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Qutline

Based on "Tiand Spi, Carrollian extended boundaries at timelike and

spatial infinity" [Herfray, Borthwick, MC, 2025] and work in progress.
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Asymptotically flat space-times
and motivations
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Global BMS group and symmetries of the S matrix
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Global BMS group and symmetries of the S matrix

Weinberg soft graviton

theorem
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Structure of ¥
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Structure of ¥

(J, na' qab)
n“qap =0 } has a (weak)
Lnqap=0 ] carrollian

structure

Conformal automorphisms = BMS

Len® = Q lpe
group: )
'Cchab =Q qab

Representation of ¥

The BMS group is SO(3,1) x C*®(5?)

Compare with the Poincaré group, SO(3,1) x R*
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Asymptotically flat space-time at spatial infinity

Axiomatic definition based on the inverse metric, equivalent to
[Ashtekar, Romano, 1991].
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Asymptotically flat space-time at spatial infinity

Axiomatic definition based on the inverse metric, equivalent to
[Ashtekar, Romano, 1991].

Metric close to the boundary [Beig, Schmidt, 1982]:

8ab =p_2(1 +2p0 + p*o? +0(p° lnp))dp2
+ (”laﬁ +p (kaﬁ —ZO'haﬁ) + O(p2 lnp))dyadyﬁ;

p boundary defining function
(fp=01=B, Vp|z#0)

y* coordinates on BB

B

metric hqp

0 mass aspect M

hqp metric on B

kqp very important in what follows
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Spi, extended boundary

Representation of dSs
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Spi, extended boundary

B =dSs

metric hap

Representation of dSs
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Spi, extended boundary

p'=p+uly®)p*+0(p*
Rigorous definition of Spi:

Let
2 i ]2
B =dS, ([):Bi lf(z 5 ,then
metric hap lB (] )
Representation of Spi Spi=¢*L L=ig (J>M)
Generalized from l
[Figueroa-O’Farrill et al, 2022]
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Spi, extended boundary

p'=p+uly®)p*+0(p*

o Rigorous definition of Spi:
Let
2 i ]2
B =dS, ([):Bi lf(z 5 ,then
metric hap lB (] )
. . . . 2
Representation of Spi Spi=¢*L L=ij (J*M)
Generalized from l
[Figueroa-O’Farrill et al, 2022]
weak B ¢ y inU*M)
o O} Ili T ip(Pe?)
rr n
Lol =0 carrollia
structure
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SPI group

SPI group: automorphisms of the carrollian structure:

o Len®=n®

o Lehgp=hgyp
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SPI group

SPI group: automorphisms of the carrollian structure:
o Len®=n®
o Lehgp=hap

SPI group:

SO(3,1) X C(dS3)

BMS group:
SO(3,1) x C®(S?)
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SPI group

SPI group: automorphisms of the carrollian structure:

o Len®=n®

o Lehap = hap
SPI group: BMS-supertranslations ¢ SPI-
SO(3,1) x C*(dS3) supertranslations
BMS group: However, no canonical way to
SO@3,1) x C®(S?) include BMS into SPI
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Strong Carrollian structure
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Carrollian connection V:

Ven®=0 Vehay =0
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Strong Carrollian structure

Carrollian connection V:
Ven®=0 Vehgp =0

General form:

0 Cypdyr
w=( 7 yy)
0 Fyﬁdy

Cap = uhgp +%kaﬁ

Under supertranslation:

U=u+w, k;ﬁ =kap—2(hep+ DaDpw
= C)

B = Caﬁ - DaDﬁw.
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Conservation of the strong structure

Naively:

Lehgp =0, Lin® =0, (LeV) =0
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Conservation of the strong structure

Naively:

ﬁghab =0, Egn“ =0, (E,{Vc)ab =0
Equivalent to

1
£ = w(y0u+ 1" (y"0a,  (DpDy+ hm) w=—2Lykpy
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Conservation of the strong structure
Naively:
Lehay =0, Len® =0, (LeVe) =0
Equivalent to
=00, + 1" 0e,  (DpDy+hpy)w = —%ﬁx kgy

Only has solutions if Spi is flat (k4 ~0). In that case, we obtain
the Poincaré group!
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Conservation of the strong structure

Naively:

Lehgp =0, Lin® =0, (LeV) =0

Equivalent to
1
£ = w(y0u+ 1" (y"0a,  (DpDy+ h,jy) w=—2Lykpy
Only has solutions if Spi is flat (k4 ~0). In that case, we obtain
the Poincaré group!
We always have n(L:Ve)%, =0
Impose hP°(L:V)%, =0 = (D*+3)w=—1Lk.

