAz9WtD1IZH6sGOYmxJ6Cne5Qysk9qZy1zT8J6EdtNCkqOgOjR3l6PpPgyR9jCSaDVnFNg8nvXz/gx0lQQLkiULlNuZr2YnYolEZZkAYxqBH9vWGLTlTOAk3UwMxsAG0MOGowokmtZ4dtWEnjulQ7uRdk9ZOlN/T4xBGjOSoUtKsH2z7E3F/7xGYrvXrTFXcWJRsfmibiKojei0ItrhGpkVI0eAae7+SlkftOvAFZl2JQTLJ6+SaiEfFPPF+0K2VFzUkSKn5IxckIBckRK5JWVSIYw8kmfySt68J+/Fe/c+5tE1bzFzQv7A+/wB6fydag==</latexit>

�⌧ and J have geometric action
<latexit sha1_base64="eqJVXOz11lonWeaVI0pjtu6ekAU=">AAACB3icbVDLSgMxFL3js9bXqEtBgkWomzLTRXVZcOPCRQX7gLaUTJppQzPJkGSEWrpz46+4caGIW3/BnX9jpp2Fth4IHM65N8k5QcyZNp737aysrq1vbOa28ts7u3v77sFhQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTMYXaV+854qzaS4M+OYdiM8ECxkBBsr9dyT4o1UVJgHFEipDcKijxQNOSWpf95zC17JmwEtEz8jBchQ67lfnb4kSWSvJBxr3fa92HQnWBlGOJ3mO4mmMSYjPKBtSwWOqO5OZjmm6MwqfRRKZY8waKb+3pjgSOtxFNjJCJuhXvRS8T+vnZjwsjthIk4MFWT+UJhwZCRKS0F9pmxgPrYEE8XsXxEZYoWJsdXlbQn+YuRl0iiX/EqpclsuVCtZHTk4hlMogg8XUIVrqEEdCDzCM7zCm/PkvDjvzsd8dMXJdo7gD5zPH14YmPg=</latexit>

(Lorentz boost and reflection)



Modular Hamiltonians in 1+1 conformal field theories

bKA = 2⇡

Z `

0

x(`� x)

`
T00 dx

<latexit sha1_base64="oEkBSjwoxa+AAOjPCo5Vdp0qPUc="></latexit>

<latexit sha1_base64="JE3kF6U9+pLyeq5UCunukplQ910=">AAAB6nicbVBNS8NAEJ3UrxqtVj16WSwFTyXpQXusCCJ4qWg/oA1ls920SzebsLsRSuhP8OJBEa/iD/EnePPfuGl70NYHA4/3ZpiZ58ecKe0431ZubX1jcyu/be/sFvb2iweHLRUlktAmiXgkOz5WlDNBm5ppTjuxpDj0OW3748vMbz9QqVgk7vUkpl6Ih4IFjGBtpLub/kW/WHIqzgxolbgLUqoXPpPylf3R6Be/eoOIJCEVmnCsVNd1Yu2lWGpGOJ3avUTRGJMxHtKuoQKHVHnp7NQpKhtlgIJImhIazdTfEykOlZqEvukMsR6pZS8T//O6iQ5qXspEnGgqyHxRkHCkI5T9jQZMUqL5xBBMJDO3IjLCEhNt0rFNCO7yy6ukVa24Z5XqrUmjBnPk4RhO4BRcOIc6XEMDmkBgCI/wDC8Wt56sV+tt3pqzFjNH8AfW+w9kE5Ab</latexit>

KA

<latexit sha1_base64="hgPbsFmiL6tIDyarZaTdQy1fUOM=">AAACInicbZDLSgMxFIYz9V5vVZdugq2gIGWmCy8LoVIQlwq2FdpSMulpG8wkQ3JGKMVnceOruHGhqCvBhzHTdqHVHwIf/zknyfnDWAqLvv/pZWZm5+YXFpeyyyura+u5jc2a1YnhUOVaanMTMgtSKKiiQAk3sQEWhRLq4W0lrdfvwFih1TUOYmhFrKdEV3CGzmrnTirn14V2qUC1otgHmt5DxZh7RieqQy0yhCxzVDg73fMPmiDlfiHbzuX9oj8S/QvBBPJkost27r3Z0TyJQCGXzNpG4MfYGjKDgku4zzYTCzHjt6wHDYeKRWBbw9GK93TXOR3a1cYdhXTk/pwYssjaQRS6zohh307XUvO/WiPB7nFrKFScICg+fqibSIqapnnRjjDAUQ4cMG6E+yvlfWYYR5dqGkIwvfJfqJWKwWGxdFXKlw8ncSySbbJD9khAjkiZXJBLUiWcPJAn8kJevUfv2XvzPsatGW8ys0V+yfv6BmznoHU=</latexit>

CFT2 on the line in the ground state and A = (0, `)

<latexit sha1_base64="eObQXJMJGWaKAzG3H95dFSuiShQ=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1iECiUmoc9doQguK7S2kIYymU7boZMHMxMhhIK/4saFIm79Dnf+jdOHoKIHLhzOuZd77/EiRoU0zQ8ts7a+sbmV3c7t7O7tH+iHR7cijDkmHRyykPc8JAijAelIKhnpRZwg32Ok602bc797R7igYdCWSURcH40DOqIYSSUN9BOnifgwKcIro20UYcE2rcqFO9DzpmGWapZlQkXKpUrZUqRer9l2FVqGuUAerNAa6O/9YYhjnwQSMySEY5mRdFPEJcWMzHL9WJAI4SkaE0fRAPlEuOni/Bk8V8oQjkKuKpBwoX6fSJEvROJ7qtNHciJ+e3PxL8+J5ajmpjSIYkkCvFw0ihmUIZxnAYeUEyxZogjCnKpbIZ4gjrBUieVUCF+fwv/JrW1YFcO+sfONy1UcWXAKzkABWKAKGuAatEAHYJCCB/AEnrV77VF70V6XrRltNXMMfkB7+wQ8hZMJ</latexit>

[Cardy, E.T., (2016)]

<latexit sha1_base64="AE/VB9/f571EQN78oorenn9XlwE="></latexit>

[Wong, Klich, Pando-Zayas, Vaman, (2013)]

<latexit sha1_base64="c13mWYbedFEEMKkqx6ajQQhSBxY="></latexit>

Various static configurations where KA is local and has the form

<latexit sha1_base64="nmJaTbVUv0/QwKaS2jGdmA50hyU="></latexit>

with the proper weight function �loc(x), which can be understood
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Figure 4: Euclidean space-times characterising the case of a single interval A = (�R, R)
on the infinite line, as discussed in Sec. 3.1. In the left panel, the black dots denote the
endpoints of the interval A. In the right panel the segments with Im(w) = 0 and Im(w) = 2⇡
are identified.

In the coordinates w, the width of the annulus is W = f(R � ✏) � f(�R + ✏) =

2 log(`/✏) + O(✏), where ` = 2R is the length of A. Thus, from (26), we find that in this

case the Rényi entropies have the form

S(n)
A =

c

6

✓
1 +

1

n

◆
log(`/✏) + ga + gb + corrections . (30)

The leading term is well-known, but the O(1) terms less so. Note that they cannot, for

all n, simply be absorbed into a redefinition of the regulator ✏. The boundary entropies

are therefore in principle measurable by comparing di↵erent values of n. If we use the

same prescription to regularize around the two entangling points, then ga = gb.

The entanglement hamiltonian follows from Eq. (6), giving the well-known form (4),

specialized to 1+1 dimensions.

3.2. Finite interval in an infinite system at finite temperature

The finite temperature case was considered in Refs. [8, 9]. If A is the interval (�R,+R)

of length ` = 2R in the infinite line, this time on a cylinder of circumference � in the

imaginary time Im(z) direction, the conformal mapping z ! e2⇡z/� sends this problem

into the one considered in Sec. 3.1. The entangling points z = �R and z = R are mapped

into e�2⇡R/� and e2⇡R/� respectively, and so the mapping to the annulus is

f(z) = log

✓
e2⇡z/� � e�2⇡R/�

e2⇡R/� � e2⇡z/�

◆
. (31)

From (6), the entanglement hamiltonian is now

KA =
�

⇡

Z

A

sinh[⇡(R � x)/�] sinh[⇡(x+R)/�]

sinh(2⇡R/�)
T00(x) dx . (32)
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B A

A

B

Figure 1: Euclidean space-time region for the path integral for reduced density matrix
⇢A of the projected state P

✏
@A| i. As usual the rows and columns of the density matrix

are labelled by the values of the fields on the upper and lower edges of the slit along A

(shown in red.) The projection induces a boundary condition on the parts of the slit within
✏ of the boundary points between A and B, shown in black. When the moments Tr ⇢nA are
computed, n copies of this picture are sewn together cyclically along the red edges, but this
leaves small black-edged holes around the boundary points. When A is a single interval in
an infinite system, the resulting manifold is topologically an annulus.

boundaries in the euclidean space-time path integral at each entanglement point between

A and B, in addition to any other external boundaries which are part of the definition of

the state of the full system. The projection onto a common eigenstate of a locally complete

set of commuting observables implies a particular choice of boundary conditions on each of

these new boundaries. For a CFT, it is natural to choose conformal boundary conditions,

corresponding to scale and reparametrization invariance of the boundary state. Although

these are special points in the space of all possible boundary conditions, it is believed that

they represent stable fixed points of the flows of the boundary renormalization group.

Thus any reasonable boundary condition should flow to one of them as long as the scale

✏ is larger that the UV cut-o↵ scale. Nevertheless, universal features of the results should

still be valid if this limit is not necessarily respected, that is, if we take ✏ to be of the

order of the lattice spacing in a lattice theory. Other lattice features should then arise as

corrections to IR scaling (although these may be of an ‘unusual’ form [14].)

One of the universal features of conformal boundary conditions is the appearance of

the A✏eck-Ludwig boundary entropy [15] in the entanglement spectrum [16]. Here we

see that this should appear not only from external boundaries but also from the chosen

boundary condition in the UV regulator imposed around the entanglement points. They

also imply that the spectrum of the entanglement hamiltonian is given in terms of the

scaling dimensions of the boundary CFT consistent with the chosen boundary conditions.

These observations have already been made by Läuchli [17] and Ohmori and Tachikawa

[18] and have been verified for simple lattice models.

We are now in position to state a su�cient condition under which KA may be written

Reduced density matrix
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Figure 8: Euclidean space-times characterising the case of the semi-infinite line after a
local quench whose initial endpoint coincides with the defect, as discussed in Sec. 4.2. The
conformal transformation (57) maps the space-time in the left panel onto the annulus in
the right panel. The grey line in the left panel is C = {i⌧ + x, x > 0} is mapped onto the
grey line in the right panel, whose endpoints give the width of the annulus W = Re(W),
which provides the Rényi entropies (66).

Similarly to the global quench case, the integration domains of the two integrals in (59)

are the same but the functions multiplying T and T in the integrands are di↵erent.

Making the analytic continuation ⌧ ! it, the entanglement hamiltonian (59) becomes

KA =

Z
1

0

x
p
(x � t)2 + �2

p
�2 + t2

T (x � t) dx+

Z
1

0

x
p
(x+ t)2 + �2

p
�2 + t2

T (x+ t) dx . (60)

As in the global case, T (x � t) and T (x + t) here should be thought of as T (x, t) and

T (x, t) respectively. Alternatively we may shift the x-integration variables to find

KA =

Z
1

�t

(x+ t)
p
x2 + �2

p
�2 + t2

T (x) dx+

Z
1

t

(x � t)
p
x2 + �2

p
�2 + t2

T (x) dx , (61)

where now the components of the stress tensor should be thought of as taken at t = 0.

The main features of the result (60) or, equivalently (61), have been already

anticipated in Sec. 1. It is worth analysing some special regimes of these formulas.

When t = 0 the entanglement hamiltonian reads

KA

��
t=0

=

Z
1

0

x
p
(x/�)2 + 1 T00(x) dx . (62)

This agrees with the result (3) for the half-space for x ⌧ �, but otherwise shows that the

entanglement between the right and the left halves is short-ranged. For large t the leading

term of (61) is given by Eq. (15), which is also the expression obtained when � = 0.

[Cardy, E.T., (2016)]
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Figure 4: Euclidean space-times characterising the case of a single interval A = (�R, R)
on the infinite line, as discussed in Sec. 3.1. In the left panel, the black dots denote the
endpoints of the interval A. In the right panel the segments with Im(w) = 0 and Im(w) = 2⇡
are identified.

In the coordinates w, the width of the annulus is W = f(R � ✏) � f(�R + ✏) =

2 log(`/✏) + O(✏), where ` = 2R is the length of A. Thus, from (26), we find that in this

case the Rényi entropies have the form

S(n)
A =

c

6

✓
1 +

1

n

◆
log(`/✏) + ga + gb + corrections . (30)

The leading term is well-known, but the O(1) terms less so. Note that they cannot, for

all n, simply be absorbed into a redefinition of the regulator ✏. The boundary entropies

are therefore in principle measurable by comparing di↵erent values of n. If we use the

same prescription to regularize around the two entangling points, then ga = gb.

The entanglement hamiltonian follows from Eq. (6), giving the well-known form (4),

specialized to 1+1 dimensions.

3.2. Finite interval in an infinite system at finite temperature

The finite temperature case was considered in Refs. [8, 9]. If A is the interval (�R,+R)

of length ` = 2R in the infinite line, this time on a cylinder of circumference � in the

imaginary time Im(z) direction, the conformal mapping z ! e2⇡z/� sends this problem

into the one considered in Sec. 3.1. The entangling points z = �R and z = R are mapped

into e�2⇡R/� and e2⇡R/� respectively, and so the mapping to the annulus is

f(z) = log

✓
e2⇡z/� � e�2⇡R/�

e2⇡R/� � e2⇡z/�

◆
. (31)

From (6), the entanglement hamiltonian is now

KA =
�

⇡

Z

A

sinh[⇡(R � x)/�] sinh[⇡(x+R)/�]

sinh(2⇡R/�)
T00(x) dx . (32)

Ground state and single interval A = (�R,+R) on the infinite line

w = f(z) = log ⇣ = log

✓
z +R

R� z

◆

S(n)
A =

c

6

✓
1 +

1

n

◆
log(`/✏) + ga + gb + corrections

KA =

Z

A

R2 � x2

2R
T00(x)dx

[Läuchli, (2013)] [Ohmori, Tachikawa, (2015)] [Cardy, E.T., (2016)][Wong, Klich, Pando-Zayas, Vaman, (2013)]



Entanglement hamiltonian in the thermal state
[Wong, Klich, Pando-Zayas, Vaman, (2013)] [Cardy, E.T., (2016)]

Finite interval (�R,R)
in an infinite system
at finite temperature
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sinh(2⇡R/�)
T00(x) dx
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<latexit sha1_base64="JBMugOBDh+XJcNz7e+u+tIuEsZQ=">AAACA3icdVDLSgNBEJz1bXxFvellMAgRJMwuEpObkItHBRMDcQm9k44ZMvtgZlZYguDFX/HiQRGv/oQ3/8bZJIKKFjQUVd10dwWJFNow9uHMzM7NLywuLRdWVtfWN4qbWy0dp4pjk8cyVu0ANEoRYdMII7GdKIQwkHgZDBu5f3mDSos4ujBZgn4I15HoCw7GSt3iTqcBEgKFGg9pA1QvO6Rlj7GjA79bLLEKs6hWaU7cGnMtqddrnlen7thirESmOOsW3696MU9DjAyXoHXHZYnxR6CM4BJvC1epxgT4EK6xY2kEIWp/NP7hlu5bpUf7sbIVGTpWv0+MINQ6CwPbGYIZ6N9eLv7ldVLTr/kjESWpwYhPFvVTSU1M80BoTyjkRmaWAFfC3kr5ABRwY2Mr2BC+PqX/k5ZXcauV6rlXOmHTOJbILtkjZeKSY3JCTskZaRJO7sgDeSLPzr3z6Lw4r5PWGWc6s01+wHn7BPLXlb8=</latexit>

[Calabrese, Cardy, (2004)]

<latexit sha1_base64="L92OmCubQuniPBPZ005LSm+OW3k=">AAACD3icbVC7SgNBFJ2Nrxhfq5YiDAbFQsKugWgZsbGMaB6QDWF2cjcZMvtwZlaIS34g2Ih/YmOhiK2tnd9i4+RRaOKBC4dz7uXee9yIM6ks68tIzc0vLC6llzMrq2vrG+bmVkWGsaBQpiEPRc0lEjgLoKyY4lCLBBDf5VB1u+dDv3oLQrIwuFa9CBo+aQfMY5QoLTXNg6vmGXYk8+EGO54gNHEihmk/yTsuKNJ3jrADnDfNrJWzRsCzxJ6QbDF/N9j9fhyUmuan0wpp7EOgKCdS1m0rUo2ECMUoh37GiSVEhHZJG+qaBsQH2UhG//TxvlZa2AuFrkDhkfp7IiG+lD3f1Z0+UR057Q3F/7x6rLzTRsKCKFYQ0PEiL+ZYhXgYDm4xAVTxniaECqZvxbRDdCpKR5jRIdjTL8+SynHOLuQKlzqNAhojjXbQHjpENjpBRXSBSqiMKLpHT+gFvRoPxrPxZryPW1PGZGYb/YHx8QO9Sp+I</latexit>

SA ' ⇡c

3�
`

<latexit sha1_base64="Jndj/QtCbkTBfaMekmFJdHDiIpk=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AruCozRarLQkFdVugL2mHIpJk2NJMMSUYoQ934K25cKOLWv3Dn35i2s9DWAxcO59yb3HuCmFGlHefbyq2tb2xu5bcLO7t7+wf24VFbiURi0sKCCdkNkCKMctLSVDPSjSVBUcBIJxjXZ37ngUhFBW/qSUy8CA05DSlG2ki+fXJLg0BBwrUU8QRSDus3zZJfKfl20Sk7c8BV4makCDI0fPurPxA4icxTmCGleq4Tay9FUlPMyLTQTxSJER6jIekZylFElJfOL5jCc6MMYCikKa7hXP09kaJIqUkUmM4I6ZFa9mbif14v0eG1l1IeJ5pwvPgoTBjUAs7igAMqCdZsYgjCkppdIR4hibA2oRVMCO7yyaukXSm71XL1vlKsXWZx5MEpOAMXwAVXoAbuQAO0AAaP4Bm8gjfryXqx3q2PRWvOymaOwR9Ynz9VzZV7</latexit>

Gibbs entropy in CFT2
<latexit sha1_base64="SfkhRHcQlw80zDf844Pwe2he+w8=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgeAq7QaLHgBePEcwDkhBmJ73JkNmZZaZXCDEHf8WLB0W8+hve/Bsnj4MmFjQUVd10d4WJFBZ9/9vLrK1vbG5lt3M7u3v7B/nDo7rVqeFQ41pq0wyZBSkU1FCghGZigMWhhEY4vJn6jQcwVmh1j6MEOjHrKxEJztBJ3fyJjihTVFgtGUKP2pFFiGk3X/CL/gx0lQQLUiALVLv5r3ZP8zQGhVwya1uBn2BnzAwKLmGSa6cWEsaHrA8tRxWLwXbGs/sn9NwpPRpp40ohnam/J8YstnYUh64zZjiwy95U/M9rpRhdd8ZCJSmC4vNFUSopajoNg/aEAY5y5AjjRrhbKR8wwzi6yHIuhGD55VVSLxWDcrF8VypULhdxZMkpOSMXJCBXpEJuSZXUCCeP5Jm8kjfvyXvx3r2PeWvGW8wckz/wPn8AUsiVoA==</latexit>

of an isolated system
<latexit sha1_base64="qJ49l/uSlX3+gJI4Ol8na7MSI1c="></latexit>

[Blöte, Cardy, Nightingale, (1986)]
<latexit sha1_base64="RgOWrl+75cRhP4dxDNKB/2kXmB4=">AAAB+3icdVDLSsNAFJ3UV62vWJduBotQQcoki5jsKm5cVrAPaEOZTCft0MmDmYlYQn/FjQtF3Poj7vwbJ20FFT1w4XDOvdx7T5ByJhVCH0ZpbX1jc6u8XdnZ3ds/MA+rHZlkgtA2SXgiegGWlLOYthVTnPZSQXEUcNoNpleF372jQrIkvlWzlPoRHscsZAQrLQ3Nav8yDDkl03NYtzzXOfMrQ7OGGkjDcWBBLBdZmniea9setBYWQjWwQmtovg9GCckiGivCsZR9C6XKz7FQjHA6rwwySVNMpnhM+5rGOKLSzxe3z+GpVkYwTISuWMGF+n0ix5GUsyjQnRFWE/nbK8S/vH6mQtfPWZxmisZkuSjMOFQJLIKAIyYoUXymCSaC6VshmWCBidJxFSF8fQr/Jx27YTkN58auNdEqjjI4BiegDixwAZrgGrRAGxBwDx7AE3g25saj8WK8LltLxmrmCPyA8fYJCoWSdg==</latexit>

[A✏eck, (1986)]



Contours for the entanglement entropies 

s(n)A (x) =
c

12

✓
1 +

1

n

◆
f 0(x) +

C

`
=)

[Bhattacharya, Hubeny, Rangamani, Takayanagi, (2017)]

Density of entanglement entropy constructed trough a di↵erential operator
acting on SA.

The contour function for S(n)
A is a map s(n)A : A ! R such that

S(n)
A =

X

i2A

s(n)A (i) s(n)A (i) > 0

This s(n)A (i) is just a density for S(n)
A . Further constraints should be imposed.

The entanglement contour should provide information about
the spatial structure of entanglement. [Chen, Vidal, (2014)]

<latexit sha1_base64="3W0lNYy2mR22MYiY/r8BL5/DHa8=">AAACAXicdVBNSwMxEM36bf2qehG8BItQoZTsIrW9iV48VrFaaJeSTacamk2WJCvUUi/+FS8eFPHqv/DmvzH9EFT0wcDjvRlm5kWJ4MYS8uFNTc/Mzs0vLGaWlldW17LrGxdGpZpBjSmhdD2iBgSXULPcCqgnGmgcCbiMusdD//IGtOFKntteAmFMryTvcEatk1rZrcaRsqBVAZ/BreTdAs4HhOzvha1sjhSJQ6mEh8QvE9+RSqUcBBXsjyxCcmiCaiv73mwrlsYgLRPUmIZPEhv2qbacCRhkmqmBhLIuvYKGo5LGYML+6IMB3nVKG3eUdiUtHqnfJ/o0NqYXR64zpvba/PaG4l9eI7WdctjnMkktSDZe1EkFtgoP48BtroFZ0XOEMs3drZhdU02ZC8VkXAhfn+L/yUVQ9EvF0mmQOySTOBbQNtpBeeSjA3SITlAV1RBDd+gBPaFn79579F6813HrlDeZ2UQ/4L19ArNalRQ=</latexit>

[Botero, Reznik, (2004)]

<latexit sha1_base64="e7O11i+u666L0ESaQAmAugcAU90=">AAACDHicbVA7SwNBGPzOZ4yvqKXNoogRJNwpRBshwcYygnlALhx7m724uLd37O5JwhGwtfFn2NpYKGprYSV2+mvcJBa+BpYdZuZj9xs/5kxp2363xsYnJqemMzPZ2bn5hcXc0nJNRYkktEoiHsmGjxXlTNCqZprTRiwpDn1O6/7Z4cCvn1OpWCROdC+mrRB3BAsYwdpIXm4d1b0yOkAuE9pLy55LY8V4JPoo2Mx3t5C73e6alF2wh0B/ifNF1ku7r93rj5fHipd7c9sRSUIqNOFYqaZjx7qVYqkZ4bSfdRNFY0zOcIc2DRU4pKqVDpfpow2jtFEQSXOERkP1+0SKQ6V6oW+SIdan6rc3EP/zmokO9lspE3GiqSCjh4KEIx2hQTOozSQlmvcMwUQy81dETrHERJv+sqYE5/fKf0ltp+AUC8XjQRsXMEQGVmEN8uDAHpTgCCpQBQKXcAN3cG9dWbfWg/U0io5ZoxtW4Aes509PNZ7E</latexit>

WA =

Z

A✏

f 0(x) dx

<latexit sha1_base64="NxpnPwQN/HlqjJheytDuRhwS9ek="></latexit>

S(n)
A =

c

12

✓
1 +

1

n

◆
WA + C

KA =

Z

A

T00(x)

f 0(x)
dx

<latexit sha1_base64="PrzJM43+TBGxxTEgrUM/JyTOuNA=">AAAB6nicbZDLSgMxFIbP1Futt6obwU2wCF2VGRfVnRU3LivaC7RDyaSZNjSTDElGKEMfwY0LRdy68Dl8BHc+gU8hmF4W2vpD4OP/zyHnnCDmTBvX/XQyS8srq2vZ9dzG5tb2Tn53r65logitEcmlagZYU84ErRlmOG3GiuIo4LQRDC7HeeOOKs2kuDXDmPoR7gkWMoKNtW4anYtOvuCW3InQIngzKJx/v8uvg7eo2sl/tLuSJBEVhnCsdctzY+OnWBlGOB3l2ommMSYD3KMtiwJHVPvpZNQROrZOF4VS2ScMmri/O1IcaT2MAlsZYdPX89nY/C9rJSY881Mm4sRQQaYfhQlHRqLx3qjLFCWGDy1gopidFZE+VpgYe52cPYI3v/Ii1E9KXrlUvnYLlSJMlYVDOIIieHAKFbiCKtSAQA/u4RGeHO48OM/Oy7Q048x69uGPnNcf/QSR/Q==</latexit>

WA

2⇡

The entanglement hamiltonians in 2D CFTs suggest a function

for the contour in the continuum.
[Coser, De Nobili, E.T., (2017)][Cardy, E.T., (2016)]

[Wong, Klich, Pando-Zayas, Vaman, (2013)]



Contour function: interval in the infinite harmonic chain 

A

Massless regime (!` = 4⇥ 10�4)Translation invariance ) ! 6= 0.

