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DEFINITIONS



ENTANGLEMENT HAMILTONIAN: DEFINITION

O Let us consider a bipartite quantum system S = A U B in a pure state p = |y)(y/]

O Reduced density matrix of A: p, = Trgp

t‘ ]

| ]
. |

!

! ’

O A is the entanglement hamiltonian.

O The spectrum of Z: entanglement spectrum

o Entanglement Entropy (EE): S =—Tmp,logp,
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BISOGNANO-WICHMANN THEOREM

O Relativistic O

namiltonian ¢

N (

D+ | )dimensions, spatial coordinates x = { Xy, X5, ***, Xp },

ensity H(x).

O The partition A is the (right) half plane x; > 0.

~

O Bisognano-Wichmann theorem: the EH of the vacuum state Is

2T
H = —J dxx; H(x)
xX€A

C

O The RDM has the form of a thermal state wrt to the
original Hamiltonian, with a position-dependent inverse

25
temperature —ux,.
C

J. J. Bisognano and E. H. Wichmann, J. Math. Phys. 16, 985-1007 (1975)
J. J. Bisognano and E. H. Wichmann, J. Math. Phys. 17, 303-321 (1976)
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MAPPING TO THE ANNULUS

= < [w
o (I+1H)D CFkTs B 4 B w = log ¢ A A
(equilibrium case) O O--- —» - =
w = f(2)

‘ O [he EH can be written as a local integral over the energy-momentum tensor

2T
7 == | ot
A

C

O Example: finite interval A = [0,7]

X X
ﬁ(x)“?(l—?> / , ¢ \
' |

B A B

J. Cardy and E. Tonni, J. Stat. Mech. 123103 (2016)
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MAPPING TO THE ANNULUS

» O In the final strip geometry, the EH Is given by the integral of the generator of translations In
the imaginary time direction v = Imw.

H = — J T, du = J T(w)dw + J T(w)dw
v=cnst f(C) f(C)

o 1(z 1z
e v | 2l | 22
° c /() cf(Z)
ﬁ M Imw = 27
o (I+1)D CFTs out of equilibrium:
O
z = w=u+1=f(_z) O
Imw = 0
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cH ON THE LAT TICE: FREE FERMIONS

. . . A |
O Free fermions hopping on a lattice:  H = — 5 Z t (clc .+ c}jﬂcn)
n
O Subsystem A = [1,---, L,]
e—?/ Ly T L, ;
Py = 7 H = Hc/'c; = Z xC\ Cy
1,JEA k
& < -0 ©0 o0 o 0 o0 0 0 - O O >
B A B

|. Peschel and V. Eisler, J. Phys. A 42 504003 (2009)
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=H ON THE LAT TICE: FREE FERMIONS

. . . A 1
O Free fermions hopping on a lattice:.  H = — 5 Z t(clc,. i+ c;lcn)
O Subsystem A = [1,---, L,]
e~ 7 <
Pa="7" ¢ = Z EkCiCr
k
o Correlation matrix restricted to A = [1,---, L, (Ch)ij = Tr[pAc;cj] = (C;Cj), 1,] €A

In[(1 = C)/C,]
e = 1In[(1 = )/C] eigenvalues
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BVW ON THE LAT TICE!

O The lattice EH cannot be obtained as a simple discretization of the continuum result.

O Results:

O The CFT result is recovered from the lattice EH including all the long range hopping terms
N the continuum [imit

0.35 |
V. Eisler, E. Tonni and |. Peschel, J. Stat. Mech. 073V101 (2019) .
a Example: finite interval A = [1,---,L] in a 025 |
finite chain .
0.15 |
P=
D 0.1 P=1
ﬁ(X) — Z( 1) (2]7 T 1) —p,i+p+1 0.05 | I;f% :
i) G
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cH AFTER A LOCAL QUENCH



THE MODEL

L +1 0 1 d+ 1 L

O [wo half-chains are In their ground states at half filling, inrtially disconnected
A A A = | L=l
H()ZHL”_I_Hr:_E Z (Zn+ +C;1n)_52(rjn+ +C,jln)
n=—L+1 n=1

