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Outline
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v Motivations:
Ø Intro on astrophysical sites: (proto-)neutron stars ((P)NS), core-collapse supernovae
(CCSN), and binary neutron star (BNS) merger

Ø Connection with the nuclear equation of state (EoS)

v Astrophysical sites at T = 0 (NS):
Ø EoS: generalities
Ø Application to NS (crust & core)

v Astrophysical sites at T > 0 (CCSN/PNS):
Ø EoS: generalities
Ø Applications to CCSN and PNS
Ø Rates (CCSN)



Compact objects: sites for (hot) dense matter
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Object Thermo Equilibrium Micro inputs 

CCSN
BNS (post-
)mergers

strong P(nB,T,Ye)
(weak), n rates 

à compo

PNS strong 
(+weak)

P(nB,T,(Ye))
(+ rates 

à composition)
NS (old)

binary inspiral
strong+weak
à b equil. P(nB)

<latexit sha1_base64="uw4b3axy/xbW9nAVYemV947d8Xk="></latexit>

nB → (0,↑ 10nsat)

T → (0,↑ 100) MeV

Ye → (0, 0.6)
<latexit sha1_base64="IwK+eY+e7bX2r20oUrGTRDliNIY="></latexit>

nB → (0,↑ 10nsat)

T → (0,↑ 20) MeV

(Ye → (0, 0.5))
<latexit sha1_base64="A4uJ66YUHE9cx6wxyOe7H7gDfQs="></latexit>

nB → (0,↑ 10nsat)

T = 0

Abac et al., arXiv:2503.12263 (ET BlueBook)

Memo: 1 MeV ßà ~ 1010 K
 10-4 fm-3 ßà ~ 1011 g/cm3 , nsat ~ 0.16 fm-3 à ~ 2.7 1014 g/cm3



What matter can we expect?
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Courtesy of F. Gulminelli, talk (2023)

Phillips, “The Physics of Stars"

~ 1 MeV

~ 105 
g/cm3

~ 1010 
g/cm3

Ø Matter (almost always) degenerate and relativistic e-

Ø Possible additional d.o.f. à “exotic” matter

deconfined matter



Core-collapse supernovae (CCSN)
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T. Fischer et al., ApJSS 194, 39 (2011); 15Msun

A. Burrows (Princeton, USA), lecture notes

Vartanyan et al., MNRAS 482, 351 (2019)



Core-collapse supernovae (CCSN): obsevations
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SN1987A. Credit: NASA, ESA

Crab Nebula (1054). Credit: ESO Light curve; Nadyozhin&Imshennik, arXiv:0501.002

Boyd et al., J.Phys.G 29, 11 (2003)

Cassiopea A. Credit: NASA, ESA, CSA, STScl

En ~ 1053 erg 
à 99% expl. energy 



Proto-neutron stars (PNS)
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Lattimer & Prakash, Science 304, 536 (2004)

Kitaura et al., A&A 450, 345 (2006). O-Ne-Mg SN

Janka et al., Phys. Rep. 2007

Yakovlev et al., MNRAS 411, 1977 (2011)



Neutron-stars (NS)
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Kumar et al., Liv. Rev. Rel. 27, 3 (2024)

Crab, X-ray: NASA/CXC/SAO; Optical: 
NASA/STScI; IR: NASA-JPL-Caltech Vela, Credit: NASA/CXC/Univ of Toronto/

M.Durant et al

C
redits: https://w

w
w

.astronom
y.com

/science/

<latexit sha1_base64="vE1umNtyiu8dhLvXJu89KGQVKrM="></latexit>

M ⇡ 1� 2M�

R ⇡ 10 km

⇢̄ ⇡ 1014 � 1015 g cm�3

T < 108 K NB: T = 0 ó T << TF

rotation up to 716 Hz (vequat ~ ¼ c)
high magnetic fields, B > 1012 G



Neutron-stars (NS): fortuitous discovery
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1967: J. Bell, PhD thesis at Cavendish Laboratory,
Cambridge on radio sources. With a 3.7m diameter
telescope, she discovered a very regular source,
with a period of 1.3373012 s.

This source was called LGM (“Little Green Man”); a
journalist from Daily Telegraph called this source
“Pulsar” .
à It is now known as PSR B1919+21.

In 1974, A. Hewish (Bell’s PhD supervisor) received
the Nobel prize…

Now, over 3000 pulsars known!



Neutron-stars (NS): observations
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RADII

NICER observations (Miller et al., ApJ 2019, 2021
Riley et al., ApJL 2019, 2021; Rutherford et al., 
ApJL 2024; Mauviard et al., arXiv 2025)

NICER on the ISS
Credits: https://heasarc.gsfc.nasa.gov/docs/nicer/

You et al., Nat. Astr. 9, 552 (2025);
https://www3.mpifr-bonn.mpg.de/staff/pfreire/NS_masses.html

MASSES

Credits: ATNF Pulsar Catalogue, https://www.atnf.csiro.au/research/pulsar/psrcat/ ; 
Manchester et al. AJ 129, 1993 (2005); plot generated with Python psrqpy package

SPIN PERIOD



Neutron-star (NS) mergers (1)
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Perego et al., EPJA 55, 124 (2019)

Simulation by S. Rosswog, visualisation R. West
http://www.ukaff.ac.uk/movies/nsmerger/



Neutron-star (NS) mergers (2)
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Credit: NASA's Goddard Space Flight Center and STAG Research Centre/Peter Hammond



Neutron-star (NS) mergers (3)
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effective point-particle

tidal effects

Radice et al., ARNPS 70, 95 (2020)

Gieg et al., Particle 2, 23 (2019)

Ø (Late) inspiral (before merging): modification wrt point particle but still “(hydro)static”
Ø Temperatures not so high à like “T = 0”



NS mergers: observations
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Simulation by S. Rosswog, visualisation R. West http://www.ukaff.ac.uk/movies/nsmerger/

Abbott et al., ApJL 848, L12 (2017)



Micro to macro through modelling and scales
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predictionco
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tra
in

t

Nuclear theory (with model parameters)

Microphysics (inputs)
(e.g. EoS, nuclear processes)

Nuclear physics Experiments
e.g. nuclear masses, resonances, decay rates, ...
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Astrophysical observations
(e.g. GW, NS masses, light curves,…)

Astrophysical (macrophysics) 
hydrodynamic/static models

(simulations)

predictionco
ns

tra
in

ts

~ 10-15 m ~ 10x km

Observ.

Model



(cold) NS à static à EoS ßà NS observables (1)
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§ TOV à M(R) (Tolmann 1939; Oppenheimer&Volkoff 1939; see also Haensel et al. Springer 2007)

<latexit sha1_base64="wbuqlf48GDHGZWbRU7lUt7/xrYQ="></latexit>

dP (r)

dr
= �G⇢(r)M(r)

r2


1 +

P (r)

c2⇢(r)

�
1 +

4⇡P (r)r3

c2M(r)

�
1� 2GM(r)

c2r

��1

M(r) = 4⇡

Z r

0
⇢(r0)r02dr0

N.B.: GR in slow rotation limit w/o magnetic field !

