
On boundary overlaps in open XXZ spin chains
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The open XXZ spin chain with boundary fields

Hh+,h− =
L−1∑
m=1

[
σx
mσ

x
m+1 + σy

mσ
y
m+1 + ∆σz

mσ
z
m+1

]
+

∑
a∈{x,y,z}

[ha
+σ

a
1 + ha

−σ
a
L]

� space of states: H = ⊗L
n=1Hn with Hn ' C2

� σx,y,z
m ∈ End(Hn) : local spin-1/2 operators (Pauli matrices) at site m

� anisotropy parameter ∆ = cosh η

� simplest case : longitudinal boundary fields hx,y
± = 0

hz
± = sinh η coth ξ±

−→ solvable by (boundary version of) ABA

� more general case : boundary fields hx,y,z
± parametrised in terms of 6

boundary parameters ξ±, κ±, τ±, or alternatively ϕ±, ψ±, τ±:

hx
± = 2κ± sinh η

cosh τ±
sinh ξ±

, hy
± = 2iκ± sinh η

sinh τ±
sinh ξ±

, hz
± = sinh η coth ξ±

sinhϕ± coshψ± =
sinh ξ±

2κ±
, coshϕ± sinhψ± =

cosh ξ±
2κ±

−→ more complicated (no direct ABA solution. . . )



Boundary quench

Quench: dynamics of a system after abrupt change of one parameter.

We change one boundary field h+ −→ h̃+. Local change, but can drastically
modify the ground state (globally).

Question : compute overlaps 〈Ψ | Ψ̃ 〉 for |Ψ 〉 eigenstate of H = Hh+,h− and

| Ψ̃ 〉 eigenstate of H̃ = Hh̃+,h−

The most basic overlap: normalised scalar product of ground states:

|F|2 =
〈Ψ | Ψ̃ 〉 〈 Ψ̃ |Ψ 〉
〈Ψ |Ψ 〉 〈 Ψ̃ | Ψ̃ 〉

with |Ψ 〉, | Ψ̃ 〉: ground states before and after the change of field

Gives for example the dominant term for the Loschmidt echo (dynamics of the
initial state after the change of the boundary magnetic field):

L(t) =
∣∣∣〈Ψ |e−i H̃t |Ψ 〉

∣∣∣2



Algebraic framework: the QISM for the open chain (1)

The open XXZ spin chain is solvable in the framework of the representation theory of
the reflection algebra (or boundary Yang-Baxter algebra) [Cherednik 84,Sklyanin 88]

◦ generators Uij(λ), 1 ≤ i , j ≤ 2 ← elements of the
boundary monodromy matrix U(λ)

◦ relations given by the reflection equation:

R12(λ− µ)U1(λ)R12(λ+ µ− η)U2(µ)
= U2(µ)R12(λ+ µ− η)U1(λ)R12(λ− µ)

where R is the 6-vertex R-matrix

↪→ most general 2× 2 trigonometric solution of the refl. eq [de Vega, Gonzalez-Ruiz;

Ghoshal, Zamolodchikov 93] :

K(λ; ξ, κ, τ) =
1

sinh ξ

(
sinh(λ− η

2
+ ξ) κ eτ sinh(2λ− η)

κ e−τ sinh(2λ− η) sinh(ξ − λ+ η
2

)

)
 boundary matrices K+(λ) ≡ K(λ+ η/2; ξ+, κ+, τ+) and
K−(λ) ≡ K(λ− η/2; ξ−, κ−, τ−) describing left/right boundary fields:

hx
± = 2κ± sinh η

cosh τ±
sinh ξ±

, hy
± = 2iκ± sinh η

sinh τ±
sinh ξ±

, hz
± = sinh η coth ξ±



Algebraic framework: the QISM for the open chain (2)

The boundary monodromy matrix U(λ) ≡ U−(λ) solution of the reflection
equation is explicitly constructed

from the bulk monodromy matrix:

T (λ) = R01(λ− ξ1 − η/2) . . .R0L(λ− ξL − η/2) =

(
A(λ) B(λ)
C(λ) D(λ)

)
from the boundary K-matrix K−(λ) encoding the right boundary field h−

as

U−(λ) = T (λ)K−(λ) T̂ (λ) =

(
A−(λ) B−(λ)
C−(λ) D−(λ)

