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Summary
Key messages…

• Conformal geodesics (CGs) are a powerful tool to study the conformal 
structure of spacetimes


• CGs provide a natural link between various approaches to 


• In particular, CGs allow to blow-up   in Friedrich’s semiglobal 
perturbations of Minkowski spacetime to a hyperboloid 


•  The strategy can be generalised to more complicated (blackhole) spacetimes


• The geometric set-up is the starting point for the use of tools of microlocal 
analysis (b-geometry/analysis)
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Motivation
How do the various representations of timelike infinity arise/relate?

Penrose’s original idea: 
treat ,  and  as 

points
i0 i− i+

R Penrose, PRL (1963)



Left: the compact manifold M (solid boundary), containing a compactification

P Hintz & A Vasy (2020) Bortwick & Herfray (2024) Compère, Gralla & Wei 
(2024)

Motivation
How do the various representations of timelike infinity arise/relate?

Microlocal analysis Affine geometry Scattering



Can one show that these structures arise 
naturally as a consequence of the evolution 

dictates by the Einstein equations?

The big question:



Prologue
Compactifying spacetimes



What is the best way to conformally 
compactly a spacetime?



“Ask Bernd Schmidt!”
(heard from Alan Rendall)

(1921-2023)



What would Bernd Schmidt suggest?
Use conformal geodesics!

Conformal geodesics provide a canonical way to 
obtain conformal completions of spacetime.

CONFO~L GEODESICS 

B.G. SCHMIDT 
MAX-PLANCK-INSTITUT FUR PHYSIK UND ASTROPHYSIK 

INSTITUT FUR ASTROPHYSIK 
KARL-SCHWARZSCHILD-STR. I 
8046 GARCHING, FRG 

A conformal structure ~ on a n-dimensional manifold M is 

determined by the following equivalence relation between nondegenerate 

metrics of any signature: 

(I) g ~ g<~2g = e2°g , ~: M ÷ R 

In the case of Lorentz metrics, one can visualize ~ as the distri- 

bution of the null cones on M . ~ determines uniquely a reduction 

P(M) of L(M), the frame bundle over M . P(M) consists of all 

frames which are orthonormal for some metric g 6 ~. The structure 

group of P is the direct product of the generalized orthogonal 

group O(p,q) and the I -dimensional group of dilatations. 

A conformal structure ~ determines further a collection F(~ 

of symmetric linear connections over M , by the condition that paral- 

lel propagation does not lead out of P(M) 

The coordinate components of the difference tensor S ik of 

two connections V,~ in F(~) are determined by a l-form b=bidx I 

as follows [I]: 

(2) S~k (b) = ~i~bk+~k~bi - gik g%Sbs 

(gikg~s - -ks 2~g) = gikg if g = e 

c M, there is a l-l-relation between Hence, at a fixed point x ° 

elements of F( ~) and l-forms b C T (M). 
xo 

The purpose of this note is to draw attention to the following 

property of a conformal structure* (n > 2): 

*I don't know where these curves have been defined ~or the first time. 
They are mentioned in Yano's book about the Lie derivative [4]. 

BG Schmidt (1986) BG Schmidt & H Friedrich (1987) H Friedrich (1995)



Conformal geodesics
Using conformal structures to fix the gauge

5.5 Conformal geodesics 127

5.5.1 Basic definitions

A conformal geodesic on a spacetime (M̃, g̃) is a pair (x(τ),β(τ)) consisting
of a curve x(τ) on M̃, τ ∈ I ⊂ R, with tangent ẋ(τ) and a covector β(τ) along
x(τ) satisfying the equations

∇̃ẋẋ = −2〈β, ẋ〉ẋ + g̃(ẋ, ẋ)β!, (5.35a)

∇̃ẋβ = 〈β, ẋ〉β − 1

2
g̃!(β,β)ẋ" + L̃(ẋ, ·), (5.35b)

where L̃ denotes the Schouten tensor of the Levi-Civita connection ∇̃. Associ-
ated to a conformal geodesic, it is convenient to consider a frame {ea} which is
Weyl propagated along x(τ) so that

∇̃ẋea = −〈β, ea〉ẋ − 〈β, ẋ〉ea + g̃(ea, ẋ)β!. (5.36)

Initial data for the conformal geodesic Equations (5.35a) and (5.35b) consist
of an initial position, an initial direction for the curve and an initial value for
the covector:

x# ∈ M̃, ẋ# ∈ T |x!(M̃), β# ∈ T ∗|x!(M̃). (5.37)

Piccard’s theorem – see, for example, Hartman (1987) – ensures the existence of
a unique conformal geodesic (x(τ),β(τ)) near x# satisfying for given τ# ∈ R

x(τ#) ≡ x#, ẋ(τ#) ≡ ẋ#, β(τ#) ≡ β#.

A direct computation using Equations (5.35a) and (5.35b) yields the relations

∇̃ẋ (g̃(ẋ, ẋ)) = −2〈β, ẋ〉g̃(ẋ, ẋ), (5.38a)

∇̃ẋ〈β, ẋ〉 = −〈β, ẋ〉2 +
1

2
g̃(ẋ, ẋ)g̃!(β,β) + L̃(ẋ, ẋ), (5.38b)

∇̃ẋ

(
g̃!(β,β)

)
= 〈β, ẋ〉g̃!(β,β) + 2L̃(ẋ,β!). (5.38c)

In particular, from Equation (5.38a) it follows that if g̃(ẋ, ẋ) = 0 at some point
along the conformal geodesic, one has that g̃(ẋ, ẋ) = 0 everywhere else. This
null conformal geodesic can, in turn, be reparametrised so that it coincides with
a null geodesic of g̃.

Expressions in abstract index notation

For later use, it is observed that the conformal geodesic equations can be written
in abstract index notation using the tensor Sab

cd as

ẋc∇̃cẋ
a = −Sef

acẋeẋ fβc,

ẋc∇̃cβa =
1

2
Sca

efβeβf ẋc + L̃caẋc,

ẋc∇̃cea
a = −Scd

afea
dẋcβf .
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Moreover, if {ea} denotes a g-orthonormal frame, that is, g(ea, eb) = ηab,
propagated according to Equation (5.36) with e0 = ẋ, one readily finds that

∇̃ẋ(Θ〈β, ea〉) = ΘL̃(ẋ, ea) +
1

2
Θg̃!(β,β)g̃(ẋ, ea). (5.54)

Notice that for the frame {ea} one has, in addition, that ∇̃ẋ(g(ea, eb)) = 0. The
expressions discussed in the previous paragraph lead to the following result first
proven in Friedrich (1995):

Proposition 5.1 (the canonical conformal factor associated to a
conformal geodesic) Let (M̃, g̃) denote an Einstein spacetime. Suppose that
(x(τ),β(τ)) is a solution to the conformal geodesic equations (5.35a) and (5.35b)
and that {ea} is a g-orthonormal frame propagated along the curve according to
Equation (5.36). If g = Θ2g̃ is such that g(ẋ, ẋ) = 1, then the conformal factor
Θ satisfies

Θ(τ) = Θ" + Θ̇"(τ − τ") +
1

2
Θ̈"(τ − τ")

2, (5.55)

where the coefficients Θ" ≡ Θ(τ"), Θ̇" ≡ Θ̇(τ") and Θ̈" ≡ Θ̈(τ") are constant
along the conformal geodesic and are subject to the constraints

Θ̇" = 〈β", ẋ"〉Θ", Θ"Θ̈" =
1

2
g̃!(β",β") +

1

6
λ. (5.56)

Furthermore, along each conformal geodesic

Θβ0 = Θ̇, Θβi = Θ"βi", (5.57)

where βa ≡ 〈β, ea〉.

Proof For an Einstein spacetime the Schouten tensor is given by L̃ = 1
6λg̃.

Substituting this expression into Equation (5.53b), one finds that
...
Θ = 0 so that

Equation (5.55) follows. The constraints (5.56) follow from Equations (5.52) and
(5.53a). Finally, the relations in (5.57) follow from (5.52) and (5.54).

5.5.6 The g̃-adapted equations

As a consequence of the normalisation condition (5.51), the parameter τ is the
g-proper time of the curve x(τ). In some computations it is more convenient to
consider a parametrisation in terms of a g̃-proper time τ̃ . To this end, consider
the parameter transformation τ̃ = τ̃(τ) given by

dτ

dτ̃
= Θ, so that τ̃ = τ̃" +

∫ τ

τ!

ds

Θ(s)
, (5.58)

with inverse τ = τ(τ̃). In what follows, write x̃(τ̃) ≡ x(τ(τ̃)). It can then be
verified that

x̃′ ≡ dx̃

dτ̃
=

dτ

dτ̃

dx

dτ
= Θẋ, (5.59)

• General properties: Friedrich & Schmidt (1987). 
Connection to the value NP constants at .


• Construction of adS-like spacetimes: (HF, 
1995)


• Conformal Gaussian systems in Schwarzschild 
(2003)


• Schwarzschild-(a)dS: García-Parrado, Gasperín, 
JAVK (2018)
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Figure 5. Numerical computation of the congruence of conformal geodesics given by 
theorem 1 in the Penrose diagram of the Schwarzschild–de Sitter spacetime for M  =  1/3. 
The curves have been computed numerically using Mathematica. The critical curves 
described by the condition r = r! are depicted as solid black curves reaching the 
asymptotic points Q and Q′. Notice that the congruence is initially orthogonal to the 
initial hypersurface S̃ .

Figure 6. The Schwarzschild–de Sitter spacetime in conformal Gaussian coordinates 
(r!, τ) for M  =  1/3. The horizontal line represents the initial hypersurface S̃  which is 
parametrised by r!. The vertical axis corresponds to the unphysical proper time τ. In 
particular, the location of the black hole horizon in conformal Gaussian coordinates, 
(rb, τ(rb, r!)) with rb ! r! ! r!, corresponds to the dashed curve. The thick continuous 
line denotes the location of the singularity (0, τ(0, r!)) with 0 ! r! ! r!. Similarly, the 
location of the cosmological horizon in conformal Gaussian coordinates, (rc, τ(rc, r!)) 
with r! ! r! ! rc, is depicted in the dotted curve. The vertical lines correspond to the 
conformal geodesics starting at the bifurcation spheres, r! = rb and r! = rc respectively, 
and the critical conformal geodesic r! = r!. The future and past conformal boundary 
I ± are located at τ = ±2 which are reached by those conformal geodesics with initial 
datum r! < r! < rc.

