
Acceleration of charged particles in the Kerr magnetosphere:
An electrogeodesic approach

Jibril Ben Achour
Arnold Sommerfeld Center - Munich
École Normale Supérieure - Lyon

Journées relativistes

IDP - Tours

4th April 2026

Based on arXiv:2601.05048 [astro-p.HE]

In collaboration with I. El Mellah and E. Gourgoulhon
0 / 46



The black hole accretion/ejection paradigm
Black holes accrete and eject matter, giving rise to a complicated spectrum in all frequency
bands not yet understood
Variability of the radiation emitted by the center of the galaxy:
1) Infrared and X emission: ∆τ ∼ few sec− 1h

2) Radio emission: ∆τ ∼ 1h − 1d

3) X -Flare: ∆τ ∼ 1h

Black hole as astrophysical sources of extreme phenomena
Black hole are believed to play a key role in very high energy astrophysical phenomena
Rotating black holes stand as the most important reservoir of extractible energy: natural
accelerator of particles
Compelling evidence that very high energy phenomena are triggered in the surrounding region
→ Relativistic jets of plasma from active galactic nuclei (AGN) and X-ray binaries systems
→ γ-ray bursts
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M87 jet

Credit: Atacama Large Millimeter/submillimeter Array (ALMA)
Radio observation of the jet though polarized light
Scale: 6000 LY
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The jet from Messier 87 at different wavelengths

Credit JCB 3 / 46



The largest jet ever recorded

Credit Oei et all ’24
Demonstrate that the jet launching mechanism can efficiently redistribute matter on
cosmological scales
Can it seed the filaments in the early phase of the universe ?
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Population of bright sources interpreted as black holes

Main challenges : resolve the supermassive black hole environment

Event Horizon Telescope: EHT (on-going), nEHT (2030) ground based

Black Hole Explorer (BHEX): 2032 ? mixed ground-space based

SHARP ... space-based
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Schematic picture of the black hole accretion/ejection paradigm

Current astrophysical model

Active galactic nuclei powered by a spinning magnetized supermassive black hole

Trigger collimated jets which redistribute the matter on large scales

Many observations / catalogue

Theoretically: confirmed by numerical simulations .... but still no well defined theory for this
paradigm so far
1) GR-magneto-hydrodynamics simulations: fluid based approaches
2) GR-Particle-in-Cells simulations: kinetic approaches

Require to understand the complicated physics between General Relativity +
Electromagnetism + Fluid dynamics / microphysics
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Schematic picture of the black hole accretion/ejection paradigm
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Problematics and plan of the talk

Open questions

Which mechanism allows for such jet launching ?

How and where particles are accelerated in the black hole magnetosphere ?

Strategy

Need kinetic approaches to track the motion of charged particles in black hole magnetosphere

Numerical Particle-in-Cells simulations

How far can we go analytically ?

Plan

Review the maximal extractible energy in a rotating black hole

Review energy extraction mechanism: Blandford-Znajek model and its limits

Analytic model for the motion of charged particles in a rotating magnetized black hole
[J. BA, I. El Mellah, E. Gourgoulhon ’26]

Few concrete predictions opening dialogue with numerical simulations
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Accessible rotational energy from the Kerr black hole
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Accessible rotational energy from the Kerr black hole: G = c = 1
Consider a black hole with mass M and angular momentum J (Kerr black hole)

In order to remain a black hole, one has the condition J 6 GM2/c

Its area is given by

A =
8πGM

c4

M +

√
M2 −

J2c2

G2M2

 (1)

Irreductible mass Mirr is related to its area

Mirr =

√
Ac4

16πG
(2)

The mass (called ADM mass) measured by an asymptotique observer is

M2
ADM = M2

irr +
J2

4G2M2
irrc

2
(3)

How much energy can we extract from a maximally rotating black hole ?
→ Initial state: maximally spinning BH J = GM2/c and Mirr = M/

√
2

→ Final state: non spinning BH J = 0 and Mirr = M

ε =
Mf

ADM −M
i
ADM

Mf
ADM

= 1−
1
√

2
= 29% (4)

Up to 30% of the total mass of a spinning BH is contained in the rotation and is extractible !

Apply this to supermassive black holes with M ∼ 106M◦ ... Huge amount of energy
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Review analytic models for black hole energy extraction
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Review analytic models for black hole energy extraction

Many different mechanisms to extract the energy of black holes

Original Penrose mechanism: minimal process to extract rotational energy [Penrose ’69]
→ kinetic approach / negative energy states inside the ergosphere

Magnetized Penrose process: the Blandford-Znajek mechanism [Blandford-Znajek ’77]
→ force free assumption / extract electromagnetic energy through Poynting fluxes

Collisional Penrose mechanism:
→ BSW effect for extremal spinning BH [Banados, Silk, West ’09]
→ kinetic approach

Extraction of energy from the motion of boosted black hole [Penna ’15]

