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4d asymptotically flat spacetimes

• Spacetimes that are
asymptotically Minkowski

• Why? Detectors are very far
from the sources (BH mergers,
etc)

• Spatial infinity (i0)
[see also Maël’s talk]

[Figure Neutelings]
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Asymptotic symmetries as symmetries
for gravity



Observables in gravity need a boundary

• How to define energy in gravity?
• Locally, it is impossible (equivalence principle)

• One needs a BOUNDARY to define a charge/generator associated to a symmetry
via Noether procedure

• Same for electromagnetism: electric charge is measured using Gauss law
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Asymptotic symmetries - a brief sketch

1. Solutions to equations of motion

2. Boundary - spacetimes sharing the same asymptotic structure
3. Symmetry: we ask the symmetry to only preserve the asymptotic structure

= ASYMPTOTIC SYMMETRY
4. Compute the generator/charge of such symmetry

If non-vanishing, it is PHYSICAL (not pure gauge)
5. Compute the charge algebra

Method: covariant phase space [review: Fiorucci ’21] or Hamiltonian [review: Henneaux’s lectures at
College de France ’21-’22 & ’22-’23]

Caution: answer depends on the choice of the asymptotic structure
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Example: BMS algebra [Bondi et al. ’61, Sachs ’61]

• Exact symmetries of Minkowski
Poincaré algebra
iso(1, 3) = so(1, 3) + translations

x → x + constant

• Asymptotic symmetries of asymptotically flat
spacetimes [Compère-Gralla-Wei ’23]
BMS = iso(1, 3) + supertranslations

x → x + c(x)

[Action of
supertranslation by Lim
Zheng Liang]
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Why?

• Definition of observables for gravity (ex: energy)

• Bottom-up approach to new holographic dualities
• Quantum Gravity: quantum states form a representation of the asymptotic

symmetry algebra → Non-perturbative handle on Quantum Gravity
• Connection with low energy physics (infrared triangle)
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Symmetries at spatial infinity



Main result

• New asymptotic symmetries at spatial infinity: extension of BMS by logartihmic
supertranslations (no parity conditions imposed)

log-BMS: iso(1, 3) + Heisenberg(supertranslation, log-supertranslation)

Qsupertranslation ∼ mass aspects
Qlog-supertranslation ∼ I supertranslation Goldstone aspects

• BMS frame invariant notion of angular momentum (using the construction of
[Fuentealba-Henneaux-Troessaert ’22])

iso(1, 3) ⊕ Heisenberg(supertranslation, log-supertranslation)
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Spatial infinity

• In Penrose’s conformal compactification is a
point but the fields are not single valued

• Blow-up of spatial infinity [Ashtekar-Hansen ’77],
such that it asymptotes to an
unit-hyperboloid.

lim
ρ→∞

ds2

ρ2 = (−dτ2+cosh2 τ dΩ2) = habdxadxb.

[Figure from 1902.08200]

Parity: F (τ, θ, ϕ) → F (−τ, π − θ, π + ϕ) =
{

+F even
−F odd
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Beig-Schmidt coordinate chart

• Minkowski:

ηµνdxµdxν = dρ2 + ρ2habdxadxb

• Fall-offs:
gµν − ηµν = o(ρ)0

[Figure from 1902.08200]
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Charge analysis

• Covariant phase space
• [Ashtekar-Bombelli-Reula ’91] Poincaré
• [Compère-Dehouck ’11] Lorentz + log translations + supertranslations
• [Troessaert ’17] BMS and connection to smooth null infinity upon imposing parity

conditions (see also [Prabhu ’19, Prabhu-Shehzad ’21, Capone-Nguyen-Parisini ’22])

so(1, 3) + Rω
super
odd

• Hamiltonian
• [Regge-Teitelboim ’88] Poincaré
• [Henneaux-Troessaert ’18] BMS
• [Fiorucci-Matulich-Ruzziconi ’24] gBMS

• [Fuentealba-Henneaux-Troessaert ’22] = BMS + logarithmic supertranslations H

FHT log-BMS: iso(1, 3) + h(ωsuper
odd , Hsuper

even )
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Project:

Goal: Log-supertranslations in covariant phase space in Beig-Schmidt coordinates

Why:

• easier to map spatial infinity to null infinities
useful for the gravitational S-matrix

• no need to impose parity conditions
usually imposed for obtaning finitness and/or for connecting to smooth null infinity

• independent derivation of FHT results

We will obtain an enlarged symmetry algebra

log BMS: iso(1, 3) +
[
h(ωsuper

odd , Hsuper
even ) ⊕ h(ωsuper

even , Hsuper
odd ) ⊕ h(ωsing, Hreg)

]
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Set-up: Beig–Schmidt coordinates chart

• without imposing parity conditions
• with a generic polyhomogeneous radial expansion, starting at first order

Criteria and method:

• Finitness obtained using the regularization scheme of [McNees-Zwikel ’23, ’24]

• Conserved charges obtained by imposing new boundary conditions
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Beig-Schmidt polyhomogenous expansion

ds2 = σ2 dρ2 + ρ2habdxadxb + o
(
ρ−1

)
dρdxa

Expansion

σ = 1 + 1
ρ

(σ̄ + log ρ σ̃) + o
(
ρ−1)

,

hab = h0
ab + 1

ρ

(
h̄ab + log ρ h̃ab

)
+ o

(
ρ−1)

,

τ̄ab = h̄ab − h̃ab − hab(h̄ − h̃ + 4σ̄) ,

τ̃ab = h̃ab − habh̃ ,

τ̄ = −2(h̄ − h̃ + 6σ̄) ,

τ̃ = −2h̃ .

