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” An incomplete list of References (textbook

I Quantum Collision Theory C. J. Joachain, ISBN 978-0-444-86773-5, North-Holland, 1975.
I = Scattering Theory, J. R. Taylor, 978-0-486-45013-1, Dover publications, 1983.
I | troduction to Nuclear Reactions, C. A. Bertulani and P. Danielewicz,978-0-750-30932-5, Taylor & Francis,
2003.
lind Nuclear Reactions for Astrophysics, |. J. Thompson and F. M. Nunes, 978-0-524-85635-5, Cambridge
_ University press, 2009.
"—'E Nuclear Reactions, H.P. gen. Schieck, 978-3-642-53985-5, Springer, 2014.
lind Introduction to Nuclear Reactions, G.R. Satchler, 0-333-25907-6, Macmillan Press, 1980.

This presentation brings together material from lectures by several authors to provide a comprehensive
overview of the different approaches required to understand and model nuclear reactions in astrophysics.
™= Carl Brune
™= James deBoer
™= Chloé Hebborn
ﬁStephane Hilaire
Denis Lacroix
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ab initio in nuclear physics

R of Frooion ey (Me¥) * First principles for Nuclear Physics: QCD
- o (:-e’@: b Scale A
—_— separtion > Non-perturbative at low energies;

Constituent

quarks { Lo > Still outstanding to perform a —» 0 LQCD.
< - siNissonmase » Assuming degrees of freedom to be nucleons (including

onstituent Quarks

C
6°0
= 140

o » Nuclei made of nucleons;

antinucleons and hyperons...):
Ab initio

c
g = » Interacting by nucleon-nucleon and three-nucleon potentials.
>
‘ Prot 8p ti >
- s i o
Protons, Neutrons i /ab lnltIO mea nS \
T * All nucleons are active;
z (\ s *  Exact Pauli principle;
o E state in tin . . . . .
e * Realistic inter-nucleon interactions;
ective and Currents . .
o oo > Accurate description of NN and 3N data
Rotational . .
State fn Uranium k. Controllable approximations. /
7'-VC-V(-JVI-Iective coordinates
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Reaction theory
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The nuclear many-body problem

L

1. Assume A active nucleons with a spatial, spin, and isospin

components
— —_— — —> .
= {T'i, O'i,Ti} L = 1,2 WA

2. For non-relativistic energies, the microscopic A-nucleon Hamiltonian

A 2 A A
Pi
A) NN 3N
i=1 1<i<j 1<i<j<j

Nucleons are composite systems and nuclei is highly correlated

3. Find the state vector that minimize the energy by solving the many-
body Schrodinger equation

HOWD @ ) = Ew V@ .7)

I E — Emqreshold < 0 are bound-states and subject to vanishing
boundary conditions
Find eigenfunctions and eigenenergies

II. E — Eipresholq > 0 are continuum states

Bound state problem
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Symmetries and associated conservation of strong force between n and p

= Any 3D rotation < total angular momentum J conserved
» Point reflection < total parity () conserved

» Translation and Galilean invariance < no dependence on Ry and
Pcm

= Particle exchange (B.P,P,) < total wave-function is antisymmetric

» Time reversal <~ Hamiltonian is real symmetric

= [sospin rotations (in first approximation) «— partially conserved T L= P2 X D12
The nucleon-nucleon interaction can be cast either in a local form { S = %(6’1 + g,)
VNN = Vo (1yp) + Vs(r12)6y + 6y + Vis(ria)L + S +Vp () S (7) + -+ ;
or a general non-local interaction (generally softer) q= Pilz — P12
VAN = Ve (012, P12) + Vs(012,012)G1 - 61 + VLS(P12:P12)[_i§ . (‘_i X I_()] T 11_( = P12 : P12
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(3
t The nuclear many-body wave function

Nucleons are fermions — only the antisymmetric wave function is relevant

(A) — — — —\ __ (A) — — — —
WY, (r1 A P ...,rA) = - (rl s Ty ey Ty s 14

Conserved total angular momentum J and parity ©
» And approximately conserved total isospin T
q;e(A) _ lPE]nT (4)
Due to translational invariance all nucleonic operators are defined in the intrinsic frame (C.M. frame is irrelevant)

» The wave function must be translational invariant
9D = DG T Ea)
TtLIJe(A) (50 ey fjl ey gA—l) = llJE(A) (go ey f]; ey fA—l)
« Traditionally in nuclear physic with can either break symmetry and restore it or keep it enforced:

« Work with A — 1 translational invariant coordinates
« Work with A single-particle coordinates and achieved restoration

WA T T, 72) = WP (&g s &, s Eant ) We(Rom)
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e Two-nucleon system

(. 1 . . (1 - -
€0=T§(T1+T2)“RCM 1=\/_§(fo+f1)
3 3

— 1 -
\§1=\/—§(r_1’—r_2’)0<7712 L_2>=\/_§(€0_€1)
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The NN interaction is a rank 2 tensor we need an antisymmetrized two-nucleon state
basis

1. Start with two-body basis states (LS coupled)
(§1010,T1T;|€l13512)12t12)

; =1 — 1
J t
= Rey,,(§1) [Yzlz ($1) [x;(m)x;(az)r“] 12 [x;(‘rl)xl(rz)] -
2 2 2 2 )
2. Keep only antisymmetric part of the basis (- sign if two nucleons are s12 € {0,1}
permuted) { t12 €{0,1}
Piolelizs12j12t:0) = (—1D)tztsizttidl|el 5,5 t,) T = (—1)h2
— (_1)112+S12+t12 m—

3. Nucleon-nucleon channels: 2512+1lj12

S T n/p state

0 1 |nn, pp. (np+ pn)
1 0 (np — pn)

0 0 (np — pn)

1 1

nn. pp, (np + pn)

15/09/2026 EJC2026 -
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Inter-nucleon interactions can be derived from chiral effective

, field theory:
Weinberg ‘90'91'92 Orddénez and vK '92 etc...
“ Based on the symmetries of QCD
Importance * Chiral symmetry of QCD (m, = my = 0),
0(1) H spontaneously broken with w as the Goldstone
boson

» Degrees of freedom: nucleons and pions

0(Q/Mpy) Low energy constants (LEC)

- Fitted to scattering data, deuteron, 3He and triton.
Friar '97

{q +:::1 + £ Systematic low-momentum h
expansion to a given order (Q/A);
:)} .+::j1 H - 1 e Hierarchy;
\° Consistency. y
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The NN interaction from chiral EFT

L

Nowadays chiral NN potential up to N°LO ™
2 80t

Set of six potentials constructed E w
> Sequence of LO, NLO,...,N5LO g o

& a0l

» Uncertainty quantification

0 100 200 300 40
. Lab. Energy (MeV)
At N3LO and N4LO: | oo
> 24 NN LEC:s fitted to the np and pp 0 60 120 180 g oe P,
. = "o' _____ LO
scatterllng data and the deuteron 8w [deg] £ 10 g
properties g -20 \‘v.{;p NaL
Including c LECs (i —1_ 4) from E. Epelbaum, et al. PRL115 (2015) £ 30 | | ® .ﬁg?q
pion-nucleon scattering or Rey- 0 100 200 00 400
Steiner equation/pionic atoms - Eneroy (HED
> 2 3N LECs (at NLO) gwo IS,
N4LO NN fitted to data up to pion z ‘°°'°"-..».Q._ o
. . ] e, N3LO
production threshold with y?/datum~1.15 g o \"’ﬁﬁg%-_
00—
0 100 200 300 400
Lab. Energy (MeV)
D.R. Entem et al. PRC96 (2017)
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Phase Shift (deg) Phase Shift (deg)

Phase Shift (deg)

60
401 o7l i
- ... Lo
20/ -
;,«.Q.*\.
0e e,
3 \ Nglfo
20 |- PO NNLO-|
...... NLO ,
0 100 200 300 400
Lab. Energy (MeV)
10— 77—
3p
00?‘ 1 :
10 *
‘“%\\ _ NLO
-20 I YRS Lo
N
-30 *NaL8 -

0 100 200 300 400
Lab. Energy (MeV)

Lab. Energy (MeV)
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The Harmonic-Oscillator (HO) basis expansion:

Retyy (G0 = ) ZnRuyyty, (60)

Nnio =0

The A-body basis can be build adding one particle at a time
thank to the gaussian generator function of the HO wave
function.

Antisymmetrized two-nucleon states

» Start with two-body basis states (LS coupled)

(§1010,T1T2|N12112512)12t12) _

= Rno1,, (§1) [Y112 (§1) [x; (ex1 (rfz)r”]J12 [x; (TOxa (Tz)]tlz
2 2 2 2

» This wave function is solution of the traditional HO
Hamiltonian H = % + %erz; very simple to work either in
momentum or position basis

» Total energy

3
EnN = (N +§> aQ; N =2ny; + 1l N < Npax

15/09/2026
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[

Add one more nucleon
.1 ;
<§'20'31'3|n313]3 7) = Rn313 (&2) lYlg (53)X%(0'3)]]3 X%(T3)

Three-nucleon basis (JJ coupled)

(§182010,03T,T,T3|N15112512)12t12, N3l3)3t3,JT)

: . . M
|n12112812j12812, N3l3j3t3, JT) = z:m1zm3 Chzmlz,jgmg

TMmt
C

Nyal12S12J12t
ngzmg t12m§2,t3m§| 12412512J12 12)

.1
nslsjs §>
Total energy:

EN = (N + B)hﬂ, N = 2n12 + l12 + 2n3 + l3

To find totally antisymmetric states, diagonalize:

~ 1 ~ ~
A=§(1—P13—P23)

15/09/2026 EJC2026 - Astrophysics and Reactions



The nuclear wave function must factorize the center of mass motion.

A — —>
‘I{f )(rl e Ty onn

. P-yR
We(Rom) = exp (- —H=

The few-body option (in first quantization) is to solve eigenvalue problem for the

intrinsic Hamiltonian (H;,,;)
» The C.M. motion is not present.

» We work with one-less spatial coordinates, i.e. 3(A-1) spatial degrees of

freedom

)andE:ECM+

2
PCM

2Am

s Ta) = V(& s &y s Eam1) We(Ram)

» PROBLEM: It is very complicated to restrict the problem to the antisymmetric
part of the Hamiltonian since Jacobi coordinates do not treat the nucleons in a

symmetric way, i.e. Pi]-‘PE(A)(fl v &) ---;5,4—1) =) REEILIJE(?@(Q s ) ...,EA_l)

@ [ i
g < f1=ﬁ(7”1—7"2)
.fl fz = ﬁ(E(ﬁ +71,)—T13

15/09/2026
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” How to solve the many-body Schrodinger
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Jacobi relative coordinates for A nu

L

The vector proportional to the C.M. coordinate 3
I_?) . 1 —_—
CM. — A 0
\
(. 1 )
=—(r—r
61 \/7 1 2
J
The relative coordinate between the C.M. of Z = J lz =
the first k nucleons and the (k + 1)th nucleon $ j+1lj & A S!
1=
A-1
S A-11 1 o
. 1=1

EJC2026 - Astrophysics and Reactions
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” Jacobi relative coordinates for A nucl

e L w 1, 1
51—\/5(7”1 12) 1:\/_2504_2 i(i_l)i

1<
= g
S?A—1 \/7 _127”1—?4)

Transformation is orthogonal and has Jacobian ] = 1
A * —s\ A A)  — —N — — A * = - A A) r= g -
o 7, .., 0, . T)AT, . dig = [ (&, €, )OWY (&, . €, )dEg, o, dEgy

For Harmonic Oscillator wave function the transformation is analytic iteratively:
Pn, 14 (Fl))q)nzlz (r2) = z {NL,nl, A;nqly,nyly A} (PNL(fo)(Pnl (51)

niNL

A

15/09/2026 EJC2026 - Astrophysics and Reactions



” How to solve the many-body Schrodinge

The many-body option (second quantization) is to solve
eigenvalue problem for the intrinsic Hamiltonian plus center of
mass Hamiltonian (H;,,.+ Hc ;)

A 2 A A
ﬁA = z ﬁ + VMF(T'i) + z VNN(T'ij) - z VMF(T'l')
[ i>j=1 [

The Mean-Field Hamiltonian is a the auxiliary one-body fields (¢)
to approximate the energy of the system it is obtained as solution

of <% + V' (r )) P (1) = €, @i (1)

The total wave function is then an antisymmetrized product state

lIJG(A) ~ NA@p,(ry) ...0,(r,). This basis is complete and
orthonormalized. It can be cast as

r s 'r'
l.IJ(A)fvi <P1(: 1) ) QOA(: 1)
o

val <P1(.TA) QDA(.rA)

MF+CI (a la shell model)

N
<
_

{The mean field determines at J

first order the shell structure.

15/09/2026 EJC2026 - Astrophysics and Reactions



(3
t How to solve the many-body Schroding

. . . _ 2dyy 4
The mean-field basis is the best naive Cl basis to be used for constructing the 5 < :{’g;é 2
many-body Hamiltonian. It permits to minimize the particle-hole to account for in the . 2ds5/2 6
Cl space. ! 1gg /s 10
However, the mean-field potential VMF renders the fields non-invariance with respect — fI}lfzg
to translations. The symmetry breaking can find lower-energy solutions however one P A zpiﬁ 4
need to apply projector techniques: r 1 | L 8
l
D'(a) = 3exp(——a~p) 1y 4[20]
. 2 et T 3/2
P!l = Jd.QDI(.Q)R(.Q) with < (2mh) i h 1d — f?/z g
R(a) = exp (——a : ’ﬁ) i
L h
If not, the C.M. motion is no longer separable: 1p T }Puz i
T 1pgpe

~é(A) = Z lPe(A) @' (Rem)
ee’

The factorization for H;,,; only when exact solution is obtained. 1s 1512 2
The Harmonic Oscillator (HO) potential is exactly separable:

A A-1
Z LY 2 - Z M g2 &2 4 A m 02R2,, Major shells +spin orbit
— i 2 2 o (HO eigenbasis) splitting

15/09/2026 EJC2026 - Astrophysics and Reactions



¢
” No-Core Shell Model (NCSM)

NCSM is an ab initio approach to solve the many-body Schrodinger equation
for bound states starting from

» High-precision NN+3N interactions either in coordinate or momentum space;
local or not.

Uses large and finite expansions in HO many-body basis states.