[Coser, De Nobili, E.T. (2017)]
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Figure 4: The contour function for the entanglement entropies described in §3.2 (see (16)
and (53)) for a single interval of length ` in the periodic chain in the thermodynamic limit
with !` = 4⇥ 10�4. The dashed curves correspond to the CFT formula (79).

A very good collapse of the numerical data corresponding to di↵erent values of `

is observed in the top panels of Fig. 4, already for small intervals. Few points close to

the endpoints of the interval, where the contour function diverges, have not been shown

because non universal features due to the lattice are expected very close to the endpoints of

the interval. The agreement between the CFT expression (79) and the lattice data is very

good nearby the endpoints of the interval and gets worse around the center. This agrees

with the expectation that the universal part of the entanglement entropies is determined

by the regions close to the endpoints of the interval. The disagreement between the CFT

formula and the lattice data around the center is due to non universal contributions.

In the next example the whole system is on a semi-infinite line, therefore boundary

conditions must be imposed on the physical boundary. The subsystem A = (0, `) is a

single interval of length ` placed at the beginning of the semi-infinite line. The regularizing

procedure requires to remove a small disc of radius ✏ only around the second endpoint of

A. Mapping the resulting configuration into the annular geometry, it is worth remarking

that in this case the boundary conditions on the two boundaries of the annulus may be

<latexit sha1_base64="bXv/kxSFhCew2NpWJIibRf5v+vo=">AAAB6nicbZDLSgMxFIbPeK31VnXpJliEuikZF9WNWHDjsmJv0A4lk2ba0ExmSDJCGfoIIrhQxK2P4cpHcOeDuDe9LLT1h8DH/59Dzjl+LLg2GH85S8srq2vrmY3s5tb2zm5ub7+uo0RRVqORiFTTJ5oJLlnNcCNYM1aMhL5gDX9wNc4bd0xpHsmqGcbMC0lP8oBTYqx1W73AnVweF/FEaBHcGeQv3wvfHw/tk0on99nuRjQJmT RUEK1bLo6NlxJlOBVslG0nmsWEDkiPtSxKEjLtpZNRR+jYOl0URMo+adDE/d2RklDrYejbypCYvp7PxuZ/WSsxwbmXchknhkk6/ShIBDIRGu+NulwxasTQAqGK21kR7RNFqLHXydojuPMrL0L9tOiWiqUbnC+XYKoMHMIRFMCFMyjDNVSgBhR6cA9P8OwI59F5cV6npUvOrOcA/sh5+wHpH5FC</latexit>
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Figure 7: The contour function for the entanglement entropy described in §3.2 for a single
interval of length ` in a periodic chain at finite temperature T = 1/� in the thermodynamic
limit with !� = 10�3. The dashed curve corresponds to the CFT formula (71) specialised
to n = 1.

Given this function, for this example the expression (65) specialised to c = 1 becomes

` s(n)
A

(x) =
1

6

✓
1 +

1

n

◆
1�

1� x/`
��
1 + x/`

� + C . (69)

As for the numerical analysis on the lattice, for this configuration we consider the

harmonic chain defined on a segment with Dirichlet boundary conditions imposed to both

its endpoints and then we take the thermodynamic limit. In this case the invariance under

translations is broken because of the presence of the physical boundary; therefore the zero

mode does not occur in the correlators (124) and (125), which become (128) and (129)

respectively in the thermodynamic limit. This fact allows us to set ! = 0 in the numerical

analysis.

In Fig. 6 we show the contour function for the entanglement entropies described in

§3.2 with ! = 0. Since we have imposed Dirichlet boundary conditions, the curves for the

contour function obtained from the lattice data pass through the origin, as highlighted in

the insets of the left panels.

The dashed curves in Fig. 6 (only their positive part are shown) correspond to the

CFT formula (69) where the constant C has been fixed as explained above by employing

the map (68). The CFT curves nicely reproduce the divergent behaviour of the lattice

data nearby the endpoint of the interval, while they cannot capture the lattice data for

the contour function around the boundary, which introduces non universal features.

The above analysis can be applied also for a single interval A of length ` in the

infinite line when the whole system is in a thermal state at temperature T = 1/� (top left

panel of Fig. 4). Setting the interval in A = (0, `) and removing a small disc around both

the endpoints of A, the conformal map relating this configuration to the annular domain

reads

f(x) = log

✓
e2⇡ x/�

� 1

e2⇡ `/� � e2⇡ x/�

◆
, x 2 (0, `) . (70)
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T > 0



Geometric actions of the modular objects
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Bisognano-Wichmann theorem:
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Figure 2. Euclidean modular evolution in the complex plane: the curves are half circles obtained
from (3.16) (or (3.17) equivalently) with θ ∈ (0,π) (solid arcs) or θ ∈ (π, 2π) (dotted arcs), for some
x ∈ A. They map a point in A (red segment) to a point in its complement (blue half lines) and
viceversa, which are related by (3.22).

The inversion on the real line given in (3.8) can be obtained by restricting (3.19) to
the real line or by evaluating (3.16) at θ = π, which is equivalent to (2.9) evaluated at
τ = i/2, namely

zinv(x) = z(π, x) = ξ(i/2, x) x ∈ R . (3.22)

This tells us that, in figure 2, the endpoints of a black solid half circle in the upper half
plane (or of the corresponding black dotted half circle in the lower half plane) belong to the
real axis and are related through the inversion map (3.8). Hence, any point in the interval
A (red segment) is uniquely mapped into a point in its complement on the line (union of
the blue half lines), and viceversa. From (3.22), we also observe that (3.16) e (3.19) are
related as follows

zinv(ζ) = z(π, ζ) ζ ∈ C . (3.23)

Finally, by combining (3.22) with (3.5) and (3.16) (or (2.9)), one observes that the geometric
action of the modular conjugation (3.3) can be expressed through w(x) in (2.5).

4 Geodesic bit threads in Poincaré AdS3

In this section we relate the geodesic bit threads in Poincaré AdS3 for the RT curve corre-
sponding to an interval on the line to the results discussed in section 3.2 and section 3.3.

The Poincaré AdS3 can be described by the coordinates (t, x, ζ), where ζ > 0 parame-
terises the holographic direction, hence its boundary corresponds to ζ = 0. A t = const slice
of Poincaré AdS3 is the upper half plane described by the coordinates (x, ζ) and equipped
with the following metric (yellow region in figure 3)

ds2 = dx2 + dζ2

ζ2
ζ > 0 . (4.1)
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<latexit sha1_base64="85ujuRV40tEbqPlFYsjLEeBPcg0=">AAAB73icbVDLSgNBEOz1mcRX1IvgZTEInsKuIOYY9OIxgnlAsoTZyWwyZHZ2nekV4ibgN3jxoIhXr36KN8GPcfI4aGJBQ1HVTXeXHwuu0XG+rKXlldW19Uw2t7G5tb2T392r6ShRlFVpJCLV8IlmgktWRY6CNWLFSOgLVvf7l2O/fseU5pG8wUHMvJB0JQ84JWikxrCFJGnTYTtfcIrOBPYicWekUD64/84+fFxU2vnPVieiScgkUkG0brpOjF5KFHIq2CjXSjSLCe2TLmsaKknItJdO7h3Zx0bp2EGkTEm0J+rviZSEWg9C33SGBHt63huL/3nNBIOSl3IZJ8gknS4KEmFjZI+ftztcMYpiYAihiptbbdojilA0EeVMCO78y4ukdlp0z4rOtUmjBFNk4BCO4ARcOIcyXEEFqkBBwCM8w4t1az1Zr9bbtHXJms3swx9Y7z+b75NL</latexit>

|τc|

<latexit sha1_base64="K5bPPNYTPiNwk1rAfo0/5eu2bwQ=">AAAB8HicbVDLSgNBEOyNryS+ol4EL4NB8GLYFcQcg148RjAPSZYwO5kkQ2Zml5lZIW4C/oMXD4p49eineBP8GCePgyYWNBRV3XR3BRFn2rjul5NaWl5ZXUtnsusbm1vbuZ3dqg5jRWiFhDxU9QBrypmkFcMMp/VIUSwCTmtB/3Ls1+6o0iyUN2YQUV/grmQdRrCx0u3JsGlw3CLDVi7vFtwJ0CLxZiRf2r//zjx8XJRbuc9mOySxoNIQjrVueG5k/AQrwwino2wz1jTCpI+7tGGpxIJqP5kcPEJHVmmjTqhsSYMm6u+JBAutByKwnQKbnp73xuJ/XiM2naKfMBnFhkoyXdSJOTIhGn+P2kxRYvjAEkwUs7ci0sMKE2MzytoQvPmXF0n1tOCdFdxrm0YRpkjDARzCMXhwDiW4gjJUgICAR3iGF0c5T86r8zZtTTmzmT34A+f9BwaMk4I=</latexit>

−|τc|

<latexit sha1_base64="Cza+oAKTEDnRGJuM+/M5rF7iDk8=">AAAB8HicbVDLSgNBEOyNryS+ol4EL4NB8GLYFcQcg148RjAPSZYwO5kkQ2Zml5lZIW4C/oMXD4p49eineBP8GCePgyYWNBRV3XR3BRFn2rjul5NaWl5ZXUtnsusbm1vbuZ3dqg5jRWiFhDxU9QBrypmkFcMMp/VIUSwCTmtB/3Ls1+6o0iyUN2YQUV/grmQdRrCx0u3JsGlw3BLDVi7vFtwJ0CLxZiRf2r//zjx8XJRbuc9mOySxoNIQjrVueG5k/AQrwwino2wz1jTCpI+7tGGpxIJqP5kcPEJHVmmjTqhsSYMm6u+JBAutByKwnQKbnp73xuJ/XiM2naKfMBnFhkoyXdSJOTIhGn+P2kxRYvjAEkwUs7ci0sMKE2MzytoQvPmXF0n1tOCdFdxrm0YRpkjDARzCMXhwDiW4gjJUgICAR3iGF0c5T86r8zZtTTmzmT34A+f9BxW+k4w=</latexit>

−|τm|

<latexit sha1_base64="jLj00DjDuiJKJ52YrgDa5Bi9X7Y=">AAAB73icbVDLSgNBEOz1mcRX1IvgZTAInsKuIOYY9OIxgnlAsoTZyWwyZGZ2nZkV4ibgN3jxoIhXr36KN8GPcfI4aGJBQ1HVTXdXEHOmjet+OUvLK6tr65lsbmNza3snv7tX01GiCK2SiEeqEWBNOZO0apjhtBErikXAaT3oX479+h1VmkXyxgxi6gvclSxkBBsrNYYtg5O2GLbzBbfoToAWiTcjhfLB/Xf24eOi0s5/tjoRSQSVhnCsddNzY+OnWBlGOB3lWommMSZ93KVNSyUWVPvp5N4ROrZKB4WRsiUNmqi/J1IstB6IwHYKbHp63huL/3nNxIQlP2UyTgyVZLooTDgyERo/jzpMUWL4wBJMFLO3ItLDChNjI8rZELz5lxdJ7bTonRXda5tGCabIwCEcwQl4cA5luIIKVIEAh0d4hhfn1nlyXp23aeuSM5vZhz9w3n8AqyGTVQ==</latexit>

|τm|
<latexit sha1_base64="HPcKRk1KBQouXIwK/mX0y1LdEUQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozgih4MODBHBMwCyRD6OnUJG16eobuHiEOeQIvHhTx6gP4Dr6CN4++iZ3loNEfGj7+v4quKj/mTGnH+bQyC4tLyyvZ1dza+sbmVn57p66iRFKs0YhHsukThZwJrGmmOTZjiST0OTb8weU4b9yiVCwS13oYoxeSnmABo0Qbq+p38gWn6Exk/wV3BoWL96u3vbuvcqWT/2h3I5qEKDTlRKmW68TaS4nUjHIc5dqJwpjQAelhy6AgISovnQw6sg+N07WDSJontD1xf3akJFRqGPqmMiS6r+azsflf1kp0cOalTMSJRkGnHwUJt3Vkj7e2u0wi1XxogFDJzKw27RNJqDa3yZkjuPMr/4X6cdE9KTpVp1A6h6mysA8HcAQunEIJylCBGlBAuIdHeLJurAfr2XqZlmasWc8u/JL1+g2zqpCL</latexit>

b<latexit sha1_base64="0H/uFHAcIjfMs/sOhWICifXN0Xs=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozgih4MODBHBMwCyRD6OnUJG16eobuHiEOeQIvHhTx6gP4Dr6CN4++iZ3loNEfGj7+v4quKj/mTGnH+bQyC4tLyyvZ1dza+sbmVn57p66iRFKs0YhHsukThZwJrGmmOTZjiST0OTb8weU4b9yiVCwS13oYoxeSnmABo0Qbq0o6+YJTdCay/4I7g8LF+9Xb3t1XudLJf7S7EU1CFJpyolTLdWLtpURqRjmOcu1EYUzogPSwZVCQEJWXTgYd2YfG6dpBJM0T2p64PztSEio1DH1TGRLdV/PZ2PwvayU6OPNSJuJEo6DTj4KE2zqyx1vbXSaRaj40QKhkZlab9okkVJvb5MwR3PmV/0L9uOieFJ2qUyidw1RZ2IcDOAIXTqEEZahADSgg3MMjPFk31oP1bL1MSzPWrGcXfsl6/QayJpCK</latexit>a
<latexit sha1_base64="j9KnXHmvArsSvnAc0E/yED1QEfg=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozgih4MODBHBMwCyQh9HRqkjY9C909YhzyBF48KOLVB/AdfAVvHn0TO8tBE39o+Pj/Krqq3EhwpW37y0otLC4tr6RXM2vrG5tb2e2dqgpjybDCQhHKuksVCh5gRXMtsB5JpL4rsOb2L0d57Ral4mFwrQcRtnzaDbjHGdXGKt+1szk7b49F5sGZQu7i4+p97/67WGpnP5udkMU+BpoJqlTDsSPdSqjUnAkcZpqxwoiyPu1iw2BAfVStZDzokBwap0O8UJoXaDJ2f3ck1Fdq4Lum0qe6p2azkflf1oi1d9ZKeBDFGgM2+ciLBdEhGW1NOlwi02JggDLJzayE9aikTJvbZMwRnNmV56F6nHdO8nbZzhXOYaI07MMBHIEDp1CAIpSgAgwQHuAJnq0b69F6sV4npSlr2rMLf2S9/QDVApCh</latexit>x<latexit sha1_base64="dZj5JhLTbbQ+sZ90FUSMH3VwWTQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozgih4MODBHBMwCyRD6OnUJG16eobuHiEOeQIvHhTx6gP4Dr6CN4++iZ3loNEfGj7+v4quKj/mTGnH+bQyC4tLyyvZ1dza+sbmVn57p66iRFKs0YhHsukThZwJrGmmOTZjiST0OTb8weU4b9yiVCwS13oYoxeSnmABo0Qbq0o7+YJTdCay/4I7g8LF+9Xb3t1XudLJf7S7EU1CFJpyolTLdWLtpURqRjmOcu1EYUzogPSwZVCQEJWXTgYd2YfG6dpBJM0T2p64PztSEio1DH1TGRLdV/PZ2PwvayU6OPNSJuJEo6DTj4KE2zqyx1vbXSaRaj40QKhkZlab9okkVJvb5MwR3PmV/0L9uOieFJ2qUyidw1RZ2IcDOAIXTqEEZahADSgg3MMjPFk31oP1bL1MSzPWrGcXfsl6/Qa1LpCM</latexit>c

<latexit sha1_base64="m2dFnd+vASevyIPpuePtP86/ftk=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBJB1JMFLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+lP8Dd78N27THrT1wcDjvRlm5oWp4Np43rdTWlvf2Nwqb7s7u3v7BxX3sKWTTDFsskQkqhNSjYJLbBpuBHZShTQOBbbD8e3Mbz+h0jyRD2aSYhDToeQRZ9RY6d7rV6pezStAVom/INWbTyjQ6Fe+eoOEZTFKwwTVuut7qQlyqgxnAqduL9OYUjamQ+xaKmmMOsiLQ6fk1CoDEiXKljSkUH9P5DTWehKHtjOmZqSXvZn4n9fNTHQV5FymmUHJ5ouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbjWtD8JdfXiWt85p/UfOq9et5FlCGYziBM/DhEupwBw1oAgOEZ3iFN+fReXHe540lZzFxBH/gfPwAY2mMhA==</latexit>

0

Figure 1. Left: the curves for ξ(τ, x) and ξ(−τ, x) (solid lines) and for ξ(τ, zinv(x)) and
ξ(−τ, zinv(x)) (dot-dashed lines), obtained from (3.1), (3.8) and (3.4). Right: modular trajectory
(solid line) in the diamond DA (grey region) and its image under the inversion (3.3) (dot-dashed
line) in WA. The dot-dashed segment in DA provide the partition (3.2). The modular parameter τ
grows along the curves as indicated by the arrows. The modular trajectory and its inversion provide
the hyperbola (3.10).

Given a generic c ∈ (a, b), from (2.9) we have that ξ(τc, x) = c when τc =
1
2π [w(c) − w(x)]. This value splits the range of the modular parameter τ ∈ R into three
sets (−∞,−|τc|), (−|τc|, |τc|) and (|τc|,+∞), as highlighted by the darker grey horizontal
dashed lines in the left panel of figure 1. A special role is played by the mid-point of the
interval a+b

2 (see section 3.2)), which corresponds to the value τm = 1
2π [w(a+b

2 ) − w(x)] of
the modular parameter, that provides the lighter grey horizontal lines in the left panel of
figure 1.

The important case considered by Bisognano and Wichmann [6, 7] corresponds to the
limiting regime where the subsystem A becomes the semi-infinite line x > 0. Setting a = 0
first and then taking b → +∞ in (3.1), one finds ξ(τ, x) = x e2πτ with x > 0, i.e. the
dilations of the semi-infinite line parameterised by τ .

The action of the modular operator and of the modular conjugation in the Minkowski
space can be found by combining the corresponding actions for the two chiralities. In the
right panel of figure 1, the grey region is the domain of dependence DA of the interval
A = [a, b] ∈ R, which is also called diamond or double cone. The null rays departing from
its central point (a+b

2 , 0) (dot-dashed segments in DA) provide the following partition of
DA into four smaller diamonds

DA ≡ DR ∪ DL ∪ DF ∪ DP (3.2)

where in the r.h.s. the letter in the subindex stands for either right (R) or left (L) or future
(F) or past (P), depending on the position of the corresponding diamond with respect to
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<latexit sha1_base64="n7mmXonyS5lr6cz7rKKL91Y2Qpg=">AAACBnicbVC7SgNBFJ31GeNr1VKEwSBYhd0U0TIgiGUE84BkCbOTu8mQ2ZllZjYQllQ2/oqNhSK2foOdf+Mk2UITT3U4517uPSdMONPG876dtfWNza3twk5xd2//4NA9Om5qmSoKDSq5VO2QaOBMQMMww6GdKCBxyKEVjm5mfmsMSjMpHswkgSAmA8EiRomxUs89u5UKE4GZMKDGhGMzBDwAGYNRjPbcklf25sCrxM9JCeWo99yvbl/SNAZhKCdad3wvMUFGlGGUw7TYTTUkhI7IADqWChKDDrJ5jCm+sEofR/ahSAqD5+rvjYzEWk/i0E7GxAz1sjcT//M6qYmug4yJJDUg6OJQlNqsEs86wX2mgBo+sYRQxeyvmA6JItR2oou2BH858ippVsp+tVy9r5Rq1byOAjpF5+gS+egK1dAdqqMGougRPaNX9OY8OS/Ou/OxGF1z8p0T9AfO5w+87Zil</latexit>

For an interval the geometric
<latexit sha1_base64="goIvreahsy8ixu5M8wOTDwJ17wc=">AAACE3icbVDLSgMxFM34rPVVdekm2Ariosx0UV0W3IirCvYB7VDuZDJtaCYZkoxSSv/Bjb/ixoUibt2482/MtF1o64GQwznnktwTJJxp47rfzsrq2vrGZm4rv72zu7dfODhsapkqQhtEcqnaAWjKmaANwwyn7URRiANOW8HwKvNb91RpJsWdGSXUj6EvWMQIGCv1CudAMqKxjHCpq1k/hl7XQFrCIEJcurG3ongo5IMNF92yOwVeJt6cFNEc9V7hqxtKksZUGMJB647nJsYfgzKMcDrJd1NNEyBD6NOOpQJiqv3xdKcJPrVKiCOp7BEGT9XfE2OItR7FgU3GYAZ60cvE/7xOaqJLf8xEkhoqyOyhKOXYSJwVhEOmKDF8ZAkQxexfMRmAsj3ZGvO2BG9x5WXSrJS9arl6WynWqvM6cugYnaAz5KELVEPXqI4aiKBH9Ixe0Zvz5Lw4787HLLrizGeO0B84nz+ia5y2</latexit>

actions of �⌧ and J are known

<latexit sha1_base64="t2rit08UmFj+ibSZ9ZNNewBI28A="></latexit>

xinv =
b2

x
<latexit sha1_base64="37Tx7QOCfMSkAiS91yY3a6cwH3I=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdi0REMGKjXQRzgWQJs5PZZMzs7DIzK4YlD2BnY6GIre9j51tY+ABOLoUm/jDw8f/nMOccP+ZMacf5tDILi0vLK9lVe219Y3Mrt71TU1EiCa2SiEey4WNFORO0qpnmtBFLikOf07rfvxjl9TsqFYvEjR7E1AtxV7CAEayNVbtvMYHO27m8U3DGQvPgTiF/9nVydfrwbVfauY9WJyJJSIUmHCvVdJ1YeymWmhFOh3YrUTTGpI+7tGlQ4JAqLx1PO0QHxumgIJLmCY3G7u+OFIdKDULfVIZY99RsNjL/y5qJDo69lIk40VSQyUdBwpGO0Gh11GGSEs0HBjCRzMyKSA9LTLQ5kG2O4M6uPA+1o4JbLBSvnXy5BBNlYQ/24RBcKEEZLqECVSBwC4/wDC9WZD1Zr9bbpDRjTXt24Y+s9x+vvZIz</latexit>

x 2 A
<latexit sha1_base64="99pvt4pL/BUth1A9FxAJKeGAtUA=">AAAB8HicbVDJSgNBEK2JW4xbVPDipTEIETTMeIi5CBEvHiOYRZIh9HR6kibdM0N3jxCGfIWXHFzw6ud4E/0YO8tBEx8UPN6roqqeF3GmtG1/Wqml5ZXVtfR6ZmNza3snu7tXU2EsCa2SkIey4WFFOQtoVTPNaSOSFAuP07rXvx779QcqFQuDOz2IqCtwN2A+I1gb6f7qMn/mnSLvpJ3N2QV7ArRInBnJlQ+il9H3V6nSzn60OiGJBQ004VippmNH2k2w1IxwOsy0YkUjTPq4S5uGBlhQ5SaTg4fo2Cgd5IfSVKDRRP09kWCh1EB4plNg3VPz3lj8z2vG2i+5CQuiWNOATBf5MUc6ROPvUYdJSjQfGIKJZOZWRHpYYqJNRhkTgjP/8iKpnRecYqF4a9IowhRpOIQjyIMDF1CGG6hAFQgIeIQneLakNbJerbdpa8qazezDH1jvP7yeksY=</latexit>