O t =0 :two halves joined —-& The system evolves under the action of the homogeneous

Hamiltonian
| Lol
T __ i i
H = > Z (nn+ +cn+1n).
n=—L+1
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THE MODEL

L +1 0 1 d+ 1 L

O [wo point correlation

C,..) = (W) | che, lw@),  |w(®) = e yp), ® lwp),

O The EH associated to a subsystem A = [d + 1,L] is 1 — C4(?)
H(t) = In [
e—?/(r)
pal) =——.  HO =Y H,
k
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CrTI FORMULATION

O Path-integral representation of the time-evolved density matrix p(z)

("l p®) @) =Z Yo" e e |, @ p. )@, ® ¢,.| e~ | ¢

e PHAH)PE | )
21 Boundary states: |¢@, ® ¢@,) = lim
poo (P Q @|5)

O Reduced density matrix:

- Cutalong C={z=x+1ir,xy <x <L}

- Regularisation disk around entangling point
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CONFORMAL MAPPING TO THE ANNULUS

<] <] w|

Imw = 27

e

O

&1

logR Imw=0 g

o0 Conformal mapping to the annulus

. S <%(M i Z)> [ & &\ £ — & _ & =&\ § — &
5(z) =1 - ((2) = — > w(z) =log -
\si (im _ Z)) & =& ) &) - & & =& ) &) - &
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CrT RESULT FOR THE EH

O [he ER In the strip geometry Is

H = ZNJ T(w)dw + 271'J T(w)dw .
w(C) w(Ce)
2T _ 2T
O [he ER In the original double-pant geometry Is Az = w'(z)’ Pa) = w'(2)
H = J p(2)1(z)dz + J (T (2)dZ, p(z) =2m ) 50)_( =) ~ <o) .
C. C. (S0 — $0)s (2)

O Analytical continuation 7 — 1t

H = J px, ) T(x — t)dx + J B(x, HT(x + H)dx.
A A

€ €
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cH FOR THE HALF CHAIN

o Half-chain partition X =0 — z

O After analytic continuation, and in the limit # > A,

t < L :

SIn Z SIn —(x — 1)
p(x, 1) = 4L :

Y1)
SN —
2L

Entanglement Hamiltonian after a local guench

B(x, 1) = 4L

= 17
hZ(d+7)
i sin
i7) =1
| c0 = c(17) = \smh —(/1 — T)
67

S cosh ”L’l COS %

\ cosh ﬂT — cosh %

sin = sin —(x + 1)

2L
Sin Rl
2L
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cH FOR THE HALF CHAIN

— t =230 — t =30
51— =50 51— =50
ol —— =480 o —— =280
— ¢t =100 — t =100
6 6
) )
~_57 ~57
s 7S
B4 B4
So Y
3 3
Y 5
11 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
x/L x/L
SIn Z SIn —(x — 1) _ SIn Z SIn —(x t)
t<L: p(x,1) = 4L — : p(x, 1) = 4L —
Sln Z Sln Z
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cH FOR THE HALF CHAIN

— =230 — =30
51— =50 51— =50
o — =20 o] — =20
— t =100 — t =100
0 0
~] ~]
) =5
B4 B4
Na) Nl
3 3
2 .
1 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
x/L x/L
O After reflection at ¢ = L , we have the symmetry property
L<t<?2L: Bx,t) = p(x2L—1),  P(x, 1) = P(x,2L — 1)
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DECENTERED INTERVAL
€

O [he boundary point x, does not coincide

e’ . .
<, with the quench location x = 0.
>0
I &1
l y
cos =2 — cos == cos —2 — cos =
L L L L
2L — 2L — I <Xxg<x
S —— SN ——
s =dar sin ——(x — xp)sin —(7 — x) Bt = ar sin ——(x — xp)sin —(x + 1) e
sin =-(1 — xp) sin ——(t + x) 0
SN =—(x + Xp)sin —(x — 7) Sin =—(x — xp)sin —(x + ¢)
4 —=+= — % 4L —F————= Xo <1< X
sSin Z(t + xp) SIn — (f+ xp)
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DECENTERED INTERVAL
€

