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Dynamics of heavy-nuclei ?

Theoretical approaches that explicitly describe the time evolution of an atomic nucleus or a nuclear reaction

Non equilibrium initial condition Evolution of observables in time
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Nuclear time scales

large molecule motion 1 picosecond 107 1%
electronic excitation 1 femtosecond 10~ 155
shortest laser pulse 1 attosecond 107185
nuclear motion 1 zeptosecond 10 %'s  (~ 300 fm/c)
10 zs 175 =102"s 0.1 zs
= : Low energy |

Fission

collision GDR ‘V(r)
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Nuclear time scales

large molecule motion 1 picosecond 107 1%
electronic excitation 1 femtosecond 10~ 155
shortest laser pulse 1 attosecond 107185
nuclear motion 1 zeptosecond 10 %'s  (~ 300 fm/c)
10 zs 175 =102"s 0.1 zs
- | | -

Fission Low energy

collision GDR ‘V(r)
I @ - r~5fm

&J No direct observation of time-dependent observables with our current technology
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Why simulating explicitly the dynamics ?
()

Ws iR
FSWﬂ‘%
1. To predict how observables evolve in time ?

2. To determine decay lifetimes ? Attosecond lasers, Q. Liu et al. J. Opt 20 (2018)

Al ! \
Gas cell : At :

. filter Drilled
-~ error

3. To generate nice animations ?
4. To predict the output of reactions ?

5. To warm up your office during winter ? -
. . . . . i : O 2m=T<1h
6. Because it is easier than static calculations ? : mion
: M 1y<T<16y

W 16ysT
[ unknown half-ife

Nuclear half-lives
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Static vs time-dependent

Static
ﬁ¢n — n"qbn

1. Full diagonalization
2. Dynamics for any initial condition

Yt =0) =) cathn
w(t) — Z anne_iE_r?t

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026

Time-dependent
ihO,) = H

1. Numerical integration on time
2. Dynamics for one initial condition

B(1 x dt) ~ (t = 0) — %ﬁw(t —0)

D(2 % dt) ~ (1 x dt) — %ﬁw(l X dt)
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Static vs time-dependent

Static
ﬁ¢n — n"qbn

1. Full diagonalization
2. Dynamics for any initial condition

Yt =0) =) cathn
¢(t) — Z anne_iE_’?t

Cost ~ O(dim®)
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Time-dependent
ihO,) = H

1. Numerical integration on time
2. Dynamics for one initial condition

B(1 x dt) ~ (t = 0) — %ﬁw(t —0)

D(2 % dt) ~ (1 x dt) — %ﬁw(l X dt)

. 2
Cost ~ O(N inital conditions X N, steps X dim )
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Static vs time-dependent

Static
ﬁ¢n — n"qbn

1. Full diagonalization
2. Dynamics for any initial condition

Yt =0) =) cathn
¢(t) — Z anne_iE_’?t

Cost ~ O(dim®)

Time-dependent
ihO,) = H

1. Numerical integration on time
2. Dynamics for one initial condition

B(1 x dt) ~ (t = 0) — %ﬁw(t —0)

D(2 % dt) ~ (1 x dt) — %ﬁw(l X dt)

.2
Cost ~ O(N inital conditions X N, steps X dim )

e In practice, dim > 10?°0 (10%Y ~ atoms in the univers)

e Choose what converges the fastest

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026
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Which phenomena can we simulate ?

Successful predictions from dynamics in nuclear physics

e Collective vibrations:

O response to a gamma excitation

o cross section for (m,7y) reactions 10 75 125 = 102 0.1zs

e Fission: - ; :
Low energy

Fission

o mass and charge yields collision ﬂ V(r) .
o fragments characteristics “ @

* Heavy ion collision (low energy): @ Q @
o fusion barriers

o nucleon transfer
o fusion-fission versus quasi-fission

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026 71/ 64



Related fundamental questions

How were the heavy elements synthetized ?

Lead (82) —»
Platinum

R-process 184 2

AN
N

Barium N
Mass number 195

Tellurium

Tin (50) —

AN
T Mass number 130

82 Beta-decay N\ N

Neutron capture

Number of protons —J»

Nickel (28)—»

Calcium
(20)—>

50
Fusion processes in stars

Number of neutrons ——3»
H. Schatz et al. Europhysics news 37 (2006)
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Related fundamental questions

Is there a superheavy island of stability ?