It works either in Jacobi (intrinsic frame) or single-particle coordinates (lab.
frame). The former is more tedious for many-nucleon due to antisymetrization. configuration

> Translational invariance of the internal wave function is preserved also N=1
when single-particle Slater Determinant (SD) basis is used with N,
truncation. No-Core Shell Model

Nmax Nmax

@  _ - =ZZ o pi T =ZZ o 7
¥jacopi = 1A4"T) Sl 1ALzt , eni'®i™ (§orr8 ) *  Npax is the maximal allowed
N=0 1 N=0 1 c -
Nmax HO excitation above the
‘Ps(g) = |[AMN™T) = Z Z Cm‘l’s('é?e(ﬁ, ey Th) = ‘P](;gobicpnl (Rcy) lowest possible A-nucleon
N=0 1 configuration
The method is variational and so converge by above to exact result. * Full Nyax space: All basis

states with N < N, kept

15/09/2026 ~_______ EJC2026 - Astrophysics and Reactions



¢
” Multi-particle states in the Slater Det

Many-body HO Slater determinants

( NAP1(r161T1) ... A (XaGATH)
WONE PR EACT A EEENCTAN

T : . :

O/K @1(ra0aTs) - @aA(ra0ATA)

The one-body state reads (are fixed!)

= 2 Jam;
lf11l1j1mj%mt (1‘1 Gltl) Rn3l3 (7‘1) [Yls (7’1))(%(0'3)] X%mt (T3)

The total wave function is anti symmetric and has good
M;, M and parity quantum numbers, but not J and T.
They are restored when the p-h truncation is consistent.

M-scheme basis space dimension

0 i ;
10 g 2 4 6 8 10 12 14

Very large number of basis state to reach
accurate results (but sparse matrices).

} Courtesy of J.P. Vary and P. Maris
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Nuclear structure
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@
% A nuclear reaction in the |

Typical experiment: H ' "Black Box"

Expt.

parameters Theory
_ 3 (@)
e ,v,p, N, t °He...Heavy lons...
_ . Detector
Colimator

Incident beam
T

“{\—""l LU UL ) l \,"J"\ o

AUV

"" ! ca‘tte‘red beam

Role of reaction theory:
Reconstruct the unseen history of
the reaction and connect to
nuclear structure properties

Beam control:
Beam energy, reactant polarization

15/09/2026 EJC2026 - Astrophysics and Reactions



L

An example of experiment:

Today’s nuclear reacti

» Determination of the nature of the products (PID)

« Energy and angular resolution
* Momentum distributions
* Yy measurements

Beam
Tracking
Detector

Counts/2 keV
n
(=]

Agata -

4m gamma-ray detector “
FWHM ekeV @ 1 MeV °
£~43%

15/09/2026

MUST?2 Telescope

Jo(d, 9 o

CD2 Target \— VAMOS
Spectrometer
3 = Gate on 554
%Gy, 8 3 B
% 8
T
I'M*WM 0 400 Ea?kn v) 1200
bt

200 400 600 800 1000 1200 1400

E, (keV)

ASICs
16 channels

EandT
Csl(PD)

Si(Li) 4cm

DSSD 128+128 4.5mm

300um

MUST module

MUST2 module

10 T T T T

T T T
(a) 14 13

= 0@ o,
".-é‘ 10° 17.3 MeV/nucleon
]
B
£ 10’

1 1 1 1 1 1 1

VAMOS electronics

AGATA LVPS
LN2 autofill

LN2 distribution and ancillary racks

VAMOS spectrometer

EJC2026 - Astrophysics and Reactions



No energy
transfer

Energy
transfer

Entrance channel

A+ a—A+ a
A+ d—A+a

A+a-B+b
A+a—-A+a+y

A+ a—B* +b* + -

A+ a—-C" - decay

Exit channel

Inclusive/exclusive

Strongly detectors
dependent

Elastic scattering A(a,a)A
Spin transfer A(d, a)A
Transfer reaction A(a, b)B

Nuclear Bremsstrahlung

Inelastic scattering
Deeply inelastic...

Compound nucleus

15/09/2026
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% Nuclear reactions by classi

* Direct reaction

> + Elastic and quasi-elastic
grazing /‘

Fusion

Large amplitude Collective
motion
A Multi-nucleon transfer
o . . .
= P(b) = 2mb Deep inelastic
3 o Adapted from : W. Nérenberg and H.A. Weidenmdiiller,
N (4o} “Introduction to Heavy-lon theory”, Springer-Verlag 1981.
% 3
o <
O 0O
© @
w

Q\ \

The more peripheral is the collision the
highest is the associated cross-section

*
@

15/09/2026 EJC2026 - Astrophysics and Reactions
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% From reaction observabl

Nuclear structure

Knockout reactions (high energy)

t_o tyoo Spectroscopic information

«

¢

;
»
V\

Transfer reactions (low energy)

EJC2026 - Astrophysics and Reactions 26
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% From reaction obser

Nuclear spectroscopy

Photonuclear reactions

t t GDR excitation
— 00 +(X)
M O Collective motion
T 0200
967 Spherical {most stable) (umsﬁf'“m,wm, {m]
212 &
6t § 1782 .
or 64— 1T oo 1741 2
768
1202 2+
198 4y 1014 [ 1233 1085
746 0694
2+ T 456 12'02 1508 D+.~

436
i | G‘J 4Ky

|4 o
/\/\/\° 0 Bremsstrahlung, radiative _
capture. =]

Nuclear force imprints low-
energy resonances. Eindinr A
Sensitive to off-shellness.
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% From reaction observa

Out of equilibrium properties (away from nuclear density)

Reactions at Fermi energy

QGP

200 MeV

20

Ions Collisions

Gas
eavy,

Temperature

iquid

Density p/p, 1 5¢

15/09/2026 EJC2026 - Astrophysics and Reactions
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Differential cross-section
dOchanne1(6,9)  (# scattered particle.s™)(6, ¢)

_ dQ ~ (Inc. flux)(# scatt. centers)(unit of Q)
n=1/r(6, )
Ji
We define the outgoing solution The flux is given by
[0%) = lo)+ |#) ) J= zTu (WD Vi = $Evwi)’)
LKT
P — A (eik-f +£(0,0)— )
We find the cross section to be:
do (6, ) )
a0 1£(©, )l

15/09/2026 EJC2026 - Astrophysics and Reactions



) |¢f>
o eikr
IIJZ(?)—>A(e‘k'r+f(®,<p) - )

Quantum current is defined as

h
=2 (WO VYR —ivEh?)

<«
J =7i +]_>f +]_>int
We obtain: 6.0 = j -
i (6, 9) = vIAl*If (©, @)1’ =]
Jji = vlA|? 1 | =
Jint = 0for0 # 0 /+ leading
contributions

Foro =0
Oine = 1% [ dQ jine = — 47m‘”(f(O)) Since the flux (®;,; + ®,. = 0) is conserved we obtain

that oy = 7J(f(0))

Jint represents the flux removed from the incident beam by destructive interference in the forward
direction. That lost forward flux exactly accounts for the flux scattered out of the beam.

15/09/2026 EJC2026 - Astrophysics and Reactions



Few implications of quantum mechanics @

Trajectories are indistinguishable /

» Impact parameter is not defined in
the quantum world

» Quantum interference
phenomenon

» Interfering trajectories can be
constructive or destructive.

Particle-Target motion must be described by wave
functions

Y

classical world } * '

r-'ﬂ””””‘l

15/09/2026 EJC2026 - Astrophysics and Reactions



% Quantum effect

If target/beam are identical particles or nuclei then

scattering of 12C + 2C @ 5 MeV

5
10 N N I B R —

12C +|2C
5 MeV

8

[ 1L 1Lld

T TTTT

2

I
|

104

o

_ One cannot distinguish the two cases: w.f. is
This leads to symmetric or antisymmetric depending on the spi

I T TTTIT

|

dc'fdaj (mb/sr)
n

s
[

I TTTTTI

AR

do (6, ¢)

— 2 2 I~
d() N y 02 E
v B TR T TR N N N
causes interferences ! D
" G'c,,.{degl'
. lllustration from G. R. Satchler
Note that the same happens with Coulomb “Introduction to direct reactions”
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% Translational invaria

X Lab. frame

C.M. frame
A B

—— e — — = - -~ @ —
V, Vp

The Schrodinger equation

hz hz - - > o - -
|5 V& = 50 VB + VT — 5D | i GarTs) = EYiE G, )

reduces in the c.m. frame

hZ
[_sz ‘ V(|F|)] Vi) = Bt @)

phase velocity

15/09/2026 EJC2026 - Astrophysics and Reactions
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T e fonl The Asymptotic
Fara = Saa lw“LPAXkﬁ (r)] Normalization Coefficient
. Sgﬁ 4 Spectroscopic amplitude (ANC) C, = uc(r)
.=

W _npi+1/2 (2KT)

«|s4,|*~ probability to form the

uc(r)
configuration (a + A) in the nucleus A ¢ pourr > R.

y» Internal region External region
V=Vy+V_ V=0 (orV_)
uc(r) = ZnAcnfn(r) uc(r >R) = CeaW_npi+1/2 (2Kr)
0 R T

The tail of the wave function is determined by Ez and x

U(r > 0)~x"MBe 2 kK = =
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y» Internal region External region
V=Vy+V__ V=0 (orV,_ )
ur) = ) Aenfa(r) ue(r > R) = aep(Je(p) + BeNe ()
0 R T

Matching conditions on u;, ;—.(p) and Wiei=c(P) / 4r at v = R between region | and
Il determines S..

If we write . = tan é,, 6, called the phase shift since:
u.(r » oo)~sin(p —ln/2+6,)
While the plane wave gives
sin(p —Ilm/2)
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% Solution of the scatterin

y» Internal region External region

V=Vy+V V=0 (orV, )

Coul oul

ul(r) from (Hyyp " A
+L@B))[yr) = E[wf) ug!(r) = Acp(Hz () = ScHE (p)

0 R r

Hermitian region (under conditions)

We know expand the interieur wave function on a square integrable basis, i.e.

ul(r) = z cjp;j(r) B correspond to a choice of
logarithmic boundary condition

o . : : : G,
The R-matrix is defined by the differential equation (c| Wﬁzl‘ﬁ) = b (c|Y])
3) - u.(R)=R.(E)[Ru'.(R) — Bu.(R)], Bis arbitrary a

To have an Hermitian problem in |, we must use the Bloch-Schrodinger equation

(H, + L(B) — E)ul(r) = L(B)ull (r) where L(B) = %5@ —R) (% _ E)

r

15/09/2026 EJC2026 - Astrophysics and Reactions



@
% Solution of the scatterin

y» Internal region External region
V=Vy+V V=0 (orV,_ )

Coul oul

ul(r) from (Hyyp " A
+L@B))[yr) = E[wf) ug!(r) = Acp(Hz () = ScHE (p)

0 R r

Hermitian region (under conditions)

Application of £L(B) to ull (r) gives the right-hand side of (3) times (SQC(E))_1

We only must solve [formally] the linear equation for the ¢; introduce them in the expansion of ul(r) and use
the differential equation that defines R.(E) to find that

hZ
R(E) =5 ) #i(BIC];; ;)
Where the collision matrix is defined as[C]; ; = (0i|Hayp + L(B) — Elcpj). In the eigen-basis of C, we have

2
Re(B) = ) —H— NB: S.(E) = (f ° Re)(E)
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% Solution of the scatterin

y» Internal region External region
V=Vy+V__ V=0 (orV,_ )
ur) = ) Aenfa(r) ue(r > R) = aep(Je(p) + BeNe ()
0 R T

Decomposition on a Lagrange mesh.

In general, this is used as a

NCSMC can be cast as Bloch-Schrodinger equation: parametrization and fitted to data:
(C — EI))_() = Q(B) phenomenological R-matrix
And solved using R-matrix, which in the eigen basis 3
_ : a.d0
of C — EI reads: - VacYae! b, = S.(E) = m(_c c)
ccr — E/’L —E OC aTC i,
Simple for binary reacting system, more involved for A 1 1

neutral ternary system and extremely challenging for a. = 1 4(A§ + A3 ) fm
c ' 1 2
charged breakup.
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% Asymptotically vanishi

(a) Im(£) ® thresholds (b) Im(£) rotated continua
Complex '
continua Sca“ng

—HH— ® g I

bound states 56 Re(E) » bound states 26 .Ne(E)

H resor?zrclit state : H() resonant state "\
(hidden)

(revealed)

Kruppa et al. PRC89 (2014)

The complex scaling and the resonance states

» H(0) = e 20T + V(re'?)

Hir) =T +V(r) A(r) = UO)HET(6)

Aguilar-Balslev-Combes theorem: the resonant states of the original Hamiltonian are invariant and the non-
resonant scattering states are rotated and distributed on a 260 ray that cuts the complex energy plane with a

corresponding threshold being the rotation point. Math. Phys. 22, 269 (1971)

~ I
A(r, 0)(r, 0) = (E _ %) W(r, 0)
Energy _T T_ Half-life
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% Asymptotically vanish

(a) Im(£) ® thresholds (b) Im(E) rotated continua
Complex '
continua scallng

—IO— - T

bound states 56 Re(E) » bound states 26 .Ne(E)

H res?r?zrclit st)ate : H(H) resonant state "\
idden

(revealed)

Kruppa et al. PRC89 (2014)

The complex scaling and the resonance states

S H(O) = e 2T +V(re®)
Hr)=T+V() » H(r) = U@)HT)T1(6)

UO)H(r)U(6)?

N

Known o Bound state
asymptotic Y (1, 0)~e kr sin 6
) problem

Spatially extended but
exponential fall off

\

Boundary limit
problem
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% From phase shifts to

{ HA+B|1/)i+> — Ei|1/1i+> }

d>  1(l+ 1)
Solve [ dr? 2 (7”)] Uy, (r) = kzuk ()
eZlal(k) —1
fill) = ——— -
+ 2 ik.7 0 €
Match lpk (7") — (e + f( ) (p) r )
) Differential cross-sections for central potential
d0’<p » Ytot } ,
do(68,9) 5
Calculate 10 ak? Z(ZZ + 1D(1 — e2I)Py(cos 0)
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Interaction region
V(FE) =0

The Lippmann-Schwinger equation gives

. lkr X +lk|7" r’ s
l/)l:(r)_(z )3/2 jd AT |T'—T'| (T)lpE(T)

with k' = k8.
kK =k

Looking for the solution following

+ (2 1 ik.7 et
Vi) = G (e T4 £(0,9) r)

We obtain the scattering amplitude:

— N

—ik'-7

21
FO.9) = —2m2 75 [ @ ' eV W)

15/09/2026
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T-matrix is defined as

2U 2U
f(0,9) = —2”2ﬁ<¢o,k’|v|¢;> = _Z”ZQTk’,k

We deduce the differential cross-section as:

do (8, ) 20" g2
i (2”2ﬁ I T x|

Ty i is the on-shell [k = k'] T-matrix element and relates to the S-
matrix by

Sk’,k - 5(1;) - E,) - and(Ek - Ek’)Tk’,k

So Ty(E) = — Y/ e9® sin §,(E) . Similarly, T,(E) = %f dr rj(kr) V(r)u;(r)

Reaction observables carry
imprints of the nuclear force

15/09/2026 EJC2026 - Astrophysics and Reactions



@

From the Lippmann-Schwinger equation we define the Born series expansion

n

f(0,9) = —(2m)* %<§00,k"vz (i_lzl GOV) §Do,k>

We can understand that the unperturbed plane wave undergoes a sequences of
multiples scattering events from inside the potential region:

ki ki f ki
Free pri

Interaction region Interaction region Interaction region

But the series may not converge until all terms are including if the potential is strong
enough.
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Born Approximation A

/
i —! /
elkﬁ|r r'| // k'

e i%a‘?

