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Ten years ago LIGO detected the first-ever detection of gravitational waves signal
from black hole merger GW150914.

In the mean time amplitude based methods for computing the wave-forms have been
developed.
This approach started before the first detection [Bjerrum-Bohr, Donoghue, Vanhove; Porto;

Goldberger-Roshtein] and is a now a very power approach with the recent tour de force
computation of the 5PM 1SF computation by the [Plefka et al.]
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In this talk, I will review how to extract classical general relativity from quantum
S-matrix

Black-holes: This will be used to derive exact black-hole metric in various
dimensions

Classical scattering: Self-force expansion for small mass ratio ν = m
M

≪ 1 for
all orders in GN .

Quantum scattering: applies to any EFT of gravity in various dimensions

[Damour; Veneziano et al.; Porto et al.; Bern et al.; Goldberger, Rothstein; Damgaard, Bjerrum-Bohr, Vanhove, ...]
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Post-Minkowskian Hamiltonian

A relativistic Hamiltonian for the two-body dynamics in the center-of-mass frame:

ĤPM(γ, r) =
√
p̂2 +m2

1 +
√
p̂2 +m2

2 + V̂PM(γ, r)

with a relativistic potential organized in a series of Newton’s constant GN :

VPM(γ, r) =
∑
L≥0

GL+1
N m2

1m
2
2

rL+1

∑
r1+r2=L

vr1,r2(γ)m
r1
1 m

r2
2

which is the general relativity correction to Newton’s potential for L = 0:

V1(γ, r) = − GN

E1E2

m2
1m

2
2

r
(2γ2 − 1), γ =

p1 · p2
m1m2

=
1√

1− v⃗2

c2

≥ 1.
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From Amplitudes to Post-Minkowskian Potential
In an operatorial form

ĤPM(γ, r) =
√
p̂2 +m2

1 +
√
p̂2 +m2

2 + V̂PM,

T̂ = V̂PM + V̂PM × (Ep − ĤPM + iϵ)−1 × T̂ .

The Lippmann-Schwinger equations relate the matrix elements of the transition
operator T̂ with the ones of potential V̂:

⟨p|T̂ |p′⟩ = ⟨p|V̂PM|p′⟩+
∫

d3ℓ

(2π)3
⟨p|V̂PM|ℓ⟩⟨ℓ|T̂ |p′⟩
Ep − Eℓ + iϵ

.

Expanding V̂PM in perturbation in GN , we can evaluate the potential as an series in
the matrix elements of T

⟨p|V̂PM|p′⟩ = ⟨p|T̂ |p′⟩ −
∫

d3ℓ

(2π)3
⟨p|T̂ |ℓ⟩⟨ℓ|T̂ |p′⟩
Ep − Eℓ + iϵ

+ . . .

When doing a scattering process, the scattering amplitude is:

i

ℏ
⟨p|T̂ |p′⟩ = M(p, p′).

We then have a fully relativistic potential order by order in perturbation
in GN .
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Gravity Effective Field Theories

We want to develop a formalism that allows precise classical post-Minkowskian
results and is suited for effective field theory extensions of Einstein gravity.

Standard QFT (local, unitary, Lorentz invariant, ...)

The low-energy DOF: graviton, usual matter fields

Standard symmetries: General relativity as we know it

Seff = Sgravity
eff + Smatter

eff (ψi, gµν)

Sgravity
eff =

1

16πGN

∫
d4x

√
gR+ · · ·

This setup is important to treat both black holes and neutron stars

Higher derivative terms enter the evaluation of tidal response (e.g. Love
numbers) and will be important when LISA will be in service

Some couplings to higher derivative terms like R2 or RµνFρσ terms can be
bounded from observations the shadow of the black-hole
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Perturbative GravityClassical physics from quantum loops
p1, m1, S1

p2, m2, S2

p01, m1, S1

p02, m2, S2

~q

Considering quantized massive fields interacting
gravitationally by exchanging massless gravitons and
remembering that the QFT propagator has inverse ~ that the
traditional counting disregards

[Itzykson & Zuber “Quantum Field Theory”, §6-2-1 page 288]

We consider the pure gravitational interaction between massive and massless matter
of various spins:

gµν = ηµν +
√
GNhµν

S =

∫
d4x

√
−g

(
− R
16πGN

+
1

2

2∑
a=1

(
gµν∂µϕa∂νϕa −m2

aϕ
2
a

))
Evaluating the quantum scattering S-matrix scaling q = p′1 − p1 = ℏq:

MGR(p1 · p2, q, ℏ) =
∑
L≥0

GL+1
N ML(p1 · p2, q, ℏ)

We take the ℏ → 0 limit.
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Classical Physics from Loops: ℏ Counting (All PM)

The classical limit ℏ → 0 fixed q ≪ m1,m2 of the amplitude [Bjerrum-Bohr, Damgaard, Vanhove,

Planté]:

ML(γ, q
2, ℏ) =

M(L+1)
L (γ)

ℏL+1|q|2+
L(4−D)

2

+ · · ·+ M(−1)
L (γ)

ℏ|q|2−L+
L(4−D)

2

+O(ℏ0)

A classical contribution of order 1/ℏ from all loop orders.

The dimensional regularization scheme gives control of the IR divergences from
radiation [Di Vecchia, Heissenberg, Russo, Veneziano; Parra-Martinez et al.; Bjerrum-Bohr et al.].

The computation is explicitly relativistic invariant.
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Classical Physics from Loops: ℏ Counting
The connection between quantum scattering and classical gravitational physics has
forced a rethinking of the S-matrix for dealing with the ℏ expansion [Damgaard, Planté,

Vanhove]:

Ŝ = I+ i

ℏ
T̂ =: exp

(
iN̂

ℏ

)
Doing the Dyson expansion with the conservative and radiation part:

T̂ = GN

∑
L≥0

GL
N T̂L +G

1
2
N

∑
L≥0

GL
N T̂

rad
L , N̂ = GN

∑
L≥0

GL
N N̂L +G

1
2
N

∑
L≥0

GL
N N̂

rad
L

Solving the relation between the operator N̂ and T̂ :

N̂0 = T̂0, N̂ rad
0 = T̂ rad

0 ,

N̂1 = T̂1 −
i

2ℏ
T̂ 2
0 , N̂ rad

1 = T̂ rad
1 − i

2ℏ

(
T̂0T̂

rad
0 + T̂ rad

0 T̂0

)
,

N̂2 = T̂2 −
i

2ℏ
(T̂ rad

0 )2 − i

2ℏ
(T̂0T̂1 + T̂1T̂0)−

1

3ℏ2
T̂ 3
0 .

Unitarity of the S-matrix SS† = I implies that N̂ = N̂† is Hermitian.
Pierre Vanhove (IPhT) gravity observables 5/6/2026 9 / 26



Exponential Formalism: One-Loop

⟨p1, p2|N̂1|p′1, p′2⟩ = ⟨p1, p2|T̂1|p′1, p′2⟩ −
i

2ℏ
⟨p1, p2|T̂0IT̂0|p′1, p′2⟩

Exponential formalism : One-loop
hp1,p2|N̂1|p01,p02i = hp1,p2|T̂1|p01,p02i �

i
2~
hp1,p2|T̂0IT̂0|p01,p02i
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k2

I =
1X

n=0

1
n!

Z
dDk1

(2⇡~)D�1 �
+(k2

1 �m2
1)

dDk2

(2⇡~)D�1 �
+(k2

2 �m2
2)

⇥ dD�1`1

(2⇡~)D�1
1

2E`1

· · · dD�1`n
(2⇡~)D�1

1
2E`n

⇥ |k1, k2;`1, . . . , `nih`1, . . . , `n;k1, k2|

At one-loop the textbook amplitude has the small ~ expansion

i
~
hp1,p2|T̂1|p01,p02i = M1(�,q2,~) =

M(2)
L (�)

~2|q|2+ 4�D
2

+
M(�1)

L (�)

~|q|2�L+ 4�D
2

+O(~0)

The 1/~2 piece is automattically subtracted

hp1,p2|N̂1|p01,p02i =
M(�1)

L (�)

|q|2�L+ 4�D
2

+O(~)
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Completness relation

I =
∞∑

n=0

1

n!

∫
dDk1

(2πℏ)D−1
δ
+
(k

2
1 − m

2
1)

dDk2

(2πℏ)D−1
δ
+
(k

2
2 − m

2
2)

× dD−1ℓ1

(2πℏ)D−1

1

2Eℓ1

. . .
dD−1ℓn

(2πℏ)D−1

1

2Eℓn

× |k1, k2; ℓ1, . . . , ℓn⟩⟨ℓ1, . . . , ℓn; k1, k2|

At one-loop, the textbook amplitude has the small ℏ expansion:

⟨p1, p2|T̂1|p′1, p′2⟩ =
ℏ
i
M1(γ, q

2, ℏ) = −i M(2)
L (γ)