Protons

‘___-----_.~~
- ~
3 ~
4 -~

~
’
~~~~~
~ -
-------

3000 measured nuclei

— Neutrons
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How to simulate the dynamics ?
Multi-CMons TDHF .F TD2RDM

Time Dependent GCM
o

TDBCS, TDHFB

lea nFlefii

Time dependent mean field
TDHF, TDEDF

Antlsymmetrlz s
Molecular Dynamics

Today's focus: methods rooted in the Energy Density Functional framework

(cf. M. Bender lecture)

D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026 10/ 64



Suggested readings

Reviews

* Nuclear quantum many-body dynamics (2nd edition)
C. Simenel, Eur. Phys. J. A 61 (2025)

e The time-dependent generator coordinate method in nuclear physics
M. Verriere, D. Regnier, Front. Phys. 8 (2020)

e Time-dependent density-functional description of nuclear dynamics
T. Nakatsukasa et al., Rev. Mod. Phys, 88 (2016)

Books Lectures
e Energy density functional method for atomic nuclei e Approches Microscopiques
N. Schunck et al., IOP (2019) en Physique Nucléaire
* The nuclear many-body problem D. Lacroix, Master 2 lecture in english (2010-2012)
P. Ring, P. Schuck, Springer science (2004) e Microscopic approaches for nuclear
e Quantum theory of finite systems Many-Body dynamics
J.-P. Blaizot, G. Ripka, MIT Press (1985) C.Simenel et al., EJC 2007, arXiv:0806.2714v2
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Some open-source codes for dynamics

Sky3D-1.2

Abhishek et al., CPC 301 (2024):

A reference Skyrme TDHF open source code on CPU
LISE

S.Jinetal., CPC 269 (2020):

A Skyrme full TDHFB package on GPU

FELIX-2.0

D. Regnier et al, CPC 225 (2018):

A time-dependent Schroédinger equation solver on CPU
(designed for fission simulation with TDGCM+GOA)

ANDy-1.0
D. Regnier et al, work in progress
A library for TDHF, TDBCS, et al. on CPU and GPU.

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026

2D wavefunction propagation with FELIX-2.0
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Low-energy heavy-ion collisions

Elastic Focus on low-energy
_v Coulomb excitation heavy-ion collisions
P s Quasi-elastic ECenter of mass = BCoulomb
. * ¢'{
—_—— -*"  Few-nucleon transfer
Deep-inelastic

“m Quasi-fission

Example: 160 + 208pp collision
What is the energy required to fusion ?

@ D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026 15/64



Experimental clues for fusion
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Experimental clues for fusion

Incoming
beam

Fission fragment

Monitor
detector 1

detectors
(out of plane)

p Fission
\fragment 1
Target G/
o
Fission “a
fragment 2

Fission fragment
detector 2

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026

Compound
nucleus

Fission
L4
fragments ’

A Y

------

CUBE detector
Adapted from G. Montagnoli et al., Eur. Phys. J. A 59 (2023)
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Fusion cross section

] | I | T I T T I | T | T T T | T |
103 'E_ (a) . c . b * E
- RO fission 3
_ W00k ;/ E
F__!% - $ . Ofusion = Ofission T O evaporation residues
e I d opooo ER i
Q - é? nnnu =] .
JUE g E
© - o ° 16 208, . e Athreshold phenomenon (potential barrier)
n ® g 0+ P -
BN 1 e Threshold ~ 75 MeV
100 = *° e This work =
S o Ref. [19] -
n + ° Evap. residues How would you postdict this from a model ?
1074 A
70 75 80 85 90 95 100 105 110
Eqp (MeV)

Adapted from C. R. Morton et al. Phys. Rev. C 60 (1999)

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026 17 /1 64



A two-body picture

Incoming
beam

f—-..

‘S 'I
016 +208 Pb

Reducing the number of coordinates:
o All nucleons (71, -+ ,7224)

e Removing internal structure (7o, 7 pp)
e Removing the center of mass r
e Assuming a central potential r (1D)

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026

Classical Hamiltonian mechanics:
2 2

H(r,p) =+

+ V(r)

2u  2ur?

Dissipative
friction r

fus

Yy

anSiOH(E) - 7'('7“?“8[1 _ V(Tfus)/E]

How to determine r¢,s and V (r5) ?

18764



An empirical effective potential

The Bass systematics

