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Introduction

Statistical methods play a critical role in
many areas of physics

Higgs discovery : “We have 5¢” !
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http://www.sciencedirect.com/science/article/pii/S037026931200857X

Introduction

Precision measurements are another window into BSM effects
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— How to compute (and interpret) measurement intervals

— How to model systematic uncertainties ?

— How to get the smallest achievable uncertainties ?

Image credits: CERN courier, LHCb


https://cerncourier.com/a/cdf-sets-w-mass-against-the-standard-model/
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— How to compute (and interpret) measurement intervals

— How to model systematic uncertainties ?

— How to get the smallest achievable uncertainties ?


https://cerncourier.com/a/the-higgs-and-the-fate-of-the-universe/
https://cds.cern.ch/record/1452986/files/10.1007_JHEP08(2012)098.pdf

Course Plan

This morning:

Statistical Modeling (PDFs for HEP measurements) -
. ) o Disclaimer: examples
Parameter estimation (max. likelihood, least-squares)
i , , and methods covered
Model testing (hypothesis testing, p-values, ...) , ,
in the lectures will be

biased towards LHC
techniques (generally
close to the state of
the art anyway)

This afternoon (14:00)
Confidence intervals
Upper limits

Systematics and profiling

(Bayesian inference)
Each lecture will be followed by a hands-on session:
* This morning at 11:00
* This afternoon at 16:00

The class will also feature hands-on exercises using Jupyter notebooks


https://github.com/fastprof-hep/stats-tutorial/blob/main/SOS2026/notebook1.ipynb

Hands-on exercises

The Statistics course will include Hands-on exercises on jupyter notebooks
(built using the numpy/scipy/pyplot stack) are part of the course.

If you have a computer with you, please install anaconda as this provides a
consistent installation of python, JupyterLab, etc.

— Alternatively, you can also install JupyterLab as a standalone package.

— Another solution is to run on the public jupyter servers at mybinder.org.
This will probably be slower but avoids a local install.

Lecture 1 Lecture Notes notebook [solutions] binder [solutions]

Lecture 2 Lecture Notes notebook [solutions] binder [solutions]


https://indico.in2p3.fr/event/37891/contributions/166018/attachments/101902/158345/SOS2026_lecture1.pdf
https://docs.anaconda.com/anaconda/install/
https://jupyter.org/install
http://mybinder.org/
https://indico.in2p3.fr/event/37891/contributions/166018/attachments/101902/158345/SOS2026_lecture1.pdf
https://github.com/fastprof-hep/stats-tutorial/blob/main/SOS2026/notebook1.ipynb
https://github.com/fastprof-hep/stats-tutorial/blob/main/SOS2026/notebook1_solutions.ipynb
http://mybinder.org/v2/gh/fastprof-hep/stats-tutorial/main?filepath=SOS2026/notebook1.ipynb
http://mybinder.org/v2/gh/fastprof-hep/stats-tutorial/main?filepath=SOS2026/notebook1_solutions.ipynb
https://indico.in2p3.fr/event/37891/contributions/166018/attachments/101902/158345/SOS2026_lecture1.pdf
https://github.com/fastprof-hep/stats-tutorial/blob/main/SOS2026/notebook2.ipynb
https://github.com/fastprof-hep/stats-tutorial/blob/main/SOS2026/notebook2_solutions.ipynb
http://mybinder.org/v2/gh/fastprof-hep/stats-tutorial/main?filepath=SOS2026/notebook2.ipynb
http://mybinder.org/v2/gh/fastprof-hep/stats-tutorial/main?filepath=SOS2026/notebook2_solutions.ipynb

Randomness in High-Energy Physics

Experimental data is produced by incredibly complex processes

These processes are random: classical randomness in
measurements + quantum randomness in physics processes




Quantum Randomness: H—ZZ*—4li

Phys. Rev. D 91, 012006
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https://cds.cern.ch/record/2230893/files/Higgs4l.gif?download=1

Quantum Randomness: H—ZZ*—4li
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“Will | get an event today ?” = only probabilistic answer
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Wouter Verkerke
(Nikhef/Atlas)

SOS 2014

Statistical .,

/// {4/ Assumes some knowledge of
° * PDFs
M Od e I I n g e Gaussian distributions
* X2 distributions
* Central limit theorem
Let us know if short reminders on any

of these would be useful!
10


https://indico.in2p3.fr/event/9742/contribution/16/material/1/0.pdf

Example 1: Z counting Phys. Lett. B 759 (2016) 601

Measure the cross-section (event rate)
of the Z— ee process
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“Single bin counting” : only data inputisn,_ . 11


http://dx.doi.org/10.1016/j.physletb.2016.06.023

Example 2: ttH—bb
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arXiv:2111.06712

Event counting in different regions:

Multiple-bin counting

Lots of information available
— Potentially higher sensitivity

— How to make optimal use of it ?

12


https://arxiv.org/abs/2111.06712

Example 3: unbinned modeling ATLAS-CONF-2017-045
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All modeling done using continuous distributions:

S B
Ptotal(myy) — S+B Psignal(myy;mH) + S_I_—BPbkg(mYY)

13


https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2017-045/

How to count

Common situation: produce many events N, select a (very) small fraction P

— In principle, binomial process

— In practice, P K 1, N > 1, = Poisson approximation.

—> i.e. very rare process, but very many trials so still expect to see good events

n
Poisson distribution p (n ; )\)= e 7‘_, A=NP
n.
=05 1 (1-p)" "= (1—1)N Tl e
— . N
0.6F
- Mean = A _

0'5;_ For a counting
0.4F Variance = A measurement,
0.3 RMS (a) = VA o=VN
0.2

: Central limit theorem : Poisson
0'1;_ 1 becomes Gaussian for large A :

%5 10 15 20 25 30 Ao
P(A) » G(A,V2)
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How to count

Common situation: produce many events N, select a (very) small fraction P
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Statistical Model for Counting o =3

Observable: number of events n

Typically both Signal and Background present:

n
P (n - S B):e_(s + B) ('S + B) S : # of events from signal process
5 b

/
n. B : # of events from bkg. process(es)

Model has parameters S and B.

B can be known a priori or not (S usually not...)

— Example: assume B is known, use measured n to find out about S.

15



Multiple counting bins

Count in bins of a variable = histogram n_... n

normalised to total

Bkg

N : number of bins
( ) Per-bin fractions (=shapes)

of Signal and Background
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- ted
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CRG T =

Poisson distribution in each bin

Shapes f typically obtained from simulated events (Monte Carlo)

86 065 07 075 08 085 09 0.95 1
Higgs candidate DNN-tagger

In HEP, generally good modeling from simulation (with some uncertainties)

Also not always possible to generate sufficiently large MC samples
MC stat fluctuations can create artefacts, especially for S << B.

P(H)

16



Model Parameters

Model typically includes:

 Parameters of interest (POIs) : what we want to measure
- S, m, . -

* Nuisance parameters (NPs) : other parameters needed to define the model
— Background levels (B)

— For binned data, f&, , f°«

*: normalised to total Bkg.
1200—4\\\||||||||||||||||\||v||||»—

(2]
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8001— —
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Takeaways
Random data must be described using a statistical model. Usual cases:
Description Observable Likelihood

Poisson i
Counting n P(S B):e—(S+B)(S+ B)

n!

Binned shape

Poisson product

bins i bkg \n;
Cp (s (SFi°+ Bf)

analysis ! o bins P(s,B)=]] e ST l l
i=1 n;!
Extended Unbinned Likelihood
;Jhnablzgiil sis mi’ =1 evts e_(S+B> T
p y P(S,B)= - HS stg(mi)+B Pbkg(mi)

evts * i=1

Includes parameters of interest (POIs) but also nuisance parameters (NPs)
How do we obtain the values of the POls ?

18



Parameter estimation

19



What a PDF is for

Model describes the distribution of the observable: P(data; parameters)

=» Possible outcomes of the experiment, for given parameter values

Can draw random events according to PDF : generate pseudo-data

P(A=5)
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What a PDF is also for: Likelihood

Model describes the distribution of the observable: P(data; parameters)
= Possible outcomes of the experiment, for given parameter values
We want the other direction: use data to get information on parameters

3000

Estimate

> - E byt
S 0.025/ Z 2500F ¥
O B 1) r TS
o - o B +‘I‘{-b+
o i
2 0.02- £ 20000 *..1;{-{_:;9“
> - CI>J I~ i
3 0.0151 o 1500F L
D - o - Fae
S 0.01 N - o
= 01 = 1000 m’ii'm
= 0.008| i - 7
o U. - - -
Z E | | | | | 2 500;
C. b e
foo 110 720 T30 149 AN o 110 120 130 140 150 160
m (GeV) m (GeV)

Likelihood: L(parameters) = P(data; parameters)

— Same as the PDF, but seen as function of the parameters



Maximum Likelihood Estimation

To estimate a parameter y, find the value i that maximizes L(p)

Maximum Likelihood

Estimator (MLE) [i: H = dargmax L(I'l)

® s=0.5

MLE: the value of u for which this data was most likely to occur
The MLE is a function of the data - itself an observable

