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What to expect from this course

The concept of static self-consistent mean-field methods

zoology of effective interactions / energy density functionals for that purpose

A glimpse of “beyond-mean-field models”

Overview of phenomena that can be described with such methods

Guidance about how to connect the output of mean-field/beyond-mean-field codes to experimental
observations
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From the nuclear many-body problem . . .

Nuclear many-body Hamiltonian composed of one-body kinetic energy, two-body interaction,
three-body-interaction, etc

Ĥ =
∑
i,j

tij a
†
i aj + 1

2

∑
i,j,m,n

vijmn a
†
i a
†
j anam + 1

6

∑
i,j,k,l,m,n

vijklmn a
†
i a
†
j a
†
k anamal + . . .

Solve the eigenvalue problem

Ĥ|Φn〉 = En|Φn〉

All observables and transition matrix elements are then calculated as

O = 〈Φn|Ô|Φn〉

T (Φi → Φf ) = 〈Φf |Ô|Φi 〉

The many-body eigenstates |Φn〉 can be developed into A-body Slater determinants (which are the simplest
form of anti-symmetrised Fermionic many-body wave function).
One possibility is to define them as particle-hole excitations on top of a single reference Slater determinant |Ψr 〉

|Φr 〉 =
A∏

i=1

a†k |−〉

as

|Φn〉 = c0|Φr 〉 +
∑
ph

cpha
†
p ah|Φr 〉 +

∑
pp′hh′

cpp′hh′ a
†
p a
†
p′ah′ah|Φr 〉

+
∑

pp′p′′hh′h′′
cpp′p′′hh′h′′ a

†
p a
†
p′a
†
p′′ah′′ah′ah|Φr 〉 + . . .

Other expansions of |Φn〉 are possible and might be more advantageous for specific applications.
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. . . to nuclear models . . .

Can be solved exactly for very light nuclei (through mapping on various clever few-body of many-body
techniques that converge to exact low-lying eigenstates)

The modern ab-initio paradigm to the nuclear many-body problem is to have systematically improvable
expansions for Ĥ and |Φn〉.

Starting point for all kinds of approximate many-body methods (shell model, algebraic models, collective
models . . . ) that focus on effective degrees of freedom working with an effective Hamiltonian expressed in
the relevant degrees of freedom.
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. . . to self-consistent mean field models

Mean-field approximation to the “exact” nuclear many-body problem:

1 Keep your personal favorite form of “bare” Hamiltonian Ĥ (that is not unique)

2 Make the ansatz that the nuclear many-body wave function is a single Slater determinant |SD〉

3 Use Ritz’ variational principle to search for the Slater determinant |SD〉 that gives the largest binding

δE = δ
〈SD|Ĥ|SD〉
〈SD|SD〉

= 0

Some further comments

Limits calculation to the lowest nuclear state (reachable from given initial conditions within a given
variational space)

Why this is a “mean-field approximation” will become clear in what follows

Works often reasonably well in atomic physics for many atoms, molecules, etc

Tried with the “bare” nuclear Hamiltonians of the day in the 1960s. Explains qualitatively certain aspects
of nuclear structure, but completely fails on a quantitative level.

The strong nuclear interaction leads to in-medium correlations that cannot be neglected. (Example:
short-range repulsion that makes that the probability to find a nucleon is not independent on where the
other nucleons are)

The effective interaction also has to absorb the global trend of the coupling to surface modes that are not
explicitly treated in mean-field models

Predictive self-consistent mean-field calculations of nuclei have to be done with (usually
phenomenological) effective in-medium interactions adjusted to properties of nuclei and/or nuclear matter.
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A few further comments on Slater determinants

The one-body density matrix in a single-particle basis is

ρij = 〈Φ|â†j âi |Φ〉

Similarly, one can define a two-body density matrix

ρ
(2)
ijmn = 〈Φ|a†i a

†
j anam|Φ〉

In the single-particle basis that builds the Slater determinant – which is called its “natural basis” – the
one-body density matrix is diagonal

ρij = 〈SD|â†j âi |SD〉 = ρiiδij =

{
1 of i is occupied (“hole state”)
0 of i is empty (“particle state”)

(In arbitrary single-particle bases, ρij is in general a full matrix with complex matrix elements).
The square of the one-body density matrix of a Slater determinant is idempotent∑

m

ρimρmj = ρij

or

ρ
2 = ρ⊗ ρ = ρ

which is a specificity of Slater determinants and implies that Slater determinants are independent particle
states, i.e. the probability to find one nucleon does not depend on where the other nucleons are.

With this, all matrix elements between many-body operators (such as the Hamiltonian, but not only) of a
Slater determinant can be expressed solely through one-body density matrices.
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Even more comments on Slater determinants

〈x1, x2, · · · , xA|SD〉 =
1
√
A!

∣∣∣∣∣∣∣
ψ1(x1) ψ1(x2) · · · ψ1(xA)
ψ2(x1) ψ2(x2) · · · ψ2(xA)
· · · · · · · · · · · ·

ψA(x1) ψA(x2) · · · ψA(xA)

∣∣∣∣∣∣∣
The one-body density matrix in coordinate space is

ρ(x, x′) = 〈Φ|â†
x′ âx |Φ〉

Again, for the density matrices of Slater determinants one has∫
d

3x′′ ρ(x, x′′)ρ(x′′, x′) = ρ(x, x′)

In nuclear physics, one usually deals with three types of coordinates

x = (r, σ; q)

∫
d

3x =

∫
d

3r
∑
σ=±1

∑
q=p,n

which are position, spin and isospin / nucleon species.
Note: sum practitioners use σ = ±1/2 and τ = ±1 or τ = ±1/2 instead. Note also, that in most of the nuclear physics literature, the neutron has

isospin projection 1/2, whereas in most of the particle physics literature, the neutron has isospin projection −1/2. (With this convention, the majority of

nuclei has positive isospin projection).

The full density matrices of protons and neutrons are (assuming that |Φ〉 = |Φp〉 ⊗ |Φn〉 as usually done)

ρq(rσ, r′σ′) ≡ 〈Φ|â†
r′σ′q ârσq|Φ〉

from which one can construct the non-local densities

ρq(r, r′) ≡
∑
σ

ρq(rσ, r′σ)

sq,κ(r, r′) ≡
∑
σσ′

ρq(rσ, r′σ′) 〈σ′|σ̂κ|σ〉

Michael Bender (IP2I Lyon) EDF methods EJC 2026 7 / 95



Symmetry breaking

With the exception of homogeneous isotropic infinite matter, independent particle states are incompatible
with the symmetries of the nuclear Hamiltonian, that are conserved by the eigenstates of the exact
Hamiltonian.

Phenomenology tells us that the “exact” nuclear part of the Hamiltonian seems to be invariant under
translations, rotations, parity, Galilean or Lorentz transformations, time-reversal, and time-translation, and
to only weakly depend on transformations in isospin space.

Electromagnetic interactions are of course not invariant under transformations in isospin space

Effective interactions and energy density functionals for mean-field calculations are constructed to
conserve these symmetries, such that the total energy conserves these symmetries.

However, a Slater determinant that minimises the total energy will in general break many of the
symmetries of the interaction. (Known as “symmetry dilemma”, first formulated by Löwdin for atomic
physics)

This is less dramatic than it sound, as it permits the interpretation of nuclear phenomena through
symmetry-breaking shapes, i.e. the geometry of the arrangement of nucleons.
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Hartree-Fock I

Nuclear two-body Hamiltonian with pure two-body force

Ĥ =
∑
i,j

tija
†
i aj +

1

2

∑
i,j,m,n

vijmn a
†
i a
†
j anam

Slater-determinant expectation value

EHF =
A∑

i=1

tii +
1

2

A∑
i,k=1

(
vikik − vikki

)
where one usually uses a shorthand v̄ikik = vikik − vikki for anti-symmetrised matrix elements.

Variation δEHF = 0 under constraint of orthonormality of single-particle wave functions leads to HF equation
that can be expressed in several equivalent forms.

[h, ρ] = 0 ⇔ ĥψj = εj ψj

with

hik =
δEHF

δρki
with hii = εi = tii +

A∑
k=1

(
vikik − vikki

)
in the basis that diagonalises both hji and ρij . With that

EHF = 1
2

A∑
i=1

(
tii + εi

)
for a Slater determinant that solves the HF equation.
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Hartree-Fock II

There are very few self-consistent mean-field approaches that use effective three-body forces.

In the context of nuclear mean-field approaches one in general adds a density-dependent part v [ρ] to the
two-body force

Ĥ =
∑
i,j

tija
†
i aj +

1

2

∑
i,j,m,n

(
vijmn + v [ρ]ijmn

)
a†i a
†
j anam

which yields

EHF =
A∑

i=1

tii +
1

2

A∑
i,k=1

(
vikik − vikki

)
+

1

2

A∑
i,k=1

(
v [ρ]ikik − v [ρ]ikki

)

hii = εi = tii +
A∑

k=1

(
vikik + v [ρ]ikik − vikki − v [ρ]ikki

)
+ 1

2

A∑
k=1

[(
δv [ρ]

δρ

)
ikik

−
(
δv [ρ]

δρ

)
ikki

]
and thereby adds a “rearrangement energy” to the single-particle Hamiltonian. With that

EHF = 1
2

A∑
i=1

(
tii + εi

)
− 1

4

A∑
k=1

[(
δv [ρ]

δρ

)
ikik

−
(
δv [ρ]

δρ

)
ikki

]
for a Slater determinant that solves the HF equation.

A similar rearrangement energy also emerges from 3-body and higher-order many-body forces.

Heenen and Godefroid, Scholarpedia, 7(10):10545. http://dx.doi.org/10.4249/scholarpedia.10545
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Hartree-Fock II: coordinate space

In coordinate space, this schematically becomes for a two-body potential v [ρ](r− r′) (ignoring spin and isospin)

E = −
~2

2m

A∑
k=1

Ψ†k (r)∆Ψk (r) +
1

2

A∑
j,k=1

∫∫
d

3r d3r ′ Ψ†j (r) Ψ†k (r′) v [ρ](r − r′)
[
Ψj (r) Ψk (r′)− Ψj (r

′) Ψk (r)
]

= Ekin +

∫∫
d

3r d3r ′ ρ(r) v [ρ](r − r′) ρ(r′)−
∫∫

d
3r d3r ′ ρ(r, r′) v [ρ](r − r′) ρ(r′, r)

and

εkΨk (r) = −
~2

2m
∆Ψk (r) +

∫
d

3r ′ v [ρ](r − r′) ρ(r′) Ψk (r)

−
∫

d
3r ′ v [ρ](r − r′) ρ(r, r′) Ψk (r′)

+

∫∫
d

3r ′ d3r ′′
(
δv [ρ](r′ − r′′)

δρ(r)

)[
ρ(r′) ρ(r′′)− ρ(r′, r′′) ρ(r′′, r′)

]
= −

~2

2m
∆Ψk (r) + Udir(r) Ψk (r) +

∫
d

3r ′ Uex(r, r′) Ψk (r′) + Urea(r) Ψk (r)
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Why is there a density dependence?