A = (�b, b)

<latexit sha1_base64="YJ3mkG5HOSt/V0g+cOuoF65LczM=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtDHB2FhiIkgCF7K37MGGvb1zd86EEP6EjYXG2Pp37Pw3LnCFgi+Z5OW9mczMCxIpDLrut5NbW9/Y3MpvF3Z29/YPiodHLROnmvEmi2Ws2wE1XArFmyhQ8naiOY0CyR+C0c3Mf3ji2ohY3eM44X5EB0qEglG0UvsaSRmv3HKvWHIr7hxklXgZKUGGRq/41e3HLI24QiapMR3PTdCfUI2CST4tdFPDE8pGdMA7lioaceNP5vdOyZlV+iSMtS2FZK7+npjQyJhxFNjOiOLQLHsz8T+vk2J46U+ESlLkii0WhakkGJPZ86QvNGcox5ZQpoW9lbAh1ZShjahgQ/CWX14lrWrFq1Vqd9VSvZbFkYcTOIVz8OAC6nALDWgCAwnP8ApvzqPz4rw7H4vWnJPNHMMfOJ8/Pv6OxQ==</latexit>

At t = 0

<latexit sha1_base64="D6ibWg3inyq1NphOt6fgNpf5oYw=">AAACG3icbVDLSgMxFM34rPVVdekmWARXZaaL6rJQEDdChb6gLSWT3rahmWRI7iil9D/c+CtuXCjiSnDh35g+Ftp6IHDuOfdyc08YS2HR97+9tfWNza3t1E56d2//4DBzdFyzOjEcqlxLbRohsyCFgioKlNCIDbAolFAPh6WpX78HY4VWFRzF0I5YX4me4Ayd1MnkS9cVKhS9FWqoH+xQUBszDigioEx1p5ZAS/tGJ66yyBA6mayf82egqyRYkCxZoNzJfLa6micRKOSSWdsM/BjbY2ZQcAmTdCux4JYOWR+ajioWgW2PZ7dN6LlTurSnjXsK6Uz9PTFmkbWjKHSdEcOBXfam4n9eM8HeVXssVJwgKD5f1EskRU2nQdGuMMBRjhxh3Aj3V8oHzDCOLs60CyFYPnmV1PK5oJAr3OWzxcIijhQ5JWfkggTkkhTJDSmTKuHkkTyTV/LmPXkv3rv3MW9d8xYzJ+QPvK8fEJqg0Q==</latexit>

CFT in Minkowski spacetime and in its ground state
<latexit sha1_base64="P9OqADhuUxTIwQ06+4nS9960LjI=">AAACFXicbVDLSgMxFM3UV62vUZdugkWooGWmi+qy4KYLFxXsA9pSMultG5pJQpIRSulPuPFX3LhQxK3gzr8xfSy09UDgcM693JwTKc6MDYJvL7W2vrG5ld7O7Ozu7R/4h0c1IxNNoUoll7oREQOcCahaZjk0lAYSRxzq0fBm6tcfQBsmxb0dKWjHpC9Yj1FindTxLyKmiHaLgKMRJtioAWjAuTIzXKrLWyn6EtsBSA3xecfPBvlgBrxKwgXJogUqHf+r1ZU0iUFYyokxzTBQtj2eHqQcJplWYkAROiR9aDoqSAymPZ6lmuAzp3RxT2r3hMUz9ffGmMTGjOLITcbEDsyyNxX/85qJ7V23x0yoxIKg80O9hGPrkrqKcJdpoJaPHCFUM/dXTAdEE2pdkRlXQrgceZXUCvmwmC/eFbKl4qKONDpBpyiHQnSFSqiMKqiKKHpEz+gVvXlP3ov37n3MR1PeYucY/YH3+QOMG55n</latexit>

bipartite by a sphere (Hislop-Longo theorem)
<latexit sha1_base64="XW3saGXWj6zzlxR6MxDbMBONn1Q=">AAACAXicdVDLSgMxFM34rPU16kZwEyxChVIyXdR2V3DThYsK9gHToWTStA3NJEOSEUqpG3/FjQtF3PoX7vwbM20FFT1w4XDOvdx7Txhzpg1CH87K6tr6xmZmK7u9s7u37x4ctrRMFKFNIrlUnRBrypmgTcMMp51YURyFnLbD8WXqt2+p0kyKGzOJaRDhoWADRrCxUs899utMcxkX4JUUQ1mAea9aKZ0H2Z6bQ0VkUS7DlHgV5FlStW6pCr25hVAOLNHoue/dviRJRIUhHGvteyg2wRQrwwins2w30TTGZIyH1LdU4IjqYDr/YAbPrNKHA6lsCQPn6veJKY60nkSh7YywGenfXir+5fmJGVSCKRNxYqggi0WDhEMjYRoH7DNFieETSzBRzN4KyQgrTIwNLQ3h61P4P2mVil65WL4u5WpoGUcGnIBTkAceuAA1UAcN0AQE3IEH8ASenXvn0XlxXhetK85y5gj8gPP2CSwXlLw=</latexit>

[Hislop, Longo, (1982)]

[Bisognano, Wichmann, (1975)]
<latexit sha1_base64="MP/bBMTVgyAG0e8YUplkyMHCoxI=">AAACBnicdVDLSgMxFM34rPVVdSlCsAgVSp2ZYh+7ohuXFewDpkPJpGkbmkmGJCOUoSs3/oobF4q49Rvc+TemD0FFD1w4nHMv994TRIwqbdsf1tLyyuraemojvbm1vbOb2dtvKhFLTBpYMCHbAVKEUU4ammpG2pEkKAwYaQWjy6nfuiVSUcFv9DgifogGnPYpRtpI3cyRd0GVGHDERR62KB6GiPM8zDnV8vmp381k7YJdrBRLDjRkBkOq1YrrlKCzULJggXo3897pCRyHhGvMkFKeY0faT5DUFDMySXdiRSKER2hAPEM5Conyk9kbE3hilB7sC2mKazhTv08kKFRqHAamM0R6qH57U/Evz4t1v+InlEexJhzPF/VjBrWA00xgj0qCNRsbgrCk5laIh0girE1yaRPC16fwf9J0C06x4F672drZIo4UOATHIAccUAY1cAXqoAEwuAMP4Ak8W/fWo/Vivc5bl6zFzAH4AevtE6lxl0A=</latexit>
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Figure 5. Euclidean modular evolution for a CFT at finite temperature 1/β on the bipartite line,
obtained from (5.2), with θ ∈ (0,π) (solid arcs) or θ ∈ (π, 2π) (dotted arcs), for some x ∈ A. The
green segment corresponds to Aβ . The solid black curves (or the dotted black ones equivalently)
map A \ Aβ into B in a bijective way, while the solid yellow curves (or the dotted yellow ones
equivalently) map Aβ into the horizontal dashed black line at Im(z) = +β/2 (which is identified
with the horizontal dashed black line at Im(z) = −β/2) in a bijective way.

5.2 Geometric action in Euclidean spacetime

In the finite temperature case that we are investigating, the geometric action of the modular
conjugation can be studied by adapting the observations made in section 3.2 and section 3.3
for the ground state. It is more instructive to discuss first the Euclidean spacetime.

For a CFT at finite temperature 1/β on the line, the Euclidean spacetime to consider is
the infinite cylinder whose section along the compactified direction is a circle having length
equal to β. It can be equivalently represented by the horizontal strip {z ∈ C; |Im(z)| ! β/2}
in the complex plane (parameterised by z) with vertical width equal to β (grey region in
figure 5), where the horizontal lines at Im(z) = ±β/2 delimiting the strip (horizontal black
dashed lines in figure 5) are identified. The space where the CFT is defined corresponds
to the real axis Im(z) = 0, which is bipartite by the interval A and its complement. This
bipartition is characterised by the entangling points x = a and x = b on the real axis,
which correspond to the points where a red segment and a blue segment join in figure 5;
hence A is the union of the two red segments and the green segment, while B corresponds
to the union of the blue half lines.

The curves shown in figure 5 are obtained from (5.2) for some values of x ∈ A: the
solid ones have θ ∈ (0,π), while θ ∈ (π, 2π) for the dotted ones. Any black solid arc
(or equivalently the dotted one having the same endpoints) associates a point in the red
segments to a point in B in a unique way. Instead, any yellow arc (or equivalently the
dotted one having the same endpoints) associates a point in the green segment to a point
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for any size of the interval A



Geometric actions of the modular objects
J
H
E
P
1
2
(
2
0
2
2
)
1
4
9

Figure 6. Modular trajectories (solid lines) in DA passing at some x ∈ A when t = 0 and their
images (dot-dashed and dashed lines) under (5.23). Left: two values of x ∈ A \ Aβ . Right: three
values of x ∈ Aβ . The arcs denoted through different kind of lines but having the same colour
are related through (5.23). While the dot-dashed lines span WA (light blue region, see (3.9)) as
x ∈ A\Aβ , the dashed lines span the entire Minkowski spacetime (the second world M̃) as x ∈ Aβ .

corresponding to x = a+b
2 , which is the vertical segment connecting the top and bottom

vertices of DA; indeed, its partition is made only by three vertical segments because it
does not intersect RA. The five arcs partitioning the modular trajectory can be found also
through the corresponding values of the modular parameter. The ranges of τ that provide
the different arcs are identified by ±|τaβ | and ±|τbβ

|, where

τaβ ≡ w(aβ) − w(x)
2π τbβ

≡ w(bβ) − w(x)
2π . (5.20)

A modular trajectory is characterised by its point (x, 0) with x ∈ A at τ = 0. At finite
temperature, we have either x ∈ A \ Aβ (left panel in figure 6) or x ∈ Aβ (right panel in
figure 6). Considering the partition (5.18), notice that, while all the modular trajectories
have non vanishing intersections with D̃A ad RA, only those ones corresponding to x ∈ Aβ

intersect also DAβ .
In order to adapt to the thermal case the results discussed in section 3.2 for the ground

state (see (3.3) and (3.5)), we introduce the geometric action of the modular conjugation
as follows

xinv(x, t) =
zinv(x+ t) + zinv(x − t)

2 tinv(x, t) =
zinv(x+ t) − zinv(x − t)

2 (5.21)

where the function zinv(x) is given by (5.9). In terms of the light ray coordinates (2.1), it
is convenient to introduce u±,inv ≡ xinv ± tinv, finding that

u±,inv = zinv(u±) . (5.22)
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and their images under modular conjugation
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Holographic Entanglement Entropy

Various non trivial checks. E.g. strong subadditivity [Headrick, Takayanagi, (2007)]

SA =
Area(�̂")

4G(d+2)
N

[Ryu, Takayanagi, (2006)]

Find the minimal area surface �̂A

Hypersurfaces �A s.t. @�A = @A

Constant time slice in AdSd+2

A[�̂"] =
PA

"
� FA + o(1)

Asymptotically AdS4 geometriesE.g.:

Figure 1: Left: A minimal area surface “̂A for AdS4 whose boundary at z = 0 (entangling curve) is given
by the red curve. Right: The closed surface “̂(d)

A embedded in R
3, obtained from “̂A by attaching “̂A (blue

part) and its reflected copy “̂(r)

A (green part) along ˆA (red curve), which is an umbilic line for “̂(d)

A [76].

2.2.1 AdS4: the Willmore energy

The simplest bulk geometry to study is AdS4, which is given by

ds2 = 1
z2

!
≠ dt2 + dz2 + dx2"

, (2.22)

where the AdS radius has been set to one and dx2 is infinitesimal spacetime interval of R
2 at z = 0.

Comparing (2.22) with (2.1) and (2.6), we have that gµ‹ is the metric of H3 and g̃µ‹ is the flat metric of R3.
The latter fact leads to important simplifications in the general formulas given in §2.1. Indeed, ÂÒ2Ï≠e2Ï = 0
and all the components of Â�z

µ‹ vanish. Thus, for a generic surfaces “A the expression (2.16) reduces to [76,77]

FA = 1
4

3ˆ
“A

!
Tr ÂK

"2
dÃ ≠

ˆ
“A

!
TrK

"2
dA

4
. (2.23)

For the minimal area surfaces “̂A, which satisfy the condition (2.17), it simplifies further to

FA = 1
4

ˆ
“̂A

!
Tr ÂK

"2
dÃ =

ˆ
“̂A

(ñz)2

z2 dÃ , (2.24)

which can be found also by specifying (2.19) to g̃µ‹ = ”µ‹ . Notice that (2.24) does not depend on the choice
of the coordinate system in the z = 0 plane but, for explicit computations, this coordinate system must be
fixed in order to write ñz and dÃ (see §A).

Following [76], we find it convenient to introduce a closed surface “̂(d)

A embedded in R
3 obtained by

“doubling” “̂A. In particular, “̂(d)

A is the union “̂(d)

A = “̂A fi “̂(r)

A , where “̂(r)

A is the surface with z < 0 obtained
by reflecting the minimal surface “̂A with respect to the plane z = 0. The entangling curve ˆA is a particular
curve on the closed surface “̂(d)

A and in [76] it has been found that the two principal curvatures are equal on
this curve (i.e. ˆA is an umbilic line). The set of closed oriented compact surfaces given by “̂(d)

A as A varies
within the set of domains with smooth ˆA is strictly included into the set of the Riemann surfaces embedded
in R

3. Indeed, they are symmetric with respect to the z = 0 plane and their intersection with such plane is
an umbilic closed curve. In Fig. 1 we show a minimal surface “̂A and the corresponding closed surface “̂(d)

A
(the red curve on “̂(d)

A along which “̂A and “̂(r)

A match is an umbilic line). It is worth remarking that already
among the connected domains A one can find cases such that “̂(d)

A has genus two or higher1.
1
We are grateful to Veronika Hubeny for pointing this issue out to us.

7

x

y

z

J
H
E
P
1
2
(
2
0
1
5
)
0
3
7

z

z

R1

R1

R2

R2

Figure 2. Minimal area surface γ̂A for a Schwarzschild-AdS black hole. The entangling curve ∂A
is an ellipse with semi-major axis R1 and semi-minor axis R2 (the red curve is plotted at z = ε).
Here ε = 0.01 and the grey plane corresponds to the horizon at zh = 1. Only half of the surface is
shown in order to highlight a section of the surface (green curve) which reaches the highest value
z∗ < zh of the coordinate z for the whole surface. In this case z∗ is the intersection between the
green curve and the z axis.

where M is the mass and Q is the charge of the black hole. The Hawking temperature

of this black hole vanishes in the extremal case, for which the two horizons coincide and

the emblacking function becomes f(z) = 1− 4(z/zh)3 + 3(z/zh)4. The Schwarzschild-AdS

black hole corresponds to the uncharged case Q = 0 and for this geometry the horizon is

zh = 1/ 3
√
M .

Comparing (2.6) and (2.29), we have that ϕ = − log(z) and g̃µν is provided by the

metric within the parenthesis in (2.29). In this case all the terms occurring in (2.19) are

non trivial. In particular, we get

∇̃2ϕ− e2ϕ =
f(z)− zf ′(z)/2− 1

z2
, ñµñν ∇̃µ∇̃νϕ =

(ñz)2

z2

(
1− zf ′(z)

2f(z)

)
, (2.30)

where we recall that ñz = f(z) ñz. Combining these results with the expression for (TrK̃)2

in (2.21) we find that (2.19) becomes

FA =

ˆ
γ̂A

1

z2

[(
1 +

zf ′(z)

2f(z)

)
(ñz)2 + f(z)− zf ′(z)

2
− 1

]
dÃ . (2.31)

The choice of the system of coordinates in the z = 0 plane enters in the explicit expressions

of ñz and dÃ (see section A). In figure 2 we show a minimal area surface γ̂A for which the

entangling curve ∂A is an ellipse and the bulk geometry is the Schwarzschild-AdS black

hole. Denoting by z∗ the highest value of the coordinate z reached by the points of γ̂A, for

a static asymptotically AdS black hole we have that z∗ < zh, i.e. the minimal surface does

not penetrate the horizon [31, 113].

As first consistency check of (2.31), we observe that for f(z) = 1 identically the ex-

pression (2.24) for AdS4 is recovered, as expected.

When the domain A is very large, we expect a minimal area surface γ̂A close to a

cylindrical surface γ̂cyl

A whose horizontal cross section is ∂A and having only one base at
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Figure 19. Minimal surface corresponding to three disjoint and equal red circles in the plane z = 0
(the z axis points downward). This surface has 13147 vertices and 26624 faces, while the number of
edges is given by Euler formula with vanishing genus and 3 boundaries. This kind of surfaces occurs
in the computation of the holographic tripartite information for the union of three disjoint disks.
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A Further details on minimal surfaces in H3

In this appendix we provide a derivation of (2.6) and describe some additional properties

of minimal surfaces in AdS4. Let us consider the area of a two dimensional surface γA
embedded in spatial slice t = const

A[γA] =

∫

γA

dA =

∫

UA

√
h du1du2

z2
, (A.1)

where UA is a coordinate patch. As mentioned in section 2, A can be interpreted as the

energy of a two dimensional interface immersed in R3 endowed with a potential energy of

density 1/z2. To find the surface γ̃A minimizing A we consider a small displacement along

the normal direction N , parametrized as: R → R+wN , where R represents the position

– 34 –



Holographic bit threads

Figure 1: Geodesic bit threads for an interval in the line, in the constant time slice of AdS3 (top

panel). The cyan and yellow regions in the top panel are mapped through (2.10) onto the region

outside the horizon in the BTZ black branes (see (2.11)) in the bottom left and bottom right panels,

respectively.

Plugging (2.5) into (2.3), we obtain the integral curves of the geodesic bit threads, which are

represented by the green curves in the top panel of Fig. 1.

The endpoints of these integral curves provide the map implementing the geometric action

of the modular conjugation in CFT2 for this setup [41]; hence, the geodesic bit threads identify

the holographic gravitational counterpart of this map in the dual CFT2.

To fix the vector field V characterizing the geodesic bit threads, whose integral curves are

given by (2.3) and (2.5), we determine their parameterisation by first imposing |V | = 1 on

the RT curve (2.2) and then checking that |V | < 1 everywhere else in the constant time slice

of AdS3 [8]. This can be achieved by following the procedure discussed in [12] and reviewed

in Appendix A, which leads to

V =
��V
�� ⌧ =

�
V

w
, V

y
�
=

1
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2bwp

(b2 � y2 � w2)2 + 4b2w2
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2

2b
,
y w
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◆

(2.6)

being ⌧ = (⌧w, ⌧y) defined as the unit norm vector tangent to the generic geodesic bit thread,

whose components are

⌧ =
�
⌧
w
, ⌧

y
�
=

2bw

LAdS

p
(b2 � y2 � w2)2 + 4b2w2

✓
b
2
� y

2 + w
2

2b
,
y w

b

◆
. (2.7)

We find it insightful to bipartite the time slice parameterized by the coordinates (w, y) into

the two complementary regions corresponding to the light blue and the yellow domain in the

top panel of Fig. 1, which are described respectively by (w+, y+), satisfying y
2
+ + w

2
+ < b

2,

and by (w�, y�), satisfying y
2
� + w

2
� > b

2. Now, let us consider the following changes of

6
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Bit threads formulation of the

A

v(A)

m(A)

Figure 5: Illustration of the Riemannian max-flow min-cut theorem: Given a boundary
region A, the minimal-area representative of its homology class m(A) is the bottleneck; its
area gives an upper bound on the flux for any flow. The theorem asserts that there exists a
flow v(A) whose flux equals the area of m(A) (times the constant C). In the figure, v(A) is
shown by its flow lines. On m(A), this flow necessarily equals C times the unit normal n.

where h is the determinant of the induced metric on m and n is the unit normal vector. Let
A be a region7 of the boundary. The divergenceless condition implies that the flux through A

equals that through any homologous8 surface:

m ⇠ A )
Z

m

v =

Z

A

v . (2.3)

Meanwhile, the norm bound |v|  C implies nµv
µ  C, so this flux is bounded by the area of

m: Z

m

v  C

Z

m

p
h = C area(m) . (2.4)

Maximizing on one side over all flows v and minimizing on the other over all surfaces homol-
ogous to A, we therefore have9

max
v

Z

A

v  C min
m⇠A

area(m) . (2.5)

So far this is all fairly obvious. The max-cut min-flow (MFMC) theorem [10–12] makes
the non-trivial statement that the inequality (2.5) is in fact saturated:

max
v

Z

A

v = C min
m⇠A

area(m) . (2.6)

In other words, the inequalities (2.4) for all the different members m of the homology class
are the only obstructions to increasing the flux; the strongest of these is obviously the area-
minimizing representative m(A)—this is the bottleneck. Any flow that achieves the maximum

7Technically, by “region” we mean codimension-zero submanifold.
8If A is not closed, then by “homologous” we mean relative to @A.
9At this stage, to be mathematically correct, we should really put sup and inf instead of max and min.

However, one can show under certain conditions that the supremum and infimum are achieved; see appendix
A.
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Geodesic bit threads & Modular conjugation: AdS(3)

Figure 1: Geodesic bit threads for an interval in the line, in the constant time slice of AdS3 (top

panel). The cyan and yellow regions in the top panel are mapped through (2.10) onto the region

outside the horizon in the BTZ black branes (see (2.11)) in the bottom left and bottom right panels,

respectively.

Plugging (2.5) into (2.3), we obtain the integral curves of the geodesic bit threads, which are

represented by the green curves in the top panel of Fig. 1.

The endpoints of these integral curves provide the map implementing the geometric action

of the modular conjugation in CFT2 for this setup [41]; hence, the geodesic bit threads identify

the holographic gravitational counterpart of this map in the dual CFT2.

To fix the vector field V characterizing the geodesic bit threads, whose integral curves are

given by (2.3) and (2.5), we determine their parameterisation by first imposing |V | = 1 on

the RT curve (2.2) and then checking that |V | < 1 everywhere else in the constant time slice

of AdS3 [8]. This can be achieved by following the procedure discussed in [12] and reviewed

in Appendix A, which leads to
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being ⌧ = (⌧w, ⌧y) defined as the unit norm vector tangent to the generic geodesic bit thread,

whose components are
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We find it insightful to bipartite the time slice parameterized by the coordinates (w, y) into

the two complementary regions corresponding to the light blue and the yellow domain in the

top panel of Fig. 1, which are described respectively by (w+, y+), satisfying y
2
+ + w

2
+ < b

2,

and by (w�, y�), satisfying y
2
� + w

2
� > b

2. Now, let us consider the following changes of
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Figure 2. Euclidean modular evolution in the complex plane: the curves are half circles obtained
from (3.16) (or (3.17) equivalently) with θ ∈ (0,π) (solid arcs) or θ ∈ (π, 2π) (dotted arcs), for some
x ∈ A. They map a point in A (red segment) to a point in its complement (blue half lines) and
viceversa, which are related by (3.22).

The inversion on the real line given in (3.8) can be obtained by restricting (3.19) to
the real line or by evaluating (3.16) at θ = π, which is equivalent to (2.9) evaluated at
τ = i/2, namely

zinv(x) = z(π, x) = ξ(i/2, x) x ∈ R . (3.22)

This tells us that, in figure 2, the endpoints of a black solid half circle in the upper half
plane (or of the corresponding black dotted half circle in the lower half plane) belong to the
real axis and are related through the inversion map (3.8). Hence, any point in the interval
A (red segment) is uniquely mapped into a point in its complement on the line (union of
the blue half lines), and viceversa. From (3.22), we also observe that (3.16) e (3.19) are
related as follows

zinv(ζ) = z(π, ζ) ζ ∈ C . (3.23)

Finally, by combining (3.22) with (3.5) and (3.16) (or (2.9)), one observes that the geometric
action of the modular conjugation (3.3) can be expressed through w(x) in (2.5).

4 Geodesic bit threads in Poincaré AdS3

In this section we relate the geodesic bit threads in Poincaré AdS3 for the RT curve corre-
sponding to an interval on the line to the results discussed in section 3.2 and section 3.3.