No guarantee it is the true value (data may be “unlikely”) but sensible estimate
22



Maximum Likelihood Estimation

To estimate a parameter y, find the value i that maximizes L(p)

Maximum Likelihood

Estimator (MLE) [i: H = arg max L(I'l)

0.6 0.18F
05| °7 0 o 016 L(S) max @S =5
T I 0.14f . _
0.4F Observed value = 012 if observed n=5
wn - — ~ =
v 0 aFL n=5 0.1 g
2% 0.08- P(5;S)=e* >
ozt 0.06 / ;
vald 004
R 0.02F
0 ° Y246 B 10 12 14 16 18 20

S

MLE: the value of u for which this data was most likely to occur
The MLE is a function of the data - itself an observable
No guarantee it is the true value (data may be “unlikely”) but sensible estimate



Gaussian case

data
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Best-fit of Gaussian PDF mean to observed data
23



Gaussian case

data

Central value (u)
o — N
| I(PI [ I_LI | Ul I\J | Iq.ll [ Ic*JI

0.l b

—54—3—21012345
Observed data (n)

Best-fit of Gaussian PDF mean to observed data
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Multiple Gaussian bins

> __
o] 300_‘—TrJr
PDF for independent Gaussian bins: 2 250++++H++H f
5 2000 +++++++H+ t
1 ’ I"l H G 1 b y i ) % 150;_ ++++++++++++++ ++
s 100F Pl st
Likelihood £ cof }
N yins ’ 2\ g 3
=T L exp|- (""_y"g'“)) R TTRET REF R PR TR T
i=1 V2T O, | 20; | m (GeV)
-2 log Likelihood . ,
N,. 2 N, / )
L y,-(u) L S Doesn't
7\(11) — —ZlogL(p)=2 . + Z/I‘ag(ZnGi) depend on u
i=1 i i= N\
\

Gaussian case: MLE = Minimum ¥? = Least-squares minimization.

General case: Typically need non-linear minimization.

HEP practice: MINUIT (C++ library within ROOT, numerical gradient descent)

scipy.minimize: many algorithms, NumPy/TF/PyTorch/... backends.
24



Multiple Gaussian bins ol
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Gaussian case: MLE = Minimum ¥? = Least-squares minimization.

General case: Typically need non-linear minimization.

HEP practice: MINUIT (C++ library within ROOT, numerical gradient descent)

scipy.minimize: many algorithms, NumPy/TF/PyTorch/... backends.
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Multiple Gaussian bins ol
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Gaussian case: MLE = Minimum ¥? = Least-squares minimization.

General case: Typically need non-linear minimization.

HEP practice: MINUIT (C++ library within ROOT, numerical gradient descent)

scipy.minimize: many algorithms, NumPy/TF/PyTorch/... backends.
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Confidence Intervals
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Uncertainties on best-fit values

“Best-fit” value from MLE :

i = argmaxL(p)

= arg min[)\(p) = —210gL(p)]

However we also need to estimate the associated uncertainties.

Uncertainties carry
important messages
about measurements!

What is the meaning of
the uncertainty bar ?

“We don’t know the true value, but there is a 68.3% chance that it

is within the bar”

LEP combination
Phys. Rep. 532 (2013) 119

DO
PRL 108 (2012) 151804

CDF

Science 376 (2022) 6589

LHCb
JHEP 01 (2022) 036

ATLAS
arxiv:2403.15085, subm. to EPJC

CMS
This Work

— 80375 + 23
— 80433.5 £ 9.4

I
|
- 80354 +32 | i.

CMS Preliminary
| | | | : |
my in MeV I
| 80376 + 33 :% " o

——

| 80366.5 + 15.9 e

— 80360.2 + 9.9 —= EW fit

I

80300 /ﬁsso |

80400

80450

my (MeV)

Nature 652 (2026) 321
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What we want

For a Gaussian, P(n—o<n<p+0)=683% 68.3% confidence = “1¢”

We repeat the same experiment
multiple times, want to report a 1o
interval (68.3% CL) in each case.

Goal: we want 68.3% of these intervals
to contain the true value p*.

Crucially, must be able to do so without
knowing p* !

“We don’t know the true value, but there is a 68.3% chance that it
is within the bar”

=

27
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Crucially, must be able to do so without
knowing p* !

“We don’t know the true value, but there is a 68.3% chance that it
is within the bar”

=

28



Gaussian confidence intervals

— N
'(J-III“)III'({1IIIFAJ

Central value (u)

o
II({lIIII_lkll

0. Bl

—54—3—21012345
Observed data (n)
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Gaussian confidence intervals

Central value (u)

— N
II'(J-llIII“)IIII'({1IIII(AJ

I S R R R R

Observed data (n)

Central value
p=n
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Gaussian confidence intervals

3z 3
S 25
-~ B
s 2 Other likely values
- B
8 1.5

Central value
p=n

0Bl

Observed data (n)

How big an interval do we need around i = n to include the true

value u* 68.3% of the time ? ’9



Gaussian confidence intervals

P(w*—o<n<p'+0)=683%

|

Pln—o<p*<n+0)=683%

Central value (u)

- \®)
II-CJ1IIIII\)IIII-(J1IIIIQJ

W=nzoat68.3%CL(“10”)

05
=9 4—3—2 10 1 2 3 4 5 Still a statement on n!
Observed data (n)

The reported interval n = ¢ contains the true value p* 68.3% of the time

Works even if we don’t know p* ! 30



Takeaways (1)

Random data must be described using a statistical model. Usual cases:

Description Observable Likelihood

Poisson )
Counting n L(S B):e—(su;) (S + B)

’ n!

Poisson product

Binned shape . -
: n, =1..N_ i w e (S FS8 4 B FORE)™
analysis ' bins L<S,B):He—(8fi +Bf, )( i , fi®)
i=1 n,-.

Extended Unbinned Likelihood

Unbinned

h Ivsi i 1 ** nevts e

shape analysis L(S,B):
n

—(S+B) nevts

evts * i=1

H S Psig<mi)+B Pbkg(mi)

Includes parameters of interest (POIls) but also nuisance parameters (NPs).

How do we obtain the values of the POls ?

31



Takeaways (2)

How do we obtain the values of the POls ?

e Central value (“best-fit value”) fromm Maximum likelihood estimation (MLE)
i = argmaxL(p) = argmin|\(p) = —2log L(p)]

— Gaussian case: MLE identical to least squares minimization:

& "i_)’i(ll)‘z
A(n)=-2logL(p)=2 |——
i=1 i 1

e Uncertainties (“error bar”) : interval that is guaranteed to contain the true
value 68.3% of the time (“10” case -- also 95% CL, etc.) = Confidence interval

— Gaussian case: 68.3% CL interval is [i + ¢ where o is the Gaussian width.

Next steps: methods to obtain intervals, etc. for realistic models
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Discovery Testing

We see an unexpected feature in our data, is it

a signal for new physics or a fluctuation ?

e.g. Higgs discovery : “We have 5¢” !

o = L L L L L L L L L
= ATLAS 2011 -2012 b
8 (s=7TeV: |Ldt=4.6-4.81b" - Exp.
(s=8TeV: [Ldt=5.85.9fb" +1o
1 : e By o o o AN L h i hmmhmmmm MMM EmMmEAmAmAMmmEgEEmmmmmmmmmme e Oc
AT - T ] . T e 1o
118-2::::::;; """"""""" 5T S AR 26
107 e N\ g 35
10
10'5 ----------------------- ‘::‘-1 -------------------------------------- 4o
10° °
T 54 = S "-1":: """"""""""""""""" 5o
10°®
1079 e rmmmmmm oo M e 66
10-10
10‘11I\\Il\ll\llllllllllllll\‘I\‘\‘&l\\lllllll
110 115 120 125 130 135 140 145 150
m,, [GeV]

Phys. Lett. B 716 (2012) 1-29

I weights / 2 GeV

¥ weights - Bkg

:: T | T T T T | T T T T | T T T T
5 e Data ATLA
- () .
w0 25F I Background 2z Hos 770 say
.."_.é - [l Background Z+jets, tf
o ool [ ]Signal (m, =125 GeV)
L

" %/ Syst.Unc.
15'_'5 =7 TeV:JLdt =4.8fb"
[ s =8TeV:/Ldt = 5.8 fb"

150 200 250

m,, [GeV]
—
4  Data S/B Weighted

Sig+Bkg Fit (m =126.5 GeV)
-------- Bkg (4th order polynomial)

100

' 40 —
(c) -

80

60

8t
‘e
0 4+ """
-4
-8 . s s . \
100 110 120 130 140 150 160
m,, [GeV]
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http://www.sciencedirect.com/science/article/pii/S037026931200857X

Discovery Testing nt o Obs:120

Say we have a Gaussian measurement with
a background B=100, and we measure n=120

Did we just discover something ? Maybe :-) (but not very likely)

The measured signal is S = 20.

Uncertainty on B is VB = 10 3
= Significance Z = 2 7 =— 3
= we are ~20 away from S=0.

