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LECTURE 1

= Introduction
Nuclear many-body problem. What is ab initio in nuclear physics?

=Short reminder of quantum many-body physics
Single-particle bases. Slater determinants. Second quantization.

* Nuclear many-body Hamiltonian
Nuclear force. Chiral effective field theory.
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PHENOMENOLOGICAL METHODS
BASED ON OBSERVATIONS
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Nuclear shell model
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PHENOMENOLOGICAL METHODS
BASED ON OBSERVATIONS

“Magic” numbers

Nuclear shell model
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— BCS theory for nuclei

— Quasiparticle random-phase
approximation, ...
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AB INITIO (LAT. FROM THE BEGINNING)
NUCLEAR THEORY

Ideally
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Figure courtesy of P. Navratil
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AB INITIO (LAT. FROM THE BEGINNING)
NUCLEAR THEORY
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AB INITIO TECHNIQUES IN NUCLEAR THEORY

AB INITIO (LAT. FROM THE BEGINNING)
NUCLEAR THEORY

Current ab initio Chiral expansion of nuclear forces
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AB INITIO TECHNIQUES IN NUCLEAR THEORY

AB INITIO (LAT. FROM THE BEGINNING)
NUCLEAR THEORY
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AB INITIO TECHNIQUES IN NUCLEAR THEORY

AB INITIO (LAT. FROM THE BEGINNING)
NUCLEAR THEORY

Current ab initio Chiral expansion of nuclear forces
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WHY AB INITIO?

» Goal: Predictive theory for structure and
reactions of nuclei

= Needed for:
» Tests of fundamental symmetries

» Predictions for beyond-standard model
processes

» Physics of exotic nuclei
« Uncertainty quantification
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NUCLEAR MANY-BODY PROBLEM
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NUCLEAR MANY-BODY PROBLEM
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NUCLEAR MANY-BODY PROBLEM
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NUCLEAR MANY-BODY PROBLEM
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NUCLEAR MANY-BODY PROBLEM
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SHORT REMINDER OF QUANTUM MANY-BODY
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SINGLE-PARTICLE BASIS

= Each A nucleons have position, spin, and isospin degrees of freedom
o) =l o) ® |7), i=12,..,A

= Typical basis choice for configuration-space methods (e.q. shell model)
ry=|nlm) (e.g. spherical harmonic oscillator)

m ) (eigenstates of § 2 and S with eigenvalue s = L )
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SINGLE-PARTICLE BASIS

= Each A nucleons have position, spin, and isospin degrees of freedom
o) =l o) ® |7), i=12,..,A

= Typical basis choice for configuration-space methods (e.q. shell model)

ry=|nlm) (e.g. spherical harmonic oscillator)

o)=|s= ;, m.) (eigenstates of S* and S, with eigenvalue s = %)
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SINGLE-PARTICLE BASIS

= Each A nucleons have position, spin, and isospin degrees of freedom

la) =llr) Qle) ), i=12,..,A

= Typical basis choice for configuration-space methods (e.q. shell model)

ry=|nlm) (e.g. spherical harmonic oscillator)

]
O'>=|S—2,

. from spin-orbit coupling

| n (1 )]m, —mt) = Z (lml2 m

m,m
= E.g. the spatial representation of |a) in harmonic oscillator basis

(x]a) = P (x) = gnz<r>2(1mlzm|1mmm<szm XL =
2 s 2 2

m,) (eigenstates of S 2 and S, with eigenvalue s = 1

T)=|t= = mt) (eigenstates of T* and I, with eigenvalue t = 1
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MANY-BODY BASIS

= Nucleons are fermions — many-body states have to be antisymmetric

: ..a'...aA> = — |O!1...aj...ai...aA>
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MANY-BODY BASIS

= Nucleons are fermions — many-body states have to be antisymmetric

= A-body basis states expressed as Slater determinants
¢a1(x1) “e CbaA(xA)
1 1 . )
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MANY-BODY BASIS

= Nucleons are fermions — many-body states have to be antisymmetric

= A-body basis states expressed as Slater determinants

oy ay...04) = ﬁ; s(ﬂ)Pﬂ(lal) Rlay) ... |ay)) =

Signum of pe"mutation
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MANY-BODY BASIS

= Nucleons are fermions — many-body states have to be antisymmetric

S

= A-body basis states expressed as Slater determinants
¢a1(x1) “e QbaA(xA)
1 1 . )
oy ay...ay) =—ngn(7c)Pﬂ(|a1)® |a,) ® ... |ay)) = —— : :
VAL VA g ) o iy O)

Signum of permutation

= Given a complete basis { |a)}, Slater determinants form a complete basis of the antisymmetric A-body Hilbert space

A—1 times

1
1 - Z |a1 az...aA><a1 az...aAl = z Z |a1 az...aA><a1 az...aA

a;<op<...<oy a ..oy
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MANY-BODY BASIS

= Nucleons are fermions — many- body states have to be antisymmetric

= A-body basis states expressed as Slater determinants
¢a1(x1) “e QbaA(xA)
1 1 . )
oy ay...ay) =—ngn(7c)Pﬂ(|a1)® |a,) ® ... |ay)) = —— : :
VAL VA g ) o iy O)

Signum of permutation

= Given a complete basis { |a)}, Slater determinants form a complete basis of the antisymmetric A-body Hilbert space

A—1 times

f'NHiIbert space:

1
1 - Z |a1 az...aA><a1 az...aAl - z Z |a1 az...aA><a1 az...aAl An Innel’pI’OdUCt SpaCe .
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MANY-BODY BASIS

= Nucleons are fermions — many-body states have to be antisymmetric

: ..a'...aA> = — |O!1...aj...ai...aA>

= A-body basis states expressed as Slater determinants
¢a1(x1) “e CbaA(xA)
1 1 . )
oy ay...ay) =—ngn(n)Pﬂ(|a1)® |a,) ® ... |ay)) = —— : :
VAL VA g ) o iy O)

Signum of permutation

= Given a complete basis { |a)}, Slater determinants form a complete basis of the antisymmetric A-body Hilbert space

A-1 times 1 | Hilbert space:
1 - Z |a1 az...aA><a1 az...aAl - Z Z |a1 az...aA><a1 az...aAl An Innel’pI’OdUCt SpaCe .
) <a<...<ay " ayay...ay whose associated mettric | {
» General antisymmetric state can be expanded in Slater determinant basis A’S complete ]

| ‘P(A)> — Z Ca1a2 | @ a;. . 'aA>

a<a,<...0y
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Tarufi, Perroni, Filippis, https://arxiv.org/pdf/2507.09229

» Fock space defined as a direct sum of antisymmetric N-particle Hilbert spaces

gz%o@%l®%2@®%m=®ﬁzo%]\/
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SECOND QUANTIZATION

Tarufi, Perroni, Filippis, https://arxiv.org/pdf/2507.09229

» Fock space defined as a direct sum of antisymmetric N-particle Hilbert spaces

gz%o@%l®%2@®%m=®ﬁzo%]\/

= Vacuum state

|0) e Zy, (0]0)=1, [0)#0
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SECOND QUANTIZATION

Tarufi, Perroni, Filippis, https://arxiv.org/pdf/2507.09229

» Fock space defined as a direct sum of antisymmetric N-particle Hilbert spaces
F=HgyPH ) DPH,D ... DH = EB}?}’:O%N
= Vacuum state
|0y e Zy, (0]0)y=1, [0)#0
» Fock states
|oyay...ay) = |ny,ny, .00 N,
where n; € {0,1} is the number of fermions in state |a;) and Z n,=N

l
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SECOND QUANTIZATION

Tarufi, Perroni, Filippis, https://arxiv.org/pdf/2507.09229

» Fock space defined as a direct sum of antisymmetric N-particle Hilbert spaces
F=HgyPH ) DPH,D ... DH = EB}?}’:O%N
= Vacuum state
|0y e Zy, (0]0)y=1, [0)#0
» Fock states
|oyay...ay) = |ny,ny, .00 N,
where n; € {0,1} is the number of fermions in state |a;) and Z n,=N

l

= Creation and annihilation operators
ajlnl,nz, My i N) = (—1)Zf<inf(1 —n)|n,ny ..l +n,..n N+ 1),

a|ng,ny ... n;, ..., 03 N) = (—1)2f<infni|n1,n2, v L —n,oo,n s N —1)
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SECOND QUANTIZATION

Tarufi, Perroni, Filippis, https://arxiv.org/pdf/2507.09229

» Fock space defined as a direct sum of antisymmetric N-particle Hilbert spaces

F=HNyDH DA ,D .. DH = Dy_ Z y
= Vacuum state
|0) € #y, (0]0)=1, [0)#0
= Fock states
|oyay...ay) = |ny,ny, .00 N,
where n; € {0,1} is the number of fermions in state |a;) and Z n,=N

l

= Creation and annihilation operators
ajlnl,nz, My i N) = (—1)Zf<inf(1 —n)|np,ny, ... 1 +n,...n N+ 1),
a|ng,ny ... n;, ..., 03 N) = (—1)2f<infni|n1,n2, v L —n,oo,n s N —1)

= Anticommutation relations {a;i, a;i} =0, {ay.a,} =0, {a,, a;i} = 5%%_
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SECOND QUANTIZATION: STATES

Tarufi, Perroni, Filippis, https://arxiv.org/pdf72507.09229

= Remember: a;il()) = |a), aailO) =0- (Olaai = (a;|, (Ola;i =



SECOND QUANTIZATION: STATES

Tarufi, Perroni, Filippis, https://arxiv.org/pdf72507.09229

« Remember: a;ilO) = |a;), a,10) =0— (0]a, =(q]l, (Ola;_ =0

« A-particle state in Z7%° can be written as creation operators acting on vacuum state

|oyoy...ay) = a;aal. . .a;A 10)
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SECOND QUANTIZATION: STATES

Tarufi, Perroni, Filippis, https://arxiv.org/pdf72507.09229

« Remember: a;ilO) = |a;), a,10) =0— (0]a, =(q]l, (Ola;_ =0

« A-particle state in Z7%° can be written as creation operators acting on vacuum state

|oyoy...0,) = a) agz TA 10)

= Alternatively, one can define an A-body reference state
| D) = |oyay...04)
and construct Slater determinants as particle-hole excitations on top of it
| DY) = a dy, | D)
CI)ab) = aTaTa a, | D),

aaaa

index convention: i, j, k, ...: states occupied in the reference state

a,b,c, ...: states unoccupied in the reference state
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= Operators can also be expressed in terms of creation and annihilation operators
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SECOND QUANTIZATION: OPERATORS '

Tarufi, Perroni, Filippis, https://arxiv.org/pdf72507.09229
= Operators can also be expressed in terms of creation and annihilation operators

= Examples:
= Kinetic energy of a particle (one-body operator)
A

T= Z t(x;) = Z (a tlﬁ)a;aﬁ = Z taﬂa;aﬁ
i=1 af af
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SECOND QUANTIZATION: OPERATORS '