Magnetic field reconnections and negative energy plasmoid [Comisso, Asenjo ’21]
→ fluid GRMHD approach
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Review Blandford-Znajek model and its limits
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Maxwell equations and Poynting flux in short
Basic equations
The Maxwell equations read

∇[µFαβ] = 0 ∇µFµν = jν ∇µjµ = 0 (5)

Consider an observer with 4-velocity uµ∂µ
Electric current It can be decomposed w.r.t to the u-congruence as

jµ = ρ uµ + Jµ Jµuµ = 0 (6)

Electric and magnetic fields w.r.t that observer

Eµ = Fµνu
ν Bµ =

1

2
εµναβF

ναuβ (7)

Energy of the Maxwell field
Energy-momentum tensor

Tµν = −FµαFαν −
1

4
gµνFαβF

αβ ∇µT µν = −F νµjµ T µµ = 0 (8)

Can be decomposed into a non-perfect radiation fluid

Tµν =
1

2
(E2 + B2)uµuν +

1

6
(E2 + B2)hµν + 2Q(µuν) + πµν (9)

with

P =
ρ

3
=

1

6
(E2 + B2) Qµ = εµνρσE

νBρuσ πµν = 2Phµν − EµEν − BµBν (10)
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Energy of the Maxwell field
Energy-momentum tensor

Tµν = −FµαFαν −
1

4
gµνFαβF

αβ ∇µT µν = −F νµjµ T µµ = 0 (8)

Can be decomposed into a non-perfect radiation fluid

Tµν =
1

2
(E2 + B2)uµuν +

1

6
(E2 + B2)hµν + 2Q(µuν) + πµν (9)

with

P =
ρ

3
=

1

6
(E2 + B2) Qµ = εµνρσE

νBρuσ πµν = 2Phµν − EµEν − BµBν (10)
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Energy flux from toroidal electric and magnetic fields

Consider a stationary and axisymmetric spacetime with timelike Killing vector ξµ∂µ = ∂t :

ds2 = gttdt2 + 2gtϕdtdϕ+ gr rdr2 + gθθdθ2 + gϕϕdϕ2 (11)

Let us evaluate the flux of electromagnetic energy at infinity

Tµν = −FµαFαν −
1

4
gµνFαβF

αβ (12)

Consider a sphere S of radius r with normal sµ∂µ = ∂r and volume element dΩ

For a given Maxwell solution, the flux of energy is given by

P = lim
r→∞

∮
S

dΩ Tµνξ
µsν = lim

r→∞

∮
S

dΩ Ttr (13)

For a stationary and axi-symmetric metric, the flux component Ttr reads

Ttr = −gφtFtφFtr − gθθFtθFθr (14)

For an observer with u = ∂t , it corresponds to toroidal electric or magnetic fields i.e.

Eϕ 6= 0 or Bϕ 6= 0 (15)

Key requirement to trigger a non-zero flux of energy

Let see some concrete examples
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Concrete examples
Non-spinning Michel solution:
Consider flat spacetime ds2 = −dt2 + dr2 + r2(dθ2 + sin2 θdϕ2)

Vacuum solution valid for flat (and Schwarzschild) spacetime: [Michel ’73]

FM = G sin θ dθ ∧ dϕ dθ ∧ dϕ = dθ ⊗ dϕ− dϕ⊗ dθ (16)

Magnetic monopole: no-toroidal component so no flux

Bµ∂µ =
2G
r2
∂r Eµ∂µ = 0 → Ttr = 0 (17)

Rotating Michel solution
Let the monopole slowly rotates: u = t − r

F = G sin θ dθ ∧ (dϕ−Ωdu) jµ∂µ = −
2GΩ cos θ

r2
∂r (18)

Electric and magnetic fields for uµ∂µ = ∂t

Eθ = Bϕ = −
GΩ sin θ

r
Br =

G
r2

(19)

Non-vanishing Poynting flux:

Ttr ∝ G2Ω2 → PM =
8π

3
G2Ω2 (20)

Rotation allows for a toroidal magnetic field which triggers the Poynting flux
Plasma is inertial: force-free

Fµν j
ν = 0 → ∇µT µν = 0 (21)
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Blandford-Znajek monoppole and its flux
The force-free assumption
BZ mechanism is based on a rigid magnetosphere rotating with the black hole

The toroidal magnetic contribution induces a Poynting flux
Stable rigid magnetosphere requires a dilute plasma not perturbing too much the field lines

B2 � ρec
2 (22)

The plasma is completely inertial and its energy negligible compared to EM

∇µT µν = −Fµν jν = 0 Force-Free Condition (23)

Two consequences:
EµB

µ = 0 E2 < B2 (24)

Believed to be a good approximation of the plasma near black holes : high magnetizaton

BZ force-free magnetosphere
Approximate solution of the force-free Maxwell equations in a slowly rotating Kerr black hole

F = G sin θ dθ ∧ (dϕ−Ωdu) +O(a2) jµ∂µ = −
2GΩ cos θ

r2
∂r +O(a2) (25)