)
with T̂ (λ) ∝ σy T t(−λ)σy

Remark 1: U− does not depend on h+

Remark 2: One can alternatively use U+ constructed from the boundary matrix K+

which does not depend on h−



Algebraic framework: the QISM for the open chain (2)

The boundary monodromy matrix U(λ) ≡ U−(λ) solution of the reflection
equation is explicitly constructed

from the bulk monodromy matrix:

T (λ) = R01(λ− ξ1 − η/2) . . .R0L(λ− ξL − η/2) =

(
A(λ) B(λ)
C(λ) D(λ)

)
from the boundary K-matrix K−(λ) encoding the right boundary field h−

as

U−(λ) = T (λ)K−(λ) T̂ (λ) =

(
A−(λ) B−(λ)
C−(λ) D−(λ)

)
with T̂ (λ) ∝ σy T t(−λ)σy

 transfer matrix:

T (λ) = tr{K+(λ)U−(λ)} such that [T (λ), T (µ)] = 0

 Hamiltonian (in the homogeneous limit ξ1 = . . . = ξL = 0):

Hh+,h− = c1
d

dλ
log T (λ)∣∣

λ=η/2

+ c2



Solution by ABA in the diagonal case

When both boundary matrices K± are diagonal (κ± = 0, i.e. boundary fields
along σz

1 and σz
L only):

the bulk reference state | 0 〉 = | ↑↑ . . . ↑ 〉 can still be used to construct
the eigenstates as Bethe states in the ABA framework [Sklyanin 88] :

| {λ} 〉 =
M∏
k=1

B−(λk) | 0 〉 ∈ H, 〈 {λ} | = 〈 0 |
M∏
k=1

C−(λk) ∈ H∗

are eigenstates of T (µ) if {λ} satisfy the system of Bethe equations

aλ(λj) = 1, j = 1, . . . ,M,

in which aλ is the exponential counting function:

aλ(u) = − A(u)

A(−u)

Qλ(u − η)

Qλ(u + η)
with Qλ(u) =

M∏
k=1

sinh(u−λk) sinh(u+λk)

Corresponding eigenvalue:

τλ(u) = A(u)
Qλ(u − η)

Qλ(u)
+ A(−u)

Qλ(u + η)

Qλ(u)

∃ generalization of Slavnov’s determinant representation for the scalar
products of Bethe states 〈{µ}off-shell|{λ}on-shell〉 [Tsuchiya 98; Wang 02]



Boundary quench and overlaps in the diagonal case

Consider the open XXZ chain with longitudinal boundary fields h+, h− , in the
massive regime ∆ = cosh ζ > 1 (η = −iζ, ζ > 0)

 boundary quench: change the magnetic field at site 1

h+ −→ h̃+

while keeping ∆ and h− fixed.

The change of h+ leaves the boundary monodromy matrix U− unchanged

 the two sets of Bethe states before and after the quench are constructed
from the same operators B−
 one can use the boundary version of Slavnov’s determinant representation
for scalar products of Bethe states to compute the overlaps



Overlaps in the diagonal case (1)

Let | {λ} 〉 be an eigenstate of H with Bethe roots satisfying aλ(λj) = 1

and | {µ} 〉 be an eigenstate of H̃ with Bethe roots satisfying ãµ(µj) = 1

The normalized overlap can therefore be computed as a ratio of (boundary version
of) Slavnov and Gaudin determinants:

S({λ}|{µ}) ≡ 〈 {µ} | {λ} 〉 〈 {λ} | {µ} 〉〈 {λ} | {λ} 〉〈 {µ} | {µ} 〉 =
M∏
j=1

Qλ(µj)Qµ(λj)

Qλ(λj)Qµ(µj)
· detMλ,µ detMµ,λ

detNλ detNµ

� Slavnov matrix:[
Mλ,µ

]
jk

= aλ(µk)
[
t(−µk + λj)− t(−µk − λj)

]
+ t(µk − λj)− t(µk + λj)

� Gaudin matrix:
[
Nλ
]
jk

= a′λ(λj)δjk − K(λj − λk) + K(λj + λk)

with t(λ) = i sinh ζ
sinλ sin(λ−iζ)

K(λ) = t(λ) + t(−λ).