Tarufi, Perroni, Filippis, https://arxiv.org/pdf72507.09229
= Operators can also be expressed in terms of creation and annihilation operators

= Examples:
= Kinetic energy of a particle (one-body operator)
A

T= Z t(x;) = Z (a tlﬁ)a;aﬁ = Z taﬂa;aﬁ
i=1 af af

= Antisymmetrized nucleon-nucleon interaction (two body operator)
A

VNNZ Z __2 <aﬂ|V|aﬁ>a aﬁ/a /Z_Z aﬁaﬂ/a;a Clﬂ/a/
i<j=1 apa'f' apa’f’
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SECOND QUANTIZATION: OPERATORS ©

Tarufi, Perroni, Filippis, https://arxiv.org/pdf72507.09229
= Operators can also be expressed in terms of creation and annihilation operators

= Examples: Antisymmetrized operator
. K|net|c energy of a particle (one-body operator)  (@f|v|a'f) = (af|v]a'f) = (af|v|fa)

T = Zt(x)—Z(altl,B)aaﬁ Z ﬁaaﬁ

. Antlsymmetrlzed nucleon nucleon interaction (tw dy operator)
A >

VNN — Z = — Z <aﬂ | 1% | a 'B >ﬁaﬁaﬂ/a / Z Z Vaﬂa,ﬂ,a;afaﬂ/aa/
i<j=1 aﬂaﬁ apa’
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Tarufi, Perroni, Filippis, https://arxiv.org/pdf72507.09229
= Operators can also be expressed in terms of creation and annihilation operators

= Examples: Antisymmetrized operator
» Kinetic energy of a particle (one-body operator)  (@f|v|a’f) = (ap|v|a'p’) —(af|v|p'a’)
A P y

T= Z t(x;) = Z (a tlﬁ)agaﬁ = Z taﬁa;aﬁ

. Antlsymmetrlzed nucleon nucleon interaction (tw dy operator)
A

VN = 2 = — 2 (aﬁlvlaﬁ)ﬁaaa = — Z aﬂaﬂ/aaa aﬂ,a :
i<j=1 aﬂaﬁ aﬁaﬂ

» Sets of one- or two-body matrix elements fully define one- and two-body operators in the Fock
Space
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SECOND QUANTIZATION: OPERATORS ©

Tarufi, Perroni, Filippis, https://arxiv.org/pdf72507.09229
= Operators can also be expressed in terms of creation and annihilation operators

= Examples: Antisymmetrized operator
» Kinetic energy of a particle (one-body operator)  (@f|v|a’f) = (ap|v|a'p’) —(af|v|p'a’)
A P y

T= Z t(x;) = Z (a tlﬁ)agaﬁ = Z taﬁa;aﬁ

. Antlsymmetrlzed nucleon nucleon interaction (tw dy operator)

A -
VNN = Z = — Z <aﬁ | V | a 'B >ﬁaaﬁ/a P = — 2 aﬂa ﬂ/aaa Clﬂ/a /
i<j=1 aﬂaﬁ aﬁaﬂ

» Sets of one- or two-body matrix elements fully define one- and two-body operators in the Fock
Space

» Second quantization makes computing nuclear matrix elements of operators with Slater
determinants extremely convenient
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SECOND QUANTIZATION: OPERATORS ©

Tarufi, Perroni, Filippis, https://arxiv.org/pdf72507.09229
= Operators can also be expressed in terms of creation and annihilation operators

= Examples: Antisymmetrized operator
» Kinetic energy of a particle (one-body operator)  (@f|v|a’f) = (ap|v|a'p’) —(af|v|p'a’)
A P y

T= Z t(x;) = Z (a tlﬁ)agaﬁ = Z taﬁa;aﬁ

. Antlsymmetrlzed nucleon nucleon interaction (tw dy operator)

A -
VNN = Z = — Z <aﬁ | V | a 'B >ﬁaaﬁ/a P = — 2 aﬂa ﬂ/aaa Clﬂ/a /
i<j=1 aﬂaﬁ aﬁaﬂ

» Sets of one- or two-body matrix elements fully define one- and two-body operators in the Fock
Space

» Second quantization makes computing nuclear matrix elements of operators with Slater
determinants extremely convenient

= Note: we will make use of the second quantization later in the lectures
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FROM QCD TO NUCLEI

» Different energy scales:
= QCD scale my ~ 1000 MeV

(resolution: ~ 0.1 fm)

= Nucleon scale m_, ~ 100 MeV (resolution: ~ 1 fm)

= Nuclear scale B/A ~ 10 MeV (resolution: ~ 10 fm)

» Increasing scale — decreasing resolution

Neutron

Quantum
Chromodynamics

| ”43

Neutron )

Chiral Effective-Field Theory

medium.com/@mohamedkefw

Physics of Hadrons

Physics of Nuclei
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NUCLEAR FORCE

Electromagnetic interaction Nucleon-nucleon interaction
y 70
A~NANANASNN e PE e
e e N N

» Infinite range o
_ = Finite range ( ~ 1/m)

» Exchange of a massless particle _ _
= Exchange of a massive particle

= Why pion?

= The lightest strongly interacting
particle (or meson)
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NUCLEAR FORCE

Electromagnetic interaction Nucleon-nucleon interaction

One-pion-exchange

(OPE) potential
W’Z/V\ _____ | f" ,‘}
. Nobel Prize
¢ € N N ‘ in Physics
Yukawa 1949

» Infinite range o
_ = Finite range ( ~ 1/m)

» Exchange of a massless particle _ _
= Exchange of a massive particle

« Why pion?

= The lightest strongly interacting
particle (or meson)
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CHIRAL SYMMETRIES

» Starting from the QCD Lagrangian for light up and down quarks
. 1
gQCD = Q(l]/ﬂD’u — .ﬂ)q + _ZGIC;UGC”/”/,

U W = m, 0
d)and =\ m,

where g = (



TECHNISCHE
UNIVERSITAT
DARMSTADT

CHIRAL SYMMETRIES

= At the chiral limit m,, m; — 0, the fermionic part of the Lagrangian reduces to
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Bernard, Kaiser, Meil3ner, Int. J Mod. Phys. 4, 193-475 (1995); Ecker, https://arxiv.org/abs/hep-ph/9805500; Pich, https://arxiv.r/abs/1 804.05664

» Starting from the QCD Lagrangian for light up and down quarks
'A“V‘ — _ oy _l 1
— ;4 auv
1 G, G,

= At the chiral limit m,, m; — 0, the fermionic part of the Lagrangian reduces to
= One can write down the Lagrangian in terms of left- and right-handed quark fields
1 1
qr = 51 +75)q, g = (1 —y5)q as
Zr = qiy,D"q, + qriv,D"qr
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Bernard, Kaiser, Meil3ner, Int. J Mod. Phys. 4, 193-475 (1995); Ecker, https://arxiv.org/abs/hep-ph/9805500; Pich, https: //arx1vorg/abs/1804 05664

» Starting from the QCD Lagrangian for light up and down quarks
'A“V‘ — _ oy _l 1
— ;4 auv
1 G, G,

= At the chiral limit m,, m; — 0, the fermionic part of the Lagrangian reduces to
= One can write down the Lagrangian in terms of left- and right-handed quark fields
1 1
qr = 51 +75)q, g = (1 —y5)q as
Zr = qiy,D"q, + qriv,D"qr
= Which is symmetric under unitary transformations U}, Uy € SU(2) in the flavour space

gL = U (0)q =exp(—if - v)q;, qr = Ur(x)gg = exp(—iby - T)qx
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Bernard, Kaiser, Meil3ner, Int. J Mod. Phys. 4, 193-475 (1995), Ecker, https://arxiv.org/abs/hep-ph/9805500, Pich, https://arxiv.r/abs/1 804.05664
« Inreality, m,, m; # O (though m, < A))

Z = q iy, D q. + qriv, D" qr — G qr — GrAqy.



« Inreality, m,, m; # O (though m, < A))

Z =@qpiy,P" a. qri, P ar — gL A qr — GrAqy.

4

SU2);, X SU(2)y invariant
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« Inreality, m,, m; # O (though m, < A))

Z =@qpiy,P" qaL qriv, D qr — gy Mg — R/%QL

s

AN S
& O %,

SUR2); X S (Z)R invariant Breaks chiral symmetry
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« Inreality, m,, m; # O (though m, < A))

Z =@qpiy,P" qaL qriv, D" qri— LA qr — R'% q1.

N o "
SRR 74
7 . i

SUR2); X S (Z)R invariant Breaks chiral symmetry

= Furthermore,

(01gq10) =(0|grq; + grgr|0) # O
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« Inreality, m,, m; # O (though m, < A))

Z =@qpiy,P" qaL qriv, D qr — gy Mg — R% q1.

N Ny
& N v A

SU2);, X SU(2)y invariant Breaks chiral symmetry
» Furthermore,

(01gq10) =(0|grq; + grgr|0) # O

— Lowest-energy states don’t obey the same symmetry as the Lagrangian
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Bernard, Kaiser, Meil3ner, Int. J Mod. Phys. 4, 193-475 (1995), Ecker, https://arxiv.org/abs/hep-ph/9805500, Pich, https.: //arx1vorg/abs/1804 05664
« Inreality, m,, m; # O (though m, < A))

Z; =@qpiy, D" qaL qriy, D" qri— qr A qr — R% qv

SU2);, X SU(2)y invariant Breaks chiral symmetry

= Furthermore,
(01gq10) =(0|grq; + grgr|0) # O

— Lowest-energy states don't obey the same symmetlry as the Lagrangian , /

— Spontaneous symmetry breaking (SU(2), C SU(2); X SU(2)z)
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« Inreality, m,, m; # O (though m, < A))

Z =@qpiy,P" qaL qriv, D qr — gy Mg — R% q1.

AN A4
&7 N ¢

SU2);, X SU(2)y invariant Breaks chiral symmetry

= Furthermore,
(01gq10) =(0|grq; + grgr|0) # O

— Lowest-energy states don't obey the same symmetlry as the Lagrangian , /

— Spontaneous symmetry breaking (SU(2), C SU(2); X SU(2)z)

— Pions ( ny, ,, 13 ) act as Goldstone bosons
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CHIRAL EFFECTIVE FIELD THEORY

Weinberg, Physica A 96, 327-340 (1979), Pich, https.//arxiv.org/abs/1804.05664

= Use effective field theory to analyze the low-energy dynamics of QCD

» [dentify relevant degrees of freedom (7, p, n) and their
transformation under the chiral group

= Write down the most general Lagrangian
consistent with chiral symmetry

= Order interactions and amplitudes according to a power counting
scheme
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Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)
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Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017) =

2N Force 3N Force 4N Force 5N Force

= Degrees of freedom: LO
Nucleons: (Q/A)° >< {
Pions:  _._....
" | | wo X
= High-energy physics absorbed in low-energy (Q/A)? b bt .
constants (LECs) (¢,® B A, & X, ..)) H[]ll

NNLO H H H1

(Q/A)°

- ><+ ]

(Q/Ay)°

04 .

Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)
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2N Force 3N Force 4N Force 5N Force

= Degrees of freedom: LO
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Pions:  __..... >< H H
NLO
= High-energy physics absorbed in low-energy (Q/AY? 4o [fh
constants (LECs) (¢,® B A, & X, ..)) H[]ll
= Need to be fitted to few-nucleon data I e Hﬂ
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7 DARMSTADT
Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017) =

2N Force 3N Force 4N Force 5N Force

= Degrees of freedom: LO
Nucleons: (Q/A)" >< {
Pions:  __._...
" | | wo Xk
= High-energy physics absorbed in low-energy (Q/A)? b bt
constants (LECs) (¢,® B A, & X, ..)) H[]ll
= Need to be fitted to few-nucleon data I Hﬂ
= Expansion parameter Q74 + H] >< >K
Q~m, ~ 138 MeV e
A, ~1GeV N’LO ><+ || | {\ H
X (Q/A,)* oAb [ >< \ | 1

— (Q/A,) ~ 0.1

<(2/A\)3

O G . 10 TN

&
N'LO l)‘iiH:ﬁ?: ;
4
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7 DARMSTADT
Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017) =

2N Force 3N Force 4N Force 5N Force

= Degrees of freedom: LO
Nucleons: (Q/A)" >< {
Pions:  __.....
| | | o X[
= High-energy physics absorbed in low-energy (Q/A)? oo |t—th .
constants (LECs) (¢,® B A, & X, ..)) H[]ll
= Need to be fitted to few-nucleon data I Hﬂ
= Expansion parameter Q74 + H] >< >K
Q~m, ~ 138 MeV N P
A, ~1GeV N'LO Xl N
X (Q/A,)* iHl [ L>< \ I W
- (Q/A) ~ 0.1 A A
= In current many-body calculations: N‘LO I:"‘H:?f‘ HHH[H H ><
R TR O
vio XpAd HH]

e A AL T
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CHIRAL EXPANSION OF NUCLEAR FORCES |

Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)

= Degrees of freedom:
Nucleons:
Pions:  __.__...

= High-energy physics absorbed in low-energy
constants (LECs) (¢,® B A, & X, ..))

= Need to be fitted to few-nucleon data

« Expansion parameter

Q~m, ~ 138§ MeV
A)( ~ 1 GeV

— (Q/A)() ~ 0.1
= In current many-body calculations:
= 2N forces up to N4LO (usually N2LO/N3LO)
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(QI;/(\)X)O ><
wo  XIH
(Q/Ay) [j:::H:] li"il

NNLO +::| +<] H1

(Q/A)°

N°LO
(Q/Ay)°

N'LO H[H
(Q/Ay) >< >K N [ T ><
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CHIRAL EXPANSION OF NUCLEAR FORCES |

Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)

= Degrees of freedom:
Nucleons:
Pions:  __.__...

= High-energy physics absorbed in low-energy
constants (LECs) (¢,® B A, & X, ..))

= Need to be fitted to few-nucleon data

« Expansion parameter
Q ~m, ~ 138 MeV
A)( ~ 1GeV

— (Q/A,) ~ 0.1

= In current many-body calculations:
= 2N forces up to N4LO (usually N2LO/N3LO)
= 3N forces up to N3LO (usually N2LO)
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2N Force 3N Force 4N Force 5N Force

e X
o XEIK]
LM

NNLO H H H1

(Q/A)°

N°LO
(Q/Ay)°

N‘LO
<(2/A\)3

N°LO
(Q/A)°

Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)
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Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017) =
2N Force 3N Force 4N Force 5N Force

= Degrees of freedom: LO

Nucleons: (Q/A,)°

Pions:  __.....

NLO

= High-energy physics absorbed in low-energy (Q/A,)?

constants (LECs) (¢,® B A, & X, ..))
= Need to be fitted to few-nucleon data

NNLQ
= Expansion parameter (Q/A)?

O ~m_ ~ 138 MeV
A, ~1GeV N'LO
(@ big)’

~ (Q/A,) ~ 0.1

= In current many-body calculations: N‘LO
Q/A, 3
= 2N forces up to N4LO (usually N2LO/N3LO) (Q/A)
= 3N forces up to N3LO (usually N2LO) Lo
(Q/Ay)°

Entem, Machle/dt Nosyk Phys. Rev. C 96 024004 (2017)
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Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017) =
2N Force 3N Force 4N Force 5N Force

= Degrees of freedom: LO

Nucleons: (Q/A)°
Pions:  _._....

. ] ) NLO

= High-energy physics absorbed in low-energy (Q/A,)?

constants (LECs) (¢,® B A, & X, ..))
= Need to be fitted to few-nucleon data

NNLQ
= Expansion parameter (Q/A)?
Q ~m,_ ~ 138 MeV
A, ~1GeV N'LO
(Q/Ay)°
- (Q/A) ~ 0.1
= In current many-body calculations: N‘LO

A))°
= 2N forces up to N4LO (usually N2LO/N3LO) (Q/A)

= 3N forces up to N3LO (usually N2LO) .

= Next order gives an estimate for the error of the (Q/A))°
truncation: (Q/A)()”Jrl

Entem, Machle/dt Nosyk Phys. Rev. C 96 024004 (2017)
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Weinberg, Physica A 96, 327-340 (1979)
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<QI?Z<>O ><
NLO ><k3wi]
@Ml

NNLO +:H<J ‘+
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|+Zi2r ]
NLO ><+ R S 3 BT,
(Q/A)° +Hl [“ H H H l H

Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)

N LO
(Q/Ay)
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POWER COUNTING

Weinberg, Physica A 96, 327-340 (1979)
= How to determine the power v in (Q/A%)” ?
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<QI?Z<>O ><
NLO ><k3wi]
@Ml
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e
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o XM HEH ey
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Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)
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POWER COUNTING

Weinberg, Physica A 96, 327-340 (1979)

= How to determine the power v in (Q/A%)” ?

= Naive dimensional analysis (Weinberg

counting):

Nucleon propagator: Q_1
Pion propagator: Q2
Derivative: O

Four-momentum integration ("d4p)3 o*

LO

(Q/A)°

NLO

(Q/A)?

NNLO

(@/A)?

N°LO

<(V)/\\) :

N‘LO

(Q/Ay)

N°LO

(Q/A°
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2N Force 3N Force 4N Force 5N Force

Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)
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2N Force 3N Force 4N Force 5N Force

Weinberg, Physica A 96, 327-340 (1979)

_ . . Vo LO
How to determine the power v in (Q/A)() : QI ><

. Nalve_dlmensmnal analysis (Weinberg O ><|<:;H<]
counting):

Nucleon propagator: Q_1
Pion propagator: Q2

Derivative: 0

B
NNLO %i::H:::] H

(@/A)?

Four-momentum integration ("d4p)3 Q4 N°LO ><+<>'b‘f| HH llH

— Power of a connected irreducible A-nucleon

diagram:

v==2+2A-2C+2L+ ) A,

NLO
(Q/A))°

(Q/A)° +:if} a% | = [

Ai = di + E — 2 NLO >‘<+:;.:: |;.;.1:|

D e
R D T L

Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)
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Weinberg, Physica A 96, 327-340 (1979) 2N Force 3N Force 4N Force 5N Force

= How to determine the power v in (Q/A%)” ? <QI}Z(>0 ><

. NaTve_dimensionaI analysis (Weinberg O ><|::;H:::]
counting): @y L
Nucleon propagator: O~ HHII

Pion propagator: Q2 wio H
Derivative: O (Q/A)° HH

Four-momentum integration ("d“p): o* vro K1l RREH

(Q/A,)’ +

— Power of a connected irreducible A-nucleon

diagram: N'LO : i
g K
v=-2+24-QC+2L+ ) A A=d+li_s v \Hhul HM'
: r L 2 5 RE 1xe ‘o9 -9 ab i
3 T
C=A — m+ 1 Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)
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Weinberg, Physica A 96, 327-340 (1979) 2N Force 3N Force 4N Force 5N Force

= How to determine the power v in (Q/A%)” ? <QI}Z(>0 ><

. NaTve_dimensionaI analysis (Weinberg O ><|::;H:::]
counting): @y L
Nucleon propagator: O~ HHII

Pion propagator: Q2 o H
Derivative: Q (Q/Ay)? HH

Four-momentum integration ("d“p): Q4 . ><+::j:~jj;;.{|

(Q/Ay)! +

— Power of a connected irreducible A-nucleon

(==
diagram: N'LO o i
(Q/A)° A 50 X
v=—2+24@0+30% Y A, A=d+—t_2 X+ \Hhul HM'
. 0 I — ™ 2 5 58 127 ‘9-9-10:-9-- . o
, e v L
C=A-m+1 #L oops Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)
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Weinberg, Physica A 96, 327-340 (1979) 2N Force 3N Force 4N Force 5N Force

= How to determine the power v in (Q/A%)” ? <QI}Z(>0 ><

. NaTve_dimensionaI analysis (Weinberg O ><|::;sz:]
counting): @y L
Nucleon propagator: O~ HHII

Pion propagator: Q2 wio H
Derivative: O (Q/A)° HH

i - : 4.\, N4 b
Four-momentum integration ("d p): O o ><+.

(Q/A,)* +

— Power of a connected irreducible A-nucleon

diagram: N'LO * A
e S AV
n. N +.u
v=—2+24-QCH2L+ ) A, A=ld+-2 o
ChEd B o XPH M ey
Wt A Lt S A
C=A-m+1 #L oops #Derivatives Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)
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POWER COUNTING

Weinberg, Physica A 96, 327-340 (1979)

= How to determine the power v in (Q/A%)” ? (QI;X’ .
= Naive dimensional analysis (Weinberg .
counting): (Q/Ay)?

