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RTT algebra
Cowstder a bilinear algebra
Ris(u,v)Th(u)Is(v) = Th(v)T1(u)Ri2(u,v)
on the elements of the monodromy matrix

A(u) B(u) Ty (u) = T(u) ® 1
T5(v) =1 ® T'(v)

and L-wmatrix is 4 X 4 watrix of functions that plays role of
the structure functions of the algebra



Quantum [ntegrability
Define transfermatrix t(u) = tr T(u) = A(u) + D(u)

RTT equation tn the form
Ty (u)T2(v) = Ris(u,v) T (v)Ti(u)Ris(u,v)

after traces tritry becomes t(u)t(v) = t(v)t(u)

Expansion t(w) =Y (u—w) 'H, —> [HpH]=0, Vk,I

k=1

Family of tndependent

Ruantum 'Lwtegra ble commut’um,g DPerators N Tra ws-fermatrbx
system ~ H.,Hy,...,H, ~ D'fRTTaLgcbm

with common simpLe spectrum



Yang-Baxter equation
cowslstewcg condition Ry TyTsTi(Ros) ™ = T5To T,
213 931) - e
(123) TT(321)
(132) —s (312) -

is satisfied if we assume the Yang-Baxter equation

Ris(u,v)Ri3(u, w)Ra3 (v, w) = Ras(v, w)Ri3(u, w)Ri2(u, v)

Ry; /
— R3 Ho:
\
2 3



E xample. XXX Heigenberg spin chain
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Algebraic Bethe angatz framework

We assume that the physical space 1 has a special vector |0)

called vacuum such that

S = Qq
e = =
o
||

where a(u), d(u) are complex-valued functions.



Bethe vector

We are Looking for the eigenvector as a polynomial tn terms of the
upper-triangular elements of the monodromy matrix

n the case of inhomogeneous model, We can think of Bethe vector as
set of partition functions:

A A AOA
U, = <
Uy = <

nhomogeneous model: .’
U, > <

To(u) = Ror(u — &) Ro2(u) . .. Ro1(u — &1)

Uy > ¢
L 5. £2 ¢



Eigenvector

Owne can prove that Bethe vector becomes eigenvector of transfermatrix t( z)
t(2)B(u) = 7(2|u)B(u)

with etgenvalue

T

T(z]u):a(z)H U —z+¢ +d(z)H Uj—2—C

Uj—Z

Lf Bethe equations satisfied




Dual Bethe vector

We are Looking for the eigenvector as a polynomial tn terms of the
Lower-triangular elements of the monodromy matrix

C(w) = (0|C(u1)C(u3) - . . . - C(un)

n the case of tnhomogeneous model, We can think of dual Bethe
vector as set of partition functions:

U, < >
Up < >
, 0
U, < >
(/f] </\ N /N /\>

%L -\ £y L



Scalar product of Bethe vectors

we define a scalar product of Bethe vectors as overlap of Bethe vector
with dual Bethe vector

S(wlu) = C(v)B(u) A AN A A

h = <

combinatorial expression the U = <
scalar product is kinown b )
nwA—7 S

o = <

S(@ ﬂ) = Z CL(’U])d(U])CL(u]])d(’UI])X vv\ < >

ut{;{bgu}

T K (o) K (O @) f(0rn, 01) £, Grr) VYo >
V / \
Here Vl : \/
a(@) = || atw), f@o) = | ] #uiv)). VA g oA

u;EU U; €U V;ET EL L_\ ;2 ;



[zergin determinant K (a|v)

Izergin determinant describes partition function with domain
wall boundary condition in twhomogeneous model

ExpLLc'Lt e)qsressiow LS knowin

K(alv) = A(@)A (5)h(z, ) det (g(““’j) )

h(u;, Uj) AN /N /| N
U - <
Here U, — <
A('E) — Hg(’Uz‘,’Uj), A,(@) — Hg(’Uz‘,'Uj)
Jj>1 j<i uL > <
u—v—+-c C h \
h(uav) — % . g(uav) — U v \/L VL'\ V’



L-operators and two site model

Let L, L be two solutions of RTT eq. with mutual commutative elements
[Lij(w), Lre(v)] =0 < La(u)La(v) = Ly(v)L1(u)
Thew thelr product L(u) = L(u)L(u) also satisfies RTT

RisL1Ly = RisL L LyLy = R12L1~L2~E1E2 = L2131R12j11j;2 o
— L2L1L2L1R12 — L2L2L1L]R12 — L2L1R12

X = e =t
5§ i Ay

- way to construct new integrable models =~ representations of Yangian




Co-product

we define co-product as

AT(U)—T(U)zT(U)1—(A(u)2 B(uh) (A(u)l B(U)lj

C(u)2 D(u)z) \C(u)1 D(u)
and opposite co-product as

C(’LL)] D(’LL)] C(U)Q D(’LL)Q

(n particul,ar, we have



Co-product property of Bethe vectors

If we define co-product for the vacuum Al0) = 0)s ® 0);

then we can extend co—proal wet to Bethe vector

AB(”&) — Z d(lj(ﬂ]])a@) (ﬂ])f(ﬂ], ’L_L]]) B(l)(ﬂ]) . B(Q)(ﬂ]])

part

and similarly for dual Bethe vector

AC(u) = Y a(am)d® (ar) f(ur,urr) CV(ar) - C®(amn).