Fitting the nucleus independent parts of the effective potential on fusion cross sections

g D. Regnier,

T 1 T T T 1 1]
g(s) @ '%c. ¢ (6]
(MeV.tm™)[ x #1615y (7] ]
50+ @® + '60 [5:] -
s o 41819 6] -
N R m '2C+ 1525m [«]
-~ ‘60+ Nd

201 3 @\. ® 3254 2l'll!g,z"ull."c,(:l (3]
10+ ® -
= -
~ + i
5| ' ]
- + -
- -
2F 4

L% N
+
1 i - 1 | A L | 1
(4] 05 1.0 1.% 2.0 2.5 3.0 3.5
s(fm)

R. Bass Phys. Rev. Lett. 39 (1977)

Ecole Joliot Curie 2026, 13-18 September 2026
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What does it give for our *°0+2"®Pb collision ?

I | I ] I I | I T T I | I T ] ] |
- - 165 4+ 208py -
= i ga:} e This work i
£ 600 |- o o o s o Ref. [19]  _
© Ty = 11.42 = i o % |
o V(rus) =77.1 MeV 400 |- s éﬁ% ]L i
B o
ol Al -
R
= = -
2L peaks at V(7 us) I ] Bass | | l+ Jﬂ* _________ _
in a simple two-body quantum scattering i ‘ ¢ |
pb =200 S T S A R SRR I L L
70 75 80 85

Ec . (MeV)

Distribution of 'fusion barrier’
Adapted from C.R. Morton et al. Phys. Rev. C 60 (1999)
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What does it glve for our 16O+208Pb collision ?

3l 16 208 -
]_O E O + Pb —a’&&___!,_— | -8 E
i o B :
1025‘ ‘(ﬁgp ;
fo) .’. 'f' Correct order of magnitude for the fusion
g 101k & ~i | threshold
- E
E S T ]
=
° 100'_ ¢ | X No fusion below the threshold (classical picture)
2 E
E . o Bass 77: mrg (1 - V/E) _
10—1__ 6 ﬁlftll'iz fnz'1‘9/9=9)77.1 MeV | How to further improve our postdiction ?
3 orton et al. ]
70 80 90 100 110

Ecm (MeV)

Fusion cross section obtained from
a classical 2-body picture
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The many-body picture

Discretizing the wavefunction

Incoming
beam
@ . K~40 |
Exact many-body dynamics o(z) = Z o(xr) x by(z)
e State k
|¢(r19 T, TA, t)>

) e parameterizing one nucleon wavefunction o(r
e [nteractions P 9 90( 1)

R AR . ~ 403
H=K+V® 176 ... ~ 40° complex numbers

: : ~ 512 kB
e Equation of motion
5 ) * parameterizing ¢(T1, cee,TA, Tt = 0)
ihahﬁ(rl coora,t)) = H(ry, - ,7a,t)) ~ 403*(16+208) complex numbers

~ 105! 1B @

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026 22/ 64



Time-dependent EDF / Hartree-Fock

* State: ‘¢neutr0n(t)> X ‘qbproton(t»

with
p1(r1,t)  pa(r,t) - on(r,t)
1 |pi(rast)  pa(ra,t) - on(re,t)
¢(r17"'7rNat):ﬁ : : . :
p1(rn,t)  p2(rn,t) - en(ra,?) BT
and discretized one-body wavefunctions ]'17}”_095_ 011_1'6&0]
KA0° 180 local one-body density p(7)
pi(r,t) = Z Pi(Tr,t) X bi(r) (probability to measure one nucleon at
k )
e parameterizing ¢(ry,--- ,74,t = 0)
~ 40° x (16 + 208) complex numbers e Interactions:
~15MB E(p,---)or H

* Which equations of motion ?

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026 23/ 64



Equations of motion

How do the parameters @; (7}, t) of the wavefunction evolve in time ?

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026 24/ 64



Equations of motion

How do the parameters @;(7}, t) of the wavefunction evolve in time ?

Time-dependent variational principles

e Variational formulation of the exact Schrédinger
equation:

s ([ mwto) Zevte) - BGwio) ) =o

—0
Look for any [1()) that makes the action extremum
* Variational approximation:

— im0 o) - B(6(0)) =0

—0
Look for a Slater det. |¢(t)) that makes the action
extremum

____—_—————_..-—-..____
- -
- -~
- -~
P d ~~

~
S ==—"

Each step in the Slater determinant trajectory minimizes the approximation error

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026 24/ 64



Equations of motion

In practice dgater det. (- - - ) = 0 means the set of equations

oS

. k.t =0
VZ7 9 8(’0: (T‘k, t) Y
oS 0

a@i(rkat)
0S 0

ONij(t)
0S 0

8)\;‘j(t)

with the action defined by
5= ([ into(o)l 560 - B16(0) - Mlei(0les ) )

The A;; are Lagrange parameters to ensure
(i (t)];(t)) = ;-

25/ 64

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026



... after some 'straightforward' maths

The usual time-dependent EDF/TDHF equations of motion !

o QOl(I‘,t) B[p(r,t),'u]cpl(r,t)