Lattimer, Annu. Rev. Part. Nucl. Sci. 62, 485 (2012)

EoS only needed!
<latexit sha1_base64="FkNhEHlLIUK/ab99MUQbl7qljj4="></latexit>

P (E)

Credits: J. Stayner, Stanford Univ.

<latexit sha1_base64="zkTA+3QAOiOm+yWIDd5qoBcjvA4="></latexit>

→Pc (or Ec) ↑ R = r(P = 0), M = M(r = R) à Mass & Radius

using EoS of free n gas
à nuclear interaction !!!
(Oppenheimer&Volkoff 1939; for a review on Mmax: 
Chamel et al., IJMPE 22, 1330018 (2013))



(cold) NS à static à EoS ßà NS observables (2)
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§ NS in external, inhomogeneous gravitational field à tidal deformation
(Thorne & Campolattaro 1967; Hinderer, ApJ 2008; Hinderer et al., PRD 2010; Blanchet, Liv. Rev. Relat. 2014)

Credit: M. Janeski (artist view)

<latexit sha1_base64="kx087Jf6BVTHAYmZuv8n9vP2B7g=">AAACD3icbVDLSsNAFJ34rPUVdelmsFXcWJIuqhuhKILLFuwDmhAmk2k7dvJgZiKUkD9w46+4caGIW7fu/BsnaRbaemDgcM49zL3HjRgV0jC+taXlldW19dJGeXNre2dX39vvijDmmHRwyELed5EgjAakI6lkpB9xgnyXkZ47uc783gPhgobBnZxGxPbRKKBDipFUkqOfVGHbSeh9Ci/hmcVU0EPQ8pEcY8SSmzT3qmVHrxg1IwdcJGZBKqBAy9G/LC/EsU8CiRkSYmAakbQTxCXFjKRlKxYkQniCRmSgaIB8IuwkvyeFx0rx4DDk6gUS5urvRIJ8Iaa+qyazTcW8l4n/eYNYDi/shAZRLEmAZx8NYwZlCLNyoEc5wZJNFUGYU7UrxGPEEZaqwqwEc/7kRdKt18xGrdGuV5pXRR0lcAiOwCkwwTloglvQAh2AwSN4Bq/gTXvSXrR37WM2uqQVmQPwB9rnD7+cm0E=</latexit>

Qij = →ωEij à quadrupolar (l=2) momentum in response to tidal field
(hp linear order, source of tidal field far away) 

§ Perturbation to the equilibrium metric à eq. for y(r)

r
dy

dr
+ y(r)2 + F (r)y(r) +Q(r) = 0

<latexit sha1_base64="B4rlK8C08AZwk/cyVuZp/nP2FkQ="></latexit>

<latexit sha1_base64="EsXH9aFd8Hgzmc2O5AH4xoBAv04=">AAACAXicdZDLSsNAFIYn9VbrLepGcDPYChWkJKmmdVcUwWUFe4E2lMl00g6dXJiZCCXUja/ixoUibn0Ld76Nk7aCiv4w8POdc5hzfjdiVEjD+NAyC4tLyyvZ1dza+sbmlr690xRhzDFp4JCFvO0iQRgNSENSyUg74gT5LiMtd3SR1lu3hAsaBjdyHBHHR4OAehQjqVBP3yvUi/yocAwLXR/JIUYsuZykpKfnjdJZ1bZOLWiUDKNile3UWJUTqwxNRVLlwVz1nv7e7Yc49kkgMUNCdEwjkk6CuKSYkUmuGwsSITxCA9JRNkA+EU4yvWACDxXpQy/k6gUSTun3iQT5Qox9V3Wma4rftRT+VevE0qs6CQ2iWJIAzz7yYgZlCNM4YJ9ygiUbK4Mwp2pXiIeIIyxVaDkVwtel8H/TtEqmXbKvrXztfB5HFuyDA1AEJqiAGrgCddAAGNyBB/AEnrV77VF70V5nrRltPrMLfkh7+wSCppUN</latexit>

P (r), E(r)

<latexit sha1_base64="UUMrCuA3vSuoKFeacE00NhUGGD4=">AAACFHicbVDLSgMxFM3UV62vUZdugq0gCGVmxOpGKLrQZRX7gHYcMmmmDc08SDJCGeYj3Pgrblwo4taFO//GTDsLbT0QODnn3pvc40aMCmkY31phYXFpeaW4Wlpb39jc0rd3WiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtji4zv/1AuKBhcCfHEbF9NAioRzGSSnL0o8rIseA57Hkc4eQ4Taw051dpcnt/om5MTeujCiw5etmoGhPAeWLmpAxyNBz9q9cPceyTQGKGhOiaRiTtBHFJMSNpqRcLEiE8QgPSVTRAPhF2MlkqhQdK6UMv5OoEEk7U3x0J8oUY+66q9JEcilkvE//zurH0zuyEBlEsSYCnD3kxgzKEWUKwTznBko0VQZhT9VeIh0hFIlWOWQjm7MrzpGVVzVq1dmOV6xd5HEWwB/bBITDBKaiDa9AATYDBI3gGr+BNe9JetHftY1pa0PKeXfAH2ucPl2Gcqw==</latexit>

k2 = 3
2

G
R5ω à tidal Love number (dimensionless)

<latexit sha1_base64="d/oCz6KkAfrlIpPJQ75r7vk8dlk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g62QgtSki+qmUHTjRqjFPqANYTKdtEMnD2YmSgj9BTf+ihsXirh1586/MUm70NYD93I4515m7rEDRoXU9W8lt7K6tr6R3yxsbe/s7qn7Bx3hhxyTNvaZz3s2EoRRj7QllYz0Ak6QazPStSdXqd+9J1xQ37uTUUBMF4086lCMZCJZqlYacDoaS8S5/wAnVhXWs65FGq+3yqfw5qxVhiVYsNSiXtEzwGVizEkRzNG01K/B0MehSzyJGRKib+iBNGPEJcWMTAuDUJAA4QkakX5CPeQSYcbZRVN4kihD6Pg8KU/CTP29ESNXiMi1k0kXybFY9FLxP68fSufCjKkXhJJ4ePaQEzIofZjGA4eUEyxZlBCEOU3+CvEYcYRlEmIagrF48jLpVCtGrVK7rRYbl/M48uAIHAMNGOAcNMA1aII2wOARPINX8KY8KS/Ku/IxG80p851D8AfK5w8v7Zlm</latexit>

→ k2 = k2(y(r = R),M/R)

Dietrich et al., Gen. Rel. Gravit. 53, 27 (2021)

<latexit sha1_base64="A4w5jcbdslHQG3Um7jUEvorSVEk="></latexit>

→ ! = 2
3k2

(
Rc2

GM

)5

N.B.: GR in slow rotation limit w/o magnetic field !



