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Physical setting

Einstein equations

Einstein equations

physical
fields

geometry of

(ML g)

Relate the geometry of spacetime, a Lorentzian manifold (M"*1,g), to its
matter/energy content encoded by the energy-momentum tensor 7.

1
~~~ Ricg — EScalgg =T o~
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Physical setting

Einstein equations

Einstein equations

physical
fields

geometry of

(ML g)

Relate the geometry of spacetime, a Lorentzian manifold (M"*1,g), to its
matter/energy content encoded by the energy-momentum tensor 7.

1
~~~ Ricg — EScalgg =T o~

Dominant energy condition

For every future-directed timelike vector field T, the vector field
—T7(T, .)ﬁ

is future-directed causal.

Energy density is nonnegative and energy propagates causally.
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Physical setting

Einstein—Maxwell equations

@ When 7 = 0, one obtains the vacuum Einstein equations.

In this case, gravity is the only interaction present.
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Physical setting

Einstein—Maxwell equations

@ When 7 = 0, one obtains the vacuum Einstein equations.

In this case, gravity is the only interaction present.

@ When )
T=Tr:=2 <FoF— 2|F|29)

is the electromagnetic energy-momentum tensor, where F is a 2-form
on M (the Faraday tensor), satisfying the Maxwell equations

dF =0,  d(xF)=0,

one obtains the (source-free) Einstein—Maxwell equations.

Simon Raulot (LMRS, Rouen) Positive Energy with Charge



Mathematical framework

Charged initial data sets
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Mathematical framework

Charged initial data sets

A charged initial data set is a quadruple (M", g, K, E) where

e (M", g) is a Riemannian manifold;

g =gym for a spacelike hypersurface M" — (ML g).
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Mathematical framework

Charged initial data sets

A charged initial data set is a quadruple (M", g, K, E) where

e (M" g) is a Riemannian manifold,;
g =gym for a spacelike hypersurface M" — (ML g).
e K is a symmetric (0, 2)-tensor;

K = the second fundamental form of M" < (M"™*1 g).
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Mathematical framework

Charged initial data sets

A charged initial data set is a quadruple (M", g, K, E) where

e (M" g) is a Riemannian manifold,;

g =gym for a spacelike hypersurface M" — (ML g).
e K is a symmetric (0, 2)-tensor;

K = the second fundamental form of M" < (M"™*1 g).

@ E is a vector field on M; in the purely electric case,

—1)(n—2
FoaTAE, o=77D01=2 )2(" )

where T is the future-directed unit timelike normal to M.
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Mathematical framework

Dominant energy condition

Associated with a charged initial data set (M", g, K, E), we define
o the energy density: yi := % (R — |K|? + (trK)? — (n — 1)(n — 2)|E|?) ;
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Mathematical framework

Dominant energy condition

Associated with a charged initial data set (M", g, K, E), we define
o the energy density: yi := % (R — |K|? + (trK)? — (n — 1)(n — 2)|E|?) ;
e the current density: J := div(K) — dtr(K);
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Mathematical framework

Dominant energy condition

Associated with a charged initial data set (M", g, K, E), we define
o the energy density: yi := % (R — |K|? + (trK)? — (n — 1)(n — 2)|E|?) ;
e the current density: J := div(K) — dtr(K);
@ the charge density: w := (n — 1)div(E).
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Mathematical framework

Dominant energy condition

Associated with a charged initial data set (M", g, K, E), we define
o the energy density: yi := % (R — |K|? + (trK)? — (n — 1)(n — 2)|E|?) ;
e the current density: J := div(K) — dtr(K);
@ the charge density: w := (n — 1)div(E).

Dominant energy condition (DEC)
A charged initial data set satisfies the DEC if u > /|J|? + @?.
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Mathematical framework

Dominant energy condition

Associated with a charged initial data set (M", g, K, E), we define
o the energy density: yi := % (R — |K|? + (trK)? — (n — 1)(n — 2)|E|?) ;
e the current density: J := div(K) — dtr(K);
@ the charge density: w := (n — 1)div(E).

Dominant energy condition (DEC)

A charged initial data set satisfies the DEC if u > /|J|? + @?.

In the Einstein—Maxwell case, the Einstein—Maxwell constraint equations
imply
w=0, J=0, w =0,

so that the DEC is saturated.
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Mathematical framework

Asymptotically flat ends

To model isolated gravitating systems, one requires that the gravitational
and electromagnetic interactions vanish at infinity.
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Mathematical framework

Asymptotically flat ends

To model isolated gravitating systems, one requires that the gravitational
and electromagnetic interactions vanish at infinity.

A subset My C M is said to be an asymptotically flat end (AF end) if
there exists a chart at infinity

Y71 Mexy — R\ Bg(0)
such that, setting e := ¢*g — 4, one has
e=0(r"), VK = 01(r ™Y, YE = 0u(r ™Y,

for some
n—2
>
Here the decay is measured with respect to the Euclidean metric ¢ and its
Levi-Civita connection V.

T >
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Mathematical framework

Asymptotically flat ends

To model isolated gravitating systems, one requires that the gravitational
and electromagnetic interactions vanish at infinity.