ℏ|q|2+
4−D

2

− i
M(−1)

L (γ)

|q|2−L+ 4−D
2

+O(ℏ)

The 1/ℏ piece is automatically subtracted:

⟨p1, p2|N̂1|p′1, p′2⟩ =
M(−1)

L (γ)

|q|2−L+ 4−D
2

+O(ℏ)
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Classical Observables
The change in an observable Ô is given by the [Kosower, Maybee, O’Connell] expression:

⟨∆Ô⟩ := ⟨out|Ô|out⟩ − ⟨in|Ô|in⟩

with

⟨∆Ô⟩(p1, p2, r) =
∫

dD(ℏq)
(2π)D−2

δ(2ℏp1 · q − ℏ2q2)δ(2ℏp2 · q + ℏ2q2)eir·q⟨p′1, p′2|Ô|p1, p2⟩

Which is naturally expanded using the N̂ -operator:

⟨∆Ô⟩ = ⟨in|Ŝ†ÔŜ − Ô|in⟩ =
∑
n≥1

(−i)n

ℏnn!
⟨in| [N̂ , [N̂ , . . . , [N̂ , Ô], . . . , ]]︸ ︷︷ ︸

n times

|in⟩

Because the v.e.v is expressed in terms of nested commutators involving the N̂
operator, we have that the ℏ → 0 limit gives directly the classical answer [Damgaard, Planté,

Vanhove]:
⟨∆Ô⟩ = ∆Oclassical(p1, p2, r) +O(ℏ)

With the exponential representation, all superclassical pieces cancel automatically.
Notice that the same formalism allows to computation of quantum corrections to GR
observables and applies to any EFT of GR (including higher derivative corrections,
. . . )
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The Radial Action

Applying the previous formalism to the momentum kick Ôµ = P̂µ
1 gives in the

conservative sector [Bjerrum-Bohr, Damgaard, Planté, Vanhove]:

∆P̃µ
1 (γ, r)

∣∣∣
cons

= −p∞r
µ

|r| sin

(
−∂Ñ(γ, J)

∂J

)
+ p2∞L

µ

(
cos

(
−∂Ñ(γ, J)

∂J

)
− 1

)
With the angular momentum:

Lµ :=
(m1γ +m2)m2p

µ
1 −m1(m1 +m2γ)p

µ
2

(m1m2)2(γ2 − 1)
, p2∞L

2 = 1

We then see that in the conservative sector, Ñ(γ, J) is the radial action used by
[Landau, Lifshitz; Damour] for computing the scattering angle in classical GR:

χ(γ, J) = −∂Ñ(γ, J)

∂J
=

∞∑
L=0

(
GNm1m2

J

)L+1

χ(L+1)
cons (γ)
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Classical Physics from Loops
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ABSTRACT 
This paper attempts a definitive treatment of “classical gravitational bremsstrahlung”—i.e., of 

the gravitational waves produced when two stars of arbitrary relative mass fly past each other 
with arbitrary relative velocity v, but with large enough impact parameter that 

(angle of gravitational deflection of stars’ orbits) « (1 — v2/c2)112 . 
Subject headings: gravitation — relativity 

I. INTRODUCTION 
The gravitational interaction of two stars flying past each other not only deflects their trajectories ; it also produces 

gravitational waves. Those waves are the analog of the electromagnetic bremsstrahlung produced when an electron 
flies past an ion. For this reason they are called “gravitational bremsstrahlung.” 

Formulae for gravitational bremsstrahlung have been derived by many researchers in a variety of different 
contexts, using a variety of different methods and a variety of different approximations. Unfortunately, most 
previous analyses have focused on the power radiated and its spectrum in the frequency domain, and have ignored 
the waveforms in the time domain. Perhaps this was because previous analyses were patterned after the electro- 
magnetic problem : In the electromagnetic case the sources of the radiation are electrons and ions ; the experimenter 
usually deals with superposed radiation from large numbers of bremsstrahlung encounters occurring simul- 
taneously. Consequently, the experimenter builds detectors that are sensitive to the spectrum but not to the 
temporal waveform of a single encounter, and the theorist computes spectra, not waveforms. 

In the gravitational case there is no hope to observe bremsstrahlung from electron-ion encounters. One must deal 
instead with very massive sources : stars and black holes ; and the strongest waves are likely to come from individual 
near encounters rather than from a superposition of many more-distant encounters. For radiation from individual 
encounters the temporal waveform is of primary importance. Broad-band detectors will measure the waveform 
directly, rather than measuring the spectrum ; and from those measurements one can hope to deduce details of 
the dynamics of the source. Moreover, from the waveform one can always compute the spectrum; but one cannot 
go in the other direction. The spectrum lacks phase information. 