A García-Parrado Gómez-Lobo et alClass. Quantum Grav. 35 (2018) 045002

An explicit ly known 
canonical conformal 
factor associated to the 
conformal structure!



Conformal Gaussian gauges
A canonical way of describing the spacetime

• The one form  defines a Weyl connection 
(torsion free, nonmetric)  along the 
congruence


• Make use of the canonical conformal factor 
selected by the congruence of GCs


• Propagate the coordinates along the curves 
(Gaussian) from some fiduciary hypersurface


• Use Weyl propagation to evolve the frame 

β
∇̂

13.4 Hyperbolic reductions using conformal Gaussian systems 367

In the following, {ea} will denote a g-orthonormal frame which is Weyl-
propagated along the conformal geodesics and such that e0 = τ . As discussed
in Section 5.5, to every congruence of conformal geodesics one can associate a
Weyl connection ∇̂. This Weyl connection satisfies the relations

∇̂τea = 0, L̂(τ , ·) = 0,

where L̂ denotes the Schouten tensor of ∇̂; see Equation (5.41). In terms of
frame components, the above conditions can be rewritten as

!̂0
a

b = 0, L̂0a = 0. (13.49)

In particular, it follows that the covector f which defines the Weyl connection
∇̂ satisfies

f0 = 0.

The gauge choice can be refined further by choosing the parameter of the
conformal geodesics τ as the time coordinate. Thus, one has the additional gauge
condition

e0 = ∂τ , so that e0
µ = δ0

µ. (13.50)

In most applications, initial data for the congruence of conformal geodesics will
be prescribed on the initial hypersurface S". On S" choose some local coordinates
(xα). Assuming that each curve of the congruence of conformal geodesics
intersects S" only once, one can extend coordinates on S" off the hypersurface by
requiring them to be constant along the conformal geodesic which intersects S"

at the point with coordinates (xα); see Figure 13.1. The spacetime coordinates
(τ, xα) one obtains by this procedure are known as conformal Gaussian
coordinates. More generally, the collection of the conformal factor Θ, Weyl-
propagated frame vectors {ea} and coordinates (τ, xα) extended off some initial
hypersurface S" using a congruence of conformal geodesics will be known as a
conformal Gaussian gauge system.

S

conformal geodesic

(0,xα)

(τ,xα)

Figure 13.1 Schematic depiction of the construction of conformal Gaussian
coordinates. The coordinates (xα) of a point p ∈ S" are propagated off the
hypersurface along the unique conformal geodesic passing through p; see the
main text for further details.
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Connection to affine 
geometry!



The extended conformal Einstein field equations
A conformal representation of the vacuum Einstein equations

• Expressed in terms of geometric fields 
in the conformally rescaled spacetime:


• Frame, connection, Schouten 
tensor, Weyl tensor.


• The equations are formally regular at 
the conformal boundary.

•A hyperbolic reduction implies 
a conformal evolution 

13.4 Hyperbolic reductions using conformal Gaussian systems 381

Similarly, using de
[cab] = 0, one obtains

∇̂[aςbc] = ∇̂[[aL̂b]c] − ∇̂[[a∇̂b]fc]

=
1

2
!̂[abc] −

1

2
dede

[cab] +
1

2
R̂e

[cab]fe − 1

2
Σ̂[a

e
b∇̂|e|fc]

=
1

2
!̂[abc] +

1

2
Ξ̂e

[cab]fe − 1

2
Σ̂[a

e
b∇̂|e|fc].

Hence, one obtains the evolution equations

∇̂0δi = γi0 − Γ̂i
e
0δe,

∇̂0γic = −γjcΓ̂i
j
0 − β0γic − βcγi0 + η0c(β

eγie − 2λΘ−2δi),

∇̂0ςjk = Γ̂j
e
0ςke + Γ̂k

e
0ςej +

1

2
!̂jk0 +

1

2
Ξ̂e

0jkfe +
1

2
Σ̂j

e
kΓ̂e

f
0ff ,

where, in the last equation relation, (13.62) has been used to get further
cancellation of terms.

13.4.6 Summary of the analysis

It is convenient to group the independent components of the spinorial fields in
the extended conformal field equations as:

υ̂ independent components ofeAA′µ, Γ̂AA′BC , L̂AA′BB′ ,

φ independent components ofφABCD.

Also, let e and Γ̂ denote, respectively, the independent components of the frame
and connection coefficients. In terms of the above definitions one has:

Proposition 13.3 (properties of the conformal evolution equations) The
extended conformal vacuum Einstein field equations

Σ̂a
c
b = 0, Ξ̂c

dab = 0, !̂abc = 0, Λabc = 0,

expressed in terms of a conformal Gaussian gauge imply a symmetric hyperbolic
system for the components of (υ̂,φ) of the form

∂τ υ̂ = Kυ̂ + Q(Γ̂)υ̂ + L(x)φ,
⎟
I + A0(e)

⎠
∂τφ + Aα(e)∂αφ = B(Γ̂)φ,

where I is the 5×5 unit matrix, K is a constant matrix, Q(Γ̂) is a smooth matrix-
valued function, L(x) is a smooth matrix-valued function of the coordinates,
Aµ(e) are Hermitian matrices depending smoothly on the frame coe!cients e
and B(Γ̂) is a smooth matrix-valued function of the connection coe!cients. In
the case of the standard Bianchi system, the characteristic polynomial consists
of the factors

τµξµ, gµνξµξν ,

(
τµτν +

2

3
gµν

)
ξµξν ,

Key idea: the conformal 
factor is known a priori



Friedrich’s semiglobal stability 
theorem of the Minkowski 
spacetime



Semiglobal stability of the Minkowski spacetime
(and global stability of de Sitter)

• Existence of solutions to the constraint 
equations with the required properties has been 
analysis  by Anderson, Chrusciel & Friedrich 
(1990) and Anderson & Chrusciel (1991)

Theorem (Friedrich, 1986). Perturbations of hyperboloidal data for the 
Minkowski spacetime which are regular at  give rise to a development 
with the same global properties of the Minkowski spacetime. In particular, 
the solutions admit a smooth conformal extension.

ℐ+

438 Minkowski-like spacetimes

Figure 16.1 Penrose diagram of the Minkowski spacetime and the regions
that can be recovered from data on the standard hyperboloid H!. The future
and past domains of dependence D+(H!) and D−(H!) are depicted in grey
shading. Observe that H! is not a Cauchy hypersurface as there are portions
of the conformal diagram that cannot be recovered from the data on H!.

equations on an asymptotically Euclidean (Cauchy) hypersurface is generically
singular at spatial infinity – the various issues associated to this singular
behaviour are usually known as the problem of spatial infinity.

Despite the above limitation, hyperboloidal initial value problems arise
naturally in evolution problems in which the behaviour of gravitational radiation
is the main concern; see, for example, Rinne and Moncrief (2013) or Zenginoglu
(2008). While the ADM mass – which is computed on asymptotically flat
hypersurfaces (see Section 11.6.1) – is a conserved quantity, the notion of mass
associated to hyperboloidal hypersurfaces, the so-called Bondi mass, shows
a monotonic behaviour, and so it describes the process of mass loss due to
gravitational radiation; see Section 10.4.

16.1 The Minkowski spacetime and the conformal field equations

The first step of the stability analysis is a study of the Minkowski spacetime in
the gauge used to deduce the conformal evolution equations of Proposition 13.3.

16.1.1 The basic representation

As discussed in Section 6.2, the Minkowski spacetime (R4, η̃) can be conformally
embedded into the expanding Einstein cylinder (R × S3, ḡE ) where

ḡE ≡ dτ̄ ⊗ dτ̄ −
(

1 +
τ̄2

4

)2

h̄,

by means of the conformal rescaling

ḡE = Θ2
M η̃, ΘM ≡ 2 cos2

ψ

2

(
1 − 1

4
tan2 ψ

2
τ̄2

)
. (16.1)



The structure of timelike infinity
A couple of corollaries

Corollary 2. The null generators of  
intersect at single point corresponding to 
the endpoints of (physical) timelike geodesics.

ℐ+

i+

Corollary 1. The spacetimes obtained in the previous theorem are future 
timelike geodesically complete.

16.3 A priori structure of the conformal boundary 449

conformal factor vanishes. It follows from the above that on O the field !a must
be proportional to la – more precisely, one can write

!a =
⎟
nb!b

⎠
la on O ⊂ ∂H!. (16.13)

The portion of the Cauchy horizon where Θ vanishes can be identified with
a portion of I + as given by Equation (16.11). On this part of H+(H!), the
conformal field Equations (16.12b) and (16.12c) imply that

la∇a

⎟
nb!b

⎠
= s,

la∇as = −
⎟
nc!c

⎠
Labl

alb.

Since na!a = 1 on ∂H! it follows from the homogeneity of the above equations
that s and nb!b cannot vanish simultaneously. Moreover, contracting ∇aΘ = !a

with ma, m̄a one obtains

s = −
⎟
na!a

⎠
ρ, (16.14)

where ρ ≡ mam̄b∇bla is the Newman-Penrose spin coefficient associated to the
expansion of the congruence of null generators. Thus, ρ is a measure of its con-
vergence; see, for example, Stewart (1991), section 2.7. It follows from Equation
(16.14) that ρ → ∞ if dΘ = 0 at some point p ∈ H+(H!); see Figure 16.6.

The discussion of the previous subsection shows that the development of
hyperboloidal data suitably close to Minkowski data will contain an isolated
point i+ on the conformal boundary for which dΘ = 0. As I + and H+(H!)
coincide wherever there are no caustics, it follows that the null geodesics on
H+(H!) must converge to i+. Accordingly, H+(H!) is the past light cone of
i+, and the causal past J−(i+) and the future domain of dependence D+(H!)
coincide.

Figure 16.6 Null generators of I + meeting at i+, as discussed in the main
text. The causal past of the caustic point i+ corresponds to the future domain
of dependence of hyperboloidal data; that is, J−(i+) = D+(H+

! ).



Numerics
Using the conformal field equations for numerical simulations

• The semiglobal stability of Minkowski 
spacetime has been  numerically 
illustrated by P. Hübner (2001)


• New developments regarding 
scattering problems by Frauendiener, 
Stevens et al.