Weisskopf [NP3 (1957) 423] pointed out that any pure two-body interaction (irrespective of
its form) fitted to reproduce (at the mean-field level) the empirical values for ρsat and E/A
of homogeneous symmetric and spin-symmetric infinite nuclear matter necessarily leads to
m∗0 /m ≈ 0.4, which is incompatible with empirical data. For a modern analysis see [Davesne,
Navarro, Meyer, Bennaceur, Pastore, PRC 97 (2018) 044304].

⇒ need for higher-order terms in the density matrix when aiming at a description of nuclear
properties (at the mean-field level with effective interactions built for that purpose). But what
kind of terms is missing that describes which physics phenomenon?

Numerically treatable 3-body forces proposed in the past lead to a number of practical
problems, see the introduction to [Sadoudi, Duguet, Meyer, Bender, PRC 88 (2013) 064326]
and also [Guillon, Bender, Bennaceur, da Costa, arXiv:2607.01190v1] for reviews of the
various numerical and phenomenological issues.

Already very simple forms of density dependence lead to excellent phenomenology.
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Variations and Extensions

In the context of self-consistent mean-field models, it has become customary to call the total
energy an Energy Density Functional (EDF).

One has to distinguish several cases of such energy density functionals:

Pseudopotential-based functionals are strictly and without approximation/omission derived
as the HF or HFB expectation value of an ansatz for an underlying effective nucleon-nucleon
interaction that serves as the generator of the functional.

General functionals are set up as an ansatz for a combination of one-body densities that
satisfies the symmetries of the exact nuclear Hamiltonian (or even more symmetries), often
motivated by the formalism of Density Functional Theory as used for atoms, molecules, and
condensed matter.
Note: In spite of popular belief, nuclear EDF calculations are not Kohn-Sham calculations covered by the Hohenberg-Kohn theorem (i.e.

conceptually they are different from DFT for electronic systems, although the equations that are solved might look exactly the same).

Hybrid functionals are a combination of the two concepts: the overall structure is usually
related to a generator, but, driven by numerical and/or phenomenological considerations,
some terms are manipulated/omitted/added/. . .

This classification applies to all kinds of nuclear energy density functionals.
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Energy functionals

Energy functional

E = Ekin + Estrong + ECoul + Epair − Ecorr

where

Ekin: free kinetic energy

Estrong: model of the effective in-medium strong interaction between nucleons (in the
particle-hole channel)

Epair: model of the effective in-medium electromagnetic interaction between nucleons

Epair: model of the effective in-medium interaction between nucleons (in the particle-hole
channel)

Ecorr: approximation and/or model of spurious zero-point energies related to working with
Slater determinants instead of correlated many-body wave functions (centre-of-mass
correction, rotational correction, vibrational correction, . . . )
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The more-or-less standard Skyrme energy density functional

ESkyrme =

∫
d

3r
∑
t=0,1

{
Cρρt [ρ0] ρt(r) ρt(r) + Cρτt

[
ρt(r) τ t(r)− jt(r) · jt(r)

]
+ Cρ∆ρ

t ρt(r)∆ρt(r) + C ss
t [ρ0] st(r) · st(r) + C s∆s

t st ·∆st(r)

+ C sT
t

(
st · Tt −

∑
µ,ν=x,y,z

Jµν;tJµν;t

)
+ Cρ∇J

t

[
ρt(r)∇ · Jt(r) + st(r) · ∇ × jt(r)

]
+ C sF

t

[
st(r) · Ft(r)− 1

2

∑
µ,ν=x,y,z

Jµν;t(r)Jνµ;t(r)− 1
2

∑
µ,ν=x,y,z

Jµµ;t(r)Jνν;t(r)
]

+ C∇s∇s
t

[
∇ · st(r)

][
∇ · st(r)

]}

objects in red are coupling constants

objects in blue are time-even local densities

objects in green are time-odd local densities

Some combinations of terms are required by Galilean invariance.

Summation is over isoscalar (t = 0) and isovector (t = 1) densities, for example

ρ0(r) = ρp(r) + ρn(r)

ρ1(r) = ρp(r)− ρn(r)
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Local densities

ρq(r) = ρq(r, r′)
∣∣
r=r′ density

τq(r) = ∇ · ∇′ ρq(r, r′)
∣∣
r=r′ kinetic density

Jq,µν(r) = − i
2

(
∇µ −∇′µ

)
sq,ν(r, r′)

∣∣
r=r′ spin current

sq(r) = sq(r, r′)
∣∣
r=r′ spin density

Tq(r) = ∇ ·∇′ sq(r, r′)
∣∣
r=r′ spin kinetic density

F q,µ(r) = 1
2

∑
ν

(∇µ∇′ν +∇ν∇′µ) sq,ν(r, r′)
∣∣
r=r′ other spin kinetic density

jq(r) = − i
2

(
∇µ −∇′µ

)
ρq(r, r′)

∣∣
r=r′ current density

The expectation values of the components of angular momentum can be
calculated from the local spin density and and the current

〈Ĵ〉 =

∫
d3r

[
r × j0(r) + 1

2 s0(r)
]

finite angular momentum of a system implies that time-odd densities are
non-zero

In such systems there will be contributions from time-odd terms to the
energy (but potentially also others)

Right: neutron (left panels) and proton (right panels) densities of the time-even

ground state of 208Pb as obtained with two different Skyrme interactions (solid
and dotted lines).
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Energy functional from a ”density-dependent Skyrme force”

ESkyrme = 〈SD|t̂ + v̂ central + v̂LS + v̂ tensor|SD〉

central

v̂ central = t0 (1 + x0P̂σ) δ + 1
6 t3 (1 + x3P̂σ) ρα δ

+ 1
2 t1 (1 + x1P̂σ)

(
k̂†2

δ + δ k̂2)
+ t2 (1 + x2P̂σ) k̂† · δ k̂

spin-orbit

v̂LS = iW0 (σ̂1 + σ̂2) · k̂† × δ k̂

tensor

v̂ tensor = 1
2 te
{[

3(σ̂1 · k̂†)(σ̂2 · k̂†)− (σ̂1 · σ̂2) (k̂†)2]
δ + h.c.

]}
+ 1

2 to
{[

3(σ̂1 · k̂†) δ (σ̂2 · k̂) + 3(σ̂2 · k̂†) δ (σ̂1 · k̂)− 2(σ̂1 · σ̂2) k̂† · δk̂
] }

δ ≡ δ(r − r′)

k̂ ≡ − i
2 (∇1 −∇2)

P̂σ : spin exchange operator
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Single-particle Hamiltonian

The single-particle Hamiltonian is given by

ĥq = −∇ · Bq(r)∇ + Uq(r)− i
2

z∑
µ,ν=x

[W q,µν(r)∇µσν +∇µσνW q,µν(r)]

−∇ · [σ̂ · Cq(r)]∇−∇ · Dq(r) σ̂ ·∇ + Sq(r) · σ̂ − i
2 [Aq(r) ·∇ + ∇ · Aq(r)]

with

Uq(r) ≡ δE/δρq(r)

Bq(r) = ~2
/2m∗q (r) ≡ δE/δτq(r)

W q,µν(r) ≡ δE/δJq,µν(r)

Aq(r) ≡ δE/δjq(r)

Sq(r) ≡ δE/δsq(r)

Cq(r) ≡ δE/δTq(r)

Dq(r) ≡ δE/δFq(r)

objects in blue are time-even local potentials or densities

objects in green are time-odd local potentials or densities
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Variations and Extensions

Not all (in fact very few) parameter sets of the Skyrme EDF are constructed as pseudoportential-based

functionals that relate all coupling constants CAB
t of the functional to the ti , wi , W0 of the Skyrme generator

Most parameter sets do not consider genuine two-body tensor interactions, to = te = 0 and/or

C sF
t = C∇s∇s

t

The majority of parameter sets set C sT
t = 0 although such terms are necessarily generated by the

two-body Skyrme generator (such that they are hybrid or general EDFs)

Many practitioners also modify C ss [ρ0]t , C
s∆s
t , either setting them to zero or values suggested by

phenomenology (such that they use hybrid or general EDFs)

Pairing energy is usually generated differently.

Coulomb exchange is usually treated in “Slater approximation” (which is a local approximation to the
non-local exchange term that is exact in homogeneous infinite matter)

Various extensions of the standard form have been tried

multiple density dependences of same type with different powers

additional density dependence of terms with gradients

three-body terms with two gradients

Higher-order terms in gradients. In modern jargon, the above form is “next-to-leading order (NLO) in
gradients”, containing terms without and with two gradients. There are efforts to build extended Skyrme
EDFs with four (N2LO) and six (N3LO) gradients. Note: There is no reason to expect that this refers to
a hierarchy in physical relevance, but it nevertheless refers a hierarchy in computational complexity.
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The finite-range Gogny EDF

Effective interaction:

vGogny =
2∑

i=1

(
Wi + BiPσ − HiPτ −MiPσPτ

)
e−(r−r′)2

12/µ
2
i

+ t0

(
1 + x0Pσ

)
ρ
α(R12)δ(r12)

+ iWLS

(
σ1 + σ2

)
· k′12 × δ(r12)k12.

