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Why hard rods?

▶ Accessible correlation
functions in quantum
integrable models

Lieb–Liniger

Hard rods

Tonks–Girardeau

−a
∫

TT̄

a → 0

c → ∞

▶ Great toy model
▶ Possible experiments with

Rydberg atoms
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Hard rod gas

H =
N∑

j=1
p̂2

j +
N∑

i<j
Vhr(xi − xj)

Vhr(x) =
{

0, |x | > a,

∞, |x | ≤ a.

Density ρ0 = N/L
Reduced volume Lf = L − Na
Packing factor 0 < ρ0a < 1

▶ Classical. L .Tonks ’36; Z. W. Salsburg, R. W. Zwanzig, and J. G. Kirkwood
’53. M. Flicker ’68; Recently GHD: H .Spohn, B. Doyon, F. Hübner, J .de
Nardis . . . [Friedrich’s talk this Friday!!!]

▶ Quantum. T. Nagamiya 41’; QMC: F. Mazzanti, et al ’08. M. Motta et al
2016. S. Yu, Z. Zhu, and L. Sanchez-Palencia 2026
ABACUS, S. Kiedrzynski, E. Witkowska, and M. Panfil 2026



4/13

Pair correlation (structure factor)
Thermodynamics

p = ρ0kBT
1 − ρ0a ,

∫ dk
2π

1
eβ(k2−µ) + 1

= ρ0
1 − ρ0a

M. Flicker ’68

S(x) =
ρ2

0
1 − ρ0a

[x/a]∑
n=1

Pcl

(
n − 1;

ρ0(x − na)
1 − ρ0a

)

Pcl(k; x) =
xk

k!
e−x , Pcl −→ P

In this talk

S(x , t) = lim
th

⟨λ|ρ̂(x , t)ρ̂(0)|λ⟩

S(x , t) = lim
th

∑
µ

eit(Eµ−Eλ)−ixPµ |⟨µ|ρ|λ⟩|2.
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QHR wave-functions

1

2

3

4

5

a

L

Lf = L − Na

Hard-rods coordinates xj = rj − ja

H = −
∑

∂2
xi , Ψ(x1, x2, . . . xN)

∣∣∣
xi =xi+1

= 0

Ψ(x1, x2, . . . xN) = det(eiλj xk )

S(λ1, λ2) = e−ia(λ1−λ2)

λj =
2π

Lf
(nj − νλ) , νλ =

aPλ

2π
.

Lf = L − Na

Pλ =
N∑

j=1

λj =
2π

L

N∑
j=1

nj , Eλ =
N∑

j=1

λ2
j .
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Excitations and matrix elements

Pλ =
N∑

j=1

λj , Eλ =
N∑

j=1

λ2
j , λj =

2π

Lf
nj −

aPλ

Lf
.

Particle-hole excitations around ground
state

ω±(λ) =
2λkF ± λ2

K

K = (1 − ρ0a)2

S(x , t) =
∑

µ

eit(Eµ−Eλ)−ix(Pµ−Pλ)|⟨µ|ρ|λ⟩|2.

Matrix elements [S. Kiedrzynski, E. Witkowska, and M. Panfil (2026)]

⟨µ|ρ|λ⟩ =
Pµ − Pλ

L

(2 sin π (νµ − νλ)
Lf

)N−1
C [µ, λ], C [µ, λ] = det

(
1

µi − λj

)
.
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.
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Taming Backreaction
µj =

2π

Lf
(nj − νµ) , νµ =

aPµ

2π
.

To disentangle the quasimomenta we employ the following trick:

∑
µ

(. . . ) =
∑

µ

∑
P

Lf /2∫
−Lf /2

ds
Lf

e
is(P−

N∑
j=1

µj )

(. . . ) =
∑

P

∑
µ

Lf /2∫
−Lf /2

ds
Lf

e
is(P−

N∑
j=1

µj )

(. . . )

Here all µj are independent!