Ø Leading mass dependence:

Ø Tidal effects at 5PN à

Binary parameters and GW signal
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⇤̃ =
16

13

(M1 + 12M2)M4
1⇤1 + (M2 + 12M1)M4

2⇤2

(M1 +M2)5
<latexit sha1_base64="x6dX8tNRxbTMvC2xcAK28Q49keQ="></latexit>

Credit: M. Janeski (artist view)

§ Binary parameters extracted from GW signal
(compare h(t) with templates)

<latexit sha1_base64="3M72a/AuNM3xuF+GO+/9TkbsuZo="></latexit>

h(t) → A(t) expi!(t) ↑ h̃(f) → Af→7/6 expiω(f)

Flanagan & Hinderer, PRD 2008; Hinderer, ApJ 2008; Hinderer et al., PRD 2010; Blanchet, Liv. Rev. Relat. 2014; Henri et al., 
arXiv:2005.13367; and Hinderer et al., ASSL 457, 575 (Springer 2018), Chatziioannou, Gen. Rel. Grav. 52, 109 (2020) for a review

<latexit sha1_base64="iFD3KsBSPMGyU6ksl1ThIcX1YZg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g62gm5oUrC6rbtwIFewDmlgm02k7dJIJMxOhhHyDG3/FjQtF3Lpy5984aYNo64GBwzn3MvccL2RUKsv6MnILi0vLK/nVwtr6xuaWub3TlDwSmDQwZ1y0PSQJowFpKKoYaYeCIN9jpOWNLlO/dU+EpDy4VeOQuD4aBLRPMVJa6ppHJcdHaogRi88T6ISCh4rDH+06uYtPjqsJLBW6ZtEqWxPAeWJnpAgy1Lvmp9PjOPJJoDBDUnZsK1RujISimJGk4ESShAiP0IB0NA2QT6QbTyIl8EArPdjnQr9AwYn6eyNGvpRj39OT6a1y1kvF/7xOpPpnbkyDMFIkwNOP+hGDOnXaD+xRQbBiY00QFlTfCvEQCYSVbjEtwZ6NPE+albJdLVdvKsXaRVZHHuyBfXAIbHAKauAK1EEDYPAAnsALeDUejWfjzXifjuaMbGcX/IHx8Q25O5za</latexit>

A → M5/6
<latexit sha1_base64="JNilYK/pWFdIfE0UTi5lKFKrr5Q="></latexit>

M = (M1M2)
3/5

(M1+M2)1/5
à chirp mass

<latexit sha1_base64="3uFsDWESMeYz13Q2EtgT8ub1hSY=">AAACGXicbZDLSsNAFIYn9VbrLerSzWArVISQdFHdCEU3LivYCzQhTCaTdugkGWYmQgl9DTe+ihsXirjUlW9j0mZRW38Y+PjPOZw5v8cZlco0f7TS2vrG5lZ5u7Kzu7d/oB8edWWcCEw6OGax6HtIEkYj0lFUMdLngqDQY6TnjW/zeu+RCEnj6EFNOHFCNIxoQDFSmeXqZs3mI1oPzuE1zMlNbRFCbnBjCi8WHEV9xKY1WHH1qmmYM8FVsAqogkJtV/+y/RgnIYkUZkjKgWVy5aRIKIoZmVbsRBKO8BgNySDDCIVEOunssik8yxwfBrHIXqTgzF2cSFEo5ST0ss4QqZFcruXmf7VBooIrJ6URTxSJ8HxRkDCoYpjHBH0qCFZskgHCgmZ/hXiEBMIqCzMPwVo+eRW6DcNqGs37RrV1U8RRBifgFNSBBS5BC9yBNugADJ7AC3gD79qz9qp9aJ/z1pJWzByDP9K+fwGKkZ4q</latexit>

ω(f) = ωp.p. + ωtidal

In post-newtonian (à expansion in (v/c)2) and for non-spinning objects (Henri et al., arXiv:2005.13367; Wade et al., PRD 2014):
<latexit sha1_base64="AKdNzGfjKKvAsrJIjLvvHYg5nBA="></latexit>

ω(f) = 2εftc→2ω0→ω
4+

3
128

(ωG(M1+M2)f)
→5/3(M1+M2)

2

M1M2

[
1→ 39

2 !̃
(

ωG(M1+M2)f
c3

)10/3
]

<latexit sha1_base64="XdIgfMp8vPdko0tyC7h239c3p6o="></latexit>

(M1+M2)
1/3

M1+M2
→ M→5/3
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EoS ßà NS observables ßà M(R), L(R) ?

but: 
✘ EoS model dependent ! (higher uncertainties at higher r)
✘ no ab-initio dense-matter calculations 

in all regimes à phenomenological models
✘ composition ßà EoS à M(R) ? 

Ozel & Freire, ARAA 54, 401 (2016)

Ozel & Freire, ARAA 54, 401 (2016) 
see also Burgio & Fantina, ASSL 457, 255 (2018)

Abbott et al., Class. Quantum Grav, 37, 045006 (2020)

(see e.g. Haensel et al., “Neutron Star Structure”, Springer 2007; Oertel et al., Rev. Mod. Phys. 2017; Burgio & Fantina, ASSL Springer 2018; 
Blaschke & Chamel, ASSL Springer 2018 for a review)

GR à direct correspondence 
EoS ßà NS static properties

à trace back to EoS 
   (and composition?)

?



EoS at T = 0: generalities (1)
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§ NS hot (~1012 K à finite T important) à cool in days to ~109 K 
     à T = 0 à full equilibrium (strong+weak) à T << TF
§ EoS needed to compute NS properties (M, R, etc)
§ Composition input for different observables (e.g. cooling, elastic properties, 

oscillations, magneto-rotational evolution, …)
§ Different phases of matter (solid crust, “liquid” core, superfluid, QGP?, …)

Haensel et al., “Neutron Star 1” (Springer 2007); Oertel et al., Rev. Mod. Phys. 89, 015007 (2017); Burgio&Fantina, ASSL 457, 255 (Springer 2018); 
Blaschke&Chamel, ASSL 457, 337 (Springer 2018)

§ NB: matter decouples from gravity! à when calculating EoS, gravity can be neglected (this also at T > 0)
<latexit sha1_base64="B8KAs9hq+rnhxI5ka6g/NGq4+1k="></latexit>

ds2 = →
(
1→ 2Gm(r)

rc2

)
c2dt2 +

(
1→ 2Gm(r)

rc2

)→1

dr2 + r2(dω2 + sin2 ωdε2)

Variation of the metric from NS centre to surface: 

Variation of the metric on a nuclear scale:

Image Credit: 3G Science White Paper

<latexit sha1_base64="E7zYXuC2p9SM2CV53thRlv9hSnE="></latexit>

g00(r = R,m = M)

g00(r = 0,m = 0)
= 1→ 2GM

Rc2
↑ 0.4 if M = 2M→, R = 10km

<latexit sha1_base64="h5Zink8O3roPRAvEfzB3NfMqbGI="></latexit>

g00(r + ωr)

g00(r)
→ 1 +

ωr

r
→ 1 + 10→19



EoS at T = 0: generalities (2)
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Haensel et al., “Neutron Star 1” (Springer 2007); Oertel et al., Rev. Mod. Phys. 89, 015007 (2017); Burgio&Fantina, ASSL 457, 255 (Springer 2018); 
Blaschke&Chamel, ASSL 457, 337 (Springer 2018)