21.3 Conformal methods and numerics 565

Figure 21.1 Focusing of the generators of null infinity in a numerical evaluation
of hyperboloidal initial data close to Minkowski initial data. From Figure
2 in P. Hübner (2001), From now to timelike infinity in a finite grid,
Class. Quantum Grav. 18, 1871–1884. © IOP Publishing. Reproduced by
permission of IOP Publishing. All rights reserved.

has been provided. Remarkably, the numerical simulations obtained by means
of this code show how the generators of null infinity intersect, up to numerical
precision at a single point, future timelike infinity i+; see Figure 21.1. An alterna-
tive approach based on the frame version of the standard vacuum conformal field
equations has been described in Frauendiener (1998a,b, 2002) and implemented
in Frauendiener and Hein (2002); see also the review by Frauendiener (2004).
A critical discussion of the numerical implementation of the standard conformal
Einstein field equation can be found in Husa (2002).

Conformal Gaussian gauge systems provide an alternative approach to the
numerical implementation of the conformal Einstein field equations. As shown
in Chapter 13, the evolution equations implied by the extended conformal
Einstein equations in this type of gauge splits into a subsystem of transport
equations for the components of the frame, connection and Schouten tensor
and a symmetric hyperbolic system for the components of the rescaled Weyl
tensor. This remarkable structure, highlighting the special role of the Weyl
tensor as describing the free gravitational field, may facilitate the numerical
implementation of the system. An added advantage of this formulation of the
conformal field equations is, in the vacuum case, the a priori knowledge of the
conformal factor linking the unphysical spacetime with the physical spacetime
for which the Einstein equations hold.

A programme to analyse the global dynamics of cosmological spacetimes
by numerical methods using the extended conformal field equations has been
pursued in Beyer (2007, 2008, 2009a,b). This work has provided valuable insights

• Renewed interest by the community 
working on self-force problems —eg 
Zenginoglu,…

Credit: P Hübner (2001)
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Figure 6.4 A class of conformal geodesics ruling the Einstein cylinder; see
main text for further details.

ΥM = −!−1
M

⎟
τ̄dT +

⎟
1 +

1

4
τ̄2

⎠
sinψdψ

⎠
.

Finally, defining βM ≡ β̄+ΥM , one concludes from the transformation formulae
for the solutions of the conformal geodesic equations that the pair (x(τ̄),βM (τ̄))
with

x(τ̄) =

⎟
2arctan

τ̄

2
, x!

⎠
,

βM (τ̄) =
(
arctan

τ̄

2
−!−1

M τ̄
)
dT −!−1

M

⎟
1 +

1

4
τ̄2

⎠
sinψdψ,

is a solution to the η̃-conformal geodesic equations. Notice, in particular, that

βM (0) = − sinψ

1 + cosψ
dψ.

A depiction of the above class of conformal geodesics is given in Figure 6.4.

6.2.4 Hyperboloids in the Minkowski spacetime

An important class of spacelike hypersurfaces in the Minkowski spacetime is
given by the standard hyperboloids

Hk = {p ∈ R4 | t2(p) − r2(p) = k}, k > 0. (6.26)

A direct computation reveals that the unit normal vector to these hypersurfaces
is given by

ν" =
1√
k

(t∂t + r∂r).

Using this expression one can verify that the extrinsic curvature of the
hyperboloids is pure trace, that is, proportional to the intrinsic metric of Hk.
The mean curvature (i.e. the trace of the extrinsic curvature) is given by

Key idea 1: use the CGs 
ruling the Einstein cylinder
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Similarly, using de
[cab] = 0, one obtains

∇̂[aςbc] = ∇̂[[aL̂b]c] − ∇̂[[a∇̂b]fc]

=
1

2
!̂[abc] −

1

2
dede

[cab] +
1

2
R̂e

[cab]fe − 1

2
Σ̂[a

e
b∇̂|e|fc]

=
1

2
!̂[abc] +

1

2
Ξ̂e

[cab]fe − 1

2
Σ̂[a

e
b∇̂|e|fc].

Hence, one obtains the evolution equations

∇̂0δi = γi0 − Γ̂i
e
0δe,

∇̂0γic = −γjcΓ̂i
j
0 − β0γic − βcγi0 + η0c(β

eγie − 2λΘ−2δi),

∇̂0ςjk = Γ̂j
e
0ςke + Γ̂k

e
0ςej +

1

2
!̂jk0 +

1

2
Ξ̂e

0jkfe +
1

2
Σ̂j

e
kΓ̂e

f
0ff ,

where, in the last equation relation, (13.62) has been used to get further
cancellation of terms.

13.4.6 Summary of the analysis

It is convenient to group the independent components of the spinorial fields in
the extended conformal field equations as:

υ̂ independent components ofeAA′µ, Γ̂AA′BC , L̂AA′BB′ ,

φ independent components ofφABCD.

Also, let e and Γ̂ denote, respectively, the independent components of the frame
and connection coefficients. In terms of the above definitions one has:

Proposition 13.3 (properties of the conformal evolution equations) The
extended conformal vacuum Einstein field equations

Σ̂a
c
b = 0, Ξ̂c

dab = 0, !̂abc = 0, Λabc = 0,

expressed in terms of a conformal Gaussian gauge imply a symmetric hyperbolic
system for the components of (υ̂,φ) of the form

∂τ υ̂ = Kυ̂ + Q(Γ̂)υ̂ + L(x)φ,
⎟
I + A0(e)

⎠
∂τφ + Aα(e)∂αφ = B(Γ̂)φ,

where I is the 5×5 unit matrix, K is a constant matrix, Q(Γ̂) is a smooth matrix-
valued function, L(x) is a smooth matrix-valued function of the coordinates,
Aµ(e) are Hermitian matrices depending smoothly on the frame coe!cients e
and B(Γ̂) is a smooth matrix-valued function of the connection coe!cients. In
the case of the standard Bianchi system, the characteristic polynomial consists
of the factors

τµξµ, gµνξµξν ,

(
τµτν +

2

3
gµν

)
ξµξν ,

Key idea 2: apply Cauchy stability to the 
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and

τ̌ = 2arctan
τ̄

2
(16.4)

gives rise to a congruence of conformal geodesics in the Minkowski spacetime
adapted to the conformal factor !̌M in Equation (16.3). This congruence can
be used to construct a conformal Gaussian gauge system for the Minkowski
spacetime.

A calculation using standard trigonometric identities and the relation (16.4)
between the parameters τ̌ and τ̄ yields the expression

Θ̌ = cosψ

⎟
1 − secψτ̄ +

τ̄2

4

⎠
(16.5)

for the conformal factor associated to the new conformal Gaussian gauge system.
This conformal factor vanishes whenever

τ̄ =
2 ± sinψ

cosψ
.

A plot of this conformal factor can be seen in Figure 16.3. Moreover, the
components of the covector ďM ≡ Θ̌β̌M with respect to a Weyl propagated
frame {ēa} such that ē0 = ˙̌xM are given by

β̌0 = ∂τ̄ Θ̌M , β̌i = ēi(Ω̄).

Finally, it follows from the discussion from the previous paragraphs that the
geometry of the conformal representation of the Minkowski spacetime given by
the conformal factor (16.5) is described by the fields (16.2a)–(16.2g); that is,
the geometry of this representation coincides with that of the expanding Einstein

Figure 16.3 Plot of the conformal boundary for the Minkowski spacetime in
a conformal Gaussian gauge adapted to the standard hyperboloid. In this
particular representation timelike infinity i+ is at a finite location. The set
∂H! denotes the intersection of the conformal boundary I + with the initial
hyperboloid H!. As in the case of Figure 16.2, this plot is not a conformal
diagram.

Conformal Gaussian 
gauge representation
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timelike infinity



A key observation
Timelike geodesics as conformal geodesics

Proposition. Any non-null metric geodesic in an Einstein spacetime is, up 
to a reparametrisation, a non-null conformal geodesic.

where L̃ denotes the Schouten tensor of the Levi-Civita connection →̃. For an Einstein space one
has that

L̃ =
1

6
ωg̃,

so that

L̃(ẋ, ·) = 1

6
ωẋω.

In the present article we will rely heavily on the following result —see Lemma 5.2 in [5]:

Lemma 1 (Standard geodesics as conformal geodesics). Any non-null g̃-geodesic in an Einstein
space (M̃, g̃) is, up to a reparametrisation, a non-null conformal geodesic.

Proof. Let x(s) denote a solution to the metric geodesic equation →̃x→x→ = 0. Consider now a
reparametrisation of the curve of the form s = s(ε). We complete x(ε) to a conformal geodesic
using an Ansatz of the form

ω = ϑ(ε)x→ω.

Writing ẋ = ṡx→, it follows readily that equation (1a) implies

s̈+ ϑṡ2g̃(x→,x→) = 0, (2)

where it is noticed that g̃(x→,x→) is constant along the curve as it is g̃-geodesic. Now, substituting
the Ansatz for ω into equation (1b) one comcludes that

ϑ̇ =
1

2
ϑ2ṡg̃(x→,x→) +

1

6
ωṡ. (3)

Equations (2) and (3) constitute a system of ordinary di!erential equations for s(ε) and ϑ(ε)
which can always be solved —at least locally.

We shall also make use of the followinh result —see Proposition 5.1 in [5]:

Proposition 1 (the canonical conformal factor associated to a conformal geodesic). Let (M̃, g̃)
denote an Einstein spacettime. Suppose that (x(ε),ω(ε)) is a solution to the conformal geodesic
equations (1a)-(1b) and that {ea} is a g-orthonormal frame propagated using Weyl propagation.
If g = ”2g̃ is such that g(ẋ, ẋ) = 1, then the conformal factor ” satisfies

”(ε) = ”ε + ”̇ε(ε ↑ εε) +
1

2
”̈ε(ε ↑ εε)

2,

where the coe!cients ”ε ↓ ”(εε), ”̇ε ↓ ”̇(εε) and ”̈ε ↓ ”̈(εε) are constants along the conformal
geodesic and are subject to the constraints

”̇ε = ↔ωε, ẋε↗”ε, ”ε”̈ε =
1

2
g̃ϑ(ωε,ωε +

1

6
ω.

Further, along each conformal geodesic

”ϖ0 = ”̇, ”ϖi = ”ε(ϖi)ε,

where ϖa ↓ ↔ω, ea↗.

