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The two body problem in General Relativity
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The radiation reaction in post-Newtonian

We are interested in post-Newtonian expansion Merger phase
PN EOMs = Newton's law + % corrections Numerical relativity

The radiation reaction is associated with

the loss of energy of a gravitational system

and the emission of gravitational waves.

It is possible to decompose of the equations of
motion in a conservative and a dissipative part.
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ISD?\\I/eraJ expressions have been obtained in different coordinate systems at the leading
order
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The radiation reaction is fundamentally coordinate dependent.
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The radiation reaction in post-Newtonian

We are interested in post-Newtonian expansion Merger phase
PN EOMs = Newton's law + % corrections Numerical relativity

The radiation reaction is associated with

the loss of energy of a gravitational system

and the emission of gravitational waves.

It is possible to decompose of the equations of
motion in a conservative and a dissipative part.
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Post-Newtonian theory
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Several expressions have been obtained in different coordinate systems at the leading

PN order )
. 2G .-
a’l‘BT =% y{@fl’j where I is the quadrupole
i G i ; o 3yR .. Gmoni
| = [aforw — 403y + 20001, + 22T, iy (3n82nh203,0 + 807W) |
harm C 5 (I’12)

The radiation reaction is fundamentally coordinate dependent.

State of the art ‘ BT coordinates : 4.5PN harmonic coordinates : 3.5PN ‘
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Coordinate transformation, Burke -Thorne to harmonic

We look for a coordinate shift from BT to harmonic ¢ such that
x'% = x% + ¢%*(x). We search for a solution under the form

(x) = hgg (x) + 0¢°7 + Q*P[p, her]
We decompose ¢% in Post-Minkowskian % = Ggp?‘l) + G2<pé) +0(G?)
The recurrence relation that can be solved order by order

hoB

harm

heB = hgf(l) + acp?lf (1PM relation)

(1)
aB _ paf a3 apf .
h(2) = hBT(2) + 8@(2) + 9(2) [e(1)s byl (2PM relation)
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Coordinate transformation, Burke -Thorne to harmonic

We look for a coordinate shift from BT to harmonic ¢ such that
x'% = x% + ¢%*(x). We search for a solution under the form

heB (x) = h32 (x) + 0p™® + QP [, hgr]

harm

We decompose ¢% in Post-Minkowskian % = Gg@?‘l) + G2<pé) +0(G?)
The recurrence relation that can be solved order by order

ha? — hgf(l) + 8"?1? (1PM relation)

aB _ paf a3 apf .
h(2) = hBT(2) + 890(2) + 9(2) [e(1)s byl (2PM relation)

Linear transformation : The linear relation (1PM) is straightforward since "0?1) is
known by construction of the BT coordinate system.
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Coordinate transformation, Burke -Thorne to harmonic

We look for a coordinate shift from BT to harmonic ¢ such that
x'% = x% + ¢%*(x). We search for a solution under the form

heB (x) = h32 (x) + 0p™® + QP [, hgr]

harm

We decompose ¢% in Post-Minkowskian % = G@Z"l) + G2<pé) +0(G?)
The recurrence relation that can be solved order by order

h(o‘lff 8 ﬁ&;ﬁf (1PM relation)

hé? — haﬂ( o+ a@(o‘? + Q [go sha@y]  (2PM relation)

Linear transformation : The linear relation (1PM) is straightforward since "O?l) is

known by construction of the BT coordinate system.

Non linear transformation (only 2PM is relevant for 4.5PN) : The harmonicity
condition implies I:kp(z) 659( 2 which can be solved as

g0(0(2) = 5‘92\2) part + 99?2) hom

» homogeneous solution : 50?2)hom = 0 because of its PN parity

o

P particular solution : P(2) part explicitly given as a function of the multipolar
moments
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Computation of the multipolar moments

With the previous steps we have obtained the expression of the harmonic acceleration
as a function of 6 sets of multipole moments.

‘ ai harm(L J7 W7 X: Y: Z)

The source moments I and J are known up to a sufficient PN order.
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Computation of the multipolar moments

With the previous steps we have obtained the expression of the harmonic acceleration
as a function of 6 sets of multipole moments.

‘ ai harm(L J7 W7 X7 Y7 Z)

The source moments I and J are known up to a sufficient PN order.

