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Introduction : Formalism of exclusion Markov processes
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Framework :

Lattice with L sites
Set of species : X
7; € X : Local configuration variable
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Boundary dynamics:

Periodic boundary conditions:
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Boundary dynamics:

Periodic boundary conditions:

L-1

M = Z mj i1+ mp
i—1
Open boundaries:
-1
M= B; + Z m; i1+ Br

i=1



Set of species:

X:{O,l,,P}

Dynamics:
e Local jump operator:

m = P —id with P|i,j) = |j,i)
= Local transition rate:

m(ij — ji) = m(ji — ij) =1 for i #j



Introduction : The multi-species SSEP
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Multi-species Symmetric Simple Exclusion Process (SSEP) with periodic
boundary conditions



Introduction : The multi-species SSEP
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Multi-species SSEP with open boundary conditions



Set of species:

{1,
{00} :

X:{O76717'” JP}

-, p} : singlet particle species

reactive particle species
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Set of species:

X:{O76717'” JP}

{1,---, p} : singlet particle species
{0,0} : reactive particle species

Local configuration changes:

ij <> ji, 0i <+ i0,0i + i0, 00 <+ 00

MD, E. Ragoucy,
L. Poulain
d'Andecy,
Integrable

multi-species
SSEP with reactive
particle species,
arXiv:2607.18959



The periodic (p,1)-SSEP : Interpretation
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Evaporation-condensation interpretation of the (p, 1)-SSEP with periodic
boundary conditions




(p,1)-SSEP constructed from a set-theoretical solution to the YBE
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For the set X, define the bijection ¥ of X x X by

F(x,y) = (g(y), f,(x))
Definition:

(X, F) is a set-theoretical solution to the YBE if

Nar3rip = 323

with F12:F><id:X3—>X3and F23:idXFZX3—)X3.
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Properties:

For the set X, define the bijection ¥ of X x X by

Fx,y) = (&(y), £,(x))

Non-degenerate : g, f; bijections of X for all x € X

Involutive : ¥ = id
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Linear extension on V ® V with X basis of V :

Fix,y) = lgx(y), ,(x))

F-matrix of the (p, 1)-SSEP:
1
1
on (|0,0),0,0),10,0),|0,0))
and permutation on the remaining basis vectors
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Baxterization formula:

Locally: m= ¥ (0) =7 —id
Globally: M log-derivative of the transfer matrix

= periodic (p,1)-SSEP integrable
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Goal: determine stationary states, i.e., non-trivial solutions |S) of M|S) =0
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Goal: determine stationary states, i.e., non-trivial solutions |S) of M|S) =0

state space partitioned into sectors
existence of a unique stationary state per sector

stationary state uniform for each sector
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The open (p,1)-SSEP :
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Evaporation-condensation interpretation of the (p, 1)-SSEP with open
boundaries
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Boundary preserving bulk symmetry : 0 < 0:

o AN 2 6 B ... ... B

o AN 2 6 B ... ... B

1) a1 Q1 ... .. O 5(1) (51 51 51
B()_ Oy Qp ... ... Q9 _Id’ B()_ 52 52 52 —1d

ap OQp ... ... O O0p Op o ... Op

with the constraints . .
ZQ;+2’YIZ§;+25:1
i=1 i=1
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The open (p,1)-SSEP : Symmetry preserving boundaries
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Injection /extraction rates for the integrable boundary B(M)



Boundary breaking bulk symmetry : 0 < 0:

m mn 0 ... 0 Br B
Y 72 0 ... 0 B2 B2
0 0 a1 ... « = 0 O

(2 _ L : () _
B - (0] 0] Ay ... Qo —1Id ’ B - 0] 0]
0 0 a ... o 0 O
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The open (p,1)-SSEP : Symmetry breaking boundaries
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Injection /extraction rates for the integrable boundary B()



Definition:
The mean reaction rate of the reactive species 0 in the stationary state is
(vo)i = (V)i—v,i + (Vo)ijit1
with

<V(‘)>,'7;+1 = <00>;’,‘+1 m(OO = 66) = <66>,’7,‘+1 m((_)(_) = 00)
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Symmetry preserving boundaries:

Densities:

YL —i+1)+Bi
- L+1
L ag(L— i+ 1)+ 0
- L+1
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Symmetry preserving boundaries:

Currents:
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Symmetry preserving boundaries:

Reaction rate:

(vg)i =0
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Symmetry breaking boundaries:

Mean reaction rate (v5); # 0

Mean currents non uniform
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Set of species : X ={1,---,p,17,17,--- ,qg7,q"}

{1,...,p} : p singlet particle species

{1-,1+,...

,q~,q"} . q pairs of reactive species
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The (p,q)-SSEP :
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The (p,q)-SSEP with periodic boundary conditions




The (p,q)-SSEP :
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The (p,q)-SSEP with open boundaries




Determine the stationary distribution of the (p,1)-SSEP with symmetry
breaking boundaries and deduce physical quantities (using the Matrix
Ansatz)
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Determine the stationary distribution of the (p,1)-SSEP with symmetry
breaking boundaries and deduce physical quantities (using the Matrix
Ansatz)

Explore the thermodynamic limit L — oo

Classify the solutions of the reflection equation and study the associated
processes

Construct new processes from more elaborate set-theoretical solutions

27



Thank you for your attention !



Reflection equation:

Flz(u — v)kl(u)Flg(u aF V)kl(V) = kl(V)f12(U a4 v)kl(u)rlg(u — V)

Reversed reflection equation:

(Fa(u—v)) Mk (u)(Ba(u+ v)) Mk (v) = ku(v)(ra(u+v)) " ha(u)(ra(u — v)) ™

Dual reflection equation:

rao(v — u)ky (u)(r3(u+ v) ) 2ka(v) = ka(v)(r33 (u+ v) ) ke (u)raa (v — )



Relation k(u) < k(u):

falw) = tro (Ro(—0) ((3(20)) )" Por

El(u) = tI’g <Eo(—U)f01(—2U)P01)
Baxterisation of k: With

Fokitioki = kiFiokiFio

and
k? = ajk + ag for some ag, a; € C

Then

u

k(u) = f(u) (k + < - alid)

solution of the reflection equation
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B B ... .. 3

B B ... ... B
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k(l) =2 5; 52 “““ 52 with 25 aF Z (5,’ =1
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The mean density of a particle species s € X in the stationary state S is

<5>,‘I Z 5(7’1,...,7',',1,577','+1,...,7'L).

Tl7"'7Ti717Tl‘+17"'7TL€X

The mean current of a particle species s € X in the stationary state S is

<js>i,i+1 = (s )imsit1 — Us)icitt
with
<js>iﬁi+1 = Z<55/>i,i+1m(55/ — 5/5), <js>iei+1 = Z<5/5>i,i+1m(5/5 — 55/)-

s'eX s'eX
s'#s s'#s
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Supplementary material : Boundaries of the (p,q)-SSEP

a;dt dt a;dt dt Oéjdt
dt dt

Injection /extraction rates corresponding to B’
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