Obs: 120

P-value po: fraction of outcomes that is at least as 8
extreme as the observation. 3 ‘ P

Gaussian quantiles: p, = 1—(I)(Z) ®(Z)= G(u;0,1) du

In our case, get Z=2 about p,~ 2.3% of the time if S = 0 = Rare, but not except'ional35



Discovery Testing

Z P([x-X|>Zo)
Say we have a Gaussian measurement with 1 0.317
a background B=100, and we measure n=120 2 0.046

3 0.003
Did we just discover something ? Maybe :-) (but not very likely) 4 6 x 10°

5 6 x 107
The measured signal is S = 20. X

S = nobs - B

Uncertainty on B is VB = 10 S - Obs: 120

= Significance Z = 2 7 =— 3
= we are ~20 away from S=0.

P-value po: fraction of outcomes that is at least as 2

extreme as the observation.

Gaussian quantiles: p, = 1—®(Z) ®(Z) = fio G(u;0,1) du

In our case, get Z=2 about p,~ 2.3% of the time if S = 0 = Rare, but not except'ional35



Discovery Testing

e 150

® 130

n o 120
110

105

105 5

110 10
120 20
130 30
150 50

0.50
lo
20
30
50

31%

16%

2.3%
0.1%
3107

5 ~ 105

3 : \110

- VB=10 tedeh 120130 | 150

3 BN A BN W
B=100 o

Straightforward in this Gaussian case

Now need to be able to do the same in
realistic cases: ¢ Determine S

« ComputeZand p,

Evidence

Discovery 36



General Hypothesis Testing

Null Hypothesis: assumption on POls, say value of S (e.g. H, : $=0)

— Goal : decide if H is favored or disfavored using a test based on the data.

Possible Data disfavors H_ Data favors H,
outcomes: (Discovery claim) (Nothing found)
H, is false . Missed

, Discovery! .
(New physics!) discovery
H, is true False .M | No new physics,
(Nothing new) | discovery | None found

"... the null hypothesis is never proved or established, but is possibly disproved, in the course
of experimentation. Every experiment may be said to exist only to give the facts a chance of

disproving the null hypothesis." - R. A. Fisher
37



General Hypothesis Testing

Null Hypothesis: assumption on POls, say value of S (e.g. H, : $=0)

Data disfavors H_ Data favors H,
(Discovery claim) (Nothing found)
H_is false h  Type-ll error
0 M ' e
(New physics!) Discovery: »  (Missed discovery)
H, is true Type-l error No new physics, - __E—I
(Nothing new) (False discovery) none found =

L‘ a.k.a. p-value, significance

Lower Type-l errors < Higher Type-ll errors and vice versa: cannot have everything!

0.4
— Goal: test that minimizes Type-II " 5=0 BSM
errors for a given level of Type-l error. 052;:
0.15F- . Type-l error
. o1 lype-
— Usually set predefined level of 0.05F
acceptable Type-I error (e.g. “50”) 05 s 2 4 0 1 o2 3. ~5

Discriminant observable



General Hypothesis Testing

Null Hypothesis: assumption on POls, say value of S (e.g. H, : $=0)

Data disfavors H_ Data favors H,
(Discovery claim) (Nothing found)
H_is false Type-ll error
0 . I )
(New physics!) Discovery: 5  (Missed discovery)
H, is true Type-l error No new physics, - __E"I
(Nothing new) (False discovery) none found =

L‘ a.k.a. p-value, significance

Lower Type-l errors < Higher Type-ll errors and vice versa: cannot have everything!

0 L

0.4
— Goal: test that minimizes Type-II °% 5=0 BSM
errors for a given level of Type-l error. 062;:
015E- Type-I error
: o1 Type-
— Usually set predefined level of 0.05f
é' ------

acceptable Type-I error (e.g. “50”)

Discriminant observable



ROC Curves

“Receiver operating characteristic”
(ROC) Curve:

— Shows Type-l vs Type-ll rates for
different selections

— All curves monotonically
decrease from (0,1) to (1,0)

— Better discriminators more
“bent” towards (1,1)

— Goal: test that minimizes Type-lI
errors for a given level of Type-I error.

— Usually set predefined level of
acceptable Type-I error (e.g. “50”)

1-¢

(=1-¢,)

Type-l

Increasingly

- discriminators

Discriminant observable

1 ’
| -
Q
=
(]
m
0 >
- = 1
8Type-II ( ES)
0.4
0.35 — S=0 BSM
0.3F
0.25 ;—
Ooéi ve-l error
0.1
0.05F



ROC Curves Increasingly

- discriminators

«Recelver operating characteristic’ 71 1
(ROC) Curve:
— Shows Type-l vs Type-ll rates for ’J" _
different selections E %
— All curves monotonically g -
decrease from (0,1) to (1,0) f
— Better discriminators more
“bent” towards (1,1) >
0 " & pen (= 8s) 1
0.4F
— Goal: test that minimizes Type-II °% 5=0 BSM
errors for a given level of Type-I error. 0022:
0.15F- pe-l error
— Usually set predefined level of 0351_
acceptable Type-l error (e.g. “50") %5 5 i

Discriminant observable



ROC Curves

“Receiver operating characteristic”
(ROC) Curve:

— Shows Type-l vs Type-ll rates for
different selections

— All curves monotonically
decrease from (0,1) to (1,0)

— Better discriminators more
“bent” towards (1,1)

— Goal: test that minimizes Type-lI
errors for a given level of Type-I error.

— Usually set predefined level of
acceptable Type-I error (e.g. “50”)

Increasingly

&

w
! O

-

L T
:;_{ a8
e

w

-

>
0
0.4F
035§ = BSM
0.3F
0.25F
0.2
0.15F- pe-l error
0.1F
0.05[
5 5
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Hypothesis Testing with Likelihoods

Neyman-Pearson Lemma
When comparing two hypotheses H, and H,, the L(H,; data)
optimal discriminator is the Likelihood ratio (LR) L(H 15 data)

Caveat: Strictly true only for simple
_ hypotheses (no free parameters
L(S = 0;data) i (nofree )

L(S = 5;data)

e.g.

As for MLE, choose the hypothesis that is more likely given the data we have.

Always need an alternate hypothesis to test against the null.
Optimal = minimizes Type-ll uncertainties for given level of Type-l uncertainties.

In the following: all tests based on LR, will focus on p-values (Type-I errors), trusting

that Type-Il errors are anyway as small as they can be... 40



' : ist Cowan, C . Gross & Vitells, £
Discovery: Test Statistic Cowan, Cranmer, Gross & Vitells

Discovery : S=0

 H, : background only (S = 0) against H .F» H.

« H_: presence of a signal (S > 0)

—> For H,, any S > O is possible, which to use ? The one preferred by the data, S.

I . L(s=0)
= Use Likelihood ratio: =
L(S)
(5=0)
— In fact use the test statistic q, = —2log =
L(S)

Note: for S < 0, set d,=0 to reject negative signals (“one-sided test statistic”) a1


https://arxiv.org/abs/1007.1727
https://arxiv.org/abs/1007.1727

Discovery p-value data data

prefer prefer
$S=0 $>0
L(S=0 0-5P1
Large values of —2log ( < ) means that: 0.45;| 30 f(q.|S=0)
L(S) 0.4) 0
0.35f
A 2 Observed
=> observed S is far from 0O 0.3p )
0.25F value q
= H (S=0) disfavored compared to H_(5#0). 0.2f
0.15;
0.1
Is it still compatible with H_(S=0) ? 0.05 | ~ large S
, , b1 234 546 7 8 9
Compute p-value in the tail of the distribution ) q
0
to exclude H, (... and claim a discovery!)

Po = j f(q0|S=O) dq,

obs

q

Need to know f(q, | $=0), the distribution of qo in the $=0 scenario...
Hard problem in general!

42



Asym ptOﬁC diStribUﬁon of qo Cowan, Cranmer, Gross & Vitells Eur.Phys.J.C71:1554,2011

Gaussian regime for S (e.g. large n

evts’

Wilks’ Theorem:

a, is distributed as x* (n_,) for S =0

POI

= 1 POI : Vq, follows a normal distribution G(0,1)

= Can compute p-values from Gaussian quantiles
py=1- (I)(‘/;o)
= Even more simply, the significance is:
/= \/‘IO

“Weak” Gaussian assumption:
e Compute qo using the exact (non-Gaussian) model

e Assume Gaussianity only for the distribution of qo.

Typically works well already for O(5) events

Central-limit theorem) :

2-line “proof” : asymptotically L and S are

Gaussian, so

ro=eal (5] -

= ﬁ__NGO 1) = qy ~ X ndf_l
0.5¢
0.45(| $=0
x*(n, =1)
045 dOf
0.35F
0.3 Observed
0.25E obs
value q,
0.2
0.15F p-value
0.1
0.05F ‘ large S
E ]
Y1234 56 7 8 9



https://arxiv.org/abs/1007.1727

Testing for discovery using asymptotics

1. Build the statistical model of the measurement, P(data; )

2. Define the likelihood, L(n) = P(data; )

L(§=0) -
3. Compute the test statistic q, = —2log 2(3) ) S$>0

'\

4. Compute the significance Z = 4/ q,
Valid in the asymptotic limit,

i.e. large enough datasets.