Goal: thermodynamic limit L→∞ of the overlaps in the massive antiferromagnetic
regime [Abetian, Kitanine, VT: SciPost Phys 18, 026 (2025) + in preparation]

ground state – ground state overlaps

excited states with holes



Overlaps in the diagonal case (2)

−→ system of linear equations for the ratio of the Slavnov and Gaudin
determinants Fλ = N−1

λ Mλ,µ (cf [Kitanine, Kulkarni 19] ):

ia′λ(λj) [Fλ]j,k −
M∑
a=1

[
K(λj − λa)− K(λj + λa)

]
[Fλ]a,k

= aλ(µk) [t(λj − µk)− t(−λj − µk)]− t(µk − λj)− t(µk + λj)



Overlaps in the diagonal case (2)

−→ system of linear equations for the ratio of the Slavnov and Gaudin
determinants Fλ = N−1

λ Mλ,µ (cf [Kitanine, Kulkarni 19] ):

ia′λ(λj) [Fλ]j,k −
M∑
a=1

[
K(λj − λa)− K(λj + λa)

]
[Fλ]a,k = r .h.s.(λj , µk)

−→ contour integral equation for a meromorphic function:

Gλ(λ;µk)− 1

2π

∮
Γ

dν K(λ− ν)
Gλ(ν;µk)

aλ(ν)− 1
= r .h.s.(λ, µk)

with Gλ(λj , µk) = ia′λ(λj) [Fλ]j,k



Overlaps in the diagonal case (2)

−→ system of linear equations for the ratio of the Slavnov and Gaudin
determinants Fλ = N−1

λ Mλ,µ (cf [Kitanine, Kulkarni 19] ):

ia′λ(λj) [Fλ]j,k −
M∑
a=1

[
K(λj − λa)− K(λj + λa)

]
[Fλ]a,k = r .h.s.(λj , µk)

−→ contour integral equation for a meromorphic function:

Gλ(λ;µk)− 1

2π

∮
Γ

dν K(λ− ν)
Gλ(ν;µk)

aλ(ν)− 1
= r .h.s.(λ, µk)

with Gλ(λj , µk) = ia′λ(λj) [Fλ]j,k

−→ Integral equation in the thermodynamic limit

Gλ(λ;µ) +
1

2πi

∫ π/2+i0

−π/2+i0

dν K(λ− ν)Gλ(ν;µ) = r .h.s.(λ, µ).

cf. Lieb equation for the density of Bethe roots!

−→ Solution: elliptic Cauchy determinant (if no holes, q = e−ζ)

[
Fλ
]
j,k

=
aλ(µk)− 1

a′λ(λj)
· (q2, q2)∞

(−q2, q2)∞

(
ϑ2(λj − µk , q)

ϑ1(λj − µk , q)
+
ϑ2(µk + λj , q)

ϑ1(µk + λj , q)

)



Ground state – ground state overlap

−→ Product form for the overlap (up to exponentially small correction in L):

S({λ}|{µ}) =
M∏
j=1

χ(λj)

χ(µj)

M∏
j=1

M∏
k=1

ϕ(λj − λk)ϕ(µj − µk)ϕ(λj + λk)ϕ(µj + µk)

ϕ2(λj − µk)ϕ2(λj + µk)

in which χ(u) =
τ̃µ(u)

τλ(u)
, ϕ(λ) =

ϑ1(λ, q)

sinλ
.

It remains to specify the two states and evaluate the products in the
thermodynamic limit.

In the massive antiferromagnetic regime: different sub-regimes according to the
value of h+ = − sinh ζ coth ξ+ (first site) and h− = − sinh ζ coth ξ− (last site) with
respect to two critical fields

h(1)
cr = ∆− 1, h(2)

cr = ∆− 1.

 the ground-state Bethe-roots may be composed in relevant cases of

only real roots

real roots + one complex boundary root of the form:
λσBR = −i(ζ/2 + ξσ) + O(L−∞) σ = ±



Ground state – ground state overlap: final result

Depending on the respective configurations of h+ = − sinh ζ coth ξ+ (pre-quench

field), h̃+ = − sinh ζ coth ξ̃+ (post-quench field) and h−:

either S({λ}, {µ}) = O(L−∞) or

S({λ}, {µ}) =
(p2εq2; q4, q4)∞ (p̃2εq2; q4, q4)∞ ((pp̃)εq4; q4, q4)2

∞

(p2εq4; q4, q4)∞ (p̃2εq4; q4, q4)∞ ((pp̃)εq2; q4, q4)2
∞

+ O(L−∞)

where p = e−2ξ+ , p̃ = e−2ξ̃+ , q = e−ζ , and ε = ±.
Here (x ; q1, q2)∞ denotes the double q-Pochhammer symbol defined as

(x ; q1, q2)∞ =
∞∏

n1,n2=0

(1− xqn1
1 qn2

2 ).

 good agreement with numerics (exact diagonalisation with small L)

 can also be obtained from q-vertex operators (result of R. Weston)



Overlap of excited states with holes

Consider excited states with a finite number of holes in the real-root distribution,
excluding additional complex roots for simplicity.