∑
P

→
∫

dνµ

Remark. Similar technique is applicable to the multicomponent models.
Mobile impurity (Fermionic Yang-Gaudin) [O.G., A.G. Pronko, M.B. Zvonarev (2014)]

eikj L =
kj − Λ + ig/2
kj − Λ − ig/2

≡ e−iν(kj ), kj =
2π

L

(
nj −

ν(kj , Λ)
π

)
TD limit

ν(kj , Λ) =
π

2
− arctan(Λ − 2kj /g)
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Fredholm determinant∑
µ

eit(Eµ−Eλ)−isPµ

(2 sin (πν)
Lf

)2N
C [µ, λ]2 = det(1 + nV̂ ) ≡ Dν(s, t),

The thermal factor n(λ) = 1/(eβ(λ2−k2
F ) + 1). Kernel:

V (λ, µ) =
1
π

e+(µ)e−(λ) − e+(λ)e−(µ)
µ − λ

with e−(λ) = e−itλ2/2+iλs/2 and

e+(λ) = − sin(πν)eitλ2/2−iλs/2
[

cos(πν) + i sin(πν)Erf
( s − 2λt

2
√

−it

)]
.

S(x , t) =

∞∫
−∞

dP
2π

√
KP2e−iPx

(2 sin(πν))2

∞∫
−∞

ds eisPDν(s, t) ,

The phase shift is not compact! Dν+1(x , t) = Dν(x , t)

S(x , t) =
√

K
∑
n∈Z

σn(x − na, t), σn(x , t) = −

1∫
0

e−2πiνn

4 sin2(πν)
∂2

x Dν(x , t)dν.
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Results

S(P, ω) =

∞∫
−∞

ds

∞∫
−∞

dt
√

KP2eisP−iωt

(2 sin(πν))2 Dν(s, t),

Zero temperature kF = πρ0, and aρ0 = 1/4.

▶ Dν(s, t) = D−ν(−s, t) = D∗
−ν(s, −t) = D∗

ν(−s, −t).
S(P, ω) = S(−P, ω)

▶ Dν(s, t) = Dν(s, −t + i/T )
S(P, −ω) = S(P, ω)e−ω/T , S(x , t) = S(x , −t + i/T ).

▶
∫

dω
2π

ωS(P, ω) = ρ0P2.

▶ C =
∫

dx
(

⟨ρ̂(x , 0)ρ̂(0)⟩ − ⟨ρ̂(0)⟩2
)

= (1 − ρ0a)3
∫

dk
2π

n(k)(1 − n(k)).
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Static case and RMT

V̂
∣∣∣
t=0

= (e2πiν−1)K̂, K(q, p) =
sin s(q−p)

2
π(q − p)

, S(x) =
ρ2

0
1 − ρ0a

[x/a]∑
n=1

P
(

n − 1;
ρ0(x − na)

1 − ρ0a

)

Random matrices (GUE) · · · < xj−1 < xj < xj+1 < . . .

E(k; s) = Pr[N(0,s) = k]

· · ·
k levels

0 s

p(k; s)ds = Pr(s ≤ xj+k+1 − xj < s + ds)
k intervening levels

s

· · ·

xj = 0 xj+k+1 = s

E(k; s) =
∂k

ξ

k! det
(

1 + (ξ − 1)nK̂
) ∣∣∣

ξ=0
, p(k; x) = ∂2

x

k∑
j=0

(k + 1 − j)E(j; x)

P(k; x) = N −2p(k; x/N ), N = ρ0/(1 − ρ0a),
∞∫
0

P(k; x)dx = 1,

∞∫
0

xP(k; x)dx = k + 1.
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Results
The static structure ρ0 = 1 and a = 0.5

Luttinger liquid prediction

S(x)
ρ2

0
= 1 −

K
2(kF x)2 +

∞∑
m=1

Am cos(2mkF x)
(ρ0x)2m2K

,
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Results (Negaive a)

S(x) a>0=
√

K
[x/a]∑
n=1

σn(x − na).

S(x) =
√

K
∞∑

n=1

σn(x + n|a|) +
√

K
∞∑

n=[x/|a|]+1

σn(n|a| − x)

The static structure ρ0 = 1 and a = 0.5
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Outlook

▶ Exact expressions for the DSF
▶ Relation to RMT

Summary
▶ Non-equilibrium (without the quench action?)
▶ Multicomponent (extra averaging?)
▶ Other correlation function (one-body, FCS?)


