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nonlinear dynamics → non-Gaussian statistics

Non-Gaussian Universe



Non-Gaussian Universe
current: 2-point correlation averages over all densities 
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- Higher-order sta9s9cs: what are the sampling distribu9ons? And covariance matrix?

- Field-based approach without data compression of the pixelised shear.
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Non-Gaussian Universe
current: 2-point correlation averages over all densities 

beyond average:  
1-point statistics split 
density environments

Euclid
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predictable  
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1-point statistics
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densities in spherical cells 

large deviations exponentially unlikely

P ini
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Large Deviations Theory
guiding principle: steepest descent 

dominated by least suppressed contribution  
the one respecting symmetry

exp['(�)] =

Z
d⇢P (⇢) exp(�⇢)

=

Z
D[⌧(x)]P [⌧(x)]

⇥ exp(�⇢[⌧(x])

nonlinear cumulant generating function as path integral
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symmetry statistics

}
large deviations theory dynamics

Clustering Statistics

relies on explicit smoothing (spherical top-hat)
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mass conservation

Spherical Dynamics



initial conditions

most likely path dominates

spherical collapse

Bernardeau 94 
CU++ 16
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Dark Matter 1-Point Statistics
dark matter: %-level accurate predictions in bulk, R  10Mpc/h ≳

simulations: 
Quijote

z
● 3
● 2
● 1
● 0.5
● 0

0.0 0.5 1.0 1.5 2.0
0.0

0.5

1.0

1.5

2.0

ρ

(ρ), R=10 Mpc/h

CU++ 20

Jed Homer @ LMU

work in progress: 
unlock tails with SBI

David Gebauer



Dark Matter 1-Point Statistics
cosmology dependence - matter content σ8 & Ωm: width & tilt

Ωm 
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sims: Jihye Shin
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Dark Matter 1-Point Statistics
cosmology dependence - clustering amplitude σ8: width

R [Mpc/h]
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Dark Matter 1-Point Statistics
cosmology dependence - matter density Ωm & initial ns: tilt
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Dark Matter 1-Point Statistics
cosmology dependence - neutrino mass Mν: density dependence
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Dark Matter 1-Point Statistics

z=0, 0.5, 1
Vtot = 6 (Gpc/h)3

P (k), kmax =0.2h/Mpc
PDF, R=10,15 Mpc/h
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Dark Matter 1-Point Statistics
modified gravity: density dependence
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Dark Matter 1-Point Statistics
Powerful statistics 

non-Gaussian, beyond perturbation theory 

robust & accurate predictions

fNLCU, Friedrich++ 19 Friedrich, CU++ 19

Reality: no 3D matter field 

weak lensing: projected matter 

galaxy clustering: bias & stochasticity 

Cataneo, CU++ 21
Coulton++ 24 (kNN)

Cosmology & fundamental physics  

Ωm, σ8, Mν

w0,a, Ωrc , fR0 



(dark) 
matter

Clustering Statistics
1-point clustering statistics: observables 
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spec-z tracer 
counts (Nspec)

PDF 𝒫(Nspec)  
+ 2-point analysis 

3D



Tracer 1-Point Statistics

Friedrich+(CU)+ 21computed with CosMomentum code

& nonlinear bias challenge: non-Gaussian matter 

https://github.com/OliverFHD/CosMomentum


(dark) matter

Tracer 1-Point Statistics
dark matter -> galaxy clustering 
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spectroscopic 

tracers

parametrise:  
nonlinear bias <δh|δm> 
non-Poissonian shot noise <δh2|δm> 

5

that at fixed order the Lagrangian model provides a bet-
ter fit for the conditional mean than the Eulerian bias ex-
pansion. The authors validated their Lagrangian bias ex-
pansion against standard consistency relations between
Eulerian and Lagrangian perspectives, confirming that
their approach is robust and consistent with established
two-point statistics. Their analysis also confirms that
shot noise deviates from the expected Poisson distribu-
tion. The current approach for modelling tracer kNN
statistics uses Hybrid E!ective Field Theory that com-
bines a perturbative Lagrangian bias model with N -body
dynamics for the displacements of dark matter and trac-
ers (Banerjee et al. 2022). Here we will take advantage of
theoretical predictions for the matter PDF and augment
them with a parameterisation of the conditional tracer
given matter density PDF relying on suitable bias and
stochasticity models.