A subset My C M is said to be an asymptotically flat end (AF end) if
there exists a chart at infinity

Y71 Mexy — R\ Bg(0)
such that, setting e := ¢*g — 4, one has
e=0(r"), VK = 01(r ™Y, YE = 0u(r ™Y,

for some
n—2
>
Here the decay is measured with respect to the Euclidean metric ¢ and its
Levi—Civita connection V9. We also assume

T >

w, J, w € LY(M).
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Mathematical framework

ADM energy-momentum and total charge

For an asymptotically flat charged initial data set, one defines:
o the ADM energy (or ADM mass):

1

"= oty A, (se = ) o
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Mathematical framework

ADM energy-momentum and total charge

For an asymptotically flat charged initial data set, one defines:
o the ADM energy (or ADM mass):

1
= TGS rILn;o /5, (divse — dtrse)(v,) doy;
@ the ADM linear momentum: for i =1,--- , n,
1 . X % )
Pim g /5 (0*K — (trs0"K)8) (85, v7) dory
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Mathematical framework

ADM energy-momentum and total charge

For an asymptotically flat charged initial data set, one defines:
o the ADM energy (or ADM mass):

1
= TGS rILn;o /5, (divse — dtrse)(v,) doy;
@ the ADM linear momentum: for i =1,--- , n,
1 . X % )
Pim g /5 (0*K — (trs0"K)8) (85, v7) dory

@ the total charge:

Q= 1 Iim/é(@ZJ*E,V,)do,.
Sr
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Mathematical framework

ADM energy-momentum and total charge

For an asymptotically flat charged initial data set, one defines:
o the ADM energy (or ADM mass):

1
= TGS rILn;o /5, (divse — dtrse)(v,) doy;
@ the ADM linear momentum: for i =1,--- , n,
1 . X % )
Pim g /5 (0*K — (trs0"K)8) (85, v7) dory

@ the total charge:

Q= 1 Iim/é(@ZJ*E,V,)do,.
Sr

Asymptotic flatness = these quantities are geometric invariants (Bartnik ('86),
Chrusciel ('86); see also Michel ('10) for a general geometric formulation).
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The positive energy theorem

Positive energy theorem

Let (M", g, K) be a complete initial data set containing an AF end and
satisfying the DEC. Then its ADM energy-momentum vector
(m,P) € R™! satisfies

m > |P|.

Moreover, equality holds if and only if (M", g, K) can be isometrically
embedded into a pp-wave spacetime with second fundamental form K.
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The positive energy theorem

Positive energy theorem
Let (M", g, K) be a complete initial data set containing an AF end and
satisfying the DEC. Then its ADM energy-momentum vector
(m, P) € R™! satisfies
m > |P|.

Moreover, equality holds if and only if (M", g, K) can be isometrically
embedded into a pp-wave spacetime with second fundamental form K.

Two main approaches:
@ Minimal hypersurfaces + Jang equation: Schoen—Yau ('79), Lohkamp
('06), Eichmair ('13), Huang—Lee ('19), Lesourd—Unger—Yau ('24),
Brendle-Wang ('26);
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The positive energy theorem

Positive energy theorem
Let (M", g, K) be a complete initial data set containing an AF end and
satisfying the DEC. Then its ADM energy-momentum vector
(m, P) € R™! satisfies
m > |P|.

Moreover, equality holds if and only if (M", g, K) can be isometrically
embedded into a pp-wave spacetime with second fundamental form K.

Two main approaches:

@ Minimal hypersurfaces + Jang equation: Schoen—Yau ('79), Lohkamp
('06), Eichmair ('13), Huang—Lee ('19), Lesourd—Unger—Yau ('24),
Brendle-Wang ('26);

e Dirac operators: Witten ('81), Parker—Taubes ('82), Bartnik ('86),
Chrusciel-Maerten ('06), Hirsch—-Zhang ('25).
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The positive energy theorem with charge for n =3

Positive energy theorem with charge

Let (M3, g, K, E) be a complete charged initial data set containing an
AF end and satisfying the DEC. Then its ADM energy-momentum vector
(m,P) € R®! and total charge Q satisfy

m > 1/IP? + Q2.

Moreover, if equality holds, trK = 0 and if some additional natural
assumptions are satisfied, then (M3, g, K, E) can be isometrically
embedded into a Majumdar—Papapetrou spacetime.
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The positive energy theorem with charge for n =3

Positive energy theorem with charge

Let (M3, g, K, E) be a complete charged initial data set containing an
AF end and satisfying the DEC. Then its ADM energy-momentum vector
(m,P) € R®! and total charge Q satisfy

m > 1/IP? + Q2.

Moreover, if equality holds, trK = 0 and if some additional natural
assumptions are satisfied, then (M3, g, K, E) can be isometrically
embedded into a Majumdar—Papapetrou spacetime.

e Witten's method: Gibbons—Hull ('82), Gibbons—Hawking—Horowitz—
Perry ('83), Bartnik—Chrusciel ('05), Chrusciel-Reall-Tod ('06);
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The positive energy theorem with charge for n =3

Positive energy theorem with charge

Let (M3, g, K, E) be a complete charged initial data set containing an
AF end and satisfying the DEC. Then its ADM energy-momentum vector
(m,P) € R®! and total charge Q satisfy

m > 1/IP? + Q2.