- 21“’ = =y >/
1 @) = i = | TV G

bey
Systematic constructive treatment

fBorn = _(27'[)2 %(k,|V|k>

In some cases, the free-wave approximation is rather poor starting point.

Suppose V = Vg + Vs and the solutions of (V2 + k? — V) x1(k, ) = 0 are known/computable
One can show f = f; — (2m)? %f d*r' x1 (k, P)Vees ) x5 (1)
The DWBA approximation consists in:

X — xi(k,r)then f = f; — (ZN)Z% (X1 Vreslxi)
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All energetically Note that, in a finite basis,
9] — ® closed channels also
f(6,¢) : : fﬁ( 9) allowed opened contribute but to reaction
B channels g observables

t=t t >t
. 0 7 °
Incoming wave ¢ Elastic channel, always opened

la+A4) la+A4) WWaxi, (P
k kg H,W, = E,W,
HyWy = EgWYy

(>

|
LI.JaLIJAXk (7:))_) H,¥Y, = E,¥,
XILC(F) X etkT  H,W, = EqY,

¥, and ¥, quantum numbers defined

conservation of total relative angular
momentum

channel
Q-value

EJC2026 - Astrophysics and Reactions
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Scattering wave-function

- eikﬁr
PEE) — | eFTUw + ) [3(0,0) —— W, W,
B
]_{) Interaction
between target
and projectile
Partial cross-section
> dS
dog _If /rz Since ] = p? with ¥ the wave vector,
df 7i -k we have that :
« Elastic scattering "B, =1
do v
B B 2
a0 - 13(0, ¢)| ‘ | _ .
» Inelastic scattering Fl, =1
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la+ A)
Vg |« 2 . e VB
— |fﬁ CED] Elastic channel with —= = 1, always
opens

dop _
dn

a*+A*) \

Inelastic scattering %ﬁ * 1,

I Energetically opens if E. ,, is greater 1%

than the reaction threshold o

c

la+A) > =

O

Q

I%)

The scattering amplitude contributing to b |_l|?_ -cll_ _|C_ >C ) %

fche same final quantum statg wil All other reaction channels =

interfere, and channel coupling affects , vg

all amplitudes dynamically. energetically allowed (7 * 1) )
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Influence of the non-ela

With only elastic channel

S ikor
l/);(?) — (eik.r +f(@, g0)8 . )

g (r > R) = Agup (H7 (0) = SeiHi' (p))

Elastic channel has the same wave number so k = k,, the conservation of
the flux [which implies the unitarity of the S-matrix i.e. S ;S,;” = 1] means
Se1=e?0L,5 ER

Adding non-elastic channels Uga (T > R) = Agq1p (H[(p) — Saa,leL(p))

ug,(r > R) = —Ag 1pSpa, H; (p)

Where Sgq = ,/”/vﬁ Sﬁa,l and Syq; = 2101 § € C. Total energy is
conserved but kg # k due to energy consumed by the Q value. The flux is
distributed among channels:

|Sa(x,l(E)|2 + Z|Sﬂa,l(E)|2 =1= |Scwc,l(E)|2 + Ta,l

If PW are coupled (tensor force) then S, ; = S, ;7 (More parameters).
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Elastic channel;

T ~ 2
Oo] = ﬁZ(ZI + D)1 = Spul

Inelastic channels:
T ~ 2
Oy = ﬁZ(ZI +1)|Spa,|

Sum of all inelastic channels (absorption cross-sec.):

T ~ T
Gabs = EZ(ZI +1) (1= [Saai”) = EZ(ZI +

2 2 i The transmission
from|Seq:|” + Z|5/3a,z| = 1, and total cross-section  coefficient use in HE

Otot = Oe] T Oaps

2 ~
= k—ZE(Zl + 1)(1 — Re(Saa,l))

15/09/2026
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Scattering equation with an imaginary potential
Incoming Outgoing

(A + k? — 2h V(#) + iW(F)) p(#) =0
hz

—_—
The standard conservation of matter
—_—
N b_ 5.7
dt

Is modified with a sink term %W(r)p(r).

Thus we have # V f = %W(r)p(r) we immediately obtained the lost outgoing flux as —%f d3rwW (r)p(r), the
absorption cross-section reads

In practice, W(r) < 0 is parametrized by various Woods-Saxon functions:

d
W, E) = —WVYOUE, 1) + 4aSWWSUr(g) —f() +W*(r,E)
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A —
(a+x)=A4A (a)
- » | &
@ (b+x)=B

At high energies, we assume internal dof are frozen (spectator nucleons) only the transferred particle (n, p, d,
...) ic considered explicitly:

A+b—-a+B =@+x)+b—a+ (b+x)
The interaction potentials should be between all constituents [3-body problem]:

(]

J" A Fenl J* B Foan
LIJA:(a+x) = Sax ltpaqjx)(kﬁ () ] + - LIJB=(b.|.x) = Sp x [qujx)(kﬁ, (r) ] + .-
X1 xi
()(1_|Vres|)(f> X <Lpblpx)(]{ﬁ,(?) Vres Lpaqjx)(]fﬁ (7_‘))>
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% Scattering observables a

Oy = 1—22(21 + 1)(sin 8, (k))?

Requires to estimate the phase-shift for all [, i.e. solve

2
[ d l(l+1) (r)]ukl(r)—kzukl(r)

dr? + r2
Need two conditions:

1. Request regular solution atr — 0, i.e. uy;(0) =0
2. Atlong relative distance should match free particle solution

« At high energy many [ contributes

« At very low-energy k — 0 the cross section is dominated by [ = 0 (s-wave scattering)

4 ‘—>
Otot = = (sin 8o (k - 0))? ‘

k2 »
If  (sindy)?~(ka)?

o = 4ma?

Equivalent to hard-sphere scattering
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% Scattering length: a

It characterize the scattering potential at very low energy in an effective way.

Near threshold rule

“No bound state case -

This expression is sometimes generalized to (called finite range expansion) a<0 |-

1 1 . /u R
kCOt5O=—g+§k2-+0(k ) U —

effective range

This can be interpreted as the solution of W

A standard definition is

lim k cotdy = ——
k-0 a

d*> 2u a>0
[_W-I_ﬁ(v(r)_E)]uk,O(r) =0 \

when V(r) and E goes to zero

d* .
ﬁuk,o(r) =0 » Uy o(r )~ sin(kr + &p) = kr + 6 = k(r — a)
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% Nucleosynthesis sinc

History of the Very Early Universe

Free Electrons

Modem Universe

’ :

13.8 Billion yrs

Some schematic view of the Big Bang ;;j% Vi et
STV VAV VAW P W W S
. . Protons, Neutrons  Hydrogen and
% % (W, ;:il:rid H?Z;c;:;ns; Quarks and Electrons H‘;IiunﬁAtoms \ /
Earliest era: 3G T .

< rules unknown 5 o
< = )
@ 10% Forces £
= R a

are unified =
® 107 Radiation  Protons g
@ 10% dominates  and )
- anti- Electrons g
8 1019 protons and positrons 8
- 10 form form
2 1o
% 1013 0 10’ seconds 10 10° 1 second 380,000 yrs
o 1010 Age of the Universe
2 10
g 10t
o 1
O 10

| I | | I I
10743 107% 1073 1073 1073 107 10%7

Time Elapsed since the Big Bang (seconds)

To understand this one should be able to trace back the creation of light nuclei from nucleons
and heavier nuclei from light nuclei [fusion, capture with EM emission].
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10° atoms

abundance, Si

% Observation of today’

10" [ Solar abundancy ] Light nuclei formation
1070 10" £ ey odd mass numbers p+p— d+e"+ Ve Q = 0.42 MeV
109 ‘I%éf/ pte +p—->d+ve Q=1.42 MeV
100 | 100 F 9 O d+p—-3He+y Q = 5.49 MeV

i ¢ Do a R
o7 | gt + i | 3He + He — *He + 2p Q = 12.96 MeV
108 | ot gy % 0% PPI chain is 91 % sun energy

: | :
10° | ot P

3He + *He — "Be + va

104 100 120 140 160 180 200 'H v @ proton & +7Be - 7Li + ve Q = 0.86 MeV

3 I ‘ o :. Y . neutron p+7Li— 24He
10 e AN @7 ¢ ‘\ Q@ positron "Be+p—iBry
102 [ l N=1 26 O 1H 8B — fBe* + et + ve

*He

: i I_ 1H 5Be* — 2 #lle
o B - o <)

a , 'H
o B : ‘ @
101 L , o 'H *He

E C ok o [ ] 3H
10-2 : n | o. 1H v .\ e g
10-3 I A PR T N R S R S [ TR P S ,.%»V : Y photon

0 20 40 60 80 100 120 140 160 180 200 220 240 T Y U neutrino

mass number, A H

How to have heavier systems?
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10° atoms

abundance, Si

1011
1010 10" F
10°
108 10°
107

101
108
10° 102

Observation of today’s s

[ Solar abundancy ]

odd mass numbers

89,
Y

(:3 QQ? 137Ba 195Pt
Lo /139La I o

b
" 5 o ®
O@%Tg L oy i

g % g0

o) > O S
117,119 e} ! ;
78N Qpﬂd) 9 6 @3

[ o,

[tece)
69T m

2 %

89 . . B
Y '..."'“O..io. &

20 40 60 80

15/09/2026

80 100 120 140 160 180 200

N=50 N=82 N=126

13SBa

208p)
195py |

164Dy

MRS

e B

‘He 3¢

5| L Q-value problem

=
QO
=
o
g
©
S
c
[
@
o
5
5 4
c
@
[=]
£
<
=
o
@
[=)]
o
g
=T

0 30 60 90 120 150 1
Number of nucleons in nucleu

The guess of F. Hoyle
a+a+a— 12— 1%C

Very low reaction rate but synthesis of C
possible thanks to a resonance located around
the threshold

EJC2026 - Astrophysics and Reactions



% Observation of today

10" [ Solar abundancy ]

101 10" + 89 odd mass numbers CNO CyC|e
Y
107 | RC+p—=13N+y
| 100 b © b g 195pt
108 | o Do g cc|> o \
i o] X o
: R S 13 13 +
g o 101 | Q’&%QIOICO Ob e3) o?o'-. 60 N—=BC+et +ve
9 106 | 117,1198rl O'Qﬁiﬂd) 5 O qb
© : T 13( — 14N
‘e 105 169'll'm(rtp * p * v (o)
© 10° | el T 2 % sun energy
i:lll) 4 100 120 140 160 180 200
q510 4N +p —= 150 +y
S1° e A _
® 10" : 208}
; 15 12 4
100 | N +p— 12C +4He
101 50 .
[ ]
102 o

100 Wl . . .
0 20 40 60 80 100 120 140 160 180 200 220 240

mass number, A
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10° atoms

abundance, Si

Observation of today’

[ Solar abundancy

1011

1010 10" b 4 odd mass numbers
s~ ¥
109 ‘5)
L9 SR opt

108 | 10° S O B /139Ba |l o

| o4 oo A @
107 | Q%zo,-ca ; S

| 107 119 bo 50 ° %OO
108 | 1195 - 9 :

| 7 b, o
105 ‘ 102 L 1 | | |169Tm 1 I
10 100 120 140 160 180 200
108
101 : 208p))
100 .
107 | 0

: °

°

10'2 . o)
10-3 | | 1 . I . I R I . | . 1 . I . I R I

40 60 80 100 120 140 160 180 200 220 240
mass number, A

15/09/2026

Alpha burning a + a + a — 14C

Outer layers: no thermonuclear reactions

SN remnant

Ne Burning

Mass inside star / M
s
I

He Burning

C Burning

O O Burning
A ig” — 51 Burning .
3 g o
i 2 M s v
Z o &
i B o - SN residue
—_—e =

Main-sequence star Red giant Red giant after : H i H E""E'Uﬁ‘)" £
helium burning F F =z T = i

begins Te(K) Bx107 2x10° @x10° 17x10° 23x10° 4x10°

Supernova (SN}
Explosion

pclgem™®) 5 700 2x10f  4x108 107 3% 107
Time 7108 5x 108 600 05 5 1
scale years years years years months day

4He +12C — 160 +y Q =7.16 MeV
4He + 160 — 20Ne +y Q = 4.73 MeV
20Ne +y — ¢He + 160

*“He + 20Ne — 2¢Mg +y

EJC2026 - Astrophysics and Reactions



10° atoms

abundance, Si

% Observation of today’

10" [ Solar abundancy ] Synthesis of nuclei with A < 60
1010 101 ;;IPQ EY odd mass numbers 1-2C + 12(: — zﬂNe + 4HE\
&

10° -1

b y 195
10° | L S T A A 12C + 12C — 23Na + p

| o 00 B S
107 ol ’co‘ QO o Q?Q'. oo
106 | e Qe %, @ 12C + 12C = 23Mg + n
105 ) 169-||-m®

E 102 | 1 | | | 1 |

100 120 140 160 180 200

104 12C + 12C —_— 24Mg + Y
100 B e RS N=126 Light-ion fusion
102 A R 160 + 160 — 24Mg + 2 *He /or incomplete
10! | T fusion
10° ] 160 + 160 — 28Sj + 4He
10" | °

i [ ]

[ ]

102 | o 150 + 160 — 31P + p
10-3 A . | X | , | , L , | X | . | . 1 , | , | X |

0 20 40 60 80 100 120 140 160 180 200 220 240

mass number, A 1600+ 160 - 31S +n

160 + 160 — 32§ + y j
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10° atoms

abundance, Si

10M
1010
10°
108 |
107 |
10° |
10° |
10 |
10° |
107 |
10" |
o |
10 |
10 |
10 |

10"