3.1. Conditional tracer given matter density PDF

Having predicted the matter PDF, we have the first
ingredient for the joint PDF of tracer and matter densi-
ties, which we can write as a product of the conditional
PDF of tracer counts given matter density and the mat-
ter PDF

P(Nt, ωm) = P(Nt|ωm)Pm(ωm) . (13)

A tracer density contrast can be defined through ωt =
Nt/N̄t → 1 with the mean number of tracers per cell N̄t.
Then we can write P(Nt|ωm) = P(ωt|ωm)/N̄t. In Figure 2
we show the conditional PDF P(ωh|ωm) of halo densities
in spheres given a certain matter density in spheres. This
is extracted from 8000 realisations of the Quijote fidu-
cial cosmology. We clearly see that there is a strong trend
and correlation between matter and tracer densities in
cells (with correlation coe”cients of around 0.9, see Ap-
pendix A.2.2 for details), but also some scatter. We de-
scribe this conditional PDF with two ingredients, the
conditional mean Nt(ωm) = ↑Nt|ωm↓ and the conditional
variance ↑N

2
t |ωm↓c of tracer counts at fixed matter den-

sity contrast. The conditional mean – shown by the solid
black line – follows the ‘ridge’ of the joint PDF, while
the conditional variance captures the scatter around the
expectation value – indicated by the dotted lines. For
a Poisson distribution, the conditional variance agrees
with the conditional mean, and as such we express the
model in terms of the ratio ε(ωm) = ↑N

2
t |ωm↓c/↑Nt|ωm↓.

This model was introduced for density-split statistics
in Friedrich et al. (2018); Gruen et al. (2018), gener-
alised in Friedrich et al. (2022) and used for studying
HODs in Britt et al. (2024). We apply it to 3D den-
sities for the first time. The conditional distribution of
galaxy counts at fixed matter density with a bias model
Nt(ωm) = N̄t[1 + ωt(ωm)] and a shot noise model ε(ωm)
is given as equation (23) in Friedrich et al. (2020b)

P(Nt|ωm) =
1

ε(ωm)
exp

(
→
N t(ωm)

ε(ωm)

)
(14)

↔

[
#

(
Nt

ε(ωm)
+ 1

)]→1 (
N t(ωm)

ε(ωm)

) Nt
ω(εm)

.

Fig. 2.— Conditional PDF P(ωh|ωm) using 8000 realisations of
the Quijote fiducial cosmology at redshift z = 0.0 and smoothing
scale R = 25Mpc/h. The black line shows the conditional mean
roughly following the ‘ridge’ of the conditional PDF, while there
is also some scatter around the conditional mean, i.e. shot noise
(black dashed lines).
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where the normalisation ε(ωm)→1 comes from the Jaco-
bian dÑt/dNt and the Gamma function is the generali-
sation of the factorial to non-integers. This distribution
produces the input conditional mean ↑Nt|ωm↓ = Nt(ωm)
and the conditional variance ↑N

2
t |ωm↓c = ε(ωm)Nt(ωm).

In the limit of fine sampling N̄t ↗ ↘, this is well ap-
proximated by a Gaussian of mean Nt(ωm) and variance
ε(ωm)Nt(ωm) as we show in more detail in Appendix A.1.

In the spectroscopic case, the relevant observable is
the tracer PDF P(Nt), which is obtained as a marginal
of this joint PDF by integrating over the matter densities

Pt(Nt) =

∫
P(Nt|ωm)Pm(ωm)dωm . (16)

In the photometric case, the joint one-point PDF of find-
ing N tracers and a matter overdensity ωm in cylindri-
cal cells (Friedrich et al. 2022) can be translated to an
observable joint PDF between the tracer count and the
weak lensing convergence. The joint PDF is also re-
lated to the corresponding cross-correlation (k1, k2)-NN
statistics (Banerjee and Abel 2021b), which have been
extended to the correlations of tracers with a continuous
field in Banerjee and Abel (2023).