5 . =

ih— -
pa(r,t) hlo(r,t),- -] pa(r,t)

a system of A non-linear equations coupled by p(r,t) = Zfl i (r, 1) ]2

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026 26/ 64



... after some 'straightforward' maths

The usual time-dependent EDF/TDHF equations of motion !

o QOl(I‘,t) h[p(r,t),~~-]<p1(r,t)
z‘ha e o o _ o o o
pa(r,t) hlp(r,t),-- -1 pa(r,1)
a system of A non-linear equations coupled by p(r,t) = Zfl i (r, 1) ]2
How to compute the dynamics ?
e &
= 0 © e .
Given the @;(7,t): 2.°0 !
iven the ; (7, t) y £ Q:cc :‘\%goc\:
1. Compute densities p(7, t)... Y PR .
d¢

2. Compute i),[p(r7 t), .. ] ;‘“oc I ‘;

3. Vi compute %
n \ T SN %gpoc
pi(r,t +dt) = pi(r,t) + hlp(r, 1), Joi(r,t) > g,,;.go 4

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026 p———— ! 26/ 64



Properties of the TDEDF dynamics

Link to static EDF/Hartree-Fock
The mean-field ground state does not evolve

The equations of motion conserve

e the norm,
e the energy &

Ehrenfest theorem for one-body observables
. , N L
0= [ Oncl(r)etr), i (0) = ([hlol; O]

If O commutes with lAz its expectation value is a
constant of the motion

* Number of particles =
e Center of mass momentum

Preservation of self-consistent symmetries
Axiality, parity, ...

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026

Bas(t)) = €”V]ggs(t = 0))

rho T
1.1e-17 0.05 0.1 1.6e-01
|

e o—

'Movie' of the 190 ground state
local one-body density p(7, t)
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Let's simulate a 120+2%8ppb collision

Building the initial state

1. Compute the mean-field ground states of the nuclei
2. Place them in a box
3. Boost their center of mass

Vie[1,A]:  ¢i(r) =eP p(r)
Vi€ 1,45 ¢i(r) =eP ()

4. Build the product Slater determinant

1
(bproton(rl?'" y '8y 19y " " - ,7‘90) — (8+82)'
ei(r1) - ws(r1)  @o(ri) o @eo(T1)
p1(r2) - ws(r2)  wo(r2) - poo(r2)
901(;’90) 908(:'°90) 909(:'°90) " P90 (.rgo)

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026

C. Simenel et al.. arXiv:0806.2714v2 (2009)

What impact parameter ?

J
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Head-on collision simulation below barrier

Z (frn) Time: 0.0 (zs)
-25 20 15 -10 & 0 10 15 20 25
15— % % % % % % % % % % 315 1.56-01
0.14
10— —+4-10
— 0.12
5 +5 — 0.1
=)
e
0o =
¥ifm) O 40 ¥ (fm) =
=]
C
1l
006 ©
ey 45
— 0.04
e <410
0.02
54 | L | L L L 1 | 1 | 15 — 1.0e05
Js Jo s Yo LS b b b 2h 25
£rm)
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Head-on collision simulation above barrier

7 Axis Time: 0.0 (zs)
-25 -20 -15 -10 -5 0 5 10 15 20 25
: o + : : % : : + : 15001
144 —~4-14
0.14
124 12
0.13
104 410
— 012
G —+8
— 011
4 445
— 0.1
44 4
— 0.09
24— -+
0.08 3
Y Axis  O—— —+0 Y Axis E
0.07 =
74 42
0.06
A4 44
- 0.05
e 45
0.04
e <48
104 L5 0.03
124 L 0.02
144 4 a — 0.01
| | | | | | | | | | | _ 1.0e05
25 Jo 15 1o 3 b 5 1h 5 2h 2k
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Determination of the 'fusion barrier'

[\ (] =
o ] ]

distance between fragments (fm)

Separation

74.44 MeV |
74.2 MeV

74.45 MeV

75 MeV = =
Fusion
| | ) | ) | ) | ) | I | I
0 200 400 600 800 1000 1200

time (fm/c)
C. Simenel, Eur. Phys. J. A. 61 (2025)

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026
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Wrapping up what we achieved...

We

e Started from an EDF
(mostly fitted on masses and radii)

Minimal energy to fusion 74.44 MeV

e Approximated the many-body dynamics '
- 16p + 208p, -

e Implemented the equations of motion 800 L ; _
e Simulated collisions from various initial conditions = - 23+ ® This work .
: - , 2 600 b o ¢ o a o Ref. [19] -
e Estimated the minimal energy to fusion! % o %
~ i ool l i
100 | » ¢ } -
Y | S ‘?%‘#ﬁ;ﬁ } 1 ]
> 200 [ ® t 1 7
= o
= — ® -
& o Lm..T0EDE Bass[ NI 4
a L
-200 [ S | |‘I | ! Lo by L
70 75 80 85
Ec . (MeV)

Distribution of 'fusion barrier’
Adapted from C.R. Morton et al. Phys. Rev. C 60 (1999)
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Wrapping up what we achieved...