Energy functional (in the particle-hole channel)

Epot =

∫∫
d

3r d3r ′
∑
t=0,1

2∑
i=1

e−(r−r′)2/µ2
i

[
Aρρit ρt(r) ρt(r

′) + Ass
it st(r) · st(r′)

+Bρρit ρt(r, r
′) ρt(r

′
, r) + Bss

it st(r, r
′) · st(r′, r)

]
+

∫
d

3r
[

3
8 t0 ρ

2
0(r) − 1

4 t0

(
1
2 + x0

)
ρ

2
1(r)− 1

4 t0

(
1
2 − x0

)
s2

0(r)− 1
8 t0 s

2
1(r)
]
ρ
α
0 (r)

+

∫
d

3r
[
− 3

4 W0

(
ρ0(r)∇ · J0(r) + j0(r) · ∇ × s0(r)

)
− 1

4 W0

(
ρ1(r)∇ · J1(r) + j1(r) · ∇ × s1(r)

)]
,

⇒ non-local single-particle Hamiltonian
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Self-consistent mean fields

hq(rσ, r′σ′) =
δE

δρq(r′σ′, rσ)

= T (rσ, r′σ′) + Γq,dir(rσ, r
′
σ
′) + Γq,exc(rσ, r′σ′)

= T (rσ, r′σ′) + Γq,dir(rσ, rσ
′) + Γq,exc(rσ, r′σ′)

The contribution from one of the central finite-range interaction vj (r − r′) = e
−(r−r′)2/µ2

j is

Γq,dir(rσ, r
′
σ
′) = δ(r − r′) δσσ′

∫
d

3r ′′ vj (r − r′′)
∑
q′

[
(W − Hδqq′ )ρq′ (r

′′) + (B −Mδqq′ )ρq′ (r
′′
σ, r′′σ)

]
+ δ(r − r′) δσ−σ′

∫
d

3r ′′ vj (r − r′′)
∑
q′

(B −Mδqq′ )ρq′ (r
′′
σ, r′′ − σ)

Γq,exc(rσ, r′σ′) = vj (r − r′)
∑
q′

{
δσσ′

[
(M − Bδqq′ )

∑
σ′′

ρq′ (rσ
′′
, r′σ′′) + (H −W δqq′ ) ρq′ (rσ, r

′
σ)
]

+ δσ−σ′ (H −W δqq′ ) ρq′ (rσ, r
′ − σ)

}
.

Dobaczewski et al, PRC 53 (1996) 2809

In spite of the complicated expression, the direct term is a (spin- and isospin-dependent) local potential
U(r) that is obtained from the convolution of local densities with the finite-range function.

The exchange potential is non-local

The contributions from the density-dependent term and the spin-orbit term

Michael Bender (IP2I Lyon) EDF methods EJC 2026 21 / 95



The Fayans functional

formulated in terms of dimensionless density

xt(r) ≡
ρt(r)

ρsat

The functional:

E = E kin + E v + E s + E ls + E coul + E pair

Its particle-hole part is given by

E v = 1
3 εF ρsat

∫
d

3r

{
av+

1− hv1+

[
x0(r)

]σ
1 + hv2+

[
x0(r)

]σ [x0(r)
]2 + av+

1− hv1−x0(r)

1 + hv2−x0(r)

[
x1(r)

]2

}

E s = 1
3 εF ρsat

∫
d

3r
as+ r2

s

[
∇x0(r)

]2

1 + hs∇r2
s

[
∇x0(r)

]2

E ls =
4εF r2

s

3ρsat

∫
d

3r
[
κρ0(r)∇ · J0(r) + κ

′
ρ1(r)∇ · J1(r) + g

[
J0(r)

]2 + g ′
[
J1(r)

]2
]

Constructed in a “general functional”

m∗/m = 1 by construction

cannot be related to pseudo-potential

Fayans et al, Nucl. Phys. A 676, 49 (2000)

Reinhard et al, PRC95, 064328 (2017)
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Other energy density functionals

There are also many other forms of EDFs that I will not address in detail

Various classifications are possible

relativistic / non-relativistic

contact interactions / finite-range interactions

Finite-range interactions with Gaussians / Yukawa functions

These can be ph Hartree + pair EDF hybrids / Hartree + exchange + pair EDF hybrids / Hartree +
exchange + pairing pseudopotential-based EDFs

density-dependent two-body interactions / many-body forces

Namedropping

Barcelona-Catania-Paris-Milano functional (BCPM)

SeaLL

relativistic Walecka-type

relativistic point-coupling models
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Hartree-Fock-Bogoliubov: quasiparticle operators

Include pairing correlations in the mean-field modeling

⇒ Hartree-Fock-Bogoliubov

Define (non-normalised) quasiparticle vacuum

|HFB〉 =
∏
µ

βµ|−〉 with βµ|HFB〉 = 0

of quasiparticles defined through a Bogoliubov transformation W

βµ =
∑
n

(
U∗nµcn + V ∗nµc

†
n

)
, β

†
µ =

∑
n

(
Vnµcn + Unµc

†
n

)
which in matrix form becomes(

β

β†

)
=

(
U† V †

V T UT

)(
c

c†

)
=W†

(
c

c†

)
Unitarity of W leads to

U†U + V †V =
(
U†U + V †V

)∗
= 1

V TU + UTV =
(
V TU + UTV

)∗
= 0

VV † + U∗UT =
(
VV † + U∗UT

)∗
= 1

UV † + V ∗UT =
(
UV † + V ∗UT

)∗
= 0

odd-even staggering of binding
energies
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1 Elements of nuclear structure

can claim to have explained the phenomena in terms of interacting neutrons and

protons. This is a primary objective of nuclear physics research.

1.3.1 Differences in binding energies and radii

Important indicators of nuclear shell structure come from binding-energy differ-

ences. Binding-energy differences between neighbouring nuclei are called separation

energies. One-neutron separation energies are defined by the expression

Sn(A, Z) = B(A, Z) − B(A − 1, Z), (1.4)

where B(A, Z) is the binding energy of the nucleus with A nucleons and Z protons.

Two-neutron separation energies are defined by

S2n(A, Z) = B(A, Z) − B(A − 2, Z). (1.5)

Proton separation energies are defined in a similar way.

Figure 1.8 shows the one-neutron separation energies for the calcium isotopes.

This figure has two striking features. The first is the saw-tooth nature of the plot.

Figure 1.8: One-neutron separation ener-
gies, Sn, for the calcium isotopes. Note
the odd-even staggering between neigh-
bouring nuclei and the strong disconti-
nuities that occur between A = 40 and
41 and between A = 48 and 49 (cf. Fig-
ure 1.9). (The data are from Audi G.,
Wapstra A.H. and Thibault C. (2003),
Nucl. Phys. A729, 337.)
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The second is the discontinuities that occur between A = 40 and 41 and between

A = 48 and 49. The saw-tooth behaviour shows that it requires more energy to

remove a neutron when the neutron number is initially even than when it is odd.

This odd-even staggering effect is a manifestation of the predisposition of nucleons

to form strongly-coupled pairs (cf. comments below and in Section 1.4). Thus, to

remove a nucleon from an even nucleus, one has first to break apart the pair to

which it belongs and this demands additional energy. The discontinuities at A ≈ 40

and 48 are indicators of nuclear shell closures. They show up even more clearly in

two-neutron separation energies.

Figure 1.9 shows the two-neutron separation energies for the (Z = 20) calcium

isotopes. The odd-even staggering is now smoothed out but the discontinuities at

A = 40 (N = 20) and 48 (N = 28) remain. One sees that it requires significantly

10

qualitative difference between
spectra of even-even and odd-A
nuclides
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1 Elements of nuclear structure
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Figure 1.13: Low-energy states in odd-mass nuclei adjacent to 208Pb. Excitation energies are in MeV. Levels
are labelled by their spin and parity Jπ and, for the odd-mass nuclei, the single-particle quantum numbers
n, l, j are given, together with their particle (+1) or hole (−1) character. Parity is given by (−1)l, where
l = 0, 1, 2, 3, 4, 5, 6, 7 are labelled by s, p, d, f, g, h, i, j. The vertical arrows indicate the presence of higher
energy excited states whose energies are known but are omitted from the figure. (The data are from Nuclear
Data Sheets.)

where ĥi governs the motion of the i’th nucleon. It corresponds to a system of

nucleons moving independently in a spherically symmetric field, commonly referred

to as the single-particle potential. The single-particle potential is chosen to represent

the average interaction of a nucleon with the other nucleons.

In principle the nuclear Hamiltonian can always be expressed as a sum of two

terms as in Equation (1.6). But, such an expression is only useful if Ĥ0 exhibits a

shell structure and if the residual interaction is not so strong that it destroys this

structure.

A simple single-particle Hamiltonian, ĥi, is of the form

ĥi =
p̂2

i

2M
+ U(ri), (1.8)

where p̂i (= −i!∇i) is the momentum of the i’th nucleon, so that p̂2
i = p̂i · p̂i =

−!2∇2, M is the mass of a nucleon, ri is its position vector (ri = |ri|), and U is a

16
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Hartree-Fock-Bogoliubov: quasiparticle operators

There are now 3 types of density matrices

ρij ≡
〈Φ|c†j ci |Φ〉
〈Φ|Φ〉

, κij ≡
〈Φ|cjci |Φ〉
〈Φ|Φ〉

, κ
∗
ij ≡

〈Φ|c†i c
†
j |Φ〉

〈Φ|Φ〉

They can be combined to a generalized density matrix

R ≡
(

ρ κ
−κ∗ 1− ρ∗

)
=

(
V ∗V T V ∗UT

U∗V T U∗UT

)
with

R2 = R

which implies

ρρ− κκ∗ = ρ , ρκ− κρ∗ = 0

Note that

ρ
∗
µν = ρνµ , κµν = −κνµ,

R is diagonal in any quasiparticle basis

R̃ =W†RW =

(
0 0
0 1

)
There are again “empty” quasiparticle states with eigenvalue 0 and “occupied” quasiparticle states with
eigenvalue 1.
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Even-even, odd and odd-odd nuclei

According to the Bloch-Messiah-Zumino theorem,

W = D W̄ C =

(
D 0
0 D∗

)(
Ū V̄
V̄ Ū

)(
C 0
0 C∗

)
there exists a “ canonical” single-particle basis of the Bogoliubov transformation, in which the quasiparticle
vacuum takes the (normalised) form

|HFB〉 =
∏
k>0
k 6=b

(
uk + vka

†
k a
†
k̄q

) ∏
b

a†b |−〉 .

and in which the density matrices take the simple form

ρ =



1

. . .

v2
k

v2
k̄

. . .

0


, κ =



0 0

. . .

0 ukvk
uk̄vk̄ 0

. . .

0 0


Quasiparticle vacua are not eigenstates of the particle number operator

〈(∆N̂)2〉 ≡ 〈HFB|N̂2|HFB〉 − 〈HFB|N̂|HFB〉2 = 4
∑
k>0

u2
kv

2
k

HF+BCS as an approximation to HFB where one assumes that ρ is diagonal in the basis of eigenstates of ĥ.
This approximation fails in the limits of weak binding and when time-reversal symmetry is broken.