In 1973, when we initiated our work on this topic, there were no previous studies of the waveforms for gravita- 
tional bremsstrahlung—though there were several studies of the energy radiated, its spectrum, and its directionality. 
In recent months, however, waveform studies have been completed in the low-velocity regime v < 0.5c (Wagoner 
and Will 1976; Turner 1977 ; Turner and Will 1978), and in the ultrahigh-velocity regime (1 — v2lc2)112 « 1 (Curtis 
1977; D’Eath 1977). Our analysis covers both of these extreme regimes and also the intermediate regime which 
links them. (It is likely that bremsstrahlung encounters between astrophysical bodies in the real universe always or 
almost always have v < 0.5c.) 

Our derivation of the waveforms has already been published (Kovács and Thorne 1977, “Paper III”). It used 
a “postlinear wave-generation formalism” constructed by Thorne and Kovács (1975; “Paper I”) and augmented 
by Crowley and Thorne (1977; “Paper 11”). This paper is confined to a discussion of the Paper III waveforms, 
their limiting structure at high velocities and low velocities, and their spectra. When we encounter results that have 
been derived by other researchers, we shall acknowledge their work; but we shall delay until § VI our detailed 
discussion of previous work. 

* Supported in part by the National Science Foundation [AST 76-80801, AST 75-21153] and by the National Aeronautics and 
Space Administration [NGR 05-002-256]. 

t Revised version of one chapter of Sándor J. Kovács’s 1977 May Ph.D. thesis. 
t Papers V and VI in this series will be published in Reviews of Modern Physics. 
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by Crowley and Thorne (1977; “Paper 11”). This paper is confined to a discussion of the Paper III waveforms, 
their limiting structure at high velocities and low velocities, and their spectra. When we encounter results that have 
been derived by other researchers, we shall acknowledge their work; but we shall delay until § VI our detailed 
discussion of previous work. 

* Supported in part by the National Science Foundation [AST 76-80801, AST 75-21153] and by the National Aeronautics and 
Space Administration [NGR 05-002-256]. 

t Revised version of one chapter of Sándor J. Kovács’s 1977 May Ph.D. thesis. 
t Papers V and VI in this series will be published in Reviews of Modern Physics. 
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radiated into the intermediate region is logarithmically larger than that radiated forward, and that therefore (cf. 
their eq. [7.14]) 

AE = %K(4mAmB)2(y3lb3) In (4y2) , (6.4) 

where Kis a constant of order unity. This result becomes correct if one deletes the logarithmic term (see eq. [5.10]). 
Despite its shortcomings, the method of virtual quanta is a beautiful technique. It explains simply, elegantly, and 

correctly (except for an angle-dependent constant of order 47t) the high-frequency part of the spectrum in the forward 
and intermediate regions. 

f) The Zero-Frequency Limit 
Complementary to the method of virtual quanta (MVQ) is Smarr’s (1977) “zero-frequency limit” (ZFL). 

Whereas MVQ gives a good approximation to the high-frequency end of the spectrum, ZFL works well at low 
frequencies. By a judicious coordination of the two, one can deduce the gross structure of the high-velocity spectra, 
at all frequencies, for observers in the forward and intermediate regions (see Figs, la, b). One’s failure to learn the 
waveforms or the fine details of the spectra is compensated by the beautiful simplicity of the MVQ + ZFL 
approach. 

Smarr’s ZFL approach is based on the fact that the zero-frequency limit of the Fourier transform of dth]£ is 

[h]L]o,=o = Um 

= (2tt)~ll2[hjx(t = +00) - hj?(t = -oo)], (6.5) 

together with the fact that the initial and final values of hj? are simply the spatial, transverse, traceless parts of the 
initial and final “Coulomb” gravitational fields of the source 

hrv (f = +00) = r4”WAfc 4»WbJtt 
jk K L k'UA k'UB Jt=±oo (6.6) 

(eq. [III.2.18] and notation of Paper III), together with the standard formula (eq. [III.2.28]) for the change in 
stellar 4-velocities produced by the encounter, and together with the standard formula for the spectrum 

(6T> 

These ZFL formulae give correctly the zero-frequency limit of the spectrum for encounters with arbitrary velocities, 
and for observers at arbitrary locations. 