5. Or the discovery p-value p,=1— CD(\/;O))

44



Homework 1: Gaussian Counting

Count number of events n in data
— Assume n large enough so process is Gaussian

— Assume B is known, and we measure S -

2

.
1
1
1
1
1
1
1
1
1
1
1
1
1
1

I!I

Likelihood : l(nobs_(S+B)

L(S;me)=e ) 2 B

— Find the best-fit value (MLE) S for the signal
(can use A = -2 log L instead of L for simplicity)

— Find the expression of g for S>0.

— Find the expression for the significance / =

S
VB



Homework 2: Poisson Counting

Same problem as Homework 1, but now not assuming Gaussian behavior:

L(S; n) = e_(S+B) ( S+ B)" (Can remove the n! constant since

we're only dealing with L ratios)
— As before, compute S, and d,

— Compute Z = w/qo, assuming asymptotic behavior

Eur.Phys.).C71:1554,2011
Solution: \ ‘

N 3
Z={ 2| (5+B) log 1+%—S E
| |

Exact result can be obtained using

pseudo-experiments — close to \/qO result

Asymptotic formulas justified by Gaussian

M ° ° -1 I — I B ' 2

regime, but remain valid even for small 10 1 10 1bo
~ | See G. Cowan’s slides for

values of 5+B (dOWﬂ to ~5 events.) the case with B uncertainty 46


http://www-conf.slac.stanford.edu/statisticalissues2012/talks/glen_cowan_slac_4jun12.pdf
https://arxiv.org/abs/1007.1727

Discovery Thresholds

Why so high thresholds ? (from Louis Lyons):

Evidence : 30 (p, = 0.3% ¢ 1 chance in 300)

Discovery: 50 (p,=3 107 ¢ 1 chance in 3.5M)

103

Events / 20 GeV

Look-elsewhere effect: searches typically cover
multiple independent regions = Higher chance

to have a fluctuation “somewhere”

N . ~1000:local 506 « O(10*) more reasonable

trials

Data - fitted background

Mismodeled systematics: factor 2 error in
syst-dominated analysis = factor 2 error on Z...

History: 30 and 4o excesses do occur regularly, for the rea

10*

—-10 ,,

L B B L
ATLAS
* Data

—— Background-only fit

Spin-0 Selection
Vs =13 TeV,3.2fb"

» |
200 400 600 800 1000 1200 1400 1600 1800 2000
m,, [GeV]

sons above

Extraordinary claims require extraordinary evidence!

47


https://arxiv.org/abs/1409.1903

Takeaways : Hypothesis Tests

Given a PDF P(data; p), define likelihood L(p) = P(data; p)

To estimate a parameter, use the value ji that maximizes L(p) = best-fit value

To decide between hypotheses H and H,, use the likelihood ratio L(H 0)

L(H,)
To test for discovery, use q, = —2log L(ST 0) $>0
L(S)
For large enough datasets (n >~ 5), — ./
8 8 7 = q,
For a single Gaussian measurement, _ S
VB

For a single Poisson measurement, A S A

=4 2| (S+B)log[1+=| -5

48



Confidence Intervals using

Likelihoods

LEP combination
Phys. Rep. 532 (2013) 119

DO
PRL 108 (2012) 151804

CDF

Science 376 (2022) 6589

LHCb
JHEP 01 (2022) 036

ATLAS

arxiv:2403.15085, subm. to EPJC

CMS

This Work

CMS Preliminary
my in Melv |=
— 80376 + 33 I—i—o_| —]
| 80375 + 23 G_._< _
| 804335+ 9.4 : —
| 80354 + 32 |—+—¢ _
| 80366.5 + 15.9 }i—o—| _
- 803602 + 9.9 ;JI-.—q e EW it
. | ! [ . | .

|
80300 80350 80400 80450
my (MeV)
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Reminder: Gaussian confidence intervals

Confidence interval at xx% CL : guaranteed to contain the true value xx% of the time

z 9
S 25
T B
> i
s 2
o . I P(W ' —o<n<p*+0)=683%
O 1.5
1 | |
0.52 Pln—o<p* <n+o0)=683%
05

-5 4—3—2—10 1 2 3 4 5
Observed data (n)

The interval n £ o contains pu* 68.3% of the time = 68.3% (“1¢”) CL interval

What about the general (non-Gaussian) case ? 50



Likelihood Intervals

Confidence intervals from L(p):

-2In(A)

Test various values p against [I, using the

Profile Likelihood Ratio t(p).

Minimum (=0) for p={l, rises away from .

Optimal properties thanks to the

t(n) =—2log

Probability to observe

the data for a given p.

L(p)
L(fﬁ)

Probability to observe

the data for best-fit fi.

Neyman-Pearson lemma.

ATLAS-CONF-2017-047

8 T T T ‘ T T T | T T T ‘ I T T T I T T T |
ATLAS Preliminary Combination
T Vs=13Tev, 361" Hoyy N
6 H-yyand H-Z2Z2*—41 HZ7* 4 |
m,, = 125.09 GeV
57 _
| EETIE VRRUSAPITN WSS S SRSR SR (S S —
37 ]
2_ 1
| S SRPFION VUSSP SN SO R ]
1 1 I | 1 | |
1.6 1.8
o8

n=1.09 +£0.12

Case of a Gaussian L(p):

— expl—1
L(p) = exp|-3
\

_[n—p

t(pn) == |

f,,_pz
\ (1)

* t(n) is parabolic

* Minimum occurs at 1 =

b (=n)

t(n,) =1=p=nzo gives 1o interval

51


https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2017-047/

Likelihood Intervals

Confidence intervals from L(p): LZ )
* Test various values p against [I, using the t (Il) = —2log l;l
Profile Likelihood Ratio t(p). L(j)
* Minimum (=0) for p=, rises away from I. t
, , Probability to observe
* Optimal properties thanks to the the data for best-fit fi
Neyman-Pearson lemma.
ATLAS-CONF-2017-047
2 amaseemnay | . T 7]  General case:
N 7 _ e 1 o —
I e e |« Generally not a perfect parabola
G| e | * Minimum stillat pu =
| S W S Y (S A |
al | Asymptotic approximation
2k - = Compute t(p) using the exact L(p)
‘I_ .................................................................................................................................................. — % 10 interval given by t(u) - 1
T (other thresholds for other intervals)

n=1.09 +£0.12

Probability to observe
the data for a given p.

— Again, “weak” Gaussian assumptions


https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2017-047/

Homework 3: Gaussian Case

Consider a parameter m (e.g. Higgs boson mass) =
whose measurement is Gaussian with known
width g, and we measure m_ 3

2
m_mobs
Om

1

2

L(m;mobs) — €

— Compute the best-fit value (MLE) m
— Compute t(m)
— Compute the 10 (68.3% CL) interval on m

+ O

obs m

Solution: m = m

— As expected!
— General method can be applied in the same way to more complex cases



2D Example: Higgs o, __vs. o,

F

ATLAS-CONF-2017-047

. L(X,Y,)
E‘ : | L | 1T 1T 1 | | L | L I 1T 1 | | L | T 1T 1 | | L t = —_— Og — b —
2 40" —— Combined 68% CL : < :'gg ATLAS Preliminary L(X,Y)
R Combined 95% oL 1 <297 5-13Tev, 361107 ] 2, =2)

b N ] _I. X dOf_ Q
= H—yy 68% CL H—yy and H—>ZZ* —4l 7] '9gF\VBF £

30/ «ieins HZZ* 541 68% CL m,, = 125.00 GeV, ly |<25 — g

— 4 Bestfit _ Z ?;

25— RCTLICIP R e I P :

=~ [ SM prediction . -J Ts 2

20 :_ ; . ' ‘l 5

i -_

15 __ ‘.‘ + = %

E ..o---“:’ ----------- . -‘,. E g

10— S : — ¢

n , \: | ’ - VBF £

5:_ ,,,,,,,,,,,, ','.',’.".:-.H..,,,h,._.;.;.;. _"“_"_'_'_'_'.ul.-' _: 2

- SM . :

B 11 1 | | I I | | 1 1 1 1 | 1l 1 1 1 | I I | | 11 1 1 | I I | | 11 1 1 8

10 20 30 40 50 60 70 80 :

G g [PD] efely §

68.3% (10) 95% 95.5% (20) 2

1.00 3.84 4.00 Gaussian case: elliptic :

230 5 99 6.18 paraboloid surface 5
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https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2017-047/

Reparameterization

Start with basic measurement in terms of e.g. (o x B)

— How to measure derived quantities (couplings, parameters in some theory model,
etc.) ? = just reparameterize the likelihood:

e.g. Higgs couplings: O, O sensitive to Higgs coupling modifiers k , k...