The Poincaré AdS3 can be described by the coordinates (t, x, ζ), where ζ > 0 parame-
terises the holographic direction, hence its boundary corresponds to ζ = 0. A t = const slice
of Poincaré AdS3 is the upper half plane described by the coordinates (x, ζ) and equipped
with the following metric (yellow region in figure 3)

ds2 = dx2 + dζ2

ζ2
ζ > 0 . (4.1)
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characterising



Geodesic bit threads & Modular conjugation: BTZ brane

Figure 2: Geodesic bit threads for an interval in the line, in the constant time slice of the BTZ

black brane (bottom left panel). The bottom left and bottom right panels display BTZ+ and BTZ�

respectively, while the top panel shows the constant time slice of Poincaré AdS3, which are related

through (3.15)-(3.16) (see also Fig. 1).

= xm +
zh

4
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✓
zm(xm)2 cosh(b/zh)2 + z

2
h cosh(xm/zh) sinh(xm/zh)

zm(xm)2 cosh(b/zh)2 � z2h cosh(xm/zh) sinh(xm/zh)

◆2

where the last expression is written in terms of (3.2), and

b0 =
zh

4

����� log
✓
zm(xm) sinh(b/zh) + zh sinh(xm/zh)

zm(xm) sinh(b/zh)� zh sinh(xm/zh)

◆2
����� . (3.10)

As a consistency check, we notice that the limit zh ! 1 of (3.9) and (3.10) gives the corre-

sponding expressions in (2.5) with ym replaced by xm, as expected.

In the bottom left panel of Fig. 2, the solid red curve corresponds to �A, while the integral

lines of the corresponding geodesic bit threads, obtained from either (3.4) or (3.5) or (3.7)

with the parameters c0 and b0 given by (3.9) and (3.10), are denoted by the solid green curves,

the solid grey curves and the solid magenta curves respectively. These integral lines have been

found in [12] and further discussed in [41].

Let us consider the two curves of the form z
±
I/II

(x) defined in (3.7), that separate the geodesic

bit threads described by zI(x) from the ones whose profile is given by zII(x) (see (3.4) and (3.5)

respectively) and which correspond to the solid magenta curves in the bottom left panel of

Fig. 2 (see also Fig. 4 of [12]). These two special geodesic bit threads are described by z
+
I/II

(x)

with s = b� and by z
�
I/II

(x) with s = �b� , where [41]

b� = zh log
⇥
cosh(b/zh)

⇤
(3.11)

that naturally identifies the interval A� ⌘ [�b� , b� ] ( A (see the green interval in the bottom

left panel of Fig. 2). The intersection between these two limiting geodesic bit threads and the
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Figure 5. Euclidean modular evolution for a CFT at finite temperature 1/β on the bipartite line,
obtained from (5.2), with θ ∈ (0,π) (solid arcs) or θ ∈ (π, 2π) (dotted arcs), for some x ∈ A. The
green segment corresponds to Aβ . The solid black curves (or the dotted black ones equivalently)
map A \ Aβ into B in a bijective way, while the solid yellow curves (or the dotted yellow ones
equivalently) map Aβ into the horizontal dashed black line at Im(z) = +β/2 (which is identified
with the horizontal dashed black line at Im(z) = −β/2) in a bijective way.

5.2 Geometric action in Euclidean spacetime

In the finite temperature case that we are investigating, the geometric action of the modular
conjugation can be studied by adapting the observations made in section 3.2 and section 3.3
for the ground state. It is more instructive to discuss first the Euclidean spacetime.

For a CFT at finite temperature 1/β on the line, the Euclidean spacetime to consider is
the infinite cylinder whose section along the compactified direction is a circle having length
equal to β. It can be equivalently represented by the horizontal strip {z ∈ C; |Im(z)| ! β/2}
in the complex plane (parameterised by z) with vertical width equal to β (grey region in
figure 5), where the horizontal lines at Im(z) = ±β/2 delimiting the strip (horizontal black
dashed lines in figure 5) are identified. The space where the CFT is defined corresponds
to the real axis Im(z) = 0, which is bipartite by the interval A and its complement. This
bipartition is characterised by the entangling points x = a and x = b on the real axis,
which correspond to the points where a red segment and a blue segment join in figure 5;
hence A is the union of the two red segments and the green segment, while B corresponds
to the union of the blue half lines.

The curves shown in figure 5 are obtained from (5.2) for some values of x ∈ A: the
solid ones have θ ∈ (0,π), while θ ∈ (π, 2π) for the dotted ones. Any black solid arc
(or equivalently the dotted one having the same endpoints) associates a point in the red
segments to a point in B in a unique way. Instead, any yellow arc (or equivalently the
dotted one having the same endpoints) associates a point in the green segment to a point

– 19 –
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Figure 9. Comparison between geodesic bit threads (grey dashed curves) connecting a point xA ∈
Aβ to a point on the horizon (see also figure 7) and the corresponding lines (starting at the same
xA’s) of the modular evolution in the Euclidean spacetime (yellow solid curves, see also figure 5).

share the same endpoints with the corresponding CFT lines, as expected from the analytic
result discussed above, but they do not coincide for the other points in general. There
is no reason to expect such overlap. However, the overlap approximatively occurs for the
geodesics bit threads close to the boundary, which connect points close to the entangling
point b. Indeed, since these geodesics bit threads are weakly influenced by the occurrence
of the horizon, they become approximatively half circles, i.e. geodesics in Poincaré AdS3.

The inversion map (5.11) obtained from CFT can be recovered holographically through
the geodesic bit threads also when xA ∈ Aβ. The geodesic bit thread starting at this point
on the boundary reaches the horizon at some point (xh, ζh) (grey dashed curves in figure 7
and figure 9). We observe that this bit thread is tangent to the horizon; indeed, from (6.9)
one obtains ∂ζx = −σ ζhζ

[(
ζ2h − ζ2

)(
D2

1 + ζ2m − ζ2
)]−1/2, which diverges as ζ → ζh. Such

observation suggests us to merge this geodesic bit thread with the geodesic starting at
(xh, ζh) tangentially to the horizon and ending at some point (x̃, 0) on the boundary (cyan
dashed curves in figure 9). The latter geodesic can be obtained by reflecting the geodesic
bit thread starting at (xA, 0) with respect to the vertical axis at x = xh. This construction
implies that x̃ = xA+2(xh −xA). We remark that, because of the singular behavior of the
metric in the limit ζ → ζh, the flux of the geodesic bit threads through the whole horizon
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Figure 7: Geodesic bit threads (solid green, magenta and grey curves) for a disk in R
2, in the

constant time slice of the Schwarzschild AdS4 black brane (see (6.1) with zh = 1.4). The RT surface

�A corresponds to the red curve. The critical geodesic bit thread (magenta curve) intersects �A at eP�

(whose radial coordinate is rm,�), identifying the spherical dome �̃A,� ( �A and the spherical region

A� on the boundary with radius b� (see the green segment), which provide eSA,th in (6.17). The data

points for rm,� and b� are shown in Fig. 8. The black dot P� identifies the spherical dome �A,� ( �A

whose area is equal to the thermal entropy of A in (6.16).

geodesic z(r) remains orthogonal to �A at r = rm provides z
0(rm). Specifically, considering

the unnormalized tangent vectors ⌧̃m =
�
1, z0m(rm)

�
and ⌧̃ =

�
1, z0(rm)

�
associated to �A and

to the geodesic at the point (zm, rm), the orthogonality condition ⌧̃m · ⌧̃ = 1+ z0m(rm)z0(rm)
f(zm(rm)) = 0

gives

z
0(rm) = �

f(zm(rm))

z0m(rm)
. (6.5)

The integration constant C in (6.4) is determined by comparing the value of z0(rm) from (6.4)

with the value obtained from (6.5), finding

C = �
zm(rm)

p
f(zm(rm)) + z0m(rm)2

z0m(rm)
. (6.6)

The geodesics intersecting �A (i.e. such that z(rm) = zm(rm)) orthogonally (i.e. satisfying

(6.5)) naturally fall into two distinct categories (see Fig. 7). The first class is made by the

geodesics whose maximum height, denoted by z̃⇤, is strictly below zh (see the solid green

curves in Fig. 7) and their value of z̃⇤ coincides with C, given by (6.6). The second class

includes all geodesics with a maximum height z̃⇤ exactly equal to zh. These geodesics exhibit

two branches corresponding to the solid grey curves in Fig. 7, which extend from the green

region in the boundary to the horizon, and to the dashed dark yellow curves in Fig. 7, going

from the horizon back to the boundary. The solid part of the trajectories belonging to the

second class represents the actual geodesic bit thread, while the dashed part corresponds

to the auxiliary geodesics and provides the higher dimensional analog (for the sphere) of

the dashed dark yellow curves in the bottom left panel of Fig. 2. Following [41], here it is
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(RT hypersurface unknown analytically)

Figure 9: Two-dimensional (left) and three-dimensional (right) representation of |V | for the geodesic

bit threads of a sphere in the constant time slice of the Schwarzschild AdS4 black brane.

The unit vector field ⌧ , specifying the direction of the vector field V along the bit thread

passing through (zm(rm), rm) 2 �A reads

⌧ =
�
⌧
z
, ⌧

r
,0

�
=

1

LAdS C

✓
z

q
f(z)

�
C2 � z2

�
, z

2
,0

◆
(6.12)

where C is given by (6.6). To remove the dependence on rm from (6.11) and (6.12) in order to

obtain a vector field depending only on the point (z, r), one must first solve (6.7) to express

rm as a function of r and z and then substitute the result back into (6.11) and (6.12).

In the left panel of Fig. 9, where each distinct curve corresponds to a di↵erent geodesic bit

thread, we have depicted the curves representing |V | as the coordinate z varies along a single

geodesic bit thread. The green closed curves are associated with geodesic bit threads that

originate from the boundary and return to the boundary without intersecting the horizon;

indeed, they do not reach the black dashed vertical line at z = zh. The magenta curve

provides |V | for the first geodesic bit thread that reaches the horizon. Finally, the grey solid

curves give |V | for the geodesic bit threads that reach the horizon at finite values of the

radial coordinate. For these curves, we have shown through dark yellow dashed curves also

the putative value of |V | along the corresponding auxiliary branch, which extends from the

horizon back to the boundary. It is also evident from the figure that these curves consistently

lie below the horizontal dashed red line at |V | = 1. Importantly, the values of z for which

the solid curves in the left panel of Fig. 9 touch the horizontal line at |V | = 1 correspond

to zm on �A and, in fact, all of them lie before the dashed purple vertical line representing

the maximum height z⇤ of �A in the holographic direction. An equivalent three-dimensional

picture of this situation is shown in the right panel of Fig. 9.

Given the vector field V , it is worth considering its flux through constant z = z0 hyper-

planes, with 0 6 z0 6 zh, whose density is denoted by �(r; z0) in the following. The normal

vector to these hyperplanes is n =
�
n
z
, n

r
, n

⌦
�
= 1

LAdS

�
z
p

f(z) , 0,0
�
. To define a positive

flux density through a constant z = z0 hyperplane, first, we must identify the geodesic bit

thread whose maximum height z̃⇤ is precisely equal to z0. Then, denoting by c0, with (c0 > b),

the value of r where this geodesic reaches its maximum, by c0±b0 the radial coordinates of its
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Figure 10: Holographic contour functions for a sphere A with radius b induced by the geodesic bit

threads in the constant time slice of the Schwarzschild AdSd+2 black brane for either d = 2 (top panels)

or d = 3 (middle panels) or d = 4 (bottom panels) and either in A (left panels) or on the horizon

(middle panels) or for the auxiliary geodesics on the whole boundary (right panels).
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Figure 7: Geodesic bit threads (solid green, magenta and grey curves) for a disk in R
2, in the

constant time slice of the Schwarzschild AdS4 black brane (see (6.1) with zh = 1.4). The RT surface

�A corresponds to the red curve. The critical geodesic bit thread (magenta curve) intersects �A at eP�

(whose radial coordinate is rm,�), identifying the spherical dome �̃A,� ( �A and the spherical region

A� on the boundary with radius b� (see the green segment), which provide eSA,th in (6.17). The data

points for rm,� and b� are shown in Fig. 8. The black dot P� identifies the spherical dome �A,� ( �A

whose area is equal to the thermal entropy of A in (6.16).

geodesic z(r) remains orthogonal to �A at r = rm provides z
0(rm). Specifically, considering

the unnormalized tangent vectors ⌧̃m =
�
1, z0m(rm)

�
and ⌧̃ =

�
1, z0(rm)

�
associated to �A and

to the geodesic at the point (zm, rm), the orthogonality condition ⌧̃m · ⌧̃ = 1+ z0m(rm)z0(rm)
f(zm(rm)) = 0

gives

z
0(rm) = �

f(zm(rm))

z0m(rm)
. (6.5)

The integration constant C in (6.4) is determined by comparing the value of z0(rm) from (6.4)

with the value obtained from (6.5), finding

C = �
zm(rm)

p
f(zm(rm)) + z0m(rm)2

z0m(rm)
. (6.6)

The geodesics intersecting �A (i.e. such that z(rm) = zm(rm)) orthogonally (i.e. satisfying

(6.5)) naturally fall into two distinct categories (see Fig. 7). The first class is made by the

geodesics whose maximum height, denoted by z̃⇤, is strictly below zh (see the solid green

curves in Fig. 7) and their value of z̃⇤ coincides with C, given by (6.6). The second class

includes all geodesics with a maximum height z̃⇤ exactly equal to zh. These geodesics exhibit

two branches corresponding to the solid grey curves in Fig. 7, which extend from the green

region in the boundary to the horizon, and to the dashed dark yellow curves in Fig. 7, going

from the horizon back to the boundary. The solid part of the trajectories belonging to the

second class represents the actual geodesic bit thread, while the dashed part corresponds

to the auxiliary geodesics and provides the higher dimensional analog (for the sphere) of

the dashed dark yellow curves in the bottom left panel of Fig. 2. Following [41], here it is
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Figure 12: The quantity eSA,th for 1 6 d 6 6, obtained numerically from (6.17), compared with the

holographic thermal entropy of the sphere A (solid black line), from (6.16). The data corresponding

to 2 6 d 6 5 are also reported in Fig. 11. The inset zooms in on small values of (b/zh)d.

as "AdS ! 0, being FA the O(1) term, which can be written as follows [57]

FA = 2⇡

Z b

0

1

z2

✓
f(z) +

z f
0(z)

2

◆
f(z)

f(z) + (z0)2
+ f(z)�

z f
0(z)

2
� 1

�s
f(z) + (z0)2

f(z)
r dr

(6.19)

where f(z) = 1 � (z/zh)2 and z
0
⌘ @rz, being z(r) defined as the profile of the RT surface.

The UV finite expression (6.19) can be evaluated through a numerical integration, once the

numerical solution of (6.3) has been obtained. In the top left panel of Fig. 11, the orange

data points correspond to our numerical results for �FA/V2, where V2 = ⇡ from (6.16). The

dashed curve in the same panel is (b/zh � 1)2, which is obtained by shifting the independent

variable in (6.16) for d = 2. It is worth performing a more accurate numerical analysis of

(6.19) to capture the expected asymptotic behavior for large values of b/zh.

The numerical results in Fig. 11 and Fig. 12 strongly suggest that the fluxes in (6.17) provide

the holographic thermal entropy of the sphere A, or, equivalently, that P� = eP� . We remark

that this relation holds at any value of b/zh and not only for large values of b/zh, as expected

from the above mentioned relation in this regime (see also Sec. 1) between the finite term of

the holographic entanglement entropy of A and the holographic thermal entropy of A.

The geodesic bit threads of the sphere A of radius b naturally provide the ball A� ( A with

radius b� < b which encapsulates the information about the holographic thermal entropy of

A because any geodesic bit thread of V arriving on the horizon originates from A� , and vice
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Figure 8: Ratios b�/zh (blue markers and green curve) and rm,�/zh (red markers and black curve) as

functions of b/zh for di↵erent values of the dimensionality parameter d. The solid curves correspond

to the analytic expressions in (3.13), obtained for d = 1. The dashed grey curve indicates the straight

line whose slope equals one. The left inset zooms in on small values of b/zh, while the right inset

displays the data corresponding to large values of b/zh that are not reported in the main plot.

which is a positive quantity. For d = 1, this relation becomes

xm,�

zh
�

b�

zh
=

1

2
log

✓
1�

z
2
m,�

z2h

◆
= log

✓
cosh(b/zh)p
cosh(2b/zh)

◆
(6.9)

where the second relation in (3.13) has been used in the last step. We can easily check that

(6.9) is satisfied by the expressions reported in (3.11) and (3.13). This relation also occurs

for the setup considered in Sec. 5, for a specific hyperbolic black hole. For d = 3 the relation

(6.8) is also simple

rm,�

zh
�

b�

zh
=

1
p
2
arctanh

 r
1 + (zm,�/zh)2

2

!
. (6.10)

For d = 5, the integral in (6.8) can be evaluated in terms of elliptic functions, but its explicit

form is quite cumbersome. Instead, for higher odd d and for even d this integral cannot be

computed in closed form.

By exploiting the integral representation (6.7) and following the strategy outlined in Ap-

pendix A to calculate the magnitude of V on the two branches, we obtain

��V ?
�� =

✓
z

zm

◆d
p

C2 � z2m
p
C2 � z2

✓
rm

r?

◆d�1 (@zmr<)
��
z=zm

@zmr?
. (6.11)
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Figure 16: Minimal hypersurface inspired bit threads for the strip A, in the constant time slice of the

Schwarzschild AdS4 black brane: trajectories (left) and modulus of the vector field (right). The black

dots in the left panel identify the portion �A,� ( �A whose area is equal to SA,th.

Also, in this setup, we can classify the trajectories in the (z, x) plane into two distinct

classes: the curves having a maximum height strictly below the horizon (see the green lines

in the left panel of Fig. 16) and the curves touching the horizon, i.e. whose maximum height

is precisely equal to zh (see the grey lines in the left panel of Fig. 16). Additionally, the latter

curves possess an auxiliary branch that extends from the horizon back to the boundary (see

the dashed dark yellow lines in the left panel of Fig. 16). These two groups are geometrically

separated by the two curves that reach their maximum height zh only when x approaches

infinity (see the magenta lines in the left panel of Fig. 16). These two critical lines intersect

�A at (zm,� ,±xm,�), where

zm,� =
z⇤zh�

z2dh + z2d⇤
�
1/(2d)

(6.42)

which is obtained by first setting z̃⇤ = zh in the first relation of (6.41) and then solving for

zm. The intersections between �A and the magenta curves fix the extrema ±b� of the green

interval in the left panel of Fig. 16, which characterizes the infinite strip A� ( A. Furthermore,

these intersections identify the infinite strip �̃A,� ( �A. The flux through �̃A,� equals the flux

through A� .

Comparing Fig. 13 with Fig. 16, where the same zh and b have been chosen, we observe

that �A,� ( �̃A,� in the former one, while �̃A,� ( �A,� in the latter one, where we remind that

�A,� is determined by SA,th (see the black dots on �A in the figures). Moreover, A� (see the

green segment on the boundary in the figures) is larger in Fig. 16. For both these bit thread

configurations, the holographic thermal entropy of A is not captured by their fluxes either

through the horizon or through A� .

The modulus of the corresponding vector field V can be obtained in terms of both z and

zm by following the standard procedure outlined in Appendix A. We find

��V7
�� =

������
z
d
z
d
mq

z2d
�
z2dm � z2d⇤

�
+ z2dm z2d⇤

�
@zmx<

���
z=zm

@zmx7

������
(6.43)

where |V<| and |V>| refer to the magnitude associated with the minus and plus branch in

(6.39) respectively. The direction of V is provided by the unit vector ⌧ tangent to the

52

<latexit sha1_base64="Av8PU7NCecrgOlYuTdjMQc9vACs=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSAIQthNEcUqIIhlRKNCEsLs7N1kcHZmmbkrhCUfYeOv2FgoYmth5984eRS+TnU45z5PmEph0fc/vcLc/MLiUnG5tLK6tr5R3ty6sjozHFpcS21uQmZBCgUtFCjhJjXAklDCdXh7Mvav78BYodUlDlPoJqyvRCw4Qyf1ygd5J4zpBRqRHo/oqTa0DzoCKzgNBVIcuGGRpUxFtNQrV/yqPwH9S4IZqZAZmr3yRyfSPEtAIZfM2nbgp9jNmUHBJYxKncxCyvgt60PbUcUSsN188tSI7jklorG7KNYK6UT93pGzxNphErrKhOHA/vbG4n9eO8P4qJsLlWYIik8XxZmkqOk4IRoJAxzl0BHGjXC3Uj5ghnF0OY5DCH6//Jdc1apBvVo/r1Ua9VkcRbJDdsk+CcghaZAz0iQtwsk9eSTP5MV78J68V+9tWlrwZj3b5Ae89y/qCJ1v</latexit>

Strip: For geodesic bit threads and
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another type of bit thread construction
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we found eSA,th 6= SA,th
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Other constructions of bit threads have been explored and the relation
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eSA,th = SA,th has been observed only for the geodesic bit threads



Finite temperature and finite volume: BTZ black hole

Figure 19: BTZ black hole and �b < �
⇤
b : Maximal sets of non-intersecting geodesics (green and grey

curves) that intersect orthogonally the RT curve �A = �A,1 (red curve). The two panels correspond to

two di↵erent choices of Pbdy and Phor (see the black dot on the boundary and the horizon respectively).

Figure 20: Images through (7.2) of the geodesics shown in Fig. 19 in a portion of the BTZ black brane

determined by the dashed grey curves.

Similarly, from (3.5) and (7.2) we get a geodesic with one endpoint on the boundary and the

other one on the horizon, which reads

rII(�) = rh

"
1�

✓
sinh(rh(�� �0)/LAdS)

sinh((rh✓0)/LAdS)

◆2
#�1/2

(7.4)

where �0 is the angular coordinate of the endpoint on the horizon, while the angular coordinate

of the endpoint on the boundary is either �0 + ✓0 or �0 � ✓0.

The expressions (7.3) and (7.4) also provide geodesics whose length is non-minimal and

have non-vanishing winding numbers, as discussed in Appendix G (see Fig. 30 and Fig. 31).

For these geodesics having nontrivial winding numbers, �0 and ✓0 are promoted to parameters

varying on the whole real line. Then, taking �0 ! ±1 and ✓0 ! +1 in (7.3) and (7.4), we
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Figure 21: BTZ black hole and �b > �
⇤
b : The RT curve �A is the union of �A,2 and of the horizon

(red curves). Maximal sets of non-intersecting geodesics with both the endpoints on the boundary

that intersect orthogonally �A,2 (green curves). The two panels correspond to two di↵erent choices of

Pbdy (black dot on the boundary).

Figure 22: Images through (7.2) of the geodesics shown in Fig. 21 in a portion of the BTZ black brane

determined by the dotted grey curves.

obtain the geodesic given by

r
±
I/II

(�) =
rhp

1� e±2rh(�s��)
(7.5)

that start from the boundary at �s = �0 ⌥ ✓0 and wind infinitely many times around the

horizon, which is reached as � ! ±1. The geodesics (7.5) in the BTZ black hole can be

found also from the geodesics (3.7) in the BTZ black brane, by applying (7.2), that implies

s = LAdS �s and zh = L
2
AdS

/rh.