Regularity on the horizon : Ω = a/2 at linear order (only difference with Michel !)
Historical solution was presented at second order in spin a
Many works to understand this solution beyond the perturbative scheme
Poynting flux at fourth order in spin a:

PBZ =
π

24

G2a2

M2
+

(56− 3π2)π

1080
a4 +O(a5) (26)
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∇µT µν = −Fµν jν = 0 Force-Free Condition (23)

Two consequences:
EµB

µ = 0 E2 < B2 (24)

Believed to be a good approximation of the plasma near black holes : high magnetizaton

BZ force-free magnetosphere
Approximate solution of the force-free Maxwell equations in a slowly rotating Kerr black hole

F = G sin θ dθ ∧ (dϕ−Ωdu) +O(a2) jµ∂µ = −
2GΩ cos θ

r2
∂r +O(a2) (25)

Regularity on the horizon : Ω = a/2 at linear order (only difference with Michel !)

Historical solution was presented at second order in spin a
Many works to understand this solution beyond the perturbative scheme
Poynting flux at fourth order in spin a:

PBZ =
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Open questions
Limitations

BZ only valid for small spin: Open question so far
Is there a fully exact BZ-like solution on Kerr not perturbative in the spin a ?
Crucial as it could well change the prediction PBZ = G2a2

M2 for highly spinning black hole !

Based on a force free (FF) solution on Kerr : FF not valid everywhere and all timescale

BZ cannot account for local particles acceleration: ~E.~B = 0

Need to break force-free assumptions (non-ideal electric field) to accelerate:
need GR/PIC simulations
[Parfey, Philippov, Cerutti ’18]

BZ does not tell us about the geometrical structure of the jet: F = FPoynting + Fmatter
→ opening angle, jet precession, zone of ejection of accelerated particles ?

Only recently, analytical progress in describing the underlying charged particles motion
[Mizumo, Gralla, Philippov ’25][J. BA, I. El Mellah, E. Gourgoulhon ’26]

To progress

Progress in PIC simulations + analytical study of charged particles motion in Kerr
magnetosphere

Under which conditions can we integrate the electrogeodesic motion in a Kerr magnetosphere
model ?

First review the case of geodesic and the Carter miracle [Carter ’68]
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Carter miracle for the geodesic motion on Kerr
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Geodesic motion on Kerr
General properties of geodesic motion on Kerr
Consider a test neutral particle of mass m with 4-velocity uµ∂µ: timelike uµuµ = −1

Geodesic equation for free fall: non-linear coupled second order differential equations

aµ = uα∇αuµ = 0 with uµ =
dxµ

dλ
(27)

The Carter’s miracle: the geodesic motion is separable / integrable !
Symmetry point of view: we have enough constant of motion to integrate the system

Hamiltonian point of view
Hamiltonian for geodesic motion

{xµ, pν} = δµν H =
1

2
gµνpµpν = −m2 pµ = muµ (28)

Kerr geometry is stationary and axisymmetric: two Killing vectors

ξµ∂µ = ∂t χµ∂µ = ∂ϕ → ∇(µξν) = ∇(µχν) = 0 (29)

Conserved energy and angular momentum:

E = −ξµpµ = −pt L = χµpµ = pϕ (30)

Two more conserved charges: the mass ... and the Carter’s constant

m2 = −
1

2
gµνpµpν K = Kµνpµpν (31)

with Kµν a generalization of a Killing vector called a hidden symmetry called a Killing tensor

∇(ρKµν) = 0 (32)

Crucial to solve the geodesic motion !
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Geodesic motion on Kerr
Geodesic equations on Kerr
Separable system in term of Mino time dτ = dλ/Σ with Σ = r2 + a2 cos2 θ

dt
dτ

=
1

∆(r)

[
(r2 + a2)2E − 2MarL

]
− E sin2 θ (33)

dr
dτ

= εr
√
R(r) (34)

dθ
dτ

= εθ
√

Θ(θ) (35)

dϕ
dτ

=
L

sin2 θ
+

a

∆(r)
(2MrE − aL) (36)

with the radial and polar potentials given by

R(r) =
[
(r2 + a2)E − aL

]2 − ∆(r2m2 +K) (37)

Θ(θ) = K−
(

L

sin θ
− aE sin θ

)2

−m2a2 cos2 θ (38)

A geodesic is characterized by the the three numbers (E,L,K)

The radial and polar positions of equilibriums from the potentials R(r) and Θ(θ)

Miracle: each equation is separable !
Can be fully integrated analytically w.r.t Mino time
Many concrete applications: ISCO position (relevant for disc models) / photon ring science

First step for electrogeodesics
Under which condition a magnetosphere preserves the Carter constant for electrogeodesic ?
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Electrogeodesic phase space
Consider a particle with mass µ and electric charge q with mass ratio: κ = q/m

Electrogeodesic lagrangian

L =
1

2
gµνu

µuν + κAµu
µ with uµ =

dxµ

dλ
= ẋµ (39)