3 Timelike geodesics in the Minkowski spacetime as con-

formal geodesics

A general result of the theory of conformal geodesics is that geodesics in an Einstein space can
be reparametrised as conformal geodesics. Details of this can be found in [5] —see Lemma 5.2,
page 131. We make use of this result to explore the properties of a particular class of conformal
geodesics in the Minkowski spacetime.

2

where L̃ denotes the Schouten tensor of the Levi-Civita connection →̃. For an Einstein space one
has that

L̃ =
1

6
ωg̃,

so that
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”̇ε = ↔ωε, ẋε↗”ε, ”ε”̈ε =
1

2
g̃ϑ(ωε,ωε +

1

6
ω.

Further, along each conformal geodesic

”ϖ0 = ”̇, ”ϖi = ”ε(ϖi)ε,

where ϖa ↓ ↔ω, ea↗.

3 Timelike geodesics in the Minkowski spacetime as con-

formal geodesics

A general result of the theory of conformal geodesics is that geodesics in an Einstein space can
be reparametrised as conformal geodesics. Details of this can be found in [5] —see Lemma 5.2,
page 131. We make use of this result to explore the properties of a particular class of conformal
geodesics in the Minkowski spacetime.

2

where L̃ denotes the Schouten tensor of the Levi-Civita connection →̃. For an Einstein space one
has that

L̃ =
1

6
ωg̃,

so that
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CG equations

can be casted in the form

→
(
1

ω

)
=

1

2
ṡ,

so that after integrating one gets
1

ωω
→ 1

ω
=

1

2
(s→ sω).

Further rearrangements lead to the expression

ω =
2ωω

2→ ωω(s→ sω)
. (7)

Now, from equation (4a), namely
s̈+ ωṡ2 = 0,

some manipulations readily yield that

d

dε

(
1

ṡ

)
= ω.

Thus, using equation (7) to eliminate ω in the last expression, one obtains

d

dε

(
1

ṡ

)
=

2ωω

2→ ωω(s→ sω)
.

Now, observing that

d

dε

(
1

ṡ

)
=

d

dε

(
1

ds/dε

)

=
d

dε

(
dε

ds

)

=
ds

dε

d

ds

(
dε

ds

)

=
1

dε/ds

d

ds

(
dε

ds

)
=

d

ds
ln

∣∣∣∣
dε

ds

∣∣∣∣ .

Hence, one has that
d

ds
ln

∣∣∣∣
dε

ds

∣∣∣∣ =
2ωω

2→ ωω(s→ sω)
,

which, upon integration, yields

ln

∣∣∣∣
ε →

ε →ω

∣∣∣∣ = ln

(
4

(
2→ ωω(s→ sω)

)2

)
.

Taking exponentials on both sides and observing that the resulting righthand side is positive one
can remove the absolute value on the lefthand side so as to obtain

ε → =
ε →ω(

(2 + ωωsω)→ ωωs
)2 .

A final integration then gives

ε → εω =
2ε →ω(s→ sω)

2 + ωω(sω → s)
.

Inverting this last equations one then finds

s→ sω =
2(ε → εω)

2ε →ω + ωω(ε → εω)
.
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Finally, substituting this expression into equation (7) one obtains an expression for ω as a function
of ε —namely

ω→ ωω =
ω2
ω

2ε →ω
(ε → εω).

Finally, observing that ε →ω = 1/ṡω, one can actually write

ω→ ωω =
1

2
ω2
ωṡω(s→ sω).
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Universal solution if proper 
time is used!

Solving…

Hypothesis and Ansatz



Which timelike geodesics?
Blow-up  by looking at the integral curves of i+ ∂t

I +

I →

i+

i→

Sω

Figure 1: Penrose of the geodesics starting from the standard Cauchy hypersurface.

Lemma 2. One has that

!ω = ω ↑ω, !̇ω = εω, !̈ω =
ε2
ω

2ω ↑ω
.

3.3 Geodesics starting from a Cauchy hypersurface

A particular case of (5a)-(5b) is given by

s(ω) =
ω

1→ ω
, ε(ω) = 2(ω → 1).

This particular solution satisfies

s(0) = 0, s↑(0) = 1, ε(1) = 0.

Moreover,
ω ↑ 1 as s ↑ ↓.

The resulting family of conformal geodesics is given by

x(ω) =

(
ω

1→ ω
, rω, ϑω,ϖω

)
.

The parameter ω can be used as new time coordinate:

t =
ω

1→ ω
↔↗ ω =

t

1 + t
.

5

• A natural congruence to blow-up timelike infinity is given 
by the integral curves of  (time translation Killing vector)


• In the Minkowski spacetime these curves are geodesics 
and, thus, can be reparametrised as conformal 
geodesics


• The reparametrised curves reach for a finite value of 
the new parameter 


• The curves can be parametrised by their location at the 
fiduciary hyper surface 

∂t

i+

τ



A first example
Reaching  from a Minkowski Cauchy hypersurfacei+

3.1 Basic definitions and equations

3.2 The reparametrisation

In the following we consider the Minkowski line element in spherical coordinates —namely,

ω̃ = dt→ dt↑ dr → dr ↑ r2ε,

with ε the round metric on S
2. The elements of the family of curves given by

ω(rω,ωω,εε) ↓ (s, rϑ, εϑ,ϑϑ), s ↔ R

are standard (i.e. metric) geodesics with tangent x→(s) = ϖt —in the following, the dash → will
denote di!erentiation with respect to the parameter ϱ . When plotted in a Penrose diagram, these
curves have endpoints at the points i± —future and past timelike infinity. •1

•1: JAVK (24.4.2024):
draw a Penrose
diagram of this.

3.2.1 The solution of the reparametrisation equations

We follow the procedure outlined in Lemma 5.2 in [5] to cast the curves ω(rω,ωω,εε) as conformal
geodesics. To this end we consider a reparametrisation of the form

s ↗↘ s(ϱ),

so that for a curve x(s) one has that

x(s) ↗↘ x(ϱ) = x(s(ϱ)).

In the following we denote by ˙ the derivative with respect to the parameter ϱ . In particular,
for the parameter of the curves x(ϱ) one writes ẋ(ϱ). In particular, one has that ẋ = ṡx→. The
curve x(ϱ) is supplemented by a 1-form ϑ(ϱ) using the Ansatz

ϑ = ς(ϱ)x→ϖ.

The functions s(ϱ) and ς(ϱ) satisfy the equations

s̈+ ςṡ2 = 0, (4a)

ς̇ =
1

2
ς2ṡ, (4b)

where it has been used that ω̃(x→,x→) = 1. The general solution to the above system of ordinary
di!erential equations is given by

s(ϱ)↑ sϑ =
2(ϱ ↑ ϱϑ)

2ϱ →ϑ + ςϑ(ϱ ↑ ϱϑ)
, (5a)

ς(ϱ)↑ ςϑ =
ς2
ϑ

2ϱ →ϑ
(ϱ ↑ ϱϑ), (5b)

where sϑ is a fiduciary value of the a”ne parameter of the geodesics and, moreover, we have set

ϱϑ ↓ ϱ(sϑ), ϱ →ϑ ↓ ϱ →(sϑ), ςϑ ↓ ς(ϱϑ).

The derivation of this solution is provided in the Appendix. For future reference it is observed
that the relation (5a) can be inverted to yield

ϱ ↑ ϱϑ =
2ϱ →ϑ(s↑ sϑ)

2 + ςϑ(sϑ ↑ s)
.

From this it follows, using the L’Hopital rule, that

lim
s↑↓

(ϱ ↑ ϱϑ) = ↑2ϱ →ϑ
ςϑ

.
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s̈+ ϱṡ2 = 0, (4a)

ϱ̇ =
1

2
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with the coe!cients ”ω, ”→

ω and ”→→

ω subject to the constraints

”̇ω = →ωω, ↑”ω, ”ω”
→→

ω =
1

2
ε̃ε(ωω,ωω).

For simplicity one sets ωω = 0. In first instance no attempt is made to a conformal compactification
of the spatial sections. Accordingly one sets

”ω = 1.

It can be readily be shown that

→ωω,x
→

ω↑ = ↓2, ε̃(ωω,ω) = 4.

Accordingly, one finds that
”→

ω = ↓2, ”→→

ω = 2,

and the conformal factor is given by
” = (1↓ ω)2.

Remark 1. Observe that both ” and d” vanish for ω = 1. This property characterises timelike
infinity in Minkowski-like spacetimes.

3.4 Geodesics starting from a hyperboloid

To construct a gauge that can be used to study the development of data from an hyperbolid we
make use of Lemma 2.

Setting
”̇ω = 2aω”ω,

so that
”̈ω = 2aω”ω,

where aω a suitable constant. Accordingly, the canonical conformal factor takes the form

” = ”ω

(
1 + 2aω(ω ↓ ωω) + a2ω(ω ↓ ωω)

2
)

= ”ω (1 + aω(ω ↓ ωω))
2 .

For simplicity the set aω = ↓1 so that

” = ”ω (1↓ (ω ↓ ωω))
2 . (6)

Remark 2. The conformal factor (6) vanishes at both ”ω = 0 which correspeonds to the con-
formal noundary (I +) and at ω = 1 + ωω. Accordingly, one achieves both I -fixing and a
representation where timelike infinity is described by a hyperboloid.

4 Hyperboloids using height functions

In this section we analyse hyperboloids using height functions. The approach follows the discus-
sion in [6, 7].

Given the standard Minkowski metric in spherical coordinates, introduce a new time coordi-
nate ε via a height function f(r). Namely, we set

ε ↔ t↓ f(r).

A natural choice for the height function is

f(r) =
√

a2 + r2,

6

Lemma 2. One has that

!ω = ω →ω, !̇ω = εω, !̈ω =
ε2
ω

2ω →ω
.

3.3 Geodesics starting froma Cauchy hypersurface

A particular case of (5a)-(5b) is given by

s(ω) =
ω

1→ ω
, ε(ω) = 2(ω → 1).

This particular solution satisfies

s(0) = 0, s→(0) = 1, ε(1) = 0.

Moreover,
ω ↑ 1 as s ↑ ↓.

The resulting family of conformal geodesics is given by

x(ω) =

(
ω

1→ ω
, rω, ϑω,ϖω

)
.

The parameter ω can be used as new time coordinate:

t =
ω

1→ ω
↔↗ ω =

t

1 + t
.

In particualr, one has that

dt =
1

(1→ ω)2
dω.