Image Credit: 3G Science White Paper

§ T = 0 à full equilibrium (cold catalysed matter)
§ EoS only density dependent P(nB) (or P(e)) à one-dimensional
§ EoS at each nB à minimise the total energy density

§ However, different matter constituents à E({nj}), with nj(r) à P({nj})
but: conserved densities: nB, nL, nQ, (nS): baryon, lepton, charge, (strange)

            in the core: infinite matter à thermo limit: nj(r) = nj
§ Baryons & leptons decoupled: 

<latexit sha1_base64="5W+Zu7djiAcUeNGfmKhUXAfEH1Q=">AAACNnicbVDLSgMxFM34rOOr6tJNsAiiUGa6qG6EUhFcKFSwD2hLyaS3bWgmMyYZoQz9Kjd+h7tuXCji1k8w03bRhwcC5557D7n3eCFnSjvOyFpZXVvf2Ext2ds7u3v76YPDigoiSaFMAx7ImkcUcCagrJnmUAslEN/jUPX6N0m/+gJSsUA86UEITZ90BeswSrSRWumHhgddJmJ4jsbK+dBu+ET3KOHx7RBf45mqVcQXc/W93QDRnvG20hkn64yBl4k7JRk0RamVfm+0Axr5IDTlRKm664S6GROpGeVgdokUhIT2SRfqhgrig2rG47OH+NQobdwJpHlC47E664iJr9TA98xksrRa7CXif716pDtXzZiJMNIg6OSjTsSxDnCSIW4zCVTzgSGESmZ2xbRHJKHaJG2bENzFk5dJJZd189n8Yy5TKE7jSKFjdILOkIsuUQHdoRIqI4pe0Qh9oi/rzfqwvq2fyeiKNfUcoTlYv39vsqxb</latexit>

E = EB + EL
<latexit sha1_base64="NvTHCFQMIhuMoXLDy1hm/IJ+ERc="></latexit>

E = EB(nn, np) + Ee(ne = np)If only baryons + e-:

If b equilibrium: 1 variable nB as
<latexit sha1_base64="YAg8cwvr3hv7mHK4aI8uegNrqhY="></latexit>

nB = nn + np , ne = np = YpnB
<latexit sha1_base64="t4A74SUBUc2qFYXnqLfK3OYv5i0=">AAACIHicbVDLSgMxFM34rPVVdekmWAQRLDNdtG6EohuXFewDOkPJpLdtaCYzJhmhDP0UN/6KGxeK6E6/xsy0i9p6INzDOfdyc48fcaa0bX9bK6tr6xubua389s7u3n7h4LCpwlhSaNCQh7LtEwWcCWhopjm0Iwkk8Dm0/NFN6rceQSoWins9jsALyECwPqNEG6lbqLo+DJhI4CHOlPNJ3g3irsAXOK0Rvsoq5F0QvbmubqFol+wMeJk4M1JEM9S7hS+3F9I4AKEpJ0p1HDvSXkKkZpSD2RoriAgdkQF0DBUkAOUl2YETfGqUHu6H0jyhcabOTyQkUGoc+KYzIHqoFr1U/M/rxLp/6SVMRLEGQaeL+jHHOsRpWrjHJFDNx4YQKpn5K6ZDIgnVJtO8CcFZPHmZNMslp1Kq3JWLtetZHDl0jE7QGXJQFdXQLaqjBqLoCb2gN/RuPVuv1of1OW1dsWYzR+gPrJ9fIX+i9g==</latexit>µn → µp = µe

<latexit sha1_base64="SObMMFqD8xG7/4gGVGtvTDxMPWk="></latexit>

P = → dE

dV

∣∣∣∣
{Nj},T

= n2
B

de

dnB
If only baryons + electrons:

<latexit sha1_base64="S0InQeo7vJAYfLK+1BTs6pr5XAo=">AAACGHicbVDLSgMxFM3UVx1fVZdugkUQhTrTRXUjlLpxWcE+oC0lk7nThmYyY5IRytDPcOOvuHGhiNvu/BvTx6K2HriXwzn3ktzjxZwp7Tg/VmZtfWNzK7tt7+zu7R/kDo/qKkokhRqNeCSbHlHAmYCaZppDM5ZAQo9DwxvcTfzGM0jFIvGohzF0QtITLGCUaCN1c1dtD3pMpPCUTJWLkV3Ft7jareBL08Fug/AX3G4u7xScKfAqceckj+aodnPjth/RJAShKSdKtVwn1p2USM0oh5HdThTEhA5ID1qGChKC6qTTw0b4zCg+DiJpSmg8VRc3UhIqNQw9MxkS3VfL3kT8z2slOrjppEzEiQZBZw8FCcc6wpOUsM8kUM2HhhAqmfkrpn0iCdUmS9uE4C6fvErqxYJbKpQeivlyZR5HFp2gU3SOXHSNyugeVVENUfSC3tAH+rRerXfry/qejWas+c4x+gNr/AuUKZ7f</latexit>

P = PB + Pe

NB: Leptons are treated as free Fermi gas, but baryons interact!

NB: nB = baryon number density, r c2 = e mass-energy density !
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§ Fermi gas, degenerate matter

- density:

- electron energy:

NB: same for muons, with µµ = µe. They appear when µµ = mµ

Credit: University of Cambridge

- NR limit: pec << mec2 :

à à Polytropic EoS 
<latexit sha1_base64="WBtkAzNlNRM0IPs92LGtDCn0wQI=">AAACBHicbVA9SwNBEN3zM8avU8s0i4lgFe5SRBshaCPYRDAfkIthbrNJluzuHbt7QjhS2PhXbCwUsfVH2PlvvEuu0MQHA4/3ZpiZ54ecaeM439bK6tr6xmZuK7+9s7u3bx8cNnUQKUIbJOCBavugKWeSNgwznLZDRUH4nLb88VXqtx6o0iyQd2YS0q6AoWQDRsAkUs8ulOr4AnsCzIgAj2+mWN57QxACSvmeXXTKzgx4mbgZKaIM9Z795fUDEgkqDeGgdcd1QtONQRlGOJ3mvUjTEMgYhrSTUAmC6m48e2KKTxKljweBSkoaPFN/T8QgtJ4IP+lMr9WLXir+53UiMzjvxkyGkaGSzBcNIo5NgNNEcJ8pSgyfJASIYsmtmIxAATFJbmkI7uLLy6RZKbvVcvW2UqxdZnHkUAEdo1PkojNUQ9eojhqIoEf0jF7Rm/VkvVjv1se8dcXKZo7QH1ifP1fxlqU=</latexit>

P = Knω
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f(k) =
1

1 + e(e(k)→µ)/(kBT )