3.2. Conditional mean bias model

The conditional mean encodes a local tracer bias model
↑Nt|ωm↓ = N̄t(1 + ↑ωt|ωm↓). Figure 3 shows the con-
ditional mean calculated from 500 realisations of the

Beth Gould et al. 2024

5

that at fixed order the Lagrangian model provides a bet-
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Fig. 4.—: Top: Simulation-based HI PDFs with smoothing radii of R = 15.5, 24.8, and 31.0 Mpc/h from HI Intensity
maps at z = 1.321 are shown as points, plotted as a function of the temperature fluctuations �THI. The corresponding
best-fit PDFs obtained with CosMomentum, are shown as solid lines. Bottom: Ratio between the theoretical and
simulated PDFs, with the jackknife-based 1� uncertainty shown as shaded regions. Dotted lines consider best fit
conditional mean and variances to the joint PDF of HI and matter instead of using directly those from simulations,
represented as solid lines. Vertical black dashed lines indicate the scale cuts applied for each smoothing scale R in the
Fisher analysis (see section 5), which exclude the first and two last quantiles.

4.2.2. Modelling shot noise and thermal noise

We approximate the HI shot noise power spectrum as (Wolz et al. 2018)
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where m is the halo mass, n(log
10

m) is the halo mass function and hMHI(log10 m)i is the HI mass distribution as a
function of the halo mass. This prescription for the shot-noise assumes a modified Poissonian sampling of HI in the
dark matter field in the form of white noise. We can define an e↵ective number density, n̄HI,e↵ , that takes into account
HI mass weighting for each galaxy

n̄HI,e↵ = n̄HI

hMHIi2

hM2

HI
i . (27)

The shot noise only a↵ects the power spectrum at non-linear scales that may not be accessible due to the telescope
beam smoothing. Nevertheless, we will include it in our theoretical estimation of the power spectrum.
Now we should also take attention to the thermal noise of the instrument, which is the dominant noise contribution

for those type of observations. Its power spectrum, Pthermal(k), increases notably when we push to larger wavelengths
k, which will force us to impose a maximum wavenumber, kmax, in our analysis.
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Density-Split Clustering
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Figure 11: Left: average one-point PDF of the galaxy count-in-cell density measured on
25 AbacusSummit simulations populated with ELGs (n̄g = 0.002 (hMpc→1)3), compared
to the LDT prediction for the matter PDF and best-fit Gaussian (solid line) and Eulerian
(dashed line) bias models. Bottom panel shows the di!erence between the model and the
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Euclid Collaboration: Y. Mellier et al.: Overview of the Euclid mission

index ns and its running ωs = dns/d ln k. Euclid will also improve
the constraints on features in the primordial power spectrum as
forecast in Euclid Collaboration: Ballardini et al. (2023).

Euclid will test the statistics of primordial fluctuations be-
yond the power spectrum. The spectroscopic survey is expected
to improve constraints on f local

NL , the local shape of primordial
non-Gaussianity, by approximately a factor 8 over current results
(Mueller et al. 2021), reaching an uncertainty of about 3.4 when
combining power spectrum and bispectrum information and as-
suming universality for the halo mass function. These uncertain-
ties on initial conditions are comparable to those obtained by
Planck (Planck Collaboration X 2020; Planck Collaboration IX
2020), but target a markedly different range in redshift and scale.

9. Additional cosmological probes

Euclid is designed with the primary probes in mind, but the data
enable a wide range of additional measurements that can im-
prove cosmological parameter constraints (Laureijs et al. 2011).
For instance, the cosmological information is not limited to the
2-point statistics that we have focused on so far. In Sect. 9.1
we discuss how higher-order clustering and lensing statistics
can be used to improve cosmological parameter constraints. In
Sect. 7.7.4 we already highlighted the large number of clus-
ters that Euclid will discover. Their use to improve cosmolog-
ical parameter constraints is reviewed in Sect. 9.2. As discussed
in Sect. 9.3, the sharp imaging data are ideal for the discovery
of strong gravitational lenses, which enable a unique study of
the distribution of dark matter on small scales, as well as ad-
ditional tests of cosmology. The wide area galaxy and matter
maps (see Sect. 7.7.3) can be cross-correlated with measure-
ments of the CMB, enabling new probes that are presented in
Sect. 9.4. Finally, high-redshift quasars with X-ray data can com-
plement low-redshift cosmological probes in the determination
of the cosmological parameters as discussed in Sect. 9.5, while
Sect. 9.6 explores the use of passive galaxies as chronometers to
provide an independent constraint on the expansion history.