100

101

102

Observation of today’s

[ Solar abundancy

dd b
:QPO EY O mass numbDbers
%0
L9 S 13784 195pt
° o, o
Q o 7 ® =
Q%T‘ca 3 I
L (o) R
117,1198rl OOWQ)Q O Qb
| ,
| 1 | | |169Tm¢|m |
100 120 200
208Pb
,
[ ]
®
(@]

| L 1 L 1 L | N |

15/09/2026

40

60 80 100 120 140 160 180 200 220 240

mass number,

A

NUMBER OF PROTONS Z

g

&

Synthesis of nuclei with A > 60
s-process: competition between
neutron radiative capture
and beta decay

Example: 56Fe + n — 57Fe (stable) +y

57Fe + n — 58Fe (stable) +y

58Fe + n — %Fe (t12=44.5d) +vy

59Fe — 59Co (stable) + -+ v

| Nd L
NEla I
c 138 128 140
° HRENE:
La 38 | 1.
s
Ba B=v) 734 ] 735 ] 136 | 137 1¥
A
c K
I~ Cs \
- n, ) = ﬁ'm'ﬁ§\ m R
» A = e er ® N N
= |
.7 ® AN
Te EE2 I ECH A B LN
_‘% I I 7 H D\K\ \\\\ “ o
L s ) SR NRNAN .
. GEN AN N LA LS W f;\_ T RN \\ \\
\:x 3 : af | sr | x| wr r CRaN \\ . \\ \\ ~
In » ms " \\\ AN \\ N
cd (08 | EEIEH IEEAN AR IR RR\ \\ N, \\ S \‘ocﬁ"os
| » | s sr | sr0] st | &t o ‘7\ NN N \\ C
Ag 107 108 ® \\ \\ AN YR "
T o] oi'%\ 7 LN NN
Pd s-PROCESS LGN N N
i3 5 X 5.0 T
03 Y
— Rh — Ty =7x 108
1 D I IR I T W N R NSRS R A AT ST TS SRR R T
55 80 65 70 75 80 85

NUMBER OF NEUTRONS N
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L

The s-process compete with the r-process (rapid neutron capture), when neutron density is high [very

Observation of today’

astrophysical site dependent]

15/09/2026

NUMBER OF PROTONS Z

100

90

80

70

| T T T T T T T T T r T r : -
i 1 / _ a n - . 235
" Bi(n,y)" Bi—E 1 po—2—0 pp— 200 S0 pp L SBi o, 1U/238u
- ) s-process limit 2095, N -
B v \ {A’LPHA-DECAY 1
i %‘“- " : E
¥ I
. 1
“5., 1
B v, EC) SUBSEQUENT '
BEI'A—DEI:&;\" :
|
L}
B I
e !
. N, :
i STABLE . |
NUCLIDE ‘:;i; 5&(&..; \.\ I
C‘:‘.'? v'*i 4 .‘__.; ‘}-F-]-gé"--‘l
I -collaps ,/ FISSION
9
i N =| 50 merger

1 1 1 1
30 40 50 60 70 80 20 100 110 120 130 140 150 1:50 171m
NUMBER OF NEUTRONS N
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Nuclear inputs for astro

Synthesis of nuclei in a stellar environment is modeled by a

) —giﬂ " differential equati;)n:
. i 7 [ [ n . :
N e [ e (E) = ) Nitj+ Nigjpe -
5 ittt p=cst
fap M T [ K AN Corresponding to interaction with non-nuclear fields (weak
« [ [ [ O RN decays, etc.) two-body nuclear reaction and so on.
Sl W K i i AT PR B B ST B

NUMBER OF NEUTRONS N

The coefficient N; ! specifies how many particles of species i are created in the reaction while r ; is the nuclear
reaction rate

/k

A cross section between a target j and a projectile k is 0 = so, we define the average number of reactions

per cm3 and s as

Tik = ja|vk vj|d3n;d3n,
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In general, for a plasma the species obeys a Maxwell-

Boltzmann distribution

The reaction rate is often written as a function of the
astrophysical S-factor that attempts to deconvolute the
effect of the Coulomb barrier (we work at energy under

the Coulomb barrier)
S—factor = Eo(E)e?™

The reaction rate then reads

15/09/2026

Maxwell-Boltzmann
Distribution

FUSION PROBABILITY
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% Nuclear structure view

[bound] [ continuum ]

particle emission

Bound discrete
states (E,{nT)

A —> threshold S,
%/ High density
% of states
% followed by
c % Overlapping > continuum
IS g Resolved resonances and
3 g resonances resonances
0 § wmmmmmny,. | (Er Tr)
8 % Giant resonance
% <
-
.
-
-
N

J/
30 /' \ Ground state
(EB! Tes pc)
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% Capture processes: re

E

Incoming particle (Ey;,)

P —— __._,> > Continuum

—» Resonance

Sn Particle emission threshold

(most likely neutron) N\

> Bound states

Ground state (g.s) of the final nucleus
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% Capture processes: res

E
Nuclear T-matrix =~ ~77 o Draw a pot
l Strong interaction
A
: Y,
I'nuc = | Sn
ScC. nuc| 7
(@7 (E) VY| o7 (Er)) o .
An incoming particle gets trapped in the
potential pocket of an isolated resonance:
Initial scattering « the T-matrix is the amplitude for the
state _ M capture process from the scattering state
Final resonant g.s. to the resonance.

state
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M Ca pture processes: reso
) Q
Electromagnetic T

: : or
Interaction Photon is emitted
R‘ to release energy
K ! or
\ \
\
T = (" (E |V| MY Y,
Yy — <¢1 (Ev) ¢f ) S \
n
\ Capture is favored if nuclear resonances are
! present:
Final bound state Y

(@.5. or ex. state) \)_._ . the.ph.oton emission competes with particle
emission;

» electromagnetic T-matrix accounts for the
g.s. probability to decay from the resonance to
—— the final bound state.
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% Capture processes:

Incoming particle (Ey;,)

Continuum with too weak

Vi resonances or none
Sn

g.s.
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% Capture processes: dir

E

Py \

J

Q.. Trei = (D5 Erin) IV |y)

N U

N, This process is favored (by lack of
S competitors) if strong resonances are not

_\._ present.

The probability to capture is uniquely E.M.
g.s. (thus much weaker than nuclear resonantly
— enhanced).
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Capture processes: co

U

Sn

Average density of state

EJC2026 - Astrophysics and Reactions

Dense continuum:

* High-level density
« Many overlapping
resonances

.....................................

ai+aj|<ﬂ)

af af a;a;lp)
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Capture processes: co

E

Average density of state

Y

A : Ty — T,(E)
‘|‘ T,(E) is the y channel transmission coefficient
\‘ or the probability to decay per E.M. transition

¥ . in the compound nucleus.

Basically calculated from y-strength functions
and level densities.

EJC2026 - Astrophysics and Reactions



N(E)

15/09/2026

Hauser-Feshbach: lim

e 2VaE

15
a4k4

p(E) =N

w

N(E) = z O(E — E,)

dE

The level density p(E) is very high
and
The experimental conditions impose
that resonances are not resolved:
» step function replaced by
continuous function;
« p(E) is purely a statistical inference
of data.

/ f) o5y = LN 58— )
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% Hauser-Feshbach: « Memo

Comp_ound nucleus fc_)rn_1ation Lo Decay channels are described by
described by transmission transmission coefficients:
coefficient T, ,(E)

Ta; Tﬁ (T‘B,y), T‘B,f etC
Hypothesis of independence of

probability (no memory of
._) Whateyer formation):
inelastic
channel Tg, Tp,y

_ TaiTpy
—@@— fission Ty, ToiP = ST

After averaging over unresolved compound-nucleus resonances, channel couplings are characterized by
transmission coefficients T.(E), rather than by individual resonance amplitudes.

On needs various models to compute the transmission coefficients:

» particle emission and absorption: optical model;
« y emission and absorption: y-strength functions from electromagnetic response (E1, M1, E2...);
« fission: fission barriers.
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Fe(p,xp) @ 62 MeV

15.0

10.0 [

5.00 |

10
20 30

Energy (MeV) 50

15

70

100  Angle (deg)

In red: evaporation

Slow reaction time10~1%s.
Isotropic angular distributions.

In green: “flat” region

Intermediate reaction time.

Anisotropic angular distributions that evolve slowly
toward the forward direction as the emission energy
increases.

In blue: discrete peaks

Fast reaction time 10721s,
Angular distributions peaked in the forward direction and
showing oscillations.

15/09/2026

EJC2026 - Astrophysics and Reactions



L

Masses
Deformations

Discrete excited states Deformations

Matter densities

Direct elastic
7 Elastique

Partial level densities Masses

Transition densities Transition densities Deformations

Discrete excited states
Level densities

Gamma strength functions
Fission pathways

Compo Y
und
nuclei

Optical Pre-
model equilibrium

Fission

Inelastic

(n,n’), (n,a),

Direct inelastic contribution > (n,y), etc...

15/09/2026
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1p  2p1th  3p-2h  4p3h | |  time
1n 3n 5n n
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We want to track in time the evolution of different species (excited composite system to equilibrate.
We define:

« P(n,E,t) is the probability to find for at time t the composite system with an energy E and
an exciton number n.

Aif(E) is the transition rate from an initial state i a to a state f for a given energy E.

The time evolution is a reaction network-like and thus follows (for each n):

dP(Z;E,t) =P(n—2,E,)Ay_3 n(E) + P(n+ 2,E, )y 2n(E) — P, E, ) (A ns2(E) +

An—>n—2(E) + IZC An—w(E: gc)dgc)

Then compute the quantities of desire.. the emission cross-section in channel “c”:

do *®
d < = Oreac j Z P(Tl, E, t) An_,C(E, EC) dt
Ec 0

n,An=2

T
Oreac = ﬁz(zf + 1)T§ntrance
Lj
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Initialisation:

P(n,E,0) = 6,4, With for instance n_0 = 3 for nucleon induced reactions
Transition rates:

Fermi's golden rule: 2—” |IMatrix elements|? x density of final states

Aysmo(E) = —<M2> w(p,h, Eywithp + h=n—2

Aysns2(E) = —(Mz) w(p,h, E)withp+ h=n+ 2 Original
_ o formulation
Particle emission:
2S.+1 w("residual conf", E — . — BE,)
A—c(E, &) = z—h?,l’lCECO-C inv(&c) w(p, b, E) : : Q.(n)F,
e \ corrections for proton-neutron

State densities: From detailed balanced distinguishability & complex particle emission

w(p, h, E) = number of ways of distributing p particles and h holes among accessible single

particle levels with the available excitation energy E, pg;;_h Ep+h-1

W R E) S G+ h - D)
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Compound nucleus hypothesis
« Continuum of excited levels

* Independence between incoming channel i and outgoing channel f

CN
O _r =0; Pf

We recover the first step of the Hauser-Feshbach formula
T Tle
O-'_) e
T T k2N, Ty
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Compound angular distribution & direct angular distributions

45° 90° 135°

15/09/2026 EJC2026 - Astrophysics and Reactions



@

Cross-section from a Breit-Wigner resonance (assumption: sharp resonance):

T Firl—‘;
O-lr—>f(E) = kz l_,rz
" (E - E)?+—%.

integrated and averaged (D = % is the mean CN resonance spacing) over an energy width
corresponding to the incident beam dispersion to give:

T 27 F-Ff
(O'i_)f>=ki2D<l >

Ciot
The weak-coupling/narrow-width relation gives T; = an">
( m T;T
f
i—f kl2 Zd Td I—f
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OcN = 2 0i—>f

f
The sum over the final state replace by an average given the statistical number of final channels:

Z - j p(Er)dEy
7

The final state (mass partition) canbe ay, n, p, d, t,..., fission & residual nucleus

. /" ()
s %;azﬁ (25 +2{)J2211 ) Meie @ Zi(n{ ”(5>)> )

With the quantum numbers | = I, + s, + I; = j, + I; and = = (—1)'em; composed of channel
quantum numbers plus intrinsic (particle plus residual nucleus f).

The <Tf]n(,8)> is the transmission coefficient to the outgoing channel g with the outgoing particle

plus residual nucleus f.
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Possible decays:

1. Emission to a discrete level with energy E,

(@) =T" B

lpip
The transmission coefficient is calculated from the optical potential

2. Emission in the level continuum
E+AE

I
(Tr (B)) = jE T, B) p(E,Jp m)dE

p(E,Jr, m) is the level density of the residual nucleus with quantum number /¥ and excitation E
3. Emission of photons, fission

Specific treatment (not discussed here)
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% TALYS: model for leve

1000

Ty

100

N(E)
T TTTTT]

How do we get a reasonable
statistical model for the level density?

10

L1111l

IIIIIIIIIIIIIIIIIIIIIIIIIIII|IIIIIIIIIIIIIIIIIIH

0.0 0.5 1.0 1.5 2.0 2.5
E (MeV)
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4 n+**Th
IIIIIIITT{W\I\I]IIII!I!! T T T | TTTTTTTTT 10 | |
100
u S 10+ -
i S
B
~ 3
L 10°
~ (7]
Z | %)
10 58 . o
57 Fe 1 o U
e | -ng lolr—\J w \
|_

1III[[[[[‘\\I\Illlllfffl\\I\\'IIII\\I\! lool | [ I
0 1 2 3 4 10 100 1000

E (MeV) Incident neutron energy (eV)
. Exponential increase of the cumulated number of discrete levels N(E) with energy

p(E) = INE) increases exponentially
odd-even effects are important

* Mean spacings of s-wave neutron resonances at E_ of the order of few eV
p(E,) is of the order of 10*-10° levels per MeV (hence the statistical approximation)
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TALYS: level densities
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gtb‘

2

1 ype?Vef 2] +1 U+g)

p(E,], Tl') — 1 5
adE4

212

HH e
- ®  pairs-pairs A/s 'w"
30 E . im:im\mpairs \ p fv“' 7
%20 * it
2 W
= qu, £ L
X v
B ﬁl o . ]
10 v :
0 | I i il sl
0 50 100 150 200 250

Shell effects

e 202

22103

With 6% = I, \E odd even effects

are accounted via
E—E*=E—A

(0 odd—odd

12
—— odd—even

A=< VA

24
— even—even

VA
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% TALYS: level density r

10°F
105 -
104 F
m
< 103}
102 -
10 -
1
Discrete levels Temperature law Fermi gaz (adjusted at B,)
(spectroscopy)
E-E, e(2VaU)
N(E) = eCT ) p(E) < ——5=
a4
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% AZURE2 example case: level Str

o

0-¢

An ideal case for R-matrix

* Low level density;

* Isolated set of levels near threshold;

* Resonances are broad enough to easily
measure but not too broad so that their
shape are not overlapping strongly.