The gauge moments required for the explicit computation of the acceleration are

> Newtonian order: W, Xj;, Y, Zjj

> 1PN: Wi, X, X, Yy, Z;
> 2 PN: W, Y;

For instance: Y, = EE)/dd {Cl(Z d)xZ 4+ G (¢, d)xx + C4(€ d)XZ}

where ¥ depends of the matter and energy distribution.
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Computation of the multipolar moments

With the previous steps we have obtained the expression of the harmonic acceleration
as a function of 6 sets of multipole moments.

‘ ai harm(L J7 W7 X7 Y7 Z)

The source moments I and J are known up to a sufficient PN order.

The gauge moments required for the explicit computation of the acceleration are

> Newtonian order: ~ Wj;, Xjj, Y, Zj;
> 1 PN: Wi, X, X, Yij, Zi

> 2 PN: W, Y;

For instance: Y, = EE)/dd {Cl(Z d)xZ 4+ G (¢, d)xx + C4(€ d)XZ}
where ¥ depends of the matter and energy distribution.

Our primary goal is to compute these integrals. For this we need

» Careful computation in the sense of the distribution theory

> A regularization which is necessa'_y as we model compact bodies by point
particles leading to divergences. For this we use Dimensional regularization
computed with the Hadamard finite part.
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RR acceleration in the harmonic coordinate system

Previous results
G2 mimy V12i 8 32 4 2
— ( mlf—m2>Gfgr12v12

i
a = d
RR1 2.5PN ek 5 5

G2mymani, 24 208
65742 {G (—€m1(n12V12) + Tsz(n12V12)) +

a,"?Rl 35pN A 50 terms
i 4Gm ; +oo CT 7) (7)
! — !
aRR14PN = — @h/o dr In (270) [Iij (t—7)+1; (f+T)]

12
?"12(”12 vi2)vd,
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RR acceleration in the harmonic coordinate system
Previous results

GZmlmzvlzi 8 32 4 2
_— <7m1 - —m2>G — 5 M2Vi2

al =
RR1 2.5PN ek 5 5
G2mymani, 24 208 12
—_— = G(——m nipvip) + — mo(nipvs )+—r Niaviz)v2
o { 5 1(mavi2) . 2(mavi2) 5 12(N12vi2) Vi,

i ~
aRr1 3.5pN ~ 50 terms

i 4Gm ; +oo CcT 7 7
Sran = ~ g [ drn (2—%) [Igj>(t—r)+1§j)(t+7)]

New results : the 4.5PN contribution

i i i
3RR1 45PN = FRR1 45PN 3D T @RR1 45PN pole

i ~
aRR1 45PN 3p ~ 200 terms

Remarkable property of the harmonic coordinates : There is a hereditary contribution
and a pole contribution at 4.5PN due to the 2PN contribution of the moment Y'.

i 1 . _ i
3RR1 4.5PN pole X E[] where €= d — 3 is the small parameter in dim regularization
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RR acceleration in the harmonic coordinate system

Previous results

o G2mimpvio’ {(8 32 )G 4 2}
= — " 1(=m - —m — —roV;
RR1 2.5PN ek 5M g m 5 12vi2
G2m1m2n£2 24 208 12
76(——mnv + — mo(niov )+—r navia)v2
o { 5 1(mavi2) . 2(mavi2) 5 12(N12vi2) Vi,
3{?R1 35pN A 50 terms
; 4Gm ; [t cT ) )
i _ i _
Fhevoon =~ gg A [ drin (2b0) 10—+ 10+ )]

New results : the 4.5PN contribution

i i i
3RR1 45PN = FRR1 45PN 3D T @RR1 45PN pole

i ~
aRR1 45PN 3p ~ 200 terms

Remarkable property of the harmonic coordinates : There is a hereditary contribution
and a pole contribution at 4.5PN due to the 2PN contribution of the moment Y'.

i 1 . _ i
3RR1 4.5PN pole X E[] where €= d — 3 is the small parameter in dim regularization

— This pole is a coordinate effect, it vanishes for instance in the center of mass
frame. It also explains why it has been so difficult to obtain directly the harmonic
acceleration

— The harmonic acceleration is significantly simpler than the Burke Thorne
acceleration (& an order of magnitude)
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Flux balance laws in a general frame

We have proved the flux-balance equations associated with the different conserved
quantities

Energy E
Angular momentum J'

Linear momentum P’

| 2
| 2
>
» Center of mass position G/

dE dJi ,
= _F = _F

dt E dt J
dpP , dG’ . ,
dt =7 dt =P -7

The fluxes at infinity being observable they have to be pole-free even if the conserved
quantities include poles.

the flux balance equations are used in the literature at high PN order but are, in
general, not proven from first principles. This computation is a proof at 2PN relative
order.