Kerr-Taub-NUT: σ̄ = GM cosh 2τ sech τ , τ̄ab = −2GNk(0)ab
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Boundary conditions for conserved charges (for σ̃ = 0)

New boundary conditions:

h0
ab = hab , τ̃ = 0 = τ̄ , τ̃⟨ab⟩ = 2D⟨aDb⟩β̃ , (D2 + 3)β̃ = 0

Consequences: electric Eab and magnetic part of the Weyl tensor Bab

Eab = 1
ρ

Ēab + log ρ

ρ
0 + o

(
ρ−1

)
Bab = 1

ρ
B̄ab + log ρ

ρ
0 + o

(
ρ−1

)

Ēab ≈ −D⟨aDb⟩σ̄ + 1
2 τ̃⟨ab⟩, B̄ab ≈ −1

2∇ × τ̄ab
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Residual symmetries

ξρ = ω(xc) + log ρ H(xc) + o
(
ρ0

)
ξa = Ya(xc) + o

(
ρ0

)

• Ya are diffeomorphisms of h0
ab

• ω are supertranslations of both parities and translations
• H are log-supertranslations of both parities and translations

Algebra
X(hyperboloid)Ya + [(R)ω ⊕ (R)H ]

[ξ1, ξ2] = ξ12 with ξi = ξ(ωi,Hi,Yi),

ω12 = Ya
1 ∂aω2 − Ya

2 ∂aω1 , H12 = Ya
1 ∂aH2 − Ya

2 ∂aH1 , Ya
12 = Yb

1∂bYa
2 − Yb

2∂bYa
1
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Field transformations:

δξσ̄ = £Y σ̄ + H , δξσ̃ = £Y σ̃

δξ τ̄⟨ab⟩ = £Y τ̄⟨ab⟩ + 2D⟨aDb⟩ω , δξ τ̄ = £Y τ̄ − 4(D2 + 3)ω
δξ τ̃⟨ab⟩ = £Y τ̃⟨ab⟩ + 2D⟨aDb⟩H , δξ τ̃ = £Y τ̃ − 4(D2 + 3)H,

Boundary conditions:

h0
ab = hab , τ̃ = 0 = τ̄ , τ̃⟨ab⟩ = 2D⟨aDb⟩β̃

Consequences:

• Ya are diffeomorphisms of the 6 Killing vectors of hab, ie DaYb + DbYa = 0
• (D2 + 3)H = 0 = (D2 + 3)ω
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Solutions to (D2 + 3)f = 0 on the hyperboloid

• Odd Regular functions are given in terms of ℓ = 0, 1 harmonics satisfying (DaDb + hab)f = 0.

ζodd
0 = − sinh(τ) Y0,0(xA) , ζodd

1m = cosh(τ)Y1,m(xA) , m = −1, 0, 1,

• Even Singular functions are given in terms of ℓ = 0, 1 harmonics, but do not satisfy
(DaDb + hab)f = 0

ζeven
0 = cosh(2τ)

cosh(τ) Y0,0(xA) , ζeven
1m =

(
2 sinh(τ) + tanh(τ)

cosh(τ)

)
Y1,m(xA) , m = −1, 0, 1

and they are parity-time even. We denote them as fsing

• Odd/even Super functions correspond to higher harmonics (ℓ ≥ 2)

Example: ordinary translations are ωreg.
Note: Hsing is disallowed, by setting β̃sing = 0, for preventing reaching negative mass solution.
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Intermediate summary

• Subleading solution space:

σ̄ , τ̄⟨ab⟩ = ℘̄⟨ab⟩ + D⟨aDb⟩β̄ , τ̃⟨ab⟩ = D⟨aDb⟩β̃, β̃sing = 0

where f = (σ̄ , β̄ , β̃) are solutions of (D2 + 3)f = 0.
• Subsubleading solution space ∋ Tab, carrying information about angular momentum
• Boundary conditions

h0
ab = hab , τ̃ = 0 = τ̄ , ℘̃⟨ab⟩ = 0

• Residual symmetries ξ(Ya, ωreg, ωsing, ωsuper, Hreg, Hsuper)

ξ = ω∂ρ + H log ρ ∂ρ + Ya∂aM (D2 + 3)ω = 0 = (D2 + 3)H
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Symplectic current

Renormalization scheme [McNees-Zwikel ’23, ’24]: Prescription of corner ambiguities that
guarantee finite symplectic current and charges.