Electrogeodesic equation

uα∇αuµ = κF µνu
ν (40)

Hamiltonian formulation: canonical momenta

Pµ =
δL
δẋµ

= gµν ẋ
ν + κAµ (41)

Canonical brackets are given

{xµ, xν} = 0 {xµ, Pν} = δµν {Pµ, Pν} = 0 (42)

The hamiltonian H takes the form

H =
1

2
gµν (Pµ − κAµ) (Pν − κAν) = −

m2

2
(43)

Natural to introduce another set of canonical variables and in particular the dressed momenta

pµ = Pµ − κAµ = muµ (44)

This dressed momenta satisfies the following brackets

{xµ, pν} = δµν {pµ, pν} = κFµν (45)

In term of this momenta, the hamiltonian takes the usual form H = 1
2
gµνpµpν
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= ẋµ (39)

Electrogeodesic equation

uα∇αuµ = κF µνu
ν (40)

Hamiltonian formulation: canonical momenta

Pµ =
δL
δẋµ
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Condition to preserve the Carter-like constant
Geometrical condition on the magnetosphere

Consider the Killing-Yano tensor and its associated Killing tensor in the Kerr geometry:

Kµν = YµαY
α
ν ∇(µYν)α = ∇(µKνα) = 0 (46)

The Carter-like constant is preserved along the electrogeodesic flow if

K = Kµνpµpν → {K,H} = 0 (47)

Using the commutation relations, the condition reads

{K,H} =
(
Fµ

(αKν)µ
)
pαpν = 0 (48)

Sufficient geometrical (and very elegant) condition

Fα
[µY ν]α = 0 (49)

Provide a sufficient condition to analytically integrate the motion

Which magnetosphere satisfies this condition ?

Wald solution breaks this condition

Asymptotically flat Kerr magnetic monopole satisfies the condition
[J. BA, I. El Mellah, E. Gourgoulhon ’25]

Let see the form of the Kerr magnetic monopole
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The Kerr magnetosphere : Building exact solutions from symmetries
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Maxwell solution from Killing vectors
Wald construction [Wald ’74]
Consider a Killing vector kµ∂µ defined by

∇(µkν) = 0 (50)

It satisfies

�kµ = Rµνk
ν and ∇µkµ = 0 (51)

Vacuum Maxwell equation in terms of the potential Aµdxµ, one finds

�Aµ = RµνA
ν with Fµν = ∂µAν − ∂νAµ (52)

In the Lorentz gauge where ∇µAµ = 0, any Killing vector of a vacuum solution of GR
provides an exact analytic solution for the vacuum Maxwell equation
The Kerr metric being stationary and axisymmetric, it possesses two Killing vectors

ξµ∂µ = ∂t χµ∂µ = ∂ϕ (53)

Two parameters family of vacuum Maxwell solutions of the form

A
(α,β)
µ dxµ = αξµdxµ + βχµdxµ (54)

Two branches:
→ β = 0 gives asymptotically flat electrically charged solution
→ α = 0 gives an asymptotically uniform electrically charged solution
Wald solution: asymptotically uniform BUT electrically neutral if α = −2aβ

Most studied solution so far ! Symmetries of the metric naturally carry the Maxwell solution

25 / 46



Maxwell solution from Killing vectors
Wald construction [Wald ’74]
Consider a Killing vector kµ∂µ defined by

∇(µkν) = 0 (50)

It satisfies

�kµ = Rµνk
ν and ∇µkµ = 0 (51)

Vacuum Maxwell equation in terms of the potential Aµdxµ, one finds

�Aµ = RµνA
ν with Fµν = ∂µAν − ∂νAµ (52)

In the Lorentz gauge where ∇µAµ = 0, any Killing vector of a vacuum solution of GR
provides an exact analytic solution for the vacuum Maxwell equation
The Kerr metric being stationary and axisymmetric, it possesses two Killing vectors

ξµ∂µ = ∂t χµ∂µ = ∂ϕ (53)

Two parameters family of vacuum Maxwell solutions of the form

A
(α,β)
µ dxµ = αξµdxµ + βχµdxµ (54)

Two branches:
→ β = 0 gives asymptotically flat electrically charged solution
→ α = 0 gives an asymptotically uniform electrically charged solution
Wald solution: asymptotically uniform BUT electrically neutral if α = −2aβ

Most studied solution so far ! Symmetries of the metric naturally carry the Maxwell solution

25 / 46



Maxwell solution from Killing vectors
Wald construction [Wald ’74]
Consider a Killing vector kµ∂µ defined by

∇(µkν) = 0 (50)

It satisfies

�kµ = Rµνk
ν and ∇µkµ = 0 (51)

Vacuum Maxwell equation in terms of the potential Aµdxµ, one finds

�Aµ = RµνA
ν with Fµν = ∂µAν − ∂νAµ (52)