It follows that the tanget to the conformal geodesics is given by

x→ =
1

(1→ ω)2
ωt,

= ωε ,

while the associated 1-form

ε = → 2

1 + t
dt

= → 2

1→ ω
dω.

One can now make use of Proposition 5.1 in page 133 of [5] to construct a conformal factor
associated to the congruence. This conformal factor is fixed the condition

g(x→,x→) = !2g̃(x→,x→).

More precisely, one has that

!(ω) = !ω +!→

ω(ω → ωω) +
1

2
!→→

ω(ω → ωω)
2,

5

I +

I →

i+

i→

Sω

Figure 1: Penrose of the geodesics starting from the standard Cauchy hypersurface.

Sω

S
+

ω

Figure 2: The simple blow up of timelike infinity using geodesics starting from a Cauchy hyper-
surface.

Lemma 2. One has that

!ω = ε ↑ω, !̇ω = ϑω, !̈ω =
ϑ2
ω

2ε ↑ω
.

3.3 Geodesics starting from a Cauchy hypersurface

A particular case of (5a)-(5b) is given by

s(ε) =
ε

1→ ε
, ϑ(ε) = 2(ε → 1).

5

τ ∈ [0,1]

This particular solution satisfies

s(0) = 0, s→(0) = 1, ω(1) = 0.

Moreover,
ε → 1 as s → ↑.

The resulting family of conformal geodesics is given by

x(ε) =

(
ε

1↓ ε
, rω, ϑω,ϖω

)
.

The parameter ε can be used as new time coordinate:

t =
ε

1↓ ε
↔↗ ε =

t

1 + t
.

In particular, one has that

dt =
1

(1↓ ε)2
dε.

It follows that the tangent to the conformal geodesics is given by

x→ = ωs = ωt, ẋ = ṫωt =
1

(1↓ ε)2
ωt,

= ωε ,

while the associated 1-form

ε = ↓
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1 + t
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1↓ ε
dε.

One can now make use of Proposition 5.1 in page 133 of [5] to construct a conformal factor
associated to the congruence. This conformal factor is fixed the condition

g(x→,x→) = !2g̃(x→,x→).

More precisely, one has that

!(ε) = !ω +!→

ω(ε ↓ εω) +
1

2
!→→

ω(ε ↓ εω)
2,

with the coe”cients !ω, !→

ω and !→→

ω subject to the constraints

!→

ω = ↘εω,x
→

ω≃!ω, !ω!
→→

ω =
1

2
ϑ̃ϑ(εω,εω).

For simplicity, one sets εω = 0. In first instance, no attempt is made to a conformal compactifi-
cation of the spatial sections. Accordingly one sets

!ω = 1.

It can be readily be shown that

↘εω,x
→

ω≃ = ↓2, ϑ̃(εω,εω) = 4.

Accordingly, one finds that
!→

ω = ↓2, !→→

ω = 2,

and the conformal factor is given by
! = (1↓ ε)2.

Remark 1. Observe that both ! and d! vanish for ε = 1. This property characterises timelike
infinity in Minkowski-like spacetimes. That is, one has that

!|ε=1 = 0, d!|ε=1 = 0.

We also observe that
ϑ = dε ⇐ dε ↓ (1↓ ε)2ϖ.
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Key observations:



CMC hyperboloids in Minkowski spacetime
A more convenient starting point for an investigation of i+

6.3 The de Sitter spacetime 155
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Figure 6.5 Examples of hyperboloids in the Minkowski spacetime: left, the
standard hyperboloids Hk with k = 1, 1

2 , 1
4 , 1

10 in (t, r)-coordinates (see
Equation (6.26)); right, location of the hyperboloids in the Penrose diagram.
The diagram is quantitatively correct.

K̃ =
3√
k

.

That is, the standard hyperboloids are surfaces of constant mean curvature.
Making use of the coordinates (U, V ) introduced in Section 6.2.1, the defining
equation for the hyperboloids can be rewritten as tan U tan V = k. The
hyperboloids intersect null infinity whenever V = 1

2π. It follows that, in this
case, U = 0. Thus, the hyperboloids Hk intersect null infinity at the same points
independent of the value of k. The hypersurfaces di!er from each other by the
angle α at which they intersect null infinity. One can compute that

tanα = −dU

dV
= k.

In particular, if k2 = 1, one has that α = 1
4π. This particular hyperboloid

corresponds to a horizontal line T = 1
2π in the Penrose diagram of the Minkowski

spacetime; see Figure 6.5.
A more general class of hyperboloids can be obtained by translating the

standard hyperboloids (6.26). To this end, one considers the defining equation
k = (t−t!)2−r2 for fixed k and t!. Varying t! one obtains a family of translated
hyperboloids Ht!,k. The intersection of the Ht!,k now depends on the value of
t!: if V = 1

2π, it follows that U = arctan t!.

6.3 The de Sitter spacetime

The de Sitter spacetime (M̃dS , g̃dS) is the solution to the vacuum Einstein
field equations Ric[g̃] = λg̃ with negative constant Ricci scalar, in the signature
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Figure 6.4 A class of conformal geodesics ruling the Einstein cylinder; see
main text for further details.

ΥM = −!−1
M

⎟
τ̄dT +

⎟
1 +

1

4
τ̄2

⎠
sinψdψ

⎠
.

Finally, defining βM ≡ β̄+ΥM , one concludes from the transformation formulae
for the solutions of the conformal geodesic equations that the pair (x(τ̄),βM (τ̄))
with

x(τ̄) =

⎟
2arctan

τ̄

2
, x!

⎠
,

βM (τ̄) =
(
arctan

τ̄

2
−!−1

M τ̄
)
dT −!−1

M

⎟
1 +

1

4
τ̄2

⎠
sinψdψ,

is a solution to the η̃-conformal geodesic equations. Notice, in particular, that

βM (0) = − sinψ

1 + cosψ
dψ.

A depiction of the above class of conformal geodesics is given in Figure 6.4.

6.2.4 Hyperboloids in the Minkowski spacetime

An important class of spacelike hypersurfaces in the Minkowski spacetime is
given by the standard hyperboloids

Hk = {p ∈ R4 | t2(p) − r2(p) = k}, k > 0. (6.26)

A direct computation reveals that the unit normal vector to these hypersurfaces
is given by

ν" =
1√
k

(t∂t + r∂r).

Using this expression one can verify that the extrinsic curvature of the
hyperboloids is pure trace, that is, proportional to the intrinsic metric of Hk.
The mean curvature (i.e. the trace of the extrinsic curvature) is given by
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Using the standard hyperboloid
Encoding the information on ℋ⋆

• Starting from  allows to naturally include  
in the discussion


•  is generated by limiting CGs


• Conformally compactify  to the interior of  
(Beltrami-Klein model of hyperbolic space)


• The CGs are not orthonormal to 

ℋ⋆ ℐ+

ℐ+

ℋ⋆ 𝕊2

ℋ⋆

I +

I →

i+

i→

Hω

Figure 3: Penrose of the geodesics starting from the standard Cauchy hypersurface.

•5
•5: JAVK (5.5.2026):

checked in xAct
The intrinsic metric of the ω = ωω hypersurfaces is seen to be given by

h̃ = →
a2

a2 + r2
dr ↑ dr → r2 /ω.

The latter is the (negative signature) metric of the hyperbolic space H
3. Denote by ε the unit

conormal to the hypersurface ω = ωω.

4.1 Compactification into the interior of S
2

We consider a conformal rescaling of the intrinsic 3-metric into the flat metric. This approach
e!ectively compactifies the hyperbolic space into the interior of the 2-dimensional sphere S2 ↓ R

3.

As in the previous subsection let

h̃ =
a2

a2 + r2
dr ↑ dr + r2 /ω.

We write the flat metric of R3 as
ϑ = dε↑ dε+ ε2 /ω.

Now, consider a conformal factor ϑ such that

ϖ = ϱ2h̃.

Writing r = r(ε) one readily finds the conditions

a2

a2 + r2
r↑2 =

1

ϱ2
,

r2 =
ε2

ϱ2
.

8



The null cones near ℋ+
Implementing -fixingℐ

I +

Hω

H
+

C
+

Cω

Figure 3: Diagram of the I -fixing region with timelike infinity blown-up to an hyperboloid H
+.

→
4a2

(1→ ω2)4(1→ ε)2
(
ε(1 + ω2)→ (1 + ω)2

)(
ε(1 + ω2)→ (1→ ω)2

)
dω↑ dω

→
4a2ω

(1→ ω2)2)
/ω.

To conclude we set

ε = !2ε̃

=
1

4a2
(1→ ω2)2(1→ ε)4ε̃.

One can then show that

ε = dε ↑ dε +
2ω(1→ ε)

(1→ ω2)
(dε ↑ dω+ dω↑ dε)

→
(1→ ε)2

(1→ ω2)2
(
ε(1 + ω2)→ (1 + ω)2

)(
ε(1 + ω2)→ (1→ ω)2

)
dω↑ dω

→ω2(1→ ε)4 /ω.

A further computation yields

εε =
ε2(1 + ω2)2 → 2ε(1 + ω2)2 + (1→ ω2)2

(1 + ω2)2(1→ ε)2
ϑϑ ↑ ϑϑ

+
2ω(1→ ω2)

(1→ ε)3(1 + ω2)2
(ϑϑ ↑ ϑϖ + ϑϖ ↑ ϑϑ )→

(1→ ω2)2

(1→ ε)4(1 + ω2)2
ϑϖ ↑ ϑϖ

→
1

(1→ ε)4ω2 /ω
ε.

For further reference it is also observed that

detε = →
(1→ ε)12ω4(1 + ω2)2

(1→ ω2)2
det /ω.

Using the Gram-Schmidt algorithm, starting from {ϑϑ ,ϑϖ} one readily finds a basis consisting
of the orthonormal vectors

e0 ↓ ϑϑ ,

11

•  is described by a fixed coordinate 
location ( )


•  is given by the condition 


• Lightcones open as  is approached  
along a conformal geodesic

ℐ+

χ = 1
ℋ+ τ = 1

ℋ+

I +

I →

i+

i→

Hω

Figure 5: Penrose diagram of the geodesic from which the lightcones from the previous figure
emanate.

+
2ω(1→ ω2)

(1→ ε)3(1 + ω2)2
(ωε ↑ ωϑ + ωϑ ↑ ωε )→

(1→ ω2)2

(1→ ε)4(1 + ω2)2
ωϑ ↑ ωϑ

→
1

(1→ ε)4ω2 /ε
ϖ.