Consistency checks

» Manifest Lorentz invariance in harmonic coordinates

IR = NINGAY 00 b = NGO h** =0

We compute the difference between the boosted and unboosted acceleration
(taken at the same time) at 4.5 PN order. After replacement and using the
dimensional identities we find that the acceleration is manifestly Lorentz
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Consistency checks

» Manifest Lorentz invariance in harmonic coordinates

IR = NINGAY 00 b = NGO h** =0

We compute the difference between the boosted and unboosted acceleration
(taken at the same time) at 4.5 PN order. After replacement and using the
dimensional identities we find that the acceleration is manifestly Lorentz

» Consistency with the 2PM equations of motion

o) _ 1 )4 62+ 0(6%)
d7,
ria(t) - -

Developing in PN they obtain :

body 2 AiEPN 2PM & A;l/.SPN 2PM

ey

Projecting our result truncated at 2PM in the e, e, basis we found complete
agreement with the truncated 4.5PN expression.

7/8



Summary and Prospects

We have obtained the acceleration of compact bodies in the two-body problem of
General Relativity without spins for general orbits in a general frame at the 4.5PN

order in the (uniquely defined) harmonic coordinate system.

This new expression is simpler than the Burke-Thorne acceleration due to its manifest
Lorentz-invariant formulation and is valid in the whole space.

As a cross check the balance equations are satisfied and this result is compatible with
the 2PM expression.

This result can be useful for comparisons with other approximation methods, such as
the Gravitational self force or the post-Minkowskian approach and could enter in EOB
mgdels. With this result we can also compute the black holes trajectories at 4.5PN
order.
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Summary and Prospects

We have obtained the acceleration of compact bodies in the two-body problem of
General Relativity without spins for general orbits in a general frame at the 4.5PN

order in the (uniquely defined) harmonic coordinate system.

This new expression is simpler than the Burke-Thorne acceleration due to its manifest
Lorentz-invariant formulation and is valid in the whole space.

As a cross check the balance equations are satisfied and this result is compatible with
the 2PM expression.

This result can be useful for comparisons with other approximation methods, such as
the Gravitational self force or the post-Minkowskian approach and could enter in EOB

mgdels. With this result we can also compute the black holes trajectories at 4.5PN
order.

Thank you for your attention !
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Additional slides



Post-Newtonian dynamics

(m1, 51, 1)

Decomposition of the equations of motion in a conservative and a dissipative part

i 2 1PN | 2PN , 3PN , 4PN 2.5PN |, .3.5PN , 4PN 4.5PN
a =- mp+a; " +ay " t+ay  +aens T al +a; + 8y giss T a1

r2

- dissipative part
conservative part
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The Burke -Thorne coordinates

afB
hBT (1)(

I, =M+ 0O(1/c?) and JL=8,+0(1/cd)

My, 1) = h (IL,JL)fas

o _ 25~ () 201 o [TV r/e) ~ T (4 r/e)
o = c Tf(ﬁfl) t 2r

() @e+1)e+3), (1720t =r/c) =17t +r/c)
22:@ o —1) d{L 2r }

4 (=)F2e+1 Lii—1(t —r/c) —Li_1(t +r/c)
*7?7 oo 2 }

(—)e 2£+1 IV (¢ —r/e) =30V (k4 r/c)
Z £+1)' Z €iab0al —1 o

The equations of motion for compact binaries are known up to 4.5PN order in the
Burke-Thorne gauge

2Gy? 5, 1 1
;&Mﬁ;ﬂj+gh]

I
aiBT = —
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Unicity of the harmonic coordinate system

Harmonic condition : 9o h®f = 0

Shortcut notation : 9p®8 = %P 4 98> — no‘ﬁ&ygﬂ

The harmonic coordinates are uniquely defined under 2 conditions
» The metric is generated by a regular and isolated source