Moreover, if equality holds, trK = 0 and if some additional natural
assumptions are satisfied, then (M3, g, K, E) can be isometrically
embedded into a Majumdar—Papapetrou spacetime.

e Witten's method: Gibbons—Hull ('82), Gibbons—Hawking—Horowitz—
Perry ('83), Bartnik—Chrusciel ('05), Chrusciel-Reall-Tod ('06);

@ Spacetime harmonic functions: Bray—Hirsch—-Kazaras—Khuri—Zhang
('23);
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Positive Energy Theorems with charge for spin initial data

But what can be said in higher dimensions?
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Positive Energy Theorems with charge for spin initial data

But what can be said in higher dimensions?

Theorem (R.'26, CQG)

Let (M", g, K, E) be a complete spin charged initial data set containing
an AF end and satisfying the DEC. Then its ADM energy-momentum
vector (m,P) € R™! and total charge Q satisfy

m > 1/|P]?2 + Q2.
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Positive Energy Theorems with charge for spin initial data

But what can be said in higher dimensions?

Theorem (R.'26, CQG)

Let (M", g, K, E) be a complete spin charged initial data set containing
an AF end and satisfying the DEC. Then its ADM energy-momentum
vector (m,P) € R™! and total charge Q satisfy

m > 1/|P]?2 + Q2.

Proof strategy: Witten’s spinorial method.
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Witten's method

Spin geometry

We restrict to the time-symmetric case K =0 (so J =0 and P = 0) that
is

(M", g, E) complete spin with an AF end
= m>|Q)|.

= |l
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Witten's method

Spin geometry

We restrict to the time-symmetric case K =0 (so J =0 and P = 0) that
is

(M", g, E) complete spin with an AF end
= m>|Q)|.

= |l

Since M is spin (topological assumption), we have:
@ the spinor bundle Sg — M;
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Witten's method

Spin geometry

We restrict to the time-symmetric case K =0 (so J =0 and P = 0) that
is

{ (M", g, E) complete spin with an AF end

= m > |Q)|.
= |l

Since M is spin (topological assumption), we have:
@ the spinor bundle Sg — M;

e the Clifford multiplication ¢ : TM ® S; — Sg;
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Witten's method

Spin geometry

We restrict to the time-symmetric case K =0 (so J =0 and P = 0) that
is

{ (M", g, E) complete spin with an AF end

= m > |Q)|.
= |l

Since M is spin (topological assumption), we have:
@ the spinor bundle Sg — M;

e the Clifford multiplication ¢ : TM ® S; — Sg;

@ a natural Hermitian product (-, -) on Sg;
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Witten's method

Spin geometry

We restrict to the time-symmetric case K =0 (so J =0 and P = 0) that
is

(M", g, E) complete spin with an AF end
= m>|Q)|.

= |l

Since M is spin (topological assumption), we have:
@ the spinor bundle Sg — M;
e the Clifford multiplication ¢ : TM ® S; — Sg;
@ a natural Hermitian product (-, -) on Sg;
e the spin Levi-Civita connection V : [(55) — I'(T*M ® Sg);
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Witten's method

Spin geometry

We restrict to the time-symmetric case K =0 (so J =0 and P = 0) that
is

(M", g, E) complete spin with an AF end
= m>|Q)|.

= |l

Since M is spin (topological assumption), we have:

the spinor bundle 5, — M;

the Clifford multiplication ¢ : TM ® Sg — Sg;

a natural Hermitian product (-,-) on Sg;

the spin Levi-Civita connection V : T(Sg) — I(T*M ® Sg);
the associated Dirac operator D = co V.
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Witten's method

Charged Schrodinger—Lichnerowicz formula

Without loss of generality, we may assume @ < 0.
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Witten's method

Charged Schrodinger—Lichnerowicz formula

Without loss of generality, we may assume @ < 0. Define the modified
connection on Sz by

_ 1 n—1
Vxp:=Vxp+ EC(X)C(E)so + Tg(E,X)sO-

Simon Raulot (LMRS, Rouen)

Positive Energy with Charge



Witten's method

Charged Schrodinger—Lichnerowicz formula

Without loss of generality, we may assume @ < 0. Define the modified
connection on Sz by

2

The associated modified Dirac operator is

_ 1 n—1
Vxp = Vxp+ zc(X)c(E)p + Tg(E,X)sO-

n

D™= c(g)V,=D- %C(E).
j=1
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Witten's method

Charged Schrodinger—Lichnerowicz formula

Without loss of generality, we may assume @ < 0. Define the modified
connection on Sz by

2

The associated modified Dirac operator is

_ 1 n—1
Vxp = Vxp+ zc(X)c(E)p + Tg(E,X)sO-

n

D™= c(g)V,=D- %C(E).
j=1

Charged Schrodinger—Lichnerowicz formula

(D7)D™ = (V7 )'V ™ + %(M + )Ids,
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Witten's method

The Witten argument
Let ®g be a spinor which is constant on the asymptotically flat end

Viog =0,  |do =1.
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Witten's method

The Witten argument

Let ®g be a spinor which is constant on the asymptotically flat end
Viog =0,  |do =1.