In the time slice of the BTZ black hole (see (7.1)), let us consider the bipartition of the

boundary given by the circular arc A = (��b,�b) with 0 < �b < ⇡ (see the union of the

orange and of the green circular arcs in Fig. 19 and the orange circular arcs in Fig. 21) and

its complement B (see the blue circular arcs in Fig. 19 and Fig. 21). The homology constraint
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<latexit sha1_base64="MWv/Z2sxGCxH1o8cRyOL9/9mGCU="></latexit>

In the BTZ black hole the geodesics do not provide well defined bit threads

<latexit sha1_base64="TrB7APt9LheNU+pQFFy6Teu0aXc="></latexit>

In order to recover the thermal entropy of the arc A of width �A < �c
<latexit sha1_base64="IU/cZG+Wc0gHFc1ql1L4GERsOks="></latexit>

geodesics with all windings numbers around the horizon must be considered



EH in field theories: Bisognano-Wichmann & CFT EH in field theories: Bisognano-Wichmann & CFT 

<latexit sha1_base64="+NHcGPB5HhfoRaLOpNV62ZiaNdw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRd1C4LInRZwT6gDeVmOmmHTiZhZiKU0J0bf8WNC0Xc+gvu/BsnbRbaemDgcM69d+49fsyZ0o7zbRU2Nre2d4q7pb39g8Mj+/iko6JEEtomEY9kzwdFORO0rZnmtBdLCqHPadef3mR+94FKxSJxr2cx9UIYCxYwAtpIQ/t84Af4VmgQY05DKjRuQsi4jgQDofDQLjsVZwG8TtyclFGO1tD+GowikmSTCAel+q4Tay8FqRnhdF4aJIrGQKYwpn1DBYRUeenijjm+NMoIB5E0z2yyUH93pBAqNQt9UxmCnqhVLxP/8/qJDupeykScaCrI8qMg4VhHOAsFj5ikRPOZIUAkM7tiMgEJRJvoSiYEd/XkddKpVtxapXZXLTfqeRxFdIYu0BVy0TVqoCZqoTYi6BE9o1f0Zj1ZL9a79bEsLVh5zyn6A+vzB57JmSM=</latexit>

Entanglement Hamiltonians

<latexit sha1_base64="NuzXZD+XbX1eDjl6YLoy0O/Tobc=">AAACAnicbVC7SgNBFJ2NrxhfUSuxGQyCVdhNEVMGbCwjmAckS5idzGaHzMwuM3eFsAQbf8XGQhFbv8LOv3GSbKGJBy4czrmXyzlBIrgB1/12ChubW9s7xd3S3v7B4VH5+KRj4lRT1qaxiHUvIIYJrlgbOAjWSzQjMhCsG0xu5n73gWnDY3UP04T5kowVDzklYKVh+WwQhJgrDBHDEdEyVpxiGhFuvYpbdRfA68TLSQXlaA3LX4NRTFPJFFBBjOl7bgJ+RjRwKtisNEgNSwidkDHrW6qIZMbPFhFm+NIqIxzG2o4CvFB/X2REGjOVgd2UBCKz6s3F/7x+CmHDz7hKUmCKLh+FqcAQ43kfeMQ1oyCmlhCqOSzja0LBtlayJXirkddJp1b16tX6Xa3SbOR1FNE5ukBXyEPXqIluUQu1EUWP6Bm9ojfnyXlx3p2P5WrByW9O0R84nz9HbJa0</latexit>

in the harmonic chain



Harmonic chain in the ground state: EH

bH =
L�1X

i=0
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i +


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(q̂i+1 � q̂i)

2
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<latexit sha1_base64="P6wFuKZ7RJfehk/4R/wK/IUl8zo="></latexit>

Harmonic chain
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(periodic b.c.)
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✓
q
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◆

<latexit sha1_base64="Ksj4UUA6jA0ZYf/uAgECPqo+/qU="></latexit>

[Casini, Huerta, (2009)]
<latexit sha1_base64="0KN7Cw7uLRk85jWJDl28k81c0S4=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWARKpSapFDbXaGbLivYB6ShTKaTduhkEmYmQgl146+4caGIW//CnX/j9CGo6IELh3Pu5d57/JhRqSzrw8isrW9sbmW3czu7e/sH5uFRR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr+pDH3u7dESBrxGzWNiReiEacBxUhpaWCeuA0kKadF2EyIUKgIC45l1S68gZm3Sla5Wq7YUJMFNKnVqo5dgfZKyYMVWgPzvT+McBISrjBDUrq2FSsvRUJRzMgs108kiRGeoBFxNeUoJNJLFx/M4LlWhjCIhC6u4EL9PpGiUMpp6OvOEKmx/O3Nxb88N1FB1UspjxNFOF4uChIGVQTnccAhFQQrNtUEYUH1rRCPkUBY6dByOoSvT+H/pOOU7HLJuXby9ctVHFlwCs5AAdjgCtRBE7RAG2BwBx7AE3g27o1H48V4XbZmjNXMMfgB4+0TgkyU7g==</latexit>

Gaussianity and Wick theorem allow to write the EH matrix HA
<latexit sha1_base64="GpHPsD5Bj3iGUsS97AQ3vTrE2ag="></latexit>

in terms of the reduced covariance matrix �A ⌘ Rehr̂ r̂ti|A
<latexit sha1_base64="33vyoor8G3mFbpCCNcoH+CVpHdo="></latexit>

[Peschel, (2003)]
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◆

<latexit sha1_base64="PRHgqjHsjFgwnQ0MOlYvlk5WFAw="></latexit>

<latexit sha1_base64="bhcetdvHDFByeUzpQFq0fImj0to="></latexit>
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<latexit sha1_base64="u1MO5opWKUeT8L3hH2AFhV+0OWI="></latexit>
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Consider a Gaussian state (e.g. the ground state)
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! = 10�1

<latexit sha1_base64="/UrLBSMPoyfQJQkf9oOMModOlrQ=">AAAB+XicbVC7SgNBFJ2Nrxhfq5aCDAYhjWFXBLUQAzaWCZgHJGuYnUySIfNYZmYDYUnpX9hYKGJhY5PvsPMb/Aknj0ITD1w4nHMv994TRoxq43lfTmppeWV1Lb2e2djc2t5xd/cqWsYKkzKWTKpaiDRhVJCyoYaRWqQI4iEj1bB3M/arfaI0leLODCIScNQRtE0xMlZqum5DctJB8Ar63n1y4g+bbtbLexPAReLPSPb6fVT6fjgcFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw04g1iRDuoQ6pWyoQJzpIJpcP4bFVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFgZG4I///IiqZzm/bP8ZcnLFnJgijQ4AEcgB3xwDgrgFhRBGWDQB4/gGbw4ifPkvDpv09aUM5vZB3/gfPwALleWbA==</latexit>

! = 1

<latexit sha1_base64="Aj+kT7UAegSx2DKelXHeTTKJ7fI=">AAAB8XicbZDLSgMxFIYz9VbrrepSkGARuiozIqgLseDGZQv2gu1QMulpG5pkhiQjlKFL38CNC0XcCq77HO58Bl/C9LLQ1h8CH/9/DjnnBBFn2rjul5NaWl5ZXUuvZzY2t7Z3srt7VR3GikKFhjxU9YBo4ExCxTDDoR4pICLgUAv61+O8dg9Ks1DemkEEviBdyTqMEmOtu2YooEvwJfZa2ZxbcCfCi+DNIHf1MSp/PxyOSq3sZ7Md0liANJQTrRueGxk/IcowymGYacYaIkL7pAsNi5II0H4ymXiIj63Txp1Q2ScNnri/OxIitB6IwFYKYnp6Phub/2WN2HTO/YTJKDYg6fSjTsyxCfF4fdxmCqjhAwuEKmZnxbRHFKHGHiljj+DNr7wI1ZOCd1q4KLu5Yh5NlUYH6AjlkYfOUBHdoBKqIIokekTP6MXRzpPz6rxNS1POrGcf/ZHz/gPj8JQb</latexit>

! = 3

<latexit sha1_base64="fAwxJIdb1jZMfnzLaPHnGJet17w=">AAAB8XicbZDLSgMxFIYzXmu9VV0KEixCV2VGBXUhFty4bMFesB1KJj1tQ5PMkGSEMnTpG7hxoYhbwXWfw53P4EuYXhba+kPg4//PIeecIOJMG9f9chYWl5ZXVlNr6fWNza3tzM5uRYexolCmIQ9VLSAaOJNQNsxwqEUKiAg4VIPe9Siv3oPSLJS3ph+BL0hHsjajxFjrrhEK6BB8iU+amaybd8fC8+BNIXv1MSx9PxwMi83MZ6MV0liANJQTreueGxk/IcowymGQbsQaIkJ7pAN1i5II0H4ynniAj6zTwu1Q2ScNHru/OxIitO6LwFYKYrp6NhuZ/2X12LTP/YTJKDYg6eSjdsyxCfFofdxiCqjhfQuEKmZnxbRLFKHGHiltj+DNrjwPleO8d5q/KLnZQg5NlEL76BDlkIfOUAHdoCIqI4okekTP6MXRzpPz6rxNShecac8e+iPn/Qfm+JQd</latexit>
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! = 10�30

<latexit sha1_base64="GicJgmVPTnMbgTHu6trn3X2kMt0=">AAAB+nicbVDLSgMxFM34rPU11aUgwSJ0Y5lRQV2IBTcuW7APaMeSSTNtaCYZkoxSxi79DDcuFBFcueh3uPMb/AnTx0JbD1w4nHMv997jR4wq7Thf1tz8wuLScmolvbq2vrFpZ7YqSsQSkzIWTMiajxRhlJOyppqRWiQJCn1Gqn73cuhXb4lUVPBr3YuIF6I2pwHFSBupaWcaIiRtBM+h69wkB0dOv2lnnbwzApwl7oRkL94Hpe+H3UGxaX82WgLHIeEaM6RU3XUi7SVIaooZ6acbsSIRwl3UJnVDOQqJ8pLR6X24b5QWDIQ0xTUcqb8nEhQq1Qt90xki3VHT3lD8z6vHOjj1EsqjWBOOx4uCmEEt4DAH2KKSYM16hiAsqbkV4g6SCGuTVtqE4E6/PEsqh3n3OH9WcrKFHBgjBXbAHsgBF5yAArgCRVAGGNyBR/AMXqx768l6td7GrXPWZGYb/IH18QOj7pao</latexit>

! = 10�4

<latexit sha1_base64="iRvhmM67XOBla5xh4H5M86rArEY=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMexKQC3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqZzl/HzusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAMuaWbw==</latexit>

! = 10�2

<latexit sha1_base64="Pxr+yJiELp3jzJUfrp1P12/5yCw=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMewGQS3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqeRz/lnusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAL9yWbQ==</latexit>

i

<latexit sha1_base64="aANeY/wUPprPfeRvqg3CxuswwVk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBSBV2RVArAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrA1jnOex8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqqyTLzglZyr7L7hzKFy+j6tf94fjSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46HXRkHxunaweRNE9oe+r+7EhJqNQw9E1lSHRfLWYT87+slejg3EuZiBONgs4+ChJu68iebG13mUSq+dAAoZKZWW3aJ5JQbW6TM0dwF1f+C/WTkntauqg6hXIRZsrCARxBEVw4gzJcQwVqQAHhAZ7g2bq1Hq0X63VWmrHmPfvwS9bbN30jkRc=</latexit>

j

<latexit sha1_base64="gS9wB5xlOrTfsHnBE84uP09vs3c=">AAAB6HicbVDJSgNBEK1JXGLcoh69NIZATmFGBPUW8OIxAbNAEkJPpybppGehu0cIQ/DizYsHRXLUj/BDvPk3dpaDJj4oeLxXRVU9NxJcadv+tlLpjc2t7cxOdndv/+Awd3RcV2EsGdZYKELZdKlCwQOsaa4FNiOJ1HcFNtzRzcxv3KNUPAzu9DjCjk/7Afc4o9pI1WE3l7dL9hxknThLki+nCw+f08f3Sjf31e6FLPYx0ExQpVqOHelOQqXmTOAk244VRpSNaB9bhgbUR9VJ5odOSMEoPeKF0lSgyVz9PZFQX6mx75pOn+qBWvVm4n9eK9beVSfhQRRrDNhikRcLokMy+5r0uESmxdgQyiQ3txI2oJIybbLJmhCc1ZfXSf285FyUrqsmjSIskIFTOIMiOHAJZbiFCtSAAcITvMCrNbSerTdrumhNWcuZE/gD6+MHTLCQNw==</latexit>

Figure 10: Contour plots of Ti,j/N (top) and Vi,j/N (bottom) for N = 400 and six
values of !.
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i

<latexit sha1_base64="aANeY/wUPprPfeRvqg3CxuswwVk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBSBV2RVArAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrA1jnOex8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqqyTLzglZyr7L7hzKFy+j6tf94fjSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46HXRkHxunaweRNE9oe+r+7EhJqNQw9E1lSHRfLWYT87+slejg3EuZiBONgs4+ChJu68iebG13mUSq+dAAoZKZWW3aJ5JQbW6TM0dwF1f+C/WTkntauqg6hXIRZsrCARxBEVw4gzJcQwVqQAHhAZ7g2bq1Hq0X63VWmrHmPfvwS9bbN30jkRc=</latexit>

j

<latexit sha1_base64="gS9wB5xlOrTfsHnBE84uP09vs3c=">AAAB6HicbVDJSgNBEK1JXGLcoh69NIZATmFGBPUW8OIxAbNAEkJPpybppGehu0cIQ/DizYsHRXLUj/BDvPk3dpaDJj4oeLxXRVU9NxJcadv+tlLpjc2t7cxOdndv/+Awd3RcV2EsGdZYKELZdKlCwQOsaa4FNiOJ1HcFNtzRzcxv3KNUPAzu9DjCjk/7Afc4o9pI1WE3l7dL9hxknThLki+nCw+f08f3Sjf31e6FLPYx0ExQpVqOHelOQqXmTOAk244VRpSNaB9bhgbUR9VJ5odOSMEoPeKF0lSgyVz9PZFQX6mx75pOn+qBWvVm4n9eK9beVSfhQRRrDNhikRcLokMy+5r0uESmxdgQyiQ3txI2oJIybbLJmhCc1ZfXSf285FyUrqsmjSIskIFTOIMiOHAJZbiFCtSAAcITvMCrNbSerTdrumhNWcuZE/gD6+MHTLCQNw==</latexit>
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! = 10�30

<latexit sha1_base64="GicJgmVPTnMbgTHu6trn3X2kMt0=">AAAB+nicbVDLSgMxFM34rPU11aUgwSJ0Y5lRQV2IBTcuW7APaMeSSTNtaCYZkoxSxi79DDcuFBFcueh3uPMb/AnTx0JbD1w4nHMv997jR4wq7Thf1tz8wuLScmolvbq2vrFpZ7YqSsQSkzIWTMiajxRhlJOyppqRWiQJCn1Gqn73cuhXb4lUVPBr3YuIF6I2pwHFSBupaWcaIiRtBM+h69wkB0dOv2lnnbwzApwl7oRkL94Hpe+H3UGxaX82WgLHIeEaM6RU3XUi7SVIaooZ6acbsSIRwl3UJnVDOQqJ8pLR6X24b5QWDIQ0xTUcqb8nEhQq1Qt90xki3VHT3lD8z6vHOjj1EsqjWBOOx4uCmEEt4DAH2KKSYM16hiAsqbkV4g6SCGuTVtqE4E6/PEsqh3n3OH9WcrKFHBgjBXbAHsgBF5yAArgCRVAGGNyBR/AMXqx768l6td7GrXPWZGYb/IH18QOj7pao</latexit>

! = 10�4

<latexit sha1_base64="iRvhmM67XOBla5xh4H5M86rArEY=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMexKQC3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqZzl/HzusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAMuaWbw==</latexit>

! = 10�2

<latexit sha1_base64="Pxr+yJiELp3jzJUfrp1P12/5yCw=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMewGQS3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqeRz/lnusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAL9yWbQ==</latexit>
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! = 10�1

<latexit sha1_base64="/UrLBSMPoyfQJQkf9oOMModOlrQ=">AAAB+XicbVC7SgNBFJ2Nrxhfq5aCDAYhjWFXBLUQAzaWCZgHJGuYnUySIfNYZmYDYUnpX9hYKGJhY5PvsPMb/Aknj0ITD1w4nHMv994TRoxq43lfTmppeWV1Lb2e2djc2t5xd/cqWsYKkzKWTKpaiDRhVJCyoYaRWqQI4iEj1bB3M/arfaI0leLODCIScNQRtE0xMlZqum5DctJB8Ar63n1y4g+bbtbLexPAReLPSPb6fVT6fjgcFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw04g1iRDuoQ6pWyoQJzpIJpcP4bFVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFgZG4I///IiqZzm/bP8ZcnLFnJgijQ4AEcgB3xwDgrgFhRBGWDQB4/gGbw4ifPkvDpv09aUM5vZB3/gfPwALleWbA==</latexit>

! = 1

<latexit sha1_base64="Aj+kT7UAegSx2DKelXHeTTKJ7fI=">AAAB8XicbZDLSgMxFIYz9VbrrepSkGARuiozIqgLseDGZQv2gu1QMulpG5pkhiQjlKFL38CNC0XcCq77HO58Bl/C9LLQ1h8CH/9/DjnnBBFn2rjul5NaWl5ZXUuvZzY2t7Z3srt7VR3GikKFhjxU9YBo4ExCxTDDoR4pICLgUAv61+O8dg9Ks1DemkEEviBdyTqMEmOtu2YooEvwJfZa2ZxbcCfCi+DNIHf1MSp/PxyOSq3sZ7Md0liANJQTrRueGxk/IcowymGYacYaIkL7pAsNi5II0H4ymXiIj63Txp1Q2ScNnri/OxIitB6IwFYKYnp6Phub/2WN2HTO/YTJKDYg6fSjTsyxCfF4fdxmCqjhAwuEKmZnxbRHFKHGHiljj+DNr7wI1ZOCd1q4KLu5Yh5NlUYH6AjlkYfOUBHdoBKqIIokekTP6MXRzpPz6rxNS1POrGcf/ZHz/gPj8JQb</latexit>

! = 3

<latexit sha1_base64="fAwxJIdb1jZMfnzLaPHnGJet17w=">AAAB8XicbZDLSgMxFIYzXmu9VV0KEixCV2VGBXUhFty4bMFesB1KJj1tQ5PMkGSEMnTpG7hxoYhbwXWfw53P4EuYXhba+kPg4//PIeecIOJMG9f9chYWl5ZXVlNr6fWNza3tzM5uRYexolCmIQ9VLSAaOJNQNsxwqEUKiAg4VIPe9Siv3oPSLJS3ph+BL0hHsjajxFjrrhEK6BB8iU+amaybd8fC8+BNIXv1MSx9PxwMi83MZ6MV0liANJQTreueGxk/IcowymGQbsQaIkJ7pAN1i5II0H4ynniAj6zTwu1Q2ScNHru/OxIitO6LwFYKYrp6NhuZ/2X12LTP/YTJKDYg6eSjdsyxCfFofdxiCqjhfQuEKmZnxbRLFKHGHiltj+DNrjwPleO8d5q/KLnZQg5NlEL76BDlkIfOUAHdoCIqI4okekTP6MXRzpPz6rxNShecac8e+iPn/Qfm+JQd</latexit>
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! = 10�1

<latexit sha1_base64="/UrLBSMPoyfQJQkf9oOMModOlrQ=">AAAB+XicbVC7SgNBFJ2Nrxhfq5aCDAYhjWFXBLUQAzaWCZgHJGuYnUySIfNYZmYDYUnpX9hYKGJhY5PvsPMb/Aknj0ITD1w4nHMv994TRoxq43lfTmppeWV1Lb2e2djc2t5xd/cqWsYKkzKWTKpaiDRhVJCyoYaRWqQI4iEj1bB3M/arfaI0leLODCIScNQRtE0xMlZqum5DctJB8Ar63n1y4g+bbtbLexPAReLPSPb6fVT6fjgcFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw04g1iRDuoQ6pWyoQJzpIJpcP4bFVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFgZG4I///IiqZzm/bP8ZcnLFnJgijQ4AEcgB3xwDgrgFhRBGWDQB4/gGbw4ifPkvDpv09aUM5vZB3/gfPwALleWbA==</latexit>

! = 1

<latexit sha1_base64="Aj+kT7UAegSx2DKelXHeTTKJ7fI=">AAAB8XicbZDLSgMxFIYz9VbrrepSkGARuiozIqgLseDGZQv2gu1QMulpG5pkhiQjlKFL38CNC0XcCq77HO58Bl/C9LLQ1h8CH/9/DjnnBBFn2rjul5NaWl5ZXUuvZzY2t7Z3srt7VR3GikKFhjxU9YBo4ExCxTDDoR4pICLgUAv61+O8dg9Ks1DemkEEviBdyTqMEmOtu2YooEvwJfZa2ZxbcCfCi+DNIHf1MSp/PxyOSq3sZ7Md0liANJQTrRueGxk/IcowymGYacYaIkL7pAsNi5II0H4ymXiIj63Txp1Q2ScNnri/OxIitB6IwFYKYnp6Phub/2WN2HTO/YTJKDYg6fSjTsyxCfF4fdxmCqjhAwuEKmZnxbRHFKHGHiljj+DNr7wI1ZOCd1q4KLu5Yh5NlUYH6AjlkYfOUBHdoBKqIIokekTP6MXRzpPz6rxNS1POrGcf/ZHz/gPj8JQb</latexit>

! = 3

<latexit sha1_base64="fAwxJIdb1jZMfnzLaPHnGJet17w=">AAAB8XicbZDLSgMxFIYzXmu9VV0KEixCV2VGBXUhFty4bMFesB1KJj1tQ5PMkGSEMnTpG7hxoYhbwXWfw53P4EuYXhba+kPg4//PIeecIOJMG9f9chYWl5ZXVlNr6fWNza3tzM5uRYexolCmIQ9VLSAaOJNQNsxwqEUKiAg4VIPe9Siv3oPSLJS3ph+BL0hHsjajxFjrrhEK6BB8iU+amaybd8fC8+BNIXv1MSx9PxwMi83MZ6MV0liANJQTreueGxk/IcowymGQbsQaIkJ7pAN1i5II0H4ynniAj6zTwu1Q2ScNHru/OxIitO6LwFYKYrp6NhuZ/2X12LTP/YTJKDYg6eSjdsyxCfFofdxiCqjhfQuEKmZnxbRLFKHGHiltj+DNrjwPleO8d5q/KLnZQg5NlEL76BDlkIfOUAHdoCIqI4okekTP6MXRzpPz6rxNShecac8e+iPn/Qfm+JQd</latexit>

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

! = 10�30

<latexit sha1_base64="GicJgmVPTnMbgTHu6trn3X2kMt0=">AAAB+nicbVDLSgMxFM34rPU11aUgwSJ0Y5lRQV2IBTcuW7APaMeSSTNtaCYZkoxSxi79DDcuFBFcueh3uPMb/AnTx0JbD1w4nHMv997jR4wq7Thf1tz8wuLScmolvbq2vrFpZ7YqSsQSkzIWTMiajxRhlJOyppqRWiQJCn1Gqn73cuhXb4lUVPBr3YuIF6I2pwHFSBupaWcaIiRtBM+h69wkB0dOv2lnnbwzApwl7oRkL94Hpe+H3UGxaX82WgLHIeEaM6RU3XUi7SVIaooZ6acbsSIRwl3UJnVDOQqJ8pLR6X24b5QWDIQ0xTUcqb8nEhQq1Qt90xki3VHT3lD8z6vHOjj1EsqjWBOOx4uCmEEt4DAH2KKSYM16hiAsqbkV4g6SCGuTVtqE4E6/PEsqh3n3OH9WcrKFHBgjBXbAHsgBF5yAArgCRVAGGNyBR/AMXqx768l6td7GrXPWZGYb/IH18QOj7pao</latexit>

! = 10�4

<latexit sha1_base64="iRvhmM67XOBla5xh4H5M86rArEY=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMexKQC3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqZzl/HzusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAMuaWbw==</latexit>

! = 10�2

<latexit sha1_base64="Pxr+yJiELp3jzJUfrp1P12/5yCw=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMewGQS3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqeRz/lnusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAL9yWbQ==</latexit>

i

<latexit sha1_base64="aANeY/wUPprPfeRvqg3CxuswwVk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBSBV2RVArAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrA1jnOex8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqqyTLzglZyr7L7hzKFy+j6tf94fjSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46HXRkHxunaweRNE9oe+r+7EhJqNQw9E1lSHRfLWYT87+slejg3EuZiBONgs4+ChJu68iebG13mUSq+dAAoZKZWW3aJ5JQbW6TM0dwF1f+C/WTkntauqg6hXIRZsrCARxBEVw4gzJcQwVqQAHhAZ7g2bq1Hq0X63VWmrHmPfvwS9bbN30jkRc=</latexit>

j

<latexit sha1_base64="gS9wB5xlOrTfsHnBE84uP09vs3c=">AAAB6HicbVDJSgNBEK1JXGLcoh69NIZATmFGBPUW8OIxAbNAEkJPpybppGehu0cIQ/DizYsHRXLUj/BDvPk3dpaDJj4oeLxXRVU9NxJcadv+tlLpjc2t7cxOdndv/+Awd3RcV2EsGdZYKELZdKlCwQOsaa4FNiOJ1HcFNtzRzcxv3KNUPAzu9DjCjk/7Afc4o9pI1WE3l7dL9hxknThLki+nCw+f08f3Sjf31e6FLPYx0ExQpVqOHelOQqXmTOAk244VRpSNaB9bhgbUR9VJ5odOSMEoPeKF0lSgyVz9PZFQX6mx75pOn+qBWvVm4n9eK9beVSfhQRRrDNhikRcLokMy+5r0uESmxdgQyiQ3txI2oJIybbLJmhCc1ZfXSf285FyUrqsmjSIskIFTOIMiOHAJZbiFCtSAAcITvMCrNbSerTdrumhNWcuZE/gD6+MHTLCQNw==</latexit>

Figure 10: Contour plots of Ti,j/N (top) and Vi,j/N (bottom) for N = 400 and six
values of !.