> No incoming radiation at past null infinity J ~: r — 400 with t + r/c = const
If we consider two harmonic metrics that differ by a gauge transformation

h/aﬁ — haﬁ +8¢aﬁ

then 65&,00‘3 = O¢p® = 0. Therefore, for a regular source at any field point (x, t)
(outside or inside the source) the Fresnel-Kirchhoff formula writes

o= [ E[(2+2) o] (xoe-E2X)

In the absence of incoming radiations :

0 0
li — 4+ — =0
7o (8r * c@t) (re®)

t+r/c=const

Finally,

and WP = h*B | (up to the Poincare invariance)
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Post-Minkowskian metric in harmonic gauge in the exterior

zone
PN convention for the metric hoB = /—ggoB — nob

B = o pas aB _ o Bra _ . af
M(hP) = by, —ZG"”(n)v hy = hiamqy + 976y +07¢h) =P or <,

can

The form of the metric is entirely determined in vacuum by the harmonicity condition
Ao h®P = 0 and the absence of incoming radiation.

The canonical part is described by 2 sets of multipolar moments :

can 1)NZaL( IL)“FZ( )
The gauge freedom is parameterized by 4 sets of additional multipole moments
0 1
oy~ (Wi,
[
i 1 1 1 1
PEIACEARS N E AR A AR S Cy
[ [
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Matching with the PN expansion - MPM-PN

! 420+ 1)
_ 3. ~B N _ o (1)
I (uv) = E:PO/d xr /_1 dz{ég(z)xl_z —C2(£ D20+ 3) dpr1(2)5 X;
2(2¢+1) . (2)}
5 M
A+ 1)(¢+2)(2¢ +5) e+2(2)%i 2y
Zi—(TO_i_Fii Z‘7?01' zf?lj

o C2 T C v

The post-Newtonian field in the near zone of a post-Newtonian source with no
incoming radiation writes

c4 e 2r

Fop _ 167G i [re?) 4G f (—)‘ZSL{RfB(t r/e) = R&P(t + r/c)}

Matching condition :  M(h*8) = M(h*#)
The matching procedure fully determines R‘Z"B and the moments I, J; , W, XYL, Z;.
It also guarantees the harmonicity condition 9, h®? = 0 in the interior zone.
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Change of coordinate, from Burke -Thorne to Harmonic

1 9x'“ ax'?
[J] ax7 x>

harm( x') = (hg?(x) + 77— where J = det(9x’/Ox)

We look for a coordinate shift ¢ such that x’“ = x® + ©%(x).
hh&aém( ) - hharm(X + 14 X)) = Z tp>\1 . AnB}\l 6)\n hharm(X)/nI
n>=2
We search for a solution under the form
B () = h37 (x) + 907 + QP [, he]

Using the identity 858<p°‘B = O we obtain [ + 8[390‘5 =0
We can decompose the coordinate transformation and the metric in PM
% = Gyl + G’ply + 0(G)
aB _ pap
Ay = her ) + as”(1)

aff aff
oy = Fit oy + 090 + e ho)
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Linear coordinate transformation

At linear order in G we can undo the transformation
oceB

can harm

he? (M, Sp) ?hQB(ILJL)»ﬁ BB (1,30, Wi, X0, Y1, Zy)
By construction of BT, h (ML, S) = Can(1)(IL, J) — 853?

Where

2r

€y ~ ;m {IL(t_ r/e) —Iu(t+ r/c)}+;m {JL(t_ r/C)2—rJL(t+ r/C)}

&y~ {IL(t —r/c) = Li(t+ r/C)}
¢

2r
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Non linear corrections to the gauge transformation

We decompose A(O‘ )(

» homogeneous solution

We can show that

G(t) = BF—"?O Gg(t) where

We obtain that no term has the PN parity to contribute — gofé)hom =0

» particular solution

99(2) hom = 8L{

)8 = A (5

)8 F (1)

G(t—r/c)—

rk

Gp(t) =

C(B, k, 1)

r

ck—1—3

G(t+ r/c)}

u
dTF(kflfz)(T) (7

fet

\'9(2) part

+00

-3

i=

0

c<9t

>2iA_1_’[A

@

@

]

The non linear gauge transformation writes

Gr1 m1

P2) =

8G
90?2) = f—(mlrl + mzrg)afw

(883Y’ — 4V, — 2x0°T, + nin OPT, ) +(12)
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Total shift and harmonic acceleration as a function of the

multipolar moments

The total shift is given by the sum ‘ Y =Y+ €Y+ @&) ‘

YI(E) =)+ (7(1), ) ¢ =t+ () )