O [he boundary point x, does not coincide

e . .
¢, with the quench location x = 0.
| 0
: &1
' — Equilibrium result
oS —2 — cos = oS —2 — cos =
L L L L
2L — 2L — I <Xxg<x
S —— SN ——
st =1 ar S1n Z(X — Xo)S1n Z(t — X) Gon=1dar sS1n z(x — Xp)SIn Z(X + 1) e
sin Z(t — xo) sin Z(t + xo) ’
SN =—(x + Xp)sin —(x — 7) Sin =—(x — xp)sin —(x + ¢)
4 —=+= — % 4L —F————= Xy <1<X
sSin Z(t + xp) SIn — (f+ xp)
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cH ON THE LAT TICE: CONTINUUM LIMIT

0 We write the lattice EH as

H = Zt()(])c C+ZZ t(]+r/2)( Ciyr T )+1S(]+r/2)( Citr cf;rcj)] .
j r>1
where
t(j+r/2) =ReH, (1), s,(j+r/2)=ImH, ;, (),
o Continuum lmit:  gj — x Fermi points: Xaqr

¢ = Va(ePy(z) + e I(z)), w(z), 7(Z) R/L movers
Z=x—1 Z=x+1
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cH ON THE LAT TICE: CONTINUUM LIMIT

0 Continuum Iimit of the EH

H = J dx [,BO(x, N1yo(z,2) — Pi(x, D)Ty(z,2) + po(x, Hp(z,2) — u(x, 1)j(z, Z)] ,
A

- density and current of the U(1) charge

p(2.2) =y @Qu@) + ¥ @Qu@),  jz2) = v @Qu) - @QwQ).

= welght functions

o, 1) = = 2a ) rsin(rgpa)t(x)  po(x,1) = fy+ 2 ) cos(rgpa)t,(x),
r=1 r=1
pi(x, 1) =2a i rcos(rgra)s.(x) ui(x, 1) = 2a i sin(rgra)s,(x) .
r=1 r=1
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RESULIS AT HALF FILLING

O Local quench at half-filling: gra = x/2

O The diagonals of H(f) are diagonals are either purely real or imaginary,

(X)) =0, 55,,1(x) =0 po(x, 1) =0, pux, 1) =0,

O Nonvanishing weights

pox.t)==2a ) Qp+ D=1Vt (0),  fi(x.0) =2a ) (2p)(—1D)Ps,,(x).
p=0 p=1

B(x, 1) + p(x, 1) P(x, 1) — Pp(x, 1)

0 Comparison with CFT expressions Po(x, 1) = ; , Si(x, 1) = 5
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CENTERED INTERVAL

101
s + — 30 Dﬂ 201 O t = 30 :::::,:,;15;;;: iijjiij?%:!;ﬁ;;'b Oq ﬁm
o t = 50 DDD D|:| O - O
_ A II,

Q. At =80 - O 1.5 o

ot =100 0

O O
t =120 O
1.0
6 u|V|E"" Ch
A

0.5

6()(213,?5)
o
61(377 t)

LA O |
[/
[/ O v ) ’
£ ® BT A LEE
L/ () =LK A AP ‘
i N O O i R R ST NATANSANANYA SVA G NYA G AWV § 'WVL'6.
i PRS-
b QY
w4 D
w; (D
w4 o A
S e
L/ A= — O 5 .
L AN L4
..'4" A AAARRNAR ‘_"ée!&‘ OASZ <>A
w4y " R AAABRES VA NV ’.\ T
AT s - Cé P v OO 5 O
‘3&"'1 ' 0 rvovAA A,‘/\/\ A
o ; 'V .j:; 0 0 A\ /A ‘xA
A V VRS
e WK 1.0
ooy AXX) .
AT Q
4; A ‘(" “
aF ‘( ’ N

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
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DECENTERED INTERVAL
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CONCLUSIONS

0 Main results:

O

O The CFI prediction for the

Derivation of the CFI expression of the

two finrte subsystems

-H a

er a local quench between

—H after a local quench can be recovered via

proper continuum limit procedure from the lattice EH.