<latexit sha1_base64="DxY0XCUQ/LkmPEQz/XZJ6+25OoM="></latexit>

[Eisler, Di Giulio, E.T., Peschel (2020)]
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i

<latexit sha1_base64="aANeY/wUPprPfeRvqg3CxuswwVk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBSBV2RVArAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrA1jnOex8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqqyTLzglZyr7L7hzKFy+j6tf94fjSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46HXRkHxunaweRNE9oe+r+7EhJqNQw9E1lSHRfLWYT87+slejg3EuZiBONgs4+ChJu68iebG13mUSq+dAAoZKZWW3aJ5JQbW6TM0dwF1f+C/WTkntauqg6hXIRZsrCARxBEVw4gzJcQwVqQAHhAZ7g2bq1Hq0X63VWmrHmPfvwS9bbN30jkRc=</latexit>

j

<latexit sha1_base64="gS9wB5xlOrTfsHnBE84uP09vs3c=">AAAB6HicbVDJSgNBEK1JXGLcoh69NIZATmFGBPUW8OIxAbNAEkJPpybppGehu0cIQ/DizYsHRXLUj/BDvPk3dpaDJj4oeLxXRVU9NxJcadv+tlLpjc2t7cxOdndv/+Awd3RcV2EsGdZYKELZdKlCwQOsaa4FNiOJ1HcFNtzRzcxv3KNUPAzu9DjCjk/7Afc4o9pI1WE3l7dL9hxknThLki+nCw+f08f3Sjf31e6FLPYx0ExQpVqOHelOQqXmTOAk244VRpSNaB9bhgbUR9VJ5odOSMEoPeKF0lSgyVz9PZFQX6mx75pOn+qBWvVm4n9eK9beVSfhQRRrDNhikRcLokMy+5r0uESmxdgQyiQ3txI2oJIybbLJmhCc1ZfXSf285FyUrqsmjSIskIFTOIMiOHAJZbiFCtSAAcITvMCrNbSerTdrumhNWcuZE/gD6+MHTLCQNw==</latexit>

T matrix  
(top 6 panels)

L = 400T & V matrices

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

V matrix  
(bottom 6 panels)

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

! = 10�30

<latexit sha1_base64="GicJgmVPTnMbgTHu6trn3X2kMt0=">AAAB+nicbVDLSgMxFM34rPU11aUgwSJ0Y5lRQV2IBTcuW7APaMeSSTNtaCYZkoxSxi79DDcuFBFcueh3uPMb/AnTx0JbD1w4nHMv997jR4wq7Thf1tz8wuLScmolvbq2vrFpZ7YqSsQSkzIWTMiajxRhlJOyppqRWiQJCn1Gqn73cuhXb4lUVPBr3YuIF6I2pwHFSBupaWcaIiRtBM+h69wkB0dOv2lnnbwzApwl7oRkL94Hpe+H3UGxaX82WgLHIeEaM6RU3XUi7SVIaooZ6acbsSIRwl3UJnVDOQqJ8pLR6X24b5QWDIQ0xTUcqb8nEhQq1Qt90xki3VHT3lD8z6vHOjj1EsqjWBOOx4uCmEEt4DAH2KKSYM16hiAsqbkV4g6SCGuTVtqE4E6/PEsqh3n3OH9WcrKFHBgjBXbAHsgBF5yAArgCRVAGGNyBR/AMXqx768l6td7GrXPWZGYb/IH18QOj7pao</latexit>

! = 10�4

<latexit sha1_base64="iRvhmM67XOBla5xh4H5M86rArEY=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMexKQC3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqZzl/HzusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAMuaWbw==</latexit>

! = 10�2

<latexit sha1_base64="Pxr+yJiELp3jzJUfrp1P12/5yCw=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMewGQS3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqeRz/lnusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAL9yWbQ==</latexit>

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

! = 10�1

<latexit sha1_base64="/UrLBSMPoyfQJQkf9oOMModOlrQ=">AAAB+XicbVC7SgNBFJ2Nrxhfq5aCDAYhjWFXBLUQAzaWCZgHJGuYnUySIfNYZmYDYUnpX9hYKGJhY5PvsPMb/Aknj0ITD1w4nHMv994TRoxq43lfTmppeWV1Lb2e2djc2t5xd/cqWsYKkzKWTKpaiDRhVJCyoYaRWqQI4iEj1bB3M/arfaI0leLODCIScNQRtE0xMlZqum5DctJB8Ar63n1y4g+bbtbLexPAReLPSPb6fVT6fjgcFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw04g1iRDuoQ6pWyoQJzpIJpcP4bFVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFgZG4I///IiqZzm/bP8ZcnLFnJgijQ4AEcgB3xwDgrgFhRBGWDQB4/gGbw4ifPkvDpv09aUM5vZB3/gfPwALleWbA==</latexit>

! = 1

<latexit sha1_base64="Aj+kT7UAegSx2DKelXHeTTKJ7fI=">AAAB8XicbZDLSgMxFIYz9VbrrepSkGARuiozIqgLseDGZQv2gu1QMulpG5pkhiQjlKFL38CNC0XcCq77HO58Bl/C9LLQ1h8CH/9/DjnnBBFn2rjul5NaWl5ZXUuvZzY2t7Z3srt7VR3GikKFhjxU9YBo4ExCxTDDoR4pICLgUAv61+O8dg9Ks1DemkEEviBdyTqMEmOtu2YooEvwJfZa2ZxbcCfCi+DNIHf1MSp/PxyOSq3sZ7Md0liANJQTrRueGxk/IcowymGYacYaIkL7pAsNi5II0H4ymXiIj63Txp1Q2ScNnri/OxIitB6IwFYKYnp6Phub/2WN2HTO/YTJKDYg6fSjTsyxCfF4fdxmCqjhAwuEKmZnxbRHFKHGHiljj+DNr7wI1ZOCd1q4KLu5Yh5NlUYH6AjlkYfOUBHdoBKqIIokekTP6MXRzpPz6rxNS1POrGcf/ZHz/gPj8JQb</latexit>

! = 3

<latexit sha1_base64="fAwxJIdb1jZMfnzLaPHnGJet17w=">AAAB8XicbZDLSgMxFIYzXmu9VV0KEixCV2VGBXUhFty4bMFesB1KJj1tQ5PMkGSEMnTpG7hxoYhbwXWfw53P4EuYXhba+kPg4//PIeecIOJMG9f9chYWl5ZXVlNr6fWNza3tzM5uRYexolCmIQ9VLSAaOJNQNsxwqEUKiAg4VIPe9Siv3oPSLJS3ph+BL0hHsjajxFjrrhEK6BB8iU+amaybd8fC8+BNIXv1MSx9PxwMi83MZ6MV0liANJQTreueGxk/IcowymGQbsQaIkJ7pAN1i5II0H4ynniAj6zTwu1Q2ScNHru/OxIitO6LwFYKYrp6NhuZ/2X12LTP/YTJKDYg6eSjdsyxCfFofdxiCqjhfQuEKmZnxbRLFKHGHiltj+DNrjwPleO8d5q/KLnZQg5NlEL76BDlkIfOUAHdoCIqI4okekTP6MXRzpPz6rxNShecac8e+iPn/Qfm+JQd</latexit>

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

! = 10�1

<latexit sha1_base64="/UrLBSMPoyfQJQkf9oOMModOlrQ=">AAAB+XicbVC7SgNBFJ2Nrxhfq5aCDAYhjWFXBLUQAzaWCZgHJGuYnUySIfNYZmYDYUnpX9hYKGJhY5PvsPMb/Aknj0ITD1w4nHMv994TRoxq43lfTmppeWV1Lb2e2djc2t5xd/cqWsYKkzKWTKpaiDRhVJCyoYaRWqQI4iEj1bB3M/arfaI0leLODCIScNQRtE0xMlZqum5DctJB8Ar63n1y4g+bbtbLexPAReLPSPb6fVT6fjgcFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw04g1iRDuoQ6pWyoQJzpIJpcP4bFVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFgZG4I///IiqZzm/bP8ZcnLFnJgijQ4AEcgB3xwDgrgFhRBGWDQB4/gGbw4ifPkvDpv09aUM5vZB3/gfPwALleWbA==</latexit>

! = 1

<latexit sha1_base64="Aj+kT7UAegSx2DKelXHeTTKJ7fI=">AAAB8XicbZDLSgMxFIYz9VbrrepSkGARuiozIqgLseDGZQv2gu1QMulpG5pkhiQjlKFL38CNC0XcCq77HO58Bl/C9LLQ1h8CH/9/DjnnBBFn2rjul5NaWl5ZXUuvZzY2t7Z3srt7VR3GikKFhjxU9YBo4ExCxTDDoR4pICLgUAv61+O8dg9Ks1DemkEEviBdyTqMEmOtu2YooEvwJfZa2ZxbcCfCi+DNIHf1MSp/PxyOSq3sZ7Md0liANJQTrRueGxk/IcowymGYacYaIkL7pAsNi5II0H4ymXiIj63Txp1Q2ScNnri/OxIitB6IwFYKYnp6Phub/2WN2HTO/YTJKDYg6fSjTsyxCfF4fdxmCqjhAwuEKmZnxbRHFKHGHiljj+DNr7wI1ZOCd1q4KLu5Yh5NlUYH6AjlkYfOUBHdoBKqIIokekTP6MXRzpPz6rxNS1POrGcf/ZHz/gPj8JQb</latexit>

! = 3

<latexit sha1_base64="fAwxJIdb1jZMfnzLaPHnGJet17w=">AAAB8XicbZDLSgMxFIYzXmu9VV0KEixCV2VGBXUhFty4bMFesB1KJj1tQ5PMkGSEMnTpG7hxoYhbwXWfw53P4EuYXhba+kPg4//PIeecIOJMG9f9chYWl5ZXVlNr6fWNza3tzM5uRYexolCmIQ9VLSAaOJNQNsxwqEUKiAg4VIPe9Siv3oPSLJS3ph+BL0hHsjajxFjrrhEK6BB8iU+amaybd8fC8+BNIXv1MSx9PxwMi83MZ6MV0liANJQTreueGxk/IcowymGQbsQaIkJ7pAN1i5II0H4ynniAj6zTwu1Q2ScNHru/OxIitO6LwFYKYrp6NhuZ/2X12LTP/YTJKDYg6eSjdsyxCfFofdxiCqjhfQuEKmZnxbRLFKHGHiltj+DNrjwPleO8d5q/KLnZQg5NlEL76BDlkIfOUAHdoCIqI4okekTP6MXRzpPz6rxNShecac8e+iPn/Qfm+JQd</latexit>

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

! = 10�30

<latexit sha1_base64="GicJgmVPTnMbgTHu6trn3X2kMt0=">AAAB+nicbVDLSgMxFM34rPU11aUgwSJ0Y5lRQV2IBTcuW7APaMeSSTNtaCYZkoxSxi79DDcuFBFcueh3uPMb/AnTx0JbD1w4nHMv997jR4wq7Thf1tz8wuLScmolvbq2vrFpZ7YqSsQSkzIWTMiajxRhlJOyppqRWiQJCn1Gqn73cuhXb4lUVPBr3YuIF6I2pwHFSBupaWcaIiRtBM+h69wkB0dOv2lnnbwzApwl7oRkL94Hpe+H3UGxaX82WgLHIeEaM6RU3XUi7SVIaooZ6acbsSIRwl3UJnVDOQqJ8pLR6X24b5QWDIQ0xTUcqb8nEhQq1Qt90xki3VHT3lD8z6vHOjj1EsqjWBOOx4uCmEEt4DAH2KKSYM16hiAsqbkV4g6SCGuTVtqE4E6/PEsqh3n3OH9WcrKFHBgjBXbAHsgBF5yAArgCRVAGGNyBR/AMXqx768l6td7GrXPWZGYb/IH18QOj7pao</latexit>

! = 10�4

<latexit sha1_base64="iRvhmM67XOBla5xh4H5M86rArEY=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMexKQC3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqZzl/HzusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAMuaWbw==</latexit>

! = 10�2

<latexit sha1_base64="Pxr+yJiELp3jzJUfrp1P12/5yCw=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMewGQS3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqeRz/lnusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAL9yWbQ==</latexit>

i

<latexit sha1_base64="aANeY/wUPprPfeRvqg3CxuswwVk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBSBV2RVArAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrA1jnOex8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqqyTLzglZyr7L7hzKFy+j6tf94fjSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46HXRkHxunaweRNE9oe+r+7EhJqNQw9E1lSHRfLWYT87+slejg3EuZiBONgs4+ChJu68iebG13mUSq+dAAoZKZWW3aJ5JQbW6TM0dwF1f+C/WTkntauqg6hXIRZsrCARxBEVw4gzJcQwVqQAHhAZ7g2bq1Hq0X63VWmrHmPfvwS9bbN30jkRc=</latexit>

j

<latexit sha1_base64="gS9wB5xlOrTfsHnBE84uP09vs3c=">AAAB6HicbVDJSgNBEK1JXGLcoh69NIZATmFGBPUW8OIxAbNAEkJPpybppGehu0cIQ/DizYsHRXLUj/BDvPk3dpaDJj4oeLxXRVU9NxJcadv+tlLpjc2t7cxOdndv/+Awd3RcV2EsGdZYKELZdKlCwQOsaa4FNiOJ1HcFNtzRzcxv3KNUPAzu9DjCjk/7Afc4o9pI1WE3l7dL9hxknThLki+nCw+f08f3Sjf31e6FLPYx0ExQpVqOHelOQqXmTOAk244VRpSNaB9bhgbUR9VJ5odOSMEoPeKF0lSgyVz9PZFQX6mx75pOn+qBWvVm4n9eK9beVSfhQRRrDNhikRcLokMy+5r0uESmxdgQyiQ3txI2oJIybbLJmhCc1ZfXSf285FyUrqsmjSIskIFTOIMiOHAJZbiFCtSAAcITvMCrNbSerTdrumhNWcuZE/gD6+MHTLCQNw==</latexit>

Figure 10: Contour plots of Ti,j/N (top) and Vi,j/N (bottom) for N = 400 and six
values of !.
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i

<latexit sha1_base64="aANeY/wUPprPfeRvqg3CxuswwVk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBSBV2RVArAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrA1jnOex8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqqyTLzglZyr7L7hzKFy+j6tf94fjSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46HXRkHxunaweRNE9oe+r+7EhJqNQw9E1lSHRfLWYT87+slejg3EuZiBONgs4+ChJu68iebG13mUSq+dAAoZKZWW3aJ5JQbW6TM0dwF1f+C/WTkntauqg6hXIRZsrCARxBEVw4gzJcQwVqQAHhAZ7g2bq1Hq0X63VWmrHmPfvwS9bbN30jkRc=</latexit>

j

<latexit sha1_base64="gS9wB5xlOrTfsHnBE84uP09vs3c=">AAAB6HicbVDJSgNBEK1JXGLcoh69NIZATmFGBPUW8OIxAbNAEkJPpybppGehu0cIQ/DizYsHRXLUj/BDvPk3dpaDJj4oeLxXRVU9NxJcadv+tlLpjc2t7cxOdndv/+Awd3RcV2EsGdZYKELZdKlCwQOsaa4FNiOJ1HcFNtzRzcxv3KNUPAzu9DjCjk/7Afc4o9pI1WE3l7dL9hxknThLki+nCw+f08f3Sjf31e6FLPYx0ExQpVqOHelOQqXmTOAk244VRpSNaB9bhgbUR9VJ5odOSMEoPeKF0lSgyVz9PZFQX6mx75pOn+qBWvVm4n9eK9beVSfhQRRrDNhikRcLokMy+5r0uESmxdgQyiQ3txI2oJIybbLJmhCc1ZfXSf285FyUrqsmjSIskIFTOIMiOHAJZbiFCtSAAcITvMCrNbSerTdrumhNWcuZE/gD6+MHTLCQNw==</latexit>

T matrix  
(top 6 panels)

L = 400T & V matrices

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

V matrix  
(bottom 6 panels)

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

! = 10�30

<latexit sha1_base64="GicJgmVPTnMbgTHu6trn3X2kMt0=">AAAB+nicbVDLSgMxFM34rPU11aUgwSJ0Y5lRQV2IBTcuW7APaMeSSTNtaCYZkoxSxi79DDcuFBFcueh3uPMb/AnTx0JbD1w4nHMv997jR4wq7Thf1tz8wuLScmolvbq2vrFpZ7YqSsQSkzIWTMiajxRhlJOyppqRWiQJCn1Gqn73cuhXb4lUVPBr3YuIF6I2pwHFSBupaWcaIiRtBM+h69wkB0dOv2lnnbwzApwl7oRkL94Hpe+H3UGxaX82WgLHIeEaM6RU3XUi7SVIaooZ6acbsSIRwl3UJnVDOQqJ8pLR6X24b5QWDIQ0xTUcqb8nEhQq1Qt90xki3VHT3lD8z6vHOjj1EsqjWBOOx4uCmEEt4DAH2KKSYM16hiAsqbkV4g6SCGuTVtqE4E6/PEsqh3n3OH9WcrKFHBgjBXbAHsgBF5yAArgCRVAGGNyBR/AMXqx768l6td7GrXPWZGYb/IH18QOj7pao</latexit>

! = 10�4

<latexit sha1_base64="iRvhmM67XOBla5xh4H5M86rArEY=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMexKQC3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqZzl/HzusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAMuaWbw==</latexit>

! = 10�2

<latexit sha1_base64="Pxr+yJiELp3jzJUfrp1P12/5yCw=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMewGQS3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqeRz/lnusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAL9yWbQ==</latexit>

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

! = 10�1

<latexit sha1_base64="/UrLBSMPoyfQJQkf9oOMModOlrQ=">AAAB+XicbVC7SgNBFJ2Nrxhfq5aCDAYhjWFXBLUQAzaWCZgHJGuYnUySIfNYZmYDYUnpX9hYKGJhY5PvsPMb/Aknj0ITD1w4nHMv994TRoxq43lfTmppeWV1Lb2e2djc2t5xd/cqWsYKkzKWTKpaiDRhVJCyoYaRWqQI4iEj1bB3M/arfaI0leLODCIScNQRtE0xMlZqum5DctJB8Ar63n1y4g+bbtbLexPAReLPSPb6fVT6fjgcFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw04g1iRDuoQ6pWyoQJzpIJpcP4bFVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFgZG4I///IiqZzm/bP8ZcnLFnJgijQ4AEcgB3xwDgrgFhRBGWDQB4/gGbw4ifPkvDpv09aUM5vZB3/gfPwALleWbA==</latexit>

! = 1

<latexit sha1_base64="Aj+kT7UAegSx2DKelXHeTTKJ7fI=">AAAB8XicbZDLSgMxFIYz9VbrrepSkGARuiozIqgLseDGZQv2gu1QMulpG5pkhiQjlKFL38CNC0XcCq77HO58Bl/C9LLQ1h8CH/9/DjnnBBFn2rjul5NaWl5ZXUuvZzY2t7Z3srt7VR3GikKFhjxU9YBo4ExCxTDDoR4pICLgUAv61+O8dg9Ks1DemkEEviBdyTqMEmOtu2YooEvwJfZa2ZxbcCfCi+DNIHf1MSp/PxyOSq3sZ7Md0liANJQTrRueGxk/IcowymGYacYaIkL7pAsNi5II0H4ymXiIj63Txp1Q2ScNnri/OxIitB6IwFYKYnp6Phub/2WN2HTO/YTJKDYg6fSjTsyxCfF4fdxmCqjhAwuEKmZnxbRHFKHGHiljj+DNr7wI1ZOCd1q4KLu5Yh5NlUYH6AjlkYfOUBHdoBKqIIokekTP6MXRzpPz6rxNS1POrGcf/ZHz/gPj8JQb</latexit>

! = 3

<latexit sha1_base64="fAwxJIdb1jZMfnzLaPHnGJet17w=">AAAB8XicbZDLSgMxFIYzXmu9VV0KEixCV2VGBXUhFty4bMFesB1KJj1tQ5PMkGSEMnTpG7hxoYhbwXWfw53P4EuYXhba+kPg4//PIeecIOJMG9f9chYWl5ZXVlNr6fWNza3tzM5uRYexolCmIQ9VLSAaOJNQNsxwqEUKiAg4VIPe9Siv3oPSLJS3ph+BL0hHsjajxFjrrhEK6BB8iU+amaybd8fC8+BNIXv1MSx9PxwMi83MZ6MV0liANJQTreueGxk/IcowymGQbsQaIkJ7pAN1i5II0H4ynniAj6zTwu1Q2ScNHru/OxIitO6LwFYKYrp6NhuZ/2X12LTP/YTJKDYg6eSjdsyxCfFofdxiCqjhfQuEKmZnxbRLFKHGHiltj+DNrjwPleO8d5q/KLnZQg5NlEL76BDlkIfOUAHdoCIqI4okekTP6MXRzpPz6rxNShecac8e+iPn/Qfm+JQd</latexit>

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

! = 10�1

<latexit sha1_base64="/UrLBSMPoyfQJQkf9oOMModOlrQ=">AAAB+XicbVC7SgNBFJ2Nrxhfq5aCDAYhjWFXBLUQAzaWCZgHJGuYnUySIfNYZmYDYUnpX9hYKGJhY5PvsPMb/Aknj0ITD1w4nHMv994TRoxq43lfTmppeWV1Lb2e2djc2t5xd/cqWsYKkzKWTKpaiDRhVJCyoYaRWqQI4iEj1bB3M/arfaI0leLODCIScNQRtE0xMlZqum5DctJB8Ar63n1y4g+bbtbLexPAReLPSPb6fVT6fjgcFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw04g1iRDuoQ6pWyoQJzpIJpcP4bFVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFgZG4I///IiqZzm/bP8ZcnLFnJgijQ4AEcgB3xwDgrgFhRBGWDQB4/gGbw4ifPkvDpv09aUM5vZB3/gfPwALleWbA==</latexit>

! = 1

<latexit sha1_base64="Aj+kT7UAegSx2DKelXHeTTKJ7fI=">AAAB8XicbZDLSgMxFIYz9VbrrepSkGARuiozIqgLseDGZQv2gu1QMulpG5pkhiQjlKFL38CNC0XcCq77HO58Bl/C9LLQ1h8CH/9/DjnnBBFn2rjul5NaWl5ZXUuvZzY2t7Z3srt7VR3GikKFhjxU9YBo4ExCxTDDoR4pICLgUAv61+O8dg9Ks1DemkEEviBdyTqMEmOtu2YooEvwJfZa2ZxbcCfCi+DNIHf1MSp/PxyOSq3sZ7Md0liANJQTrRueGxk/IcowymGYacYaIkL7pAsNi5II0H4ymXiIj63Txp1Q2ScNnri/OxIitB6IwFYKYnp6Phub/2WN2HTO/YTJKDYg6fSjTsyxCfF4fdxmCqjhAwuEKmZnxbRHFKHGHiljj+DNr7wI1ZOCd1q4KLu5Yh5NlUYH6AjlkYfOUBHdoBKqIIokekTP6MXRzpPz6rxNS1POrGcf/ZHz/gPj8JQb</latexit>

! = 3

<latexit sha1_base64="fAwxJIdb1jZMfnzLaPHnGJet17w=">AAAB8XicbZDLSgMxFIYzXmu9VV0KEixCV2VGBXUhFty4bMFesB1KJj1tQ5PMkGSEMnTpG7hxoYhbwXWfw53P4EuYXhba+kPg4//PIeecIOJMG9f9chYWl5ZXVlNr6fWNza3tzM5uRYexolCmIQ9VLSAaOJNQNsxwqEUKiAg4VIPe9Siv3oPSLJS3ph+BL0hHsjajxFjrrhEK6BB8iU+amaybd8fC8+BNIXv1MSx9PxwMi83MZ6MV0liANJQTreueGxk/IcowymGQbsQaIkJ7pAN1i5II0H4ynniAj6zTwu1Q2ScNHru/OxIitO6LwFYKYrp6NhuZ/2X12LTP/YTJKDYg6eSjdsyxCfFofdxiCqjhfQuEKmZnxbRLFKHGHiltj+DNrjwPleO8d5q/KLnZQg5NlEL76BDlkIfOUAHdoCIqI4okekTP6MXRzpPz6rxNShecac8e+iPn/Qfm+JQd</latexit>

