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Outline

Based on "Ti and Spi, Carrollian extended boundaries at timelike and

spatial infinity" [Herfray, Borthwick, MC, 2025] and work in progress.

Asymptotically flat space-times and motivations

Spi and Carrollian geometry

Parity condition and link with regularity
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Asymptotically flat space-times
and motivations
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Global BMS group and symmetries of the S matrix

Infrared triangle

Weinberg soft graviton
theorem

⇔ 〈Ψout |[S,QB MS]|Ψi n〉 = 0

[Strominger, 2014]
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Structure of I

S2

Metric γab

u

qab = γab

u = 0

∂u = na

Representation of I

na qab = 0

Ln qab = 0

} (I, na , qab)
has a (weak)
carrollian
structure

Conformal automorphisms = BMS

group:

Lξna =Ω−1na

Lξqab =Ω2qab

The BMS group is SO(3,1)⋉C∞(S2)

Compare with the Poincaré group, SO(3,1)⋉R4
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Asymptotically flat space-time at spatial infinity

Axiomatic definition based on the inverse metric, equivalent to
[Ashtekar, Romano, 1991].

Metric close to the boundary [Beig, Schmidt, 1982]:

gab =ρ−2
(
1+2ρσ+ρ2σ2 +O(ρ3 lnρ)

)
dρ2

+
(
hαβ+ρ

(
kαβ−2σhαβ

)+O(ρ2 lnρ)
)
d yαd yβ;

• ρ boundary defining function
({ρ = 0} =B, ∇ρ∣∣

B ̸= 0)

• yα coordinates on B
• σ mass aspect

• hαβ metric on B
• kαβ very important in what follows
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Spi and Carrollian geometry



Spi, extended boundary

Representation of dS3

nahab = 0

Lnhab = 0

} weak
carrollian
structure

ρ′ = ρ+u(yα)ρ2 +O(ρ3)

Rigorous definition of Spi:
Let

φ : B J 2ρ−−→ i∗B
(

J 2M
)

i∗B
(

J 2ρ2
) , then

Spi =φ∗L L = i∗B
(

J 2M
)

B i∗B(J 2M)
i∗B(J 2ρ2)

φ
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SPI group

SPI group: automorphisms of the carrollian structure:

• Lξna = na

• Lξhab = hab

SPI group:
SO(3,1)⋉C∞(dS3)

B MS group:
SO(3,1)⋉C∞(S2)

B MS-supertranslations ⊂ SPI -
supertranslations
However, no canonical way to
include B MS into SPI
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Strong Carrollian structure

Carrollian connection ∇:

∇c na = 0 ∇c hab = 0

General form:

(Γc )a
b =

(
0 Cγβd yγ

0 Γα
γβ

d yγ

)

Cαβ = uhαβ +1
2 kαβ

Under supertranslation:

u′ = u +ω, k ′
αβ

= kαβ−2(hαβ+DαDβ)ω

=⇒ C ′
αβ

=Cαβ − DαDβω.

Maël Chantreau Spi and symmetries at spatial infinity 9 / 15



Strong Carrollian structure

Carrollian connection ∇:

∇c na = 0 ∇c hab = 0

General form:

(Γc )a
b =

(
0 Cγβd yγ

0 Γα
γβ

d yγ

)

Cαβ = uhαβ +1
2 kαβ

Under supertranslation:

u′ = u +ω, k ′
αβ

= kαβ−2(hαβ+DαDβ)ω

=⇒ C ′
αβ

=Cαβ − DαDβω.

Maël Chantreau Spi and symmetries at spatial infinity 9 / 15



Strong Carrollian structure

Carrollian connection ∇:

∇c na = 0 ∇c hab = 0

General form:

(Γc )a
b =

(
0 Cγβd yγ

0 Γα
γβ

d yγ

)

Cαβ = uhαβ +1
2 kαβ

Under supertranslation:

u′ = u +ω, k ′
αβ

= kαβ−2(hαβ+DαDβ)ω

=⇒ C ′
αβ

=Cαβ − DαDβω.