O Further investigation:

O Local approximation of lattice

O

Different conformal boundary conditions

~H (commuting operators)
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CONCLUSIONS

® £H of gradient chain and Fermi gas in an harmonic trap:

O Effective curved-space CF1 description with a space-dependent Fermi velocity, which
yields the EH In a Bisognano-VWichmann form for both cases

O The BWV structure is inherited by operators that commute exactly with the EH

O lhe low-lying entanglement spectra can be well approximated by rescaling the
spectra of the commuting operators by a local v

® £H and orthogonal polynomials:
O The I matrix Is a deformation of the physical Hamiltonian

O [he deformation factor in the T matrix is determined by the dual spectrum

Entanglement Hamiltonian for Innomogeneous free termions Riccarda Bonsignori



ENTANGLEMEN T: DEFINITIONS

® |et us consider a bipartite quantum system S =AU B inapurestate |VY) € X yp=# , Q # p

O A pure state |W) € # 45 is said to be separable if and only if it

can be written as Kronecker product of pure states |y), € # ,and
| ) € # p, that is

B

[P) =y, ®|d)p

otherwise It Is said to be entangled.

Entanglement Hamiltonian for Innomogeneous free termions Riccarda Bonsignori



cXPERIMENTAL MOTIVATIONS

- ﬂpA:e—HA/ZA ®# One-dimensional XXZ Heisenberg chain
51 Ions |
T TT T T T T Trrrey prepared on a > |-ion programmable
A A A quantum simulator
¢ 1 (FT 2 Antiferromagnet A=1.7
—— } > A A Sk
f=3H - =Y T 1T 1B
. . V;: © o >V;: \J’()’,,f o %
! ! [T R e o N>
| _ . . . X = .
® [he assumption of a local form of the EH s o s s 2N
r ' 40 : - 40 . . 6 §
has enabled the recent successful reconstruction 20} VE ground R . —
of the EH in quantum-simulator experiments. M%mx 0 e -~
o heated state 10 . % Q
"0 é.eA 10 "0 5 10 — %?gl)
M. K. Joshi et al" Nat 624, 939 (2023) - === theory: ex;ct GS  ----theory: VQE-circuit Jejﬂ experiment
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FH FORTHE GRADIENT CHAIN: L < &

® Almost commuting tridiagonal matrix obtained from discretisation of CFT ansatz.

_ 2/ 1\ -
£ = Bi) di=——(z——>ﬁ(z—1/2).

0.007 L—30.¢ 60 0.0175:
0.006/ —o— [ =40,£ =80 0.0150
—— [ =060,& =120 0.0125.
0.0100
o 0.0075;
Lo
0.0050
0.0025{ |
0.0000] | «
—0.0025
—0.2-0.1 0.0 0.1 02 03 04 05 20 30 40 50 60
(k—ko—1/2)/L €
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cH FOR THE HARMONIC TRAP

2
H = J (x — xo)H(x)

\VF(X())J A

® Differential operator [ A, 15] = (:

~ d d ,
D = —(x —xy)— — x“(x — xp) + 2N(x — x;)
dx dx
= BW Ansatz for the EH: H gy = — " £
Vi(Xp)

€ = — Xk 5

Vi(Xo)

Entanglement Hamiltonian for Innomogeneous free termions

Single-particle hamiltonian:

d2

dx?

_|.-

1

2

X eigenvalues of D
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cH FOR THE HARMONIC TRAP

2
H = J (x — xo)H(x)
\VF(X())J A
® Differential operator [ A, 15] = (:
Single-particle hamiltonian:
D d( )d ( ) + 2N( ) 1
= —x—-—x)— — x“(x —Xx X—X
dx 0 dx 0 0 — .xz + u
2

® The operator D has the same spectrum ;. } of the tridiagonal matrix M

n m 1
M,,, =2(N - n)\/gém,n_l +2(N — m), /Ean,m_l ) (N —n— 5) XoB

A. Grunbaum, J. Math. Anal. Appl. 95 no. 2, 491-500 (1983)
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cH FOR THE GRADIENT CHAIN