Elever

XREF J. T
(%27 I 1/2
.0 AL DE GHIJKLM 1/2- 9.965 m 4
S 194‘35 MeV % ¢ = 100
L] | | | | | | | | | | | | | | L]
2364 9 & DEFGHI K 1/2+ 31.7 kevV 8
% IT = 0.00158 13
% p = 100
3502 2 A DEFGHIJK 3/2- 62 kev 4
% IT = 0.0011
% p = 100
3547 4 D FGHI K 5/2+ 47 kev 7

2 p =100
Almost 3 MeV gap 51T < 4,386
—_— L] _— __— _— _—_— _— _— _—_— _—_— | _— | _——
6364 9 CD FGH KL 5/2+ 11 kev
T p= 100
oss | 3 1170 iRt

Ilogz4 |o |826 10361035 1%
7155 5 N +%He-a B+ |7es | o] 48

7376 9 L
4 28716
3
7900 5.8413 e3¢
105451 j-t
8518 11 L 11_3 255
350 4
.384
9000 [ 19435] o A5 #
|ZC+P
9476 8 L 98 i
I1—0.23“ e -
1025E+1 15 G+d-n 2mee* Te12
‘? -2|._%205 ﬂ+ ‘3N so l!:
_ C
10360 .\ LO%O% -35500
. —— _ 7.90 _ 2 300
https://nndc.bnl.gov o T JiEesE orivee
] Fipooas ~ == Toa .
https://nucldata.tunl.duke.edu Leses 50T N

BC+a-t
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10,
10

1070702
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(VST \S]
AL IRRLLL L

AZURE2: Individual contribut

I | | | 1 | | | 1 | I |
0 =8431° e Meyer et al. (1976)
lab -

.‘ "~ L]

12 2 .
0, = 144.08° Cp.p) €
| | | | | | | | | | | | | | |

< Kennereral(2h23)

+ Skowronski et al. (2023)

= Gyurky et al. (2023)
LI Skowronski et al. (2023)

) 4

N

Cp.y)

L]
- < «

| | | | 1 | | 1 |
04 06 08 1 12 1

1 | | | |
4 1.6 18 2

Center of Mass Energy (MeV)

Erevel

XREF ] T
(kev) I 1/2
0.0 A DE GHIJKLM 1/2- 9.965 m 4
% £ = 100
2364.9 6 DEFGHI K 1/2+ 31.7 kev 8§
% IT = 0.00158 13
% p = 100
3502 2 L. DEFGHIJK 3/2- 62 kevV 4
% IT = 0.0011
% p = 100
3547 4 D FGHI K 5/2+ 47 kev 7
% p = 100
% IT < 4.3E-6
6364 9 CD FGH KL 5/2+ 11 kev
% p = 100
6886 & CD FGH K 3/2+ 115 kevV 5
%2 p = 100

Level parameters:
1

* Ground state proton ANC = 1.65fm 2
 Where does it come from?
* Fits to this data
* Proton transfer measurements
(direct reaction studies)
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AZURE2: Individual contribu

I I | I | 1 | I | 1 | I |
e Meyver et al. (1976)

0, = 84.31°

12 12 .
0, = 144.08° Clp.p) €

I | I I | 1 | I | 1 I

« Kettner et al. (2023) 12

+ Skowronski er al. (2023)

= Gyurky et al. (2023) "

s Skowronski et al. (2023)
L] [ ] . N s

' |
Cp.y) N

w__

-
- < < )

| | | | 1 | | 1 | 1 | | | |
2 04 06 08 1 12 14 16 18 2
Center of Mass Energy (MeV)
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Elevel
XREF ] T
(kev) I 1/2
0.0 Z DE GHIJELM 1/2- 9.965 m 4
% £ = 100
2364.9 6 DEFGHI K 1/2+ 31.7 kevV 8
% IT = 0.00158 13
% p = 100
3502 2 L DEFGHIJK 3/2- 62 kevV 4
% IT = 0.0011
% p = 100
3547 4 D FGHI K 5/2+ 47 kev 7
% p = 100
% IT < 4.3E-6
6364 9 CD FGH KL 5/2+ 11 keV
% p = 100
6886 & CD FGH K 3/2+ 115 kevV 5
%2 p = 100

Level parameters:
- First excited state’s J*, E, T}, and I[,;

Where do they come from?

Fits to this data;
Many other measurements;



AZURE2: Individual contr

I | | | 1 | | | 1 | I |
0 =8431° e Meyver et al. (1976)
lab -

—~ 1L

Zz 1002,

S 10 &
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-
s
||||Ml|_I'ITrm| IIIIm‘

12 12 .
0, = 144.08° Cp.p) €
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10
10<F |

I | I I | 1 | I | 1 I
« Kettner et al. (2023) 12
+ Skowronski er al. (2023)
= Gyurky et al. (2023)

.., t SkowwonskieraL(2023).

| |
L] ] [ I ] L] - - [ ]

1070702
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04 06 08 1

| | 1 | | | |
1.2 14 16 1.8
Center of Mass Energy (MeV)
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XREF ] T
(kev) I 1/2
0.0 Z DE GHIJELM 1/2- 9.965 m 4
% £ = 100
2364.9 6 DEFGHI K 1/2+ 31.7 kev 8§
% IT = 0.00158 13
% p = 100
3502 2 L DEFGHIJK 3/2- 62 kevV 4
% IT = 0.0011
% p = 100
3547 4 D FGHI K 5/2+ 47 kev 7
% p = 100
% IT < 4.3E-6
6364 9 CD FGH KL 5/2+ 11 keV
% p = 100
6886 & CD FGH K 3/2+ 115 kevV 5
%2 p = 100

Level parameters:
-« Second excited state’s /', E, I}, and I;

Where do they come from?

Fits to this data;
Many other measurements;
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% AZURE2: Individual contr
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0
—— 0 =8431° e Meyver et al. (1976)
1 0 E lab E{l]z;;l) — = s
1 B 3 12 A .'. * . 0.0 L DE GHIJKLM 1/2- 9.%65 m 4
™ 10 .E % e = 100
A 1O() S 2364.9 6 DEFGHI K 1/2+ . I;L?gkgglgg .
O S -
- = % p = 100
E‘ B 3502 2 A DEFGHIJK 3/2- 62 kev 4
o 1 $ IT = 0.0011
d 10 §_ % p = 100
- ~ 3547 4 D FGHI K 5/2+ 47 kev 7
~ - % p = 100
o) 0 1 % IT < 4.3E-6
o 101 §_ 6364 9 CD FGH KL 5/2+ 11 kev
- % p = 100
10_2E 12 12 688¢ 3 CD FGH K 3/2+ 115 kevV 5
].0 E 0 = 144.08° C(p,p) C * % p = 100
3F lab ' .
107 o a: —
-1 « Kettner et al. (2023) .
10_2 + Skowronski et al. (2023) 12C(p”Y)13N Level parameters
10-3 = Gyurky et al. (2023) e * Third excited state’s J*,E,T’, and I, ;
10 " = ., * Skowronski et al. (2023) ] " . p Y
10-‘5L R . « Where do they come from?
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1070702 04 06 08 1 12 14 1.6 18 2 its to this data,
' ‘ ’ ’ ' ’ ' ' « Many other measurements;
Center of Mass Energy (MeV)
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AZURE?2: all contributions

I | | | | I | | | I | | |
0 =8431° o Mever et al. (1976)
lab :

12 12
0, = 144.08° Clpp) C

T T T | T T | T | T
<« Kettner et al. (2023)

+ Skowronski et al. (2023)
» Gyurky eral. (2023)
s Skowronski et al. (2023)

| | | | | | | | | | | | | | | | |
02 04 06 08 1 12 14 16 18 2
Center of Mass Energy (MeV)

Erevel

XREF ] T
(kev) I 1/2
0.0 & DE GHIJELM 9.965 m 4
% £ = 100
2364.9 6 DEFGHI K 31.7 kev 8§
% IT = 0.00158 13
% p = 100
L DEFGHIJK 62 keV 4
% IT = 0.0011
% p = 100
D FGHI K 47 kev 7
% p = 100
% IT < 4.3E-6
6364 9 CD FGH KL 5/2+ 11 kev
% p = 100
6886 & CD FGH K 3/2+ 115 kevV 5
%2 p = 100

Level parameters:
- All excited state’s J7, E, I, and I;

Note that to extract accurate values for
each of the level parameters from this
data, this fit is about the minimum amount
of complexity
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E 10 1 I 15 12
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g0 H ! :
. . . . A (N e (0]
The issue may also lie on the experimental side, for T , -
) e example in data curation, normalization, or t S
Oy - — I, unaccounted systematic uncertainties. 0= o,
6.92 2 : _ T _ 1 | Clona) C_|
~ R-matrix theory is not predictive in the same sense as 10 f v
13 3. . . . . ; L 1 [ |
&3 0" a microscopic reaction model; rather, it provides a }80 - i ]
l | physically constrained framework for extracting and 02 A | eepe
000 bmmm e 2o+ describing the resonance information contained in the 12 13 14
16 Excitation Energy (MeV)
0O data.
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n-170 R-matrix analyses of data

Extracting nuclear da

16 - E
14 - t
12 -
10 -
3 ,
'—
@) 8 -

0.1 ey é R s E:zc}T-..
2580 F
E (MeV) e
142
I,;—Oﬂ- {f |?O ae
. s TNetn-a  [-ij914 5
M.W. Paris and G.M. Louze N asze | orer
. o+ —d "~ HC+a-n  "O+d-t
Hale R-matrix workshop P -
201 6 1;9.8 ol T i ‘-;_son
N+a-d ®0+p-d 832

)

/Phenomenological R-matrix is

= Very efficient at extracting resonance
properties and to evaluate data

=  Well, situated for nuclear

15/09/2026

1.5

astrophysics

Not systematically improvable

4
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Conclusion

You have 5 minutes:

Mon premier ne porte aucun vétement.
Mon deuxieme peut ouvrir bien des portes.
Mon troisieme tombe du ciel, coule dans les
rivieres et remplit les océans.

Mon quatrieme rassemble en peu de mots
I'essentiel d’'un long discours.

Qui suis-je ?

15/09/2026 EJC2026 - Astrophysics and Reactions



	Diapositive 1 Astrophysics and reactions
	Diapositive 2 An incomplete list of References (textbooks)
	Diapositive 3 ab initio in nuclear physics
	Diapositive 4 Reaction theory
	Diapositive 5 The nuclear many-body problem
	Diapositive 6 Nuclear forces 
	Diapositive 7 The nuclear many-body wave function 
	Diapositive 8 Coordinate systems…
	Diapositive 9 Two-nucleon system 
	Diapositive 10 Chiral Effective Field Theory
	Diapositive 11 The NN interaction from chiral EFT
	Diapositive 12 Solver in CI with Jacobi coordinate system
	Diapositive 13 Solver in CI with Jacobi coordinate system
	Diapositive 14 How to solve the many-body Schrödinger equation?
	Diapositive 15 Jacobi relative coordinates for A nucleons 
	Diapositive 16 Jacobi relative coordinates for A nucleons 
	Diapositive 17 How to solve the many-body Schrödinger equation 
	Diapositive 18 How to solve the many-body Schrödinger equation
	Diapositive 19 No-Core Shell Model (NCSM)
	Diapositive 20 Multi-particle states in the Slater Determinant basis
	Diapositive 21 Reaction theory
	Diapositive 22 A nuclear reaction in the laboratory
	Diapositive 23 Today’s nuclear reactions in the laboratory
	Diapositive 24 Classification of reactions
	Diapositive 25 Nuclear reactions by classifications
	Diapositive 26 From reaction observables to nuclei
	Diapositive 27 From reaction observables to nuclei
	Diapositive 28 From reaction observables to nuclei
	Diapositive 29 Definitions of cross-section and other quantities
	Diapositive 30 Wave effects
	Diapositive 31 Quantum effects
	Diapositive 32 Quantum effect
	Diapositive 33 Translational invariance: C.M. frame
	Diapositive 34 Bound state E<0
	Diapositive 35 Phase shifts, resonances E>0
	Diapositive 36 Solution of the scattering problem with R-matrix method
	Diapositive 37 Solution of the scattering problem with R-matrix method
	Diapositive 38 Solution of the scattering problem with R-matrix method
	Diapositive 39 Asymptotically vanishing equivalent problem
	Diapositive 40 Asymptotically vanishing equivalent problem
	Diapositive 41 From phase shifts to cross-sections
	Diapositive 42 Reaction theory as a series
	Diapositive 43 Reaction theory as a series
	Diapositive 44 Representation of the born series
	Diapositive 45 The Distorted Wave-Born Approximation (DWBA) 
	Diapositive 46 Multichannel reactions
	Diapositive 47 Multichannel reactions
	Diapositive 48 Multichannel reactions
	Diapositive 49 Influence of the non-elastic channels on cross-section
	Diapositive 50 Elastic, Reaction and Total cross section
	Diapositive 51 Optical potential
	Diapositive 52 Nucleon transfer DWBA applied to nuclear transfer reaction
	Diapositive 53 Scattering observables at very low energy
	Diapositive 54 Scattering length: début équation a.
	Diapositive 55 Nucleosynthesis since italique gras t égal à italique gras t indice gras 0 
	Diapositive 56 Observation of today’s solar abundancy
	Diapositive 57 Observation of today’s solar abundancy
	Diapositive 58 Observation of today’s solar abundancy
	Diapositive 59 Observation of today’s solar abundancy
	Diapositive 60 Observation of today’s solar abundancy
	Diapositive 61 Observation of today’s solar abundancy
	Diapositive 62 Observation of today’s solar abundancy
	Diapositive 63 Nuclear inputs for astrophysics
	Diapositive 64 Nuclear inputs for astrophysics
	Diapositive 65 Nuclear structure viewed from nuclear reactions
	Diapositive 66 Capture processes: resonant capture
	Diapositive 67 Capture processes: resonant capture
	Diapositive 68 Capture processes: resonant capture
	Diapositive 69 Capture processes: direct capture
	Diapositive 70 Capture processes: direct capture
	Diapositive 71 Capture processes: compound capture
	Diapositive 72 Capture processes: compound capture
	Diapositive 73 Hauser-Feshbach: limite en maj N flèche droite infini de rho ouvrir parenthèse maj E , fermer parenthèse 
	Diapositive 74 Hauser-Feshbach: « Memoryless »
	Diapositive 75 Typical emission spectrum from compound reaction
	Diapositive 76 TALYS: flow chart
	Diapositive 77 TALYS pre-equilibrium: exciton model principle
	Diapositive 78 TALYS pre-equilibrium: master equation exciton model
	Diapositive 79 TALYS pre-equilibrium: initialization & transition rates
	Diapositive 80 TALYS compound nucleus model
	Diapositive 81 TALYS compound nucleus model: observable signature
	Diapositive 82 TALYS compound nucleus model : width fluctuation
	Diapositive 83 TALYS compound nucleus model: cross-sections
	Diapositive 84 TALYS compound nucleus model: decay channels
	Diapositive 85 TALYS: model for level densities
	Diapositive 86 TALYS: level densities microphysics
	Diapositive 87 TALYS: level densities microphysics
	Diapositive 88 TALYS: level density regimes in literature
	Diapositive 89 AZURE2 example case: level Structure of 13N review
	Diapositive 90 AZURE2: Individual contributions of Coulomb and radiative direct capture
	Diapositive 91 AZURE2: Individual contributions of lowest energy proton-unbound level
	Diapositive 92 AZURE2: Individual contributions of second excited state
	Diapositive 93 AZURE2: Individual contributions of the third excited state
	Diapositive 94 AZURE2: all contributions
	Diapositive 95 The strength of R-matrix evaluation
	Diapositive 96 Extracting nuclear data for astrophysics
	Diapositive 97 Conclusion


   p   1 2     0


     3 2 +


   p   3 2     0


  a → 0


     r i → =  {    r i → ,    𝜎 i → ,    𝜏 i → }         i = 1 , 2 … A


   H   ( A ) =   ∑  i = 1 A     p i 2  2 m +   ∑  1 ≤ i < j A   V  N N  (  r  i j ) +   ∑  1 ≤ i < j < j A   V  i j k  3 N + …