<latexit sha1_base64="gOSwLUlaWmO5Gt6GJ65OyTbnlvQ="></latexit>

f(k) = !(k)
<latexit sha1_base64="e4AJv96SRf/DKqeYwH4aIFK1mto="></latexit>

ne =
2

(2ω)3

∫
d3kf(k) =

1

ω2

∫ →

0
dkk2!(k) =

1

ω2

∫ kF

0
dkk2 =

k3F,e

3ω2
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ee(k) =
√
(mec2)2 + (⊋ck)2
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Ee =
2

(2ω2)3

∫ kF

0
dk 4ωk2

(
mec

2 +
⊋2c2k2
2mec2

)
= nemec

2 +
⊋2c2k5e,F
10ω2mec2

Pe = n2
e
d(Ee/ne)

dne
=

⊋2c2k5e,F
15ω2mec2

→ n5/3
e
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Ee =
2

(2ω2)3

∫ kF

0
dk 4ωk2⊋ck =

⊋ck4e,F
4ω2

Pe = n2
e
dee
dne

=
⊋cke,Fne

4
→ n4/3

e
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Phillips, “The Physics of Stars”; Weiss et al., “Cox & Giuli’s Principles of Stellar Structure” (Cambridge 2004); Haensel et al., “Neutron Star 1” (Springer 2007)

§ Fermi gas, degenerate matter

- UR limit: pec >> mec2 :

e- relativistic when pe ~ mec à 

NB: same for muons, with µµ = µe. They appear when µµ = mµ

N.B.: there are corrections to this formula, e.g.:
- electron screening
- exchange energy

à à Polytropic EoS 
<latexit sha1_base64="WBtkAzNlNRM0IPs92LGtDCn0wQI=">AAACBHicbVA9SwNBEN3zM8avU8s0i4lgFe5SRBshaCPYRDAfkIthbrNJluzuHbt7QjhS2PhXbCwUsfVH2PlvvEuu0MQHA4/3ZpiZ54ecaeM439bK6tr6xmZuK7+9s7u3bx8cNnUQKUIbJOCBavugKWeSNgwznLZDRUH4nLb88VXqtx6o0iyQd2YS0q6AoWQDRsAkUs8ulOr4AnsCzIgAj2+mWN57QxACSvmeXXTKzgx4mbgZKaIM9Z795fUDEgkqDeGgdcd1QtONQRlGOJ3mvUjTEMgYhrSTUAmC6m48e2KKTxKljweBSkoaPFN/T8QgtJ4IP+lMr9WLXir+53UiMzjvxkyGkaGSzBcNIo5NgNNEcJ8pSgyfJASIYsmtmIxAATFJbmkI7uLLy6RZKbvVcvW2UqxdZnHkUAEdo1PkojNUQ9eojhqIoEf0jF7Rm/VkvVjv1se8dcXKZo7QH1ifP1fxlqU=</latexit>

P = Knω

<latexit sha1_base64="GORotIeSThj4xA55+CYmUyftDl4="></latexit>

ωe,C =
mec2

⊋c

<latexit sha1_base64="GqO10/D8a9Jm9P0UqaVdtQn6Kto="></latexit>

ωB =
A

Z
nemp → A

Z
nemp

1

3ε2ϑ3
e,C

→ 106 g cm→3

- more general expressions:
<latexit sha1_base64="0YTJazbAYaShBv6WqKjHp524kwY="></latexit>

Ee =
mec2

8ω2ε3
e,C

[
2x3

√
1 + x2 + x

√
1 + x2 → ln

(
x+

√
1 + x2

)] <latexit sha1_base64="6g5+UY+KsElLQtNyMkDrdXtZW3A="></latexit>

x = ⊋c(3ω2ne)
1/3

mec2
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Pe =
mec2

8ω2ε3
e,C

[
x

(
2

3
x2 → 1

)√
1 + x2 + ln

(
x+

√
1 + x2

)]
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§ Fermi distribution function at T > 0 not step function

NB: same for muons

Credit: University of Cambridge

à Fermi integral Ik à numerical resolution

NB: for relatively small T (T/TF << 1) à Sommerfeld expansion in powers of T2

<latexit sha1_base64="fXa20PSNS3KOzq+HHULoAz3OeYs="></latexit>

Pe =
8

3
→
ω

kBT

ε3
e

[
I3/2(ϑ, kBT/mec

2) +
kBT

2mec2
I5/2(ϑ, kBT/mec

2)

]
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ωe =

(
2ε(⊋c)2
mec2kBT

)1/2

<latexit sha1_base64="5y05YWLigal1hP520nqljyjcbq4="></latexit>

ω = µe→mec
2

kBT

<latexit sha1_base64="6RSU3Z2TIpEQ3QEiay2A3/hYlpI="></latexit>

f(k) =
1

1 + e(e(k)→µ)/(kBT )

<latexit sha1_base64="Fc8hrI2c8/xRXg+0TXxX1/uNHE8="></latexit>

ee =
√

(mec2)2 + (⊋ck)2 relativistic particles
<latexit sha1_base64="KxoyX3ds9Cd3uCZFrYak6FFvOvQ="></latexit>

ne =
2

(2ω)3

∫
d3kf(k) =

4→
ωε3

e

[
I1/2(ϑ, kBT/mec

2) +
kBT

mec2
I3/2(ϑ, kBT/mec

2)

]
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Ee =
4→
ω

kBT

ε3
e

[
I3/2(ϑ, kBT/mec

2) +
kBT

mec2
I5/2(ϑ, kBT/mec

2)

]
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Ik(ω, t) →
∫ →

0

xk(1 + tx/2)1/2

1 + exp(x↑ ω)
dx



see also S. Lenzi’s lecture
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NN interaction not known; nuclear physics = non-perturbative regime of QCD

Ø Ab-initio (“microscopic”) approaches
based on quantum many-body theory from
realistic NN interactions;
different techniques: variational methods, (D)BHF, 
chiral EFT, Monte-Carlo, Green’s functions, …

à usually restricted to homogeneous matter (NS core)

Ø Phenomenological approaches
based on effective interactions (start from 
Hamiltonian/Lagrangian) with parameters 
adjusted to reproduced nuclear properties: EDF 
e.g. Skyrme / Gogny, RMF, meta-models, …

à also for inhomogeneous matter (crust+core)

for a review see e.g. Haensel et al. 2007 (Springer), Oertel et al., Rev. Mod. Phys. (2017), Burgio & Fantina, ASSL 457 (2018); 
Burgio et al., Prog. Part. Nucl. Phys. 120, 103879 (2021)

see L. Jokiniemi’s and P. Arthuis’s lecture see M. Bender’s lecture

à Two different approaches



see also S. Lenzi’s lecture
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NN interaction not known; nuclear physics = non-perturbative regime of QCD

Ø Ab-initio (“microscopic”) approaches
based on quantum many-body theory from
realistic NN interactions;
different techniques: variational methods, (D)BHF, 
chiral EFT, Monte-Carlo, Green’s functions, …

à usually restricted to homogeneous matter (NS core)

Ø Phenomenological approaches
based on effective interactions (start from 
Hamiltonian/Lagrangian) with parameters 
adjusted to reproduced nuclear properties: EDF 
e.g. Skyrme / Gogny, RMF, meta-models, …