Using the analytic framework developed by Bartnik—Chrusciel ('05), the
operator
D™ :H™ — L*(S,)

is an isomorphism. Hence there exists a unique spinor ® such that

D~ =0, ®— Py cH .
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Witten's method

The Witten argument

Let ®¢ be a spinor which is constant on the asymptotically flat end
v(SCDO = 07 |¢0| =1

Using the analytic framework developed by Bartnik—Chrusciel ('05), the
operator
D™ :H™ — L*(S,)

is an isomorphism. Hence there exists a unique spinor ® such that
D™¢ =0, d—-—dycH .
Integrating the charged Schrodinger-Lichnerowicz formula gives

n—1
2

1
ana(m=1Q) = [ (1970 + 3(u+ =)0 ~ [0 6) d.
=0
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Witten's method

The Witten argument

Let ®¢ be a spinor which is constant on the asymptotically flat end
Viog =0,  |do| =1.

Using the analytic framework developed by Bartnik—Chrusciel ('05), the
operator
D™ :H™ — L*(S,)

is an isomorphism. Hence there exists a unique spinor  such that
D™¢ =0, d—-dycH .
Integrating the charged Schrodinger-Lichnerowicz formula gives

n—1
2

. 1 .
wn—l(m—lQ!)Z/ (v ¢I2+§(M+W)I¢I2—|D ) dp.
M >0 =0
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Witten's method

The Witten argument

Let ®¢ be a spinor which is constant on the asymptotically flat end
v54)0 = 07 |¢0| = ]‘

Using the analytic framework developed by Bartnik—Chrusciel ('05), the
operator
D™ :H™ — L%(S,)

is an isomorphism. Hence there exists a unique spinor ® such that
D~ =0, - Py cH .
Integrating the charged Schrodinger-Lichnerowicz formula gives

n—1
2

_ 1 _
an-a(m = 1Ql) = [ ([OP 45 (u+ @)[0f - DO d.
M =~ S—r e
>0 >0 by the DEC =0
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Witten's method

The Witten argument

Let ®¢ be a spinor which is constant on the asymptotically flat end
v54)0 = 07 |¢0| = ]‘

Using the analytic framework developed by Bartnik—Chrusciel ('05), the
operator

D™ :H™ — L%(S,)
is an isomorphism. Hence there exists a unique spinor ® such that

D~ =0, - Py cH .

Integrating the charged Schrodinger-Lichnerowicz formula gives

n—1 B 1 _
wn—l(m—lO\)—/ (V- 0P+ (it @) oP — Do) du > 0.
2 M N—— 2 ——

>0 >0 by the DEC =0
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Charged parallel spinors

Definition

The rigidity statement is governed by special spinors.
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Charged parallel spinors

Definition

The rigidity statement is governed by special spinors.

Definition

Let (M", g, E) be a charged spin initial data set. A spinor field ® € I'(S,)
satisfying V@ = 0 that is

n—

5 1g(E,X)CD

Ty — —%C(X)C(E)CD _

for all X € [(TM) is called a (negative) charged parallel spinor (CPS).
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Charged parallel spinors

Definition

The rigidity statement is governed by special spinors.

Definition

Let (M", g, E) be a charged spin initial data set. A spinor field ® € I'(S,)
satisfying V@ = 0 that is

n—

5 1g(E,X)CD

Ty — —%C(X)C(E)CD _

for all X € [(TM) is called a (negative) charged parallel spinor (CPS).

If E =0, CPS are parallel spinors. In particular, (M", g) is Ricci-flat.
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Charged parallel spinors

Properties

Let ® be a CPS. Set V := |®|2 and assume that div(E) = 0.
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Charged parallel spinors

Properties

Let ® be a CPS. Set V := |®|2 and assume that div(E) = 0. Then

@ ® has no zeros and 1

n—2

E’=— dinV:
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Charged parallel spinors

Properties

Let ® be a CPS. Set V := |®|2 and assume that div(E) = 0. Then

@ ® has no zeros and 1

n—2

e the Lorentzian metric g = —V2dt? + g defines a static solution of the
Einstein—Maxwell equations with Faraday tensor F = ¢, dt A E’.

E’=— dinV:
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Charged parallel spinors

Properties

Let ® be a CPS. Set V := |®|? and assume that div(E) = 0. Then
@ & has no zeros and

1
EP=——" dInV;
n—2 :

e the Lorentzian metric g = —V2dt? + g defines a static solution of the
Einstein—Maxwell equations with Faraday tensor F = ¢, dt A E’.

(M", g, ®)
® CPS
A(ln V) =0
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Charged parallel spinors

Properties

Let ® be a CPS. Set V := |®|2 and assume that div(E) = 0. Then
@ & has no zeros and

1
E'=——— _dinV:
n—2 :

o the Lorentzian metric g = —V2dt? + g defines a static solution of the
Einstein—Maxwell equations with Faraday tensor F = ¢, dt A E’.

Conformal correspondence

(M", g, ) g=Vrig (M". g, V)
® CPS W g-parallel
A(ln V) =0 Y = V_1/2¢ Z(V_l) =0
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Charged parallel spinors

A general construction

Start with a manifold (M",g) carrying a parallel spinor W and let U > 0
be a g-harmonic function.
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Charged parallel spinors

A general construction

Start with a manifold (M",g) carrying a parallel spinor W and let U > 0
be a g-harmonic function. Define

1

g=Urg, B =
n—2

dinU.

Then (M", g, E) carries a charged parallel spinor.
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Charged parallel spinors

A general construction

Start with a manifold (M", g) carrying a parallel spinor W and let U > 0
be a g-harmonic function. Define

1
n—2

g=Urrg, E=——dU.
Then (M", g, E) carries a charged parallel spinor.