   H    ( A )  Ψ 𝜖   ( A ) (    r 1 → …    r A → ) =  E 𝜖  Ψ 𝜖  ( A ) (    r 1 → …    r A → )


  E −  E threshold < 0


  E −  E threshold > 0


   {     q → =  p 12 ′ −  p 12      K → =    p 12 ′ +  p 12   2


   {     L → =    r → 12 ×    p → 12    S → =  1 2  (    𝜎 → 1 +    𝜎 → 2 )


  n


  p


  ⟷


  ⟷


  𝜋


  ⟷


   𝑹 CM


   𝑷 CM


   P r  P 𝜎  P 𝜏


  ⟷


  ⟷


  ⟷


   V  N N =  V C  (  r 12 ) +  V S  (  r 12 )    𝜎 → 1 ∙    𝜎 → 1   +  V  L S  (  r 12 )    L →   ∙    S →     + V T  (  r 12 )    S → 12  (  r → ) + ⋯


   V  N N =  V C  (  p 12 ′ ,  p 12   ) +  V S  (  p 12 ′ ,  p 12   )    𝜎 → 1 ∙    𝜎 → 1   +  V  L S  (  p 12 ′ ,  p 12   )  [   − i  S →   ∙  (  q → ×  K → ) ] + ⋯


  →


   Ψ 𝜖   ( A )  (    r 1 → … ,    r i → , … ,    r j → , … ,    r A → ) = −  Ψ 𝜖   ( A )  (    r 1 → … ,    r j → , … ,    r i → , … ,    r A → )


  𝜋


   Ψ 𝜖   ( A ) =  Ψ 𝜖   J 𝜋 T    ( A )


   Ψ 𝜖   ( A ) ≔  Ψ 𝜖   ( A )  (    𝜉 0 → … ,      𝜉 j → , … ,    𝜉  A − 1 → )


   T t  Ψ 𝜖   ( A )  (    𝜉 0 → … ,      𝜉 j → , … ,    𝜉  A − 1 → ) =  Ψ 𝜖   ( A )  (    𝜉 0 → … ,      𝜉 j → , … ,    𝜉  A − 1 → )


  A − 1


  A


   Ψ 𝜖   ( A )  (    r 1 → … ,    r i → , … ,    r j → , … ,    r A → ) =  Ψ 𝜖   ( A )  (    𝜉 0 → … ,      𝜉 j → , … ,    𝜉  A − 1 → )  Ψ 𝜖    (    R →  C . M . )


     r 1 →


     r 2 →


     𝜉 0 →


     𝜉 1 →


   {       𝜉 0 → =  1   2  (    r 1 → +    r 2 → ) ∝    R → CM        𝜉 1 → =  1   2  (    r 1 → −    r 2 → ) ∝    r → 12


   {       r 1 → =  1   2  (    𝜉 0 → +    𝜉 1 → )      r 2 → =  1   2  (    𝜉 0 → −    𝜉 1 → )


   {       𝜉 0 → =  1   3  (    r 1 → +    r 2 → +    r 3 → )      𝜉 1 → =  1   2  (    r 1 → −    r 2 → )      𝜉 2 → =    2   3  (  1 2  (    r 1 → +    r 2 → ) −    r 3 → )


   {       r 1 → =  1   3    𝜉 0 → +  1   2    𝜉 1 → +    2   6    𝜉 2 →      r 2 → =  1   3    𝜉 0 → −  1   2    𝜉 1 → +    2   6    𝜉 2 →      r 3 → =  1   3    𝜉 0 → −    2   3    𝜉 2 →


     r 1 →


     r 2 →


     𝜉 1 →


     𝜉 2 →


     r 3 →


     𝜉 0 →


  =    r → 1 −    r → 2


     𝜉 1 →


   {     s 12 ∈ { 0 , 1 }    t 12 ∈ { 0 , 1 }   𝜋   =  ( − 1 )   l 12


   ⟨   𝝃 1  𝝈 1  𝝈 2  𝝉 1  𝝉 2 |  𝜖  l 12  s 12  j 12  t 12 ⟩


  =  R  𝜖  l 12  (  𝜉 1 )    [  Y   l 12  (  𝝃 1 )    [  χ   1 2  (  𝝈 1 )  χ   1 2  (  𝝈 2 ) ]   s 12 ]   j 12    [  χ   1 2  (  𝝉 1 )  χ   1 2  (  𝝉 2 ) ]   t 12


     P ^ 12  |  𝜖  l 12  s 12  j 12  t 12 ⟩ =    ( − 1 )  (  l 12 +  s 12 +  t 12 )  |  𝜖  l 12  s 12  j 12  t 12 ⟩


  ⟹    ( − 1 )   l 12 +  s 12 +  t 12 = − 1


   l   j 12       2  s 12 + 1


  (  m u ≈  m d ≈ 0 )


  𝜋  


  𝒪 ( 1 )


  𝒪 ( Q /  M  h i )


  Q / Λ


  Q / Λ


  ( i = 1 − 4 )


   R  𝜖  l 12  (  𝜉 1 ) =   ∑   n 12 ≥ 0   x n  R   n 12  l 12  (  𝜉 1 )


   ⟨   𝝃 1  𝝈 1  𝝈 2  𝝉 1  𝝉 2 |   n 12  l 12  s 12  j 12  t 12 ⟩


  =  R   n 12  l 12  (  𝜉 1 )    [  Y   l 12  (  𝝃 1 )    [  χ   1 2  (  𝝈 1 )  χ   1 2  (  𝝈 2 ) ]   s 12 ]   j 12    [  χ   1 2  (  𝝉 1 )  χ   1 2  (  𝝉 2 ) ]   t 12


      H =    p 2  2 m +  m 2  Ω 2  r 2


   𝜖 N =  ( N +  3 2 ) ℏ Ω ;         N = 2  n 12 +  l 12 ;         N ≤  N  max


   R   n 12  (  𝜉 1 )  


    b =  ℏ / m Ω


  =    r → 1 −    r → 2


     𝜉 1 →


  ℏ Ω


  ≈  e  − 𝛼  r 2


     𝜉 1 →


     𝜉 2 →


     𝜉 1 →


     𝜉 2 →


     𝜉 1 →


     𝜉 2 →


   ⟨   𝝃 2  𝝈 3  𝝉 3 |   n 3  l 3  j 3  1 2 ⟩ =  R   n  3  l 3  (  𝜉 2 )    [  Y   l 3  (  𝝃 3 )  χ   1 2  (  𝝈 3 ) ]   j 3  χ   1 2  (  𝝉 3 )


   ⟨   𝝃 1    𝝃 2 𝝈 1  𝝈 2  𝝈 3  𝝉 1  𝝉 2  𝝉 3 |   n 12  l 12  s 12  j 12  t 12 ,  n 3  l 3  j 3  t 3 , J T ⟩


   |   n 12  l 12  s 12  j 12  t 12 ,  n 3  l 3  j 3  t 3 , J T ⟩ =   ∑   m 12 m 3   C   j 12  m 12 ,  j 3  m 3  J M


    ∑   m 12 t  m 3 t   C   t 12  m 12 t ,  t 3  m 3 t  T  M t   |  n 12  l 12  s 12  j 12  t 12 ⟩   |  n 3  l 3  j 3  1 2 ⟩


   𝜖 N =  ( N + 3 ) ℏ Ω ;         N = 2  n 12 +  l 12 + 2  n 3 +  l 3


   A ^ =  1 3 ( 1 −    P ^ 13 −    P ^ 23 )


   Ψ 𝜖   ( A )  (    r 1 → … ,    r i → , … ,    r j → , … ,    r A → ) =  Ψ 𝜖   ( A )  (    𝜉 1 → … ,      𝜉 j → , … ,    𝜉  A − 1 → )  Ψ 𝜖    (    R →  C . M . )


   Ψ 𝜖    (    R →  C . M . ) =  exp ⁡   ( −   i  𝑷  C M  𝑹  C M ℏ )   and   E =  E  C M +    P  C M 2  2 A m


     H ^  i n t


   P ij  Ψ 𝜖   ( A )  (    𝜉 1 → … ,      𝜉 j → , … ,    𝜉  A − 1 → ) =   ∑   𝜖 ′   R  𝜖  𝜖 ′  Ψ   𝜖 ′   ( A )  (    𝜉 1 → … ,      𝜉 j → , … ,    𝜉  A − 1 → )


     𝜉 1 →


     𝜉 2 →


     𝜉 1 →


     𝜉 2 →


   {       𝜉 1 → =  1   2  (    r 1 → −    r 2 → )      𝜉 2 → =    2   3  (  1 2  (    r 1 → +    r 2 → ) −    r 3 → )


   {       𝜉 1 ′ → =  1   2  (    r 1 → −    r 3 → )      𝜉 2 ′ → =    2   3  (  1 2  (    r 1 → +    r 3 → ) −    r 2 → )


     𝜉 2 →


   1 →


     𝜉 3 →


     𝜉 4 →


  k


  ( k + 1 )


   {             𝜉 1 → =  1   2  (    r 1 → −    r 2 → )                 ⋮                                  𝜉 j → =   j  j + 1  [  1 j   ∑  i = 1 j     r i → −      r   →  j + 1 ]        ⋮                                  𝜉 →  A − 1 =    A − 1 A  [  1  A − 1   ∑  i = 1  A − 1     r i → −    r A → ]


   {       𝜉 0 → =   1 A   ∑  i = 1 A     r i →      R →  C . M . =   1 A    𝜉 0 →


     𝜉 2 →


     𝜉 1 →


     𝜉 3 →


     𝜉 4 →


   {             r 1 → =  1   A    𝜉 0 → +   ∑  i = 1  A − 1   1   i  ( i − 1 )    𝜉 i →                 ⋮                                          r j → =  1   A    𝜉 0 → −    j − 1 j      𝜉   →  j − 1 +   ∑  i = j  A − 1   1   i  ( i − 1 )      𝜉   →  i − 1      ⋮                                          r → A =  1   A    𝜉 0 → −    A − 1 A      𝜉   →  A − 1                


   {             𝜉 1 → =  1   2  (    r 1 → −    r 2 → )                 ⋮                                  𝜉 j → =   j  j + 1  [  1 j   ∑  i = 1 j     r i → −      r   →  j + 1 ]        ⋮                                  𝜉 →  A − 1 =    A − 1 A  [  1  A − 1   ∑  i = 1  A − 1     r i → −    r A → ]


  J = 1


  ∫    Ψ 𝜖   ( A ) ∗  (    r 1 → , … ,    r A → )  O ^  Ψ 𝜖   ( A )  (    r 1 → , … ,    r A → ) d    r 1 → , … , d    r A → = ∫    Ψ 𝜖   ( A ) ∗  (    𝜉 0 → , … ,      𝜉   →  A − 1 )  O ^    Ψ 𝜖   ( A )    (    𝜉 0 → , … ,      𝜉   →  A − 1 ) d    𝜉 0 → , … , d    𝜉  A − 1 →


   φ   n 1  l 1  (    r 1 → )  φ   n 2  l 2  (    r 2 → ) =   ∑  n l N L  { N L , n l , Λ ;  n 1  l 1 ,  n 2  l 2 Λ }  φ  N L  (    𝜉 0 → )  φ  n l  (    𝜉 1 → )


     r 1 →


     r 2 →


     r 3 →


     r 4 →


     r 5 →


  ℏ Ω


     H ^  i n t


     H ^  C . M .