We

e Started from an EDF
(mostly fitted on masses and radii)
e Approximated the many-body dynamics
e Implemented the equations of motion
e Simulated collisions from various initial conditions
e Estimated the minimal energy to fusion!

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026

Minimal energy to fusion 74.44 MeV

103} 160 + 208Ph s

| o - :
I A

102} { -5

—_ O,

2 S

= 101 o i3 :

0 i 3 ;
2 ® 1=
S Y =

10% o —i— TDHF E

' Bass 77: mr¢ (1 — V/E) _

A ¢ egs = 11.42 fm, V=77.1 MeV

107 ¢ ® Morton et al. (1999) E

70 80 90 100 110

Ecm (MeV)
Estimated fusion cross section
33/ 64



Why TDEDF differs from Bass ?

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026 34 /64



Why TDEDF differs from Bass ?

1. Coulomb excitation of the low lying states
of 28pb

o First 3~ state

2. Transfer reaction just below the fusion
threshold

o 160 4208 pp 14 (7 1 210 p,
o change of Z1Zs — change
of Coulomb barrier

C. Simenel, Eur. Phys. J. A. 61 (2025)

@ D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026

Yifrn) O

54

T

45

u
Z {fm)

At any time, we can count

e the number of particles on the left hand side
e the excitation energy in 2%8Pb

0.08
¥ (fm)
0.06

Time: 0.0 (zs)

1.5e-01
I»O,M

—0.12

— 0.1

density (fm-3)

0.04
[ 0.02

— 1.0e05
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Summary on time-dependent EDF

Pros

* Atime-dependent variational approximation

All the degrees of freedom

Systematic prediction of fussion thresholds
K. Sekizawa, Front. in Phys., Mini Review (2019)

Predictions of transfer reactions

Nice movies...

You can do these calculations !

Limitations

* Not able to predict the cross section
* No fusion probability below the threshold
e [t evolves the center of mass coordinate

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026

| 16 208 A
1035‘ O + Pb N T-E?-'!'-’AfégATA A
i ’AV(,AF’”
I A
102%¢ {
—_ i 2\
'g I o. I::I
< 10y o 5 ]
0 g th & ]
S ® 1=
S Y =
109 o —a— TDHF ;
' o Bass 77: mrg (1 - V/E) _
A ¢ res = 11.42 fm, V=77.1 MeV -
107 ¢ Morton et al. (1999) E
70 80 90 100 110
Ec.m (MeV)
Estimated fusion cross section
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Simulating the fission dynamics

Fission
fragments _,+*

! i
+ 1 n 1
: :
f ;
®, . ¥ Q
) .
/ R
/ \
{ )
{ }
i ey
.
. = Y I 4 Sy
Yields : R g / }
i /2 A < Ate H \
: ; i ;
Y(A,Z,KE : ! ; A\,
, ’ 4
( &=y '") h ’ . 04

N _____
°
‘!
0 107 10" 10" 10 t(s)
Initial Neck Fragments Prompt Prompt B decay
nucleus rupture acceleration neutrons y-rays
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Fission yields of actinides

9+
8 —4— 232Th(n,f), E, = 9-11 MeV — Simutkin et al. (2014)
] —4— 235U(ny,,f) — Al-Adili et al. (2020)
71 —=— 232Pu(n,,f) — Schillebeeckx et al. (1992)
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Experimental primary fission mass vields
The VERDI detector P P y y
A. M. Gomez et al. EP) Web of Conf. (2025) e Large width of the mass distribution

* Stability of the heavy peak

How could we predict fission mass yields ? J
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Fission with time-dependent EDF

Time: 0.0 (zs)
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TDEDF (with pairing) simulation of fission of 240py,
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Comparison to experimental data
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Energy balance
C. Simenel PRC 89 (2014)
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Total kinetic energy

240py fission events with a A=135 fragment

Ref.| TKE [MeV]

Wagemans (1984) [/] 183.92
Geltenborg (1986) [7] 184.29
Nishio (1995) [0] 184.83
Tsuchiya (2000) [7 181.55

TDEDF predicts 184.9 MeV &




Yes but what about the yields ?

Counting the particles in the fragments
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Distribution of the nucleons in a 2°Ne mean-field Z
ground state

p(rla"' ,T'A) — ‘qb(rla"' ,T‘z)