In the Lorentz gauge where ∇µAµ = 0, any Killing vector of a vacuum solution of GR
provides an exact analytic solution for the vacuum Maxwell equation
The Kerr metric being stationary and axisymmetric, it possesses two Killing vectors

ξµ∂µ = ∂t χµ∂µ = ∂ϕ (53)

Two parameters family of vacuum Maxwell solutions of the form

A
(α,β)
µ dxµ = αξµdxµ + βχµdxµ (54)

Two branches:
→ β = 0 gives asymptotically flat electrically charged solution
→ α = 0 gives an asymptotically uniform electrically charged solution
Wald solution: asymptotically uniform BUT electrically neutral if α = −2aβ

Most studied solution so far ! Symmetries of the metric naturally carry the Maxwell solution

25 / 46



Maxwell solution from Killing vectors
Wald construction [Wald ’74]
Consider a Killing vector kµ∂µ defined by

∇(µkν) = 0 (50)

It satisfies

�kµ = Rµνk
ν and ∇µkµ = 0 (51)

Vacuum Maxwell equation in terms of the potential Aµdxµ, one finds

�Aµ = RµνA
ν with Fµν = ∂µAν − ∂νAµ (52)

In the Lorentz gauge where ∇µAµ = 0, any Killing vector of a vacuum solution of GR
provides an exact analytic solution for the vacuum Maxwell equation

The Kerr metric being stationary and axisymmetric, it possesses two Killing vectors

ξµ∂µ = ∂t χµ∂µ = ∂ϕ (53)

Two parameters family of vacuum Maxwell solutions of the form

A
(α,β)
µ dxµ = αξµdxµ + βχµdxµ (54)

Two branches:
→ β = 0 gives asymptotically flat electrically charged solution
→ α = 0 gives an asymptotically uniform electrically charged solution
Wald solution: asymptotically uniform BUT electrically neutral if α = −2aβ

Most studied solution so far ! Symmetries of the metric naturally carry the Maxwell solution

25 / 46



Maxwell solution from Killing vectors
Wald construction [Wald ’74]
Consider a Killing vector kµ∂µ defined by

∇(µkν) = 0 (50)

It satisfies

�kµ = Rµνk
ν and ∇µkµ = 0 (51)

Vacuum Maxwell equation in terms of the potential Aµdxµ, one finds

�Aµ = RµνA
ν with Fµν = ∂µAν − ∂νAµ (52)

In the Lorentz gauge where ∇µAµ = 0, any Killing vector of a vacuum solution of GR
provides an exact analytic solution for the vacuum Maxwell equation
The Kerr metric being stationary and axisymmetric, it possesses two Killing vectors

ξµ∂µ = ∂t χµ∂µ = ∂ϕ (53)

Two parameters family of vacuum Maxwell solutions of the form

A
(α,β)
µ dxµ = αξµdxµ + βχµdxµ (54)

Two branches:
→ β = 0 gives asymptotically flat electrically charged solution
→ α = 0 gives an asymptotically uniform electrically charged solution
Wald solution: asymptotically uniform BUT electrically neutral if α = −2aβ

Most studied solution so far ! Symmetries of the metric naturally carry the Maxwell solution

25 / 46



Maxwell solution from Killing vectors
Wald construction [Wald ’74]
Consider a Killing vector kµ∂µ defined by

∇(µkν) = 0 (50)

It satisfies

�kµ = Rµνk
ν and ∇µkµ = 0 (51)

Vacuum Maxwell equation in terms of the potential Aµdxµ, one finds

�Aµ = RµνA
ν with Fµν = ∂µAν − ∂νAµ (52)

In the Lorentz gauge where ∇µAµ = 0, any Killing vector of a vacuum solution of GR
provides an exact analytic solution for the vacuum Maxwell equation
The Kerr metric being stationary and axisymmetric, it possesses two Killing vectors

ξµ∂µ = ∂t χµ∂µ = ∂ϕ (53)

Two parameters family of vacuum Maxwell solutions of the form

A
(α,β)
µ dxµ = αξµdxµ + βχµdxµ (54)

Two branches:
→ β = 0 gives asymptotically flat electrically charged solution
→ α = 0 gives an asymptotically uniform electrically charged solution
Wald solution: asymptotically uniform BUT electrically neutral if α = −2aβ

Most studied solution so far ! Symmetries of the metric naturally carry the Maxwell solution

25 / 46



Maxwell solution from Killing vectors
Wald construction [Wald ’74]
Consider a Killing vector kµ∂µ defined by

∇(µkν) = 0 (50)

It satisfies

�kµ = Rµνk
ν and ∇µkµ = 0 (51)

Vacuum Maxwell equation in terms of the potential Aµdxµ, one finds

�Aµ = RµνA
ν with Fµν = ∂µAν − ∂νAµ (52)

In the Lorentz gauge where ∇µAµ = 0, any Killing vector of a vacuum solution of GR
provides an exact analytic solution for the vacuum Maxwell equation
The Kerr metric being stationary and axisymmetric, it possesses two Killing vectors