     H ^   A =   ∑ i A     p i 2  2 m +  V  M F  (  r i ) +   ∑  i > j = 1 A   V  N N  (  r  i j ) −   ∑ i A   V  M F  (  r i )


  𝜑


   (    p 2  2 m +  V k  M F  (  𝒓   ) )  𝜑 k  ( 𝒓 ) =  𝜖 k  𝜑 k  ( 𝒓 )


   Ψ 𝜖   ( A ) ≈ 𝒩  𝒜 ^  𝜑 1  (  𝒓 1 ) …  𝜑 A  (  𝒓 A )


   Ψ 𝜖   ( A ) ≈  1   A !  [     𝜑 1  (  𝒓 𝟏 )  ⋯   𝜑 A  (  𝒓 𝟏 )   ⋮  ⋱  ⋮    𝜑 1  (  𝒓 𝑨 )  ⋯   𝜑 A  (  𝒓 𝑨 ) ]


   H i  M F =    p i 2  2 m +  m 2  Ω 2  r i 2


   H i  M F =    p 2  2 m +  V    M F  (  𝒓 i )


   V  M F


   P I =  ∫  d Ω  D I  ( Ω )  R ^  ( Ω ) with    {     D I  ( 𝒂 ) =  1     ( 2 𝜋 ℏ ) 3  exp ⁡   ( −  i ℏ 𝒂 ⋅ 𝒑 )    R ^  ( 𝒂 ) =  exp ⁡   ( −  i ℏ 𝒂 ⋅  𝒑 ^ )      


     Ψ ~   𝜖 ~   ( A ) =   ∑  𝜖  𝜖 ′   Ψ 𝜖   ( A )  φ   𝜖 ′ (  𝑹  C . M . )


   H  i n t


    ∑  i = 1 A   m 2  Ω 2  r i 2 =   ∑  i = 1  A − 1   m 2  Ω 2  𝜉 i 2 + A  m 2  Ω 2  R  C . M . 2


   N max


   N max


  N ≤  N max  


   N max


   N max


  N ≤  N max  


  ℏ Ω


  Δ E = Δ N ℏ Ω


  N = 1


  N = 2


  N = 3


  N =  N  m a x


  +  N  l o w e s t


  ⋱


   N max


   Ψ  J a c o b i  ( A ) =  |  A 𝜆  J 𝜋 T ⟩ =   ∑  N = 0   N max    ∑ i   c  N i        |  A i    j z 𝜋  t z ⟩ =   ∑  N = 0   N max    ∑ i   c  N i    Ψ i   ( A )    (    𝜉 0 → , … ,      𝜉   →  A − 1 )


   Ψ SD  ( A ) =  |  A 𝜆  J 𝜋 T ⟩ =   ∑  N = 0   N max    ∑ i   c  N i  Ψ  SD , 𝜖   ( A )  (    r 1 → , … ,    r A → ) =  Ψ  J a c o b i  ( A )  φ  n l (  𝑹  C . M . )


   Ψ ϵ   ( A ) =  {    𝒩  𝒜 ^  φ 1  (  𝐫 1  𝛔 1  𝛕 1 ) …  φ A  (  𝐫 A  𝛔 A  𝛕 A )    1   A !  [     φ 1  (  𝐫 𝟏  𝛔 1  𝛕 1 )  ⋯   φ A  (  𝐫 𝟏  𝛔 1  𝛕 1 )   ⋮  ⋱  ⋮    φ 1  (  𝐫 𝐀  𝛔 A  𝛕 A )  ⋯   φ A  (  𝐫 𝐀  𝛔 A  𝛕 A ) ]


   φ   n 1  l 1  j 1  m j  1 2  m t  (  𝐫 𝟏  𝛔 1  𝛕 1 ) =  R   n 3  l 3  (  r 1 )    [  Y   l 3  (    r ^ 1 )  χ   1 2  (  𝝈 3 ) ]   j 3  m j  χ   1 2  m t  (  𝝉 3 )


   M J


  M T


   e −


  𝛾


   e −


  𝛾


  4 𝜋


     R →  c . m .


   (  A P ,  Z P )


   (  A T ,  Z T )


   S →


   S →


  A ( a , a ) A


  A + a  →   A + a


  A + a  →   B + b


  A + a  →    B ∗ +  b ∗ + …


  A +  a →  →    A → + a


  A (  a → , a )  A →


  A + a  →    C ∗


   →     decay


  A  ( a , b ) B


  A + a  →   A + a + 𝛾


  P  ( b ) = 2 𝜋 b


   t  − ∞


   t  + ∞


  𝛾


  𝛾


   t  − ∞


   t  + ∞


   t  − ∞


   t  + ∞


      d 𝜎 channel  ( 𝜃 , 𝜑 )  d Ω =   (# scattered particle.  s  − 1 )( 𝜃 , 𝜑 )    (Inc. flux)(# scatt. centers)(unit of  Ω ) 


   →  n = 1    j f  ( 𝜃 , 𝜑 )   j i


    |  𝜓 + ⟩   =   |  𝜙 i ⟩


    |  𝜙 f ⟩


   𝜓 k +  (  r → )  →  r → ∞ A  (  e  i  k → .  r → + f  ( Θ , 𝜑 )    e  i k r r )


   J → =  ℏ  2 𝜇 i  (    (  𝜓 k + ) ∗ ∇  𝜓 k + −  𝜓 k + ∇    (  𝜓 k + ) ∗ )


      d 𝜎    ( 𝜃 , 𝜑 )  d Ω =    | f  ( Θ , 𝜑 ) | 2


    |  𝜓 + ⟩   =   |  𝜙 i ⟩


    |  𝜙 f ⟩


   𝜓 k +  (  r → )  →  r → ∞ A  (  e  i  k → .  r → + f  ( Θ , 𝜑 )    e  i k r r )


   J → =  ℏ  2 𝜇 i  (    (  𝜓 k + ) ∗ ∇  𝜓 k + −  𝜓 k + ∇    (  𝜓 k + ) ∗ )


   J → =    j → i +    j → f +    j → int


   j f  ( 𝜃 , 𝜑 ) =  J → ∙  r ^     r 2


   j i =  J →


  ∙  z ^


   j f  ( 𝜃 , 𝜑 ) =   v  | A | 2    | f  ( Θ , 𝜑 ) | 2


   j i =   v  | A | 2


   j int = 0   for   θ ≠ 0


   1 r


     j → int ​  


  θ = 0


   Φ int =  r 2  ∫  d Ω     j int = −   4 𝜋 ℏ m ℑ ( f  ( 0 ) )


   Φ int +  Φ  s c = 0


   𝜎  t o t =   4 𝜋 k ℑ ( f  ( 0 ) )


  b ′


  b


      d 𝜎    ( 𝜃 , 𝜑 )  d Ω =    | f  ( Θ , 𝜑 ) + f  ( 𝜋 − Θ , 𝜑 ) | 2


  w =  E ℏ =   ℏ  k 2  2 𝜇 = k v


   [ −    ℏ 2  2  m A  ∇ A 2 −    ℏ 2  2  m B  ∇ B 2 + V  (  |    r → A −    r → B | ) ]  𝜓 k +  (    r → A ,    r → B ) = E  𝜓 k +  (    r → A ,    r → B )


   [ −    ℏ 2  2 𝜇  ∇   2 + V  (  |    r →   | ) ]  𝜓 k +  (    r →     ) =  E  C . M .  𝜓 k +  (    r →     )


   u c  ( r > R ) =  C  c , l  W  −  η B , l +  1 / 2   ( 2 κ r )


   u c  ( r > R ) =  C  c , l  W  −  η B , l +  1 / 2   ( 2 κ r )


   u c  ( r ) =   ∑ n   A  c n  f n ( r )


   u c  ( r ) =   ∑ n   A  c n  f n ( r )


  0


  R


  r


  V = 0     ( or    V  Coul


  V =  V N +  V  Coul


   Ψ  A + a   J 𝜋 =  S  a , A A    [  Ψ a  Ψ A  𝜒   k 𝛽 f  (  r → )   ]   J 𝜋


   S  a , A A  


     |  S  a , 2 A | 2


  ( a + A )


  A


   u c  ( r )


   C c =    u c  ( r )   W  −  η B , l +  1 / 2   ( 2 κ r )


  r > R .


   E B


  κ


   u c  ( r → ∞ ) ~  x  −  η B  e  −   2 κ r 2


  𝜅 =  −   2 𝜇  E B   ℏ 2


   u c  ( r > R ) =  𝛼 c 𝜌  (  J c  ( 𝜌 ) +  𝛽 c  N c  ( 𝜌 ) )


   u c  ( r > R ) =  𝛼 c 𝜌  (  J c  ( 𝜌 ) +  𝛽 c  N c  ( 𝜌 ) )


   u c  ( r ) =   ∑ n   A  c n  f n ( r )


   u c  ( r ) =   ∑ n   A  c n  f n ( r )


  0


  R


  r


  V = 0     ( or    V  Coul


  V =  V N +  V  Coul


   u  k , l ≡ c    (  𝜌   )


    d  u  k , l ≡ c    (  𝜌   )  d r


  r = R


   𝛽 c


   𝛽 c =  tan ⁡   𝛿 c


   𝛿 c  


   u c  ( r → ∞ ) ~  sin ⁡   ( 𝜌 − l  𝜋 / 2 +  𝛿 c )


   sin ⁡   ( 𝜌 − l  𝜋 / 2 )


   u c I  ( r ) =  ∑   c j  𝜑 j ( r )


  ( 3 )       →    u c  ( R ) =  ℛ c  ( E )  [ R   u ′ c  ( R ) − B  u c  ( R ) ] ,   B is arbitrary


   (  H l + ℒ ( B ) − E )  u c I  ( r ) = ℒ  ( B )  u c  I I  ( r )


    ℒ  ( B ) =    ℏ 2  2 𝜇 𝛿 ( r − R )  (  d  d r −  B r )


   u c  I I  ( r ) =  A c 𝜌  (  H c −  ( 𝜌 ) −  S c  H c +  ( 𝜌 ) )


   u c  I I  ( r ) =  A c 𝜌  (  H c −  ( 𝜌 ) −  S c  H c +  ( 𝜌 ) )


   u c I  ( r )   from   (  H  A + B + ℒ  ( B ) )   |  𝜓 i + ⟩ =  E     |  𝜓 i + ⟩


   u c I  ( r )   from   (  H  A + B + ℒ  ( B ) )   |  𝜓 i + ⟩ =  E     |  𝜓 i + ⟩


  0


  R


  r


  V = 0     ( or    V  Coul


  V =  V N +  V  Coul


  ⟨ c |  𝜕  𝜕  r 𝛼  r 𝛼 |  𝜓 i + ⟩   =    b c ⟨ c |  𝜓 i + ⟩


   S c  ( E ) = ( f ∘  ℛ c )  ( E )


   u c  I I  ( r ) =  A c 𝜌  (  H c −  ( 𝜌 ) −  S c  H c +  ( 𝜌 ) )


   u c  I I  ( r ) =  A c 𝜌  (  H c −  ( 𝜌 ) −  S c  H c +  ( 𝜌 ) )


   u c I  ( r )   from   (  H  A + B + ℒ  ( B ) )   |  𝜓 i + ⟩ =  E     |  𝜓 i + ⟩


   u c I  ( r )   from   (  H  A + B + ℒ  ( B ) )   |  𝜓 i + ⟩ =  E     |  𝜓 i + ⟩


  0


  R


  r


  V = 0     ( or    V  Coul


  V =  V N +  V  Coul


  ℒ ( B )


   u c  I I  ( r )


     (  ℛ c  ( E ) )  − 1


   c j


   u c I  ( r )


   ℛ c  ( E )


   ℛ c  ( E ) =    ℏ 2  2 𝜇  ∑   𝜑 i ∗ ( R )    [  C  − 1 ]  i , j      𝜑 j ( R )


     [ C ]  i , j   =  ⟨  𝜑 i  |  H  A + B + ℒ  ( B ) − E |  𝜑 j ⟩


  C


   ℛ c  ( E ) =  ∑     𝛾 i 2   E i − E


   ( C − E I )  X → = Q ( B )


   R  c c ′ =   ∑ 𝜆     𝛾  𝜆 c  𝛾  𝜆  c ′   E 𝜆 − E


  C − E I


   u c  ( r > R ) =  𝛼 c 𝜌  (  J c  ( 𝜌 ) +  𝛽 c  N c  ( 𝜌 ) )


   u c  ( r > R ) =  𝛼 c 𝜌  (  J c  ( 𝜌 ) +  𝛽 c  N c  ( 𝜌 ) )


   u c  ( r ) =   ∑ n   A  c n  f n ( r )


   u c  ( r ) =   ∑ n   A  c n  f n ( r )


  0


  R


  r


  V = 0     ( or    V  Coul


  V =  V N +  V  Coul


   a c   =   1 . 4 (  A 1   1 3   +    A 2   1 3   )   fm


     b c =  S c  ( E ) = ℜ  (    a c   O c   𝜕  O c  𝜕  r c )   a c


   H ^  ( r , 𝜃 ) 𝜓  ( r , 𝜃 ) =  ( E −   i Γ 2 ) 𝜓  ( r , 𝜃 )


   H ^  ( 𝜃 ) =  e  − 2 i 𝜃  T ^ +  V ^  ( r  e  i 𝜃 )


   H ^  ( r ) =  U ^  ( 𝜃 )  H ^  ( r )    U ^  − 1  ( 𝜃 )


   H ^  ( r ) =  T ^ +  V ^  ( r )


  2 𝜃  


  U  ( 𝜃 ) H ( r )   U  ( 𝜃 )  − 1


  𝜓  ( r , 𝜃 )  ~ ∞  e  − 𝒌 𝒓   s i n ⁡ 𝜃


   H ^  ( 𝜃 ) =  e  − 2 i 𝜃  T ^ +  V ^  ( r  e  i 𝜃 )


   H ^  ( r ) =  U ^  ( 𝜃 )  H ^  ( r )    U ^  − 1  ( 𝜃 )


   H ^  ( r ) =  T ^ +  V ^  ( r )


      d 𝜎    ( 𝜃 , 𝜑 )  d 𝛺


   𝜎 tot


   f l  ( k ) =    e  2 i  𝛿 l  ( k ) − 1  2 i k


   H  A + B   |  𝜓 i + ⟩ =  E i   |  𝜓 i + ⟩


      d 𝜎    ( 𝜃 , 𝜑 )  d 𝛺 =  1  4  k 2    |  ∑   ( 2 l + 1 )    ( 1 −  e  2 i  𝛿 l  ( k ) ) P l  (  cos ⁡ Θ ) | 2


   [ −    d 2    d r 2 +   l  ( l + 1 )   r 2 +   2 𝜇   ℏ 2 V  ( r ) ]  u  k , l    (  r     ) =  k 2  u  k , l    (  r     )


   𝜓 k +  (  r → ) ⟶  (  e  i  k → .  r → + f  ( Θ , 𝜑 )    e  i k r r )


   𝜓 k +  (  r → ) ⟶  1     ( 2 𝜋 )   3 / 2  (  e  i  k → .  r → + f  ( Θ , 𝜑 )    e  i k r r )


  f  ( 𝜃 , 𝜑 ) = − 2  𝜋 2   2 𝜇   ℏ 2  ∫   d 3  r ′    e  − i    k → ′ ∙    r → ′     ( 2 𝜋 )   3 / 2 V  (  r → ′ )  𝜓 𝒌 +  (    r → ′ )


   𝜓 𝒌 ±  (  r → ) =    e  i  k → ∙  r →     ( 2 𝜋 )   3 / 2 −   2 𝜇   ℏ 2  ∫   d 3 r ′    e  ± i k  | r −  r ′ |  4 𝜋  | r −  r ′ | V  (  r → ′ )  𝜓 𝒌 ±  (    r → ′ )


  r


  r −  r ′


     e → r


   r ′


  V  (  r → ′ ) ≠ 0


     k → ′ = k    e → r


  k ′ = k


  f  ( 𝜃 , 𝜑 ) = − 2  𝜋 2   2 𝜇   ℏ 2  ⟨   𝜑  0 ,  𝒌 ′ | V |   𝜓 𝒌 + ⟩ = − 2  𝜋 2   2 𝜇   ℏ 2  T   𝒌 ′ , 𝒌


      d 𝜎    ( 𝜃 , 𝜑 )  d 𝛺 =    ( 2  𝜋 2   2 𝜇   ℏ 2 ) 2    |  T   𝒌 ′ , 𝒌 | 2


   T   𝒌 ′ , 𝒌


  [ k = k ’ ]


   S   𝒌 ′ , 𝒌 = 𝛿  (    k →   −    k → ′ ) − 2 𝜋 i 𝛿  (  E k −  E   k ′ )  T   𝒌 ′ , 𝒌  


  r


     e → r


   k →


     k → ′


  k =  k ′


  Θ


   T l  ( E ) = −  1 𝜋  e  i  𝛿 l ( E )  sin ⁡   𝛿 l ( E ) .  