Nucleon propagator: Q_1
Pion propagator: Q2

NNLO
Derivative: O (Q/A*
Four-momentum integration ("d“p): 04 o
(/A
— Power of a connected irreducible A-nucleon
diagram: N'LO
(Q/AY)°

l l

h;
v=—-2+24-QC+2L+ ) A, A=)+ -2

N°LO

prl A
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2N Force 3N Force 4N Force 5N Force

P HIH

C=A- +1 #Loops  #Derivatives #Nucleon legs Entem, Machieidt, Nosyk, Phys. Rev. C 96, 024004 (2017)
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POWER COUNTING: EXAMPLES

» Power of a connected irreducible A Examples:
-nucleon diagram:

v==2+24-2C+2L+ ) A, | )

« C=A—-—m+1 (for mN force)
A =d+lio2
2

Vertex indices
E-ﬂﬂﬂnﬂ
0 1 2 3 4 6
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» Power of a connected irreducible A Examples:
-nucleon diagram:

y=—2+24-2C+2L+ Y A, }1 {::::{

« C=A—-—m+1 (formNforce) | A=2
LA =d+—to2
2

2 4

Vertex indices
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0 1 2 3 4 6
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-nucleon diagram:
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Vertex indices
E-ﬂﬂﬂnﬂ
0 1 2 3 4 6
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» Power of a connected irreducible A Examples:
-nucleon diagram:

v==2+24-2C+2L+ ) A, }1 {:::{ ><

« C=A—-—m+1 (formN force) | A=2
n. C=2-2+41=1
A=d+—-2
"= l+2 L=0
Y A=0+0=0
Vertex indices i
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o 1 2 3 4 ©
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= Power of a connected irreducible A

Examples:
-nucleon diagram:
v==2+24-2C+2L+ ) A, {::::{ ><
« C=A—-—m+1 (for mN force) =2
4% = —_ =

Vertex indices
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Axial-vector coupling constant: g, ~ 1.29
Pion decay constant: . ~ 92 MeV
Momentum exchange: q = p' ' — p

T, 6 isospin and spin operators
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LEADING-ORDER NN POTENTIAL
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| NN
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—

Axial-vector coupling constant: g, ~ 1.29
Pion decay constant: . ~ 92 MeV
Momentum exchange: q = p' ' — p

T, 6 isospin and spin operators

Institut fur Kernphysik, Theoriezentrum | TU Darmstadt | L. Jokiniemi 26



;‘" TECHNISCHE
UNIVERSITAT
DARMSTADT

Axial-vector coupling constant: g, ~ 1.29
Pion decay constant: . ~ 92 MeV
Momentum exchange: q = p' ' — p

T, 6 isospin and spin operators

Cs, Cr low-energy
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fitted to NN data
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Axial-vector coupling constant: g, ~ 1.29
Pion decay constant: . ~ 92 MeV
Momentum exchange: q = p' ' — p

T, 6 isospin and spin operators

Cs, Cr low-energy
constants (LECs)
fitted to NN data

= Where does the charge-dependence enter (positively charged protons vs neutral neutrons)?



TECHNISCHE
UNIVERSITAT
DARMSTADT

| 2
' v/NN __ ) _ A :
“i VLO - Vl?f + Vct — 4F]% &
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Axial-vector coupling constant: g, ~ 1.29
Pion decay constant: . ~ 92 MeV
Momentum exchange: q = p' ' — p

T, 6 isospin and spin operators

Cs, Cr low-energy
constants (LECs)
fitted to NN data

» Where does the charge-dependence enter (positively charged protons vs neutral neutrons)?
» Charge dependence taken into account in the pion-exchange terms:

VIPPX(p,p’) = V" (p, p') = V), (my0)

V(' p) = = Vi, (mp0) + (= 1DF12V, (m,2)
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Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)

» The potential satisfies the non-relativistic Lippmann-Schwinger equation

A ) ) My, .
T, p) = V(p,p) + [d3p”V(p’,P”> a1,
pc—p-+ie

where V(p/,p) =

(2m)’
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Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)

» The potential satisfies the non-relativistic Lippmann-Schwinger equation

aN VaN VaN M VaN

T, p) = V(p,,p) + | EpV(p, p”) Y T, p).
2 2
p-—p~-+1€

where V/ ‘'P) = N
(P, p) o) E,

» The integration requires a momentum cutoff to avoid infinities (chiral perturbation theory is
valid for Q < A, =~ 1 GeV)
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REGULATORS

Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)

» The potential satisfies the non-relativistic Lippmann-Schwinger equation

aN VaN VaN M VaN

T, p) = V(p,,p) + | EpV(p, p”) Y T, p).
2 2
p-—p~-+1€

where V/ ‘'P) = N
(P, p) o) E,

» The integration requires a momentum cutoff to avoid infinities (chiral perturbation theory is
valid for Q < A, =~ 1 GeV)

= Need to introduce a regulator
V(p'.p) — e PN V(p, p)e PN & V(' p)(l - [(5)2’“ + (3)2”] + )

A A
where typically n = 2 and A € {450 MeV...550 MeV}



THE LOW-ENERGY CONSTANTS

2N Force 3N Force 4N Force 5N Force

ame XH

NNLO L 1
amy 1] Y%
NLO ><+ I;{| 'H\‘(:H |H
SES

kiHﬁ*Pfﬁ 1)

o Xptd HEH
LS T I L

Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)
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2N Force 3N Force 4N Force 5N Force

X
wo  XE

» High-energy dynamics of the QCD QA et
(heavy-meson exchange) integrated out T A
in YEFT absorbed in the so-called low- NNLO |l 11
energy constants L A XX

(Q/A,)*

5 L 8| =

04 .

Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)
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2N Force 3N Force 4N Force 5N Force

X
wo  XE

= High-energy dynamics of the QCD QA ot
(heavy-meson exchange) integrated out AL
in YEFT absorbed in the so-called low- NNLO i 11
energy constants LA XX
= Unknown couplings o XK Hot o
O L

04 .

Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)
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THE LOW-ENERGY CONSTANTS

ame XH
= High-energy dynamics of the QCD e XHH
(heavy-meson exchange) integrated out AL
in YEFT absorbed in the so-called low- NNLO i 11
energy constants Qi T X X
= Unknown couplings wio X 18 o
« Ideally, they would be computed with R o FHEX .

lattice QCD

zo M

Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)
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2N Force 3N Force 4N Force 5N Force

amr X
NLO X\(DH::Zﬁ]

= High-energy dynamics of the QCD QA ot
(heavy-meson exchange) integrated out AL
in YEFT absorbed in the so-called low- NNLO |l 1

energy constants il

= Unknown couplings N3LO X% [ :’l“:iH

(Q/Ay)*

« |deally, they would be computed with
lattice QCD

iy

Aop

= Currently, they are fitted to Al
experimental data - ><+ || % MH
G o

Entem, Machleidt, Nosyk, Phys. Rev. C 96, 024004 (2017)
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FITTING THE LOW-ENERGY CONSTANTS

To few-nucleon data (nucleon-nucleon, pion-nucleon scattering)

160

1120
o0 1 0l Lo
= 1 %Y s NLO
< | a0t

®  Nijmegen93

O_

_20 L ! . L . I . l . | . l . | A |
0 50 100 150 200 0 50 100 150 200
Elab [Me\/] Elab [MGV]

Ren, Epelbaum, Gegelia, Phys.Rev.C 113, 034002 (2026)
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FITTING THE LOW-ENERGY CONSTANTS

To selected nuclear data (ground-state energies and radii of light nuclei)

2.8} PPY

2.7}

26 B2

Ten [fm]
N

—|- EM 500
-® - NNLOsim 450 |
+4@ - NNLOsim 500 ]
=@®— NNLOsim 550 1

24| EMN 450
[ = - EMN 500
L) S o
100 75 50 —25 00 25 50 75 100 Arthuis, Hebeler, Schwenk,
D Eur. Phys. J. A 62, 156 (2026)
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FITTING THE LOW-ENERGY CONSTANTS

To selected nuclear data (ground-state energies and radii of light nuclei)

2.8}

2.7}
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24F
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-@- NNLOsim 4504
@ - NNLOsim£50 ]
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...............

Arthuis, Hebeler, Schwenk,
Eur. Phys. J. A 62, 156 (2026)
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FITTING THE LOW-ENERGY CONSTANTS

To selected nuclear data (ground-state energies and radii of light nuclei) —,
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To nuclear matter (astrophysical neutron-star observations)
¢ = —0.73700 [GeV ]
(E%J"J:{j'z W 0 _ - 2-parameter model Injected value ]
2-parameter model 1 [ 5-parameter model ¢  Zero-noise injection ;
i 7-parameter model | 7N scattering 1
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Prior il 1
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Somasundaram, Svensson, De, Deneris, Dietz, Landry, Schwenk, Tews, Nat. Commun. 16, 9819 (2025)
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TAKE-HOME MESSAGES

= Ab initio (or first principles) nuclear theory is based nuclear interactions derived from chiral
effective field theory

» Chiral effective field theory is a low-energy framework of quantum chromodynamics, where the
degrees of freedom are nucleons and pions

» Chiral effective field theory generates two-nucleon, three-nucleon, and multi-nucleon forces on
an equal footing

» Diagrams contributing to the forces can be systematically arranged by importance using power
counting

» The systematic expansion allows for uncertainty quantification

= Low-energy constants need to be fitted to experimental data

UP NEXT

Lecture 2 From nuclear forces to nuclear properties
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OUTLINE

Lecture 1 . icuonoabiniio nucear theory
Lecture 2 o nucearforces to nuclear properties
Lecture 3 .. .ckinteractons to nudear observables
Lecture 4 ... probes of physics beyond the standard model
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LECTURE 2

= Introduction
Nuclear many-body problem. What is ab initio in nuclear physics?

=Short reminder of quantum many-body physics
Particle-hole representation. Wick’s theorem. Normal-ordering. Unitary transformations.

= Different ab initio many-body techniques
Summary of many-body techniques for very light, light and medium-heavy to heavy nuclei.



NUCLEAR MANY-BODY PROBLEM

_HOPD =  p®)

S

Eigenstate

Nuclear Hamiltonian

A 2
- Z VW(x; — X)) +

H(A)=22

i=1 i<j=1

Kinetic energy

of a nucleon two nucleons
<>

(Pion exchange)
N N

m |
- v~ —
mﬂ'

Ni N

Z V3N

i<j<k=1

Interaction between Interaction between
three nucleons

L

Eigenenergy - -
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| Groundstate: rlowest eigenstate -
| Bound state: £, — Ebreakup <0

How to solve the
nuclear many-body

How to describe the
many-body states?