For further reference it is also observed that

detϑ = →
(1→ ε)12ω4(1 + ω2)2

(1→ ω2)2
det /ε.

Using the Gram-Schmidt algorithm, starting from {ωε ,ωϑ} one readily finds a basis consisting
of the orthonormal vectors

e0 ↓ ωε ,

e1 ↓
1→ ω2

(1→ ε)2(1 + ω2)
ωϑ →

2ω

(1→ ε)(1 + ω2)
ωε .

The rest of the basis is completed by considering vectors {ϖ+,ϖ→} such that

/ε = ϖ+ ↑ϖ→ +ϖ→ ↑ϖ+.

The associated cobasis {ϱa
}, is given by

ϱ0 = dε +
2ω(1→ ε)

(1→ ω2)
dω,

ϱ1 = →
(1→ ε)2(1 + ω2)

(1→ ω2)
dω.

Accordingly, we can write

ϑ =

(
dε +

2ω(1→ ε)

(1→ ω2)
dω

)
↑

(
dε +

2ω(1→ ε)

(1→ ω2)
dω

)
→

(1→ ε)4(1 + ω2)2

(1→ ω2)2
dω↑ dω→ ω2(1→ ε)3 /ε.

12



Side remark:  vs i0 i+



First attempts at formalising spatial infinity
Geroch (1972), Ashtekar & Hansen (1978) —see also Wald (1984)

• Point compactification of spatial infinity using 
stereographic projection. 


• Later used to construct solutions to the constraints by 
the puncture method —Beig & O’Murchadha (1990), 
Friedrich (1998).

274 The conformal constraint equations

11.6.2 Definition using conformal rescalings

The notion of asymptotically Euclidean manifolds can be strengthened by
requiring the physical hypersurface S̃ to have a conformal extension which is
a point compactification . This approach provides a more geometrical setting
for the discussion of the asymptotic behaviour of the various fields, that is,
independent of the use of particular asymptotically Cartesian coordinates. This
point of view was first introduced by Geroch (1972b).

Definition 11.2 (asymptotically Euclidean and regular manifolds) A
three-dimensional Riemannian manifold (S̃, h̃) will be said to be asymptotically
Euclidean and regular if there exists a three-dimensional, orientable, compact
manifold (S, h) with points ik ∈ S, k = 1, . . . , N with N some integer, a
diffeomorphism ϕ : S \ {i1, . . . , iN} → S̃ and a function Ω ∈ C2 such that:

(i) Ω(ik) = 0, dΩ(ik) = 0, HessΩ(ik) = −2h(ik).
(ii) Ω > 0 on S \ {i1, . . . , iN}.
(iii) h = Ω2ϕ∗h̃ on S \ {i1, . . . , iN} with h ∈ C2(S) ∩ C∞(S \ {i1, . . . , iN}).

More generally, a function Λ1/2 such that Λ satisfies conditions (i) in the above
definition is called an asymptotic distance function . The function Λ does not
need to be defined globally on S.

When no confusion arises, condition (iii) in Definition 11.2 will simply be
written as h = Ω2h̃ so that S \ {i1, . . . , iN} and S̃ are identified. As will
be seen in the following, for asymptotically Euclidean and regular manifolds,
suitable neighbourhoods of the points ik – the points at infinity – are mapped
to the asymptotic ends of S̃. Thus, one can use local differential geometry to
discuss the asymptotic properties of the initial data set (S̃, h̃). The question
of the differentiability of Ω and h at i1, . . . , iN will be addressed later in this
subsection. Definition 11.2 is purely Riemannian; that is, it makes no reference
to the extrinsic curvature. The behaviour of the extrinsic curvature at the points
at infinity will be discussed in the subsequent paragraphs.

There is some conformal gauge freedom in Definition 11.2. A replacement
of the form

h %→ φ4h, Ω %→ φ2Ω, (11.49)

with φ(ik) = 1 gives rise to the same physical metric h̃ = Ω−4h and preserves
the boundary conditions in point (i) of the definition. This gauge freedom can
be used to select conformal metrics with special properties. For example, given
a particular point at infinity i, and choosing φ such that

∆hφ− 1

8
r[h]φ = 0 on Bε(i), (11.50)

with Bε(i) the ball of radius ε centred at i for some ε > 0, it follows from
Equation (11.23) that
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Duality between  and i0 i+
On static and radiative spacetimes (HF, CMP 1986)

Constructing radiative spacetimes 
near from static solutions near i+ i0

19.5 Uniqueness of the conformal structure of static metrics 527

Ni

i

S

SC

Figure 19.1 Schematic representation of the complex null cone through i, Ni, as described
in the main text.

19.5 Uniqueness of the conformal structure of static metrics

As a final application of the conformal static equations, it is analysed the extent
to which the conformal class of the 3-metric h̃ determines a solution to the static
equations. This question was first analysed in Beig (1991) from where the main
ideas of the analysis are adapted. An alternative discussion of some aspects of this
problem is given in Friedrich (2008a,b).

The Multipole Theorem 38 shows that a static solution is determined by its
multipole moments. Thus, it is natural to try to relate the multipole moments to
the conformal class of the metric h. In what follows, for p = 1, 2, 3, . . . define

�ApBp···A1B1A0B0 ⌘ DQ
(Bp

DAp�1Bp�1 · · · DA1B1bA0B0ApQ)(i).

Using an inductive argument similar (albeit lengthier!) to the one leading to Propo-
sition 35 one obtains the family of identities

�ApBp···A1B1A0B0 = 6µD(ApBp
· · · DA2B2sA1B1A0B0)

(i), (19.32)

for p = 1, 2, 3, . . . with µ = m2/4 —see equation (19.12). The above identities
constitute the main tool for the reminder of the section. Observe that the tensorial
counterpart of the symmetrised derivatives of the spinor enter directly in the defi-
nition of the multipole moments. The quantities �ApBp···A0B0 have good conformal
properties. Recalling that under the rescaling h

0 = !2
h with !(i) 6= 0, one has the

transformation rules

b0

ABCD
= !�1bABCD, ✏0AB = !�1✏AB.

It follows that

�0

ApBp···A0B0
= !�2(i)�ApBp···A0B0 .

Identifies the radiativity condition for the 
Cotton tensor 
 

,    
 
ensuring that  
 




is analytic at .

D{ip⋯Di1bjk}(i) = 0 p = 0,1,2,…

dij = 1
Ω2 (D{iDj}Ω + Ωsij)

i

Proposition (Beig 1990). Static solutions 
satisfy the radiativity condition.



Stability of the gauge



Stability of the gauge
The structures are preserved for a larger class of spacetimes

Theorem (MMagdy & JA Valiente Kroon, 2026). The semiglobal 
perturbations of Minkowski of Friedrich’s theorem  admit a hyperboloidal 
representation of  similar to that of the Minkowski spacetime.i+

• This follows from the timelike 
geodesic completeness of the 
spacetimes and the fact that 
the reparametrisation formulae 
are universal!

I +

Hω

H
+

C
+

Cω

Figure 6: Diagram of the I -fixing region with timelike infinity blown-up to an hyperboloid H
+.

4.1.3 Null geodesics

Intuition into the geometric features of the present setting can be obtained from looking at the
behaviour of null geodesics. Accordingly, let

u = t→ r, v = t+ r,

so that outgoing null geodesics are curves with constant coordinate u while incoming geodesics
have v constant. A calculation then shows that

u =
2aω

(1→ ε2)(1→ ω)
+

a(1→ ε)

1 + ε
,

v =
2aω

(1→ ε2)(1→ ω)
+

]→a(1 + ε)

1→ ε
.

4.1.4 The wave equation

The wave equation ↭ϑ = 0 takes the form

(1→ ω)2
(
ω(ω → 2)(1 + ε2)2 + (1→ ε2)2

)

(1 + ε2)2
ϖ2
εϑ+

4ε(1→ ε2)(1→ ω)

(1 + ε2)2
ϖεϖϑϑ→

(1→ ε2)2

(1 + ε2)2
ϖ2
ϑϑ

→
(1→ ω)

(
ε2(3ε4 + 2ε2 + 3)ε2

→ 2ω(1 + ε2)2 + (1→ ε2)2
)

(1 + ε2)3
ϖεϑ

+
2(2ε6

→ ε4
→ 1)

ε(1 + ε2)3
ϖϑϑ→

1

ε2
/!ϑ = 0.

The restriction of the equation to I + (i.e. ω = 1) is given by

ω(ω → 2)(1→ ω)2ϖ2
εϑ→ (6ω2 → 8ω + 2)(1→ ω)ϖεϑ→ /!ϑ = 0.

Also of interest is the equation at ω = 1. In this case it becomes a singular elliptic equation:

(1→ ε2)2

(1 + ε2)2
ϖ2
ϑϑ→

2(2ε6
→ ε4

→ 1)

ε(1 + ε2)3
ϖϑϑ+

1

ε2
/!ϑ = 0.

13



Evolution equations near ℋ+



A toy model: the wave equation
Degeneracy of the principal part near ℋ+

One readily finds that

ω =
1

4a2
(1→ ω2)2dε ↑ dε +

1

a
ω(1→ ε)2

(
dε ↑ dω+ dω↑ dε

)
→ (1→ ε)4

(
dω↑ dω+ ω2 /ε

)
.

Moreover, it can be seen that

ωω =
4a2

(1 + ω2)2
ϑε ↑ ϑε +

4aω

(1→ ε)2(1 + ω2)2
(
ϑε ↑ ϑϑ + ϑϑ ↑ ϑε

)

→ (1→ ω2)2

(1 + ω2)2(1→ ε)4
ϑϑ ↑ ϑϑ → 1

ω2(1→ ε)4
/εω.

Remark 3. Observe that one has that

ω(ϑε ,ϑε )|I + = 0,

so that the congruence of conformal geodesics degenerates at the conformal boundary. Moreover,
one also has that

ω|ε=1 =
1

4a2
(1→ ω2)2dε ↑ dε.

In other words, one has a Carrollian structure at timelike infinity. The metric completely degen-
erates at the corner ε = 1, ω = 1. An appealing feature of this representation is that the spatial
sections (hypersurfaces of constant ε) are conformally flat.