F? ~ VBF
GggF_) OggF (KV’ KF)
L(o, .,0uxr)  L(o,0(xy,kp),0ume(Ky,%x:)) = L'(x,,%;)
ggF *» ¥ VBF ggF\Bv s Kp ), Oygp\ Ky, Kp)) = veKp
OVBF_)OVBF(KV’KF) ‘
E : T T T T | T T T T | LI T | T LI | T T T 1 | T T T T I T T T T | LI T g‘-l— 2_5 _| T | T 1 1 | T 1 1 | 1 1 T | T 1T 1 | T T 1 T | T T T 1 | T T T T | T I_
2 40" —— Combined 68% CL ATLAS Preliminary B " % SM prediction ATLAS Preliminary
TR C . ]
bg asb Combined 95% CL Vs =13 TeV, 36.1 fb = i + Best fit Vs =13 TeV, 36.1 fb ]
o H—yy 68% CL H—yy and H—ZZ*—4l ] 2_— Combined 68% CL Hoyyand Ho2Z* -4l ]
30— =vmin H—ZZ*—4] 68% CL m,, =125.09 GeV, |y |<25 IEELELEEE Combined 95% CL _
- . H = m,, = 125.09 GeV
s ¥ Bestfit L ] e H—>yy 68% CL :
= [ SM prediction ST . 15 e H—ZZ* 41 68% CL .o~ . N
20 ; 3 i - ’ i
15 e + e 1= ]
5 :_ '4,"““""’.':7-.-.'.3.-w.“.“.“_" ..-'_'_'.'-"'. """ ‘ _f __ __
- SM ] 0.5 - .
_I | L1 | L1 | | | | I | 1 | | | I | | | L1 1 | | | L1 I L1 L1 | | I | 1

o_
N
o_
(00]
oL
L
e
—L
ol
—_
o
—_
ol
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Q

e

Q
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Upper Limits

95% CL Upper Limit on ¢ x B [fb]

10°

10?

10

- ATLAS

s=13TeV, 36.1 fb"
gg—> X—> 2y
Jy = 0, NWA

—— CQObserved
""" Expected

[ £ 1 std. dev.
+ 2 std. dev.
—— Observed from
ensemble tests
------ Expected from
ensemble tests

3x10?

10° 2x10° 3x10°

my [GeV]
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Upper limits

If no signal in data, testing for discovery not very relevant (report 0.20 excess ?)
— More interesting to exclude large signals

= Upper limits on signal yield

— Typically report 95% CL upper limit (p-value = 5%) : “S< S, @ 95% CL”

> i

S 300 ‘_Jf+

S 250 +‘l’++H+ ?

% 2005 ++++++Jr+ qu "

'c—:s 100 b ++ *ﬂ

P00 110 120 130 140 150 160
m (GeV)



Upper limits

If no signal in data, testing for discovery not very relevant (report 0.20 excess ?)
— More interesting to exclude large signals

= Upper limits on signal yield

— Typically report 95% CL upper limit (p-value = 5%) : “S< S, @ 95% CL”

300[
250F
200
150
1001
501

Allowed

Normalized events per GeV

oo 110 120 130 140 150 160
m (GeV)
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Upper limits

If no signal in data, testing for discovery not very relevant (report 0.20 excess ?)
— More interesting to exclude large signals

= Upper limits on signal yield

— Typically report 95% CL upper limit (p-value = 5%) : “S<S, @ 95% CL”

300}t
2501 +
200f t

150) &
100
501

Excluded

Normalized events per GeV

f00 110 120 130 140 150 160
m (GeV
( ) 57



Upper limits

If no signal in data, testing for discovery not very relevant (report 0.20 excess ?)
— More interesting to exclude large signals

= Upper limits on signal yield

— Typically report 95% CL upper limit (p-value = 5%) : “S<S, @ 95% CL”

300}t
2501
200}
1501
100
501

Excluded
-- 95% CL Upper limit

+_+-
o

Normalized events per GeV

f00 110 120 130 140 150 160
m (GeV
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Upper Limit @ 95% CL in Gaussian counting (S=0)

n, = 100

@ 0.04

0.035
0.03
0.025
0.02
0.015
0.01
0.005

G(Ngps; S + B;

1
O -
(-
o

o W

80

0 70 80 90

95%

100 11'0' 120 130 140 150 160
nobs
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Test Statistics for Limit-Setting

Limit-setting: try to exclude values of S that are above S.

0.4f
0.35}
0.3f
0.25}
0.2}
0.15}
0.1
0.05}

%)
o

\"

>

Discovery was also

“One-sided” test : only interested in excluding above ,
one-sided, for S>0
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Homework 4: Gaussian Example

Usual Gaussian counting example with known B:

2

1

o, ~ VB for small S

Reminder: Significance: Z = /0,

— Compute q(S,)

S+B

— Compute the 95% CL upper limit on S, Sup, by solving w/qSo = 1.64.

Solution: S, = S + 1.640; at 95% CL




CL A. Read, J.Phys. G28 (2002) 2693-2704
S

Usual p-value
Upper limits sometimes take negative

( S ) ~— forS=S
values (exclude all S>0!) even when S = 0. Doy = P\,
CL, —
| P < p-value
Known feature - to avoid, usual for S=0

solution in HEP is to use CL_"modified p-value”

= Compute exclusion relative to that of S=0 T osvtimit oL
— Somewhat ad-hoc, but good properties... o TR imL e,

S~0=p_~0(1), p,.~p(S,) no change

p, < 1, p, > p(S,) no exclusion at S=0

Drawback: overcoverage

—> limit is claimed to be 95% CL, but actually 295% CL for small p,. 61


http://inspirehep.net/record/599622?ln=en

Homework 5: CL, in the Gaussian Case

Usual Gaussian counting example with known B: 5

2 r

_1[n—(S+B)

_ 2 Os =
L(S;n)_e o, ~ VB for small S =

Reminder

CL,, limit: S_=S+1.640, at 95% CL

CL_ upper limit :
— Compute p_, (same as for CLs+b)

— Compute 1-p_ (hard!)

q>‘1(1 — 0.05 @(S/os) ) o at 95% CL

Solution: Sup = S+

for§~0, S, = S+ 196 o at 95% CL



Homework 6: CL; Rule of Thumb for n,,=0

Same exercise, for the Poisson case with n,  =0. Perform an exact computation of the
95% CLs upper limit based on the definition of the p-value:
p-value : sum probabilities of cases at least as extreme as the data

Hint: for n__ =0, there are no “more extreme” cases (cannot have n<0!), so

p., = Poisson(n=0 | S +B) and 1 - p, = Poisson(n=0 | B)

Solution:

Rule of thumb: when n_ _=0, the 95% CL_limit is 3 events (for any B)

S (Mg, =0) = log(20) = 2.996 ~ 3
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Takeaways: Confidence intervals and Upper Limits

L (M — p,,0) 2 ams ey o T
o o — N 7T (5-13Tev, 361 b TR I
Confidence intervals: use t(uo)—— 2log = L e e
L (u) J m,, = 125.09 GeV i
4_. P
— Crossings with t(u ) = 1 for 1o intervals (in 1D) A |
2 _
Gaussian regime: p = (1 0 at 68.3% CL (1o interval) L
(s=s,) .
Limits : use LR-based test statistic: g5 = —2log < $e= S
L(S)
— Use CL_procedure to avoid negative limits - .
‘;. - ATLAS —— Observed
% 10°F Vs=13TeV,36.1 0" 77 Expected =
kCD ; 99— X — 7y + 1 std. dev.
° ° . -~ o g L JX =0, NWA — és std. ((ijefv ]
Gaussian regime, n~0: S< S+ 1.960 at 95% CL £ el Observed from |
5 oy Capectoaton 3
2 10 A 3
Poisson regime, n=0: S < 3 events at 95% CL B " :
? 1 . L , E
3x10? 10° 2x10° 3x10°
m¢[Gev] 04



Systematic Errors

Parton Shower generator
JES: flavour composition
JES: Eff1

it /FSR

Luminosity

Wt ME generator

JES: n intercal. model
PDF central value

JES: pileup p

b-jet efficiency scale fac. 0

ATLAS

Ap
06 04 02 0 02 04 06

—— Full
{s=13 TeV, 3.2 fb_‘ Pre-fit Impact on p

7/, Postit Impact on 1

-3 -2 —1 0 1 2 3
(0 - 6,)/A0
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Reminder on statistical modeling

Random data must be described using a statistical model. Usual cases:

Description

Counting

Binned shape
analysis

Unbinned
shape analysis

Observable Likelihood
Poisson :
n L(S B):e—(s+3)(5+B)
’ n!
Poisson product
n, i = 1 .. . Mping e e S ?ig + B I?kg n,
i bins L(S,B):He_(Sfi +Bf. )( fz fz )
i=1 n;!
Extended Unbinned Likelihood
mi, | = evts e—(S +B) Mevws
L(S,B)=S—[] s P, (m)+B Py, (m)
evts * i=1

Includes parameters of interest (POIs) but also nuisance parameters (NPs)
How do we obtain the values of the POls ?




Systematic Errors

The PDF expresses uncertainties on the outcome of a measurement

These uncertainties are called Statistical Uncertainties.
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Systematic Errors

The PDF expresses uncertainties on the outcome of a measurement

These uncertainties are called Statistical Uncertainties.

However the model itself may not be known exactly

— We also need systematic uncertainties, i.e. on the form of the PDF itself.
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Systematics

"Systematic uncertainty is, in any
statistical inference procedure, the

Systematics = what we don’t know about uncertainty due to the incomplete

knowledge of the probability
the random process.

distribution of the observables.
G. Punzi, What is systematics ?

