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Symm .

in Quantum Many-body
1 . Phases of matter + integrability
2. Selection rules, correlation func
3. Dynamics , transport ,

thermalisation

Examples : U(1) symm .
in free fermion

SU(z) symm .
in Heisenberg

Yangian symm . in Haldane-Shastry
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Protagonist : asymm. . 6-vertex

H=2(q ↳=
B spin chain + mag . field

I
w+-100 O

IRan(t) = O t- 1 W- O

O +(w-1) (t-1)w O

O 0 0 cut- 1

M

a

w= q



Protagonist : asymm. . 6-vertex

transfer mat.
- S

a

12 ... L Tor(u) = Tra (Rai(u) Raz (n) . . . Rackus]

Yang-Baxter : =

[Torn) , TUS] = 0 Vu ,vEK

HeGulogtu) (n = 0

We focus on W= 1

(qx= =1)
root of unity cond.
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Case I : q= : (free fermion)

Hqzi = i(WO-WnWh) "Set's ignore b.

Em Hy = (Chan-chan for now "

~ I sink CECR
Lots of

· - E = degeneracies

e . g. [CrCIr , Hf] = 0



Ising in abv

2 U(2) charges of Hq= i /Ising model
"

Ao= A ,
=Z

Hq=i in the centre

[Hq=i , Ao) = [Hq = i ,Al) = 0 of A= span, Ao .His

Moreover .
[Ao . [Ao . [Ao .

A l ]]] = 16 [Ao . Al]

[A1 . [As , [As . Ao]]] = 16 [As . Ao]

Dolan-Grady relation> Onsager alg.
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Interlude : Onsager alg .

& Am , Gn/m ,nE* 3 [Am
. An] = 4Gm-n

[Gm . An] = 2 (Antm-An-m)

O - dim
.
Lie alg .

(also fixed-point Lie subaly .

of stz)

isomorphic to D-G Span, Ao .All

Am . Gm u> nested commutators of Ao & A ,

"Ising rep .

"

Ao= A= T
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Spec . of 6-vertexa r.o . U.

L = 12

4=

(q = ei )
X-many
non-Abelian

charges ?

degeneracies , "free fermionic" Conj . Onsager symm.

"exact Bethe string"
for any 6-1. @r . o.U.
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"she loop symm . of XXZ & root of unity

"

Difference : ((s(z) acts only on sectors (St= 0 medi

symm . of the Hamiltonian only at sectors

(from Lustig's divided power of Ug(sk) (

my different origin as Onsager story

acting on the whole It , can reproduce
degeneracies from ((st2) story....



KBBS T2 model
W =qWeyl pair ZX = wXZ

zkz = yk = 1 wk = 1

z = diag (1 ,
w , ..., went

X = 1800)
-

a
lz-dim aux. space

N

Lan (U . U , s , y ,y') =

y+y'leC
-u- s

+ eu+ S Xa)iweb-ju-s eusXa)z
L( - ey :2(eu-S- wu

+Xa)zy-y(we+"+s
Xa) I

.



Factorisation I

Lan (U.U , S, y , Y'l

= exp(y) . (Un(t) ·expls)
Un(t_) . (Z0) exply

&Un(t+ ) =i Unit = (Wit
Tc (u . U . S . y . y) =TraLan) t = e



E2 Lax operator

[Tor(u) , Tc] = 0

a

12 ... L -

-

However
, [Tc (u .U , S ,y , y) ,Tc (t. , 5, 5 , j)] #0

in general.



Remark
.
Baxter '88 my

2-dim
.

12-dim
.

Bazhanov-Stroganov 'go => bridge between 6-V.

&Chiral Potts

Similar construction :

Date - Jimbo - Miki-Miwa 191

Weston26

=> 5-parameter -> 2-parameter -> Q-op.

"[T. T) =0
"

restrict on "CP curve"



Factorisation of 12 T

To Tc(u , U . S, y . y) =

exp(A0)T+ (t+)explA)T- (t- )exp(Ad

TI(e) = Tc( ,x ,
0 , 0 , 0) Ao

To = T
2
10 , 0 , 0 .

0 ,0

N. B. Ao . Al , TI NOT COMMUTE in general



Back to Onsager
From the properties of I2 transfer mat.

D-G

we can prove

[Ao , [Ao , [Ao ,
A ,]]] = 16 [Ao , All

[As .
[As . [As . Ao]]] = 16 [As ,Ao]

[Ao . Al) as a rep . of Onsager alg . in ((2*



6-vertex & Onsager

[Tor(u) , Tis] = SAo , All span Onsager alg.

=> [Tor(u) , An = 0
, UnEZ

( [H , Any =o)

(a)6-v . model at any root of unity (XXZ chain)

has Onsager alg . symm!
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App : Non-invertible Symm .

Duality between Ao & A

DAn = ArnD => [Hor
, O] =0

D= To im(
(mod (e) = 0 , Dibl =DID
e .g .
(2=2 (= 0)

kW duality

D :
T ->T [i(T-hc) , DT =0.

TYTn -> Tr+
m C= 1 FCB CFTw.re



Conclusion & Outlook

E. Hidden Onsager alg . symm.
in G-vertex model

at root of unity= higher-spin generalisation

# Proof relies on KBBS Iz model (rep. theoretical ? )
=> relation to quantum group

# Non-invertible symm . & root of unity
=> orbifolding c= 1 CFT

IV . Physical consequence of non-Abelian charges ?

GGE/GHD / correlation func .

...