ξµ∂µ = ∂t χµ∂µ = ∂ϕ (53)

Two parameters family of vacuum Maxwell solutions of the form

A
(α,β)
µ dxµ = αξµdxµ + βχµdxµ (54)

Two branches:
→ β = 0 gives asymptotically flat electrically charged solution

→ α = 0 gives an asymptotically uniform electrically charged solution
Wald solution: asymptotically uniform BUT electrically neutral if α = −2aβ

Most studied solution so far ! Symmetries of the metric naturally carry the Maxwell solution

25 / 46



Maxwell solution from Killing vectors
Wald construction [Wald ’74]
Consider a Killing vector kµ∂µ defined by

∇(µkν) = 0 (50)

It satisfies

�kµ = Rµνk
ν and ∇µkµ = 0 (51)

Vacuum Maxwell equation in terms of the potential Aµdxµ, one finds

�Aµ = RµνA
ν with Fµν = ∂µAν − ∂νAµ (52)
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provides an exact analytic solution for the vacuum Maxwell equation
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→ α = 0 gives an asymptotically uniform electrically charged solution

Wald solution: asymptotically uniform BUT electrically neutral if α = −2aβ
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Magnetic field lines for Wald solution

[Credit: B. Crinquand thesis ’21]
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Maxwell solution from Killing-Yano tensors

Killing-Yano tensors

A geometry can exhibit generlized Killing objects : Killing-Yano tensor

Killing vector ∇(µξν) = 0 (55)

Killing-Yano tensor ∇(µYν)α = 0 Yµν = −Yνµ (56)

Consider the Penrose current [Penrose ’82]

Fµν = G RµναβY αβ (57)

with G a constant

Use Bianchi identities and Killing-Yano properties

∇µRµνρσ = 0 Rµ[νρσ] = 0 ∇µYρσ = ∇[µYρσ] (58)

Provide an exact vacuum Maxwell solution

∇µF µν = 0 ∇µ(∗F )µν = 0 (59)

Let us apply this to Kerr !
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The Kerr monopole magnetosphere
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The Kerr monopole

The rotating Kerr monopole solving the source-free Maxwell equation for any spin a

F = −
8aGr cos θ

Σ2
dt ∧ dr +

4aG(r2 − a2 cos2 θ) sin θ

Σ2
dt ∧ dθ

−
8a2Gr sin2 θ cos θ

Σ2
dr ∧ dϕ−

4G(r2 + a2)(r2 − a2 cos2 θ) sin θ

Σ2
dθ ∧ dϕ (60)

Gauge-potential:

A =
4G cos θ

Σ

(
adt − (r2 + a2)dϕ

)
(61)

G magnetic charge or magnetization, Σ = r2 + a2 cos2 θ

A generalized spinning Michel monopole on Kerr

Recovers the non-spinning Michel solution for a = 0

F = −2G sin θdθ ∧ dϕ = FM (62)

Different from the spinning Michel solution in the slow rotating regime

F ∼ −2G sin θdθ ∧
(
dϕ−

a

r2
dt
)

+
4aG cos θ

r3
dt ∧ dr +O(a2) (63)

What are its properties ?
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Electromagnetic configuration seen from the Carter observer
Introduce the Carter’s observer located at some fix r and rotating with the BH: Carter tetrad

e0 =
r2 + a2

√
Σ∆

∂t +
a
√

Σ∆
∂ϕ (64)

e1 =

√
∆

Σ
∂r (65)

e2 =
1
√

Σ
∂θ (66)

e3 =
a sin θ
√

Σ
∂t +

1
√

Σ sin θ
∂ϕ. (67)

Electric and magnetic fields w.r.t Carter observer are purely radial

E =
4aGr cos θ

Σ2
e1 (68)

B = −
2G(r2 − a2 cos2 θ)

Σ2
e1 (69)

Electric and magnetic charges:

Qe =
1

4π

∮
S
F = 0 Qm =

1

4π

∮
S
∗F = G (70)

Asymptotically flat magnetic monopole with purely radial electric and magnetic field lines for
the Carter observer
Exact Maxwell solution on the Kerr black hole for any spin a:
→ unique and selected by the Kerr symmetry !
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Representation of the magnetosphere

Magnetic field lines of the Kerr magnetic monopole : [Credit: B. Crinquand thesis ’21]

Directly applicable to the split monopole

Universality of the split monopole configuration at late time: [Credit: Selvi et all ’25]

Universal starting point to build force-free magnetosphere:

F = Fmonopole + Fflux (71)

with Fmonopole a vacuum solution / Fflux a force-free solution (Michel, Blandford-Znajek)
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Exact solution for charged particle motion (and ejection)
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The separable electrogeodesic equations in the Kerr monopole
New results

The electrogeodesics in the magnetized Kerr monopole is fully analytically
(and miraculously) integrable
Generalize the key result by Carter from 1968 for geodesic on Kerr