Θρ =
√

−h0
2κ2

(
T abδh0

ab + σ̄δτ̄ + β̄δτ̃ + 1
2 ℘̄⟨ab⟩δ℘̃⟨ab⟩

)
As announced, enforcing the boundary conditions yields Θρ = 0 hence conserved charges.

Céline Zwikel New symmetries at spatial infinity June ’26 22/27



Charges

[Iyer-Wald ’94]: δξΘρ = ∂akρa
ξ + eom, δQξ =

∮
S2 kξ

Qξ = 2
κ2

∮
S2

cosh2 τ sa

[
ωDaσ̄ − σ̄Daω + HDaβ̄ − β̄DaH + 1

2T abYb

]
sa timelike normal

• Conserved
• Kerr black holes, Q time translation ∼ mass , Qrotation ∼ angular momentum

• β̄ corresponds to the supertranslation Goldstone at null infinity [Compere-Gralla-Wei ’23]
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Asymptotic symmetry algebra

Representation theorem:

{Qξ1 , Qξ2} = δξ2Qξ1 = Q[ξ1,ξ2]⋆ + K(ξ1,ξ2) .

K(ξ1,ξ2) = 2
κ2

∮
S2

cosh2 τ sa[ω1DaH2 − H2Daω1 + H1Daω2 − ω2DaH1]

log BMS: iso(1, 3)(Ya,ωreg) +
[
h(ωsuper

odd , Hsuper
even ) ⊕ h(ωsuper

even , Hsuper
odd ) ⊕ h(ωsing, Hreg)

]

Time translation commutes with (Hreg, Hsuper, ωsing, ωsuper), so the vacuum is
degenerate along these directions in the phase space.
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Recovering former results

• [Compère-Dehouck ’11] τ̃ab = 0, no log-supertranslations.
Beig-Schmidt gauge, different renormalization techniques, same charges

• Restriction on parity to glue to smooth null infinity [Compère-Gralla-Wei ’23]:
• β̄ odd and σ̄ even for harmonics ℓ ≥ 2.

Asymptotic symmetries: ξ = ξ(ωreg, ωodd
super, Heven

super)

FHT - log BMS: iso(1, 3) + h(ωsuper
odd , Hsuper

even )

Caution: The match with FHT at the level of boundary conditions/metric is hard as
they use a different coordinates system. We match the algebra structure.

• τ̃ab = 0, we recover BMS
BMS(Ya,ωreg,ωsuper

odd )
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Results

• New finite and conserved charges associated to log-supertranslations in the covariant
space formalism without imposing parity conditions

• New asymptotic symmetry algebra at spatial infinity

iso(1, 3) +
[
h(ωsuper

odd , Hsuper
even ) ⊕ h(ωsuper

even , Hsuper
odd ) ⊕ h(ωsing, Hreg)

]

• Redefinition of the Lorentz generators such that Poincaré is an ideal (similar
construction as in [FHT ’22, Fuentealba-Henneaux ’23]). “BMS frame independent”
definition of angular momentum

iso(1, 3)⊕
[
h(ωsuper

odd , Hsuper
even ) ⊕ h(ωsuper

even , Hsuper
odd ) ⊕ h(ωsing, Hreg)

]
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Future prospects:

• Log BMS as symmetries of null infinity? [WIP]

• We kept both parities. What is the other sector?
• Holographic interpretation of these new charges?
• ...

Merci!

Céline Zwikel New symmetries at spatial infinity June ’26 27/27



Future prospects:

• Log BMS as symmetries of null infinity? [WIP]

• We kept both parities. What is the other sector?
• Holographic interpretation of these new charges?
• ...

Merci!

Céline Zwikel New symmetries at spatial infinity June ’26 27/27



In modes, F = 1
2 cosh(τ)

∑
F O

ℓ,m f(τ)O
ℓ Yℓ,m + F E

ℓ,mf(τ)E
ℓ Yℓ,m

Qω = 1
4πG

∑
ℓm

(σ̂E
ℓmω̂O

ℓ,−m − σ̂O
ℓmω̂E

ℓ,−m)Cℓ

QH = 1
4πG

∑
ℓ≥2,m

(β̂E
ℓmĤO

ℓ,−m − β̂O
ℓmĤE

ℓ,−m)Cℓ + 1
4πG

∑
ℓ=0,1,m

(β̂E
ℓmĤO

ℓ,−m)Cℓ

Cℓ are numbers.

K(ξ1,ξ2) = 2
κ2

∑
ℓ≥2,m

((ω̂1)E
ℓ,m(Ĥ2)O

ℓ,−m − (ω̂1)O
ℓ,m(Ĥ2)E

ℓ,−m)Cℓ + 2
κ2

∑
ℓ=0,1,m

(ω̂1)E
ℓ,m(Ĥ2)O

ℓ,−mCℓ − (1 ↔ 2) ,
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