9.1. Higher-order statistics

While the 2-point statistics would capture all cosmological infor-
mation in the LSS if it were Gaussian, nonlinear structure forma-
tion has introduced non-Gaussian features into the cosmic matter
distribution. The full information content can, therefore, only be
unlocked with higher-order statistics (HOS). A wide variety of
observables that capture the higher-order information have been
proposed, which can be roughly grouped into two categories:
those that consider N-point correlation functions and Nth-order
moments of the density distribution; and those that use topo-
logical information of the density distribution. Examples for the
first category are higher-order moments (e.g., Gatti et al. 2022;
Porth & Smith 2021), higher-order correlation functions (e.g.,
Heydenreich et al. 2023; Burger et al. 2024) and one-point prob-
ability distributions (e.g., Barthelemy et al. 2020; Boyle et al.
2021). The second category includes peak statistics (e.g., Mar-
tinet et al. 2018; Harnois-Déraps et al. 2021), Minkowski func-
tionals and persistent homology (e.g., Parroni et al. 2020; Hey-
denreich et al. 2022), and scattering transforms (e.g., Cheng et al.
2020; Cheng & Ménard 2021). Many estimates can be inferred
from WL convergence maps (see Sect. 7.7.3), while some, for
example, higher-order correlation functions and aperture mass
moments, can be directly measured from shear catalogues (Jarvis
et al. 2004; Secco et al. 2022; Porth et al. 2023).

Fig. 43. Constraints on ε8 and w0 from a Fisher analysis of ϑ± and
the convergence PDF, when keeping all other cosmological param-
eters fixed, normalised by the constraints of second-order statistics
alone. We assumed a Euclid-like source redshift distribution to derive
the results. The ϑ+ and ϑ→ values were taken in the range of 1.↑65 to
201↑. The PDF was measured for convergence fields smoothed by a
tophat filter of radius 4.↑69. Covariances were estimated from the SLICS
(Harnois-Déraps et al. 2018), derivatives were either modelled analyt-
ically (dashed lines) or estimated from the DUSTGRAIN-pathfinder
simulations (Giocoli et al. 2018, solid lines).

When combined with 2-point statistics, HOS enhance cos-
mological constraints by (partially) resolving parameter degen-
eracies (e.g., Kayo & Takada 2013; Heydenreich et al. 2023).
Euclid Collaboration: Ajani et al. (2023) found that combining
each of ten different WL HOS with 2-point statistics results in
a twofold improvement in constraining Ωm and ε8 compared to
relying solely on 2-point statistics. Combining all HOS leads to
a factor of about 4.5 improvement.

The power of HOS is illustrated in Fig. 43, which shows ex-
pected constraints from a Fisher forecast analysis on ε8 and w0
with all other cosmological parameters fixed, using the shear cor-
relation functions ϑ±, the convergence PDF, or the combination
of both. The covariance for the analysis is estimated from the
SLICS N-body simulations (Harnois-Déraps et al. 2018) and the
derivatives of the data vectors are taken either from theoretical
predictions (see Boyle et al. 2021 for details on the PDF mod-
elling) or from the DUSTGRAIN-pathfinder simulations (Gio-
coli et al. 2018), where for the simulations we used the Kaiser–
Squires mass reconstruction scheme (see Sect. 7.7.3) The PDF
shows a different degeneracy direction between w0 and ε8 than
the second-order statistics, illustrated by the tilted ellipse in the
lower-left corner of Fig. 43. This change in the degeneracy leads
to a tightening of the constraints on ε8 and w0 when ϑ± and the
PDF are combined. Consequently, the HOS carry additional cos-
mological information, which needs to be included to unlock all
of Euclid’s potential.

