Fredholm

Hard Rods,

T slE RO

TIQN OF GREAT BRITAIN




Why hard rods?

P Accessible correlation
functions in quantum
integrable models

Lieb—Liniger
l—af TT
C— 0 Hard rods

la—>0

Tonks—Girardeau

> Great toy model

» Possible experiments with
Rydberg atoms
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Hard rod gas

e

» Classical. L .Tonks '36; Z. W. Salsburg, R. W. Zwanzig, and J. G. Kirkwood

yi

N
H=2 B+ Viebs =)
j=1 i<j
0, [x[>a,

00, |x]<a.

Density po = N/L
Reduced volume L = L — Na
Packing factor 0 < ppa <1

'53. M. Flicker '68; Recently GHD: H .Spohn, B. Doyon, F. Hiibner, J .de

Nardis . . .

[Friedrich’s talk this Friday!!!]

> Quantum. T. Nagamiya 41'; QMC: F. Mazzanti, et al '08. M. Motta et al
2016. S. Yu, Z. Zhu, and L. Sanchez-Palencia 2026
ABACUS, S. Kiedrzynski, E. Witkowska, and M. Panfil 2026
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Pair correlation (structure factor)

Thermodynamics

_ poksT
].—p()a7

dk 1 o £0o
2r eB(kP—1) + 11— ppa

po=1, a=0.5;a=0.7;a=0.95
SK)
5

M. Flicker '68

PR

po(x — "a))
S P, —1;
() = Z o (n -1 22 -
ok
Pei(kix) = Fefx, Pa — P

In this talk

[ S(x, £) = lim (N|p(x, 1)p(O)1) j

S(xt) = lim Y~ & =B (ol 3) .

©
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QHR wave-functions

Hard-rods coordinates x; = r; — ja

HZ?ZQ%H W(x1,X2,...XN) -0
Xi=Xi+1

W(xq, X0, . .. xpy) = det(e k)

S(A1, Ap) = e~ A1)

2m aPy

A= " (n — _
! L¢ (n" VA)’ Ux o

[_f =L — Na
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Excitations and matrix elements

N N
Z Z 27 aP.
P)‘ = )\j7 E)‘ = >\j2’ )\j = Tfnj - 7L:‘.
j=1 =1

Particle-hole excitations around ground particle mode (Lieb-I)
state P
wa(n) = 2k £ z? 00000 0888888000080
K hole mode (Lieb-Il)

T
5 00000 908088 e o000
K= (1-poa)
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Excitations and matrix elements

N N
27 aP.
— E . = E 2 =Ly A
Py = Ajs Ey = A%, Aj L n; L
j=1 =1

Particle-hole excitations around ground particle mode (Lieb-l)
state P

()\) 20 kg £ A2 00000 9008888000000

w4 = —
K hole mode (Lieb-Il)
T
5 00000 908088 e o000
K= (1-poa)

S, 1) = 3 ME PP )2
n

Matrix elements [s. Kiedrzynski, E. Witkowska, and M. Panfil (2026)]

Py — Px (25in7r(uu—u>\)

A =
(plp|X) T L,

N—1 1
) Clp, A, C[u,)\]—det( ) .
Hi = Aj
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Taming Backreaction

#j:%("J*VM) Vu:%-
To disentangle the quasimomenta we employ the following trick:
Li/2 N N L/2 N
Mj)
YooY [ e T eosXE [ g Fe
P _i) B o—t/2

Here all y; are independent!

;ﬁ/duu

Remark. Similar technique is applicable to the multicomponent models.
Mobile impurity (Fermionic Yang-Gaudin) [0.G., A.G. Pronko, M.B. Zvonarev (2014)]

Sl _ k= N+ig/2 _ el g = 2T (n_ B V(kjv/\)>
ki — A\ —ig/2 o\ w
TD limit
v(kj,\) = = — arctan(A\ — 2k;/g)
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Fredholm determinant

n

The thermal factor n(A) = 1/(eﬂ()‘2_k12f) +1). Kernel:

le e—_(\) —er(Ne—
VO = Lerle () —er(Ne- ()
T w— A
with e_()\) = e—itA2/2+ixs/2 3n4

er(\) =— sin(7rl/)e"tk2/2—"’\5/2 [cos(m/) + isin(mv)Erf (s — 2/\t>} .

