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Rational Calogero Moser systems
Xipi coordinates and momenta i1ldotsn

Calogero 71Hamiltonian
classical Hsum_i1npi2x2sum_ineqjnfrac1leftxixjright2
quantum hatHsum_i1nhatpi2xleftxhslashrightsum_ineqjnfrac1leftxixjright2

hslashrightarrowo

hatpihslashfracpartialpartialchiv
IntegraBillyclassical existsH1H2ldotsHnleftHiHjright0independent
Where the Poisson Bracket is canonical leftxipjrightdeltaij

quantum existshatH1hatH2ldotshatHnleftHiHjright0



 
 
 
 
 
 

 
 
 
 
 
 
 

Hsum_i1npi2x2sum_ineqjnuleftxixjrightuleftxrightbegincasesfrac1x2wx2rationalfrac1sin2xtrigonometrfrac1sinh2xhyperbolicpleftxrightellpticendcases



 
 
 
 
 
 
 
 
 
 
 
 
 

IntegraBilly via Dunk operators
Dunkel 89
Heckman 91quantum Dunk operators

yihslashfracpartialpartialxixsum_jneqifrac1xixjsijinDleftVrightSn VmathbbCh

ring ofmeromorphic functions
and diff operators on V

SijinSn standard transposition

xileftrightarrowxjfracpartialpartialxileftrightarrowfracpartialpartialxj
Main properties
1 commutativety leftyiyjright0
2 equvarianc.ee sigmayisigma1ysigmaleftiright



 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

To the Calogero Moser Hamiltonians

From symmetric combinations of Dunk operators one
и construct the quantum Calogero Moser Hamiltonians

hatHk
Here Res sum_sigmainSnasigmasigmarightarrowsumasigmainDleftVright
restriction on Sn invariantshatHkRessum_i1nyik

From commutativityandequivarianc.ee of Dunk operators
we have lefthatHkHmright0

Example

sum_i1nyi2hslash2sum_i1nfracpartial2partialxi2xsum_ineqjnfrac1leftxixright2leftxhslashsijright Res

MoserhatH2Ressum_i1nyi2hslash2sum_i1nfracpartial2partialxi2xleftxhslashrightsum_ineqjnfrac1leftxixjright2 Calogero

Hamiltonian



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Elliptic Dunk operators

elliptic Dunk operators

yihslashfracpartialpartialXixsum_jneqiphileftlambdailambdajxixjrightSij Buckstamer

depend on additional
variables lambda

Felder
Neselon94

Kronecker elliptic function
thetaleftzright odd Jacobi theta function

tau

Here phileftzmurightfracthetaleft0rightthetaleftzmurightthetaleftzrightthetaleftmuright
1

Properties leftyileftlambdarightyjleftlambdarightright0
sigmayileftlambdarightsigma1ysigmaleftirightleftsigmaleftlambdarightright forallsigmainSn

Problem lambda

parameters Break Sn invariance

We need regularication procedure to construct the
Hamiltonians



 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

Elliptic Calogero Moser systems
The model is described by

the Hamiltonian

Here pleftzrightfrac1z20hatHd hslash2sum_i1nfracpartial2partialxi2xleftxhslashrightsum_ineqjnpleftxixjright is the Weierstrass
p functionTo construct the family of commuting Hamiltonians

Take the classical rational Hamiltonian Hratleftpxrightand put Daniel operators for momenta lambda

for coordinate
H
rat

leftylambdaright regular at
lambdarightarrow0

Ettingof Felder
Ma Veselin 11Use Res sum_sigmainSnsigmarightarrowsum_sigmaasigmainDleftVright

Example

sum_i1nyi2hslash2sum_i1nfracpartial2partialxi2x2sum_ineqjnleftpleftlambdailambdajrightpleftxixjrightrightxhslashsum_ineqjpleftlambdailambdajxixjrightsij regular at lambdarightarrow0

Pleftmuzrightoverrightarrowmurightarrow0Pleftzrightfrac1leftlambdailambdajright2oleftlambdarightRegularization
rat

Res lim_lambdarightarrow0HleftylambdarightReslim_lambdarightarrow0leftsum_i1nyi2x2sum_ineqjnfrac1leftlambdailambdajright2righthatHb