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

-5x10-5

 0

 5x10-5

 0.0001

 0.00015

 0.0002

-5e-05

 0

 5e-05

 0.0001

 0.00015

 0.0002

! = 10�30

<latexit sha1_base64="GicJgmVPTnMbgTHu6trn3X2kMt0=">AAAB+nicbVDLSgMxFM34rPU11aUgwSJ0Y5lRQV2IBTcuW7APaMeSSTNtaCYZkoxSxi79DDcuFBFcueh3uPMb/AnTx0JbD1w4nHMv997jR4wq7Thf1tz8wuLScmolvbq2vrFpZ7YqSsQSkzIWTMiajxRhlJOyppqRWiQJCn1Gqn73cuhXb4lUVPBr3YuIF6I2pwHFSBupaWcaIiRtBM+h69wkB0dOv2lnnbwzApwl7oRkL94Hpe+H3UGxaX82WgLHIeEaM6RU3XUi7SVIaooZ6acbsSIRwl3UJnVDOQqJ8pLR6X24b5QWDIQ0xTUcqb8nEhQq1Qt90xki3VHT3lD8z6vHOjj1EsqjWBOOx4uCmEEt4DAH2KKSYM16hiAsqbkV4g6SCGuTVtqE4E6/PEsqh3n3OH9WcrKFHBgjBXbAHsgBF5yAArgCRVAGGNyBR/AMXqx768l6td7GrXPWZGYb/IH18QOj7pao</latexit>

! = 10�4

<latexit sha1_base64="iRvhmM67XOBla5xh4H5M86rArEY=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMexKQC3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqZzl/HzusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAMuaWbw==</latexit>

! = 10�2

<latexit sha1_base64="Pxr+yJiELp3jzJUfrp1P12/5yCw=">AAAB+XicbVC7SgNBFJ31GeNr1VKQwSCkMewGQS3EgI1lAuYByRpmJ5NkyDyWmdlAWFL6FzYWiljY2OQ77PwGf8LJo9DEAxcO59zLvfeEEaPaeN6Xs7S8srq2ntpIb25t7+y6e/sVLWOFSRlLJlUtRJowKkjZUMNILVIE8ZCRati7GfvVPlGaSnFnBhEJOOoI2qYYGSs1XbchOekgeAV97z45zQ+bbsbLeRPAReLPSOb6fVT6fjgaFZvuZ6MlccyJMJghreu+F5kgQcpQzMgw3Yg1iRDuoQ6pWyoQJzpIJpcP4YlVWrAtlS1h4ET9PZEgrvWAh7aTI9PV895Y/M+rx6Z9ESRURLEhAk8XtWMGjYTjGGCLKoING1iCsKL2Voi7SCFsbFhpG4I///IiqeRz/lnusuRlClkwRQocgmOQBT44BwVwC4qgDDDog0fwDF6cxHlyXp23aeuSM5s5AH/gfPwAL9yWbQ==</latexit>

i

<latexit sha1_base64="aANeY/wUPprPfeRvqg3CxuswwVk=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBSBV2RVArAzaWCZgLJEuYnZxNxszOLjOzQlhSWtlYKGLrA1jnOex8Bl/CyaXQ6A8DH/9/DnPO8WPOlHacTyuztLyyupZdz21sbm3v5Hf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE3yxh1KxSJxo4cxeiHpCRYwSrSxqqyTLzglZyr7L7hzKFy+j6tf94fjSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46HXRkHxunaweRNE9oe+r+7EhJqNQw9E1lSHRfLWYT87+slejg3EuZiBONgs4+ChJu68iebG13mUSq+dAAoZKZWW3aJ5JQbW6TM0dwF1f+C/WTkntauqg6hXIRZsrCARxBEVw4gzJcQwVqQAHhAZ7g2bq1Hq0X63VWmrHmPfvwS9bbN30jkRc=</latexit>

j

<latexit sha1_base64="gS9wB5xlOrTfsHnBE84uP09vs3c=">AAAB6HicbVDJSgNBEK1JXGLcoh69NIZATmFGBPUW8OIxAbNAEkJPpybppGehu0cIQ/DizYsHRXLUj/BDvPk3dpaDJj4oeLxXRVU9NxJcadv+tlLpjc2t7cxOdndv/+Awd3RcV2EsGdZYKELZdKlCwQOsaa4FNiOJ1HcFNtzRzcxv3KNUPAzu9DjCjk/7Afc4o9pI1WE3l7dL9hxknThLki+nCw+f08f3Sjf31e6FLPYx0ExQpVqOHelOQqXmTOAk244VRpSNaB9bhgbUR9VJ5odOSMEoPeKF0lSgyVz9PZFQX6mx75pOn+qBWvVm4n9eK9beVSfhQRRrDNhikRcLokMy+5r0uESmxdgQyiQ3txI2oJIybbLJmhCc1ZfXSf285FyUrqsmjSIskIFTOIMiOHAJZbiFCtSAAcITvMCrNbSerTdrumhNWcuZE/gD6+MHTLCQNw==</latexit>

Figure 10: Contour plots of Ti,j/N (top) and Vi,j/N (bottom) for N = 400 and six
values of !.



EH of two a single block varying mass: Three diagonals
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Figure 3: Dominant matrix elements of T and V for N = 100 and various values of !.
The black dashed lines correspond to the three-diagonals approximation (42) and (43).

half-infinite ones attached to the endpoints together. This should be good for small

correlation lengths and the analytical expressions allow to predict how the slopes vary

with !. Since  decreases as ! becomes larger, b() also decreases while !2
b() increases.

While this approximation describes H quite well, it neglects the structure in the

nearest-neighbour coupling Vi,i+1 in the middle of the subsystem. This probably has to

be seen together with the features in the small longer-distance couplings.

Finally, we turn to the single-particle spectra "l which follow from the eigenvalues

of the matrix PQ according to (13). They are shown in Fig. 4 for three typical values

of !. As H scales with N , so do the "l, and a plot "l/N vs. l/N gives a universal curve

for large N . Basically, the "l increase at first linearly with l, but for large l there is an

upward bend. This sets in early for small ! and late for larger !. Already for ! = 5 the

behaviour is just linear. The full lines are the results of (30) and are seen to describe the

(initial) slope very well. A closer look at the smaller eigenvalues for ! = 0.1 and ! = 1 is

provided by the insets and shows that they are doubly degenerate, as one would expect

if one associates them with the two boundaries. The degenerate levels are described by

the half-chain formula (30). As the dispersion bends, the degeneracy is also lost.

In Fig. 4 the eigenvalues "̃l result from the entanglement Hamiltonian based on the

three-diagonals approximation (42) and (43). For large !, a perfect agreement between

the two sets is observed up to the largest few eigenvalues, as shown in the inset for

! = 5. In contrast, for smaller values of ! the "̃l lie above the "l at the upper end

<latexit sha1_base64="jJal9+xRFYreOU/bRbt/9PrkvP0="></latexit>

Three diagonal approximation: only Ti,i, Vi,i and Vi,i+1 are non vanishing
<latexit sha1_base64="oCotVel+HLAIYQ77nyoG0lLBxgs="></latexit>

Here the slopes are known from the half-chain case (corner transfer matrix)
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Figure 12: Matrices T (left) and V (right) in the massless regime (! = 10�500), for L2 = 3L1

with L1 = 50 and separation is given by � = 1/4 (top), � = 1/2 (middle) and � = 1 (bottom).
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Figure 4: Main diagonal of T for two equal blocks made by L sites in the regime of large !,

for various values of �. The solid curves correspond to the analytic expression in (5.1) (see

also (5.4) or (5.7)), which has a sharp transition at the critical value (5.6) (blue data points).

and the second term in the r.h.s. correspond to A1 and A2 respectively (the dimensionless

parameters aj < bj refer to the endpoints of the interval Aj). To match the above mentioned

expectations in the two limiting regimes of vanishing and large separation distance, s(�) in

(5.4) must satisfy s(0) = 0 and s(�) ! 1/4 as � ! +1 respectively. The function s(�) in

(5.4) fulfilling these consistency conditions and that nicely fits our numerical data reads

s(�) ⌘
(

�/2 � 6 �c

1/4 � > �c
(5.5)

where the critical value of � corresponds to

�c =
1

2
. (5.6)

In Fig. 4 we report some numerical data points for the main diagonal of T for various values

of the parameter � (obtained through (2.12)), showing that they are well described by the

function (5.1), given by the solid curves. The same analysis has been carried out for Vi,i and

Vi,i+1, by employing (2.11) for the numerical data points and (5.2) for the analytic curve. The

results are not reported here because they are qualitatively identical to the ones in Fig. 4.

A heuristic picture explaining the critical value (5.6) is described in Appendix A.

The expression (5.4) highlights the fact that a transition occurs at the critical value (5.6).

An equivalent form for (5.4), just in terms of s(�) introduced in (5.5), reads

eF2(�;x) ⌘ �
�
a1, b1; b1 � s(�);x

�
+ �

�
a2, b2; a2 + s(�);x

�
. (5.7)
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At large !, the three diagonals approximation holds
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Figure 5: Single-particle entanglement spectrum for two equal blocks in the regime of large

!, for various values of � and in the same setup of Fig. 4. The solid yellow curve corresponds

to the analytic expression in (5.13)-(5.15). The critical value of � is (5.6), like in Fig. 4.

analytic expression
"k
2L

= "CTM f̃2

✓
� ;

k

2L

◆
(5.13)

where "CTM has been introduced (4.4) and f̃2(�; ⌘) is a continuous piecewise linear function

defined as follows

f̃2(�; ⌘) ⌘
(

⌘/2 ⌘ 6 ⌘c(�)

⌘ � ⌘c(�)/2 ⌘ > ⌘c(�)
⌘ 2

⇥
0, 1

⇤
(5.14)

being ⌘c(�) defined through the critical value �c in (5.6) as

⌘c(�) ⌘
(

�/�c � 6 �c

1 � > �c .
(5.15)

The results reported in Fig. 5 show that, in the large ! regime that we are considering, the

rescaled single-particle entanglement spectrum "k/(2L "CTM) as a function of k/(2L) displays

two qualitatively di↵erent behaviours for � > �c and � < �c. First, let us remark that, as

a consistency check, when � = 0 the result for the single block reported in Fig. 4 of [21]

(bottom panel) is recovered (see the dashed black line in Fig. 5, whose slope is equal to 1)

and in this case the degeneracy is equal to 2 because two endpoints occur. When � > �c, the

rescaled single-particle entanglement spectrum is described by a straight line with slope equal

to 1/2 (see the dashed red line in Fig. 5) and the degeneracy of the data points along this

17
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Figure 7: The function F2(�, ⇢;x) for ⇢ < ⇢c (top panel) and ⇢ > ⇢c (bottom panel), given in

(6.17) and (6.18) respectively, for various values of � corresponding to di↵erent colours. Four

phases occur and each of them is described by one of the auxiliary functions shown in Fig. 6.

The dots denote the points in (6.15) and (6.16).

whenever they are supported in Aj , suppressing the explicit dependence on aj and bj ; hence

e.g. �̄1(p;x) ⌘ �̄(a1, b1; p;x) and �̃2(p, h, q;x) ⌘ �̃(a2, b2; p, h, q;x).

As already discussed in Sec. 5, the choice of the parameterisation of the endpoints of the

blocks A1 and A2 is crucial to perform a comparison between the analytic expression in (6.1)

and (6.2) and their numerical data points. The results discussed in this section correspond to

the following parameterisation

a1 = ��

2
� ⇢ b1 = ��

2
a2 =

�

2
b2 =

�

2
+ 1� ⇢ (6.13)

meaning that A1 and A2 behave in the same way, symmetrically with respect to the origin,

as � decreases until � = 0, where they become adjacent at the origin. Indeed, (6.13) becomes

(5.9) in the special case of ⇢ = 1/2, i.e. for L1 = L2.

Instead, in Appendix B a parameterisation where the endpoints of A1 are independent of

� is considered. In particular, one uses

a1 = � ⇢ b1 = 0 a2 = � b2 = � + 1� ⇢ (6.14)

meaning that, when � = 0, the origin corresponds to the shared endpoint of the two adjacent

blocks.
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Figure 7: The function F2(�, ⇢;x) for ⇢ < ⇢c (top panel) and ⇢ > ⇢c (bottom panel), given in

(6.17) and (6.18) respectively, for various values of � corresponding to di↵erent colours. Four

phases occur and each of them is described by one of the auxiliary functions shown in Fig. 6.

The dots denote the points in (6.15) and (6.16).

whenever they are supported in Aj , suppressing the explicit dependence on aj and bj ; hence

e.g. �̄1(p;x) ⌘ �̄(a1, b1; p;x) and �̃2(p, h, q;x) ⌘ �̃(a2, b2; p, h, q;x).

As already discussed in Sec. 5, the choice of the parameterisation of the endpoints of the

blocks A1 and A2 is crucial to perform a comparison between the analytic expression in (6.1)

and (6.2) and their numerical data points. The results discussed in this section correspond to

the following parameterisation

a1 = ��

2
� ⇢ b1 = ��

2
a2 =

�

2
b2 =

�

2
+ 1� ⇢ (6.13)

meaning that A1 and A2 behave in the same way, symmetrically with respect to the origin,

as � decreases until � = 0, where they become adjacent at the origin. Indeed, (6.13) becomes

(5.9) in the special case of ⇢ = 1/2, i.e. for L1 = L2.

Instead, in Appendix B a parameterisation where the endpoints of A1 are independent of

� is considered. In particular, one uses

a1 = � ⇢ b1 = 0 a2 = � b2 = � + 1� ⇢ (6.14)

meaning that, when � = 0, the origin corresponds to the shared endpoint of the two adjacent

blocks.
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Figure 8: Main diagonal of T for two generic blocks when ! = 1010, for various values of �.

The solid curves correspond to (6.1). Here ⇢ = 1/3 (top) and ⇢ = 1/5 (bottom), hence (6.17)

and (6.18) are used respectively for the analytic prediction (see also Fig. 7). The critical values

(6.3) are coloured in the legenda.
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Figure 10: Single-particle entanglement spectrum for ⇢ = 1/3 (top) and ⇢ = 1/5 (bottom) in

the regime of large ! and for various values of �, in the same setups of the corresponding panels

of Fig. 8 . The solid curves are obtained from the analytic expression defined in (6.21)-(6.23).

The critical values (6.3) are coloured in the legenda.
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The solid curves correspond to (6.1). Here ⇢ = 1/3 (top) and ⇢ = 1/5 (bottom), hence (6.17)

and (6.18) are used respectively for the analytic prediction (see also Fig. 7). The critical values

(6.3) are coloured in the legenda.
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Figure 10: Single-particle entanglement spectrum for ⇢ = 1/3 (top) and ⇢ = 1/5 (bottom) in

the regime of large ! and for various values of �, in the same setups of the corresponding panels

of Fig. 8 . The solid curves are obtained from the analytic expression defined in (6.21)-(6.23).

The critical values (6.3) are coloured in the legenda.
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Figure 27: Configuration of disks in the heuristic picture providing the critical distances (6.4),

described in Appendix A.

Figure 28: Configurations corresponding to the critical distances (6.4) and their disks in the

heuristic picture discussed in Appendix A, for ⇢ < ⇢c (top panels) and ⇢ > ⇢c (bottom panels).

On each row, the distance decreases from the rightmost to the leftmost panel.

occurrence of the smallest one because its endpoints support the centers of two domains of

influence of the same type but with di↵erent radii.

When D > (L1+L2)/2, the above mentioned disks do not intersect, but their intersections

become non trivial for D 6 (L1 + L2)/2. It is not di�cult to realise that the critical values

(6.4) correspond to the values of D where the number of intersections between the circles of

di↵erent types changes.

This simple geometric criterion is illustrated in Fig. 28, where ⇢ < ⇢c and ⇢ > ⇢c (namely

L1 < (L2�L1)/2 and L1 > (L2�L1)/2 respectively) in the top and bottom panels respectively,

being ⇢c the critical value for ⇢ defined in (6.5). In each line of Fig. 28, the three panels display

the three configurations of disks corresponding to the critical separation distances in (6.4),

ordered in an increasing way, going from left to right.
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described in Appendix A.
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heuristic picture discussed in Appendix A, for ⇢ < ⇢c (top panels) and ⇢ > ⇢c (bottom panels).

On each row, the distance decreases from the rightmost to the leftmost panel.

occurrence of the smallest one because its endpoints support the centers of two domains of

influence of the same type but with di↵erent radii.

When D > (L1+L2)/2, the above mentioned disks do not intersect, but their intersections

become non trivial for D 6 (L1 + L2)/2. It is not di�cult to realise that the critical values

(6.4) correspond to the values of D where the number of intersections between the circles of

di↵erent types changes.

This simple geometric criterion is illustrated in Fig. 28, where ⇢ < ⇢c and ⇢ > ⇢c (namely

L1 < (L2�L1)/2 and L1 > (L2�L1)/2 respectively) in the top and bottom panels respectively,

being ⇢c the critical value for ⇢ defined in (6.5). In each line of Fig. 28, the three panels display

the three configurations of disks corresponding to the critical separation distances in (6.4),

ordered in an increasing way, going from left to right.
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⇢ <
1

4

Figure 27: Configuration of disks in the heuristic picture providing the critical distances (6.4),

described in Appendix A.

Figure 28: Configurations corresponding to the critical distances (6.4) and their disks in the

heuristic picture discussed in Appendix A, for ⇢ < ⇢c (top panels) and ⇢ > ⇢c (bottom panels).

On each row, the distance decreases from the rightmost to the leftmost panel.

occurrence of the smallest one because its endpoints support the centers of two domains of

influence of the same type but with di↵erent radii.

When D > (L1+L2)/2, the above mentioned disks do not intersect, but their intersections

become non trivial for D 6 (L1 + L2)/2. It is not di�cult to realise that the critical values

(6.4) correspond to the values of D where the number of intersections between the circles of

di↵erent types changes.

This simple geometric criterion is illustrated in Fig. 28, where ⇢ < ⇢c and ⇢ > ⇢c (namely

L1 < (L2�L1)/2 and L1 > (L2�L1)/2 respectively) in the top and bottom panels respectively,

being ⇢c the critical value for ⇢ defined in (6.5). In each line of Fig. 28, the three panels display

the three configurations of disks corresponding to the critical separation distances in (6.4),

ordered in an increasing way, going from left to right.
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<latexit sha1_base64="Z4zwvI2s/OTKI8uhHXIpYAUTnK4=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSJ0VZIi1ZUU3LisYB/QlDKZTtqhk0mYmYgl5A/8BjcuFHHrfxR3rvwVp4+Fth64cDjnXu69x485U9pxvqy19Y3Nre3cTn53b//g0D4qNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj66nfuueSsUicafHMe2GeCBYwAjWRurZBU8OI3SFvEBikrpZep717KJTdmZAq8RdkGKt9D2ZDB 6h3rM/vX5EkpAKTThWquM6se6mWGpGOM3yXqJojMkID2jHUIFDqrrp7PYMnRmlj4JImhIazdTfEykOlRqHvukMsR6qZW8q/ud1Eh1cdlMm4kRTQeaLgoQjHaFpEKjPJCWajw3BRDJzKyJDbFLQJq68CcFdfnmVNCtlt1qu3po0KjBHDk7gFErgwgXU4Abq0AACD/AEL/BqZdaz9Wa9z1vXrMXMMfyB9fEDQTeXoA==</latexit>

⇢ >
1

4



Conclusions
<latexit sha1_base64="NW9NYF0JGfGNAcb3CEGU6Dj+wVQ=">AAACKHicbZDLSgNBEEV74ju+oi7dNEbBVZjJIrozEFCXCkYDSQg1nRrT2o+hu0cIIZ/jxl9xI6KIW7/EzpiFr1pdzq2iqm6cCm5dGL4HhZnZufmFxaXi8srq2nppY/PS6swwbDIttGnFYFFwhU3HncBWahBkLPAqvm1M/Ks7NJZrdeGGKXYlXCuecAbOo17p6AS1RGc4o8AmyFKdUKn7mQBDdXyDzFnKFW0cX+z2qrs00YaC8sShuQPRK5XDSpgX/SuiqSiTaZ31Ss+dvmaZROWYAGvbUZi67giM40zguNjJLKbAbuEa214qkGi7o/zRMd3zpJ+fkGjlaE6/T4xAWjuUse+U4Ab2tzeB/3ntzCWH3RFXaeZQsa9FSSao03SSGu1z44MQQy+AGe5vpWwAxkfmsy36EKLfL/8Vl9VKVKvUzqvlem0axyLZJjtkn0TkgNTJKTkjTcLIPXkkL+Q1eAiegrfg/au1EExntsiPCj4+AW7vpYk=</latexit>

Geometric actions of modular objects in CFT2 for an interval
<latexit sha1_base64="fRMlwNh3kupNM5/yNKflqyCqcyc=">AAACG3icbVC7SgNBFJ2NrxhfUUubwSBYhd0U0TJgYxnBPCCGMDu5mwyZnVlm7gphyX/Y+Cs2FopYCRb+jZMHoomnmcM55zL3njCRwqLvf3m5tfWNza38dmFnd2//oHh41LQ6NRwaXEtt2iGzIIWCBgqU0E4MsDiU0ApHV1O/dQ/GCq1ucZxAN2YDJSLBGTqpV6yAwCEYKhR1Lx0Ynao+tcgQqP6Rp5GYybneK5b8sj8DXSXBgpTIAvVe8eOur3kag0IumbWdwE+wmzGDgkuYFO5SCwnjIzaAjqOKxWC72ey2CT1zSp9GbpdIK6Qz9fdExmJrx3HokjHDoV32puJ/XifF6LKbCZWkCIrPP4pSSVHTaVG0LwxwlGNHGDfC7Ur5kBnG0dVZcCUEyyevkmalHFTL1ZtKqVZd1JEnJ+SUnJOAXJAauSZ10iCcPJAn8kJevUfv2Xvz3ufRnLeYOSZ/4H1+A3pJoQw=</latexit>

either in the ground state or in the thermal state
<latexit sha1_base64="IabRgsYfFjQ/RX2EabanCo7Efds=">AAACGnicbVC7TsMwFHXKq5RXgJHFokJiqpIOhbESC2OR+pLaqHIcpzV17MgPpCrqd7DwKywMIMSGWPgb3DQDtJzp6Jx7dc89Ycqo0p737ZQ2Nre2d8q7lb39g8Mj9/ikq4SRmHSwYEL2Q6QIo5x0NNWM9FNJUBIy0gunNwu/90CkooK39SwlQYLGnMYUI22lkeu3JwQmIjIMSYgFvzfj3IGIR1Bbz2raHoOx4Tg3Rm7Vq3k54DrxC1IFBVoj93MYCWwSwjVmSKmB76U6yJDUFDMyrwyNIinCUzQmA0s5SogKsvy1ObywSgRjYQPYIDBXf29kKFFqloR2MkF6ola9hfifNzA6vg4yylOjCcfLQ7FhUAu46AlGVBKs2cwShCW1WSGeIImwtm1WbAn+6svrpFuv+Y1a465ebTaKOsrgDJyDS+CDK9AEt6AFOgCDR/AMXsGb8+S8OO/Ox3K05BQ7p+APnK8fXMyhDA==</latexit>