How to describe them in practice ?

N

obs

—> Parameterize using additional nuisance parameters (NPs)

But: completely free NPs can spoil the measurement (e.g. free B ?...)

=> Add constraints in the statistical model

P(p’?;data) - Pmeasurement(p’e;data) CT(O)
Systematics MeasIlrement NP Constraint
POI NP PDF term

C(0) represents external knowledge about the NPs that we inject into the statistical

model - e.g. to say that “B=100% 5" 68


https://www-cdf.fnal.gov/physics/statistics/notes/punzi-systdef.ps

Frequentist Systematics

Idea: Systematics NP = NPs measured in a separate auxiliary measurements (e.g. B)

— Build the combined PDF of the main+auxiliary measurements

Independent
measurements

u,0;main data) P__(0;aux. data) = Just a
product

main (

P(p,0;data) = P

In the combined likelihood, systematic NPs are constrained
= Measured simultaneously with the POls. in a fit to data.

— Often no clear setup for auxiliary measurements

(e.g. theory simulation uncertainties)
= Define constraints “by hand” (“pseudo-measurement”)

obs
Gaussian form often used by default: Paux(e;aux' data) — G(O ;0, Gsyst)
69



Profiling nuisance parameters

How to deal with nuisance parameters in likelihood ratios ?

— Let the data choose = use the best-fit values (Profiling)

Profile Likelihood Ratio (PLR) 6(50) best-fit value for S=S,

/ (conditional MLE)

L
t(S,) = —2log

0
S,G) <+—— § overall best-fit value
(unconditional MLE)

Wilks’ Theorem : same benefits as plain likelihood ratio without NPs:

t(So) is distributed as a X?(nq4=1) also with NPs present

— Profiling “builds in” the effect of the NPs
=» Can use t(SO) to compute uncertainties, significance, etc. same as before
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Homework 7: Gaussian Profiling

Counting experiment with background uncertainty: n= S+B:

— Signal region (SR):n,, ~G(S+B,0,.) | (g B)=G(n,.;S+B,0.) G(ByiB,ow)

— Control region (CR): B_ _~ G(B, abkg)
. . . S _ nobs ’
Recall: Signal region only (fixed B): t(S) l .
— Compute the best-fit (MLEs) for S and B
— Show that the conditional MLE for B is
B(S)=B,,+ —=%—(S- )
O'stat-l-oibkg

— Compute the profile likelihood t(S)
— Compute the 1o confidence interval on S

2 2

Answer: S = (nobs_Bobs) =+ \/Gstat + O bkg Ogs = \/Gstat + Obkg

Stat uncertainty (on n) and systematic (on B) add in quadrature
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Example: Higgs cross-section measurement

Confidence intervals from Profile Likelihood
O(100) nuisance parameters also included.

Best-fit values of the main ones usually

provided as part of measurement results.

-2In(A)
~

ATLAS-CONF-2017-047

[0

(o2]

N Wb~ o

T T ‘ T T T T T
ATLAS Preliminary

Combination
-1 ]
Vs=13TeV,36.1f07 . Hoyy
H—yyandH->ZZ"—4/ H 77 |

m,, = 125.09 GeV

—s— 1 =1.09 £0.12

t(p)=—2log

PDF4LHC_NLO 30 EVS

PRW_DATASF

EG_RESOLUTION_ZSMEARING

FFFFFFFFFFFFFFF

EG_RESOLUTION_SAMPLINGTERM

RECO_TOTAL_TNPCOR_PLUS_UNCOR

UEPS_VEF

ATLAS
Internal

-0.06 -0.04 -0.02 0

A

L(Myé(f'))
L(j1,6)

0.02 0.04 0.06

K e 4
7

—— Pul

= ] standard deviation
l‘l’ . Prefit Impact on i
H—yy, H>ZZ combination ./ Postfitimpact on fi

-2 -1 0 1 2
(® - 0,)/A0
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https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2017-047/

Pull-Impact plots

Confidence intervals from Profile Likelihood
* O(100) nuisance parameters also included.
e Standard presentation: Pull-impact plot

— Pull: (6-6,)/ 0,

— Impact: change in u from £10 shift in ©.

Nominally:

* Pull =0:i.e. the pre-fit expectation

* Pull uncertainty = 1 : uncertainty on the POI
is given by the Gaussian constrains

In practice, can have
* Pull #0: if data differs from prefit model
= Needs investigation if large
* Pull Uncertainty < 1 : effect of systematic is

constrained by the data
=> Needs to check if this legitimate.

FDF4LHC_MLO 30 EVS

PRW_DATASF

EG_RESOLUTION_ZSMEARING

PH_EFF_ID_Uncenainty

UEPS_VEF

ATLAS
Internal

t(p)=—2log

-0.06 -0.04 -0.02

A

L(p,0(p))

L(p,0)

AR
of 002 004 006

W

H—vyy, H—>ZZ' combination <~/ Postfitimpact on {i
III|IIII|IIII|IIII|IIII|III

—— Puil
———— 1 standard deviation
Prefit Impact on [

-2

-1

0 1 2
(® - 0,)/A0
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Pull-Impact plots

Confidence intervals from Profile Likelihood
* O(100) nuisance parameters also included.
e Standard presentation: Pull-impact plot

— Pull: (6-6,)/ 0,

— Impact: change in u from £10 shift in ©.

Nominally:
* Pull =0:i.e. the pre-fit expectation

* Pull uncertainty = 1 : uncertainty on the POI
is given by the Gaussian constrains

In practice, can have

* Pull #0: if data differs from prefit model
= Needs investigation if large

* Pull Uncertainty < 1 : effect of systematic is
constrained by the data
=> Needs to check if this legitimate.

13 TeV single-t XS (arXiv:1612.07231)

Ap
-06 -04 02 0 02 04 06
II| T T | T T | T T | T TT | T T | T T | T I‘

Parton Shower generator

JES: flavour composition

JES: Eff1

tt I/FSR

Luminosity

Wt ME generator

JES: n intercal. model

PDF central value

JES: pileup p

b-jet efficiency scale fac. 0

—e— Full

ATLAS

{s=13TeV,3.2b"

Pre-fit Impact on n

/77, Postit Impact on 1
| 11

L1l | I . | | | | I | L1l
-3 -2 ~1 0 1 2 3
(6 - 6,)/A0
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https://arxiv.org/abs/1612.07231

Profiling Issues

Too simple modeling can have unintended effects

— e.g. single Jet E scale parameter:
= Low-E jets calibrate high-E jets - intended ?

Two-point uncertainties:
— Interpolation may not cover full configuration
space, can lead to too-strong constraints

Pre-fit constraint

Pythia Nature

Next years ()
generator

@ Sherpa Next years
generator

W. Verkerke, SOS 2014

JES

.
Yy

JES

Pre-fit

Post -fit constraint

Nature

@ Sherpa

Herwig

-
Jet E
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https://indico.in2p3.fr/event/9742/contribution/16/material/1/0.pdf

Profiling Issues

Too simple modeling can have unintended effects

— e.g. single Jet E scale parameter:
= Low-E jets calibrate high-E jets - intended ?

Two-point uncertainties:
— Interpolation may not cover full configuration
space, can lead to too-strong constraints

Pre-fit constraint

Pythia Nature

Next years ()
generator

@ Sherpa Next years
generator

!

W. Verkerke, Sd§

JES  Ppre-fit

.

JES

-
Jet E

Post -fit constraint
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https://indico.in2p3.fr/event/9742/contribution/16/material/1/0.pdf

Takeaways: Profiling

When testing a hypothesis, use the best-fit values L(I‘“ —Wo> e(l‘“o))
of the nuisance parameters: Profile Likelihood Ratio. L(ﬁ» ,0

Allows to include systematics as nuisance parameters subject to constraints

Profiling systematics includes their effect into the total uncertainty.

2

. _ 2
Gaussian case: O,otal — \/ Ograt T O gyt

Guaranteed to work well as long as everything is Gaussian, but typically
also robust against non-Gaussian behavior.

Profiling can have unintended effects :
need to carefully check behavior
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Bayesian Analysis
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Bayesian methods

Remember the problem discussed this morning:
* PDFs give possible outcomes for known parameters

* We already know the outcome, and want information on the parameters

o ~ 3000

> Estimate 2 T

O 025 O 2500 *

Z 0.025[ o) P

L - Y - +4I“"'4-

2 009} £ 2000F AR

o B o B

® 0.015f o 1500F e

3 - 3 - W

N : S 1000F TR

= 0.01: T - e "W

£ - £ N

5 0.005( S 500F

pd - < -

foo 10 120 130 140 150 160 P00 10 120 130 140 150 160

m (GeV) m (GeV)

Solution: maximum likelihood estimation of the parameters, given the data

This is a (good) solution (“classical/frequentist”) but there is another way. 28



Bayesian methods

Bayesian methods: promote parameters (POls and NPs) to random variables
— Represent our best knowledge of their value, not the true values.