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Charges in one fragment after 3 TDEDF simulations

2
’ G. Scamps et al., PRC 92 (2015)



Typical results from TDEDF

100 - 20' 140
Primary (pre-neutron) fragment mass A

Way too sharp...

" 160

0 -
8 —4— 232Th(n,f), E, = P-11 MeV — Simutkin 4t al. (2014)
] —— 235U(n¢p,T) — Al-JAdili et al. (2020)
71 —=— 23°Pu(ng,f) — Séhillebeeckx et al. (1999)
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Why does TDEDF fail for the yields ?

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026 43/ 64



Why does TDEDF fail for the yields ?

Exact dynamics Time-dependent variational (Gaussian)

©

<t,—

both channels Y [(ff" .\ v (7 /7 one centroid
populated = one channel
\

Schematic of a 2D quantum evolution
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Fission modes

spherical ground state

deformed ground state
1*' standard barrier
2"9minimum

—>¢ “

superasymmetric barrier , N
The 'tree of nuclear fission

supershort bifurcation U. Brosa et al. Phys. Rep. 197 (1990)

supershort barrier a(
-+

supershort prescissionshape

superlong bifurcation

X 2"%tandard barrier
standard bifurcation

standard X X secondary e Exact dynamics populates
barriers

standardl  + +
standard I .

L o superasymmetric

superlong prescissionshape prescissionshapes prescission shape

superlongbarrier

all modes
e TDEDF chooses one

—_—— e — -
asymmetry

elongation y
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Side comment on quantum tunnelmg

y V(@)

vy

e After tunneling the wavefunction is bi-modale
e Cannot be described by a Gaussian
approximation

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026
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How to predict multi-modal dynamics ?
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How to predict multi-modal dynamics ?

TDGCM = Time-Dependent Generator Coordinate Method

Main idea

e We would like to describe at the same time

v
A leceonesee
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How to predict multi-modal dynamics ?

TDGCM = Time-Dependent Generator Coordinate Method

Main idea
e \We would like to describe at the same time

v 222 -OO-I

A sl

e Let's work with the superposition

V() =t “‘;‘;""Axl>+f2( )“m,\mo )

The wavefunction will be able to populate the two modes/channels J
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Time-dependent generator coordinate method

e State: Method
[Y(t)) = /f(q, t)|p(q))dg 1. Build a reaction path
B 2. Compute the evolution of the f(qy,t)
o q are called collective coordinates

o The function g — |¢(q)) is the reaction path.

e Discretization

K~5.10°
Py —
€606 N\ 6606 ocoe | ¢ f(g,t) = Z f(ay.t) x br(q)
¢ /o \°¢, bt o/ 1
®
Asymmetry / octupole moment d..
e parameterizing ¥(7ry---1r4,t = 0)
e Interaction: ~ 5.10% x 2.10% complex numbers
Hor E(|¢)) ~ 100 GB
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Reaction path for a n + #*?Pu fission

1. Collective variables:

o elongation goq [b],
© mass asymmetry qso [b3/2]

2. V(q20, g30) compute the Boboliubov vacuum |é(q20, q30))
that

o verifies (Q20) = go0,
o verifies (Q30) = gs0,
© minimizes the energy.
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Reaction path for a n + #*?Pu fission

1. Collective variables:

o elongation goq [b],
© mass asymmetry qso [b3/2]

2. V(q20, g30) compute the Boboliubov vacuum |é(q20, q30))
that

o verifies (Q20) = g0,
o verifies (Q30) = gs0, 0 s
© minimizes the energy.

] (b) 400

The physicist chooses the channels that can be explored
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Equation of motion for the weights

How do the parameters f(q,,,t) of the wavefunction evolve in time ?
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Equation of motion for the weights

How do the parameters f(q,,,t) of the wavefunction evolve in time ?

Time-dependent variational principles

e Variational approximation:

Sacntsas [ 801 28(0) ~ E(6(6))) = 0