(Lecture 2) problem? (Lecture 2)
Neutron Proton
d v, R
d4 . dic?
2\ \, / / //
&% %// How to model
) | Ey"*’w‘ ( the nuclear force?
et § (Lecture 1)
/\‘<;)/Created <
//§ Andmhiate \\
-
Proton Neutron

medium.com/@mohamedkefw
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,E:NSpatiaI, spin and isospn |
degrees of freedom: |
= {r;0,7

Kinetic energy
of a nucleon

<+—>

(Pion exchange)
N N

m |
- v~ —
mﬂ'

Ni N

Interaction between
two nucleons

Eigenstate

Z V3N

i<j<k=1

Eigenenergy

Neutron

Interaction between

| Groundstate: rlowest eigenstate -
| Bound state: £, — Ebreakup <0
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How to describe the
many-body states?
(Lecture 2)

How to solve the
nuclear many-body
problem? (Lecture 2)

Proton

q 2.
three nucleons "{\\ Glep
S /
d ,\ \ Y . LA S
@, = /// How to model
Jil :5;/-3*'"" the nuclear force?
4L /“‘d '”a C (Lecture 1)

=0

Proton

&

v(\/ Createdd 3 \ \ \\

Anmhulate

Neutron

medium.com/@mohamedkefw
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NUCLEAR MANY-BODY PROBLEM

,E:VSpatiaI, spin and isospn

dearees of freedom: Ang(A) _ (A) " Groundstate: lowest eigenstate
9 H an — En‘Pn Bound state: £, — Ey,5p < 0
K Scatterlng state: £, — Ebreakup >0 ,:
Eigenstate Eigenenergy — -
3N | How to describe the ~How to solve the
Z 4 | many-body states? ~ Nuclear many-body
i<j<k=1 problem? (Lecture 2) {
Kinetic energy Interaction between Interaction between Neutr:n Prac
of a nucleon two nucleons three nucleons "{\\,\ (‘)Af"
«—> d\’\fl>~d o /ﬁ/ How to model
0 Ls/a’"" . the nuclear force?
(Pion exchange) 41; \ (Lecture 1)
" &N

1
o A P N
t t
mﬂ roton eutron

NN medium.com/@mohamedkefw
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» Defining a reference state

|CI))E|051052...05A)—alT g TlO)

= One can construct arbitrary Slater determinants as particle-hole excitations on top of a
reference state |CI)> as
| @) = aa;| D)
b\ _
|(I)Z > — aa bajai|q)>’
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PARTICLE-HOLE REPRESENTATION

Reminder from previous lecture:

» Defining a reference state
| D) = |oyay...a4) = afag...a;{lO)

= One can construct arbitrary Slater determinants as particle-hole excitations on top of a
reference state |CI)> as
|<I>a> = aja |<I>>
) =a aa | D),

= Here | have introduced the short-hand notations a; = azJr and ap =a, a,

index convention: i, j, k, ...: states occupied in the reference state
a, b, c, ...: states unoccupied in the reference state
p.q,r, .... any state
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» Defining property: expectation value with the reference state vanishes

(@[{...}|®)=0
= Examples of normal ordered (or Wick ordered) products with respect to | 0):

i Tt TaTat
- aya,, a,a,aa, a,d,a,aaqd, ...
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NORMAL ORDERING

» Defining property: expectation value with the reference state vanishes

(@[{...}|®)=0
= Examples of normal ordered (or Wick ordered) products with respect to | 0):

i Tt TaTat
- aya,, a,a,aa, a,d,a,aaqd, ...

= Normal-ordering a product with respect to | 0)
{arag...asa;} = sgn(ﬂ)a;a;...aras



NORMAL ORDERING

» Defining property: expectation value with the reference state vanishes
(D|{...}|DP)=0
= Examples of normal ordered (or Wick ordered) products with respect to | 0):
. a;aq, agagasar, a;a;a,f a,ad,, ...

= Normal-ordering a product with respect to | 0)

{arag...asa;} = sgn(ﬂ)agag...aras

‘Signum of the needed permutation
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NORMAL ORDERING

Defining property: expectation value with the reference state vanishes

(@{...}|®)=0

Examples of normal ordered (or Wick ordered) products with respect to |0):

i Tt TaTat
- aya,, a,a,aa, a,d,a,aaqd, ...

Normal-ordering a product with respect to |0)
{a,,a; ...asa;} = sgn(ﬂ)\a;a; ...a,d,

‘Signum of the needed permutation

To normal order with respect to an A-body reference state, we can use the anticommutation
rules of the creation and annihilation operators, or Wick’s theorem
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Suhonen, “From Nucleons to Nucleus: concepts of microscopic nuclear theory” (2007)
= A product of creation and annihilation operators A; € {a;, a;} can be expressed as

A1Ay. LA,

={A1 Ay A {AL A A A Y (A A A A AL A
(i5) (i7) (k)
= Where cgitraction is defined as
AB = AB — {AB}
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Suhonen, “From Nucleons to Nucleus: concepts of microscopic nuclear theory” (2007)
= A product of creation and annihilation operators A; € {a;, a;} can be expressed as

A1Ay. LA,

—(AAs A+ A A A A Y (v Av A A At
(i) (i5) (k1)
= Where cgitraction is defined as
AB = AB — {AB}
= Using (0] {...}]0) =0 and

(A Au A Ay A ALY = (=1 A A A A A A




WICK’S THEOREM

Suhonen, “From Nucleons to Nucleus: concepts of microscopic nuclear theory” (2007)
= A product of creation and annihilation operators A; € {a;, a;} can be expressed as

A1Ay. LA,

— | I | |
={A1 Ay A {AL A A A Y (A A A A AL A
(i5) (i) (k)
= Where cgitraction is defined as
AB = AB — {AB}

= Using (0] {...}]0) =0 and

(A Au A Ay A ALY = (=1 A A A A A A

]1 (1m) (i) (Kl)...(rn)
hL ) fully contracted trm
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WICK’S THEOREM

Suhonen, “From Nucleons to Nucleus: concepts of microscopic nuclear theory” (2007)
= A product of creation and annihilation operators A; € {a;, a;} can be expressed as

A1As. LA,

— | I | |
={A1 Ay A {AL A A A Y (A A A A AL A
(i5) (i) (k)
= Where cgitraction is defined as
AB = AB — {AB}

= Using (0] {...}]0) =0 and

(A Au A Ay A ALY = (=1 A A A A A A

#Crossings of contractions

| (Im)(i5)(kl)...(rn)

' fully contracted terms
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1 S DARMSTADT
Djérv et al., Phys. Rev. C 104, 024324 (2021) =

= General 2nd quantized Hamiltonian normal-ordered with respect to vacuum state |0):

1 1
_3N
H = Z( ﬂ)a az + o Z aﬂaﬂag gaﬁ,aa,+ 31y 2 vaﬂmﬁyagag ;a},aﬁa
* aﬁaﬁ * ’.
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1 S DARMSTADT
Djérv et al., Phys. Rev. C 104, 024324 (2021) =

= General 2nd quantized Hamiltonian normal-ordered with respect to vacuum state |0):

1 1
_3N
H = Z( ﬂ)a az + o Z aﬂaﬂa; ;aﬁ,aa,+ 31y 2 vaﬁmﬂyagag ;ayaﬁa
* aﬁaﬁ * ’.
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Djérv et al., Phys. Rev. C 104, 024324 (2021)

= General 2nd quantized Hamiltonian normal-ordered with respect to vacuum state |0):
1 1
— T = Tt =3N tfatata
H = Z <taﬂ>aaaﬂ + (2')2 Z Vaﬂa/ﬂ/aaa aﬁ/aa/ + | Z vaﬂyaﬁ’y’aa 7 7 y/aﬁ/a /
ap apa’p’ apya’py’

« One can normal order the Hamiltonian w.r.t. a reference state | ®) = a; ...a; | 0) using the
contraction rules
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Djarv et al., Phys. Rev. C 104, 024324 (2021)

= General 2nd quantized Hamiltonian normal-ordered with respect to vacuum state |0):

1
. 3N i
H = Z( ﬂ)d Clﬂ (2')2 Z Vaﬂarﬂ/aaa aﬁ/aa/+ | Z vaﬂyaﬁ’y’aa 7 7 y/aﬁ/ar

« One can normal order the Hamiltonian w.r.t. a reference state | ®) = agl...agA | 0) using the
contraction rules

Reminder:

AB = AB — {AB}
(0[{...}10)

1

~ {0]AB|0) = (0|ABI0) + (0]{AB}0) = (0]AB|0) = AB
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= General 2nd quantized Hamiltonian normal-ordered with respect to vacuum state |0):

1
oy T =3N T T Jr
(2!)2 Z vaﬂa,ﬂ,aaa aﬁ,aa,+ . 2 vaﬂmﬁ,y,aa 5 y 7,,aﬁ,a,

= One can normal order the Hamiltonian w.r.t. a reference state |®) = al

¥ .

a, | 0) using the

contraction rules

" Sap,  ifa,B€{an,..., Reminder:
alas = (Blalag|®) =--- = 7 it o, 3 | tar,... aa}
0, otherwise -

AB = AB — {AB}
(0[{...}10)

1

~ {0]AB|0) = (0|ABI0) + (0]{AB}0) = (0]AB|0) = AB
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= General 2nd quantized Hamiltonian normal-ordered with respect to vacuum state |0):

; 53N ity
! (3 !)2 Z Vaﬂya,ﬁ/y,aaaﬁay Cly/dﬁ/aa,
af apa’f’ afya'f’y

« One can normal order the Hamiltonian w.r.t. a reference state | ®) = agl...agA | 0) using the
contraction rules

.
alag = (®lal,as|®) = -

0, otherwise —
AB = AB — {AB}
(0]{...}10)

1 das if a, 8¢ {a1,...,aa}
aaag = <<I>|aaay<1>> ==

0, otherwise

{504,6’, if a, 8 € {a1,...,as} Reminder:

1

~ {0]AB|0) = (0|ABI0) + (0]{AB}0) = (0]AB|0) = AB
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NORMAL ORDERING: A-BODY REFERENCE

Djarv et al., Phys. Rev. C 104, 024324 (2021)

= General 2nd quantized Hamiltonian normal-ordered with respect to vacuum state |0):
1 1
— T = Tt =3N i
H = 2 (top)ayy + 01y Z Vopa pla@ydgty + 31y 2 Vo py Baydy Gyl dy)
ap apa’p’ apya’py’

« One can normal order the Hamiltonian w.r.t. a reference state | ®) = agl...agA | 0) using the
contraction rules

" Sap,  ifa,B€{an,..., Reminder:
alap = (®lalagl®) = = ¢ it o, 3 | tar,... aa}
0, otherwise -
AB = AB - {AB}
l_l 505 Y .f 9 9 0 0 oy
a0l = (Plaqal|®) = - = & if a, 5 ¢ {a an O[{...}]0)
0, otherwise

1

~ {0]AB|0) = (0|ABI0) + (0]{AB}0) = (0]AB|0) = AB
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NORMAL ORDERING: A-BODY REFERENCE

Djarv et al., Phys. Rev. C 104, 024324 (2021)

= General 2nd quantized Hamiltonian normal-ordered with respect to vacuum state |0):
1 1
— T = Tt =3N i
H = 2 (top)ayy + 01y Z Vopa pla@ydgty + 31y 2 Vo py Baydy Gyl dy)
ap apa’p’ apya’py’

« One can normal order the Hamiltonian w.r.t. a reference state | ®) = agl...agA | 0) using the
contraction rules

M N if o Reminder:
dlap = (lafasl@) = - = {000 Tl E e aa)

0, otherwise -

AB = AB - {AB)}
1 dafp 5 if o, e
aaag = <<I>|aaa%]<1>> =...= g ifa,f ¢ {on s} (0[f...110)

0, otherwise _ _ _
raf T —  (0]AB|0) = (0]AB|0) + (0[{AB}[0) = (0|AB|0) = AB
agaﬁ = <<I>\a£a5\<b> =---=0
[
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NORMAL ORDERING: A-BODY REFERENCE

Djarv et al., Phys. Rev. C 104, 024324 (2021)

= General 2nd quantized Hamiltonian normal-ordered with respect to vacuum state |0):

1
P Tql =3N il
H = Z( ﬂ)d aﬂ (2')2 Z Vaﬂarﬂ/aaa aﬁ/aa/+ Z vaﬁyaﬁ’y’aa 7 ]/ y/aﬁ/a/

« One can normal order the Hamiltonian w.r.t. a reference state | ®) = a; ...a; | 0) using the
contraction rules