The shift 1;,, associated to the point p is defined such that

Vo(£) = 7p(t) + Bp(t)  which implies /() = &p(t) + tp(2)

i i 7‘/712 0( > 2
where 'pr—go(}/p) C‘P(Yp)+o(¢)

dparn = a1 opTVis Y2, Vi, V3] — @1 pharm[Vis ¥2, Vi, V3] is the shifted acceleration

Wi Oay gt W Oay gt o Oay gt 3 Oay gt
-—¥ — ¥ —¥ — ¥

o 0} o v}

-

) G ) ) Y
We obtain = &} ,,m = = (4v{8§W —493Y 4+ 2vi0R, + %8?1’3)

G2mp n§2
c5(r12)2

1 1
(3[7?2!7{728?13[, + Safw) + 7[] + *9[]
Cc C
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The Hadamard partie finie regularization

A regularization is necessary as we model compact bodies by point particles leading to
divergences. We are interested in functions F(¢)(x), which are smooth except at the
source points y; and y»> around which it admits a power-like singular expansion. When
ri =|x—yi| — 0 and for any N € N, we have

FO = 32 30 A ™ o= ym)/n) + o(rl!)
Po<pP<N qo<q<qr

where £ is a scale associated to dimensional regularization and € = d — 3.
— The 3D function is obtained taking ¢ = 0.

The Hadamard partie finie (Pf) of the integral in 3 dimensions is an analytic
continuation of two complex parameters o and 3 and two regularization scales s; and
.

T
Il

a B
= Pt /d3xF(x): FP /d3x (ﬂ) (3) F
51,52 g:g s1 S2 &
p+3 F
8™, 2 55 5) .
520 LJR3\By(s)\Ba(s) P3N/, s

p+3<—

+4rin (i> (RF), +1¢ 2}

S1
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Dimensional Regularization

The Hadamard partie finie is a convenient way to regularize but is in_principle not
sufficient as it leads to ambiguous terms at high PN order — which is the case in our
computation.

¥V¢ can obtain the full Dimensional regularization result using the Hadamard partie
inie

H@) = / 4% F(@(x)

In practice limg_,3H(?) = DH + H with

DH=_ {ﬁ +eln (Z—;)}q(j;q)-{—(’)(a)—i— (12

q0<q<aq1

and the angular integral has to be taken in d dimension.

(50 = [aal™ rhm)
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Distributional derivatives

The function we use may be singular in y; and y>. To ensure that the derivatives are
correct in the sense of the distribution,

ie, for any test function ¢, <B;F(d),¢> = 7<F(d),6;¢>

It is necessary to correct the derivatives.

» Space partial derivatives
d = (*)Z d iL (g)
Di[F9] = Z i 8D (x — y1) (ni! {767%1) + (14 2)
£=0 )

> Time partial derivatives )
We need to define a derivative with respect to y; and y;.

+o00
(=) i
D; [FO]=-3" i 9.6 (x — y1) <n1L1f£g_2,_1) and (1 2)

0
and  D:[F] = viD,[FD] + viD,[F?] .
1

N

In practice these formulas are used to compute second derivatives
Dap[F9] = Da[95F D] + 0o Dg [F9)]

L
In most cases we can keep the 3D formalism and stick to the computation of D;(:’—;).
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Necessity of the dimensional regularization - pole
contribution in Y’ at 2PN

The dimensional regularization is necessary for the computation of Y’ at 2PN.

Yi _ Y;_’,D + YlPole

G3m3 i 1 q
yp = ST [ g (YI2)] 4 10 2)
0

4 2
C f'12 €

where

» ¢ = d — 3 is the small parameter in dimensional regularization
» {p is the length scale associated to dimensional regularization
> G = 4me E is a numerical factor

This term contributes to the total acceleration of the first body such that

3~spole
pole _ 4G e 4
aRRli_ c5 (_1+€|:1+ 2]) de3

2Ge d* [t cT/7
—_— drIn (
c> dtt 0 Lo

J[yPee - m) = Yo+ )]
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Dimensional identities - Motivations

In practice, a direct verification of the balance equations seems incorrect as the

equality is not recovered. This can be explained by our representation of the binary