HOS can also test for residual systematics and constrain as-
trophysical effects such as intrinsic alignment (Pyne & Joachimi
2021), baryonic feedback (Semboloni et al. 2013b), or galaxy
bias (Huterer et al. 2006). Since the HOS react differently to
these effects than 2-point statistics, combined analyses allow us
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Higher-order Lensing Statistics
dark matter -> weak lensing A&A proofs: manuscript no. HOWLS_KPpaper1

Fig. 16. Fisher forecasts for all probes computed for a Euclid-like survey without tomography. The di↵erent ellipses refer to di↵erent numbers
of DUSTGRAIN-pathfinder realizations Nc used to compute the DV derivatives: dotted, dashed, and solid lines, respectively for 32, 64, and 128
realizations. The covariance matrix is held fixed to SLICS with Nf = 924 realizations. For ?-2PCF and �-PDF we separately assess the convergence
of derivatives by a comparison with theoretical predictions in Figs. 17 & 18.

not always the case at the level of the Fisher forecasts. In Fig. 16,
the covariance matrix is held fixed to the 924 SLICS realiza-
tions and the dotted, dashed, and solid ellipses correspond to the
forecasts computed with Fisher derivatives of 32, 64, and 128
DUSTGRAIN-pathfinder realizations, respectively. We note that
several probes su↵er from a slow convergence, e.g. �-PDF, MFs,
BNs, and pers. heat.. The fact that the forecasts are not yet fully
converged is due to the complex interplay between the errors on
the derivatives and that of the covariance matrix, which can am-
plify some noise fluctuations in the derivatives. We demonstrate
the trustworthiness of the not fully converged �-PDF derivatives
through a comparison with theoretical predictions that lead to
marginally wider and slightly tilted Fisher contours as shown
in Fig. 18. Although one could try to develop some numerical
methods to correct for this bias, we did not do so because of the
three following reasons. First, the convergence of the numeri-
cal derivatives is di↵erent for each probe with only half of them
being a↵ected with the current number of realizations of the
DUSTGRAIN-pathfinder simulations, suggesting a non-trivial
correction scheme that would introduce individual di↵erences in
the analysis of each probe. Second, the e↵ect remains small as
shown by the smaller di↵erence between the 64 and 128 realiza-

tions than between the 32 and 64. Finally, the comparison with
theoretical predictions in the case of the �-PDF strongly suggests
that convergence has been reached in spite of the small variation
still being seen between the 64 and 128 realizations in Fig. 16.
Although we are confident in the forecasts when using the large
CP increment to compute the derivatives, when considering the
small increment derivatives, these are not even converged at the
level of the Fisher derivatives. This is due to the CP step being
too small, so that the change in the observable due to the shift
from the fiducial CPs gets partially lost into the numerical noise.
Apart from a few additional tests when comparing numerical and
theoretical derivatives in Sect. 4.5, we therefore only consider
the ±16% derivatives in the rest of this paper.

4.5. Theory versus numerical forecasts

For assessing the robustness of our method in creating reliable
Fisher forecasts from the simulated maps, we compare them to
the theoretical results for a set of statistics for which such a de-
scription is available, namely the ?-2PCF, �-2PCF, �-PDF, MFs,
HOM, and

D
M

3
ap

E
. We here only report on two of them: the ?-

2PCF in Sect. 4.5.1 and �-PDF in Sect. 4.5.2, but the general
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Beyond 3x2pt: Density-Split Statistics

density-split statistics on real data 

DESY1: 10% Euclid area 

competitive with 3x2pt  galaxies
lensing ✴ 
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✴ 
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FIG. 1. Top panel: splitting the lines of sight in one DES-Y1 like Buzzard simulation into 5 quantiles of galaxy density (color coding from
cyan, most underdense, to red, most overdense). The map uses a 20 arcmin top-hat radius and REDMAGIC galaxies with a redshift range of
0.2 . z . 0.45. Bottom left: histogram of REDMAGIC galaxy counts in 20 arcmin radii (counts-in-cells). We show the mean histogram
from 4 Buzzard realisations of DES-Y1 (black points), our model based on perturbation theory and cylindrical collapse (solid line) and a
model that assumes the projected density contrast to be a Gaussian random field (dotted line). The color coding corresponds exactly to the
density quantiles in the top panel. Bottom right: Lensing signals around random points split by the density quantile in which these points are
located. We show the mean measurement from 4 Buzzard realisations (black points), our perturbation theory model (solid line) and a model
that assumes projected density contrast and lensing convergence to be joint Gaussian random variables (dotted line). Color coding is the same
as in the other panels. The asymmetry between the lensing signals around the most underdense and most overdense lines-of-sight indicates the
skewness of the cosmic density PDF.

non-Gaussian
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Beyond 3x2pt: Joint 1Pt Statistics
dark matter -> lensing & clustering
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1-Point Covariances
1pt PDF covariance from
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tive agreement with simulations but significant quanti-
tative discrepancies attributed to strong sensitivity to
small-scale e↵ects.