If one knows, in addition to the zero-frequency limit of the spectrum, also the frequency at which it turns over, 
then one can deduce to within factors of order unity dEId£l and Ais. For the bremsstrahlung problem, however, it 
has not proved easy to guess the turnover frequency. Smarr (1977) guessed it correctly in the forward region 
(^turn = y lb); but he incorrectly guessed that a^urn is also y/b in the intermediate region—and as a result he 
concluded that the total energy radiated is logarithmically (In 4y2) larger in the intermediate region than in the 
forward region, and that AE oc y3 In (4y2) rather than AE cc y3. 

A judicious comparison of the ZFL and the MVQ would have led to the correct turnover frequency (cf. Figs. 7), 
and to the correct result, AE cc y3, for the total energy radiated. 

g) The Feynman-Diagram Approach 
Any classical problem can be solved quantum-mechanically ; and sometimes the quantum solution is easier than 

the classical. There is an extensive literature on the Feynman-diagram, quantum-mechanical treatment of gravita- 
tional bremsstrahlung radiation (e.g., Feynman 1961, 1963; Barker, Gupta, and Kaskas 1969; Barker and Gupta 
1974). Unfortunately, the regime of validity of these quantum calculations does not overlap the classical regime. 
They are based on an expansion in powers of 

K = GmAmBlhc # mAmB/(10“5 g)2 , (6.8) 

and therefore they require /c « 1. Although k « 1 is satisfied by many orders of magnitude when the scatterers 
are elementary particles, it is violated by even more orders of magnitude when the scatterers are stars. 

An elementary gedanken experiment described by Niels Bohr (1948) makes clear the physical meaning of the 
condition /c « 1 : (In Bohr’s discussion one must set Ze2 = GmAmB and v ä c.) When k» 1, it is possible to con- 
struct quantum-mechanical wave packets describing particles A and B such that there is negligible spreading of 
the packets in a bremsstrahlung encounter with v x c. When k « 1, there is significant spreading of the wave 
packets during the encounter; and the bremsstrahlung radiation will be affected significantly by that spreading. 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 

We have realized what Kovacs and Thorne suggested by using quantum methods for
extracting the classical contribution:

ML(γ, q
2, ℏ) =

M(L+1)
L (γ)

ℏL+1|q|2+
L(4−D)

2

+ · · ·+ M(−1)
L (γ)

ℏ|q|2−L+
L(4−D)

2

+O(ℏ0)

How to efficiently extract the classical contribution for GR computations?

Pierre Vanhove (IPhT) gravity observables 5/6/2026 13 / 26



Classical solution from quantum field

PHYSICAL RE VIEW D VOLUME 7, NUMBER 8 15 APRIL 1973

Quantum Tree Graphs and the Schwarzschild Solution
M. Z. Duff*

Physics Department, Imperial College, London SR'7, England
(Received 7 July 1972)

It is verified explicitly to second order in Newton's constant, G, that the quantum-tree-graph
contribution to the vacuum expectation value of the gravitational field produced by a spherical-
ly symmetric c-number source correctly reproduces the classical Schwarzschild solution. If
the source is taken to be that of a point mass, then even the tree diagrams are divergent, and
it is necessary to use a source of finite extension which, for convenience, is taken to be a per-
fect fluid sphere with uniform density. In this way both the interior and exterior solutions may
be generated. A mass renormalization takes place; the total mass of the source, m, being
related to its bare mass, mo, and invariant radius, e„, by the Newtonian-like formula, m
=ma-3Gmz /5e„+O(G ), and the infinities in the quantum theory are seen to be a manifesta-
tion of the divergent self-energy problem encountered in classical mechanics.

I. INTRODUCTION

In an attempt to find quantum corrections to
solutions of Einstein's equations, the question
naturally arises as to whether the @-0 limit of
the quantum theory correctly reproduces the class-
ical results. Formally, at least, the correspon-
dence between the tree-graph approximation to
quantum field theory and the classical solution of
the field equations is well known, ' i.e., the
classical field produced by an external source
serves as the generating functional for the con-
nected Green's functions in the tree approxima-
tion, the closed-loop contributions vanishing in
the limit I-0. The purpose of this paper is to
present an explicit calculation of the vacuum ex-
pectation value (VEV) of the gravitational field in
the presence of a spherically symmetric source
and verify, to second order in perturbation theory,
that the result is in agreement with the classical
Schmarzschild solution of the Einstein equations.
This would appear to be the first step towards
tackling the much more ambitious program of in-
cluding the radiative quantum corrections.
Whereas in quantum electrodynamics it is a