For states with hole rapidities {λh1 , . . . , λhn} and {µh1 , . . . , µhm},

|F({λh}, {µh})|2 =
〈Ψ({λh})|Ψ̃({µh})〉〈Ψ̃({µh})|Ψ({λh})〉
〈Ψ({λh})|Ψ({λh})〉〈Ψ̃({µh})|Ψ̃({µh})〉

.

Final result: (product form) × (finite-size determinants (size = number of holes))

|F|2 = S0({λh}|{µh})︸ ︷︷ ︸
similar product form as before

·
detn(δjk − I(λhj , λhk )) detm(δjk − Ĩ(µhj , µhk ))

detn(δjk + ρh(λhj , λhk )) detm(δjk + ρ̃h(µhj , µhk ))



The non-diagonal case

Description of the spectrum:

It is possible to generalize usual Bethe ansatz equations to the open XXZ
chain with non-longitudinal boundary fields with one constraint on the
boundary parameters ϕ±, ψ±, τ± [Nepomechie 03] :

cosh(τ+ − τ−)

= ε+ε− cosh(ε+(ϕ+ − ψ+) + ε−(ϕ− + ψ−) + (L− 2M − 1)η)

with M ∈ N (numbers of Bethe roots), ε± ∈ {+,−}
 incomplete in general (except for M = L)

 the solutions for (M, ε+, ε−) together with the solutions for
(M ′ = L−M − 1,−ε+,−ε−) should produce the complete spectrum
[Nepomechie, Ravanini 03]

most general boundaries ?

∃ description in terms of inhomogeneity parameters/discrete T-Q
equations (for inhomogeneous models) but no known description in terms
of usual Bethe equations

Alternative proposals: Bethe equations with an additional term
(Off-diagonal Bethe Ansatz. . . ) [Cao et al 13. . . ] or use transfer matrix
roots [Qiao et al 21. . . ]
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The non-diagonal case

Construction of the transfer matrix eigenstates ?

Under the constraint, construction of some Bethe states by means of a
Vertex-IRF transformation [Fan et al. 96; Cao et al 03; Yang, Zhang 07;

Filali, Kitanine 11] but problems in the ABA construction of ”compatible”
sets of Bethe states in H and H∗

 scalar products and correlation functions could not be computed

Alternative methods of construction for general boundaries:

� Modified Bethe Ansatz [Belliard et al 13. . . ]

� Separation of Variables [Frahm et al 10, Niccoli 12, Faldella et al 13. . . ]

In particular : connexion to generalized Bethe Ansatz (states and
T-Q/Bethe equations) under the constraint
+ computation of the scalar products



Solution by SoV in the general case
Goal: identify a basis {| h 〉}h∈{0,1}L of H and {〈 h |}h∈{0,1}L of H∗, with

〈 h | k 〉 ∝ δh,k

Vh(ξ)

which ”separates the variables” for the transfer matrix spectral problem:

T (λ) |Ψτ 〉 = τ(λ) |Ψτ 〉 with |Ψτ 〉 =
∑

h∈{0,1}L
ψτ (h) | h 〉,

is solved by ψτ (h) =
L∏

n=1

Qτ (ξ
(hn)
n ) · Vh(ξ)

where Qτ and τ are solution of a discrete version of Baxter’s T-Q equation:

τ(x)Qτ (x) = A(x)Q(x + η) + A(−x)Qτ (x − η), x ∈ ∪L
n=1{ξ

(0)
n , ξ

(1)
n }

→ can be constructed by a generalisation of Sklyanin’s method [Sklyanin
85,90] , see [Niccoli 12...] , using Baxter’s vertex-IRF transformation (or
by some new more general approach [Maillet, Niccoli 19] )