Can use Bayes’ Theorem to obtain a PDF for the parameters ]
Prior PDF on p:

) ~ represents our

P
Bayes’ Theorem p (ﬂ| n) — P( n| ﬂ) (ﬂ knowledge before
/ 1 P(n)  the measurement
Posterior PDF: represents our \ N fact
orm. factor:

total knowledge from

prior + measurement adjusted so P(u|n)

is normalized to 1
Immediately useful to get intervals on L

0.4
* Peak of P(i|n) gives the central value : 035
Maximum a posteriori (MAP). 0.25]
* 68.3% interquantile gives the 1o interval o
0o

Problem: what to use for the prior ?... 05
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Bayesian methods

Systematics and nuisance parameters:

Each NP is considered a random variable: Bayes theorem gives P(i, 6 | n)
Define a prior 1t(0) for each nuisance parameter.

= Obtain P(p|n) for pn alone by integrating out the 6:

P(pln) = [ P(1n,0ln) m(6) do

Use probability distribution P(u) to compute intervals and limits as before.

68.3% CL interval: Here CL means 9?% CL upper limit
B . ope )]
J’P(mn)du — 68.3% Credibility Level”) _J;P(uln)du — 959,
A

0.4F
0.35
0.3
0.25
0.2
0.15
0.1

0.4f
0.35F
0.3
0.25
0.2f
0.15F
0.1
0.05E 0.05F
0Lt ‘ ot
4 3 2 1 0 1 2 3 4 4 3 2 1 0 1 2 3 4

L [ 80




Bayesian VS. frequenﬁst “Bayesians address the question everyone is

interested in, by using assumptions no-one

. . believes.
Many points of commonality, but some Frequentists use impeccable logic to deal with an

important differences! issue of no interest to anyone.”
- Louis Lyons

Bayesian analysis typically:

@ Conceptually simpler - frequentist results often difficult to interpret

© No simple way to test for discovery

® Hybrid methods sometimes used (frequentist discovery + Bayesian systs)

© No support for NPs constrained in data
© Integration over NPs can be CPU-intensive (but can use MCMC methods)
@ Minimization over many NPs also not a simple problem for frequentist case...

© Need to specify priors, which often contains some arbitrariness - e.g. a prior flat

in one parameterization is usually not flat in another.
@ Can use Jeffreys’ or reference priors to avoid this, although difficult in practice.

@ Frequentist and Bayesian results often agree, so not a big issue in practice! 31


https://indico.cern.ch/event/317007/attachments/609186/838273/CERN_Summer_Students_2_June20.pdf

Homework 8: Bayesian methods and CL

Gaussian counting problem with systematic on background: n=S+B + osyste

P(n;s,0) =

G(n;S+B+o0

syst

1. CL; computation:

e’o‘stat) G(e

—> What is the 95% CL upper limit on S, given a measurementn_, ?

obs

=O;6,1)

* Use the result of Homework 7 to compute the PLR for S

* Use the result of Homework 6 to compute the CLs upper limit

2. Bayesian computation:

* Integrate P(n; S, ©) over 6 to get the marginalized P(n| S)
* Use Bayes' theorem to compute P(S|n) < P(n|S) P(S), with P(S) a flat prior over

S>0.

* Find the 95% CL limit by solving [ P(S|n)dS =5%
Sllp

Solution:

(in both cases!)

S = n—B+|®™!

up

1—-0.059D

n—B

v

2 2
O,.tTO

stat syst

2 2
J Y stat +0 syst
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Example: W'=lv Search arXiv:1706.04786

* POI: W’ ¢ x B — use flat prior over [0, +inf].
* NPs: syst on signal € (6 NPs), bkg (6), lumi (1) = integrate over Gaussian priors

Trigger Multijet background
2 . . — ] . ] Lepton reconstruction Top extrapolation
§ 10" ATLAS —W'(3TeV) « Data = and identification Diboson extrapolation
I P Vs=13TeV,36.1 " —W (4Tev) [IW _ Lepton Mmomentili PDF choice for DY
W' — ev selection — W (5Tev) @EBTopquark = scale and resolution PDF variation for DY
10° [CIMultijet 7] ET"™ resolution and scale EW corrections for DY
OZy: _§' Jet energy resolution
108 ODiboson | Pile-up Luminosity
1 03 = E: E 1 0 % T T T ‘ T T T T | T T T T | T T T | T T T é
= 3 & ATLAS -
2 — = ~ == Expected limit ]
= 1 2 0 is=13TeV, 361"+ 1
b J = U3 W' = v Expected + 16 5
= 1 95% CL .
= - 3 3 Expected £ 26 |
] = 3 — 10 B — Observed limit 3
10° 3 E = F -
. . CTL B — Wsan ]
_g’ 1.4 ;_ I | | | S |+ - I"'n I \%1 0_2 = 3
& 0.8 i - ]
LOF | II *3 [— ——
214 [ 54 10 E —=
mF 1.2 & E e g .
\(E ‘g :: Q : ____________________________ Y ‘_
g 8 8:2 I 1 0—4 1 1 1 1 | | | 1 ‘ 1 | 1 1 | | 1 1 1 | | 1 1 | 1 1 | )
200 300 1000 2000 1 2 8 4 5 6

Transverse mass [GeV]


../../home/nberger/Data/Applications/analysisDoc/PDF/1706.04786.pdf

Other Topics
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Generating Pseudo-data

Model describes the distribution of the observable: P(data; parameters)

b Possible outcomes of the experiment, for given parameter values

Can draw random events according to PDF : generate pseudo-data

—)

Generate

o
o
N
|m\ T

0.02t
0.015L

0ot Unbinned

Normalized events per GeV

0.005F

foo 710 120 130 140

50 160
m (GeV)

—)

Normalized events per GeV

2,5,3,7,4,9, ...

Each entry = separate “experiment”

3000—

25000
2000F
1500/
1000

500;

foo 55

0 110 120 130 140 150 160
m (GeV)



Expected Results: Toys

Expected results: median outcome under a given hypothesis
— usually B-only for searches, but other choices possible.

Two main ways to compute:
- Pseudo-experiments (toys):
* Generate a pseudo-dataset in B-only hypothesis

. Phys. Lett. B 775 (2017) 105
* Compute limit

a [ v+ p Tt

. = | —— Observed CL, limit ATLAS ]

* Repeat and histogram the results © el < Expected CL Imit 15-13TeV, 367157
_ . T - Expected + o Spin-0 Selection E

* Central value = median, bands ° I Expoctod £ 20 NWA Ty = 4 MeV) -
based on quantiles é 10 -

- .

|

68% of toys ~ 95% of toys
350 T T ﬁ

oo PI[L'H:

2501

—_
<
I\IIHIl T \IIIIII‘

1 1 | | 1 1 | | 1 | | 1 | | 1 1 | 1 | | 1 | | 1
500 1000 1500 2000 2500
m, [GeV]

Number of Toys

0
.

-1 1 2 3 4

FurPhys.J.C71:1554,2011  Computed result 36


https://arxiv.org/abs/1007.1727
http://www.sciencedirect.com/science/article/pii/S0370269317308511?via=ihub

Expected Results: Asimov Datasets

Expected results: median outcome under a given hypothesis
— usually B-only for searches, but other choices possible.

Two main ways to compute: Strictly speaking, Asimov dataset if

/ )’Z = Xo for all parameters X,
—> Asimov Datasets

where X is the generation value
* Generate a “perfect dataset” - e.g. for birmred

data, set bin contents carefully, no fluctuations.
* Gives the median result immediately:
median(toy results) © result(median dataset)

* Get bands from asymptotic formulas:
Band width 2
SO

2 _
Os0a 7 qSO(Asimov)

Events / ( 0.5 GeV )

0>

® Much faster (1 “toy”) foo 0
© Relies on Gaussian approximation

Ll L 10
120

[ [ 11
130

[ [ 11
140

| | | ]
150 160
m,, (GeV)
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Toys: Example JHEP 10 2017 112

ATLAS X—Zy Search: covers 200 GeV < m, < 2.5 TeV

— for m, > 1.6 TeV, low event counts = derive results from toys

ATLAS |

—
o
™

> ) i — Observed
O Vs =13 TeV, 36.1 fb" 1 o . - ATLAS e q i
8 10° hh < x 10°c {s=13TeV, 36.1 b xpecte —
E S + 2 std. dev.
S 1 ° - J, =0, NWA -
w10 - ol —— Observed from |
1 35 10 = ensemble tests
1 Y - g, Expected from
10-1= — Data 1 £ - ensemble tests |
— Background fit R 10 e —
102 SO - -
‘ ‘ o . @) - =5 ]
T -2 -.-1—.-*“-11-..1.-.'.-»-!1-'-—'—‘ 1 =
5 4= 3102 10° 2x10° - | - |3 3 3
3x10° 10 2x10° 3x10
m,, [GeV]
my [GeV]
Asimov results ( ) give optimistic result compared to toys (in blue)
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https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/PAPERS/HIGG-2016-14/

Upper Limit Examples
ATLAS 2015-2016 41 aTGC Search

2 | ObservedCL, imit  ATLAS © S amas 0 Expocted 95% OL |
o 2 ----Expected CL_limit {s =13 TeV, 36.7 fo! _ =, ~ V{s=13 TeV, 36.1 fb1 — Observed 95% CL i
X.g 10 S Expectedi% Spin-0 Selection T w20 0 o
c - Expected * 26 NWA (I'y = 4 MeV) i = - e
o O -
= 10 = 10_—
£ Phys. Lett. B 775 (2017) 105 1 -
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http://inspirehep.net/record/1625109
http://www.sciencedirect.com/science/article/pii/S0370269317308511?via=ihub
http://dx.doi.org/10.1103/PhysRevD.92.012004

Presentation of Results

— Cannot test every model : need to make enough information public
so that others (theorists) are able to do it independently

=» Gaussian case: provide measurements + covariance matrix
— For example using the HEPData repository.