= BMS group at spatial infinity?
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Parity condition and link with
regularity




Parity conditions

General solution: w(y%) =¢D(y“)+wo(y“)+wE(ya)
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Parity conditions

General solution: w(y*) =o(y*) + a)o(y“) + wE(ya)

Metric:

hgs, = —dw? + cosh? ¢ dQ" ™!
Parity transformation on dSs:
Pgg, := (@, 9) — (—y, a* )
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Parity conditions

General solution: w(y*) =o(y*) + wo(y“) + wE(ya)

Metric:

hgs, = —dw? + cosh? ¢ dQ" ™!
Parity transformation on dSs:
Pgg, := (@, 9) — (—y, a* )

Solution: parity condition! [Troessaert, 2018]

Extend to Spi: Pspi:= (u,y,9) — (—u,—y,a*9)
Pgpixn®=—n®
PSpi>|< hap = hap

Consequences:

Even strong carrollian geometry: Pspi*V =V

PSpi*kab =—Kab

Pspi*w = —w because k;ﬁ = kap—2(hep+ Do Dpg)w



General solution of kg,

Spi and symmetries at spatial infinity 12 / 15



General solution of kg,

Einstein's equations: h"PDigka)y =0, hyﬁDyD[(Ska]ﬁ =0
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General solution of kg,

Einstein's equations: h"PDigka)y =0, hYBDyD[(Ska]ﬁ =0

General solution [Borthwick, Herfray, MC, 20262]:

kis=2V;050 + V¥ [Ag +2]¢;ik,

kij = (299l —yij(1 = 202 @+ (s+ (1 - $)95) 2V Vo ),

kap=V1-52kyp, @=V1-s2w
Pij=PEij
¢ obeys Legendre equation

(See [Compere, Robert, 2025] for an alternative presentation)
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Link with regularity at .7

¢ obeys Legendre equation
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Link with regularity at .7

gt

. ¢ obeys Legendre equation

dSs

s=-1

G

Cylinder at spatial infinity
[Valiente-Kroon, Magdy, 2021]
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Link with regularity at .7

gt

. ¢ obeys Legendre equation
Two branches:
dSs
s=-1
I

Cylinder at spatial infinity
[Valiente-Kroon, Magdy, 2021]
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Link with regularity at .7

gt

. ¢ obeys Legendre equation
Two branches:
. e ¢ even, kg, odd,
completely regular
- o=t

Cylinder at spatial infinity
[Valiente-Kroon, Magdy, 2021]
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Link with regularity at .7

gt

¢ obeys Legendre equation
Two branches:

s e ¢ even, kg, odd,

completely regular

e ¢ odd, kg, even,

asymptotically goes in
_ In(1-s2) (additional
Cylinder at spatial infinity terms in BMS?)
[Valiente-Kroon, Magdy, 2021]

s=-1

G
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Link with regularity at .7

gt

¢ obeys Legendre equation
Two branches:

s e ¢ even, kg, odd,

completely regular

e ¢ odd, kg, even,

s= 1 asymptotically goes in

_ In(1-s2) (additional
Cylinder at spatial infinity terms in BMS?)
[Valiente-Kroon, Magdy, 2021]

G

BMS expansion at .7:
gap = V3P d?u+2e*PdudQ +T 4p(dx? — UAdu)(dx® — UBdu)
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Conclusion

e Spi, an extended boundary at spatial infinity, can be
constructed without any additionnal axiom.

e It possesses some strongly carrollian structure.

e A BMS group at spatial infinity appears as symmetries
preserving some of this structure.

e The necessary parity condition which appears along the way is
equivalent to regularity conditions on 7.
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End slide

Thanks for listening
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