=0 -
Look for the f(q,t) that make the action extremum < H

of(q',t
\V/q: ih/\quqI%:/Iqu/f(
q q

with
qu’ — <¢(Q)|¢(ql)>
Heg = (¢(q)|H|d(q))

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026
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Simpler equations of motion for the weights

Without additional approximation With additional approximation

We do the change of variable

* 9(q,t) =NV f(q,1)
° Hcoll :N—1/2 HN_1/2

* Gaussian Overlap Approximation
e Symmetric Moment Expansion

\ . 09(q,1) R_ 1
dg(q,t) 1 ih Ot — _EVM( V+Vig)|g(q,t)
— CO t q)

A local Schrodinger equation !
A few dimensional Schrédinger equation !

1h

Observables can be computed as

0)= [ 4(a,)0""(g,d)gla’t)
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LW
Evolution of the collective function |g(q, t) |2

Time: 0.0 e-21 s

v (MeV) (x1078)
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Last step to the fission yields

P(Atreany) =~ / p(q) X P(AHeany|q)

gecred line

We estimate p(Ageavy|q)

e either by counting fragments particles in

[9(q))

e or with a Gaussian centered

on (¢(q)|Ar|¢(a))
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Finally our postdiction !

80 100 120 140

O -
8 ¢ 23U(ny,f) — Al-Adili et al. (2020) TDGEQ@ (D1M)
] = 23%Pu(ng,,f) — Schillebeeckx et al. (1992) U
7_ 240Pu
X 5
T
EJ 4 1
>
31
04

Primary (pre-neutron) fragment mass A
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On the stability of the heavy peak
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Fi The structure of the heavy pre-fragment favors
Densities and correlation functions in constrained HFB Ap 2140 in the asymmetric energy valley
states C. L. Zhang et al. PRC 94 (2016)
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Summary on time-dependent GCM

Pros

e Enables multi-channels reaction simulation
e Affordable in 2-3 dimensions
e Can'in principle' do systematics

Could it be used to simulate tunneling ?
(i.e. for fission half-lives)

Limitations
(in current applications)

e Reaction paths obtained with
constrained HFB have a lot issues

o not the good physics
o bad mathematical properties

e Some remaining approximations (collective inertia)

@ D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026
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Table of contents

I. Heavy-ion fusion threshold with TDEDF
II. Fission yields with TDGCM

[II. State-of-the-art and open challenges
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2020 status

Single reference

Semi-classical ensemble

Multi-configuration
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@ Diabatic dynamics

@ Misses collective
fluctuations

@ Breaks symmetries

@ No collective
tunnelling

@ More collective
fluctuations
(standard deviation of
1-body observables)

@ Low cost, parallel
algorithms

@ Misses quantum
interferences

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026

@ Quantum fluctuations,
probability distribution

@ Difficulty to get both
fluctuations and diabatic
motion

@ High cost, parallel
algorithms in some cases

@ lIssue with EDF kernels
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2020-2025: a wealth of improvements

On the TDGCM side

e Spin of the fragments

P. Marevic et al. PRC 104 (2021)

P. Marevic et al. arXiv:2506.10777 (2025)
Odd systems

N. Schunck et al. PRC 107 (2023)
Symmetry restoration

P. Marevic et al. PRL 125 (2020)

New methods to build the 'working space'
W. Lau et al. PRC 105 (2022)

R. Lasseri et al. PRC 109 (2024)

P. Carpentier et al. PRL 133 (2024)
Z.Lietal PLB 866 (2025)

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026

Average AM Jr [A]

3D-TDGCM
J. Zhao et al. PRC 104 (2021) (pairing strength)
J. Zhao et al. PRC 105 (2022) (temperature)

204
@ Light FF m Heavy FF E, =1 MeV
Even-Even FFs (n = 412)
154
10+ I
5_
(c) 240py,
| I6|0I | |8|0| | |1(|)0| | IliOI | .1210. | Ilfliol | Iléol |
Fragment Mass Ar
P. Marevic et al. arXiv:2506.10777 (2025)