Earameters For instance, a typical term in the 4.5PN acceleration of the first body
efore simplification looks like

180G2mymon’ ;
12 2 2 i
ﬁ(”lﬂl) (y1v2)(viv2)vs € aggy 45PN
cr
12
For convenience we use (y1, m2, v1, v2)
(ma, y2, 1) ) where nj, = (y; — y5)/r2.
L
d
// We have 4 vectors in a 3 dimensional space
. - o so there is an obvious relation between them
¢ /7 (my, 31, 1)
N .
N 7 [i j k. 1
N ¢ njLyyivivy, =0

This relation is of course trivial if we develop in components but this can be difficult
in practice as the expressions are too long.
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Dimensional identities - Practical implementation

In the absence of cross-products we transform our expressions in a polynomial

2

Gm1 Gmg (n12 V1) (n12 Vg) Vi

X1 = ; Xe= > K= Xy = Xs=—5 Xo=
rac rnac c c c
2
Xo= 2 xp= M) yl O 717 BN C717)
¢ n2 s rac rac
T 5 W RN W SR
Xy =npp X =2 X4 =< Xis fa
and we have 5 relations between these terms
24 -
Ps(X1, -+, Xu1) = — 4n£'2 vk i,y vivh =0
riyc
(P) (p) Oy = 24 1 jk
P (X, - X, Xy o XGs') = r1ac? 7 M2 1"1 V2 12"1 v =0
24 li

ng)(xh e X11,X1(2)7"' 7X1(§))

12 M2 vt Vz VJV2)’1 =0
¢

24 [
ng)(X1,~~ 7X11,X1(2p),~- 7X1(§)) = 2 3’7[12 i V2]Véy1 np =0
67!

2% g
PP, X, XE, - xR = 2 3n[1’2 Iviviyiniovi =0
¢

(viv2)

c2

16/28



Additional polynomials for dimensional identities with
cross-products

(m2 x v1)’ (m2 X w)' (vi X w)'
LT A T P I 1%
5@ _ (m2xy) 5@ _ b xw) (@ _ 1 xw)

' r2 1 rac Y rac

z—:;jkng’zylkvl’ v2'"] U{ UJ" = 0 implies the vanishing of six new polynomials

PO, X, X8, x@) =0
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Construction of the passage to the center of mass

CM quantities:x":yl"—yQ", vi:v{—vzi,m:ml—i—mg,u:%andA:M

We define the integrated fluxes of linear momentum and CM position

) t
I'I’E/ dt’ Fi( ,r'—/ dt/ dt”f’(t”)+/ dt’ Fi(t

The center of mass position is defined b% G’ + T =0 where I is a 3.5PN quantity
representing the radiation contribution. The formula for the passage to the center of
mass frame takes the form

vi :Xi(X2+I/AP> +rvAQV + R, yézxi<—X1+VAP) +vAQV + R

where R/ is gauge independent and writes

; ri v v2 Gm ; - ; ; 1
P 7 = I J ) ) i =
R = m+mcz[<2 r)l’—i—v(l'l +}—G)X}+O(Cn)

To solve this we decompose P = Pcons + Prr and Q = Qcons + Qrr ~ and obtain
1|4 8Gm G’m? 172 64 Gm , (44 68
-G S x2 _ e 07 Lm .o
QRR m{c5[5" 5r 2 ( 105 35 )+ r ( t35” )

sz( 132) 4(6 22)
+ —v +—v)+Vvi|lz——Zv
r 7 7

1

c’

} + 501 Pre= S+ 5l

18/28



Center of mass radiation reaction acceleration and flux

balance laws

j i i j j i
3RR RR 2.5PN T @RR 35PN T @RR 4PN T @RR 4.5PN mat T @RR 4.5PN rad

harm
; G2m?v 136 Gm " 24, i (24 Gm N 8 ,
a = — —r+ —r - - + =
RR2.5PN o573 15 5 v v 5, 5v
ai G’mPv | ;| G?m? . ( 3956 184 ) N Gm ( 294 376 )
= —==—9qn r{——m————v —rl-—— - —v
RR3.5PN c’r r2 35 5 r 5 5
G 2 724
+—m 2 ( 6395 + TSV) 1125 4 V(114 4+ 120) + VP (7% — 120 ) ]
Ly G?m? (1060 104 n Gm , (82 L 848 848 n Gm o ( 164 148
v —_— + —v —r° | = — - - —V
r2 21 5 r 3 157 21 5

678 12 626 12
12074+ 722 (=22 22 Dt i
+120 7" + v 5 5V + v 35 +

3RR 4.5PN mat ~ 60 terms
i _ A 2nivi + nivi) [V +
FRR45PNrad = 155 (21 + v +56

The same way we can obtain the matter and radiation contribution for the Energy E
19/28

and angular momentum J' in the CM frame.