What about parallel spinors?
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Charged parallel spinors

A general construction

Start with a manifold (M",g) carrying a parallel spinor W and let U > 0
be a g-harmonic function. Define

2 b 1
g =Unr2g, EP=——dInU.
n—2
Then (M", g, E) carries a charged parallel spinor.

Cone construction (Bar '93)

If ("1, 7) carries a real Killing spinor

A
Viw =2

“26(X),  XeN(TE), AeR

then the Riemannian cone

(C(%),8¢c) = ((0,00) x X, dr* + r*y)

has a parallel spinor.
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Charged parallel spinors

The extremal Reissner—Nordstrom manifold

For (X" 1,y) = (S" 1, ggn-1), we get gc = 0.
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Charged parallel spinors

The extremal Reissner—Nordstrom manifold

For (£"1,7) = (S"71, ggn-1), we get gc = 6. Choose

m

Um(r):1+rn—_2, m>0,

2
then the metric g, = Uy, 2 on R™\ {0} defines the extremal
Reissner—Nordstrom manifold.
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Charged parallel spinors

The extremal Reissner—Nordstrom manifold

For (£"1,7) = (S"71, ggn-1), we get gc = 6. Choose

m

Um(r):1+rn—_2, m>0,

2
then the metric g, = Uy, 2 on R™\ {0} defines the extremal
Reissner—Nordstrom manifold. It has

@ one AF end with mass m and charge Q = —m that is m = |Q)|;
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Charged parallel spinors

The extremal Reissner—Nordstrom manifold

For (£"1,7) = (S"71, ggn-1), we get gc = 6. Choose

m

Um(r):1+rn—_2, m>0,

2
then the metric g, = Uy, 2 on R™\ {0} defines the extremal
Reissner—Nordstrom manifold. It has

@ one AF end with mass m and charge Q = —m that is m = |Q)|;

@ one asymptotically cylindrical end (AC end) :

2 1
gm ~ dt® + h, h=mn2ggn t=-mr2lInr;

t—00
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Charged parallel spinors

The extremal Reissner—Nordstrom manifold

For (£"1,7) = (S"71, ggn-1), we get gc = 6. Choose

m

Um(r):1+rn—_2, m>0,

2
then the metric g, = Uy, 2 on R™\ {0} defines the extremal
Reissner—Nordstrom manifold. It has

@ one AF end with mass m and charge Q = —m that is m = |Q)|;
@ one asymptotically cylindrical end (AC end) :

2 1
gm ~ dt® + h, h=mn2ggn t=-mr2lInr;

t—00

_1
o the CPS is given by & = U,V and

Vi = ‘d>]2 = m_le—("—2)qf(1 + Oz(e_("—2)qt)), =3
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Charged parallel spinors

Non-trivial charged equality cases require additional geometric structure
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Charged parallel spinors

Non-trivial charged equality cases require additional geometric structure

Assume (M", g, E) is complete, without boundary, M\ Myt is compact, and
div(E) = 0.
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Charged parallel spinors

Non-trivial charged equality cases require additional geometric structure

Assume (M", g, E) is complete, without boundary, M\ Myt is compact, and
div(E) =0.

U\‘,%.E\ AT end
witlout Boundasy
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Charged parallel spinors

Non-trivial charged equality cases require additional geometric structure

Assume (M", g, E) is complete, without boundary, M\ Myt is compact, and
div(E) =0.

U\‘,%.E\ AT end
witlout Boundasy
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Charged parallel spinors

Non-trivial charged equality cases require additional geometric structure

Assume (M", g, E) is complete, without boundary, M\ Myt is compact, and
div(E) =0.

U\‘,%.E\ AT end
witlout Boundasy

r——+o00

O:/ div(E)d,u:/g(E,l/,)da, - wp1Q
r Sf
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Charged parallel spinors

Non-trivial charged equality cases require additional geometric structure

Assume (M", g, E) is complete, without boundary, M\ Myt is compact, and
div(E) =0.

(n“,%,gy AT end
witlout Boundasy

r—+00

0:/ div(E)du:/ g(E,v,)do, — wp,-1Q = m=|Q|=0.
M, Sr
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The mass-charge inequality for manifolds with boundary
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The mass-charge inequality for manifolds with boundary

For ryp > 0, the domain in the extremal Reissner-Nordstrom manifold
Qm,r :=R"\ By(0),

is a complete manifold with an AF end and a compact inner boundary.
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The mass-charge inequality for manifolds with boundary

For ryp > 0, the domain in the extremal Reissner-Nordstrom manifold
Qm,r :=R"\ By(0),

is a complete manifold with an AF end and a compact inner boundary.
The restriction of the CPS ® on 0%, ,, satisfies
n—1

_oy— 1
PPy, = ——5—(m+r ") 2 Ppq,

where [ is the Dirac operator of (BQm,ro,gmem,,o)
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The mass-charge inequality for manifolds with boundary

For ryp > 0, the domain in the extremal Reissner-Nordstrom manifold
Qm,r :=R"\ By(0),

is a complete manifold with an AF end and a compact inner boundary.
The restriction of the CPS ® on 0%, ,, satisfies

n—1 oy _1_
P®pq,,, = ——5—(m+rg ) 2 g,

where [ is the Dirac operator of (Bmero,gmem’ro) that is

D~ = 0 on Qm,ro
Pso® = 0 on 0Qn,, ~ Atiyah—Patodi-Singer condition
® — &y atinfinity.
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The mass-charge inequality for manifolds with boundary

Theorem (R.'26)

Let n > 3 and let (M", g, E) be a complete charged spin initial data set
containing an AF end and with a compact boundary OM with positive
scalar curvature. Assume that the DEC holds and that

n—1
f Rypgp.
n—2g}\/l i

sup (H + (n — 1)|g(E, v)]) <
oM
Then the mass and charge satisfy

m > Q).