See Chapter 3 of Schunck [ed.], Energy Density Functional Methods for Atomic Nuclei, IoP Publishing Ltd (2019).
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Hartree-Fock-Bogoliubov: HFB equations

Total energy

E =
∑
ij

tijρji +
1

2

∑
ijkl

v̄ijklρljρki +
1

4

∑
ijkl

v̄ijklκ
∗
ij κkl .

Variation of the energy (under the constraints that quasiparticle states are
orthogonal and that the particle number is fixed at some value N) leads to
the HFB equations

H′
(

U
V

)
µ

=

(
h − λ ∆
−∆∗ −h∗ + λ

)(
U
V

)
µ

= Eµ

(
U
V

)
µ

that can also be recast into the form[
H′,R

]
= 0

In a single-particle basis of dimension Ω, there are 2Ω solutions of the HFB
equations that come in pairs with ±Eµ = ∓Eµ̄

H′
(

U
V

)
µ̄

= H′
(

V ∗

U∗

)
µ

= −Eµ
(

V ∗

U∗

)
µ

= −Eµ
(

U
V

)
µ̄

which have different eigenvalues of R

R
(

U
V

)
µ

= 0

(
U
V

)
µ

, R
(

V ∗

U∗

)
= 1

(
V ∗

U∗

)
One has

βµ̄ = β
†
µ , β

†
µ̄ = βµ

Dobaczewski, Nazarewicz, in

Fifty Years of Nuclear BCS, page 40 (2013)

bound HFB states

(quasiparticles)

o
n

e
-q

u
a

si
p

a
rt

ic
le

 e
n

e
rg

y
 

bound HFB states

(quasiholes)

quasiparticle

HFB continuum

quasihole

HFB continuum

See Chapter 3 of Schunck [ed.], Energy Density Functional Methods for Atomic Nuclei, IoP Publishing Ltd (2019).
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Even-even, odd and odd-odd nuclei

Lowest fully paired solution is the one that is constructed
from quasiparticle states with

|HFB〉 =
∏
µ

βµ|−〉 with βµ|HFB〉 = 0

for which β†µ create quasiparticle states with positive Eµ.

One can then create 1-quasi-particle excitations on top of
that vacuum as

|1qp〉 = β
†
µ|HFB〉

which can be recast into a quasiparticle vacuum where one
quasiparticle refers to a quasiparticle vacuum on which
one can create a quasiparticle with negative quasiparticle
energy.

Similar for 2-quasi-particle excitations etc.

Solving the HFB equations for a blocked configuration is
numerically more complicated (and therefore
comparatively unpopular).

Blocked quasiparticle-vacua are in general not
time-reversal invariant.

There is an “equal-filling approximation” to blocking that
is a statistical mixing of blocked states and their
time-reversed which leads to vanishing time-odd fields in
the HFB equation.
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Bertsch, Dobaczewski, Nazarewicz, Pei, PR70 (2009) 043602
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Mapping energy landscapes: constrained HFB

By itself, the HFB equations converge to a minimum
reachable from the initialisation of the code run.

To map energy curves or surfaces, one has to add a
constraint that enforces an auxiliary condition, or a set of
auxiliary conditions

This is achieved minimising a Routhian

δ
(
E − λc〈HFB|Ĉ |HFB〉 = 0

where (ideally) λc is adapted such that at convergence

〈HFB|Ĉ |HFB〉 = C

One has

λc =
∂E

∂C

One can use many operators as constraint

particle number (mandantory in HFB, see above!): The
chemical potential of HFB satisfies λq = ∂E/∂N. When
λq is negative, one gains binding energy when adding
nucleons. For positive λq one looses binding when adding
nucleons.

multipole moments (deformation)

mean-square radius

angular momentum (rotational bands)

. . .

There is not necessarily a unique solution to the
constrained HFB equation

Constrained HFB with a given set of constraints does not
necessarily generate continuous energy curves / surfaces
(issue for fission studies)

E
(M

eV
)

β30

simplified plot from da Costa et al, PRC 109 (2024) 034316

Some constraints can be mandatory in
certain codes: in a code that allows for
reflection-asymmetric solutions (broken
parity), the centre-of-mass of the
nucleus has to be fixed at the origin
with a constraint on the mass dipole
moment

So there were two constrained multipole
moments needed to generate the figure,
and two constrained chemical
potentials.

Michael Bender (IP2I Lyon) EDF methods EJC 2026 29 / 95



Examples of constrained HFB calculations

(2d) energy surfaces

M. Bender, unpubliched vcalculation with 1T2T(0.80) aka SLy7* (2026)

paths through higher-dimensional energy surfaces
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M. Bender, unpublished calculation from the 2010s
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A few words on solvers

Solver: a code to solve the self-consistent
HF/HF+BCS/HFB equations

imposed symmetry:

1d spherical
2d axial with or w/o parity breaking and with or w/o
time-reversal symmetry
3d with or w/o various plane- and/or point-reflection
symmetries and with or w/o time-reversal symmetry

Note: these symmetries are those of the densities (and by
extension the potentials), not (necessarily) those of the
actual single-particle states.

coordinate-space vs basis expansion

different strategies to solve HFB

different strategies to update potentials

taken from the course by J.-F. Berger @ EJC 1991
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(Possible) Output of a self-consistent mean-field calculation

total binding energy + possibly its decomposition into individual terms

single-particle matrix elements of the single-particle Hamiltonian and various other operators in some
single-particle basis. Most useful (IMHO) are the two bases that diagonalise ĥ (“HF basis”) and the basis
that diagonalises ρ (canonical basis).

matrix elements of the HFB Hamiltonian and various other operators in some quasiparticle basis.

spatial densities and currents of protons and neutrons

moments of these spatial densities and currents

radial moments of the densities (mean-square radius)
multipole moments of the densities (as allowed by broken spatial symmetries)
multipole moments of the spin and current (distribution of magnetisation; as allowed by broken
spatial symmetries and broken time-reversal)
components of the angular momentum vector (if allowed by broken time-reversal)
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Role and interpretation of single-particle energies

There is “Koopman’s theorem” in atomic physics that states that the eigenvalue εj of the single-particle
Hamiltonian are equal to the one-nucleon separation energy to the respective state

Sj = EHF(A) − E
HF(A−1)
j

with

EHF(A) =
A∑

i=1

tii +
1

2

A∑
i,k=1

v̄ikik

E
HF(A−1)
j =

A−1∑
i=1
i 6=j

tii +
1

2

A∑
i,k=1
i 6=j

v̄ikik

if

The system is perfectly described by a Slater determinant (i.e. that there are no correlations of any kind
whatsoever)

that the single-particle states are exactly the same in the A and A− 1 system . . .

. . . meaning that the A-body system is described by the direct product of the Slater determinant of the
A− 1 system and the single-particle wave function ψj . . .

. . . implying that rearrangement and polarization effects changing the single-particle wave functions when
adding or removing a particle are negligible

Already this by itself is never found in realistic SR EDF calculations for nuclei. In addition, the presence of

pairing correlations

density-dependent two-body forces

three-body forces

further breaks the equality of Sj and εj .
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Empirical single-particle energies
vs. eigenvalues of the single-particle Hamiltonian

Still, the eigenvalues εk of the single-particle Hamiltonian in even-even nuclei often take values that are similar
to one-nucleon separation energies

Fully blocked self-consistent mean-field:

Rutz, Bender, Reinhard, Maruhn, Greiner, NPA634 (1998) 67

εk from spherical HF calculations

Ssph separation energy from equal filling in
spherical symmetry

Sdef separation energy from equal filling in axial
symmetry

Stodd separation energy from full blocking

Particle-vibration coupling:

Litvinova and Ring, PRC 73 (2006) 044328

COVARIANT THEORY OF PARTICLE-VIBRATIONAL . . . PHYSICAL REVIEW C 73, 044328 (2006)

FIG. 6. The typical strongly fragmented states far from the Fermi surface in the odd mass nuclei surrounding 208Pb calculated within RMF
with allowance for the particle-vibration coupling.

On one side one has the well known Dirac mass

mD = m + !̃s(r), (45)

which is determined by the scalar field !̃s . Since we do
not use an iso-vector scalar field for the present parameter
set NL3 the Dirac mass is in these calculations identical for
protons and neutrons. However, this quantitiy should not be

FIG. 7. Neutron single-particle states in Pb208: the pure RMF
spectrum (left column), the levels computed within RMF with
allowance for the particle-vibration coupling (center) and the ex-
perimental spectrum (right).

compared with the effective mass determined empirically form
a nonrelativistic analysis of scattering data and of bound states.
From a nonrelativistic approximation of the Dirac equations
one finds that the mass

meff = m − !̃0 (46)

should be used for this purpose. Here !̃0 is the time-like
component of the Lorentz vector field determined by the
exchange of ω- and ρ-mesons.

FIG. 8. The same as in Fig. 7, but for proton single-particle states.

044328-9

RMF: εk from spherical HF calculations

RMF+PVC: spectrum of low-lying states from a
(spherical) particle-vibration coupling calculation
(with the same parameter set)

both calculations use a relativistic mean-field model
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Deformed shell structure: the example of 250Fm

the nucleus goes from a spherical configuration with high level density to a deformed configuration with
low level density, which is more favorable (remember that at spherical shape the levels are (2J + 1)-fold
degenerate, at deformed shape they are two-fold degenerate)

For 250Fm, the energy gain from deformation (compared to the spherical mean-field state) is of the order
of 25 MeV.
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Why single-particle spectra determine nuclear shapes in SR EDF methods
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Why single-particle spectra determine nuclear shapes in SR EDF methods:
Strutinski-Theorem

Energy from shell effects can be identified with the difference between the full HF(B) energy and an (LDM-like)
“average energy” from averaged normal (and pair) densities

Volume 56B, number 5 PHYSICS LETTERS 26 May 1975 

Table 1 
Zero, first and higher order terms in the Strutinsky energy expansion for five nuclei calculated at their ground states with the 
Skyrme III force. All energies are expressed in MeV. The energy reference is the HF energy E_I-IF listed in column 2. In columns 
3, 5 and 7 are reported the quantities corresponding to the expansion (3) of EHF, whereas those associated with the usual expan- 
sion (1) are to be found in columns 4, 6 and 8. Pairing correlations are included using the uniform gap method [3]. The basis of 
expansion of the single particle HF states corresponds to 7 oscillator shells for the nuclei 160 and 4°Ca, 9 for the nucleus 9°Zr, 11 
for the nuclei i6sYb and 2°8pb. 