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2020-2025: a wealth of improvements

On the TDEDF side

e Spin of the fragments
A.

> 06060 > 0 >

Bulgac et al. PRL 126 (2021)
Bulgac et al. PRL 128 (2022)

. Scamps et al. PRC 106 (2022)

Bulgac et al. PRC 106 (2022)

. Scamps et al. PRC 108 (2023)
. Scamps et al. PRC 108 (2023)
. Scamps et al. PRC 109 (2024)

Francheteau et al. PRL 132 (2024)

e Odd systems
A. Bulgac et al. PRL 135 (2025)

e Axial TDHFB on a HO basis
A. Bjelcic et al. arXiv:2510.06701 (2025)

* TDHFB with Gogny on a hybrid basis
To be published

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026
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Studies on new methods

How to get both large quantum fluctuations (correct yields) and the kinetic and
dissipative aspects (correct energies) ?

g D. Regnier, Ecole Joliot Curie 2026, 13-18 September 2026 60 / 64



Studies on new methods

How to get both large quantum fluctuations (correct yields) and the kinetic and
dissipative aspects (correct energies) ?

Balian-Veneroni variational principle to predict fluctuations around TDEDF

standard forward TDHF transformation at t; backward TDHF evolutions

C. Simenel Eur. Phys. J. A 181 (2025)

e Improving predictions of multi-nucleon transfer reactions



Enlarging the TDEDF variational space

Time dependent Hartree-Fock-Bogoliubov

[9(t)) = |#Bogo(t))
Time dependent GCM

p(t)) = / £(0,8) | $oso (@)

Multi-configurations time-dependent HFB

(1)) = / (2, 1) | boso (@ 1))

* |$Bogo(q,t)) from TDHFB
e f(g,t)from a variational principle
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First applications

Giant quadrupole resonance of *’Ca Fission of 24’pu
I ('a)' N —— TDDFT —— MCTDDFT| | os
0. 15F T | T | T T __ p 7 :.'0 fm:fc ' I I (C)l 0:6
- 0.0 I , 5 ‘ 1o
:010_ @ - oy ':....:....:-l_-:....:....:0'
&L L 0.004 [400 fm/c (d)lo6
QO - S - 7 - {04
0.05r 0000 55—"—5—"28 56 - ' 1o =
Energy [MeV - 1800 fm/c (€)los
i 10.4
0.00 A T R TR T T R T R ||| Lo 1 2L 10-2
10 20 30 40 50 60 70 80 1 208 tmic 106
Energy [MeV] ' Joa
10.2
P. Marevic et al. PRC 108 (2023) MU . 'WSO
P. Marevic et al. EPJA 60 (2024) Time [fm/c] Trajectory number

e Mixture of 3 trajectories B. Li et al. PRC 111 (2025)

* Appearance of multi-phonons e Mixture of 25 trajectories
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P. Carpentier et al. arXiv:2608.07137v1 (2026)
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Final words

A very interesting moment to work on the 'dynamics’!

We count on you to solve this ...
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Final words

A very interesting moment to work on the 'dynamics'!

We count on you to solve this ...
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Application to collective vibrations

Quadrupole excitation of 1°0

Time: 0.000 zs
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Application to collective vibrations

Monopole excitation of 1°0
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Mean field evolution of multipole moments

Quadrupole moment of 1°O from TDHF

quadrupole moment

2 . .
Ax=1fm ——— o
1.5} Ax=0.75 fm -~ B
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For a given multipol excitation:

The associated strength function is the Fourier transform of the time evolution of the expectation

value of the multipol observable after the excitation.

5

26Ne

Strength function of “°Ne

n Total

10 15 20 25 30
E [ MeV]

Don't forget: 300 fm/c >~ 1 zs
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Need to go beyond TDEDF

Generalized time-dependent generator coordinate method for small and large amplitude collective motion
B. Li, et al., arXiv:2304.13369v1, (Apxril 26 2023)

= S.1TF T '_IB(DBETM
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&d Time-dependent Hartree-Fock underestimates the damping of the oscillation }
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