If OM is connected and div(E) = 0, equality occurs if and only if
(M", g, E) is isometric to the exterior region of a coordinate sphere in an
extremal Reissner—Nordstrom manifold.
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The mass-charge inequality for manifolds with boundary

Sketch of the proof: the inequality

Integrating the charged Schrodinger—Lichnerowicz formula yields

" enalm=10) = [ (10 + S+ @) a
M

- /aM <D¢ * %(H — (n—1)g(E,v))®, <1>> do.
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The mass-charge inequality for manifolds with boundary

Sketch of the proof: the inequality

Integrating the charged Schrodinger—Lichnerowicz formula yields

" enam-10) = [ (1970R + S0+ @0k ) a
M

—I-/aM <>\1 - %(H+ (n—1)|g(E, ,/)|)> |6 2do.
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The mass-charge inequality for manifolds with boundary

Sketch of the proof: the inequality

Integrating the charged Schrodinger—Lichnerowicz formula yields

n ; 1w,,_1(m —1Q|) > / (\Vcb\z + %(u+ w)|d>]2> du
M

+/aM <A1 N %(H +(n—1)lg(E, v)l)) | [2do.

By Friedrich's inequality,
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The mass-charge inequality for manifolds with boundary

Sketch of the proof: the inequality

Integrating the charged Schrodinger—Lichnerowicz formula yields

" enam=10) = [ (190 + S+ @) a
M

—i—/aM <>\1 - %(H—i— (n—1)|g(E, ,/)|)> 62 do.

By Friedrich’s inequality,

1 /n—1 1
> = inf R, > — H -1 E
Mo\ e W—QS;A;’( +(n—1)[g(E,v))),

hence m > |Q|.
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The mass-charge inequality for manifolds with boundary

Sketch of the proof: the equality case |

Assume that equality holds, the boundary is connected and div(E) = 0.
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The mass-charge inequality for manifolds with boundary

Sketch of the proof: the equality case |

Assume that equality holds, the boundary is connected and div(E) = 0.
The spinor ® is a CPS with & — &g # 0, |®o| = 1 then

Q _
|nV:m+OQ(r2 n).
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The mass-charge inequality for manifolds with boundary

Sketch of the proof: the equality case |

Assume that equality holds, the boundary is connected and div(E) = 0.
The spinor ® is a CPS with & — &g # 0, |®o| = 1 then

Q

V=1t 25

+oo(r*").
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The mass-charge inequality for manifolds with boundary

Sketch of the proof: the equality case |

Assume that equality holds, the boundary is connected and div(E) = 0.
The spinor ® is a CPS with & — &g # 0, |®o| = 1 then

Q

rn—2

V=1+—"5+0(r*").

Consider the conformal metric g = Vﬁg then (M", g)

@ is Ricci-flat,
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The mass-charge inequality for manifolds with boundary

Sketch of the proof: the equality case |

Assume that equality holds, the boundary is connected and div(E) = 0.
The spinor ® is a CPS with & — &g # 0, |®o| = 1 then

Q

rn—2

V=1+—"5+0(r*").
Consider the conformal metric g = Vﬁg then (M", g)
@ is Ricci-flat,
@ has an AF end,
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The mass-charge inequality for manifolds with boundary

Sketch of the proof: the equality case |

Assume that equality holds, the boundary is connected and div(E) = 0.
The spinor ® is a CPS with & — &g # 0, |®o| = 1 then

Q

rn—2

V=1+—"5+0(r*").
Consider the conformal metric g = Vﬁg then (M", g)
@ is Ricci-flat,
@ has an AF end,

e with total mass m = m+ Q = 0 (and appropriate boundary
behaviour).
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The mass-charge inequality for manifolds with boundary

Sketch of the proof: the equality case |

Assume that equality holds, the boundary is connected and div(E) = 0.
The spinor ® is a CPS with & — &g # 0, |®o| = 1 then

Q

V=1t 25

+oo(r*").

Consider the conformal metric g = Vﬁg then (M", g)
@ is Ricci-flat,
@ has an AF end,

e with total mass m = m+ Q = 0 (and appropriate boundary
behaviour).

By Herzlich’'s positive mass theorem with boundary,

(M",8) =~ (R"\ By (0),9).
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The mass-charge inequality for connected boundary

Sketch of the proof: the equality case Il

Setting U := V1 we obtain

AsU = 0 onR"\ B,(0),
U — 1 atinfinity,
U = « ondB,(0).
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The mass-charge inequality for connected boundary

Sketch of the proof: the equality case Il

Setting U := V1 we obtain

AsU = 0 onR"\ B,(0),
U — 1 atinfinity,
U = « ondB,(0).