For galaxy clustering, the error on and correlation
among the factorial moments of galaxy counts in cells
Fk = hN(N � 1) . . . (N � k)i have been computed for hi-
erarchical models in Szapudi & Colombi (1996) and Sza-
pudi et al. (1999). Those studies included cosmic errors
due to a finite volume and discreteness errors due to a fi-
nite number of tracers relevant for clustering but not the
weak lensing convergence, which is instead a↵ected by
shape noise due to shear measurements. In Repp & Sza-
pudi (2021a), the variance and covariance among galaxy
counts in cells was obtained for the case of an averaged
cell correlation, which has previously been considered in
Codis et al. (2016b). As we explain here, and derive in
Appendix B, the large-separation expansion in terms of
bias functions adopted in Codis et al. (2016b); Uhlemann
et al. (2017); Repp & Szapudi (2021a); Repp & Szapudi
(2021b) can be generalised to the physically more re-
alistic case of a separation-dependent correlation. The
large-separation two-point PDF and the resulting super-
sample covariance e↵ect can also be related to the idea of
the position-dependent matter PDF studied in Jamieson
& Loverde (2020). Recent work of Bernardeau (2022)
determined covariances of density PDFs in hierarchical
models, which can be used to understand the dominant
terms in the covariance matrix of cosmological density
fields in the strongly non-Gaussian regime. In this work,
we build on this foundation but focus on the weakly non-
Gaussian weak lensing PDF for which hierarchical mod-
els are less suitable and better results can be achieved
using shifted lognormal models.

STRUCTURE

In Section 2, we discuss the general covariance mod-
elling for the two-dimensional case of the weak lensing (or
photometric galaxy clustering) PDF based on a model for
the joint two-point PDF. In Section 3, we use a large-
separation expansion for this two-point PDF and link it
to dominant terms in an eigendecomposition of the co-
variance matrix. In Section 4, we validate our covariance
models using several quantitative tests. In Section 5, we
present the basics for generalising our findings to the case
of the three-dimensional matter (or spectroscopic galaxy
clustering) PDF. We conclude in Section 6 and provide
an outlook for how our results can be applied to related
one-point observables, include tomography and informa-
tion from two-point statistics.

EXECUTIVE SUMMARY

We develop a theoretical model for the covariance of
measurements of the one-point weak lensing convergence
PDF on mildly nonlinear scales in finite bins. Our model
is based on an integration over the two-point PDF (6) at
di↵erent separations and we rely on a joint shifted lognor-
mal model for that two-point PDF (28) tuned to match
the PDF skewness and shown to capture the density-
dependence of the two-point correlation (12) in simula-
tions, as illustrated in Figure 8. We establish expres-
sions for the finite sampling (11) and super-sample co-

variance (13) contributions to the PDF covariance and
their scaling with the inverse of the survey area. We
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Fig. 1.— PDF covariance matrix for circular apertures of radius
✓s = 7.50 at source redshift zs = 2 comparing the measurement
from 108 full sky Takahashi lensing maps (upper triangle) to the
shifted lognormal prediction (lower triangle).

Fig. 2.— Fisher forecasts validating the predicted shifted lognor-
mal PDF covariance (purple) against measured covariances from
108 realistic full sky simulated maps (red) and 500 associated mock
FLASK maps (green). The parameter errors obtained from the
raw measured covariances have additionally been corrected by the
Hartlap factor (72). To highlight the variation that can result from
small samples, we also show contours for two subsamples of 100 of
the 500 mock FLASK maps (green dotted).

validate our predictions against large sets of simulated
convergence maps both from N-body simulations (Taka-
hashi et al. 2017) and using the FLASK tool for gen-
erating log-normal random fields (Xavier et al. 2016).
To verify the quality of our covariance model we employ
a range of tests including visual comparisons, an eigen-
decomposition of the covariance, a band-decomposition

2-pt PDF 
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