. . da)q('x) x\’
B Fermi velocity: Vi(x) = =1/1 — (—) -

/ dg " S

Local Density Approx

0 Weak gradient regime L < &

: g arcsin(x/&) : 7 arcsin(xy/&)
- 2 /L S T a7 M 2 aresine)
ﬁ(X) B ;5 et g arcsin(xy/&)
COS (— )
2 arcsin(L/&)

S

O Infinite system L — o0:
X — X X — X

B(x) = =

Entanglement Hamiltonian for Innomogeneous free termions Riccarda Bonsignori



cH AND ORTHOGONAL
POLYNOMIALS



FREE FERMIONS AND ORTHOGONAL

POLYNOMIALS

B Hamiltonian:

N. Crampé, R. Nepomechie and L. Vinet,
J. Stat. Mech. 093101 (2019)

N-2 N—1
H = Z J(clc . |+ CZHC,Z) — Z Bcic,
n=0 n=0

® The single-particle wavefunctions ¢, (€;) satisfy
O [hree-term recurrence relation

Single-particle
spectrum

O [hree-term difference relation

Dual spectrum

Where

1(€k) o (An + Cn)Rn(Gk) + Cn—an—l(ek)

| 2aRi(€) = AR (€100) — A+ CYR () + CiR (6_))

A _

I

Jn = \/AnCn+1’ Bn = An T Cn’ ¢n(€k) = m\

Entanglement Hamiltonian for Innomogeneous free termions

C,-

R (€
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N. Crampé, R. Nepomechie and L. Vinet, J.

COM M UT‘ NG OPERATOR Stat. Mech. 093101 (2019)

A

O——0—0—0—0
.l l4+1 N — 1

{ N N NN
NSNS NS S

® et us consider a subsystem of = {£+1,---,N— 1} 0
0
® Ground state composed of K filled levels k € {0,1,..., K}

= Reduced correlation matrix: [Cy]; = Z pe)di€e), 1,jeE A
€,<0
® [he tridiagonal operator 1" can be computed from the bispectral pair H and X:

)( _|_ ){ EK+1
T — X £+1 7 } .
| 2
Chemical potential

€K+€K1 €0
//t()zT

Entanglement Hamiltonian for Innomogeneous free termions Riccarda Bonsignori



N. Crampé, R. Nepomechie and L. Vinet, J.

COM M UT‘ NG OPERATOR Stat. Mech. 093101 (2019)

A

O——0—0—0—0
.l l4+1 N — 1

{ N N NN
NSNS NS S

® et us consider a subsystem of = {£+1,---,N— 1} 0
0
® Ground state composed of K filled levels k € {0,1,..., K}

= Reduced correlation matrix: [Cy]; = Z pe)di€e), 1,jeE A

€,<0
® [he tridiagonal operator 1" can be computed from the bispectral pair H and X:
_|_
d d = — (Xi_)(f )(ﬂl)(Bi‘Fﬂo)
fh di 4 2
T — I flz .fz
dy o b, = ()(i"')(m X +)(f+1>Ji
In_o  dy_ 2 2
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cH IN CURVED SPACE CHT

® Chain of size L, bipartition & € [x,, L]

O Homogeneous system 2| i (| W

Imw = 27
Conformal mapping
to the annulus: go
O 0
} X
sin 220 1
L — _
w=f(z) =In . a2z + x) .
Sin ——

i 7 €OS (ﬂ—xo) — COS (”—x)
% = p(x) =;;11TO)L

L
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cH IN CURVED SPACE CHT

® Chain of size L, bipartition & € [x,, L]
O In-homogeneous system

Non-symmetric vy

3 * du
X(x) = J

. vi(u)

. M du
ho= ) = J vp(u)
x F

Entanglement Hamiltonian for Innomogeneous free termions Riccarda Bonsignori



KRAW [ CHOUCK CHAIN

& Coup\ings: Jn = \/(Ifl —+ 1)(N— ] — n)p(l —p), Bn = — (N— l)p — I’l(l — Zp)

® Spectrum and dual spectrum: €, = k, X =1,

® [ndiagonal commuting matrix:

-

e

(i - 1/2-7¢ ng + o)

vEseesD e

O The I matrix is a linear deformation of the physical Hamiltonian

_J

Entanglement Hamiltonian for Innomogeneous free termions Riccarda Bonsignori



KRAW [ CHOUCK CHAIN

2 Continuum limit:

@, (x) = 2J(x)cos g — p(x)

B CFT result from BW-theorem:

B(x) =

[271'\

Y

‘ ) = | =

Q’F(x()) )

da)q(x)

X — X

VE(X)

J (x — x0)H(x)
A

Entanglement Hamiltonian for Innomogeneous free termions

gr(x)

= /47700 — p2 ()

‘ o CFT prediction for the EH has the BW form analogous to that of the gradient chain:

Riccarda Bonsignori



KRAW [ CHOUCK CHAIN

2 Continuum limit:

dw (x)
o) = Ucosg—ux) W 0= |—] = /47700 — ()

qr(x)

B CFT result from BW-theorem:
X — X

VE(X)

px) =

* O The lattice EH can be approximated as:

- 2r
(VVF(XO),

Entanglement Hamiltonian for Innomogeneous free termions Riccarda Bonsignori



KRAW [ CHOUCK CHAIN

= Comparison between the spectra:

2\ /(Nvp(xo))

VS

&k

20

10

—10

— 201

—301

@ e
I

DO 1m
)
)
DO
)

2\ /(Nvp(xo))

VS

&k

20

10

—10

—20

~30]

Entanglement Hamiltonian for Innomogeneous free termions

o p=1/3 ;
e p=1/4 o
@
o
o
__________________________________ S
o
0.4
S
o @ 0.21
o 70 0 10
0 Er
3 12
k
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HAHN CHAIN

= Couplings: J,=4/A,C,,1» B,=A4,+C,

A — nmn+a+pf+1)n+a+1)(N—-1—n) c - nn+a+pf+N)(n+p)
" Qu+a+p+D)2n+a+p+2) " Qn+a+pPCn+a+p+1)

® Spectrum and dual spectrum: €, = K,

®= [ndiagonal commuting matri><'

-

d, E (12— )12+ 7 +atf+2)— B +p)]

O [he deformation factor in the I matrix is determined by the dual spectrum.
_J
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HAHN CHAIN

m CFJI result from BW-theorem:

- (X — x) (X + x5 + X + X,)
p(x) =
(2xp + X1 + x)Vp(xp)

where x; = a/N and x, = p/N.

‘ o CFT prediction for the EH;

4 ) )
H =— X —x)(x+xy+x; +x)H(x
\(ZXO —+ X1 + XZ)VF(XOLJA( O)( 0 1 2) ( )

Entanglement Hamiltonian for Innomogeneous free termions Riccarda Bonsignori



HAHN CHAIN

m CFJI result from BW-theorem:

(X — xp) (X + x5 + X; + X,)

px) =
(2x0 + X1 + x)vp(Xp) .
where X =ao /N and Xy = ﬁ /N 1.0 - _:-._-_-.-.I.-.-.-.-.-.-.-_-_-_ )
0.9 u.! . ; §CFT e ,
0.8 g
. 52 .
* o CFI prediction for the EH: 0.7| = T . .
002 .
0.6 : b4 0.000- Y LT PEPI——r L
4 ) '
T A " 0.5 —0.002-0 . _
gk = ) 0.4 ' ‘ |
éZXO + X1 + x2)VF(xOLN 20 / 40 60

Entanglement Hamiltonian for Innomogeneous free termions
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COMMUITING OPERATOR

N. Crampé, R. Nepomechie and L. Vinet, J.
Stat. Mech. 093101 (2019)

® et us consider a subsystem of = {£+1,---,N— 1}

O—CO——0O
0
® Ground state composed of K filled levels k € {0,1,..., K}

= Reduced correlation matrix: [Cy]; = Z pe)di€e), 1,jeE A

€,<0

{ NN
NSNS

* The restriction T ,of T to subsystem & commutes with C, and the EH h

[T.,,C,]=[T: C5]=0
[T.,,h] =0
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