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

R matrix Dunk operators
UicongmathbbCm VmathbbCNLet UU1otimesldotsotimesUn

Sh acts by permitting the tensor factors in U

Psum_ab1meabotimesebainEndleftmathbbCmotimesmathbbCmright permutation operator on mathbbCmotimesmathbbCm
uparrow

standard matrix units

Pijsum_ab1m1lotimeslefti1rightotimeseabotimes1lotimesleftji1rightebaotimes1lotimesleftnjright
DUleftVrightDleftVrightotimesEndU ring of matrix valued

differential operators on V
hatSn acts simultaneously on DleftVright and EndleftUright

Sij Pij
m m

Let RleftzmurightinEndleftmathbbCotimesmathbbCright Denote by RijRijleftxixjlambdailambdajright
Define the R matrix Dunkel operators

yL
a
N hslashfracpartialpartialXixsum_jleftneqirightnRijwidearcSij chalykh.M.M.ro



 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

Associative Yang Baxter equation
Let Rleftzmuright satisfy the following properties
skew symmetry R12leftzmurightR21leftzmuright
associative Yang Baxter equation Fomin Kirillov 99

Polishchute02,1 parameter depended form

R12leftzmurightR23leftzmurightR13leftzzmurightR12leftzmumurightR23leftzmumurightR13leftzzmuright
R 121Then R matrix Dunk operators commute leftyiyjright0

For m1 the AUBE is Fay's tribe cant identity

phileftzmurightphileftzmurightphileftzzmurightphileftzmumurightphileftzmumurightphileftzzmuright



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Properties of Rleftzmuright
skew symmetry R12leftzmurightR21leftzmuright
2 associative Yang Baxter equation
3 unitary R12leftzmurightR21leftzmurightleftpleftmurightpleftzrightright Id

for any degeneration of pleftzrightrightarrowfracn2sin2pizrightarrowfrac1z2
4 regularity Rleftzmuright has the first order pole

at mu0

resmu0Rcdotleftzmuright is independentof Z

From left1rightleft2rightleft3right it follows the quantum YB

R12leftzmurightR13leftzzmurightR23leftzmurightR23leftzmurightR13leftzzmurightR12leftzmuright



 
 
 
 
 
 
 
 
 

Elliptic Baxter Belvin R matrix

All the properties are satisfiedBy quantum elliptic
Baxter Belvin R matrix Belvin 81

For m2 it is known as 8 vertex R matrix Baxter 727

Here varphi0phileftzfracmu2right
varphiolepiphileftzfractau2fracM2right
varphi10phileftzfrac12fracmu2right
varphi11eM1zphizfrac1tau2fracM2

Rleftzmurightfrac12leftbeginmatrixvarphi00varphi1000varphi01varphi110varphi00varphi10varphi01varphi1100varphi01varphi11varphi00varphi100varphi01varphi1100varphi00varphi10endmatrixright

Expansion

Rleftzmurightfrac1muIdrleftzrightOleftmurightasmurightarrow0 Belov in
Oriented 82classical elliptic г matrix



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

R matrix Calogero Moser Hamiltonians

The recipe is the same as for elliptic cellsystem

and it in
R

titlist'll rattle Ham
beginmatrixRyLendmatrix

i etonians

H rat leftyRlambdarightthen lambdarightarrow0

Apply Res sum_hatsigmainhatSnasigmahatsigmarightharpoondownSigmaasigma
The Hamiltonian

hatHRsum_i1nhslash2fracpartial2partialxi2hslashxsum_ineqjnpartialrijx2sum_ineqjnpleftxixjright
ell classical elliptic

СМ HamiltonianIn the classical limit hslashrightarrow0 hatHRrightarrowH



 
 
 
 
 
 
 
 
 
 
 
 
 

Quantum spin Calogero Moser system

RleftzmurightphileftzmurightP satisfies all the properties it leads
to the Hamiltonian of thequantum spin elliptic