comparatively simple matter to obtain the Coulomb
potential by means of the single-photon exchange
from a stationary point charge, the analogous
situation in gravidynamics, where the gauge group
is non-Abelian, proves much more difficult. First-
ly, as has been shown by Arnomitt, Deser, and
Misner (henceforth referred to as ADM) the
concept of a strictly pointlike source in generaL
relativity is untenable. There is a minimum in-
variant extension for a particle below which no
solutions of the field equations exist, the space-
time developing an intrinsic singularity at a fi-
nite point in the exterior domain of the particle for

radii less than this minimum. Moreover, the to-
tal mass of the source mould then become negative
and eventually negatively infinite as the point-
mass limit is taken. As we shall see, these dif-
ficulties manifest themselves in the quantum theory
in the guise of divergent tree diagrams when a
point source is used. As a model for the source,
therefore, it is essential to choose a particle of
finite extension.
In their work, ADM pick the simplest model for

such an extended particle, a spherical "shell dis-
tribution" of pressure-free dust for which the
mass density is merely proportional to 5(r —e),
where r denotes the radial coordinate and & the
radius of the shell. From the quantum point of
view, however, another dilemma arises. The
quantum-field-theory calculations are most con-
veniently performed in a manifestly Lorentz-co-
variant gauge by employing, for example, the
harmonic coordinate condition of de Donder, '
[(-g)'~'g""] „=0. Whereas in the canonical
approach ADM are able to carry out their anal-
ysis in a frame for which the metric is continuous
across the shell, in harmonic coordinates the
usual regularity conditions are violated and the
metric is itself discontinuous. This problem has
been discussed in a previous paper. ' One is then
faced with a choice, whether to use the attractive-
ly simple 5-function source and put up with the
attendant problems of discontinuity, or to abandon
the shell in favor of a uniform sphere thus gaining
continuity at the expense of simplicity. In this
paper we shall use the latter.
Finally, there is the question of stability. A

cloud of pressure-free dust for which the inter-
actions are purely gravitational is not a static
configuration. This is clear on physical grounds.
In the absence of phenomenological nongravitational
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the quantum theory correctly reproduces the class-
ical results. Formally, at least, the correspon-
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serves as the generating functional for the con-
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present an explicit calculation of the vacuum ex-
pectation value (VEV) of the gravitational field in
the presence of a spherically symmetric source
and verify, to second order in perturbation theory,
that the result is in agreement with the classical
Schmarzschild solution of the Einstein equations.
This would appear to be the first step towards
tackling the much more ambitious program of in-
cluding the radiative quantum corrections.
Whereas in quantum electrodynamics it is a

In 1973 Duff asked the question
about the classical limit of
quantum gravity. He showed how
to reproduce the Schwarzschild
back hole metric from quantum
tree graphs to G3

N order

Since then the relation between
quantum and classical gravity in
amplitude have been rethought
with new insights [Donoghue, Holstein],
[Bjerrum-Bohr, Damgaard, Festuccia, Planté, Vanhove],
[Kosower, Maybee, O’Connell] , [Mougiakakos,

Vanhove], [Damgaard et al.]
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The Cubic Action

We consider a binary system of a heavy body of mass M and a light body of mass m
interacting gravitationally:

S = SEH + Sl + SH

with the gothic inverse metric of the Landau-Lifshitz formulation:

gab =
√
−ggab = ηab −

√
32πGNh

ab

and the cubic formulation introduced by [Cheung, Remmen]:

16πGNSEH = −
∫
dDx

((
Aa

bcA
b
ad − 1

D − 1
Aa

acA
b
bd

)
gcd +Aa

bc∂ag
bc

)
and the worldline actions for the light and heavy body:

Sl = −m
2

∫
dτl

(
gµνvµvν

(
√
−g)

2
D−2

+ 1

)
,

SH = −M
2

∫
dτH

(
gµνvHµvHν

(
√
−g)

2
D−2

+ 1

)
.