Maël Chantreau Spi and symmetries at spatial infinity 9 / 15



Strong Carrollian structure

Carrollian connection ∇:

∇c na = 0 ∇c hab = 0

General form:

(Γc )a
b =

(
0 Cγβd yγ

0 Γα
γβ

d yγ

)

Cαβ = uhαβ +1
2 kαβ

Under supertranslation:

u′ = u +ω, k ′
αβ

= kαβ−2(hαβ+DαDβ)ω

=⇒ C ′
αβ

=Cαβ − DαDβω.

Maël Chantreau Spi and symmetries at spatial infinity 9 / 15



Strong Carrollian structure

Carrollian connection ∇:

∇c na = 0 ∇c hab = 0

General form:

(Γc )a
b =

(
0 Cγβd yγ

0 Γα
γβ

d yγ

)

Cαβ = uhαβ +1
2 kαβ

Under supertranslation:

u′ = u +ω, k ′
αβ

= kαβ−2(hαβ+DαDβ)ω

=⇒ C ′
αβ

=Cαβ − DαDβω.

Maël Chantreau Spi and symmetries at spatial infinity 9 / 15



Conservation of the strong structure

Naively:

Lξhab = 0, Lξna = 0, (Lξ∇c )a
b = 0

Equivalent to

ξa =ω(yα)∂u +χα(yβ)∂α,
(
DβDγ+hβγ

)
ω=−1

2
Lχkβγ

Only has solutions if Spi is flat (kab ∼ 0). In that case, we obtain
the Poincaré group!

We always have nc (Lξ∇c )a
b = 0

Impose hbc (Lξ∇c )a
b = 0 =⇒ (D2 +3)ω=−1

2Lχk.

=⇒ BMS group at spatial infinity?
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Parity condition and link with
regularity



Parity conditions

General solution: ω(yα) =ϖ(yα)+ωO(yα)+ωE (yα)

Metric:
hdS3 =−dψ2 +cosh2ψdΩn−1

Parity transformation on dS3:
PdS3 := (ψ,ϑ) 7→ (−ψ, a∗ϑ)

Solution: parity condition! [Troessaert, 2018]

Extend to Spi: PSpi := (u,ψ,ϑ) 7→ (−u,−ψ, a∗ϑ)

PSpi∗na =−na

PSpi
∗hab = hab

Even strong carrollian geometry: PSpi
∗∇=∇

Consequences:

PSpi
∗kab =−kab

PSpi
∗ω=−ω because k ′

αβ
= kαβ−2(hαβ+DαDβ)ω
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General solution of kab

Einstein’s equations: hγβD[βkα]γ = 0, hγδDγD[δkα]β = 0

General solution [Borthwick, Herfray, MC, 2026?]:
k̄ss = 2∂2

s ω̄,

k̄i s = 2∇i∂sω̄+∇k [∆S2 +2]ϕi k ,

k̄i j =
(
2∇i∇ j |tf −γi j (1− s2)∂2

s

)
ω̄+ (

s + (1− s2)∂s
)(

2∇(i∇kϕ j )k

)
,

k̄ab =
p

1− s2kab , ω̄=
p

1− s2ω

ϕi j =ϕϵi j

ϕ obeys Legendre equation

(See [Compère, Robert, 2025] for an alternative presentation)
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(See [Compère, Robert, 2025] for an alternative presentation)
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General solution of kab
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Link with regularity at I

ϕ obeys Legendre equation
Two branches:

• ϕ even, kab odd,
completely regular

• ϕ odd, kab even,
asymptotically goes in
ln(1− s2) (additional
terms in BMS?)

BMS expansion at I:

gab =VΩ3e2βd 2u +2e2βdudΩ+ΓAB (d x A −U Adu)(d xB −U B du)
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Conclusion

• Spi, an extended boundary at spatial infinity, can be
constructed without any additionnal axiom.

• It possesses some strongly carrollian structure.

• A BMS group at spatial infinity appears as symmetries
preserving some of this structure.

• The necessary parity condition which appears along the way is
equivalent to regularity conditions on I.
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End slide

Thanks for listening
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