Of particular interest is the form the scalar wave equation takes. A calculation shows that
↭ϑ = 0 implies

4a2(1→ ε)4

(1 + ω2)2
ϖ2
εϑ+

8a(1→ ε)2ω

(1 + ω2)2
ϖεϖϑϑ→ (1→ ω2)2

(1 + ω2)2
ϖ2
ϑ

+
4a

(1 + ω2)2
(1→ ε)2

(
3 + ω2 + 6a(ε → 1)(1 + ω2)

)
ϖε

→ 1

ω(1 + ω2)3

(
2
(
1→ (4 + 8a(ε → 1))

)
ω2 +

(
1 + 8a(1→ ε)

)
ω4 + 2ω6

)
ϖϑϑ

→ 1

ω2
/!ϑ = 0.

At ε = 1 the above equation degenerates into the elliptic equation

(1→ ω2)2

(1 + ω2)2
ϖ2
ϑϑ+

2(1→ ω2)

ω(1 + ω2)3
(2ω4 + 3ω2 → 1)ϖϑϑ+

1

ω2
/!ϑ = 0.

By contrast, on I + (i.e. ω = 1) one obtains the transport equation

a2(1→ ε)4ϖ2
εϑ+

a

2
(1→ ε)2

(
4→ 12a(1→ ε)

)
ϖεϑ→ /!ϑ = 4a(1→ ε)ϖϑϑ→ 2a(1→ ε)2ϖεϖϑϑ.

The above equation can be integrated if the transverse derivative ϖϑϑ is known at ω = 1. Insight
into the solutions of to this equations can be obtained using a decomposition of ϑ into spherical
harmonics. To this end, recall that

/!Yϖm = →ϱ(ϱ+ 1)Yϖm.

In this spirit, consider the ordinary di”erential equation

(1→ ε)4ς̈+
1

2a
(1→ ε)2

(
4→ 12a(1→ ε)

)
ς̇+

1

a2
ϱ(ϱ+ 1)ς = 0.

9

One readily finds that

ω =
1

4a2
(1→ ω2)2dε ↑ dε +

1

a
ω(1→ ε)2

(
dε ↑ dω+ dω↑ dε

)
→ (1→ ε)4

(
dω↑ dω+ ω2 /ε

)
.

Moreover, it can be seen that

ωω =
4a2

(1 + ω2)2
ϑε ↑ ϑε +

4aω

(1→ ε)2(1 + ω2)2
(
ϑε ↑ ϑϑ + ϑϑ ↑ ϑε

)

→ (1→ ω2)2

(1 + ω2)2(1→ ε)4
ϑϑ ↑ ϑϑ → 1

ω2(1→ ε)4
/εω.

Remark 3. Observe that one has that

ω(ϑε ,ϑε )|I + = 0,

so that the congruence of conformal geodesics degenerates at the conformal boundary. Moreover,
one also has that

ω|ε=1 =
1

4a2
(1→ ω2)2dε ↑ dε.

In other words, one has a Carrollian structure at timelike infinity. The metric completely degen-
erates at the corner ε = 1, ω = 1. An appealing feature of this representation is that the spatial
sections (hypersurfaces of constant ε) are conformally flat.

Of particular interest is the form the scalar wave equation takes. A calculation shows that
↭ϑ = 0 implies

4a2(1→ ε)4

(1 + ω2)2
ϖ2
εϑ+

8a(1→ ε)2ω

(1 + ω2)2
ϖεϖϑϑ→ (1→ ω2)2

(1 + ω2)2
ϖ2
ϑ

+
4a

(1 + ω2)2
(1→ ε)2

(
3 + ω2 + 6a(ε → 1)(1 + ω2)

)
ϖε

→ 1

ω(1 + ω2)3

(
2
(
1→ (4 + 8a(ε → 1))

)
ω2 +

(
1 + 8a(1→ ε)

)
ω4 + 2ω6

)
ϖϑϑ

→ 1

ω2
/!ϑ = 0.

At ε = 1 the above equation degenerates into the elliptic equation

(1→ ω2)2

(1 + ω2)2
ϖ2
ϑϑ+

2(1→ ω2)

ω(1 + ω2)3
(2ω4 + 3ω2 → 1)ϖϑϑ+

1

ω2
/!ϑ = 0.

By contrast, on I + (i.e. ω = 1) one obtains the transport equation

a2(1→ ε)4ϖ2
εϑ+

a

2
(1→ ε)2

(
4→ 12a(1→ ε)

)
ϖεϑ→ /!ϑ = 4a(1→ ε)ϖϑϑ→ 2a(1→ ε)2ϖεϖϑϑ.

The above equation can be integrated if the transverse derivative ϖϑϑ is known at ω = 1. Insight
into the solutions of to this equations can be obtained using a decomposition of ϑ into spherical
harmonics. To this end, recall that

/!Yϖm = →ϱ(ϱ+ 1)Yϖm.

In this spirit, consider the ordinary di”erential equation

(1→ ε)4ς̈+
1

2a
(1→ ε)2

(
4→ 12a(1→ ε)

)
ς̇+

1

a2
ϱ(ϱ+ 1)ς = 0.

9

A useful toy model!

Key observations: 
• The principal part degenerates at 

• However, it is regular from the point of 

view of b-geometry

ℋ+



The constraint at ℋ+
The values of  are not independent from each otherϕ

One readily finds that

ω =
1

4a2
(1→ ω2)2dε ↑ dε +

1

a
ω(1→ ε)2

(
dε ↑ dω+ dω↑ dε

)
→ (1→ ε)4

(
dω↑ dω+ ω2 /ε

)
.

Moreover, it can be seen that

ωω =
4a2

(1 + ω2)2
ϑε ↑ ϑε +

4aω

(1→ ε)2(1 + ω2)2
(
ϑε ↑ ϑϑ + ϑϑ ↑ ϑε

)

→ (1→ ω2)2

(1 + ω2)2(1→ ε)4
ϑϑ ↑ ϑϑ → 1

ω2(1→ ε)4
/εω.

Remark 3. Observe that one has that

ω(ϑε ,ϑε )|I + = 0,

so that the congruence of conformal geodesics degenerates at the conformal boundary. Moreover,
one also has that

ω|ε=1 =
1

4a2
(1→ ω2)2dε ↑ dε.

In other words, one has a Carrollian structure at timelike infinity. The metric completely degen-
erates at the corner ε = 1, ω = 1. An appealing feature of this representation is that the spatial
sections (hypersurfaces of constant ε) are conformally flat.

Of particular interest is the form the scalar wave equation takes. A calculation shows that
↭ϑ = 0 implies

4a2(1→ ε)4

(1 + ω2)2
ϖ2
εϑ+

8a(1→ ε)2ω

(1 + ω2)2
ϖεϖϑϑ→ (1→ ω2)2

(1 + ω2)2
ϖ2
ϑ

+
4a

(1 + ω2)2
(1→ ε)2

(
3 + ω2 + 6a(ε → 1)(1 + ω2)

)
ϖε

→ 1

ω(1 + ω2)3

(
2
(
1→ (4 + 8a(ε → 1))

)
ω2 +

(
1 + 8a(1→ ε)

)
ω4 + 2ω6

)
ϖϑϑ

→ 1

ω2
/!ϑ = 0.

At ε = 1 the above equation degenerates into the elliptic equation

(1→ ω2)2

(1 + ω2)2
ϖ2
ϑϑ+

2(1→ ω2)

ω(1 + ω2)3
(2ω4 + 3ω2 → 1)ϖϑϑ+

1

ω2
/!ϑ = 0.

By contrast, on I + (i.e. ω = 1) one obtains the transport equation

a2(1→ ε)4ϖ2
εϑ+

a

2
(1→ ε)2

(
4→ 12a(1→ ε)

)
ϖεϑ→ /!ϑ = 4a(1→ ε)ϖϑϑ→ 2a(1→ ε)2ϖεϖϑϑ.

The above equation can be integrated if the transverse derivative ϖϑϑ is known at ω = 1. Insight
into the solutions of to this equations can be obtained using a decomposition of ϑ into spherical
harmonics. To this end, recall that

/!Yϖm = →ϱ(ϱ+ 1)Yϖm.

In this spirit, consider the ordinary di”erential equation

(1→ ε)4ς̈+
1

2a
(1→ ε)2

(
4→ 12a(1→ ε)

)
ς̇+

1

a2
ϱ(ϱ+ 1)ς = 0.

9

• This is a degenerate elliptic equation


• Regular from the point of view of b-geometry


• Solutions, in principle, determined by the value of  at the 
corner 


• Analogous behaviour to that of the cylinder at spatial infinity

ϕ
𝒞+

I +

Hω

H
+

C
+

Cω

Figure 6: Diagram of the I -fixing region with timelike infinity blown-up to an hyperboloid H
+.

4.1.3 Null geodesics

Intuition into the geometric features of the present setting can be obtained from looking at the
behaviour of null geodesics. Accordingly, let

u = t→ r, v = t+ r,

so that outgoing null geodesics are curves with constant coordinate u while incoming geodesics
have v constant. A calculation then shows that

u =
2aω

(1→ ε2)(1→ ω)
+

a(1→ ε)

1 + ε
,

v =
2aω

(1→ ε2)(1→ ω)
+

]→a(1 + ε)

1→ ε
.

4.1.4 The wave equation

The wave equation ↭ϑ = 0 takes the form

(1→ ω)2
(
ω(ω → 2)(1 + ε2)2 + (1→ ε2)2

)

(1 + ε2)2
ϖ2
εϑ+

4ε(1→ ε2)(1→ ω)

(1 + ε2)2
ϖεϖϑϑ→

(1→ ε2)2

(1 + ε2)2
ϖ2
ϑϑ

→
(1→ ω)

(
ε2(3ε4 + 2ε2 + 3)ε2

→ 2ω(1 + ε2)2 + (1→ ε2)2
)

(1 + ε2)3
ϖεϑ

+
2(2ε6

→ ε4
→ 1)

ε(1 + ε2)3
ϖϑϑ→

1

ε2
/!ϑ = 0.

The restriction of the equation to I + (i.e. ω = 1) is given by

ω(ω → 2)(1→ ω)2ϖ2
εϑ→ (6ω2 → 8ω + 2)(1→ ω)ϖεϑ→ /!ϑ = 0.