] o if - Reminder:
alag = (®lal ag|®) = - = p i @ E log, ..., a4}

0, otherwise —

AB = AB - {AB)}
bl = (Bagal®y = ... = {0000 Tl ian. a4} (01{...}10)

0, otherwise _ _ _
raf T —  (0[ABI|0) = (0]ABI0) + (0|{AB}[0) = (0|AB|0) = AB
agaﬁ = <<I>\a£a5\<b> =---=0
[
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NORMAL-ORDERED TWO-BODY
APPROXIMATION (NO2B)

Hagen et al., Phys. Rev. C 76, 034302 (2007); Roth et al., Phys. Rev. Lett. 109, 052501 (2012); Djérv et al., Phys. Rev. C 104, 024324 (2021)

= Three-nucleon interaction normal ordered w.r.t. |®) (with £ = {ay,...a,}) is

V3N—— > (apy |7V apy) + = Z > <aﬂy|v3N|aﬁy>{aaaa}+—Z Y (apy| vV aBy)ajalaza, }+— Y, (aprIVNlapy)alaiala,azay)

a,pyER aa’ ByER apa'f yeR aﬂya "By’
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NORMAL-ORDERED TWO-BODY
APPROXIMATION (NO2B)

Hagen et al., Phys. Rev. C 76, 034302 (2007); Roth et al., Phys. Rev. Lett. 109, 052501 (2012); Djérv et al., Phys. Rev. C 104, 024324 (2021)

= Three-nucleon interaction normal ordered w.r.t. |®) (with Z = {ay,...a,}) is

1

1 1 1
Vv == 0 (apy| P lapp) + = 3 3 (apyloylap)lala) + 3 0 (apr| PN @ pplaiaiaga,) +52 Y, (apr| N 1@ py)lalajala,apa,)

a,pyeER aa’ ByER apa'fyeR afya’' By’

States in the reference sfate
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NORMAL-ORDERED TWO-BODY
APPROXIMATION (NO2B)

Hagen et al., Phys. Rev. C 76, 034302 (2007); Roth et al., Phys. Rev. Lett. 109, 052501 (2012); Djérv et al., Phys. Rev. C 104, 024324 (2021)

= Three-nucleon interaction normal ordered w.r.t. |®) (with Z = {ay,...a,}) is

1

_ 1 — ’ 1 - 1N’ 1 = 1N’
Vaw =l 20 (apr |7V apr) + 5 0l 3% (i vanl b afag) + | D D (apr 1P| ) (alafapa, ) + 5 Dy (aby| P p) alajala,apa,)
apyeR aa’ @ apa’f' YR apya'py’

States ln the reference sftate States'outse the reference state
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NORMAL-ORDERED TWO-BODY
APPROXIMATION (NO2B)

Hagen et al., Phys. Rev. C 76, 034302 (2007); Roth et al., Phys. Rev. Lett. 109, 052501 (2012); Djérv et al., Phys. Rev. C 104, 024324 (2021)

= Three-nucleon interaction normal ordered w.r.t. |®) (with Z = {ay,...a,}) is

V3N__ Z (apy | VN | afy) + = Z Z (aﬂ}’|V3N|aﬁy){aaaa}+— 2 Z(aﬂy|v3N|aﬂy>{a a/),a }+_ Z (apy |7 |a' By ){a;;;a},aﬁ/aa/}

a,pyeER aa’ @ aﬂya "By’

States in the reference sfate States'outse the reference state

= Normal-ordered two-body approximation: Approximate the full three-nucleon force taking the

normal-ordered two-body terms
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NORMAL-ORDERED TWO-BODY
APPROXIMATION (NO2B)

Hagen et al., Phys. Rev. C 76, 034302 (2007); Roth et al., Phys. Rev. Lett. 109, 052501 (2012); Djérv et al., Phys. Rev. C 104, 024324 (2021)

= Three-nucleon interaction normal ordered w.r.t. |®) (with Z = {ay,...a,}) is

V3N__ Z (apy | N | apy) + = Z Z (aﬂ}’|V3N|aﬁy){aaaa}+— 2 Z(aﬂy|v3N|aﬂy>{a a/),a }+_ Z (afy |7V By ){a;;;ayaﬁ/aa,}

a,f, 765‘2 aa’ @ aﬂya "By’

States in the reference sfate States outse the reference state

= Normal-ordered two-body approximation: Approximate the full three-nucleon force taking the

normal-ordered two-body terms

» Significantly reduce computational cost and storage

Institut fur Kernphysik, Theoriezentrum | TU Darmstadt | L. Jokiniemi 41
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MANY-BODY CORRELATIONS

» Slater determinants are eigenstates of independent-particle models described by one-
body Hamiltonians

» A single Slater determinant does not describe correlations between nucleons

« Reminder: A-body Slater determinants form a basis for Z7°
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» Slater determinants are eigenstates of independent-particle models described by one-
body Hamiltonians

» A single Slater determinant does not describe correlations between nucleons
« Reminder: A-body Slater determinants form a basis for Z7°

= Any antisymmetric state can be expanded as Slater determinants
AN _
| \II( )> - Z Calaz...aA | alaZ' ‘ 'aA>
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;‘" TECHNISCHE
UNIVERSITAT
DARMSTADT

MANY-BODY CORRELATIONS

» Slater determinants are eigenstates of independent-particle models described by one-
body Hamiltonians

» A single Slater determinant does not describe correlations between nucleons
« Reminder: A-body Slater determinants form a basis for Z7°

= Any antisymmetric state can be expanded as Slater determinants
AN _
| \II( )> - Z Calaz...aA | alaZ' ‘ 'aA>

0[1<a2<. . .aA

» To describe short-range correlations, one needs a superposition of Slater determinants
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» Many-body methods relying on truncated Hilbert spaces are not capable of
describing these correlations
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Bogner, Furnstahl, Perry, Phys. Rev. C 75, 061001(R) (2007)

» Problem: Realistic nuclear interactions often generate strong short-range
correlations in many-body states

» Many-body methods relying on truncated Hilbert spaces are not capable of
describing these correlations

»« Exact diagonalization the Hamiltonian is inefficient
= Solution: Unitary transformations
» Adapt the interaction to truncated low-energy model space
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UNITARY TRANSFORMATIONS

Bogner, Furnstahl, Perry, Phys. Rev. C 75, 061001(R) (2007)

» Problem: Realistic nuclear interactions often generate strong short-range
correlations in many-body states

» Many-body methods relying on truncated Hilbert spaces are not capable of
describing these correlations

»« Exact diagonalization the Hamiltonian is inefficient
= Solution: Unitary transformations
» Adapt the interaction to truncated low-energy model space

» Improve the convergence of the many-body calculations by transforming the
Hamiltonian into a (band/block) diagonal form
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UNITARY TRANSFORMATIONS

Bogner, Furnstahl, Perry, Phys. Rev. C 75, 061001(R) (2007)

» Problem: Realistic nuclear interactions often generate strong short-range
correlations in many-body states

» Many-body methods relying on truncated Hilbert spaces are not capable of
describing these correlations

»« Exact diagonalization the Hamiltonian is inefficient
= Solution: Unitary transformations
» Adapt the interaction to truncated low-energy model space

» Improve the convergence of the many-body calculations by transforming the
Hamiltonian into a (band/block) diagonal form

» Preserve the physics of the initial Hamiltonian and observables
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Bogner, Furnstahl, Perry, Phys. Rev. C 75, 061001(R) (2007)
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UNITARY TRANSFORMATIONS

Bogner, Furnstahl, Perry, Phys. Rev. C 75, 061001(R) (2007)
» Unitary transformations conserve the eigenenergies (spectrum) of the initial

Hamiltonian: acting with a unitary operator U satisfying 1 = U = UU" on both
sides of the Schrodinger equation, we get

H|¥)=E|Y¥) HUTx

U'H|¥) =EU"|¥)
U'HUU'|P)=EU"|¥)

=H
— H|¥) = E|P)

|¥)
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UNITARY TRANSFORMATIONS

Bogner, Furnstahl, Perry, Phys. Rev. C 75, 061001(R) (2007)
» Unitary transformations conserve the eigenenergies (spectrum) of the initial

Hamiltonian: acting with a unitary operator U satisfying 1 = U = UU" on both
sides of the Schrodinger equation, we get

H|¥)=E|Y¥) HUTx
U'H|¥) =EU"|¥)
U'HUU'|P)=EU"|¥)
=H ‘

= Unitary transformations also preserve expectation values of operators
(observables)

(P|0O|¥P) = <\P|UUT@UUT|T’> =(¥|0|¥

|¥)

=¥ =0 ¥
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Bogner, Furnstahl, Perry, Phys. Rev. C 75, 061001(R) (2007) =

= Continous unitary transformation to pre-diagonalize the Hamiltonian with respect
to a given basis

= Start by transforming the Hamiltonian with a unitary operator U, with continuous
flow parametera I

. leferentlate both S|des with respect to

d d
“H = (—U;)HUa + U;H<—Ua)
da da

d d
— (—U;) U UHU, + UtHU, U <—Ua)
da da

d d
(—U; ) UH, + HaU;(—Ua>
da da
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= Differentiating both sides of the unitary condition 1 = UTU we get

d d d “d d
0=—1= (—U;>Ua+ U;(—Ua> S UT( Ua> — (—U;>Ua
da da da do
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= Differentiating both sides of the unitary condition 1 = U'U , we get

a—

d d d d d
0=—1= (—U;>Ua+ U;(—Ua> S UT< Ua> — (—U;>Ua
da da da da

» Define an antihermitian generator via

Ho = — U;<an> = (iU;>Ua - = 77;
da da

= This way, we can write the derivative of the transformed Hamiltonian as

d d d
_Ha = (_U&f) UaHa + HaU;r(_Ua) = naHa _ Har]a = [7705’ Ha]
da da da
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= Differentiating both sides of the unitary condition 1 = U'U , we get

a—

d d d d d
0=—1= (—U;>Ua+ U;(—Ua> S UT( Ua> — (—U;>Ua
da da da

» Define an antihermitian generator via

Ho = — U;<1Ua> = (iU;>Ua - = 77;
da da

= This way, we can write the derivative of the transformed Hamiltonian as

d d d
aHa — (@U(:L-) UaHa + HaU(:L-(aUa) = }’]a,Ha — Ha]/]a = [7](1’ Ha]
= Changing of the Hamiltonian as a function of the flow parameter can be written as the

commutator of the generator with the Hamiltonian
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Bogner, Furnstahl, Perry, Phys. Rev. C 75, 061001(R) (2007)

= Differentiating both sides of the unitary condition 1 = U'U , we get

d d d " d
0=—1= (—U;>Ua+ U;(—Ua> S UT( Ua> — (—U;>Ua
da da da da

» Define an antihermitian generator via

Ho = — U;<1Ua> = (iU;>Ua - = 77;
da da

= This way, we can write the derivative of the transformed Hamiltonian as

d d d
_Ha = (_U&f) UaHa + HaU;r(_Ua) = naHa _ Har]a = [na’ Ha]
da da da

» Changing of the Hamiltonian as a function of the flow parameter can be written as the
commutator of the generator with the Hamiltonian