Nucleus EHF ~? if? 6El (~/) 6E 1 (~i) 6E 2 (p') 8E2 (p-) 

160 - 126.8 - 122.1 - 122.7 -4 .7  -5 .7  0.0 1.6 

4°Ca -339 .6  -337.5  -338.1  -2 .7  -4 .8  0.5 3.3 

9°Zr -779 .2  -774 .3  -775.7  -5 .5  -5 .8  0.6 2.3 

16syb -1352.2  -1349.6  -1349.9  -3 .0  -4 .3  0.3 2.0 

2°Spb -1625.4  -1606.6  -1607.1 -19 .2  -20 .6  0.5 2.3 

the average density matrix ~" and the self-consistent 
average energy 

~ 1 t r t r~q)~"  (2) ~7 = EHF(P-" ) = tr rp  + 

where ¢ is the matrix of the kinetic energy operator 
and cl~ the antisymmetrized matrix of the effective 
nucleon interaction (which here for simplicity is 
assumed to be a two body interaction). We will denote 
the eigenvalues of the corresponding variational one 
body Hamiltonian H ( ~  by ~/. Starting from the exact 
(i.e. not averaged) HF energy EHF(P), one can rewrite 
eq. (1) as 

EHF =EHF(P)=EHF(~+SEI (~.) + 6E2 Co ~) (3) 

where 
N 

~E1 (~/) = i__~l e'i - / ~  e/n'i (4) 

is the usual shell correction and 8E2(,o~ collects again 
all higher order terms. Eq. (3) assumes of course that 
the averaged and the ~xact HF solutions have been 
constrained to the same deformation. 

In our numerical calculations we have used the 
effective interaction of Skyrme in the version S III 
[12]. Pairing correlations are included self-consistently 
in the exact HF energy EHF, in the way proposed by 
Vautherin [5]. The constant pairing matrix elements 
Gp and G n are determined using the average gap A 
as a constant parameter [3]. A pairing correction is 
also added to the shell-correction 6E 1 (~/) in the usual 
way [3].Technical details of the constrained HF cal- 
culations as well as the modifications of eqs. (3) and 
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Q2 

Fig. 1. Deformation energy curve for the 4°Ca nucleus, ob- 
tained with the Skyrme III force. Some pairing correlations 
have been included (~ = 1 MeV). The basis of expansion of 
the single particle HF states corresponds for the spherical 
solution to 7 oscillator shells. The thin solid line is the HF 
energy EHF, and the heavy dashed line the average energy 

defined in (1~. The heavy solid line is the self-consistent 
average energy E defined in (2) and the thin dashed line is 
the approximation E + 6E1 (~) to the HF energy. 

(4) due to the pairing correlations and the density 
dependence of the interaction can be found in refs. 
[6] and [1]. 

The results for the average energy f f  are rather 
similar to the earlier results for/ iobtained when using 
the non-self-consistent average density matrix ~. The 
self-consistency of ~" has, generally, a more important 
influence on the shell-corrections: the first-order cor- 
rection 6E 1 (~/) is found to contain essentially all fluc- 
tuations of the total energy EHF, the remaining term 
6E 2 (p") being very small and nearly constant. 
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Fig. 2. The same as in fig. 1, but for the 168yb nucleus. 

In table 1, the HF energies and the single terms of  
the two expansions (12, (3) are lsietdd for 5 nuclei 
ranging from 160 to 2°Spb in their ground states. It 
is seen that the values of  ~iE 2 (/~) vary only from 

0.0 to 0.6 MeV, thus containing almost no oscilla- 
tions, whereas the values 8E 2 (fi) vary more. 

This effect is even more striking when the defor- 
mation dependence is considered. Figs. 1 and 2 show 
deformation energy curves obtained with a quadratic 
constraint on the mass quadrupole moment  Q2 for 
the nuclei 4°Ca and 168yb. Both the exact and the 
averaged self-consistent energies, EHF and/~, are 
shown. The non-self-consistent average energies E ,  
obtained as in refs. [1, 2], are also plotted. The cur- 
ves ~7 + 8E 1 (~/) approximate the exact HF energy 
curve EHF very closely at all points, thus showing 
the smallness of  the term 8E 2 (/~). Such a result is 
particularly spectacular for the light nucleus 40Ca. 
For this nucleus indeed, in the usual expansion (1), 
8E 2 was found [2] to be of  the same order as ~iE1, 
namely oscillating between 0 and 3 MeV. 

We have here presented some numerical evidence 
that one can define the average density matrix in such 
a way that the Strutinsky energy expansion (3) can 
be truncated already after the first order term in a 
very good approximation. Furthermore with the self- 
consistent definition of  the bulk part o f  p, the domain 
of  validity of  the Strutinsky method has been extended 
to nuclei as light as 40Ca or 160. 

It may also be stressed that we have provided here 
a completely consistent calculation of  the semiclassi- 
cal solution associated with a given microscopic 
Hamiltonian. The way it has been obtained here is 

far from being cheap, since it needs as much computa- 
tional time as complete microscopic calculation. How- 
ever, the results presented above could have interesting 
practical consequences. First of  all, one could perform 
usual Strutinsky calculations using the smoothed 
single particle Hamil tonian/~(~)  and the correspond- 
ing liquid drop energy/~ as inexpensive substitutes of  
HF calculations in the vicinity of  some selected nuclei 
(where complete HF calculations would be achieved). 
Secondly, i f  one is able to realize the self-consistent 
variation only for the semiclassical part of  the solu- 
tion (e.g. in the extended Thomas-Fermi approxima- 
tion of  ref. [11]) one would be able to produce 
precise estimates of  the total HF energy by simply 
adding a standard shell-correction calculation. 
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and Doctor B.K. Jennings for interesting discussions. 
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Fig. 4. First-order (S,A?) and second-order (6,/Z) shell-correction energies along the fission barrier of 
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path was obtained by constraining the total quadrupole moment Q2 (see also fig. 6). The Skyrme SIII 

effective force has been used. 

fig. 6). We can therefore conclude that the important aspect for minimizing the 
term 6J is the self-consistency between the averaged potential r and the energy 
8. This has some consequences for the choice of phenomenological potentials 
and LDM energies, as we shall see in subsect. 4.4. 

In fig. 5, a comparison is made between 6,&, calculated with two different ef- 
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Fig. 5. First-order (S$) and second-order (S,E) shell-correction energies along the quadrupole 
deformation energy curve of “sYb The results deduced from HF calculations are non-self-consistent and . 
correspond to the Skyrme SIII effective force and the Negele effective force within the Negele-Vautherin 68) 
density matrix expansion (DME). First-order shell corrections obtained with a Woods-Saxon parametrixa- 

tion *) of the mean field are also reported. 
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0  Qp ( bar ns )  
50  100  

Fig. 6. Fission barrier of 240Pu calculated with the Skyrme SIII effective force. The HF energy Em is 
compared with averaged energies Z? (both self-consistent and non-self-consistent) and with its Strutinsky 
approximation E+s,E. The liquid drop model 86) estimate EL,, of the fission barrier is also given. The 

total quadrupole moment Q2 was constrained as in fig. 4. 

fective forces 66v68) and with a ph~om~ological Woods-Saxon potential as used 
in standard shell-correction calculations *). The remarkable agreement between 
the three curves for 6,8,sc within N 1 MeV over the whole range of deformations 
strongly supports the above point (ii). 

Turning to the point (i) above, the LDM like deformation behaviour of the aver- 
aged energy i? has already been demonstrated for light and medium nuclei in ref. 21). 
As a further example, we show in fig. 6 the result for 240Pu calculated with the force 
Skyrme III. 

Due to the shell effects, the static fission path through the multidimensional 
deformation space + is generally not the same in the exact HF and the self-consistent 
average case (the non-self-consistently averaged solution follows in fact very closely 
the HF path). In particular, for a fured value of the constrained quantity Qz, the 
moments Qy” and Q, determined by dE,F/dQf;‘F = 0 and by a&@, = 0, respec- 
tively, are a priori not identical. Consequently, the quantity 6,E calculated from 
eq. (4.19) spuriously contains the energy difference [EHF(Q2, Qy’)-E,,(Q,, o,)], 
which is, strictly speaking, not a second-order correction. In general, however, 
this difference turned out to be negligible in the numerical calculations. 

The results for 240Pu shown in fig. 6 here constitute an exception to this general 
rule. Indeed, one observes some small oscillations in &Q,) for Q2 2 50 b which 
are remnants of the fact that, whereas the equilibrium Q4 should be a smooth func- 
tion of Q2,  Q?' ( Q, > is not. For reasons of computing time limitations, we could not 
let the self-consistent average solution reach its equilibrium value &. It is easily 

+ For the sake of the argument, we consider this space as being two-dimensional, assuming Q, to 
represent all multipole moments orthogonal to Q2 which defines here the fission path. 

Brack & Quentin, PLB 56 (1975) 421 and NPA 361 (1981) 35
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Evolution of the shell correction across the chart of nuclei

Bender, Nazarewicz, Reinhard, PLB 515 (2001) 42.

Total shell correction energy extracted from fully self-consistent calculations assuming spherically
symmetric shapes

Very localized shell effect in the Sn region
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Evolution of the shell correction across the chart of nuclei

Bender, Nazarewicz, Reinhard, PLB 515 (2001) 42.

Total shell correction energy extracted from fully self-consistent calculations assuming spherically
symmetric shapes

Very extended region of additional binding of spherical shapes that is in almost all cases spreads over all
predicted spherical shell closures.

Many of these nuclei actually are predicted to have deformed shapes for which the shell correction is then
even larger . . .

. . . in particular nuclei around the (predicted) deformed doubly-magic nuclei 252
100Fm152 and 270

108Hs162.

Michael Bender (IP2I Lyon) EDF methods EJC 2026 39 / 95



How important are the actual shell closures?

Bender, Nazarewicz, Reinhard, PLB 515 (2001) 42

many high-j shells

shell effect from reduction of average level
density when Fermi energy hits low-j shells

Not the size of the shell correction counts, but
how quickly it varies with deformation

Shell effects qualitatively change when going to
very heavy nuclei

Bender and Heenen, unpublished
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How important are the actual shell closures?

Bender, Nazarewicz, Reinhard, PLB 515 (2001) 42

many high-j shells

shell effect from reduction of average level
density when Fermi energy hits low-j shells

Not the size of the shell correction counts, but
how quickly it varies with deformation

Shell effects qualitatively change when going to
very heavy nuclei

Bender and Heenen, unpublished
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Deformed odd nuclei

Another phenomenon that is sensitive to deformation are
the coexisting rotational bands of odd-mass nuclei.