→ works only on an inhomogeneous deformation of the model:

T (λ) −→ T (λ; ξ1, . . . , ξL)

such that the shifted inhomogeneity parameters ξ
(hn)
n = ξn + η/2− hnη,

1 ≤ n ≤ L, hn ∈ {0, 1}, are all pairwise distincts

→ completeness/works for any K -matrices (not both proportional to identity)



Solution by Sklyanin’s SoV approach: more details

1 simplify the expression of T (λ) = tr{K+(λ)U−(λ)} : use (a
trigonometric version of) Baxter’s Vertex-IRF transformation to
diagonalize K+

R12(λ−µ) S1(λ|α, β)S2(µ|α, β+σz
1) = S2(µ|α, β) S1(λ|α, β+σz

2)RSOS
12 (λ−µ|β)

with S(λ|α, β) =

(
eλ−η(β+α) eλ+η(β−α)

1 1

)

 gauged transformed boundary monodromy matrix:

U−(λ|α, β) = S−1(η/2− λ|α, β)U−(λ)S(λ− η/2|α, β)

=

(
A−(λ|α, β) B−(λ|α, β)
C−(λ|α, β) D−(λ|α, β)

) {
β : dynamical parameter

α : arbitrary shift

 fix α, β in terms of the ‘+’-boundary parameters τ+, ϕ+, ψ+ (up to
some signs/periodicity) such that

T (λ) = ā+(λ)A−(λ|α, β − 1) + d̄+(λ)D−(λ|α, β + 1)



2 construct a SoV basis which pseudo-diagonalises B(λ|α, β):

| h, α, β + 1 〉Sk ∝
L∏

j=1

D−(ξj + η/2|α, β + 1)hjS1...L({ξ}|α, β) | 0 〉

Sk〈α, β − 1, h | ∝ 〈 0 | S1...N({ξ}|α, β)−1
L∏

j=1

A−(η/2− ξj |α, β − 1)1−hj

for h ≡ (h1, . . . , hL) ∈ {0, 1}L,

〈 0 | = ⊗L
n=1 (1, 0)n, | 0 〉 = ⊗L

n=1

(
0
1

)
n

S1...L({ξ}|α, β) =
∏

n=1→L

Sn

(
− ξn

∣∣∣α, β +
n−1∑
j=1

σz
j

)

such that

B−(λ|α, β − 1) | h, α, β − 1 〉Sk = bR(λ|α, β) ah(λ) ah(−λ) | h, α, β + 1 〉Sk,
Sk〈α, β + 1, h | B−(λ|α, β + 1) = bL(λ|α, β) ah(λ) ah(−λ) Sk〈α, β − 1, h |,

where ah(λ) =
∏L

n=1 sinh(λ− ξ(hn)
n ) with ξ

(hn)
n = ξn + η/2− hnη



2 construct a SoV basis which pseudo-diagonalises B(λ|α, β):

| h, α, β + 1 〉Sk and Sk〈α, β − 1, h | for h ≡ (h1, . . . , hL) ∈ {0, 1}L

such that

B−(λ|α, β − 1) | h, α, β − 1 〉Sk = bR(λ|α, β) ah(λ) ah(−λ) | h, α, β + 1 〉Sk,
Sk〈α, β + 1, h | B−(λ|α, β + 1) = bL(λ|α, β) ah(λ) ah(−λ) Sk〈α, β − 1, h |,

where ah(λ) =
∏L

n=1 sinh(λ− ξ(hn)
n ) with ξ

(hn)
n = ξn + η/2− hnη

+ orthogonality conditions:

Sk〈α, β − 1, h | k,α, β + 1 〉Sk ∝ δh,k
e

2
∑L

j=1 hjξj

Vh(ξ)

with Vh(ξ) = V (ξ
(h1)
1 , . . . , ξ

(hL)
L ) = detN

[
sinh2(j−1)(ξ

(hi )
i )

]
Remarks: This construction

→ works only on an inhomogeneous deformation of the model:

T (λ) −→ T (λ; ξ1, . . . , ξL)

such that ξi 6= ξk ± η mod iπ if i 6= k

→ needs [K−(λ|α, β)]12 6= 0



Spectrum and eigenstates by SoV (general case)

For α, β fixed in terms of the ‘+’-boundary parameters τ+, ϕ+, ψ+,
eigenstates are special cases of separate states:

T (λ) |Ψτ 〉 = τ(λ) |Ψτ 〉 and 〈Ψτ | T (λ) = τ(λ) 〈Ψτ |

with |Ψτ 〉 =
∑

h∈{0,1}L

L∏
n=1

Q(ξ(hn)
n )Vh(ξ) | h, α, β + 1 〉Sk

〈Ψτ | =
∑

h∈{0,1}L

L∏
n=1

[f (ξn)hnQ(ξ(hn)
n )]V1−h(ξ) Sk〈α, β − 1, h |

where Q and τ are solution of a discrete T-Q equation:

τ(x)Q(x) = A(x)Q(x + η) + A(−x)Q(x − η), x ∈ ∪L
n=1{ξ

(0)
n , ξ

(1)
n }

Remark: A and f are given by the model and depend on the boundary
parameters



Spectrum and eigenstates by SoV (general case)
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eigenstates are special cases of separate states:
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with |Ψτ 〉 =
∑
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L∏
n=1
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〈Ψτ | =
∑
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n=1

[f (ξn)hnQ(ξ(hn)
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where Q and τ are solution of a discrete T-Q equation:

τ(x)Q(x) = A(x)Q(x + η) + A(−x)Q(x − η), x ∈ ∪L
n=1{ξ

(0)
n , ξ

(1)
n }

can always be rewritten in terms of solutions of the form

Q(λ) =
L∏

j=1

sinh(λ− λj) sinh(λ+ λj)

of a continuous T-Q equation with additional term (cf. off-diagonal BA):

τ(λ)Q(λ) = A(λ)Q(λ− η) + A(−λ)Q(λ+ η) + F(λ),

with F(ξ
(0)
n ) = F(ξ

(1)
n ) = 0, n = 1, . . . , L (→ completeness)



Spectrum and eigenstates by SoV (general case)

For α, β fixed in terms of the ‘+’-boundary parameters τ+, ϕ+, ψ+,
eigenstates are special cases of separate states:

T (λ) |Ψτ 〉 = τ(λ) |Ψτ 〉 and 〈Ψτ | T (λ) = τ(λ) 〈Ψτ |

with |Ψτ 〉 =
∑

h∈{0,1}L

L∏
n=1

Q(ξ(hn)
n )Vh(ξ) | h, α, β + 1 〉Sk

〈Ψτ | =
∑

h∈{0,1}L

L∏
n=1

[f (ξn)hnQ(ξ(hn)
n )]V1−h(ξ) Sk〈α, β − 1, h |

where Q and τ are solution of a discrete T-Q equation:

τ(x)Q(x) = A(x)Q(x + η) + A(−x)Q(x − η), x ∈ ∪L
n=1{ξ

(0)
n , ξ

(1)
n }

under the constraint (for a given M ≤ L & given signs), part of the
spectrum/eigenstates can be rewritten in terms of solutions

Q(λ) =
M∏
j=1

sinh(λ− λj) sinh(λ+ λj)

of the usual (i.e. continuous, without additional term) T-Q equation

 in terms of usual Bethe equations



Computation of scalar products

Eigenstates are special cases of separate states :

〈P | ≡ 〈α, β − 1,P | =
∑

h∈{0,1}L

L∏
n=1

[f (ξn)hnP(ξ(hn)
n )]V1−h(ξ) Sk〈α, β − 1, h |

|Q 〉 ≡ |Q, α, β + 1 〉 =
∑

h∈{0,1}L

L∏
n=1

Q(ξ(hn)
n )Vh(ξ) | h, α, β + 1 〉Sk

where P and Q are arbitrary functions

The scalar products of separate states can be expressed (by construction)
as determinants:

Sk〈α, β − 1, h | k,α, β + 1 〉Sk ∝ δh,k
e

2
∑L

j=1 hjξj

Vh(ξ)

with Vh(ξ) = V (ξ
(h1)
1 , . . . , ξ

(hL)
L ) = detL

[
sinh2(j−1)(ξ

(hi )
i )

]
 〈P |Q 〉 ∝ det1≤i,j≤L

[ ∑
h∈{0,1}

f (ξ
(hi )
i )P(ξ

(hi )
i )Q(ξ

(hi )
i ) sinh2(j−1)(ξ

(1−hi )
i )

]
However non directly usable for the consideration of the
homogeneous/thermodynamic limit...