4 5PN contribution to the matter acceleration in the
center of mass frame

i GCmPu [ [ G3m® (336922 L 20644 3632 2) GZm? 4 ( 83177 41524 30076 2)
a = — r —_—V — ——V r — —V — ——V
RR4.SPNmat =~ 9 3 3 945 35 105 2 945 135 105

G2m? ( 129769 58468 4636 2) 5 (261883 5316 1776 2)
+ ———rv — - —V — V- —V

r2 315 315 105 105 5

Gm 3 5 ( 22133 47643 16028 2) ( 4307 46337 2659 2)
+ — v - = v+ —v [y’

r 6 35 35 105 21

4 /88 4362

+r ( 180 — 504v) + P2 2 + 1106v + 21,2 + By 7 77 — 66V

6 ( 1643 1248 )
+rv | ——— + —v +45v
210 35

r3 2835 5 35 2 315 315 21

,-[G3m3 ( 499286 1376 272 2) G2m? , (85991 97228 4604 2)
v - + —v r v+ —v
r

G?m? 2 (47459 66632 1796 2) Gm '4( 86323 10646 1192 2)
vil —— - Vv |+ —F |- — + —v

+ +—v —v
r2 315 315 35 r 105 35 7
Gm 5 5 (224351 77 2816 2) Gm 4 ( 10747 539 1769 2)
+ —FV +—v—-—v |+t —vVv | —— — —Vv+ —V
r 210 35 15 r 70 15 35

5778 4350 54 2)
—_—t+t — v+ —v

1007
+ #5(350 + 4200) + V2 (77 — 984y — 31/2) + vt ( = =

6 ( 4873 208 39 2)
v —— - — —v
630 5 5
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lyer-Will-Gopakumar parameters in the harmonic gauge

; ; : 1
Gl
agr = arp +9agrr + O (m)
. A (G o o . .
dapp = = {72 (2n'vJ + n’v') [I'IJ —i—]-'JG]
2iGl — 7§ G*m’v
RR ™ "5 3,3

Anpn and B,pn depend on 21 arbitrary
frgeﬁom IeftnB

y the choice of coordinate:

viv/
m

7+ 7] }

[*(A2.5PN + Asspn + Assen) in' + (Baspn + Baspn + Baspn) Vi]

gal\ﬁe ]Parameters at 4.5PN translating the
s. We

ound for the harmonic coordinates

az3=0, B =—1
¢ 271 6 ¢ 77 3 ¢ 79 2 ¢ 10, ¢ 5 242 439 18
= — +6v, =—— -V, =_— - DV, =10, = —+ —v,pp=——_-+ v
' 2 4 2P ST % 7
10139 1977 206 , 53 10233 261 , 26561 3188 886 ,
Y= —— —v— —V ,YPp=——+ —v+ —1v°, Y3=——— — —v+ —V
1008 28 7 56 56 14 504 63 9
295 585 15 , 129 239 908 , 170087 98299 2942 ,
Yp= —— — —v— —v, Yg = —— — —v — —v°, = —V - —V
16 4 8 2 63 21 756 756 27
25 74315 24935 2179 , 12119 1241 8696 ,
Y= — +3v,Yyg = —— — —v+ —1°, = — 4+ —v+ —v
2 504 252 63 126 252 189
107 88957 2419 , 1655 4660 485 , 53687 7757 589 ,
X6= — + —v— —v =—— — —v+ —v, = — 4+ —v—- —v
48 504 504 84 63 126 1512 378 12
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Manifest Lorentz invariance of the harmonic acceleration

Harmonic coordinates are Lorentz Invariant 9, h"*" = /\QA“/\"dahB'y N30 hPe =0

To prove it we focus on a coordinate boost such that

1 Y
¢ = (t— V‘x), X =x— V(t— V~x)
(t= (V) W (e app v
At any PN order one can show that the position, velocity and acceleration transform

such that

—(*T< o)+ 3 S (a) o (w2

S I ()
VTR o

We compute the difference between the boosted and unboosted acceleration (taken at
the same time)