à also for inhomogeneous matter (crust+core)

for a review see e.g. Haensel et al. 2007 (Springer), Oertel et al., Rev. Mod. Phys. (2017), Burgio & Fantina, ASSL 457 (2018); 
Burgio et al., Prog. Part. Nucl. Phys. 120, 103879 (2021)

see L. Jokiniemi’s and P. Arthuis’s lecture see M. Bender’s lecture

à Two different approaches

Fantina & Gulminelli, J.Phys. Conf. Ser. 2586, 012112 (2023)

PURE NEUTRON MATTER
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§ Fermions (see electron part), but interactions!
à similar to electron gas but with “effective” masses and “effective” chemical potentials

for a review see e.g. Haensel et al. (Springer 2017), Oertel et al., Rev. Mod. Phys. (2017), Burgio & Fantina, ASSL 457 (2018); Burgio et al., Prog. 
Part. Nucl. Phys. 120, 103879 (2021); see also Ring & Schuck (Springer 2004), Chabanat et al., NPA 627, 710 (1997), Bender et al., Rev. Mod. 
Phys. 75, 121 (2003), Duguet (Springer 2014), Baldo & Burgio, Rep. Prog. Phys. 75, 026301 (2012), Carlson et al., Rev. Mod. Phys. 87, 1067 (2015)

§ In infinite nuclear matter, T = 0
(transl. invariant):

§ Independent (quasi-)particles (non-relativistic, q = n,p)):
<latexit sha1_base64="Z2QHgcVgYgmYTr5STtl/gs1n8xE=">AAACFnicbVDLSsNAFJ3UV62vqEs3g61QEUuSRXUjFN24rGAf0KZhMp20QyaPzkyEEvoVbvwVNy4UcSvu/BunbRbaemDgcM653LnHjRkV0jC+tdzK6tr6Rn6zsLW9s7un7x80RZRwTBo4YhFvu0gQRkPSkFQy0o45QYHLSMv1b6Z+64FwQaPwXo5jYgdoEFKPYiSV5OjnJeKMyv4pvIJdjyOcdocu4j0L+j1rklqBM5rAM9iYZUoFRy8aFWMGuEzMjBRBhrqjf3X7EU4CEkrMkBAd04ilnSIuKWZkUugmgsQI+2hAOoqGKCDCTmdnTeCJUvrQi7h6oYQz9fdEigIhxoGrkgGSQ7HoTcX/vE4ivUs7pWGcSBLi+SIvYVBGcNoR7FNOsGRjRRDmVP0V4iFS7UjV5LQEc/HkZdK0Kma1Ur2zirXrrI48OALHoAxMcAFq4BbUQQNg8AiewSt40560F+1d+5hHc1o2cwj+QPv8AZAQnH0=</latexit>

eq(k) =
⊋2k2

2mq
+ Uq(k)

à Uq(k) from effective interactions (DFT)

§ Matter energy density:
NB: rest-mass to be 

added EDF à energy functional

<latexit sha1_base64="7ddbbyx/PYXoBqHlafbY3lwLr/8="></latexit>

Eq = gs,q
∫
k→kF

d3k
(2ω)3 eq(k) = EF,q + gs,q

∫
k→kF

d3k
(2ω)3Uq(k)

§ Examples: Skyrme (0-range), Gogny (finite-range), Fayans (more flexibility than Skyrme), BCPM (inspired to BHF 
calculations), KIDS (based on power expansion of nuclear matter energy in terms of kF), meta-model (based on Taylor 
expansion in density around saturation density)

see M. Bender’s lecture§ NB: here effects beyond mean-field not discussed

<latexit sha1_base64="PO7BhWyTleE39ScbKql7X0WPDxE="></latexit>∑
q

∑
k →

∑
q gs,q

∫
d3k
(2ω)3!q(k) =

∑
q gs,q

∫ kF,q

0
dk
2ω2 k2



<latexit sha1_base64="k3iM43VYM7KettU8G6zbF9Fju6g="></latexit>

ESky =
∑

q

mqc
2nq +

∑

q

EF,q + C1,isn
2
B +

∑

q

C1,isn
2
q

+ C2,isn
ω+2
B +

∑

q

C2,ivn
ω
q n

2
B + Cm,isn

5/3
B +

∑

q

Cm,ivn
5/3
q

Baryons (n,p) at T = 0: mean-field approx (2)
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v Example of Skyrme EDF (Skyrme, Nucl. Phy. 9, 615 (1959)):

for a review see e.g. Haensel et al. (Springer 2017), Oertel et al., Rev. Mod. Phys. (2017), Burgio & Fantina, ASSL 457 (2018); Burgio et al., Prog. 
Part. Nucl. Phys. 120, 103879 (2021), Chabanat et al., NPA 627, 710 (1997), Bender et al., Rev. Mod. Phys. 75, 121 (2003), Duguet (Springer 2014) 
Extensions in e.g. Lesinski et al. 2007, Bender et al. 2009, Chamel et al., 2009, Fantina et al. 2011, Margueron et al. 2012, Davesne et al. 2015.

Matter energy (infinite matter): central term + density-dep. term + eff. mass term + s-o, grad, tensor 
<latexit sha1_base64="Tf8Y/WEJgPYhF1sSKtKtfFeSQOE="></latexit>

nB = nn + np

NB: 
<latexit sha1_base64="pCGdBiSX4LPIXUxrNJL4Pna0KXU="></latexit>

EF,q → n5/3
q
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ESky =
∑

q

mqnq +
∑

q

E→
F,q + C1,isn

2
B +

∑

q

C1,isn
2
q

+ C2,isn
ω+2
B +

∑

q

C2,ivn
ω
q n

2
B

Landau (k) effective mass (momentum dependence)

na terms à mimic many-body effect

Model parameters à fitted to exp.

<latexit sha1_base64="Lya0Xl7AQucT9KjZRnbXK0Irc/Y="></latexit>

eq = ⊋2k2

2m→
q
+ Uq

tq kin.energy dens.; no gradient in infinite matter!

<latexit sha1_base64="42KWOg7i89ol32cJ8IaxUs9Zz5E="></latexit>

⊋2

2m→
q
= ωEEDF

ωεq
, Uq = ωEEDF

ωnq

<latexit sha1_base64="uns2iK5F+oJF2t36NOaMGDIk+bM="></latexit>

⊋2

2mq
→ ⊋2

2m→
q

NB: Extensions (e.g. added density-dep terms)
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ERFM,ωε(ϑ) =
∑

q

gs,q
2ω2

∫ kF,q

0
k2dk

√
k2 +m→2

q +
1

2
m2

ωε
2
0 →

1

2
m2

εϑ
2
0 + gεϑ0nB

(
→1

2
m2

ϑϖ
2
03 +

1

2
gϑϖ03(np → nn)

)

Baryons (n,p) at T = 0: mean-field approx (3)
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§ Matter 
energy density:

NB: Extensions: density-dependent (DD) couplings or non-linear (NL) self-interaction

see e.g., Glendenning (Springer 2000) Haensel et al. (Springer 2017), Oertel et al., Rev. Mod. Phys. (2017), Burgio & Fantina, ASSL 457 (2018); Burgio et 
al., Prog. Part. Nucl. Phys. 120, 103879 (2021), Bender et al., Rev. Mod. Phys. 75, 121 (2003), Duguet (Springer 2014), Niksic et al., PPNP 66, 519 (2011)

§ RMF : - nucleons interact via field, e.g. w (repulsion, short range) and s (attraction, medium range)
but others can be added, e.g. r needed to account for isospin!