part

Note, that
a(z) = aW(2)a®(2) and d(z) = dV(2)d"¥(2)



Co-product and Bethe equation

Msiwg co—produc’c proper’cg

L dW (ur)a'® (ug) f(ug, urr) B (ag) - B (a)

part

opposite co-product property

0) = > d®(an)a® (ur) f(ur, urr) B (ar) - BV (ur)

part

and taking Lnto account Bethe equations

a(ur)  f(ur, urr)
d(ur)  f(urr,ug)

one can wotLce

AB(u)|pp oc A™ B(u)| g




Co-product and [zergin determinant

Constder the representation of (zergin determinant

K(ulé¢) = (0|B(u1)B(us) - ... - B(u,) 0) = (0|B(u),

here variables & ave hidden as inhomogeneities,
and (0 is the state with all spin flipped.

Apply the co-product to both sides

K@) = >  dYama®(ar)f(ar,amn) K(ar&r) - K(anlémn)
u-{uy,uss}




Co-product and Sealar product

Cownstder the e)(pressiow for scalar proouct

S(E\ﬂ) — C(E)IB%(E) — 2 a(?_)]]'d(ﬂj)a(ﬂ]])d(’ﬁ][}
uH{uyugr}
ervi K(aj|vr)K(vrr|arr)f (i, vr) f(ur, vrr)

and compare with expressions for co-product of Bethe vector

AB(a) = Y dY(an)a'? (ar) f(ar, ar) BY (ar) - B® (4)

part

and dual Bethe vector

AC(’L_L) —. 2;a(lj(ﬂ[])d(m(ﬂ])f(ﬂ],ﬂ[]) C(l)(’t_q) . (C(2)(’I_L]]).

part




RKRK algebra

Cowstder a bilinear algebra

Ris(u —v)Ki(u)Ri2(u + v) Ko (v) = Ko(v)Ria(u + v) Ky (u)Rio(u — v

on the elements of the boundary monodromy matrix

(.A(u) B(u)) Ki(u)=K(u) ®1

Kso(v) =1Q K(v,

and R-matrix is 4 X 4 wmatrix of functions that plays role of
the structure functions of the algebra



Left and right reflection equation

Ky R19




Quantum [ntegrability
DC‘ﬁV\JC tra wsfermatrix t(u) =tr K (u)K " (u) =k (v)A(u) + ky (u)D(u,

Left and right RKRK equations tmply

Expansion t(w) =Y (u—w) 'H, —> [HpH]=0, Vk,I

k=1



E xample. XXX Heigenberg spin chain

K tmeatrix Ktw) = (- 0 &
0 /i+(’u,) ET+u

— , o 1 U
K —matrix K™ (u) = - _ & tetu
0 Kk (u) &~ —c—u

Mowodromg matrix  To(uw) = Ron(u—&n) ... Ron(u — &)K " (w)Rot(u+ €1) ... Ro(u+ €n)

Transfermatrix tu) = tro K~ (u)To(u) = A(u) + £ (u)D(u]

IN—1

XXX S‘PLV\/ chatn HXXX d h(lit(u) — Z oi - 0;+1 + boundary terms
(open) “

u=C( =L



Co-action

we define co-action as

ApT (u) = T(uw)2 T (u)1 T(u)2 =

(e ) (e ) (e ey



Bethe vector

We are Looking for the eigenvector as a polynomial tn terms of the
upper-triangular elements of the monodromy matrix

B(ulet) = Blur)B(us) - .. . - Bluy) |0).

With co-action property:
AB(u) = Z(_l)#ﬂm(s(l)( n)o ) (U ) ({ul, - —Uy — ¢, U })

f(ﬂu —C — ﬂu) f(ﬂl, ﬂm)

({@n, —¢ — @ })BM (4, @) (g, —tig — ¢
f(ty, ¢ + ty) f(al,—am)Af({ ’ 1)BY (1) ® B ({thn, 1)




Co-action and Bethe equation

AB(u|€)|gp ox A Bu|Eh)

BE

Co-action and Tsuchiya determinant

K(alv) = (0|B(v)(0)

Co-actlon property LmPLLcs




Co-action and scalar product

Co-actlon propcrtg meLies
S(ala) = DICE)B@D) = 3 )3 ()ax(d,)8(5,) (1) #a#8
K({—u, — ¢, un} [ {vr,—Vn —c}) Ap({—t —c,un}) Ap({—01 — ¢, Un})

Adwmit that here K (U|V) s 1zergin (not Tsuchiya) determinant.

Awnd Af llf Vi, —1 —

j>i



Attenuation

For tnhomogeneous spin chain constder the shift
U= U+ A, Ei— &+ A

and thew take LimLt

A — 00.

So,

76(’&) — R()N(’LL — fN) .. .R(n(u — 51)K+(u)R01(u+ 51) .. .R(J](u—|— §N) —

— R()N(’LL — fN) .. .Rm(u — fl) = To(u)

As a consequence, all Ldentities for pertodic case follow from
the open one!



The last glide

Co-product property allows deseribing various
parts of the “periodic” case

° In “open” case co—properta also VlCL‘PS

o Attenuation allows get “periodic” gquantities from
“open” ones.