The modular conjugation and the contour function
<latexit sha1_base64="bczsYhnNC29+merRbo7z88H9v3w=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQhDLTRXVZcOOygn1AW0omvdOGZpIhyRTK0I9w46+4caGIWxfu/BvT6Sy09cCFwzn33uSeIOZMG8/7dgobm1vbO8Xd0t7+weGRe3zS0jJRFJpUcqk6AdHAmYCmYYZDJ1ZAooBDO5jcLvz2FJRmUjyYWQz9iIwECxklxkoD9ypWcsqGgM04KxURjkEYJeMZlmEmM2FATQkfuGWv4mXA68TPSRnlaAzcr95Q0iSy+ygnWnd9Lzb9lCjDKId5qZdoiAmdkBF0LRUkAt1Ps6Pm+MIqQxxKZUsYnKm/J1ISaT2LAtsZETPWq95C/M/rJia86adMxIkBQZcPhQnHRuJFQnjIFFDDZ5YQqpj9K6Zjogi1KeiSDcFfPXmdtKoVv1ap3VfL9VoeRxGdoXN0iXx0jeroDjVQE1H0iJ7RK3pznpwX5935WLYWnHzmFP2B8/kDCTOeyQ==</latexit>

provide the thermal entropy of the interval

<latexit sha1_base64="lUMX0TqM4PGd6C2pKJxiVi6EYTA=">AAACFnicbVA9TwJBEN3DL8Qv1NJmIzGxkdxRoCWJjZ2YyEcChOwtc7Bhb/eyO2dCCL/Cxr9iY6ExtsbOf+PyUSj4qjfvzWRmXphIYdH3v73M2vrG5lZ2O7ezu7d/kD88qludGg41rqU2zZBZkEJBDQVKaCYGWBxKaITD66nfeABjhVb3OEqgE7O+EpHgDJ3UzV/c4gAMtYmrmaRcq0j0UzNzLdWG6rmPDMHmuvmCX/RnoKskWJACWaDazX+1e5qnMSjkklnbCvwEO2NmUHAJk1w7tZAwPmR9aDmqWAy2M569NaFnTunRyB0RaYV0pv6eGLPY2lEcus6Y4cAue1PxP6+VYnTVGQuVpAiKzxdFqaSo6TQj2hMGOMqRI4wb4W6lfMAM4+iSnIYQLL+8SuqlYlAulu5KhUp5EUeWnJBTck4Cckkq5IZUSY1w8kieySt58568F+/d+5i3ZrzFzDH5A+/zB3aPn4I=</latexit>

Other spatial configurations or other states

<latexit sha1_base64="ixHNhr1HZslGVMQfe4JbsJwBHAA=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCqzLTRRVXBTcuK9oHtEPJpHfa0EwyJBmhlLrxV9y4UMStf+HOvzHTzkJbDwQO59zLzTlhwpk2nvftrKyurW9sFraK2zu7e/vuwWFTy1RRaFDJpWqHRANnAhqGGQ7tRAGJQw6tcHSd+a0HUJpJcW/GCQQxGQgWMUqMlXru8Z2MAUepSRXgPlNAM11fFXtuySt7M+Bl4uekhHLUe+5Xty9pGoMwlBOtO76XmGBClGGUw7TYTTUkhI7IADqWChKDDiazBFN8ZpU+jqSyTxg8U39vTEis9TgO7WRMzFAvepn4n9dJTXQZTJhIUgOCzg9FKcdG4qyOPDIfW0KoYvavmA6JItTY0rIS/MXIy6RZKfvVcuW2UqpV8zoK6ASdonPkowtUQzeojhqIokf0jF7Rm/PkvDjvzsd8dMXJd47QHzifP+IRlns=</latexit>

Some future directions:

<latexit sha1_base64="I+hNsTMGEjQ7nz/prGpPGUhHslQ=">AAAB+3icbVDJSgNBEO1xjXEb49FLYxA8hZkg0WPAizcjmAWSIfR0epImvYy9iGHIr3jxoIhXf8Sbf2MnmYMmPih4vFdFVb04ZVSbIPj21tY3Nre2CzvF3b39g0P/qNTS0ipMmlgyqTox0oRRQZqGGkY6qSKIx4y04/H1zG8/EqWpFPdmkpKIo6GgCcXIOKnvl26tgTKB5MFSRmNFLe/75aASzAFXSZiTMsjR6PtfvYHElhNhMENad8MgNVGGlKGYkWmxZzVJER6jIek6KhAnOsrmt0/hmVMGMJHKlTBwrv6eyBDXesJj18mRGellbyb+53WtSa6ijIrUGiLwYlFiGTQSzoKAA6oINmziCMKKulshHiGFsHFxFV0I4fLLq6RVrYS1ysVdtVyv5XEUwAk4BecgBJegDm5AAzQBBk/gGbyCN2/qvXjv3seidc3LZ47BH3ifP996lE8=</latexit>

Out of equilibrium

<latexit sha1_base64="Q3hbDdSi+G32qh7VHGy4GIkNKxM=">AAACDnicbVA9TwJBEN3DL8Qv1NJmIyGxIncUaAmxsROjfCRwIXt7e7Bhb++yO0dCLvwCG/+KjYXG2Frb+W9c4AoFXzLJy3szmZnnxYJrsO1vK7exubW9k98t7O0fHB4Vj0/aOkoUZS0aiUh1PaKZ4JK1gINg3VgxEnqCdbzx9dzvTJjSPJIPMI2ZG5Kh5AGnBIw0KJZvYcQUbjT8ezxUZMJhYRCBPULHQxUl0td4UCzZFXsBvE6cjJRQhuag+NX3I5qETAIVROueY8fgpkQBp4LNCv1Es9gsIEPWM1SSkGk3Xbwzw2Wj+DiIlCkJeKH+nkhJqPU09ExnSGCkV725+J/XSyC4clMu4wSYpMtFQSIwRHieDfa5YhTE1BBCFTe3YjoiilAwCRZMCM7qy+ukXa04tUrtrlqq17I48ugMnaML5KBLVEc3qIlaiKJH9Ixe0Zv1ZL1Y79bHsjVnZTOn6A+szx+uH5vd</latexit>

Other AAdS gravitational backgrounds

<latexit sha1_base64="ZruXVi1Ga3ef17xGH7gMyuAmzro="></latexit>

In AdS/CFT, the geodesic bit threads implement the geometric action
<latexit sha1_base64="6vfv2JrFaArwLsWZ8w1KSJjvfUQ=">AAACA3icbVC7SgNBFJ2NrxhfUTttBoNgFXZTRMuAjWUE84BkCbOzs8mYeSzzEMISsPFXbCwUsfUn7PwbJ8kWmnjgwuGce7n3nihlVBvf//YKa+sbm1vF7dLO7t7+QfnwqK2lVZi0sGRSdSOkCaOCtAw1jHRTRRCPGOlE4+uZ33kgSlMp7swkJSFHQ0ETipFx0qB8IhNoRgRyGVuGFMRS3Nthblb8qj8HXCVBTiogR3NQ/urHEltOhMEMad0L/NSEGVKGYkampb7VJEV4jIak56hAnOgwm/8whedOiWEilSth4Fz9PZEhrvWER66TIzPSy95M/M/rWZNchRkVqTVE4MWixDJoJJwFAmOqCDZs4gjCirpbIR4hhbBxsZVcCMHyy6ukXasG9Wr9tlZp1PM4iuAUnIELEIBL0AA3oAlaAINH8AxewZv35L14797HorXg5TPH4A+8zx/315e3</latexit>

of the modular conjugation
<latexit sha1_base64="CUAcJDQwWi2u1dH7aUDAh65+GnE=">AAACGHicbVDLTgIxFO3gC/GFunTTSExc4QwLdEnihiUm8khgQjrlzkxDZ9q0HRNC+Aw3/oobFxrjlp1/Y4FZKHiSJifnnNv2nkBypo3rfjuFre2d3b3ifung8Oj4pHx61tEiUxTaVHChegHRwFkKbcMMh55UQJKAQzcY3y/87hMozUT6aCYS/IREKQsZJcZKw/JN00YiRWTMKDYxqIRwDKlRQk6wCLGWVrNpjhVEy4mKW3WXwJvEy0kF5WgNy/PBSNAssXdSTrTue640/pQowyiHWWmQaZCEjkkEfUtTkoD2p8vFZvjKKiMcCmVPavBS/T0xJYnWkySwyYSYWK97C/E/r5+Z8M6fslRmBlK6eijMODYCL1rCI6aAGj6xhFDF7F8xjYki1NguS7YEb33lTdKpVb16tf5QqzTqeR1FdIEu0TXy0C1qoCZqoTai6Bm9onf04bw4b86n87WKFpx85hz9gTP/AXO0oKA=</latexit>

Holographic thermal entropy of spherical region

<latexit sha1_base64="mMMQDXazaAfsQZx9bjtnGk/en9k="></latexit>

Entanglement Hamiltonian of two disjoint blocks at large mass
<latexit sha1_base64="sAFthnuitdHdNjwaxRPRbUK5GBM=">AAACGnicbVC7SgNBFJ2Nrxhfq5Y2g0GwCrspomXAxjKCeUASwuzkJhkyO7vM3BWWkO+w8VdsLBSxExv/xtlkC008cOFwzrlc7gliKQx63rdT2Njc2t4p7pb29g8Oj9zjk5aJEs2hySMZ6U7ADEihoIkCJXRiDSwMJLSD6U3mtx9AGxGpe0xj6IdsrMRIcIZWGrj+UJhYstRQ1EwZkamGCkVxAtRAzPQiSG0MmeJASwO37FW8Beg68XNSJjkaA/ezN4x4EoJCLpkxXd+LsT9jGgWXMC/1kuwOn7IxdC1VLATTny1em9MLqwzpKNJ2FNKF+ntjxkJj0jCwyZDhxKx6mfif101wdN2fCRUnCIovD40SSTGiWU/2YQ0cZWoJ49r2wimf2DY42jazEvzVl9dJq1rxa5XaXbVcr+V1FMkZOSeXxCdXpE5uSYM0CSeP5Jm8kjfnyXlx3p2PZbTg5Dun5A+crx+JSqEc</latexit>

displays transitions in the separation distance
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<latexit sha1_base64="uzrybT+jJ8IkNTP+KrbqW2hPcys=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqCepeCkIWqFpK20om+2mXbrZxN1NoYT+Di8eFPHqj/Hmv3H7cdDWBwOP92aYmefHnClt299WZmV1bX0ju5nb2t7Z3cvvH9RVlEhCXRLxSDZ9rChngrqaaU6bsaQ49Dlt+IObid8YUqlYJGp6FFMvxD3BAkawNpLX9gNUq1zf3aLHe7eTL9hFewq0TJw5KcAc1U7+q92NSBJSoQnHSrUcO9ZeiqVmhNNxrp0oGmMywD3aMlTgkCovnR49RidG6aIgkqaERlP190SKQ6VGoW86Q6z7atGbiP95rUQHl17KRJxoKshsUZBwpCM0SQB1maRE85EhmEhmbkWkjyUm2uSUMyE4iy8vk3qp6JwXzx5KhfLVPI4sHMExnIIDF1CGClTBBQJP8Ayv8GYNrRfr3fqYtWas+cwh/IH1+QPWv5DW</latexit>

THANK YOU

<latexit sha1_base64="OFaUca/rrsql+u5DyxxtqtONz+E="></latexit>

Two-weeks workshop at IGAP (SISSA, Trieste) in November 2026
<latexit sha1_base64="u20dzeHWte3kYIY1dreoqHDpmN8=">AAACI3icbVDLSkMxFMz1bX1VXboJFsGFlHtFVFwpLtSNKNgqtKWcm57WYJJ7SU6EUvwXN/6KGxeKuHHhv5jWLnwNBIaZOeScSXMlHcXxezQyOjY+MTk1XZiZnZtfKC4uVV3mrcCKyFRmr1JwqKTBCklSeJVbBJ0qvExvDvv+5S1aJzNzQd0cGxo6RralAApSs7hXl8SrmeGn6DUYww9UB1MLboOfezDkNT8x7czqQZ6DafEjC7eSuoVmsRSX4wH4X5IMSYkNcdYsvtZbmfAaDQkFztWSOKdGDyxJofCuUPcOcxA30MFaoAY0ukZvcOMdXwtKi4dNwjPEB+r3iR5o57o6Dcmw67X77fXF/7yap/ZuoydN7gmN+Pqo7RWnjPcL4y1pUZDqBgLCyrArF9dgQVCotV9C8vvkv6S6WU62y9vnm6X9rWEdU2yFrbJ1lrAdts+O2RmrMMHu2SN7Zi/RQ/QUvUZvX9GRaDizzH4g+vgEF0ij6Q==</latexit>

Von Neumann Algebras, Quantum Information and Gravity
<latexit sha1_base64="cRD01DvkjrV7MHzPjkxXKQnmjRE="></latexit>

Organisers: Roberto Longo, Stefan Hollands, Horacio Casini,
<latexit sha1_base64="SMMnNxF08crS0mNZ37N6xOBgKe4=">AAACAXicbVBNS8NAEN34WetX1IvgZbEIHqQkPVSPBRFEECr0C9pQJttNu3SzCbubQgn14l/x4kERr/4Lb/4bt20O2vpg4PHeDDPz/JgzpR3n21pZXVvf2Mxt5bd3dvf27YPDhooSSWidRDySLR8U5UzQumaa01YsKYQ+p01/eD31myMqFYtETY9j6oXQFyxgBLSRuvbxHYwYlfge+iAu8I1kQ1yLhGBdu+AUnRnwMnEzUkAZql37q9OLSBJSoQkHpdquE2svBakZ4XSS7ySKxkCG0KdtQwWEVHnp7IMJPjNKDweRNCU0nqm/J1IIlRqHvukMQQ/UojcV//PaiQ6uvJSJONFUkPmiIOFYR3gaB+4xSYnmY0OASGZuxWQAEog2oeVNCO7iy8ukUSq65WL5oVSoOFkcOXSCTtE5ctElqqBbVEV1RNAjekav6M16sl6sd+tj3rpiZTNH6A+szx8RcpX2</latexit>

Javier Magan, Erik Tonni
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<latexit sha1_base64="DRSiRydCnamXnft1PSGeCOEYFwc=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7CbQ/QiRKOg6CES1wSSJcxOZpMhsw9mZsWw5Fe8eFDEqz/izb9x8jhoYkFDUdVNd5cXcyaVZX0bmaXlldW17HpuY3Nre8fczT/IKBGEOiTikWh6WFLOQuoopjhtxoLiwOO04Q2qY7/xSIVkUXivhjF1A9wLmc8IVlrqmPm256Pzs+oNcmqofnt9cVnvmAWraE2AFok9IwWYodYxv9rdiCQBDRXhWMqWbcXKTbFQjHA6yrUTSWNMBrhHW5qGOKDSTSe3j9ChVrrIj4SuUKGJ+nsixYGUw8DTnQFWfTnvjcX/vFai/BM3ZWGcKBqS6SI/4UhFaBwE6jJBieJDTTARTN+KSB8LTJSOK6dDsOdfXiQPpaJdLpbvSoXK6SyOLOzDARyBDcdQgSuogQMEnuAZXuHNGBkvxrvxMW3NGLOZPfgD4/MH2viSYQ==</latexit>

BACK UP SLIDES



Entanglement contours in the lattice: further properties 
[Chen, Vidal, (2014)]

(a) Spatial symmetry. If ⇢A is invariant under a transformation

relating the sites i and j in the subsystem A, then s(n)A (i) = s(n)A (j).

(c) A bound. Given a system in the pure state | i and H = HA ⌦HB , let us assume

that the further decompositions HA = H⌦A ⌦H⌦̄A
and HB = H⌦B ⌦H⌦̄B

the factorisation of the state | i = | ⌦A⌦B i ⌦ | ⌦̄A⌦̄B
i.

lead to
Considering a subregion

G ✓ A such that
N

i2G Hi ✓ H⌦A , we must have s(n)A (G) 6 S(n)(⌦A),

obtained by tracing over H⌦̄A
⌦HB .where S(n)(⌦A) are the entanglement entropies

Besides S(n)
A =

P
i2A s(n)A (i) and s(n)A (i) > 0,

other properties can be imposed on the contour function.

The contour s(n)A (G) of a subregion G ✓ A is s(n)A (G) ⌘
P

i2G s(n)A (i).

(b) Invariance under local unitary transformations. Given a system in the state ⇢

and a unitary transformation UG acting non trivially only on G ✓ A,
denoting by ⇢0 the state of the system after such transformation, the same contour

s(n)A (G) should be found for ⇢ and ⇢0.

A contour function s(n)A (i) constructed for free fermions



Entanglement entropies in harmonic lattices 

⇢A is Gaussian and fully described by the 2`⇥ 2` reduced covariance matrix

�A ⌘ Rehr rti|A, which is real and symmetric.

The symplectic spectrum of �A provides the entanglement entropies

S(n)
A =

X̀

k=1

sn(�k) sn(y) ⌘
1

n� 1
log

⇥
(y + 1/2)n � (y � 1/2)n

⇤

The Williamson’s theorem guarantees that a symplectic matrix W 2 Sp(`)

exists such that

where D = diag(�1, . . . ,�`) (with �k > 0) gives the symplectic spectrum.

�A = W t
�
D �D

�
W

E.g.: Harmonic chain

Considering r̂ ⌘ (q̂1, . . . , q̂L, p̂1, . . . , p̂L)t, the canonical commutation relations are

preserved by symplectic transformations r̂ ! r̂0 = M r̂, where M 2 Sp(L)

H =
L�1X

i=0

✓
1

2m
p̂
2
i +

m!
2

2
q̂
2
i +



2
(q̂i+1 � q̂i)

2

◆



A proposal for the contour function in harmonic lattices 

[Botero, Reznik, (2004)]

[Chen, Vidal, (2014)]s(n)A (i) =
X̀

k=1

pk(i) sn(�k)

Given a set pk(i) of probabilities (
P`

i=1 pk(i) = 1 with pk(i) > 0)

We call mode participation function the function pk(i).

Any orthogonal matrix leads to s(n)A (i) > 0 such that S(n)
A =

P
i2A s(n)A (i)

This contour function satisfies the properties (a), (b) and (c) for the
transformations implemented by symplectic and orthogonal matrices.

[Coser, De Nobili, E.T. (2017)]

W = KL EKR

E = e� � e�� � ⌘ diag(�1, . . . ,�`) > 0

KL and KR are symplectic and orthogonal

(

We employed the Euler decomposition of the symplectic matrix W such that

�A = W t(D �D)W , i.e.

Construct the contour function from the orthogonal matrix KLKR .
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Figure 3: The contour function computed from (16) and (53) for a single interval of length
` in the harmonic chain in the thermodynamic limit and for di↵erent values of the mass !.

boundary conditions because the correlator hq̂iq̂ji diverges when ! ! 0. This divergence

is due to the occurrence of the zero mode, which is a consequence of the invariance under

translations.

In Fig. 1 the peaks of the mode participation function close to the endpoints of the

interval and for small values of k, which correspond to the large symplectic eigenvalues,

tell us that a large contribution to the entanglement entropies comes from the sites close

to the endpoints of the interval. We find it worth noticing that the mode participation

function is symmetric with respect to the center of the interval and also the occurrence

of a profile k̃(i) which delimits the modes providing a non vanishing contribution to the

mode participation function, namely pk(i) ' 0 for k > k̃(i) for the i-th site.

In Fig. 2 we have considered the dependence on the mass ! in pk(i) for the same setup

described for Fig. 1. The density plots for the mode participation function correspond

to di↵erent values of !: the top left panel contains the same data of Fig. 1, while in the

other panels ! is larger. As the mass increases, the set of modes providing a non vanishing

contribution to pk(i) at fixed i is sharper, becoming very localised for large values of ! (see

the bottom right panel). In the massive regime, where an area law occurs, the contribution

of the large symplectic eigenvalues, which correspond to small values of k and provide

the largest part of the entanglement entropies, is localised close to the endpoints of the

interval, as one observes by comparing the top panels of Fig. 2. The symmetry of the

profile with respect to the center of the interval is not influenced by the value of the mass,

as expected. As for the profile of the function k̃(i), it clearly depends on !.

In Fig. 3 we show the contour function for the entanglement entropy for increasing

values of the mass !. As the mass increases, the power law behaviour of the contour

function in the massless case becomes exponential in the regions between an endpoint

and the center of the interval. In the right panel only the first half of the interval is

considered and the collapse of the data tells us that, in the massive regime, there is a

domain in A where sA(i) / e�b!i with the parameter b > 0 independent of `.
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Figure 3: The contour function computed from (16) and (53) for a single interval of length
` in the harmonic chain in the thermodynamic limit and for di↵erent values of the mass !.

boundary conditions because the correlator hq̂iq̂ji diverges when ! ! 0. This divergence

is due to the occurrence of the zero mode, which is a consequence of the invariance under

translations.

In Fig. 1 the peaks of the mode participation function close to the endpoints of the

interval and for small values of k, which correspond to the large symplectic eigenvalues,

tell us that a large contribution to the entanglement entropies comes from the sites close

to the endpoints of the interval. We find it worth noticing that the mode participation

function is symmetric with respect to the center of the interval and also the occurrence

of a profile k̃(i) which delimits the modes providing a non vanishing contribution to the

mode participation function, namely pk(i) ' 0 for k > k̃(i) for the i-th site.

In Fig. 2 we have considered the dependence on the mass ! in pk(i) for the same setup

described for Fig. 1. The density plots for the mode participation function correspond

to di↵erent values of !: the top left panel contains the same data of Fig. 1, while in the

other panels ! is larger. As the mass increases, the set of modes providing a non vanishing

contribution to pk(i) at fixed i is sharper, becoming very localised for large values of ! (see

the bottom right panel). In the massive regime, where an area law occurs, the contribution

of the large symplectic eigenvalues, which correspond to small values of k and provide

the largest part of the entanglement entropies, is localised close to the endpoints of the

interval, as one observes by comparing the top panels of Fig. 2. The symmetry of the

profile with respect to the center of the interval is not influenced by the value of the mass,

as expected. As for the profile of the function k̃(i), it clearly depends on !.

In Fig. 3 we show the contour function for the entanglement entropy for increasing

values of the mass !. As the mass increases, the power law behaviour of the contour

function in the massless case becomes exponential in the regions between an endpoint

and the center of the interval. In the right panel only the first half of the interval is

considered and the collapse of the data tells us that, in the massive regime, there is a

domain in A where sA(i) / e�b!i with the parameter b > 0 independent of `.
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Figure 1: The mode participation function (53) for the single interval A made by 100 sites
in the harmonic chain (8) with ! = 10�8 in the thermodynamic limit.

where the blocks on the diagonal are complicated functions of Q and P provided by (50).

Since the matrices involved in the factorisations (31) and (32) are block diagonal,

the orthogonal and symplectic K in (46) becomes K = UK � VK , namely YK = ZK = 0.

The orthogonality condition for this K is equivalent to require that both UK and VK are

orthogonal, while the symplectic condition leads to the relation UKV t
K

= 1. Combining

these observations, we can conclude that UK = VK . By employing this result and (51),

the matrix relation (36) simplifies to

⌅Q⌅ = U t
K
DUK = ⇧P ⇧ , (52)

which tell us that the orthogonal matrix UK diagonalises the symmetric matrix ⌅Q⌅ =

⇧P ⇧. This observation and (50) allow us to compute UK from the correlation matrices

Q and P .

The mode participation function for �A = Q�P is obtained by first specialising (47)

to this simpler case and then employing UK = VK . The result reads

pk(i) =
⇥
(UK)ki

⇤2
. (53)

Henceforth we focus on the contour function for the entanglement entropies in the

harmonic chain (8), setting m =  = 1 without loss of generality. Since all the examples

explored in this manuscript have a block diagonal reduced covariance matrix �A = Q�P ,

the mode participation function is given by (53). The boundary conditions imposed at

the endpoints of the harmonic chain are crucial in the computation of pk(i) because they
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Figure 2: The mode participation function (53) for the single interval A made by 100 sites
in the harmonic chain in the thermodynamic limit. The value of the mass ! changes in the
di↵erent panels: ! = 10�8 (top left), ! = 0.5 (top right), ! = 1 (bottom left) and ! = 4
(bottom right).

determine the correlators entering in the matrices Q and P . All the correlators employed

in our explicit examples have been collected in the appendixB. In the numerical analysis

the symplectic eigenvalues {�k, 1 6 k 6 `} have been arranged in decreasing order in

terms of the label k, namely �1 > �2 > · · · > �`.

The correlators providing the matrix elements ofQ and P for the harmonic chain with

periodic boundary conditions in the vacuum are given by (113) and in the thermodynamic

limit L ! 1 they become (117) and (118). Considering this regime, in Fig. 1 we show the

mode participation function (53) for a single interval A made by 100 sites when the mass

parameter is very small (! = 10�8). We remark that we cannot set ! = 0 for periodic

! = 10�8 ! = 0.5
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The correlators providing the matrix elements ofQ and P for the harmonic chain with

periodic boundary conditions in the vacuum are given by (113) and in the thermodynamic

limit L ! 1 they become (117) and (118). Considering this regime, in Fig. 1 we show the

mode participation function (53) for a single interval A made by 100 sites when the mass
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