Separable electrogeodesic equations [J. BA, I. El Mellah, E. Gourgoulhon ’25]
Introducing the Mino time dτ = dλ/Σ(r(λ), θ(λ)), the electrogeodesic separable equations
are

dt
dτ

=
1

∆(r)

[
(r2 + a2)2Eκ − 2MarLκ

]
−Eκ sin2 θ + 2κaG cos θ (72)

dr
dτ

= εr
√
R(r) (73)

dθ
dτ

= εθ
√

Θ(θ) (74)

dϕ
dτ

=
Lκ

sin2 θ
+

a

∆(r)
(2MrEκ − aLκ) + κ

4G cos θ

sin2 θ
(75)

with the radial and polar potentials given by

R(r) =
[
(r2 + a2)Eκ − aLκ

]2 − ∆(r)(r2m2 +Kκ)

Θ(θ) = Kκ −m2a2 cos2 θ −
(
Lκ − 2κG cos θ

sin θ
− aEκ sin θ

)2

Labelled by the constants (Eκ, Lκ,Kκ, m, κG)

Only particles with ` = −κP can cross the axis of rotation
Can be ejected along the rotation axis
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Recall the open questions

How charged particles are accelerated in the black hole magnetosphere ?

Can we characterize the zone of acceleration ?

Can we deduce the angular velocity of the jet precession ?

Can be address for the split Kerr monopole magnetosphere

34 / 46



Acceleration of charged particles in the Kerr magnetosphere
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Properties of the acceleration of charged particles
Exact solution for the electrogeodesic 4-velocity fo the charged particle everywhere outside
Kerr

u =
ε(r2 + a2)− a`
√

Σ
√

∆
e0 + εr

√
R(r)
√

Σ
√

∆
e1 + εθ

√
Θ̃(θ)
√

Σ
e2 +

`+ κP cos θ − aε sin2 θ
√

Σ sin θ
e3. (76)

The acceleration field for any charge in the black hole magnetosphere is given by

aµ = κF µνu
ν . (77)

Component by component, it reads

a0 =− εr
2aκPr cos θ

√
R(r)

Σ5/2
√

∆
(78)

a1 =−
2aκP

[
(r2 + a2)ε− a`

]
rcos θ

Σ5/2
√

∆
(79)

a2 =
κP(`+ κP cos θ − aε sin2 θ)(r2 − a2 cos2 θ)

Σ5/2 sin θ
(80)

a3 =− εθ
κP
√

Θ̃(θ)(r2 − a2 cos2 θ)

Σ5/2
. (81)

Notice that the radial acceleration is proportional to : a1 ∝ aκP cos θ

Radial acceleration triggered by spin, magnetization and maximal at the poles !
Similar to the Poynting flux in Blandford-Znajek magnetosphere
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Characterizing the zone of acceleration around the black hole
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Geometry for the zone of acceleration
What a Carter observer would measured when a charged particle crosses its trajectory ?
Consider the redshift z by

1 + z =
Eem

Eobs
, (82)

→ Eem is the energy of the particle when emitted
→ Eobs the energy of the particle when observed
The particle is blueshifted when Eobs > Eem which corresponds to z < 0.
The redshift/blueshift factor z reads

1 + z =
[uµ(e0)µ]em

[uµ(e0)µ]∞
. (83)

For the case ` = −κP = aβ allowing particle to cross the axis of rotation, one has

z =
1
√

Σ∆

[
r2
em + a2

(
1−

β

ε

)
−
√

(r2
em + a2 cos2 θ)(r2

em − 2Mrem + a2)

]
. (84)

[J. BA, I. El Mellah, E. Gourgoulhon ’25]
This happens for sufficiently large values of

β

ε
= −

κP
aε

(85)

and rem sufficiently small,

Let us plot the observed asymptotic redshift/blueshift w.r.t to the position rem of emission
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Critical magnetization threshold and asymptotic blueshift

2 4 6 8 10 12 14
rem/M

1.0

0.8

0.6

0.4

0.2

0.0

0.2

0.4

0.6

z

a/M= 0.9

β/ε= 2
β/ε= 3
β/ε= 4
β/ε= 5
β/ε= 6

At a given spin, i.e. a/M = 0.9, we find a critical threshold allowing z < 0

The charged particles seen with z < 0, hence blueshifted asymptotically, are emitted in a
region with maximal extent rem which depends on the spin a and magnetization β

Provide a first analytic characterization of the zone of ejection of accelerated particles in the
Kerr monopole magnetosphere [J. BA, I. El Mellah, E. Gourgoulhon ’25]

What about the precession of the ejected particles ?
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Precession of charged particles: A new magnetic frame dragging effect

The frame dragging is obtained by computing the angular velocity Ω = dϕ/dt seen for an
asymptotic observer

Consider the two key electrogeodesic equations:

dt
dτ

=
1

∆

[
(r2 + a2)2ε+ 2κaMPr

]
− a2ε sin2 θ + aκP cos θ (86)

dϕ
dτ

=
a

∆
(2Mrε+ aκP) +

κP (cos θ − 1)

sin2 θ
. (87)

The angular velocity is then given by

Ω(r, θ) =
dϕ
dt

=
(2Mrε+ aκP) a sin2 θ + κP (cos θ − 1) ∆[

(r2 + a2)2ε+ 2κaMPr + a∆
(
κP cos θ − aε sin2 θ

)]
sin2 θ

. (88)

At large distance, the standard frame-dragging effect is recovered for P = 0, i.e.