Their band heads correspond to low-lying blocked
quasiparticle states

Successful modeling requires internal consistency of
deformed single-particle spectrum, moment of inertia of
rotational motion and electromagnetic moments of
in-band transitions.

Similar (but more complicated) for odd-odd nuclei and
single-particle excitations in even-even nuclei.

Points that deformed shapes as obtained in
(self-consistent) mean-field models describes correlations
that have some “reality”

taken from S. G. Nilsson & I. Ragnarsson, ”Shapes and Shells in Nuclear Structure”, Cambridge University Press (1995).
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Link to observables
Z

N

Z

N
Bender, to be published

Bender and Heenen, J. Phys. Conf. Ser 420

(2013) 012002

(moments of inertia will be defined
later on)
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Higher-order deformations

Scamps, Goriely, Olsen, Bender, Ryssens, EPJ A 57 (2021) 333
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Higher-order deformations
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Systematics of quadrupole collectivity

The Nuclear Landscape 39

A dramatic way to illustrate both the collective behavior of nuclei far from
closed shells and the evolution of structure is to examine a particular property
over extended sequences of nuclei—that is, to examine nuclear systematics.
Three of the most telling data are collected in Figs. 2.12-2.16 . Figure 2.12
shows the energies of the first excited 2+ states (2 + levels) in even-even nuclei
throughout the periodic table. Figures 2.13 and 2.14  show a more detailed view
of the same data in two particular regions: nuclei around mass A = 100, and
those near A = 130. As we have seen near closed shells, £2+ is rather high
lying, typically 1 to 2 MeV. In contrast, in collective nuclei, the 2t

+ state can be
described as either a vibrational or rotational excitation and occurs at much

Fig. 2.16. B(E2:0+
1 -> 2^) values for all even-even nuclei. (Bohr, 1975.)

The Nuclear Landscape 37

Fig. 2.12. £2! values for all even-even nuclei (Raman, 1987).

left, are arranged in sequences of single panicle intrinsic (Nilsson) states, each
with a rotational hand built on top of it on the right. Another example of a
nucleus that can be classified in similar manner is 169Yb, which we looked at in
Fig. 2.4 .

We note that the rotational bands in 161Dy  range in character from several
examples (labeled 5/2-[523], 3/2-[532], 5/2-[512]) with regular spacings that in-

Fig. 2.13. /?2j values (in keV) plotted against ATor the/I = 100region.

EJ =
J(J + 1)

2Θ

where Θ is the nuclear rotational moment of inertia,
that grows with deformation.

These are ”old” plots to avoid overlapping structures visible when plotting all of today’s available data

taken from R. Casten, ”Nuclear Structure from a Simple Perspective”, Oxford University Press (1990)
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Deformation also depends on macroscopic properties

Liquid-drop model energy composed of volume, volume symmetry, surface and surface symmetry energies as
well as direct and exchange Coulomb terms

ELDM(N, Z) = (avol + asym I 2) A

+ (asurf + assym I 2) A2/3

+
3 e2

5 r0

Z 2

A1/3
−

3 e2

4 r0

(
3

2π

)2/3 Z 4/3

A1/3

A = N + Z and I = N−Z
N+Z

The volume (avol) and volume symmetry (asym) energy coefficients can be related to properties of INM at
the saturation point

the surface (asurf) and surface symmetry (assym) energy coefficients are connected to properties of
semi-infinite matter

The radius constant r0 entering the Coulomb energies is determined by the nuclear matter saturation
density ρsat through r3

0 = 3/(4πρsat).

In deformed nuclei, the surface, surface symmetry and Coulomb energies are deformation dependent. In general
Coulomb energy decreases with deformation, surface energy increases.
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Parameterisation-dependence of predictions

While the best parameter sets of the standard forms of EDFs have similar predictive quality
(and similar problems to describe certain observables and/or phenomena), there can be
enormous differences between the predictions of parameter sets of a given functional.

The following are a few representative examples for masses and deformations
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Parameterisation dependence of deformation properties
E

(M
eV

)

β30

aHF
surf,eff

aHF
surf aHF

ssym
240Pu 180Hg

1T2F(0.70) 18.4 −49 16.1 17.8
1T2F(0.80) 18.2 −51 15.8 17.6
1T2F(0.85) 18.1 −51 15.7 17.5

1T2T(0.70) 17.5 −47 15.3 16.9
1T2T(0.80) 17.3 −49 15.0 16.7
1T2T(0.85) 17.2 −50 14.9 16.6

1F2F(0.70) 16.6 −44 14.5 16.1
1F2F(0.80) 16.4 −46 14.3 15.9
1F2F(0.85) 16.3 −47 14.1 15.8

β
ℓ0

β40

β20

β40

β30

β20

β
2
0

da Costa, Bennaceur, Meyer, Ryssens, Bender, PRC 109 (2024) 034316
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Parameterisation dependence of deformation properties
β

2 β
2
0

Parameter sets adjusted with different effective
mass and different surface energy

da Costa, Bennaceur, Meyer, Ryssens, Bender, PRC 109 (2024) 034316
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Parameterisation dependence of deformation properties

E
(M

eV
)

aHF
surf,eff (MeV)

E
(M

eV
)

aHF
surf,eff (MeV)

da Costa, Bennaceur, Meyer, Ryssens, Bender, PRC 109 (2024) 034316
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Mass systematics - traditional parameter fits (even-even nuclei only)

Bender et al, unpublished
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Mass systematics - traditional parameter fits (even-even nuclei only)

experimental data for |β| from Raman tables
assuming that nuclei are rigid rotors

Large differences for light nuclei

experimental data for charge radii from

calculated charge radii contain corrections for
intrinsic charge distribution of nucleons and
relativistic effects that will be explained in what
follows

Bender et al, unpublished
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Mass systematics - modern global fits (all nuclei)
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Total-binding energy differences vs single-particle energy differences
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middle: total HFB of blocked 1qp state relative to ground state. Positive (negative) sign indicates that
the dominant single-particle level was above (below) λ before blocking

top: experiment relative to ground state, sign guessed to match middle panel.

bottom: εk − λ

Bender, Bennaceur, Guillon, arXiv:2603.13164
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Separation energies
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Bender, prepared from the calculations made for Bender, Bennaceur, Guillon, arXiv:2603.13164
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Separation energies
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Two-nucleon separation energy vs λq

S2n(Z ,N) = E(Z − 2,N)− E(Z ,N) ≈ −2λn(Z ,N)

markers: S2n(Z ,N)

lines: −2λn(Z ,N)

Bender, Doktorarbeit (1998)
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Two-nucleon gaps

δ2p(Z ,N) = S2p(Z ,N)− S2p(Z − 2,N) = E(Z + 2,N)− 2E(Z ,N) + E(Z − 2,N)

≈ −2
[
λp(Z + 2,N)− λp(Z ,N)

]
Solid line: δ2p(Z ,N) dotted line: 2ε3p1/2

− 2ε2f5/2
dashed line: 2ε1i11/2

− 2ε2f5/2

To understand the origin of the neutron-number depen-
dence, Fig. 6 shows the single-proton spectra !lower panel"
and the corresponding #2p !upper panel" of the Z!120 iso-
tones calculated with SkI3. The quantity of interest is the gap
in the spectrum at Z!120. First of all it is to be noted that
the single-particle spectrum is indeed relatively dense.
Therefore already minimal relative changes of the proton
levels produce a regime of higher level density at the proton
Fermi surface around N!184, the neutron number where the
proton shell gap is lowest. The relative changes of the levels
are due to changes in the amplitude of the spin-orbit split-
ting. The shell closure at Z!120 can appear only when the
spin-orbit splitting between the 2 f proton states below the
Fermi energy and the 3p states above the Fermi energy is
small. In nuclei for which the spin-orbit splitting of these
levels is large, e.g., around N!184, the gap in the single-
particle spectrum at Z!120 vanishes.
To demonstrate the relation between the shell gap calcu-

lated from total binding energies and the actual gap in the

single-particle spectrum, in the upper panel of Fig. 6 the
difference in energy $% between the last single-particle state
below and the first state above the Fermi energy is shown
with a dotted line. As can be clearly seen, $% is always larger
than #2p , showing that the shell gaps #2p calculated from
total binding energies are influenced by the pairing, which
smears out the shell effects.
For SkI4 the spin-orbit splitting of the single-proton levels

in superheavy nuclei is in general larger than for SkI3; see
Fig. 7. Therefore the magic number Z!114 appears, corre-
sponding to a large gap between the 2 f single-proton levels.
As for SkI3, the spin-orbit splitting of the levels in the vicin-
ity of the Fermi energy is largest around N!184. While this
effect weakens the shell gap at Z!120 in SkI3 and SkI4, it
amplifies the gap in the single-proton spectrum at Z!114 in
SkI4. The magic Z!120 appears for SkI4 only for isotopes
with relatively small spin-orbit splitting in the vicinity of the
Fermi energy, i.e., at large neutron numbers.
The single-particle spectra of the protons look very differ-

ent for forces with large effective mass, e.g., SkP; see Fig. 8.
Owing to the large average level density at the Fermi surface
there are no distinct shell effects at all for the Z!120 iso-
topes. Additionally, there are only slight changes of the level
structure with varying neutron number N . This confirms our
previous finding that a large effective mass washes out most
of the shell structure in superheavy nuclei. In this case, the
proton shell gap #2p and the last single-particle level below
the Fermi energy and the first level above are in good agree-
ment.

E. Shell structure of 172
292120

The occurrence of the proton shell closure at Z!120 is
coupled to at least a subshell closure at N!172. Therefore it
is interesting to take a detailed look at the single-particle
spectra of 172

292120, which are shown in Fig. 9. The upper
panel shows the proton levels; the lower one shows the neu-

FIG. 5. Two-proton gap in the chain of Z!120 isotones calcu-
lated with the parametrizations as indicated.

FIG. 6. Single-proton levels in the vicinity of the Fermi energy
for the isotopes of Z!120 !lower panel" and two-proton shell gap
#2p !upper panel" versus the neutron number, computed with SkI3.
The dotted line in the upper panel is twice the difference between
the 3p1/2" and 2 f 5/2" levels; the dashed line is twice the difference
between the 1i11/2# and 2 f 5/2" levels.