Also of interest is the equation at ω = 1. In this case it becomes a singular elliptic equation:

(1→ ε2)2

(1 + ε2)2
ϖ2
ϑϑ→

2(2ε6
→ ε4

→ 1)

ε(1 + ε2)3
ϖϑϑ+

1

ε2
/!ϑ = 0.
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The transport equations at ℐ+
A first investigation of the degeneracy at 𝒞+

One readily finds that

ω =
1

4a2
(1→ ω2)2dε ↑ dε +

1

a
ω(1→ ε)2

(
dε ↑ dω+ dω↑ dε

)
→ (1→ ε)4

(
dω↑ dω+ ω2 /ε

)
.

Moreover, it can be seen that

ωω =
4a2

(1 + ω2)2
ϑε ↑ ϑε +

4aω

(1→ ε)2(1 + ω2)2
(
ϑε ↑ ϑϑ + ϑϑ ↑ ϑε

)

→ (1→ ω2)2

(1 + ω2)2(1→ ε)4
ϑϑ ↑ ϑϑ → 1

ω2(1→ ε)4
/εω.

Remark 3. Observe that one has that

ω(ϑε ,ϑε )|I + = 0,

so that the congruence of conformal geodesics degenerates at the conformal boundary. Moreover,
one also has that

ω|ε=1 =
1

4a2
(1→ ω2)2dε ↑ dε.

In other words, one has a Carrollian structure at timelike infinity. The metric completely degen-
erates at the corner ε = 1, ω = 1. An appealing feature of this representation is that the spatial
sections (hypersurfaces of constant ε) are conformally flat.

Of particular interest is the form the scalar wave equation takes. A calculation shows that
↭ϑ = 0 implies

4a2(1→ ε)4

(1 + ω2)2
ϖ2
εϑ+

8a(1→ ε)2ω

(1 + ω2)2
ϖεϖϑϑ→ (1→ ω2)2

(1 + ω2)2
ϖ2
ϑ

+
4a

(1 + ω2)2
(1→ ε)2

(
3 + ω2 + 6a(ε → 1)(1 + ω2)

)
ϖε

→ 1

ω(1 + ω2)3

(
2
(
1→ (4 + 8a(ε → 1))

)
ω2 +

(
1 + 8a(1→ ε)

)
ω4 + 2ω6

)
ϖϑϑ

→ 1

ω2
/!ϑ = 0.

At ε = 1 the above equation degenerates into the elliptic equation

(1→ ω2)2

(1 + ω2)2
ϖ2
ϑϑ+

2(1→ ω2)

ω(1 + ω2)3
(2ω4 + 3ω2 → 1)ϖϑϑ+

1

ω2
/!ϑ = 0.

By contrast, on I + (i.e. ω = 1) one obtains the transport equation

a2(1→ ε)4ϖ2
εϑ+

a

2
(1→ ε)2

(
4→ 12a(1→ ε)

)
ϖεϑ→ /!ϑ = 4a(1→ ε)ϖϑϑ→ 2a(1→ ε)2ϖεϖϑϑ.

The above equation can be integrated if the transverse derivative ϖϑϑ is known at ω = 1. Insight
into the solutions of to this equations can be obtained using a decomposition of ϑ into spherical
harmonics. To this end, recall that

/!Yϖm = →ϱ(ϱ+ 1)Yϖm.

In this spirit, consider the ordinary di”erential equation

(1→ ε)4ς̈+
1

2a
(1→ ε)2

(
4→ 12a(1→ ε)

)
ς̇+

1

a2
ϱ(ϱ+ 1)ς = 0.
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Transverse derivatives: regard as 
sources
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ω =
1

4a2
(1→ ω2)2dε ↑ dε +

1

a
ω(1→ ε)2

(
dε ↑ dω+ dω↑ dε

)
→ (1→ ε)4

(
dω↑ dω+ ω2 /ε

)
.
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ωω =
4a2
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ϑε ↑ ϑε +

4aω
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(
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ω2(1→ ε)4
/εω.
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1

4a2
(1→ ω2)2dε ↑ dε.

In other words, one has a Carrollian structure at timelike infinity. The metric completely degen-
erates at the corner ε = 1, ω = 1. An appealing feature of this representation is that the spatial
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/!Yϖm = →ϱ(ϱ+ 1)Yϖm.
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Decompose in harmonics

One readily finds that

ω =
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1
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ω(1→ ε)2

(
dε ↑ dω+ dω↑ dε

)
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.

Moreover, it can be seen that
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)
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2
(
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)
ω2 +
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1 + 8a(1→ ε)

)
ω4 + 2ω6

)
ϖϑϑ

→ 1

ω2
/!ϑ = 0.

At ε = 1 the above equation degenerates into the elliptic equation
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(2ω4 + 3ω2 → 1)ϖϑϑ+

1

ω2
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By contrast, on I + (i.e. ω = 1) one obtains the transport equation

a2(1→ ε)4ϖ2
εϑ+

a

2
(1→ ε)2

(
4→ 12a(1→ ε)

)
ϖεϑ→ /!ϑ = 4a(1→ ε)ϖϑϑ→ 2a(1→ ε)2ϖεϖϑϑ.

The above equation can be integrated if the transverse derivative ϖϑϑ is known at ω = 1. Insight
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Solutions in terms of Whittaker functions. Can be used to 
study the behaviour towards τ → 1−



Conclusions



A fresh perspective

• Melrose’s framework of geometric 
scattering theory provides a 
modular framework to study PDEs 
on compact manifolds.


• Building on microlocal analysis, 
allows to  understand the 
singularities of solutions to PDEs.  

Geometric scattering theory

First applied to study stability of 
the Minkowski spacetime by 
Hintz & Vasy (2020). Melrose, Hintz & Vasy, Wunsch, 

Kadar & Kehrberger



Back to the semi global stability of Minkowski
A fresh perspective

I +

Hω

H
+

C
+

Cω

Figure 6: Diagram of the I -fixing region with timelike infinity blown-up to an hyperboloid H
+.

4.1.3 Null geodesics

Intuition into the geometric features of the present setting can be obtained from looking at the
behaviour of null geodesics. Accordingly, let

u = t→ r, v = t+ r,

so that outgoing null geodesics are curves with constant coordinate u while incoming geodesics
have v constant. A calculation then shows that

u =
2aω

(1→ ε2)(1→ ω)
+

a(1→ ε)

1 + ε
,

v =
2aω

(1→ ε2)(1→ ω)
+

]→a(1 + ε)

1→ ε
.

4.1.4 The wave equation

The wave equation ↭ϑ = 0 takes the form

(1→ ω)2
(
ω(ω → 2)(1 + ε2)2 + (1→ ε2)2

)

(1 + ε2)2
ϖ2
εϑ+

4ε(1→ ε2)(1→ ω)

(1 + ε2)2
ϖεϖϑϑ→

(1→ ε2)2

(1 + ε2)2
ϖ2
ϑϑ

→
(1→ ω)

(
ε2(3ε4 + 2ε2 + 3)ε2

→ 2ω(1 + ε2)2 + (1→ ε2)2
)

(1 + ε2)3
ϖεϑ

+
2(2ε6

→ ε4
→ 1)

ε(1 + ε2)3
ϖϑϑ→

1

ε2
/!ϑ = 0.

The restriction of the equation to I + (i.e. ω = 1) is given by

ω(ω → 2)(1→ ω)2ϖ2
εϑ→ (6ω2 → 8ω + 2)(1→ ω)ϖεϑ→ /!ϑ = 0.

Also of interest is the equation at ω = 1. In this case it becomes a singular elliptic equation:

(1→ ε2)2

(1 + ε2)2
ϖ2
ϑϑ→

2(2ε6
→ ε4

→ 1)

ε(1 + ε2)3
ϖϑϑ+

1

ε2
/!ϑ = 0.
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13.4 Hyperbolic reductions using conformal Gaussian systems 381

Similarly, using de
[cab] = 0, one obtains

∇̂[aςbc] = ∇̂[[aL̂b]c] − ∇̂[[a∇̂b]fc]

=
1

2
!̂[abc] −

1

2
dede

[cab] +
1

2
R̂e

[cab]fe − 1

2
Σ̂[a

e
b∇̂|e|fc]

=
1

2
!̂[abc] +

1

2
Ξ̂e

[cab]fe − 1

2
Σ̂[a

e
b∇̂|e|fc].

Hence, one obtains the evolution equations

∇̂0δi = γi0 − Γ̂i
e
0δe,

∇̂0γic = −γjcΓ̂i
j
0 − β0γic − βcγi0 + η0c(β

eγie − 2λΘ−2δi),

∇̂0ςjk = Γ̂j
e
0ςke + Γ̂k

e
0ςej +

1

2
!̂jk0 +

1

2
Ξ̂e

0jkfe +
1

2
Σ̂j

e
kΓ̂e

f
0ff ,

where, in the last equation relation, (13.62) has been used to get further
cancellation of terms.

13.4.6 Summary of the analysis

It is convenient to group the independent components of the spinorial fields in
the extended conformal field equations as:

υ̂ independent components ofeAA′µ, Γ̂AA′BC , L̂AA′BB′ ,

φ independent components ofφABCD.

Also, let e and Γ̂ denote, respectively, the independent components of the frame
and connection coefficients. In terms of the above definitions one has:

Proposition 13.3 (properties of the conformal evolution equations) The
extended conformal vacuum Einstein field equations

Σ̂a
c
b = 0, Ξ̂c

dab = 0, !̂abc = 0, Λabc = 0,

expressed in terms of a conformal Gaussian gauge imply a symmetric hyperbolic
system for the components of (υ̂,φ) of the form

∂τ υ̂ = Kυ̂ + Q(Γ̂)υ̂ + L(x)φ,
⎟
I + A0(e)

⎠
∂τφ + Aα(e)∂αφ = B(Γ̂)φ,

where I is the 5×5 unit matrix, K is a constant matrix, Q(Γ̂) is a smooth matrix-
valued function, L(x) is a smooth matrix-valued function of the coordinates,
Aµ(e) are Hermitian matrices depending smoothly on the frame coe!cients e
and B(Γ̂) is a smooth matrix-valued function of the connection coe!cients. In
the case of the standard Bianchi system, the characteristic polynomial consists
of the factors

τµξµ, gµνξµξν ,

(
τµτν +

2

3
gµν

)
ξµξν ,

Obtain a polyhomogeneous version of 
the semiglobal stability of Minkowski:


• Exploit the conformal Gaussian 
gauge and the structure equations


• Construct weighted estimates à la 
Hintz & VasyBeheshti, Koutras & JAVK 

(in preparation)



Thank you for your attention!