Ω∞(r, θ) ∼
2aM

r3
. (89)

When the magnetosphere is turned on, the large distance behavior is dominated by the
electromagnetic interaction

ΩMK
∞ (r, θ) ∼ −

κP
εr2

(1− cos θ)

sin2 θ
. (90)
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Conclusions and take away messages
Results

Identify the condition on the magnetosphere to integrate the motion of charged particies

Give one concrete example with the Kerr monopole magnetosphere

Fully analytical trajectories of charged particles + acceleration

Reveal that charged particles which are observed blueshifted by asymptotic observers can only
come from a bounded region around the horizon whose radius is known analytically

Reveal a riche structure in ISCO for charged particles/ polar equilibrium positions / precession
of charged particles / new zero-acceleration layer

Open the road for several generalizations and discussion with PIC simulations

Questions for PIC simulations

Can we resolve this bounded region and follow its dynamics ?

Can we see zero-acceleration locus for charged particles ?

Generalizations

Identify the generalisation of the Blandford-Znajek solution non-linear in the spin a

Identify which force-free magnetosphere allows for analytical integration of electrogeodesics

Generalization to neutron star model : Hartle-Thorne solution

Application of the symmetry method to disc models and gas dynamics on Kerr

Understand the map between charged particles motion and light curve
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From electrogeodesic to geodesics .... zero acceleration layer

The acceleration vanishes at the following locus of points

r = r∗(θ) = a| cos θ|

√
a2 cos2 θ − k

3a2 cos2 θ + k
. (91)

Recall that k ≥ 0; hence we must have a not too large Carter constant: 0 ≤ k ≤ a2 cos2 θ.

At r = r∗(θ), the electrogeodesics reduces to a free-fall motion.

What is the physical interpretation of this hypersurface ?
→ Charges can evolve as if no Lorenz force was present
→ Is it stable ?
→ Only at a fixed radius r∗ if the particles stay at a stable polar equilibrium position θ∗
Need more investigation but reveal a new structure of the magnetosphere !
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Idealized jet and stable polar positions
Consider the charged particles which can cross the rotation axis so that ` = −κP and
assuming a 6= 0, the latitudinal equation of motion can be rewritten as(

dθ
dτ

)2

+ V (θ) = k (92)

with the effective potential1

V (θ) = a2

[
cos2 θ +

(
ε sin θ − β tan θ

2

)2
]

(93)

where β is the dimensionless quantity defined by

β = −
κP
a

=
`

a
. (94)

General condition on the energy of the particle

ε > aΩCβ. (95)

By definition, an equilibrium latitudinal position for the charged particles satisfies

V (θ) = k, V ′(θ) = 0 (96)

and it is stable if V ′′(θ) > 0 and unstable if V ′′(θ) < 0.
Consider the North pole θ = 0. One has dθ/dτ = 0 and V ′′(0) > 0, if and only if, the
electrogeodesic (ε, `, k) satisfies

k = a2 and ε <
β

2
− 1 or ε > 1 +

β

2
. (97)

1Use has been made of the identity (1− cos θ)/ sin θ = tan(θ/2).
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Hartle-Thorne solution for neutron star
The Hartle-Thorne metric reads

ds2 = −f
[

1 + 2k1P2(cos Θ)−
2J2

R4f
(2 cos2 Θ− 1)

]
dt2 + f −1

[
1− 2k2P2(cos Θ)−

2J2

R4f

]
dR2

+ R2 [1− 2k3P2(cos Θ)] dΩ2 −
4J

R
sin2 Θdtdφ (98)

where

k1 =
J2

MR3

(
1 +

M

R

)
−

5

8

Q− J2/M

M3
Q2

2(
R

M
− 1) (99)

k2 = k1 −
6J2

r4
(100)

k3 = k1 +
J2

R4
−

5

4

Q− J2/M

M2R
√
f
Q1

2(
R

M
− 1) (101)

Reduce to the Kerr geometry up to second order in the spin in Boyer-Lindquist coordinates
(t, r, θ, φ) when

a = −
J

M
Q =

J2

M
(102)

and performing the change of coordinates

r = R +
a2

2R

[(
1 +

2M

R

)(
1−

M

R

)
− cos2 Θ

(
1−

2M

R

)(
1 +

3M

R

)]
(103)

θ = Θ +
a2

2R2

(
1 +

2M

R

)
sin Θ cos Θ (104)
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