Calogero Moser system

H
spinСМ

sum_i1nhslash2fracpartial2partialxi2sum_ineqjnpleftxiyrightxleftxhslashPjright
put the particles in

the equilibrium
freezing trick positions of the classica

model xjnicefracjn
Inozemts.eu spin chain

H
I n

sum_ijpleftfracijnrightPij
Inotentser 90

Dittrich Inozemts.eu 08,09

integrablety via Daniel
Charlyteh 24
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Anisotropic long range spin chainprofline

Using freezing trick one can obtain from HkR
the Hamiltonians Hk of the long range

spin chain Sechin rotor 187

xkfracknH2sum_ineqjpartialrijfreezinghatH2Rsum_i1nhslash2fracpartial2partialxi2hslashxsum_ineqjnpartialrijx2sum_ineqjnpleftxixjright
hatH3Rsum_ijklefthslash3fracpartial3partialxipartialxjpartialxkhslashx2leftpleftxixjrightfracpartialpartialxkpleftxixkrightfracpartialpartialxjpleftxjxkrightfracpartialpartialxirightright
hslash2xleftpartialrijfracpartialpartialxkpartialrjkfracpartialpartialxipartialrkifracpartialpartialxjrighthslashx2partialrijri1 Gammajk

freezing H3sum_ijkleftpartialrijrikrjkright



 
 
 
 
 
 
 
 
 
 
 
 
 

R matrices and spin chains

Spin chain
Inozemts.eu

Rleftzmuright
elliptic PhileftzmurightP

trig Imr х

со tПZ I cot V P Haldane
Shastry

Sechin Zotow 18

Fukui Kawakami 96

elliptic Baxter Belvin
8 vertex

trig 6 vertex

Classification of trigonometric solutions of АУВЕSchneller 03 Polishchuk 10 7 vertex forexample

М М Zotow 24graded trigonometricR matrix yl N м



 
 
 
 
 
 
 
 
 
 
 
 
 

Further direction relativistic generalization

Calogero Moser
Sutherlandmodel non relativistic
Dunk operators
Jack polynomials

Ruijsenaa.rs Schneider mode
Macdonald operate

Dunkl Cheredn.it operators
Macdonaldpolynomials

rig spin Ruijsenaarsmodelllame.rs Pasquier Serban 223
Lamer518 Иglow 95q Haldane Shastry

elliptic version Baxter Belvin
R matrix

М М Zotow233

dynamical R matrix klabbe.rsGamers 24

trig graded R matrix
overview

ell М toto 247
klabbe.rs tamers 25



 
 
 
 
 
 
 
 
 
 
 
 
 

Generalization to root systems
W Weyl group PhisubsetV root system of W get der

RinEndmathbbCU satisfying RalphaleftzmurightRalphaleftzmurightR matrix Dunkel operator

ygpartialgfrac12sum_alphainPhixalphaleftalphazetarightRalphaleftleftalphagammarightleftalphanulambdarightrighthatsalpha
Chaykin М М

The commutativety condition leftyzyyright0 is

equivalent to the system of functional equations
Sigma

RalphaleftleftalphaxrightleftalphavlambdarightRSalphaleftbetarightleftleftSalphaleftbetarightxrightleftbetavlambdarightright0right
where Phicirc denotes a two dimensional root subsystem
xalphaxbetaalphabetainPhi0salphasbetar

leftPhiocongA1timesA1A2B2G2right



 
 
 
 
 
 
 
 
 
 
 
 
 

BC associative Yang Baxter equation

K2leftx2lambda2rightne2widetildeR12leftx1x2lambda1lambda2rightR21leftx2x1lambda2lambda1rightelliptic
Baxter Belvin
R matrix elliptic

K1leftX1lambda1right reflection
operator

K1leftx16lambda1right

widetildeR12leftx1x2lambda1lambda2rightk2leftx2lambda2rightR12leftx1x2lambda1lambda2right
Commutative

ty olyy leads to the set of quadratic
relations on KiRijoverlineRij which we call the BC
associative Yang Baxter equation

R12leftx1x2lambdamurightK2leftx2murightK1leftx1murightR12leftx1x2lambdamurightwidetildeR12leftx1x2mulambdarightK1leftx1lambdarightK2leftx2lambdarightwidetildeR 12 leftx1x2lambdamuright
Mostarskin М М toto 26



 
 
 
 
 

            Thank you for your attention!


