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Hadrontherapy

Advantage: Protons deposit a maximum dose 

at a specific depth (Bragg Peak), 

sparing healthy tissues behind tumor


Range sensitivity: Small changes in patient

 anatomy significantly shift the Bragg Peak position


Challenge: Develop real-time range

verification methods to ensure accurate dose 

administration
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The Prompt Gamma Time Imaging (PGTI) project 

Physics Principle: Protons interact with patient 
nuclei, emitting Prompt Gammas (PG) along their 
path


Mechanism: PGTI project develops the TIARA 
detector to measure Time-Of-Flights (TOFs)


Encoded Information: TOF depends on two 
unknowns: the emission position and the proton 
velocity

TIARA detector: Beam monitor + Prompt gamma detectors
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Setting of the problem

For n prompt gammas, the emission positions are denoted by  λ = [λ1, . . , λn] ∈ ℝn

The proton mean velocity, discretized on spatial dimension, is given by   .v = [v1, . . , vd] ∈ ℝd

Ti(λi, v) = ∫
λi

0

1
v(s)

ds +
∥ λi−xi ∥

c
, ∀0 < i < n

T(λ, γ) =
T1(λ1, γ)

⋮
Tn(λn, γ)

= A(λ)γ+
1
c

∥ λ1−x1 ∥
⋮

∥ λn−xn ∥

Let’s take                  γ = [1/v1, . . ,1/vd] ∈ ℝd

where A(λ) =

a1(λ1)t

a2(λ2)t

⋮
an(λ2)tChaima Abid

Where:

: speed of light 

: the velocity of the proton

c
v

T(λ, v) = Tproton(λ, v) + TPG(λ)

= ∫ λ
0

1
v(s) ds + ∥λ−x∥

c

For one prompt Gamma emitted  , the total Time of flight reads:λ
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Setting of the problem
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Objective:  Find λ ∈ ℝn, γ ∈ ℝd

min
λ,γ

J(λ, γ) =
1

2σ2
∥ t − T(λ, γ) ∥2

t = tstop − tstartWhere: 

Where:

: speed of light 


  the detected position of prompt gammas


  the velocity of the proton

c
x = [x1, . . xn] ∈ ℝn

γ = [γ1, . . , γd] ∈ ℝd

For n prompt Gammas emitted  , the total Time

of flight reads:

λ = [λ1, . . , λn] ∈ ℝn

T(λ, γ) = Tproton(λ, γ) + TPG(λ)

= A(λ)γ+ ∥λ−x∥
c
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ill-posed problem !!! 

NON-CONVEXITY

Setting of the problem
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Objective:  Find λ ∈ ℝn, γ ∈ ℝd

min
λ,γ

J(λ, γ) =
1

2σ2
∥ t − T(λ, γ) ∥2

t = tstop − tstartWhere: 

Where:

: speed of light 


  the detected position of prompt gammas


  the velocity of the proton

c
x = [x1, . . xn] ∈ ℝn

γ = [γ1, . . , γd] ∈ ℝd

For n prompt Gammas emitted  , the total Time

of flight reads:

λ = [λ1, . . , λn] ∈ ℝn

T(λ, γ) = Tproton(λ, γ) + TPG(λ)

= A(λ)γ+ ∥λ−x∥
c
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An alternating minimization approach ?

Requires Bi-Convexity!

λ = [λ1, . . , λn] ∈ ℝn

γ = [γ1, . . , γd] ∈ ℝd

t = tstop − tstart

Chaima Abid

min
λ,γ

J(λ, γ) =
1

2σ2
∥ t − T(λ, γ) ∥2 T(λ, γ) = Tproton(λ, γ) + TPG(λ)

= A(λ)γ+ ∥λ−x∥
c

t = [t1, . . , tn] ∈ ℝn
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An alternating minimization approach ?

Requires Bi-Convexity!

t = tstop − tstart
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Step 2: Fix  λ

min
γ

J( . , γ) =
1

2σ2
∥ t − T( . , γ) ∥2

Step 1: Fix  γ
min

λ
J(λ, . ) =

1
2σ2

∥ t − T(λ, . ) ∥2

min
λ,γ

J(λ, γ) =
1

2σ2
∥ t − T(λ, γ) ∥2

λ = [λ1, . . , λn] ∈ ℝn

γ = [γ1, . . , γd] ∈ ℝd

T(λ, γ) = Tproton(λ, γ) + TPG(λ)

= A(λ)γ+ ∥λ−x∥
c

t = [t1, . . , tn] ∈ ℝn



An alternating minimization approach ? Requires Bi-Convexity!

Proposition:  is quasi-convex on  λ → J1(λ, . ) [λmin, λmax]

•Assume that the proton mean velocity is known

• 


• 


 has global minimum at 


J′￼1(λ) = −
1
σ2

T′￼(λ)(t − T(λ))

J′￼′￼1(λ) =
1
σ2

(T′￼(λ)2 − T′￼′￼(λ))(t − T(λ))

J1 λ* = T−1(t)

J1 on [λmin, λ*] J1 on [λ*, λmax]
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min
λ∈ℝn

J1(λ, γ) =
1

2σ2
∥ t − T(λ, γ) ∥2

min
λ,γ

J(λ, γ) =
1

2σ2
∥ t − T(λ, γ) ∥2



Proposition:  is convex γ → J2( . , γ) ∀γ

• 


• 


• 


J′￼2(γ) = At(b − Aγ)
J′￼′￼2(γ) = AtA
J′￼′￼2(γ) ≥ 0 13

An alternating minimization approach ?

Proposition:  is quasi-convex on  λ → J1(λ, . ) [λmin, λmax]

•Assume that the distribution of prompt gammas is known

•Assume that the proton mean velocity is 
known

Requires Bi-Convexity!
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min
λ,γ

J(λ, γ) =
1

2σ2
∥ t − T(λ, γ) ∥2

min
λ∈ℝn

J1(λ, γ) =
1

2σ2
∥ t − T(λ, γ) ∥2

min
γ∈ℝd

J2(λ, γ) =
1

2σ2
∥ b−Aγ ∥2



•Alternating algorithm

             




        

Initialisation
λ0, γ0
For i = 0,..,Nmax

λi+1 = arg min
λ∈ℝn

J1(λi, γi)

γi+1 = arg min
γ∈ℝd

J̃2(λi+1, γi)

Update
γi = γi+1

λi = λi+1

J̃2(λ, γ) =
1

2σ2
∥ Atb−AtAγ ∥2 + χ ∥Iadpγ∥2

 Regularization term

Iadp = diag(AtA)•   


•  Accounts for local sensitivity


•  Improves stability of the inverse problem     
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An alternating minimization approach ?
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J1(λ, γ) =
1

2σ2
∥ t − T(λ, γ) ∥2
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Estimating Both Unknowns via an Alternating Algorithm 

Empty sinus case  
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Estimating Both Unknowns via an Alternating Algorithm - Empty sinus

Decaying strategy
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Estimating Both Unknowns via an Alternating Algorithm - Empty sinus

Noisy Data 


Noise: σ = 100 ps
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Estimating Both Unknowns via an Alternating Algorithm 

Full sinus case  
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Estimating Both Unknowns via an Alternating Algorithm - Full sinus

Noisy Data 
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Preliminary Results
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Estimating Both Unknowns via an Alternating Algorithm                                             
(                 (Experimental Data- ES case )
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Estimating Both Unknowns via an Alternating Algorithm                                             
(                 (Experimental Data- FS case )
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Perspectives
• Using  AI  in combination with the alternating algorithm to improve result accuracy


• Extending the reconstruction approach to full 3D geometries
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