= This is how we define the SRG flow equation

i 90
=—[H, 0] + —)
L ot

(think of Heisenberg equation of motion 1
t
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SUMMARY

Bogner, Furnstahl, Perry, Phys. Rev. C 75, 061001(R) (2007)

» Consistent transformation of the Hamiltonian and operators
H =UHU, O0,=UO0U,

» Flow equations for the Hamiltonian, operator and unitary transformation

d d
_Ha — [”aa Ha]a _Oa — [naa Oa]a _Ua — [’7@9 Ua] — Ua}/]a
da da da

» SRG is a versatile technique: the physics of the transformation depends on

the generator 7, chosen depending on the “pre-diagonalization”™ we want to
achieve

» SRG induces higher-body terms, e.g.
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= Flow equation o WL N L I S B B B
dH, e
— . = ) b
dp P SRG| -
with the generator defined with nucleon
kinetic energy 7, PR
NN + NNN

E [MeV]

4
M), = — E[Ta H,]

decouple high- and low-momentum

parts of H,
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with the generator defined with nucleon

= Flow equation o N N B I L B B B B
dH, _ S :
T 1, H,] Lol He | '
‘\
\
\
\

kinetic energy Z;’ = 26 B chiral EFT i
. S i NN + NNN I
N, = — _[T9 H/l] =) I i

25
27 =
decouple high- and low-momentum I i
parts of H, L | E
= Here A runs from oo to O; free-space esssmssoumnssaeme s VY -
Hamiltonian defined as H,_ Y PR U N U U U NI B U S
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Lynn, Tews, Gandolfi, Lovato, Annu. Rev. Nucl. Part. Sci. 69, 279-305 (2019)
= Different variants:
= Variational Monte Carlo 2
= Approximate ground state energy : PT . ]
(V7| H|¥r) S30 Py O s T -0 3
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= Integrals solved via Monte-Carlo sampling S sof ! fLi -4 ng3/2 ;
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time projection 5 ’OF  GFMC calculations 3y
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= Auxiliary Field Diffusion Monte Carlo 0F = Exp g
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Lynn, Tews, Gandolfi, Lovato, Annu. Rev. Nucl. Part. Sci. 69, 279-305 (2019)

= Different variants:

= Variational Monte Carlo o
= Approximate ground state energy : T . ]
-0+ ZoIge -2t = -0* -
_ <lPT|H|\PT> =30 :_ He 6|_(|)e_-—'?+:::g;%: ---0t 1_0 :
Vv = K 6L| -= 7/2_ 8He _ 3t He ;
(‘P |‘P ) - 2 B S .
T T -40 |- 3/2 :::51 2+ ——_5/%— ]
. . B 7L PR + :: : T
» |Integrals solved via Monte-Carlo sampling S 5o - ! fLi -4 ng3/2 N
50 i N
. v N - 2F - i
= Green’s Function Monte Carlo = o TS ]
. . . ; -60 - 8Be ;é/Z‘ ::_%: . ]
» Ground and excited states from imaginary- ,,9,’ - © o ::1:0; ]
: : : _ — Be B -
time projection S 7°F  GFMC calculations Ly ]
|¥y) x lim exp[ — (H — Ey]|¥;) 8o g 3
e L = AVIS +IL7 ]
= Auxiliary Field Diffusion Monte Carlo O —Exp e ]
_ o . L — NV2+3-a ]
= Sampling of spin/isospin states for better -100 “C ]

scaling with A

= Used for applications in light (A < 16) nuclei and for
benchmarking other ab initio methods
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NO-CORE SHELL MODEL (NCSM)

Barrett, Navratil, Vary, Prog. Part. Nucl. Phys. 69, 131-181 (2013)

» Solve the nuclear many-body problem

= Two- (NN) and three-body (3N) forces from yEFT:
A

2 A A
ZEE YT MUNCRND J
m

i=1 i<j=1 i<j<k=1
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NO-CORE SHELL MODEL (NCSM)

Barrett, Navratil, Vary, Prog. Part. Nucl. Phys. 69, 131-181 (2013)

» Solve the nuclear many-body problem

= Two- (NN) and three -body (3N) forces from YEFT:
A) _ NN
H® = Z Z (%; — X;) + 2 o
i=1 i<j=1 i<j<k=1

= Expansion in Harmonic Oscillator (HO) Slater determinant
(SD) basiS'

max

A) _ HO _ @A
Wi = Z Z N @D (X1 %o, -5 Xy) = W Vo0(Repp)
N=0 j
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NO-CORE SHELL MODEL (NCSM)

Barrett, Navratil, Vary, Prog. Part. Nucl. Phys. 69, 131-181 (2013)

» Solve the nuclear many-body problem

= Two- (NN) and three -body (3N) forces from YEFT:
A) _ NN
H® = Z Z (%; — X;) + 2 o
i=1 i<j=1 i<j<k=1

= Expansion in Harmonic Oscillator (HO) Slater determinant
(SD) basiS'

max

A) _ HO _ @A
Wi = Z Z N @D (X1 %o, -5 Xy) = W Vo0(Repp)
N=0 j

= Convergence to exact result with NV, — o0
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CONVERGENCE OF NCSM CALCULATIONS
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Jokiniemi, Navratil, Kotila, Kravvaris, Phys. Rev. C 109, 065501 (2024)
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Barrett, Navratil, Vary, Prog. Part. Nucl. Phys. 69, 131-181 (2013)
1E+12 =
Exascale i 7 - o
IE+11 7 g -~
1E+10 / / >
Petascale 1 A ,ff
1E+9 =
g
Z 1E+8 ’ — 12
£ 1E+7 ) ' g
2 1E+6 — 160
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2 —_ 200
1E+4
220
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—_— 240
1E+2 M-scheme matrix dimension o6
for Oxygen Isotopes 0
1E+1 — 280
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Nmax
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NO-CORE SHELL MODEL

Barrett, Navratil, Vary, Prog. Part. Nucl. Phys. 69, 131-181 (2013)

1E+12
= Dimension of the Hamiltonian BT Exascale i
matrix grows combinatorially with
1E+10 Y
N, .« and A Petascale 1
1E+9 %
g
g 1E+8 — 12
£ 1E47 o
2 1E+6 — 160
$—
S 1E+5 — 1
2 20,
= 200
1E+4
220
1E+3
p— 240
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Barrett, Navratil, Vary, Prog. Part. Nucl. Phys. 69, 131-181 (2013)

1E+12
= Dimension of the Hamiltonian __ Exascale i
matrix grows combinatorially with
1E+10 ~
Nmax and A Petascale 1
. _ 1E+9
» Converged calculations with g IEeg
. . G + .
NN + 3N forces possible for nuclei g T 20
: +
with A < 20 -g ‘o
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cz"v’ 1E+5 — 0
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220
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1E+2 M-scheme matrix dimension 26
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NO-CORE SHELL MODEL

Barrett, Navratil, Vary, Prog. Part. Nucl. Phys. 69, 131-181 (2013)

» Dimension of the Hamiltonian
matrix grows combinatorially with

N, .. and A
= Converged calculations with I5
NN + 3N forces possible for nuclei £
with A < 20 £
= Extensions to heavier nuclei: §
p=

» Importance Truncation NCSM
= NCSM within an EFT
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» Dimension of the Hamiltonian
matrix grows combinatorially with

N, .. and A
= Converged calculations with I5
NN + 3N forces possible for nuclei £
with A < 20 £
= Extensions to heavier nuclei: §
p=

» Importance Truncation NCSM
= NCSM within an EFT
= Symmetry-adapted NCSM
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Barrett, Navratil, Vary, Prog. Part. Nucl. Phys. 69, 131-181 (2013)

» Dimension of the Hamiltonian
matrix grows combinatorially with

N, .. and A
= Converged calculations with I5
NN + 3N forces possible for nuclei £
with A < 20 £
= Extensions to heavier nuclei: é
p=

» Importance Truncation NCSM
» NCSM within an EFT

= Symmetry-adapted NCSM

= [n-medium NCSM, ...
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Barrett, Navratil, Vary, Prog. Part. Nucl. Phys. 69, 131-181 (2013)
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NO-CORE SHELL MODEL

Barrett, Navratil, Vary, Prog. Part. Nucl. Phys. 69, 131-181 (2013)

» Dimension of the Hamiltonian
matrix grows combinatorially with

N @and A

= Converged calculations with |
NN + 3N forces possible for nuclei
with A < 20

» Extensions to heavier nuclei:

ension

Matrix Dim

» Importance Truncation NCSM
» NCSM within an EFT
» Symmetry-adapted NCSM
= [n-medium NCSM, ...
« Extensions to scattering states
= NCSM with continuum (NCSMC)
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EXPANSION METHODS

= Initial guess for the wave function taken as a reference state | ®)
» Often single Slater determinant obtained from Hartree-Fock(-Bogoliubov) theory
= Should incorporate collective correlations
» Corrections to this are constructed through a chosen expansion scheme
|¥) =U(c0)|P)=U;+ U, +..)|P)
» Expressed in terms of particle-hole excitations
= Should incorporate particle-hole correlations

» These methods often rely on Hamiltonian normal-ordered with respect to the reference
state

H=FE,+ ny{a a;} +— Zryk,{a a'aa) <+— Z ikimn 14 Ta;a]janamal}>

Ukl ijkimn



HARTREE-FOCK THEORY

Suhonen, “From Nucleons to Nucleus: concepts of microscopic nuclear theory” (2007)

H=T+V= Z 0% aﬂ+ Z aﬁy(;a ﬂaéay
af aﬂ75
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HARTREE-FOCK THEORY

Suhonen, “From Nucleons to Nucleus: concepts of microscopic nuclear theory” (2007)

H=T+V= Z 0% aﬂ+ Z aﬂy(;a ﬂaéay

af aﬂ75

= Solve eigenenergies ¢, from the Hartree-Fock equation
taﬂ + Z ‘_}}/(l}/ﬂ = €a5aﬂ

v €,Z€p
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HARTREE-FOCK THEORY

Suhonen, “From Nucleons to Nucleus: concepts of microscopic nuclear theory” (2007)

H=T+V= Z Lol aﬂ+ Z aﬂy(;a ﬂaéay
afp aﬂy&
= Solve eigenenergies ¢, from the Hartree-Fock equation

taﬂ + Z ‘_}}/(l]/ﬂ = €a5aﬂ
V- €

= |Introduce a mean-field Hamiltonian
A
1

A —
H( ) = Z EGCZ;CZG +— Z aﬂyé{aaa 61561 } _ 5 Z vaﬂaﬂ

a aﬁy5 ap: €,<e€p, €5<€r




HARTREE-FOCK THEORY

Suhonen, “From Nucleons to Nucleus: concepts of microscopic nuclear theory” (2007)