For P and Q of the form
∏M

j=1 sinh(λ− λj) sinh(λ+ λj), these
determinants can be transformed into some generalisation of Slavnov
determinants [Kitanine, Maillet, Niccoli, VT 18]



Computation of overlaps ?

Consider the boundary quench h+ −→ h̃+, i.e. K+ −→ K̃+

−→ gauge parameters (fixed to diagonalise K+) are changed: (α, β) −→ (α̃, β̃)

−→ SoV bases are changed : | h, α, β + 1 〉Sk −→ | h, α̃, β̃ + 1 〉Sk

−→ The computation of the overlap would imply the computation of scalar
products of separate states expressed in different SoV bases:

〈α, β − 1,P |Q, α̃, β̃ + 1 〉
This is still an open problem. . .

Question: Can we nevertheless consider some kind of boundary quench towards
a configuration involving general boundary fields ?

Yes if we start from a very special configuration [Niccoli, VT, arXiv:2608.22365]



Special boundary condition at site 1

Taking ξ+ → +∞:

K
(Inv)
+ (λ) =

(
eλ+η/2 0

0 e−(λ+η/2)

)
= e(η/2−λ)σz

i.e. h
(Inv)
+ = sinh ησz

1

the other boundary matrix being generic, then

T (Inv)(λ) = tr
[
K

(Inv)
+ (λ) U−(λ)

]
= eλ+η/2A−(λ) + e−(λ+ η

2
)D−(−λ)

but we also have

T (Inv)(λ) = tr
[
K̂

(Inv)
+ (λ|α, β) Û−(λ|α, β)

]
,

with

K̂
(Inv)
+ (λ|α, β) ≡ S−1(λ+ η

2
|α, β) K

(Inv)
+ (λ) S(−λ− η

2
|α, β) = e−(λ+η/2)

(
1 0
0 1

)
.

being diagonal and independent of α and β, so that

T (Inv)(λ) = e−λ+η/2 sinh(2λ+ η)

sinh 2λ
A−(λ|α, β − 1) + eλ+η/2 sinh(2λ− η)

sinh 2λ
A−(−λ|α, β − 1)

= e−λ+η/2 sinh(2λ+ η)

sinh 2λ
D−(λ|α, β + 1) + eλ+η/2 sinh(2λ− η)

sinh 2λ
D−(−λ|α, β + 1)

for any values of α and β



Family of SoV bases for T (Inv)(λ)

All bases | h, α, β + 1 〉Sk and Sk〈α, β − 1, h | for h ≡ (h1, . . . , hN) ∈ {0, 1}N
such that

B−(λ|α, β − 1) | h, α, β − 1 〉Sk = bR(λ|α, β) ah(λ) ah(−λ) | h, α, β + 1 〉Sk,
Sk〈α, β + 1, h | B−(λ|α, β + 1) = bL(λ|α, β) ah(λ) ah(−λ) Sk〈α, β − 1, h |,

for any values of α and β can be used to construct the eigenstates of T (Inv)(λ)

Remark: it can be shown (for well-chosen normalisation) that

| h, α, β + 1 〉Sk = | h, α− β − 1 〉, Sk〈α, β − 1, h | = 〈α− β + 1, h |,

depend on α− β only (since detS( η
2
− λ|α, β)B−(λ|α, β) depends on α− β

only)

 eigenstates of T (Inv)(λ) can be constructed as separate states in any of
these bases



Spectrum and eigenstates of T (Inv)(λ)

−→ T (Inv)(λ) is isospectral to an open spin chain with both longitudinal boundary

fields with boundary parameters ξ
(D)
+ = ϕ−, ξ

(D)
− = ψ−

−→ separate states of the form, for any choice of α− β,

|Q, α− β − 1 〉 =
∑

h∈{0,1}L

L∏
n=1

Q(ξ(hn)
n ) e−

∑
j hjξj Vh(ξ) | h, α− β − 1 〉,

(Inv)〈α− β + 1,Q | =
∑

h∈{0,1}L

L∏
n=1

[
f (Inv)(ξn)hn Q(ξ(hn)

n )
]

× e−
∑

j hjξj V1−h(ξ) 〈α− β + 1, h |,

for Q(λ) =
M∏
j=1

sinh(λ− λj) sinh(λ+ λj) (M ≤ L− 1),

are eigenstates of T (Inv)(λ) with eigenvalue τ(λ) if

τ(λ)Q(λ) = A(Inv)(λ)Q(λ− η) + A(Inv)(−λ)Q(λ+ η)

(complete description of the spectrum in terms of an homogeneous T-Q-equation)



Computation of overlaps ?