Notice that the auxiliary field A does not couple to the matter field.
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Deriving Exact Black-Hole Metric

The off-shell currents for graviton emission from the heavy source M :

√
32πGNh

(n)
µν (x) =

∫
dD−1x eik·xJ(n)

µν (k)

J(n)
µν (k) = ρ(|k|, D, n)

(
χ
(n)
1 δ0µδ

0
ν + χ

(n)
2

(
ηµν − kµkν

k2

))
which leads to the parametrization of the waveform:

h(n)
µν (x) = ρ(r,D)n

[(
χ
(n)
1 − χ

(n)
2

)
δ0µδ

0
ν + χ

(n)
2

1− (n− 1)(D − 3)

2− (n− 1)(D − 3)
δij

+χ
(n)
2

n(D − 3)

2− (n− 1)(D − 3)
nµnν

]
with a similar parametrization for the auxiliary field Aa

bc.
The order parameter in direct space:∫

dD−1k

(2π)D−1
eik·rρ(|k|, D, n) = ρ(r,D)n, ρ(r,D) =

Γ
(
D−3
2

)
π

D−3
2

GNm

rD−3
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Deriving Exact Black-Hole Metric (cont.)

We compute the emission of the graviton (and the auxiliary field) and identify the
form factors.

At tree-level, i.e., order GN :

J(1)
µν = = ρ(|k|, D, 1)4δ0µδ0ν =⇒ χ(1)(D) = (4, 0, 0, 0, 0, 0, 0, 0)

At one-loop, i.e., order G2
N :

J
(2)
µν =

=

∫
dD−1q

(2π)D−1

8π2
(
GNmχ

(1)
1

)2

(q)2(q − k)2
×
((

1 − (D − 3)

4(D − 2)2

)
δ
0
µδ

0
ν +

(D − 3)2

4(D − 2)2

(
ηµν − kµkν

|k|2
))

= ρ(|k|, D, 2)

(
χ
(1)
1

)2

2

((
1 − (D − 3)

4(D − 2)2

)
δ
0
µδ

0
ν +

(D − 3)2

4(D − 2)2

(
ηµν − kµkν

|k|2
))
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Self-Force Expansion: Exact Metric

At higher orders, the off-shell current is given by sums of cubic graphs only,
presenting a recursive nature:

J(n) =

n−1∑
m=1


J(m) J(n−m)

−

J(m) Y (n−m)

−

Y (m) Y (n−m)


allowing the sum over all loop orders and leading to a non-perturbative
resummation given by the exact Schwarzschild metric in D dimensions:

χ
(n)
k (D) =

8∑
i,j=1

n−1∑
m=1

χ
(m)
i (D)χ

(n−m)
j (D)M ij

k (D)
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Black Hole Metric

All integrals are finite, and there is no need to use the non-minimal coupling
from the EFT approach to cancel divergences from finite size effects.

The result matches exactly the Schwarzschild metric in the “usual” coordinate
system because the computation is done in the harmonic gauge:

gµνΓλ
µν = 0 ⇐⇒ ∂µg

µν = 0

gµν =


− (1+ρ)4

1−ρ2
0 0 0

0 −1 + ρ2x2

R2
ρ2xy
R2

ρ2xy
R2

0 ρ2xy
R2 −1 + ρ2y2

R2
ρ2yz
R2

0 ρ2xy
R2

ρ2yz
R2 −1 + ρ2z2

R2


This gives an all-order in GN derivation of the Schwarzschild-Tangherlini metric
in general dimensions D by summing an infinite number of perturbative
contributions.
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Infinite resummation

The derivation of the black-hole Schwarzschild-Tanghelini metric is the result of an
infinite summation of perturbative computations
It is suprising that this can be achieved in particular in a theory of gravity.
A few points are worth stressing

The Schwarzschild metric is an exact result of general relativity. We have
claimed to reproduce GR from the classical limit, then one must have rederived
it

The sum of triangle graphs is a subsector of the full quantum gravity theory. We
do not expect to be able to resum perturbative quantum gravity.

In particular there is no known instantons contributions that would signal that
the perturbative series is asymptotic

The classical limit projects on solving the classical Einstein equation in a form
equivalent to the perturbiner method developped by [Damgaard et al.]
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Strong Field Regime: Self-Force Expansion

A principal objective of LISA is to investigate extreme mass ratio inspiral which
are out of reach for ground based detectors.
We reorganize the double summation according to the mass-ratio order:

N(γ, J) =
M3ν2

|q|3
∑
r≥0

νr
∑
L≥2r

(GNM |q|)L+1cLr (γ); ν =
m1m2

M2
; M = m1 +m2

The self-force expansion is an expansion in ν ∼ m/M ≪ 1 for m1 = m≪ m2 =M
but to all orders in GN .
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Self-Force Expansion: Effective Action

Integrating out the graviton and the auxiliary field, we have the effective action:

eiSeff[xl,xH ] =

∫
DhDAeiSEH [h,A]+iSGF [h]+iSl[xl,h]+iSH [xH ,h]

The self-force effective action has an expansion in powers m/M ≪ 1:

Seff = −M
2

∫
dτH ηµνvHµvHν +M

∞∑
n=0

∫
dτl
(m
M

)n+1

Ln[xl(τl), xH(τH)]

where the leading term is the worldline action for the heavy body.