FIG. 7. The same as in Fig. 6, but computed with SkI4.
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tron levels. As already discussed in Sec. VD, the occurrence
of the shell closure at Z!120 depends on the amplitude of
the spin-orbit splitting of the 3p states above the Fermi level
and the 2 f levels below the Fermi energy. It appears only
when the level density at the Fermi energy is small and the
spin-orbit splitting is weak, but this is the case for all forces
under investigation except SkP and SkM*, the forces with
the largest effective mass and therefore largest !average"
level density. It has to be noted that for almost all forces this
nucleus is located near the two-proton drip line since the first
unoccupied proton level has a positive single-particle energy.

The level ordering of the proton states above the Fermi
level for the RMF forces NL-Z, NL-Z2, and NL-VT1 is quite
unusual; the 3p state with small total angular momentum is
located above the state with large angular momentum. This
phenomenon is related to the unusual shape of the density
distribution of this nucleus; see the upper panel of Fig. 10.
The large dip at the nuclear center, where the density is
reduced to 2/3 of its nuclear matter value, leads to a region
around r#3 fm where the spin-orbit potential has the oppo-
site sign; see the lower panel of Fig. 10. Therefore, for j
states with large occupation probability in this region the
amplitude of the spin-orbit splitting is dramatically reduced
or even has the opposite sign as it is the case for NL-Z,
NL-Z2, and NL-VT1. Additionally, this density distribution
strongly affects the shape of the single-particle potentials,
which are reduced at the nuclear center by approximately the
same factor as the density. Orbitals with large angular mo-
mentum, e.g., the 1i states, are pushed down in the spectrum
compared to states with rather small angular momentum like
the 3p states. This leads to a completely different level or-
dering above the Z!120 proton shell in case of the RMF
forces.
The same effect occurs in the neutron spectrum as well.

The level ordering of the 3d states is reversed for the RMF
forces; see the lower panel of Fig. 9. Again, for SkP, the
force which gives the less pronounced dip of the density
distribution, the spin-orbit splitting of the 3d neutron states
is largest. States with large angular momentum and therefore
small overlap with the center of the nucleus, i.e., the 2g or
1 j states, show the common spin-orbit splitting.
The details of this effect as they appear in the nonrelativ-

istic SkI3 are shown quantitatively in Fig. 11 for selected

FIG. 8. The same as in Fig. 6, but computed with SkP.

FIG. 9. The same as in Fig. 4, but for 172
292120.

FIG. 10. Density distribution !upper panel" and radial compo-
nent of the spin-orbit potential !lower panel" of protons !right" and
neutrons !left" for 172

292120, calculated with the forces as indicated.
The total density is plotted in the upper panels as well. The density
distributions calculated from the single-particle wave functions as
they come out in the FY model are drawn for comparison. All
models except SkP show a central depression in the density distri-
bution, which has a visible impact on the spin-orbit potential.
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Beyond mean-field methods: Symmetry restoration

particle-number restoration operator

P̂N0
=

1

2π

∫ 2π

0
dφN e iφN (N̂−N0)

angular-momentum restoration operator

P̂J
MK =

2J + 1

16π2

∫ 4π

0
dα

∫ π

0
dβ sin(β)

∫ 2π

0
dγ D∗JMK (α, β, γ)R̂(α, β, γ)

K is the z component of angular momentum in the body-fixed frame.
Projected states are given by

|JMq〉 =
+J∑

K=−J

fJ(K) P̂J
MK P̂Z P̂N |q〉 =

+J∑
K=−J

fJ(K) |JMKq〉

fJ(K) is the weight of the component K and determined variationally

Axial symmetry (with the z axis as symmetry axis) allows to perform
the α and γ integrations analytically, whereas the sum over K collapses,
fJ(K) ∼ δK0

plots from Bender, EPJ ST156 (2008) 217 & Bender, Heenen PRC78 (2008) 024309

Michael Bender (IP2I Lyon) EDF methods EJC 2026 61 / 95



Beyond mean-field methods: Configuration Mixing via the Generator
Coordinate Method

Superposition of angular-momentum projected SCMF states

|JMν〉 =
∑
q

+J∑
K=−J

fJν(q,K) |JMqK〉
{
|JMqK〉 projected mean-field state
fJν(q,K) weight function

δ

δf ∗Jν(q,K)

〈JMν|Ĥ|JMν〉
〈JMν|JMν〉 = 0 ⇒ Hill-Wheeler-Griffin equation

∑
q′

+J∑
K ′=−J

[
HJ(qK , q′K ′)− EJ,ν IJ(qK , q′K ′)

]
fJ,ν(q′K ′) = 0

with

HJ(qK , q′K ′) = 〈JMqK |Ĥ|JMq′K ′〉 energy kernel
IJ(qK , q′K ′) = 〈JMqK |JMq′K ′〉 norm kernel

Angular-momentum projected GCM gives the

correlated ground state for each value of J

spectrum of excited states for each J
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Horizontal vs. vertical expansion of correlations

Bender, Heenen, unpublished plot

Single-particle spectra change with deformation.

avoidance of degenerate many-body states ⇒ in
the absence of pairing correlations, all open-shell
nuclei are deformed.

GCM as ”horizontal expansion” that is to be
contrasted with the ”vertical expansion” of RPA.

Original idea formulated in Dönau et al, NPA496
(1989) 333.

coexisting minima correspond to shapes with low
density of single-particle levels of either neutrons or
protons (or both) near the respective Fermi surface
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Horizontal vs. vertical expansion of correlations
F. D6nau et al. / Large amplitude collective motion 335 

la te r  on  ca l l ed  the  loca l  v a c u u m .  I f  one  is s t u d y i n g  s low co l l e c t i ve  m o t i o n ,  the  s ta te  
Iq) is t a k e n  to be  the  e n e r g e t i c a l l y  l owes t  H F B  d e t e r m i n a n t  sa t i s fy ing  

alq) = 0 ,  (4) 

w h e r e  b o t h  the  d e s t r u c t i o n  o p e r a t o r  a = a ( q )  a n d  its v a c u u m  are  d e f i ne d  loca l ly  
fo r  e a c h  p o i n t  (q) .  T h e  a b o v e  p r o c e d u r e  m e a n s  an  a d i a b a t i c  p r e p a r a t i o n  o f  a 
s e q u e n c e  o f  s tates* l a b e l e d  by  q, q ' ,  q",  • • • .  In this  a d i a b a t i c  r eg ime ,  c o n s i d e r  t hen  
a ser ies  o f  level  c ross ings  as s h o w n  in fig. 1. H e r e  the  loca l  v a c u u m  Iq) fo l lows  
m e r e l y  the  e n v e l o p e  o f  t he  ene rgy  o f  p u r e  c o n f i g u r a t i o n s  (see fig. 1) in s t ead  o f  
c o n t i n u i n g  in the  p r e v i o u s  c o n f i g u r a t i o n  w h i c h  inc reases  in ene rgy** .  A c c o r d i n g  to 

CAL 
ICUA 

Fig. 1. Schematic plot of the energy versus the collective variable. The dark envelopes show the positions 
of the local vacua. The domain of the collective variable is defined by q,m,~, qm,x and the energy cut Em~,~. 

* To simplify the notation, we label the above well-prepared set of determinantal solutions subject 
to the routhian (3) by the symbol q regardless of the fact that q may not always lead to a complete 
classification of the set of states taken into account. 

** It is important to mention that for the formalism given one can prepare also another set of HFB 
states following adiabatic filling regime, and furthermore adiabatic and diabatic sets could even be used 
simultaneously. 

Dönau et al, NPA496 (1989) 333

Single-particle spectra change with deformation.

avoidance of degenerate many-body states ⇒ in
the absence of pairing correlations, all open-shell
nuclei are deformed.

GCM as ”horizontal expansion” that is to be
contrasted with the ”vertical expansion” of RPA.

Original idea formulated in Dönau et al, NPA496
(1989) 333.

coexisting minima correspond to shapes with low
density of single-particle levels of either neutrons or
protons (or both) near the respective Fermi surface
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Spectroscopy from MR EDF – the example of 188Pb

M. Bender, P. Bonche, T. Duguet, P.-H. Heenen, Phys. Rev. C 69 (2004) 064303.
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Spectroscopy from MR EDF – the example of 188Pb
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M. Bender, P. Bonche, T. Duguet, P.-H. Heenen, Phys. Rev. C 69 (2004) 064303.

Attention: g2
i (q) is not the probability to find a mean-field state with intrinsic deformation q in

the collective state
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Spectroscopy from MR EDF – the example of 188Pb
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M. Bender, P. Bonche, T. Duguet, P.-H. Heenen, Phys. Rev. C 69 (2004) 064303.

Attention: g2
i (q) is not the probability to find a mean-field state with intrinsic deformation q in

the collective state
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Spectroscopy from MR EDF: Transition moments

M. Bender, P. Bonche, T. Duguet, P.-H. Heenen, Phys. Rev. C 69 (2004)
064303.

Experiment: T. Grahn et al, Phys. Rev. Lett. 97 (2006) 062501

in-band and out-of-band E2 transition
moments directly in the laboratory frame
with correct selection rules

full model space of occupied particles

only occupied single-particle states
contribute to the kernels (”horizontal
expansion”)

⇒ no effective charges necessary

no adjustable parameters

B(E2; J′ν′ → Jν) =
e2

2J′ + 1

+J∑
M=−J

+J′∑
M′=−J′

+2∑
µ=−2

|〈JMν|Q̂2µ|J′M′ν′〉|2

β
(t)
2 =

4π

3R2A

√
B(E2; J → J − 2)

(J 0 2 0 |(J − 2) 0)2e2
with R = 1.2A1/3
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Typical Situations

. . . .

. . .

nucleus Edef EJ=0 EGCM Ecorr

208Pb 0.0 1.7 0.0 1.7
180Hg 3.0 2.6 0.5 3.1
170Hf 12.2 2.9 0.5 3.4
202Rn 2.6 2.7 1.4 4.0

48Ca 0.0 1.4 0.7 2.0
32S 0.0 3.8 0.9 4.7
28Si 0.7 4.2 0.6 4.9

Edef: static deformation energy

EJ=0: energy gain from projection

EGCM: energy gain from mixing projected states

Ecorr = EJ=0 + EGCM: total dynamical correlation
energy

Bender, Bertsch, Heenen, PRC 73 (2006) 034322
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How is the evolution of shell structure related to systematics of masses?

compared our measurements of 78Ga and 81As with pre-
vious high-precision [25,26] measurements. In addition,
we have measured 79Ga in two different beamtimes and our
values,!62 547:8"22# keV and!62 547:5"29# keV, are in
excellent agreement with each other. In the case of 82As,
both the isomer and the ground state were observed with
their mass difference in good agreement with [27].