It follows that U(r) = Un(r) =1+ 5 hence

2

g - Urr;7—26 - gm:

so (M", g, E) is the exterior region of a sphere in an extremal Reissner
—Nordstrom manifold.
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The mass-charge inequality for manifolds with AC ends

Manifold with an AC end

AS\OM?\'otLQJ'% Cu\(,\,m.ob\ﬂcote %AS
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The mass-charge inequality for manifolds with AC ends

Manifold with an AC end

A subset £ C M in a charged initial data set (M", g, E) is an
asymptotically cylindrical end (AC end) if

E~(Tpg,00) X L, goo = dt® + h, E.=Y + qo:
where (X"~1, h), the limiting cross-section of the AC end, is a

(n — 1)-dimensional Riemannian closed manifold, Y € I'(TX) and
q € C>(%)
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The mass-charge inequality for manifolds with AC ends

Manifold with an AC end

A subset £ C M in a charged initial data set (M", g, E) is an
asymptotically cylindrical end (AC end) if

E ~(Ty,0) X X, goo = dt® + h, Ew =Y + q0;

where (Z"‘l, h), the limiting cross-section of the AC end, is a
(n — 1)-dimensional Riemannian closed manifold, Y € I'(TX) and
g € C*°(X) such that

(VY(g — gx)lg = O(e™ ),  j=0,1,2,

(VV(E ~ Exo)lg.. = O(e7"),  j=0,1.

Here > 0, and V° is the Levi—-Civita connection of g..
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The mass-charge inequality for manifolds with AC ends

Theorem (R.'26)

Let n> 3 and let (M", g, E) be a complete charged spin manifold
containing at least one AF end and a finite number of AC ends. Assume
that the DEC holds. Then

m > [Q|.

If moreover div(E) = 0 and M has exactly one AC end whose limiting
cross-section has positive scalar curvature, then equality holds if and
only if (M", g, E) is isometric to the extremal Reissner—Nordstrém
manifold.
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The mass-charge inequality for manifolds with AC ends

Theorem (R.'26)

Let n> 3 and let (M", g, E) be a complete charged spin manifold
containing at least one AF end and a finite number of AC ends. Assume
that the DEC holds. Then

m > [Q|.

If moreover div(E) = 0 and M has exactly one AC end whose limiting
cross-section has positive scalar curvature, then equality holds if and
only if (M", g, E) is isometric to the extremal Reissner—Nordstrém
manifold.

Main idea of the proof: transform the cylindrical end into an isolated

conical singularity and apply the positive mass theorem of Dai-Sun—Wang
('24).
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The mass-charge inequality for manifolds with AC ends

Sketch of the proof |

The Witten spinor ® is a charged parallel spinor and if V := |®|?, we
have:
@ along the AC end,
1
E’ = ———dInV = Y’ 4+ gdt + O1(e™™)
n J—
and then g = —w,-1Q/Vol(X, h) > 0 is a nonnegative constant;
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The mass-charge inequality for manifolds with AC ends

Sketch of the proof |

The Witten spinor ® is a charged parallel spinor and if V := |®|?, we
have:
@ along the AC end,
1
E’ = ———dInV = Y’ 4+ gdt + O1(e™™)
n J—
and then g = —w,-1Q/Vol(X, h) > 0 is a nonnegative constant;
@ then integrating yields

V(t,y) = e "2ty (y) (1 + O(e™Y)), (t,y) € (To,0) X L.
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The mass-charge inequality for manifolds with AC ends

Sketch of the proof |

The Witten spinor ® is a charged parallel spinor and if V := |®|?, we
have:
@ along the AC end,

1
E’ = ———dInV = Y’ 4+ gdt + O1(e™™)

and then g = —w,-1Q/Vol(X, h) > 0 is a nonnegative constant;
@ then integrating yields

V(t,y) =e (" 2% (y)(1+0(e™)),  (t,y) € (To,0) x L.
After renormalization,
v, = eanqt(D'zt — WV 7E 0 in Cl,

and the limiting spinor satisfies
n—1
phwoo - -

2

gV
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The mass-charge inequality for manifolds with AC ends

Sketch of the proof Il

@ Friedrich’s inequality and the Gauss equation yield

(n—l)2 5 5 n—1
W 2> =
e N G )

v

H%f Ry
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The mass-charge inequality for manifolds with AC ends

Sketch of the proof Il

@ Friedrich’s inequality and the Gauss equation yield

v

(n—1)2 2 2 n—1 . (n—1)2_ 2 2
q )\1 (n 2) |nf y — |nf(|Y’h+q )
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The mass-charge inequality for manifolds with AC ends

Sketch of the proof Il

@ Friedrich’s inequality and the Gauss equation yield

v

(n—1)2 2 2 n—1 . (n—1)2_ 2 2
q )\1 (n 2) |nf y — |nf(|Y’h+q )

so W, is a real Killing spinor on (£"~1, h) with ¢ > 0. In particular,
Ry is constant and so Y = 0.

Simon Raulot (LMRS, Rouen) Positive Energy with Charge



The mass-charge inequality for manifolds with AC ends

Sketch of the proof Il

@ Friedrich’s inequality and the Gauss equation yield

(n—1)2 2 2 n—1 . (n—1)2_ 2 2
q )\1 (n 2) |nf y — |nf(|Y’h+q )

v

so W, is a real Killing spinor on (£"~1, h) with ¢ > 0. In particular,
Ry is constant and so Y = 0.