For fixed (general, non-longitudinal) boundary field h−, consider the boundary

quench h
(Inv)
+ −→ h

(gen)
+ , i.e. K

(Inv)
+ −→ K

(gen)
+ , in which h

(gen)
+ , K

(gen)
+ are generic

(or conversely)

−→ the transfer matrix T (gen) for (h
(gen)
+ , h−) can be diagonalised in the SoV

bases | h, α, β + 1 〉Sk = | h, α− β − 1 〉, Sk〈α, β − 1, h | = 〈α− β + 1, h |,
with gauge parameters α, β fixed by h

(gen)
+ ,K

(gen)
+

−→ among all possible SoV bases for T (Inv), we can choose the one with
same parameters α, β as above

−→ For P solution of the (homogeneous or inhomogeneous) T-Q equation
for T (gen), and Q solution of the (homogeneous) T-Q equation for T (Inv), with

P(λ) =

MP∏
j=1

sinh(λ− µj) sinh(λ+ µj), Q(λ) =

MQ∏
j=1

sinh(λ− λj) sinh(λ+ λj)

it is possible to compute the overlaps
(gen)〈α− β + 1,P |Q, α− β − 1 〉, (Inv)〈α− β + 1,Q |P, α− β − 1 〉

as determinants  generalised Slavnov determinants (with possible extra
lines. . . )



Conclusion, perspectives and open problems

In the diagonal case, a boundary quench does not modify the algebraic
form of the Bethe states

 normalised overlap: ratio of Slavnov / Gaudin determinants

 thermodynamic limit (GS-GS, excited states with holes)

To do: excited states with complex roots (strings), sum over excited
states. . .

In the generic non-diagonal case, a boundary quench modifies the
algebraic construction of the eigenstates through the parameters α, β of
the Vertex-IRF transformation

Question: scalar product involving two different SoV bases (with
different gauge parameters) ?

there exists a special configuration which is invariant with respect to a
change of the Vertex-IRF parameters α, β

 family of SoV bases

 possibility to compute overlaps from this configuration to a more
general one in the form of generalised Slavnov determinants

To do: thermodynamic limit



Eigenstates as generalised Bethe states

In the range of Sklyanin’s approach, separate states can be reformulated
as generalised Bethe states:

|Q 〉Sk ∝
∏

j=1→M

B−(λj |α, β − 2j + 1) |Ωα,β+1−2M 〉Sk

Sk〈Q | ∝ Sk〈Ωα,β−1+2M |
∏

j=1→M

B−(λj |α, β + 2M − 2j + 1)

for any Q(λ) =
M∏
j=1

sinh(λ− λj) sinh(λ+ λj)

with |Ωα,β+1−2M 〉Sk and Sk〈Ωα,β−1+2M | special separate states

For a special choice of α+ β in terms of the K− boundary parameters the
reference state |Ωα,β+1−2M 〉 (with well-chosen normalisation) can be
identified with the reference state of the generalised ABA construction of
[Fan et al 96; Cao et al 03] :

| η, α + β + L− 1− 2M 〉 ≡
L∏

n=1

Sn(−ξn|α, β + n − 1− 2M) | 0 〉



The new SOV approach [Maillet, Niccoli 19]

Under the hypothesis that

� ξi 6= ξk ± η mod iπ if i 6= k

� the two boundary matrices K± are not both proportional to the identity

one can construct, for almost any choice of the co-vector 〈 S |, the following
SOV basis:

S〈 h | ∝ 〈S |
L∏

n=1

T (ξn − η/2)1−hn , h ≡ (h1, . . . , hL) ∈ {0, 1}L

| h 〉S ∝
L∏

n=1

T (ξn + η/2)hn |R 〉, h ∈ {0, 1}L

where |R 〉 is uniquely fixed by adequate orthogonality conditions:

S〈 h |R 〉 = N({ξ}) δh,0

They satisfy the following orthogonality conditions (same as previous basis):

S〈 h | h′ 〉S ∝ δh,h′
e2
∑N

j=1 hjξj

Vh(ξ)