We parametrize the trajectory of the light body as:

xµl (τl) ≡ xµ(τ) =
∞∑

n=0

(m
M

)n
δx(n)µ(τ), xµH(τH) = uµ

HτH +

∞∑
n=1

(m
M

)n
δx

(n)µ
H (τH)
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Self-Force Expansion: Geodesic (oSF)
Now that we have obtained a non trivial curved space geometry one can look at the
mouvement of a light particle in this background. Again everything is derived from
multiple summation, no input the classical geometry.
The geodesic equation for the light mass m is obtained by a double infinite
resummation.

L0[x
µ(τ), uµ

HτH ] = + + + + + · · ·

L0[x
µ(τ), uµ

HτH ] =
1

2
vµ(τ)vν(τ)

(
−ηµν +

∞∑
m=1

∞∑
n=1

I(L)
α1β1,...,αLβL

T µνα1β1,...,αLβL
(L)

)
At each loop order, the I(L)

α1β1,...,αLβL
tensors are given by infinite sums building the

Schwarzschild metric generated by the heavy body:

I(L)
α1β1,...,αLβL

=

∫
R3

d3k

(2π)3
e
ik·x(τ)

∫
R3L

L∏
i=1

d3qi

(2π)3
δ
(3)

(
L∑

i=1

qi − k

)

×
∞∑

n1=1

· · ·
∞∑

nL=1

ρ(|qi|, ni)

(
χ
(ni)
1 δ

0
αi

δ
0
βi

+ χ
(ni)
2

(
ηαiβi

−
qi,αi

qi,βi

q2
i

))
T µνα1β1,...,αLβL
(L) are projectors, and ρ(|ki|, ni) ∝ (GNM)n/k3−n.

Pierre Vanhove (IPhT) gravity observables 5/6/2026 23 / 26



Self-Force Expansion: Geodesic (oSF) (cont.)

Computing the triangle integral is not difficult. Resumming, we get:

L0[x
µ(τ), uµ

HτH ] = −1

2
vµ(τ)vν(τ)g

µν(x)

which matches the inverse gothic metric for Schwarzschild:

gµν(ρ) = − 1

(1 + ρ)2

(
δµ0 δ

ν
0

(
4ρ(1 + ρ)

(1− ρ)
− ρ2

)
− ηµν + ρ2nµnν

)
Then the Lagrangian for the light body reads, at the rest frame of the heavy body:

Ll = mL0 +O(m/M)

so that the equations-of-motion for the light body derived in the self-force EFT
formalism are exactly equivalent to the geodesic equation for a massive probe in a
Schwarzschild spacetime.

This gives a totally consistent self-force formalism without any need to introduce an
external metric.

We haven’t specified the kinematics of the system, so the formalism is suitable for
both bound and scattering problems.
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Quantum Correction to the Bending Angle

TheEFT formalism presented allows as well to keep the quantum correction. For
instance the quantum corrections to the star light bending is obtained from the
scattering of a massless particle of spin S against a massive scalar one obtains from
the one-loop computation [Bjerrum-Bohr, Donoghue, Holstein, Planté, Vanhove]:

θS ≃ 4GM

b
+

15

4

G2M2π

b2
+

8buS + 9− 48 log b
2b0

π

G2ℏM
b3

The difference between the bending angles shows an intriguing dependence on the
spin induced by quantum effects:

θγ − θφ =
8(buγ − buφ)

π

G2ℏM
b3
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Constraining Beyond Einstein Gravity

This provides a way of constraining possible corrections to Einstein’s gravity:

Quantum gravity corrections to star light bending.

Quantum gravity correction effects to the metric of black hole solutions.

Quantum contributions to the causal cone.

[Bellazzini, Isabella, Riva; Maldacena, Zhiboedov; Caron-Huot, Parra Martinez, ...]

The multi-messenger detections improve the constraints on various modified gravity
models [Gubitosi, Piazza, Vernizzi]:

Gravitational waves propagate with |cGW − c| < 10−15c.

strongly restrict higher derivative (Hornedsky) operators

LISA will be senstive to small (solar) mass black hole where tidal effects are more
important. (see talk of [Platania; Vernizzi; Parra Martinez] at this meeting)
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