- meson field are replaced by average values

§ Relativistic particle:

Model parameters à fitted to exp.

<latexit sha1_base64="LHVoPw+qZOlN+TtmiWjd5O068dI="></latexit>

m→ = m→ gωω0§ Scalar field à effective mass:

à ns (scalar density)

<latexit sha1_base64="BFDzum9fHGrBZ6GgdwgsSmXwwJ4="></latexit>

eq(k) =
√

(m→
qc

2)2 + (⊋ck)2 + Vq

§ Vector field à shifts energy à Vq: 

<latexit sha1_base64="f9TS3/9NWX1ORydFvSclvQM+Wns="></latexit>

m2
ωω0 = gω

∑
q

gs,q
2ε2

∫ kF,q

0 k2dk
m→

q→
⊋2k2+m→

q
<latexit sha1_base64="TKlD2G7oTvTNMuxQKTVU8EtvUhE="></latexit>

gωω0(±gεε)
<latexit sha1_base64="sFpBLr6tvThBNM+vmI6zpoOiWvQ="></latexit>

⊋ = c = 1
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§ Note: Landau (NR) & Dirac (R) effective masses are different (different definition) !

for a review see e.g. Haensel et al. (Springer 2017), Oertel et al., Rev. Mod. Phys. (2017), Burgio & Fantina, ASSL 457 (2018); Burgio et al., Prog. 
Part. Nucl. Phys. 120, 103879 (2021); see also Ring & Schuck (Springer 2004), Chabanat et al., NPA 627, 710 (1997), Bender et al., Rev. Mod. 
Phys. 75, 121 (2003), Duguet (Springer 2014), Baldo & Burgio, Rep. Prog. Phys. 75, 026301 (2012), Carlson et al., Rev. Mod. Phys. 87, 1067 (2015)

SNM

Van Dalen & Müther, IJMPE 19, 2077 (2010); arXiv:1004.0144 

§ Nucleons interact in medium à mass not the same as in vacuum
<latexit sha1_base64="RuYjSsKihRrM5AhPl18h5CH1UXs="></latexit>

m→
L = k

(
dE

dk

)↑1

v Landau k-mass (at kF)
(momentum dep.)

v Dirac mass

à different functional dependencies and values!
à mapping not straightforward

<latexit sha1_base64="PcxYkZUD7TLsJaMU/HBu20b6ouw="></latexit>

m→
D = m→ gωω0 = m→ g2ω

m2
ω

∑

q

gs,q
2ε2

∫ kF

0
k2dk

m→
q√

⊋2k2 +m→
q
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m→
L →

√
m→2

D + (⊋kF )2
?
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A. F. Fantina 31for a review see e.g. Haensel et al. (Springer 2017), Oertel et al., Rev. Mod. Phys. (2017), Burgio & Fantina, ASSL 457 (2018); 
Burgio et al., Prog. Part. Nucl. Phys. 120, 103879 (2021)

§ At T > 0 à Fermi function

§ In principle, same approach as before but f(k) à T-dep in occupation

§ With good approx., only kinetic part depend on T à m* term!
(beyond mean-field effect can add T-dep but small for T < 10-20 MeV) 

Moustakidis & Panos, PRC 79, 045806 (2009); 
(see also e.g. Lu et al., PRC 2019, Shang et al., PRC 2020) 

caveat: what about extrapolation at much higher T 
            (~ 100MeV, e.g. SN, BNS mergers?)
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f(k) =
1

1 + e(e(k)→µ)/(kBT )

<latexit sha1_base64="tuTrTkbANkoGmFD0vZ6FphbgAyg="></latexit>

eq = ⊋2c2

2m→
q
+ Uq , µ̃q = µq → Uq

v Non-relativistic particles
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→ Ekin,q =
4↑
ω

kBT

ε3
q

I3/2

(
µ̃q

kBT

)

Fantina et al., JPCS 342, 012003 (2012)

SCGF finite T

different EDFs



Connection with nuclear physics experiments (1)
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for a review see e.g. Haensel et al. 2007 (Springer), Oertel et al., Rev. Mod. Phys. (2017), Burgio & Fantina, ASSL 457 (2018); 
Burgio et al., Prog. Part. Nucl. Phys. 120, 103879 (2021)

§ EDF (with parameters) can model nuclei (T = 0)
à Parameters fitted on nuclear physics experiments

Stone et al., 
PRC 89, 0044316 (2014)

Kondev et al., 
Chin. Phys. C 45, 
030001 (2021)

NUCLEAR MASSES

Angeli&Marinova, 
ADNDT 99, 69 (2013)see M. Bender’s lecture
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eis = Esat +
1

2
Ksatx

2 +
1

6
Qsatx

3 + ...
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Connection with nuclear physics experiments (2)

A. F. Fantina 33for a review see e.g. Haensel et al. 2007 (Springer), Oertel et al., Rev. Mod. Phys. (2017), Burgio & Fantina, ASSL 457 (2018); 
Burgio et al., Prog. Part. Nucl. Phys. 120, 103879 (2021)

§ EoS of infinite matter can be Taylor expanded around saturation
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e(nB , ω) → eis(nB) + eiv(nB)ω
2

Centelles, talk@Primosten (2011)

� = (nn � np)/n
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à esat(nB,d=0)

à esym(nB)=e(nB,d=1) - e(nB,d=0)

but attention: kinetic part!

nuclear empirical parameters = successive derivative of energy functional at nsat à from experiments 

Vretenar et al., NPA 621, 853 (1997) Roca Maza & Paar, PPNP 101, 96 (2018)



... but choice not unique! 
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for a review see e.g. Haensel et al. 2007 (Springer), Oertel et al., Rev. Mod. Phys. (2017), Burgio & Fantina, ASSL 457 
(2018); Burgio et al., Prog. Part. Nucl. Phys. 120, 103879 (2021)

§ but: choice of the functional, data set & fitting protocol not unique 
à variety of models (even if same potential!)
à spread at high density (extrapolation far from experimental info)

§ Even for ab-initio, different many-body techniques, w/ or w/o 3BF 
à variety of models

Burgio et al., PPNP 120, 103879 (2021)
Margueron et al., PRC 97, 025805 (2018)Lattimer, Particles 6, 30 (2023)

= Esym

How this affects astro?