   T l ( E ) =   2 𝜇    𝜋 ℏ 2  ∫  d r   r  J l ( k r )   V  ( r )  u l    ( r )


  f  ( 𝛩 , 𝜑 ) = −    ( 2 𝜋 ) 2  𝜇   ℏ 2  ⟨   𝜑  0 ,  𝒌 ′ |  V  ∑     (   2 𝜇   ℏ 2  G 0 V ) n |   𝜑  0 , 𝒌   ⟩


     k → i


     k → f


     k → i


     k → f


     k → i


     k → f


  V =  V MF +  V res


   (  ∇ 2 +  k 2 −  V MF )  𝜒 1  ( 𝒌 , 𝒓 ) = 0


  f =  f 1 −    ( 2 𝜋 ) 2  𝜇   ℏ 2  ∫   d 3  r ′  𝜒 1 −  ( 𝒌 ,  r → )  V res  (    r → ′ )  𝜒 k +  (    r → ′ )


   𝜒 k + ⟶  𝜒 1 +  ( 𝒌 , 𝒓 )


  f =  f 1 −    ( 2 𝜋 ) 2  𝜇   ℏ 2


   ⟨   𝜒 1 − |   V  res |   𝜒 1 + ⟩


    |  𝜒 1 − ⟩


     k → 𝛼


    |  𝜒 1 + ⟩


     k →   ′


   𝜒 k +  (  r → ) =    e  i    k → 𝛼 ∙  r →     ( 2 𝜋 )   3 / 2 −   2 𝜇   ℏ 2  ∫   d 3  r  ′    e  i  k 𝛽  |  r   −  r   ′ |  4 𝜋  |  r   −  r   ′ | V  (  r → ′ )  𝜒 k +  (    r → ′ )


   f Born = −    ( 2 𝜋 ) 2  𝜇   ℏ 2  ⟨   𝒌 ′ | V |  𝐤   ⟩


  𝛽


  𝛽


  f  ( Θ , 𝜑 ) =   ∑ 𝛽   f 𝛽  ( Θ , 𝜑 )


    | a +  A   ⟩


    |  C ∗ ⟩


    | b +  C   ⟩


  t ≫  t 0


     k → 𝛽


     k → 𝛽


     k → 𝛽


   Ψ a  Ψ A  𝜒   k 𝛽 f (  r → )


   Ψ   C ∗


   Ψ b  Ψ C  𝜒   k 𝛽 f (  r → )


     H C Ψ   C ∗ =  E n  Ψ   C ∗


     H a Ψ a =  E 0  Ψ a


     H A Ψ A =  E 0  Ψ A


     H b Ψ b =  E 0  Ψ b


     H C Ψ C =  E 0  Ψ C


  t =  t 0


    | a +  A   ⟩


   k →


   Ψ a  Ψ A  𝜒 k i  (  r → )


   𝜒 k i  (  r → ) ∝  e  i  k → .  r →


     H a Ψ a =  E 0  Ψ a


     H A Ψ A =  E 0  Ψ A


   Ψ a


   Ψ A


     j → = 𝜌  v →


   v →


    d  𝜎 𝛽  d 𝛺 =      j → f ∙   d  S →   r 2     j → i ∙  k ^


   𝜓 k +  (  r → ) ⟶  (  e  i  k → .  r →  Ψ a  Ψ A +   ∑ 𝛽   f 𝛽  ( Θ , 𝜑 )    e  i  k 𝛽 r r  Ψ   i 𝛽  Ψ   I 𝛽 )


     k → 𝛽


   k →


    |  i 𝛽 +    I 𝛽   ⟩


    d  𝜎 𝛽  d 𝛺 =    v 𝛽 v    |  f 𝛽  ( Θ , 𝜑 ) | 2


     v 𝛽 v   = 1


     v 𝛽 v ≠ 1


    |  a ∗ +    A ∗   ⟩


     v 𝛽 v ≠ 1


   E  c . m .  


     k → 𝛽


   k →


    |  i 𝛽 +    I 𝛽   ⟩


    d  𝜎 𝛽  d 𝛺 =    v 𝛽 v    |    f ˘ 𝛽  ( Θ , 𝜑 ) | 2


    | a +  A   ⟩


    | a +  A   ⟩


     v 𝛽 v = 1


    | b +  C   ⟩


    | b + d +  C   ⟩


     v 𝛽 v ≠ 1


    | a +  A   ⟩


     k → 𝛼


    |  i 𝛽 +    I 𝛽   ⟩


   k →


    | a +  A   ⟩


     k → 𝛽


   𝜓 k +  (  r → ) ⟶  (  e  i  k → .  r → + f  ( Θ , 𝜑 )    e  i  k 𝛼 r r )


   u  𝛼 , l  ( r > R ) =  A  𝛼 , l 𝜌  (  H l −  ( 𝜌 ) −  S  𝛼 , l  H l +  ( 𝜌 ) )


    k =  k 𝛼


   S  𝛼 , l    S  𝛼 , l ∗ = 1


   S  𝛼 , l =  e  2 i  𝛿 l ,   𝛿 ∈ ℝ


   u  𝛼 𝛼 , l  ( r > R ) =  A  𝛼 𝛼 , l 𝜌  (  H l −  ( 𝜌 ) −  S  𝛼 𝛼 , l  H l +  ( 𝜌 ) )


   u  𝛽 , l  ( r > R ) = −  A  𝛽 , l 𝜌  S  𝛽 𝛼 , l  H l +  ( 𝜌 )


   S  𝛽 𝛼 , l =   v   v 𝛽


     S ~  𝛽 𝛼 , l


   S  𝛼 𝛼 , l =  e  2 i  𝛿 l ,   𝛿 ∈ ℂ


   k 𝛽 ≠ k


     |  S  𝛼 𝛼 , l  ( E ) | 2 +  ∑     |  S  𝛽 𝛼 , l  ( E ) | 2 = 1 =    |  S  𝛼 𝛼 , l  ( E ) | 2 +  T  𝛼 , l


   S  𝛼 𝛼 , l →  S  𝛼 𝛼 , l  l ′


    | a +  A   ⟩


     k → 𝛼


   k →


    | a +  A   ⟩


    | a +  A   ⟩


     k → 𝛼


    |  i 𝛽 +    I 𝛽   ⟩


   k →


    | a +  A   ⟩


     k → 𝛽


   𝜎 el =  𝜋   k 2  ∑   ( 2 l + 1 )    | 1 −    S ~  𝛼 𝛼 , l | 2


   𝜎 in =  𝜋   k 2  ∑   ( 2 l + 1 )    |    S ~  𝛽 𝛼 , l | 2


   𝜎 abs =  𝜋   k 2  ∑   ( 2 l + 1 )  ( 1 −    |    S ~  𝛼 𝛼 , l | 2 ) =  𝜋   k 2  ∑   ( 2 l + 1 )  T  𝛼 , l


     |  S  𝛼 𝛼 , l | 2 +  ∑     |  S  𝛽 𝛼 , l | 2 = 1


   𝜎 tot =  𝜎 el +  𝜎 abs


  =   2 𝜋   k 2  ∑   ( 2 l + 1 ) ( 1 − Re (    S ~  𝛼 𝛼 , l ) )


  V  ( r ) + i W ( r )


  ℏ


   ∇ → ∙  J → =  2 ℏ W ( r ) 𝜌 ( r )


    −  2 ℏ  ∫   d 3 r W ( r ) 𝜌 ( r )


   𝜎 abs = −  2  ℏ v  ∫   d 3 r W ( r ) 𝜌 ( r )


  W  ( r ) < 0


  W  ( r , E ) =   −  W  vol  ( E ,   r ) + 4  a  sur  W  sur  ( E )  d  d r f ( r )   +  W  s o ( r , E )


   ( ∆ +  k 2 −   2 𝜇   ℏ 2 ( V  (  r → ) + i W (  r → ) ) 𝜑  (  r → ) = 0


    d 𝜌  d t = −  ∇ → ∙  J →


   2 ℏ W ( r ) 𝜌 ( r )


  ( a + x ) = A


  ( b + x ) = B


  ( b )


  ( a )


  A + b → a + B   ⟹  ( a + x ) + b ⟶ a + ( b + x )


   Ψ  A = ( a + x )   J 𝜋 =  S  a , x A    [  Ψ a  Ψ x  𝜒   k 𝛽 f  (  r → )   ]   J 𝜋 + …


   Ψ  B = ( b + x )   J 𝜋 =  S  b , x B    [  Ψ b  Ψ x  𝜒   k   𝛽 ′ f  (  r → )   ]   J 𝜋 + …


   𝜒 1 −


   𝜒 1 +


   ⟨   𝜒 1 − |   V  res |   𝜒 1 + ⟩ ∝    ⟨   Ψ b  Ψ x  𝜒   k   𝛽 ′ f  (  r → ) |   V  res |   Ψ a  Ψ x  𝜒   k 𝛽 f  (  r → ) ⟩


   𝜎 tot =   4 𝜋   k 2  ∑   ( 2 l + 1 )    (  sin ⁡   𝛿 l  ( k ) ) 2


   𝜎 tot =   4 𝜋   k 2    (   s i n ⁡   𝛿 0  ( k → 0 ) ) 2


     (   s i n ⁡   𝛿 0 ) 2 ~    ( k a ) 2


  l


   [ −    d 2    d r 2 +   l  ( l + 1 )   r 2 +   2 𝜇   ℏ 2 V  ( r ) ]  u  k , l    (  r     ) =  k 2  u  k , l    (  r     )


  r ⟶ 0


   u  k , l  ( 0 ) = 0


  l


  k → 0


  l = 0


  𝜎 = 4 𝜋  a 2


     lim  k → 0 ⁡  k  cot ⁡   𝛿 0 ≅ −  1 a


  k  cot ⁡   𝛿 0 = −  1 a +  1 2  k 2  r  ef + O  (  k 4 )


   [ −    d 2    d r 2 +   2 𝜇   ℏ 2  ( V  ( r ) − E ) ]  u  k , 0    (  r     ) = 0


  V ( r )


  E


  a


       d 2    d r 2 u  k , 0    (  r     ) = 0


   u  k , 0    (  r     ) ~  sin ⁡   ( k r +  𝛿 0 ) ≅ k r +  𝛿 0 ≅ k  ( r − a )


  𝒕 =  𝒕 𝟎


  p + p → d + e⁺ + νₑ


  Q = 0.42 MeV


   p + e⁻ + p → d + νₑ


  Q = 1.42 MeV


   d + p → ³He + γ


  Q = 5.49 MeV


   ³He + ³He → ⁴He + 2p


  Q = 12.96 MeV


  𝛼 + 𝛼 + 𝛼 ⟶  C  ∗    12 ⟶  C    12


  𝛼 + 𝛼 + 𝛼 ⟶  C    12


  A < 60


  A > 60


     (   d  n i  d t )  𝜌 = cst =  ∑   N j i  r j +  N  j , k i  r  j , k ⋯


   N j i


  i


   r j


  j


  k


  𝜎 =    r   n k   n i v


  c  m 3  


  s


   r  j , k =  ∫  𝜎  |  v k −  v j |  d 3  n j  d 3  n k


   d 3  n j =  n j    (    m j  2 𝜋 k T )   3 2  e  −    m j 2  v j  2 k T  d 3  v j


  S − factor = E 𝜎  ( E )  e  2 𝜋 𝜂


   r  j , k =    n j  n k  1 +  𝛿  i , k  ⟨ 𝜎 v ⟩


   ⟨ 𝜎 v ⟩ =    (  8  𝜋 𝜇 )   1 2    (  1  k T )   3 2  ∫  S  ( E )  e  −  E  k T −    (    E g E )   1 2 d E


   S n


   E B


   r c


   𝜌 c


   E x   J 𝜋 T


   E r ,  Γ r


   S n


    ( E  k i n


   S n


   T  nuc =


  ⟨  𝜙 i  s c .  ( E )  |  V  nuc |  𝜙 f r  (  E r ) ⟩


   S n


   T 𝛾 = ⟨  𝜙 i r (  E r )  | V |  𝜙 f ⟩


   S n


    ( E  k i n


   S n


   T  f ← i = ⟨  𝜙 i  s c . (  E  k i n )  | V |  𝜙 f ⟩


   S n


    ( E  k i n


    | 𝜑 ⟩


    a i +  a j  | 𝜑 ⟩


    a i +  a k +  a j  a l  | 𝜑 ⟩


   S n


   T 𝛾 c ⟶  T 𝛾  ( E )


   T 𝛾  ( E )  


  𝛾


  𝛾


     lim  N → ∞ ⁡  𝜌  ( E )  


  E


  N  ( E )


  𝜌  ( E )


  𝜌  ( E )


  N  ( E ) =   ∑ n  Θ ( E −  E n )


  𝜌  ( E ) =   d N  ( E )  d E =   ∑ n  𝛿  ( E −  E n )


  𝜌  ( E ) = N    e  2  a E   a   1 4  E   5 4


   t  − ∞


   t  + ∞


   T  𝛽 , f


   T 𝛽


   T  𝛽 , 𝛾


   T 𝛼


   T 𝛼 ,  T 𝛽  (  T  𝛽 , 𝛾 ) ,  T  𝛽 , f


   T  𝛼 , i P =      T  𝛼 , i T  𝛽 , f  ∑  T 𝛽


   T c  ( E )


  𝛾


  𝛾


   T  𝛼 , n  ( E )


   10  − 14 s


   10  − 21 s


   T  𝐢 𝐣


   𝜎  𝐫 𝐞 𝐚 𝐜


   𝜎  𝐂 𝐍


  P ( n , E , t )


  t


  E


  n


   𝜆  i ⟶ f ( E )  


  i


  f


  E


  n
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