Figure 2 displays the first-order derivative of the masses,
the S2n values of neutron-rich Z $ 29– 36 isotopes calcu-
lated from the mass-excess values measured by
JYFLTRAP (Table I and [18,24]) and ISOLTRAP [28].
The new data from JYFLTRAP are shown as filled circles.
The occurrence of the closed neutron shell at N $ 50 is
clearly visible from Kr (Z $ 36) all the way down to Ga
(Z $ 31), manifesting itself in a steep decrease of the S2n
values for all nuclei with N $ 51 and N $ 52.

In order to gain a more quantitative insight into the
evolution of the change of masses around shell closures,
one can study the two-nucleon gaps [1,29] for neutrons or
protons. For magic nuclei, the two-nucleon gap energy is
approximated by twice the gap in the single-particle spec-
trum providing a signature for the magicity [29]. For this
purpose, we have plotted in Fig. 3 S2n values for even N $
46– 56 isotones as a function of the proton number. The
energy difference between the N $ 50 and 52 isotones,
corresponding to a two-neutron gap acrossN $ 50, reveals
a trend for the lowering of the shell gap energy towards Ge
(Z $ 32). This also corresponds to a minimum in the
systematics of the first 2% energies of known even-A N $
50 isotones [9– 15], suggesting a maximal influence of core
polarization effects at this proton number. Figure 3 also
indicates that the gap at N $ 50 opens up when moving
further towards Ni (Z $ 28) implying its magic character.

Beyond the energy difference of N $ 50 and 52 iso-
tones, it is of interest to notice that the otherwise smooth
trend of S2n values for each isotone is broken between the
N $ 48 and 50 isotones. Additional weakening of the two-

neutron binding of the N $ 50 isotones between Z $ 32
and 36 might arise, for example, from two-particle two-
hole excitations across the shell gap. On the contrary, when
comparing the energy differences of the N $ 46, 48, and
52 isotones, we observe a rather flat behavior indicating a
smoothness in energies of the !g9=2 and !d5=2 (or !s1=2)
neutron states across the entire range of the studied proton
numbers.

The experimental two-neutron shell gap energies ! $
S2n"N $ 50# ! S2n"N $ 52# are compared with selected
theoretical models in Fig. 4. The models chosen are the
finite range liquid drop model (FRDM) which is a well-
known sophisticated microscopic-macroscopic model
[30], the empirical model of Duflo and Zucker (DuZu)
[31], two spherical mean-field calculations by Otsuka
et al. [2,32] employing a GT3 tensor or a D1S interaction
as well as three different self-consistent mean-field calcu-
lations in the framework of the density functional theory
[29,33,34]. Both mean-field calculations of Otsuka over-
predict the gap by at least a factor of two compared with
the experimentally known range. The use of the tensor-
based interaction brings the gap clearly down to 78Ni. The
best agreement with the data is obtained by the FRDM
calculation. Finally, it is remarkable that the models based
on the density functional theory reproduce qualitatively the
trend observed in this experiment, a monotonic reduction
from Z $ 40 and a minimum at Z $ 32. They also predict
the increase in the gap energy and therefore the strengthen-
ing of the magicity towards 78Ni in compliance with the
concept of mutual support of magicities [3].

A closer look at Fig. 4 reveals that the calculations of
Stoitsov et al. with SLy4 and SkP energy density func-
tionals [33,34] agree in trend but differ in magnitude rather
strongly. This could, at least partly, be due to differences in
isoscalar effective mass in these two interactions which in
turn scales the single-particle level density in the vicinity
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compared our measurements of 78Ga and 81As with pre-
vious high-precision [25,26] measurements. In addition,
we have measured 79Ga in two different beamtimes and our
values,!62 547:8"22# keV and!62 547:5"29# keV, are in
excellent agreement with each other. In the case of 82As,
both the isomer and the ground state were observed with
their mass difference in good agreement with [27].

Figure 2 displays the first-order derivative of the masses,
the S2n values of neutron-rich Z $ 29– 36 isotopes calcu-
lated from the mass-excess values measured by
JYFLTRAP (Table I and [18,24]) and ISOLTRAP [28].
The new data from JYFLTRAP are shown as filled circles.
The occurrence of the closed neutron shell at N $ 50 is
clearly visible from Kr (Z $ 36) all the way down to Ga
(Z $ 31), manifesting itself in a steep decrease of the S2n
values for all nuclei with N $ 51 and N $ 52.

In order to gain a more quantitative insight into the
evolution of the change of masses around shell closures,
one can study the two-nucleon gaps [1,29] for neutrons or
protons. For magic nuclei, the two-nucleon gap energy is
approximated by twice the gap in the single-particle spec-
trum providing a signature for the magicity [29]. For this
purpose, we have plotted in Fig. 3 S2n values for even N $
46– 56 isotones as a function of the proton number. The
energy difference between the N $ 50 and 52 isotones,
corresponding to a two-neutron gap acrossN $ 50, reveals
a trend for the lowering of the shell gap energy towards Ge
(Z $ 32). This also corresponds to a minimum in the
systematics of the first 2% energies of known even-A N $
50 isotones [9– 15], suggesting a maximal influence of core
polarization effects at this proton number. Figure 3 also
indicates that the gap at N $ 50 opens up when moving
further towards Ni (Z $ 28) implying its magic character.

Beyond the energy difference of N $ 50 and 52 iso-
tones, it is of interest to notice that the otherwise smooth
trend of S2n values for each isotone is broken between the
N $ 48 and 50 isotones. Additional weakening of the two-

neutron binding of the N $ 50 isotones between Z $ 32
and 36 might arise, for example, from two-particle two-
hole excitations across the shell gap. On the contrary, when
comparing the energy differences of the N $ 46, 48, and
52 isotones, we observe a rather flat behavior indicating a
smoothness in energies of the !g9=2 and !d5=2 (or !s1=2)
neutron states across the entire range of the studied proton
numbers.

The experimental two-neutron shell gap energies ! $
S2n"N $ 50# ! S2n"N $ 52# are compared with selected
theoretical models in Fig. 4. The models chosen are the
finite range liquid drop model (FRDM) which is a well-
known sophisticated microscopic-macroscopic model
[30], the empirical model of Duflo and Zucker (DuZu)
[31], two spherical mean-field calculations by Otsuka
et al. [2,32] employing a GT3 tensor or a D1S interaction
as well as three different self-consistent mean-field calcu-
lations in the framework of the density functional theory
[29,33,34]. Both mean-field calculations of Otsuka over-
predict the gap by at least a factor of two compared with
the experimentally known range. The use of the tensor-
based interaction brings the gap clearly down to 78Ni. The
best agreement with the data is obtained by the FRDM
calculation. Finally, it is remarkable that the models based
on the density functional theory reproduce qualitatively the
trend observed in this experiment, a monotonic reduction
from Z $ 40 and a minimum at Z $ 32. They also predict
the increase in the gap energy and therefore the strengthen-
ing of the magicity towards 78Ni in compliance with the
concept of mutual support of magicities [3].

A closer look at Fig. 4 reveals that the calculations of
Stoitsov et al. with SLy4 and SkP energy density func-
tionals [33,34] agree in trend but differ in magnitude rather
strongly. This could, at least partly, be due to differences in
isoscalar effective mass in these two interactions which in
turn scales the single-particle level density in the vicinity
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of the Fermi surface energy with the effective result of a
larger gap with SLy4 and a nearly vanishing gap for SkP at
Z ! 32. On the other hand, the similar calculation of
Bender et al. [29] employing the SLy4 interaction in the
deformed basis and adding dynamical quadrupole correla-
tions brings the calculated values closer to those observed
in this experiment.

In summary, we have measured the masses of approxi-
mately 30 neutron-rich nuclei with unprecedented accu-
racy to probe experimentally the magicity of the N ! 50
neutron number far from stability. The data indicates the
persistence of this gap towards Ni (Z ! 28) with an ob-
served minimum at Z ! 32. This observation is in line with
the interpretation of recent spectroscopic data on low-lying
excited states of these nuclides in the framework of a shell
model. Concerning the binding energies, it is observed that
the energy density functional approach can reproduce
qualitatively the observed trends in two-neutron separation
energies and shell gaps. These high-precision experimental
data provide a basis for improved theoretical description of
various separation energies of neutron-rich nuclei needed,
for example, in nuclear astrophysics. Moreover, the future
experiments will have to be pushed towards more exotic
nuclei such as 82Zn and 81Cu in the vicinity of 78Ni.
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FIG. 4. Evolution of the N ! 50 shell gap and comparison to
theoretical models.
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S2n(Z ,N) = E(Z − 2,N)− E(Z ,N)

δ2n(Z ,N) = S2n(Z ,N)− S2n(Z ,N + 2) = E(Z ,N − 2)− 2E(Z ,N) + E(Z ,N + 2)

Hakala et al, PRL 101 (2009) 052502
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Impact of of static deformation and fluctuations in collective degrees of
freedom on separation energies around shell closures

even-even nuclei

intrinsic shapes constrained to axial symmetry

projection on particle number and angular momentum

mixing of configurations with different intrinsic deformation

Skyrme interaction SLy4 + density-dependent zero-range pairing interaction
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Intrinsic Deformation and Quadrupole Correlation Energy

Bender, Bertsch, Heenen, PRC 73 (2006) 034322
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Static and dynamic quadrupole correlation energies

Bender, Bertsch, Heenen, PRC 73 (2006) 034322
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Mass residuals

Shell effects are not overestimated in general, they are overestimated for neutrons

This might well be a problem with the effective interaction, not so much with large missing
correlations

Bender, Bertsch, Heenen, PRC 73 (2006) 034322
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Collectivity-enhanced quenching of signatures of shell closures

Bender, Bertsch, Heenen, PRC 78 (2008) 054312
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Collectivity-enhanced quenching of signatures of shell closures
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Bender, Bertsch, Heenen, unpublished material for PRC 73 (2006) 034322
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Eigenvalues of the single-particle Hamiltonian vs. S2q

lower panel: −S2p(Z = 50,N)/2
The global linear trend is taken out subtracting
N−82

2 [S2p(Z=50,N=50)−S2p(Z=50,N=82)]

using the spherical mean-field S2p

lower panel: −S2n(Z ,N = 50)/2
The global linear trend is taken out subtracting
N−50

2 [S2n(Z=28,N=50)−S2n(Z=50,N=50)]

using the spherical mean-field S2n
Bender, Bertsch, Heenen, PRC 78 (2008) 054312
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