Spay = aj(t') — ay(t') = al [y1,y3,vi, v3] — ai[yi, y5, vi, v3]

After replacement and using the dimensional identities the result is indeed | dpa; =
and the acceleration is manifestly Lorentz invariant. 22/28



PN

potentials
OV =—-4rGo
OV; = —4nGo;
OK = —4xGoV
DVi/,-j:747rG (o',-j—él-j Tkk ) — 1 (u) VoV
d—2 2\d—2
. 4nG /5—d d—1 d—1 d(d — 1)
OR; = — (Agfvm—g——wa)—4—7mvaw—44447avav
d—2\ 2 2 d—2 4(d — 2)2
N [VW d—3 d—3\2 v?
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d—2 d—1 d—2 2
+|/V,-,-8,-,-V+2\/,-6ra,-v+1(d_1>vafv M(atvf—za;v-a-v-
2 \d—-2 4(d — 2)2 JYivi
D47—4m;vcw—@ Wk)—iliawav+avav+avav—ﬂawav
d—2 d—2) d-2 g AR A MM
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23/28



The explicit 4.5PN contribution to the acceleration in a
general frame - Part 1/5

i
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The explicit 4.5PN contribution to the acceleration in a

general frame - Part 2/5
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The explicit 4.5PN contribution to the acceleration in a
general frame - Part 3/5
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The explicit 4.5PN contribution to the acceleration in a
general frame - Part 4/5

61658

18 2 2 369 4 2 9 2 4 2 5
+ ?(nIZVZ)(V12V2)V12V2 - g(nIZVIZ)Vqu + E("12V12)V12V2 + Grip | m2 (m2vi2)

2328 3 , 416 , 582 3
+ (m2vi2)”(mav2)” + ?("12‘/12)("12%) - ?(”IZVIZ) (vizv2)
1746 ) 208 ) 208 5
- (m2v12)”(mava)(vizve) + T("12V12)("12V2) (vizv2) — ?("12V2) (vizv2)
+ 2 ) 212)” — 22 (mrav)(m2ve) — o (i) VR (maviz)(mave) V2
n \% V12 V- — — " \'% V12 V- —_ n \% \Z — n % n \% V;
105 (Mm2v2)(vi2v2 15 (m2w)(vi2ve o (m2v2) Vi 5 (m2vi2)(m2v2) viy
L 08 oz £ Z% v + 2297 NP
— (" Vv V12 V2 ) V- — M \'% V12 V2 )V — N \% V; — —m \30%
105 12V12 12V2)V12 105 12V2 12V2)V12 210 12V12)V12 5 12V2)V12
201 3o 104 , 5 104 , 104 ,
- ?("12V12) vy — ?("unz)("lzw) vy — E("lZVIZ)(VIQVZ)VQ + E(”IZVZ)(VIZVZ)‘Q
1784 s o 26 . 11353 s 536 .
+ nio2v12)Viovs — —(N12Vv12) Vs 4+ my(— niov; — —(n1ov3 nip Vv,
05 (m2vi2)vivs 15( 12v12) 2) 1( = (m2vi2) : (m2vi2)" (m2v2)

996 96

3 2 2 3
- ?(’712V12) (mav2)” — ?("12‘/12) (n12v2)

144 . 3
- ?("12V12)(n12‘/2) +48(n2vi2) " (vi2v2)
2 2 72 5
+ 144(n2vi2)" (m2v2)(vizve) — g("12\/12)("12v2) (vizv2) + ?(nuvz) (vi2v2)
4888

105

5056 b o 24 3o 488
- (mavi2)(mava)vi; — ?("12‘/2) Vip —

2292
35

, 32 , 15102 - ) )
(mavi2)(vi2v2)” + ?("12V2)(V12V2) + (mavi2)“vip + (m2vi2)“(mav2)viy

8 , 4888 )
. (mavi2)(viav2)vip — E(nuvz)(vu\&)vu

1829 X 40 . 3o 12 ) )
5 (mavi2)vyp + 7("12V2)V12 +24(mavi2)’vy + ?("12\/12) (mav2)v;

27/28



The explicit 4.5PN contribution to the acceleration in a
general frame - Part 5/5
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