2v/—it
P VKP2e~Px .
S(x,t) = dap \/;762 dse*FD,(s,t) |
27 (2sin(7v))
— o0

— o0

The phase shift is not compact! D, 11(x,t) = Dy (x, t)

f 2N
Z eit(El—b*E)\)*isPy, (25mL7(7”/)> C[”v/\]2 — det(l + n\A/) = DV(S, t),
f

1

S(X7 t) = \/Rzo—n(x — na, t), U'n(X, t) _ _/ e—2mivn

782D1, ,t)dv.
4Si12( 1/) X (X ) v
neZzZ

0
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Results

o0 (oo}
KP2 isP—iwt
s(Pw)= [ ds dt%py(s,t),
(2sin(7v))

Zero temperature kg = mpp, and apy = 1/4.
1

0.15 0
« N=64 « N=64

5 0.15 — New " N | 0.8

g et 3
o010 ‘} $ 06
7 a doa

= o 0.

% 0.05 @ 008 @

0.2
0.00* - 0.00
0 1 2 3 4 0 2 4 P s 0 00
wiwe wlwe

» Dy,(s,t) =D_,(—s,t) =D* (s,—t) = Dj(—s,—t).
S(P,w) = S(—P,w)

> Dy(s,t) =Du(s,—t+1i/T)
S(P,—w) = S(P,w)e~/T, S(x,t) = S(x,—t+i/T).

> f ‘;—;’wS(P,w) = poP?.

> C= [dx ((3(x,0p(0)) — (3(0))2) = (1 — poa)* [ L n(k)(1 — n(k)).
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Static case and RMT

) R s(g—p)
= (™)K, K(a,p) = ——2—,
t=0 (g —p)

N sin
v

Random matrices (GUE) - - -

E(kis) = PrlNo. = A
i k levels
T
0 s

p(k;s)ds = Pr(s < Xj1iq1 — X < s+ ds)

k intervening levels
_—

s

zj =0 Ljtk+1 = S

E(k;s) = %k det (1+ (¢ - 1)nK) ‘

Plhix) = N 2p(kix/N), N =po/(L—poa), [ Plkix)dx =1,
0

[x/al

S(x) =

P S P (n_l, po(x — na)
1—poa - " 1—poa
-

)

< X1 <X < Xjp1 < ...
1.0

[ I I 10

[ \ F‘ns\

[ ) Z 06
08¢ ) 5 04

[ b 02 28235§§

00

0 2 4 6 8 10 12

06

P(K;X

04t

0.2
00 8 10
X
k
o plkix) =82 (k+1—j)E(ix)
j=0

xP(k;x)dx = k+ 1.

OHS
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Results

The static structure pg =1 and a = 0.5

1.5-
1.0-
05!
r Luttinger
I — T
0.0 t T=10
0 5 10 15 20
x/a
Luttinger liquid prediction
S(x) K " Ap cos(2mkgx)
X cos(2mKkex
—=1- 3 Z L e AL
P 2(kex) (pox)2m
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Results (Negaive a)

[x/3]
S(x) 20 \/RZO',-,(X — na).

n=1

S(x) = \/>ZO',1 x + nla]) + VK Z on(nlal — x)

= n=[x/lal]+1

The static structure pg =1 and a = 0.5
po=1,T=2

. \//\vf\v,\v,

0.8 — a=1/4
06 a=-1/4
0.4

02"
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Outlook

» Exact expressions for the DSF
» Relation to RMT
Summary
» Non-equilibrium (without the quench action?)
» Multicomponent (extra averaging?)
» Other correlation function (one-body, FCS?)
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