° Set g = Vég with V = |®|? then (M, ) is Ricci-flat with an AF
end with zero mass.
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The mass-charge inequality for manifolds with AC ends

Sketch of the proof Il

o Friedrich’s inequality and the Gauss equation yield

(n— 1)
(n-17

-1 . (n—1)%
2>\ > " infRy = L inf(|Y[ + ¢
q° >\ i) ¥ R 2 of([Ylh+a%)

v

so W, is a real Killing spinor on (X", h) with g > 0. In particular,
Ry is constant and so Y = 0.

® Setg = Vﬁg with V = |®|? then (M, g) is Ricci-flat with an AF
end with zero mass.
What happens to the AC end after the conformal
change?
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The mass-charge inequality for manifolds with AC ends

Sketch of the proof Il

@ Friedrich’s inequality and the Gauss equation yield

n—1

(n— 1)
4(n—2)

2 2
> \E >
] q =2 A1 =2

. (n—1)%.

|r)1:f Ry = - |%f(|Yﬁ, +q°)
so W, is a real Killing spinor on (£"~1, h) with g > 0. In particular,
Ry is constant and so Y = 0.

o Set 7 = Vi2g with V = |®[2 then (M, g) is Ricci-flat with an AF
end with zero mass.

@ Since Y =0 on the AC end:

V(t,y) = Ce ("2 (1 4 Oy(e™))
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The mass-charge inequality for manifolds with AC ends

Sketch of the proof Il

@ Friedrich’s inequality and the Gauss equation yield

(n—1)? n—1 (n—1)

2
2>M>——infRy = inf(|Y[ + ¢°
PR an—2) W R 2 of([Ylh+a%)

v

so W, is a real Killing spinor on (£"~1, h) with ¢ > 0. In particular,
Ry is constant and so Y = 0.

o Setg = Vﬁg with V = |®|? then (M, g) is Ricci-flat with an AF
end with zero mass.

@ Since Y =0 on the AC end:

V(t,y) = Ce ("2 (1 4 0y(e™))
then, setting p = Ct/(1=2)g=1e=at one obtains
g=dp’+p’htr, h=q’h, |(VVklge =0("7), j=0,12

that is, an isolated conical singularity.
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The mass-charge inequality for manifolds with AC ends

Sketch of the proof Ill

Rigidity in the positive mass theorem with isolated conical singularities of
Dai-Sun—-Wang ('24) gives

(M,g) ~ (R"\ {0}, 0).
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The mass-charge inequality for manifolds with AC ends

Sketch of the proof Ill

Rigidity in the positive mass theorem with isolated conical singularities of
Dai-Sun—-Wang ('24) gives

(M,g) ~ (R"\ {0},6).
Setting U := V1, we obtain
AsU =0, U — 1 atinfinity,

and U has an isolated pole at 0.
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The mass-charge inequality for manifolds with AC ends

Sketch of the proof Ill

Rigidity in the positive mass theorem with isolated conical singularities of
Dai-Sun—-Wang ('24) gives

(M,g) ~ (R"\ {0},6).
Setting U := V1, we obtain
AsU =0, U — 1 atinfinity,

and U has an isolated pole at 0. By Bocher's theorem,

U) = Un(x) =1+ 53 |'Z’2,

hence

2
=Uy?5=g, and E’ = 5dn Un = E2.

n J—
Therefore (M", g, E) is the extremal Reissner—Nordstrom manifold of mass
m.
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@ Extend the rigidity statement to manifolds with multiple AC ends and
recover the higher-dimensional Majumdar—Papapetrou manifolds

N
2 m;
(E Gl 058), =183
j=1 x = pj’

by introducing suitable weighted spaces.
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@ Extend the rigidity statement to manifolds with multiple AC ends and
recover the higher-dimensional Majumdar—Papapetrou manifolds

N
2 m;
(E Gl 058), =183
j=1 x = pj’

by introducing suitable weighted spaces.

@ Study the general (non time-symmetric) setting (M", g, K, E).
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@ Extend the rigidity statement to manifolds with multiple AC ends and
recover the higher-dimensional Majumdar—Papapetrou manifolds

N
2 m;
R\ {p1,..., ,Um(s), U(x) = 1 L —
(B"\ {pr. o) (=13 e
by introducing suitable weighted spaces.

@ Study the general (non time-symmetric) setting (M", g, K, E).

@ Include the magnetic field.
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Extend the rigidity statement to manifolds with multiple AC ends and
recover the higher-dimensional Majumdar—Papapetrou manifolds

N
2 m;
(E Gl 058), =183
j=1 x = pj’

by introducing suitable weighted spaces.

Study the general (non time-symmetric) setting (M", g, K, E).

Include the magnetic field.

Applications to uniqueness theorems for extremal black holes and
photon spheres.
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Extend the rigidity statement to manifolds with multiple AC ends and
recover the higher-dimensional Majumdar—Papapetrou manifolds

N
2 m;
(E Gl 058), =183
j=1 x = pj’

by introducing suitable weighted spaces.

Study the general (non time-symmetric) setting (M", g, K, E).

Include the magnetic field.

Applications to uniqueness theorems for extremal black holes and
photon spheres.

@ Generalize the theory to the asymptotically hyperbolic setting
(Preprint '26).

Simon Raulot (LMRS, Rouen) Positive Energy with Charge



Thank you for your attention!
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