H=T+V= Z 0% aﬂ+ Z aﬁy(;a ﬂaéay
af aﬂ75

= Solve eigenenergies ¢, from the Hartree-Fock equation
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taﬂ + Z ‘_}}/(l}/ﬂ = €a5aﬂ

v €,Z€p

= |Introduce a mean-field Hamiltonian
A

1
A —
H®W = E eaa;aa + E aﬂyé{aaa asa, } — 5 E Vofap

a aﬁy(S
Mean fieﬁ

ap: €,<e€p, €5<€r
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HARTREE-FOCK THEORY

Suhonen, “From Nucleons to Nucleus: concepts of microscopic nuclear theory” (2007)

H=T+V= Z % aﬁ+ Z aﬁy(;a ﬂaéay
af aﬂ75

= Solve eigenenergies ¢, from the Hartree-Fock equation
taﬂ + Z ‘_}yayﬂ = 60550{,3

v €,Z€p

= |Introduce a mean-field Hamiltonian

A
1
A —
H( = Z eaa;aa +— 2 aﬂyé{aaa 61561 } - 5 Z vaﬂaﬂ
a ? aﬂyci ap: €,<e€p, €5<€r
Mean fiel 4
'Residual

interaction Vygg
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HARTREE-FOCK THEORY

Suhonen, “From Nucleons to Nucleus: concepts of microscopic nuclear theory” (2007)

1
— — T 5 T
H=T+V= Z Lopladp + 2 Z Vopystadydsdy
afp affyo
= Solve eigenenergies ¢, from the Hartree-Fock equation
taﬂ + Z ‘_}yayﬂ = €a5aﬂ
v €,Z€p

» Introduce a mean-field Hamiltonian
A

1 1
4 | _ _
HY = Z €qlydy + 1 2 Vaﬂyé{a;afaéay} ) 2 Vapaf
a 7 afyo ap: €,<e€p, €5<€r
Mean fiel K )
'Residual
» Hartree-Fock ground-state energy int tion V.
1 _ Interaction
LEyr = Z taa+3 Z Vapap K

a: €,5€g ap: €,<€p, €5<€p
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HARTREE-FOCK THEORY

Suhonen, “From Nucleons to Nucleus: concepts of microscopic nuclear theory” (2007)

1
— — T 5 T
H=T+V= Z Lopladp + 2 Z Vopystadydsdy
afp affyo
= Solve eigenenergies ¢, from the Hartree-Fock equation
taﬂ + Z ‘_}yayﬂ = €a5aﬂ
v €,Z€p

» Introduce a mean-field Hamiltonian
A

1 1
A) L — —
HW = Z €aa, + 2 2 vaﬂyé{a;aTa(say} —5 Z Vopap
a 7 afyo ap: €,<e€p, €5<€r
Mean fiel W\ )
'Residual
» Hartree-Fock ground-state energy g tion V.
1 _ Interaction
a: €,5€g ap: €,<€p, €5<€p

» Hartree-Fock equation can be transformed into an eigenvalue problem
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Suhonen, “From Nucleons to Nucleus: concepts of microscopic nuclear theory” (2007)

1
— — T _ 5 T
H=T+V= Z Lopladp + 2 Z Vopystadydsdy
afp affyo
= Solve eigenenergies ¢, from the Hartree-Fock equation
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» Introduce a mean-field Hamiltonian
A
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» Hartree-Fock ground-state energy g tion V.
1 _ Interaction
a: €,5€g ap: €,<€p, €5<€p

» Hartree-Fock equation can be transformed into an eigenvalue problem

‘w HF states as linear combinations of single-particle basis functions { | )}
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» Implemented through Algebraic Diagrammatic ”

Construction at order n [ADC(n)] soi

» [nfinite sum of diagrams containing at least
the MBPT(n) ones

» ADC(00) gives exact results

= Different frameworks:

A, [MeV]
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= Up to ADC(3)

= Gorkov (based on Hartree-Fock-
Bogoliubov) for singly open-shell nuclei

« Up to ADC(2)
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= Exponential Ansatz for the wave function
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where I'=T,+1,+ ...+ 1,



s TECHNISCHE
7/=\ UNIVERSITAT
P53 DARMSTADT

COUPLED-CLUSTER METHOD

Hagen, Papenbrock, Hjorth-Jensen, Dean, Rep. Prog. Phys. 77, 096302 (2014)
= Exponential Ansatz for the wave function

w) =Q|®) =e'|D)
where I'=T,+1,+ ...+ 1,

» with n-particle n-hole excitations (“clusters”)

Tl = Z Z tzq{a;az}
Z Zt"b aa}
]
n=— 3 3 i adeulaaa)

ijk abc




s TECHNISCHE
7/=\ UNIVERSITAT
P53 DARMSTADT

COUPLED-CLUSTER METHOD

Hagen, Papenbrock, Hjorth-Jensen, Dean, Rep. Prog. Phys. 77, 096302 (2014)
= Exponential Ansatz for the wave function

w) =Q|®) =e'|D)
where I'=T,+1,+ ...+ 1,

» with n-particle n-hole excitations (“clusters”)

Tl = Z Z tzq{a;az}
Z Zt"b aa}
]
n=— 3 3 i adeulaaa)

ijk abc




TECHNISCHE
UNIVERSITAT
DARMSTADT

COUPLED-CLUSTER METHOD

Hagen, Papenbrock, Hjorth-Jensen, Dean, Rep. Prog. Phys. 77, 096302 (2014)
= Exponential Ansatz for the wave function

W) =Q|®) =e'|D)
where I'=T,+1,+ ...+ 1,
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= Exponential Ansatz for the wave function

W) =Q|®) =e'|D)
where I'=T,+1,+ ...+ 1,

. W|thn -particle n-hole excitations ( clusters”)
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= Exponential Ansatz for the wave function

W) =Q|®) =e'|D)
where I'=T,+1,+ ...+ 1,

. W|thn -particle n-hole excitations ( clusters”)

Truncakion order
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= Exponential Ansatz for the wave function €l

ly) = Q| @) = e | D) “
where I'=T,+1,+ ...+ 1,

QF: o \ X

- Unknown
Lo amplitudes

Truncakion order
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A
. Select a reference state | D) = l_lazl.T |0) (e.g. a Hartree-Fock Slater determinant)
i=1
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A

. Select a reference state | D) = l_lazl.T |0) (e.g. a Hartree-Fock Slater determinant)
i=1

. Compute energy Eq = (@ |e T Hye! | ®), where Hy = H — (® | H| D)
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. Select a reference state | D) = l_lazl.T |0) (e.g. a Hartree-Fock Slater determinant)
i=1
_ Ty T 2 2

= Compute energy Eq- = (®|e™" Hye' | D), where Hy = H — (O |H| ®)
= Solve the unknown cluster amplitudes t“bc " from

(DY e_T{-INeTJCD) =0

by ,—T T
(@ e Hye' |®) =0

abc... S /\TI\T/\T Vel A A
where | @) = d,a,a,....a;a;a;| D)
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. Select a reference state | D) = l_lazl.T |0) (e.g. a Hartree-Fock Slater determinant)
i=1

= Compute energy Eq- = (D| e_TPAINef| ®), where Hy = H— (D | H | P)

= Solve the unknown cluster amplitudes t“bc " from

(¢ e THyel | @) = 0 — ey
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. Select a reference state | D) = Ha; |0) (e.g. a Hartree-Fock Slater determinant)
i=1

= Compute energy Eq- = (D| e_TPAINef| ®), where Hy = H— (D | H | P)
= Solve the unknown cluster amplitudes t“bc " from
(@ e "Hye |®) =0

A - I Com tational cost D) A2n*l,
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. Select a reference state | D) = Ha; |0) (e.g. a Hartree-Fock Slater determinant)
i=1

= Compute energy Eq- = (D| e_TPAINef| ®), where Hy = H— (D | H | P)
= Solve the unknown cluster amplitudes t“bc " from
(@ e "Hye |®) =0

_7 7 ,;': Computational cost (CCSD): A%
(@ |e " Hye' | @) =0, . e
= n: #Orbitals
abc...\ — AtATAT A A A on top of the
where | @) = dya,d,...a,a4;| ©) reference state
T

= Note: e’ non-unitary — transformed Hamiltonian H = e_THNeT non-Hermitian



&973 TECHNISCHE
UNIVERSITAT
DARMSTADT

COUPLED CLUSTER EQUATIONS
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A
. Select a reference state | D) = Ha; |0) (e.g. a Hartree-Fock Slater determinant)
i=1

= Compute energy Eq- = (D| e_TPAINef| @), where Hy = H — (O | H| D)
= Solve the unknown cluster amplitudes tlj’]fc from
(@ e "Hye|®) =0,

_7 7 ,;': Computational cost (CCSD): A%
(@ |e " Hye' | @) =0, . e
= n: #Orbitals
abc..\ — AtATAT A A A on top of the
where |q)ijk--- = datyle- - i d; i P) reference state
T

= Note: e’ non-unitary — transformed Hamiltonian H = e_THNeT non-Hermitian

..,.@ Non-variational method
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Excitation energy (MeV)
—_ \} W RN W @) ~

S

Bonaiti, Hagen, Papenbrock, arXiv:2508.14217 (2025)
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» Off-diagonal parts can be eliminated with a Similarity transformations
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» Ground-state properties can then be easily obtained
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= For open-shell nuclei, a valence-space Hamiltonian can be constructed by decoupling the core (that
is assumed to be fully filled) and external space (that is assumed to be empty) from the valence space

Stroberg et al., Phys. Rev. Lett. 118, 032502 (2017)
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= For open-shell nuclei, a valence-space Hamiltonian can be constructed by decoupling the core (that
is assumed to be fully filled) and external space (that is assumed to be empty) from the valence space

= Operators can be transformed consistently O(s) = ¢**¥) 0

= The resulting Hamiltonian can be diagonalized with traditional shell-model codes

Stroberg et al., Phys. Rev. Lett. 118, 032502 (2017)
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= For open-shell nuclei, a valence-space Hamiltonian can be constructed by decoupling the core (that
is assumed to be fully filled) and external space (that is assumed to be empty) from the valence space

= Operators can be transformed consistently O(s) = ¢**¥) 0

= The resulting Hamiltonian can be diagonalized with traditional shell-model codes
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TAKE-HOME MESSAGES

Exact solution of the nuclear many-body problem scales combinatorially with mass number and
basis size

“Virtually exact” methods for A < 5 nuclei

» Faddeev-Yakubovsky, Hyperspherical Harmonics

“Quasi exact” methods for A < 20 nuclei
= Quantum Monte Carlo, No-Core Shell Model

Expansion methods for heavier nuclei

» Many-Body Perturbation theory, Coupled Cluster, In-Medium Similarity Renormalization Group, Self-
Consistent Green’s Functions

Ab initio nuclear theory is a fast growing field

UP NEXT

Lecture 3 From weak interactions to nuclear observables