From nuclear models to astro prediction
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for a review see e.g. Haensel et al. 2007 (Springer), Oertel et al., Rev. Mod. Phys. (2017), Burgio & Fantina, ASSL 457 (2018); 
Burgio et al., Prog. Part. Nucl. Phys. 120, 103879 (2021)

Two ways of investigating impact of nuclear physics in astro

1. Choose your “favourite” model(s) 

Ø More “microscopic” model
(accurately calibrated EDFs)
à study specific model dependence

Ø Benchmark calculations (if simulations long)
Ø Calculate several nuclear inputs consistently 

for nuclear physics and astrophysics

✗ No parameter-space exploration

2. Statistical model exploration

Ø More flexible, faster computation model
(EDF, meta-model-like)
à Parameter-space exploration

Ø Bayes analysis
Ø Run millions of models and evaluate 

uncertainties

✗ Less microscopic



NS atmosphere
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Image Credit: 3G Science White Paper

atmosphere + ocean

Haensel et al., Neutron Star 1 (Springer 2007)

§ Atmophsere: (few cm) of light to intermediate-mass elements (e.g. H, He, C),
    e- + ions + atoms + molecules; gas/liquid

• Emission of thermal radiation à Tsurf, surface gravity, etc.
• Very low density (r < ~ 1 – 100 g/cm3) à EoS ideal gas P = nRT

Phillips, “The Physics of Stars"

Haensel et al., Neutron Star Structure 1 (Springer 2007); Nattila et al., ApJ 971, 37 (2024)

NB: below ~ 106 g/cm3 EoS is T-dependent (à T=0 approx not valid)

Haensel et al., Neutron Star 1 (Springer 2007)



NS ocean
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atmosphere + ocean

Haensel et al., Neutron Star 1 (Springer 2007)

§ Ocean: a few 10 m, ions + electrons
• Expected to be made by Fe nuclei (at least at the bottom) + electrons
• Low density (r < ~ 108 g/cm3) à EoS dominated by degenerate e- gas

Phillips, “The Physics of Stars"

Haensel et al., Neutron Star Structure 1 (Springer 2007); Nattila et al., ApJ 971, 37 (2024)

N. Chamel (2026)
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→ ωB ↑ ωi = mNnN ↓ AmpnN ↓ 1.4 AZ ↓ 103 g cm→3

• Atoms completely ionised! When this occurs?
à inter-atom spacing ~ atom radius (found from Ekin + Ecoul = 0 when atom bound)



NS crust: general picture
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Ø To obtain the EoS à minimisation e (nB) = EWS/VWS = min
Ø One nuclear species at each density point à one component or single nucleus approx.
Ø At T = 0 à bcc lattice

Chamel & Haensel, Liv. Rev. Relativ. 11, 10 (2008); see also Blaschke & Chamel, ASSL 457, 337 (Springer, 2018)

Wigner-Seitz 
(WS) cell

Haensel et al., Neutron Star Structure 1 (Springer 2007)

see also Haensel et al., Neutron Star Structure 1 (Springer 2007)



NS crust: matter neutronisation
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§ With increasing density, matter becomes more neutron rich

à electron Fermi energy changes with nB

§ When does this occur? Ignoring (Coulomb) interaction and n mass:
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M(A,Z)c2 + µe > M(A,Z → 1)c2

if M(A,Z) ↑ (A→ Z)mn + Zmp ↓ µe > (mn →mp)c2
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ne =
Z1
A1

n1 = Z2
A2

n2

n2 > n1 → Z2
A2

> Z1
A1

- charge neutrality:  ne = np

- Le Chatelier-Braun principle:
n1, (A1,Z1)

n2 > n1, (A2,Z2)

depth

Chamel & Haensel, Liv. Rev. Relativ. 11, 10 (2008); Blaschke & Chamel, ASSL 457, 337 (Springer, 2018)

à b eq: n/p ratio adjust à matter gets more n rich

Pearson et al., MNRAS 481, 2994 (2018)



NS crust: Coulomb interaction
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§ Gauss theorem in WS cell
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nucleus (sphere)
(Gaussian units 1/(4pe0)=1)

Lattice energy (e-e, e-N):
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EL = → 9
10

(Ze)2

rWS

for a bcc: ~ 0.896 ~ 9/10
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PL = 1
3EL < 0Lattice pressure: à soften the EoS

Haensel et al., Neutron Star Structure 1 (Springer 2007); Chamel & Haensel, Liv. Rev. Relat. 11, 10 (2008);
Shapiro & Teukolski, “Black holes, white dwarfs, and neutron stars” (Wiley 1983)

rN

rWS

Ze

(A,Z)



NS outer crust
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Image Credit: 3G Science White Paper

Chamel & Haensel, Liv. Rev. Relativ. 11, 10 (2008); see also Blaschke & Chamel, ASSL 457, 337 (Springer, 2018)

see also Haensel et al., Neutron Star Structure 1 (Springer 2007)



NS outer crust (1)
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§ Nuclei in bcc lattice + electrons:
e-e and e-i int.

Only microscopic inputs are nuclear masses à Experimental or mass models

Image Credit: 3G Science White Paper

Wolf et al., PRL 110, 041101 (2013) ; ISOLTRAP collaboration at CERN (82Zn)

Pioneering works: Baym et al. (BPS), ApJ 170, 299 (1971); Tondeur, A&A 14, 451 
(1971); review: Haensel et al., Neutron Star Structure 1 (Springer 2007); Chamel & 
Haensel, Liv. Rev. Relat. 11, 10 (2008); Burgio & Fantina, ASSL 457 (2018)
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EWS(nB) =
M(A,Z)c2

VWS
+ Ee + ECoul

1971

2013

https://cerncourier.com/a/plumbing-the-depths-of-neutron-stars/



NS outer crust (2)
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Ø Experimental info on masses à model independent results
Ø Beyond à nuclear mass models à model dependence

Ø Imprint of magic nuclei (N ~ 50, 82)
    (less on Z because of weak equilibrium 
     and charge neutrality, few layers with Z=28)
    
Ø Machine learning used to fit nuclear mass data
      (e.g. Utama et al., PRC 93, 014311 (2016); Shelley & Pastore, Universe 7, 131 (2021))

    but: extrapolations, applicability for inner crust and core ?

Shelley & Pastore, 
Universe 7, 131 (2021)

N ~ 50

N ~ 82



Neutron drip
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§ At some point, nuclei become so neutron rich à n drip out of nuclei à neutron drip

§ In nuclear physics, neutron dripline à lightest isotope such that
<latexit sha1_base64="BvHur24QEm90Iv2s3op/y94Rmqk="></latexit>

M →(A,Z)→M →(A→ 1, Z) > mn

§ But: nuclei (with structure effects) in a medium (background gas, lattice effects) à dripline shifted !

see e.g. Haensel et al., ”Neutron Star 1” (Springer 2007), Chamel et al., PRC 91, 055803 (2015)

Image Credit: 3G Science White Paper

§ Drip à neutrons occupy delocalised 
continuum states 

Papakonstantinou et al., PRC 88, 045805 (2013); sketch courtesy of F. Gulminelli

NB: - two representations can be mapped
       - neutron superfluid fraction (i.e. those not 
         co-moving with lattice) important for e.g. 
         glitches, elastic properties, …
         à “free” neutrons in e-cluster
              representation (Almirante & Urban, PRL 2025)

r-cluster e-cluster