.. {s=13 TeV, 36.1 b’
ATLAS Preliminary .1 25600 Gov
¥

ggH (0 jet) [— —
ggH (1 jet, p;‘<eoGeV)7
ggH ( ) —o—-—
ggH ( )
ggH ( ) —
- ( = .._._
99 - ( ) — -—'0—-

(leptonic) |—
top |— P

[ERPRTEN AFTATATIN (RTINS ST STATIN ITATrS SRR

SM prediction -05 0 05 1 15 2 25

Measured o x BR normalized to SM

'
ATLAS Preliminary .,_o.eié

{s=13 TeV, 36.1 fb™' _los
. H— vy, m =125.09 GeV
—0.4
-0.22
—0.2
7
—0
0
—-02
-0.08
—-0.4
07

g & < s 5 £ 3 ® 2T g
< & & & & & 3 3 &8 °
= = B
w  »n g

Non-Gaussian case: need publish full likelihood (e.g. here)
Not always done but increasingly common 90


https://hepdata.net/
https://www.hepdata.net/record/ins1748602?version=1

Conclusion
* Significant evolution in the statistical methods used in HEP
* Range of techniques, adapted to various situations and results.

* Benefits:

— Modeling the statistical process with high precision in difficult
situations (large systematics, small signals)

— Making optimal use of available information

* Implemented in standard RooFit/RooStat toolkits within the ROOT
framework, as well as other tools.

* Still many open questions and areas that could use improvement,
e.g. on how to make best use of the data and sharing our results
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Books and Courses

See A. Hocker’s CERN Summer student program statistics course

(OKFORD SCIENCE PUBLICATIONS

STATISTICAL KENDALL'S
ANATISS B ADVANCED
Statistical Methods in : L)
Experimental Physics STATISTIC S
et ’-‘ Alan Stuart & J. Keith Ord

FIFTH EDITION

Volume 2

CLASSICAL INFERENCE
AND RELATIONSHIP

Some other courses available online:
Glen Cowan’s Cours d’Hiver and 2010 CERN Academic Training lectures
Kyle Cranmer’s CERN Academic Training lectures

Louis Lyons’and Lorenzo Moneta’s CERN Academic Training Lectures o)


https://indico.lal.in2p3.fr/event/1681/
https://indico.cern.ch/event/77830/
https://indico.cern.ch/event/126254/
https://indico.cern.ch/event/545212/
https://indico.cern.ch/event/713464/

Hands-on exercises

The Statistics course will include Hands-on exercises on jupyter notebooks
(built using the numpy/scipy/pyplot stack) are part of the course.

If you have a computer with you, please install anaconda as this provides a
consistent installation of python, JupyterLab, etc.

— Alternatively, you can also install JupyterLab as a standalone package.

— Another solution is to run the notebooks on the public jupyter servers at m
ybinder.org. This will probably be slower but avoids a local install.

Lecture 1 Lecture Notes notebook [solutions] binder [solutions]

Lecture 2 Lecture Notes notebook [solutions] binder [solutions]


https://docs.anaconda.com/anaconda/install/
https://jupyter.org/install
http://mybinder.org/
http://mybinder.org/
https://indico.cern.ch/event/884244/contributions/7014136/attachments/3261940/5824430/ESHEP_lecture1.pdf
https://github.com/fastprof-hep/stats-tutorial/blob/main/ESHEP2026/notebook1.ipynb
https://github.com/fastprof-hep/stats-tutorial/blob/main/ESHEP2026/notebook1_solutions.ipynb
http://mybinder.org/v2/gh/fastprof-hep/stats-tutorial/main?filepath=ESHEP2026/notebook1.ipynb
http://mybinder.org/v2/gh/fastprof-hep/stats-tutorial/main?filepath=ESHEP2026/notebook1_solutions.ipynb
https://indico.cern.ch/event/884244/contributions/7014136/attachments/3261940/5824430/ESHEP_lecture2.pdf
https://github.com/fastprof-hep/stats-tutorial/blob/main/ESHEP2026/notebook2.ipynb
https://github.com/fastprof-hep/stats-tutorial/blob/main/ESHEP2026/notebook2_solutions.ipynb
http://mybinder.org/v2/gh/fastprof-hep/stats-tutorial/main?filepath=ESHEP2026/notebook2.ipynb
http://mybinder.org/v2/gh/fastprof-hep/stats-tutorial/main?filepath=ESHEP2026/notebook2_solutions.ipynb
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Probability basics
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Measurement Errors

Example: measuring the energy
of a photon in a calorimeter

Calorimeter

Readout
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Measurement Errors

Example: measuring the energy
of a photon in a calorimeter

x103
. Perfect
s case
60
10
20[-

% 70 20 30 40 50 60 70 80 90 100
Energy (GeV)

Calorimeter

~~ Energy

deposit
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Measurement Errors

Example: measuring the energy
of a photon in a calorimeter

100

80

60

40¢

20F

Perfect
case

% 10 20 30 40 50 60 70 80 90 100

Energy (GeV)

6000F
5000f
4000f
3000f
2000}
1000F

Calorimeter

Readout

Real
life

7\III|I\II|III\‘\\\\|||| L L L
00 10 20 30 40 50 60 70 80 90 100

Energy (GeV)
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Measurement Errors

Example: measuring the energy
of a photon in a calorimeter

Measure leakage into neighboring cells

100

80

60

40¢

20F

Perfect
case

% 10 20 30 40 50 60 70 80 90 100

Energy (GeV)

-~

=)

12000}
10000]
8000]
6000]
4000]
2000]

Real
life

:H..IH..I..H\HH [ o L b b
00 10 20 30 40 50 60 70 80 90 100

Energy (GeV)
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Measurement Errors

Example: measuring the energy
of a photon in a calorimeter

Measure leakage into neighboring cells

Y ................................ I

x10°
100 -
: Perfect 12000} Real
801 -
B 10000F .
: case : life
60 8000]
s} 6000}
I 4000F
20F 2000|
_.\HM.HMH.I....MH. el b b :\...I.\..I...\\HH M NI AT AT A AN A
% 70 20 30 40 50 60 70 80 90 100 % "0 20 30 40 50 60 70 80 90 100
Energy (GeV) Energy (GeV)

Cannot predict the measured value for a given event
=> Random process = Need a probabilistic description
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Probability Distributions

Probabilistic treatment of possible outcomes
= Probability Distribution

Example: two-coin toss

— Fractions of events in each bin i
converge to a limit p.

Probability distribution :
{P }fori=0,1,2

Properties
° Pi >0
¢ IP=1

100000 trials
500000
40000/
30000/
20000[
10000}
© 0.25 0.50 0.25
e e e e
Y05 1 15 2 25 3

Number of heads
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Continuous Variables: PDFs

Continuous variable: can consider per-bin probabilities p, i=1.. n

bins

Bin size = 0 : Probability distribution function P(x)

High PDF value

= High chance to get a measurement here

P(x) >0, JP(x)dx=1

X
15
v
y |
Generalizes to multiple variables : 5
P(x,y) >0, [ P(x,y) dxdy =1 0f;
10
Contours: P(x,y) F\
190




Continuous Variables: PDFs

Continuous variable: can consider per-bin probabilities p, i=1.. n

500 bins

Y

Generalizes to multiple variables :
P(x,y) >0, J P(x,y) dx dy = 1

Contours: P(x,y)

High PDF value

15

bins

Bin size = 0 : Probability distribution function P(x)

= High chance to get a measurement here

P(x) >0, JP(x)dx=1

-
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Some vocabulary...

X, Y... are Random Variables (continuous or discrete), a.ka. observables :
— X can take any value x, with probability P(X=x).

5 bins
— P(X=x) (also just P(x)) is the PDF of X, 3
a.k.a. the Statistical Model. i
04
— The Observed data is one value x_, of X, O-Sf
drawn from P(X=x). 221_

0 oA b by b b P b Ly
54321012345

X

500 bins

>
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Gaussian PDF u

0.35F . :
e 0.3f : :
Gaussian distribution: 2 025 .
_(x—XO) 0.2F 1 o L
G(x; X, 0)=—L_¢ o /1|
ovV2m o1 , !
0.05F : $ :
—)Mea!m:X0 Qé"'-'z"”'1"”o"“'1 2 3
. X
— Variance : ¢? (= RMS = o) 0
- L ~L-x,)re (x-x,)
Generalize to N dimensions: G (x Xo’ C)
—> Mean : X
0 2p0,0,
—> Covariance matrix : ; 5 Ui— Ui

Var(Xl) Cov(Xl,Xz) 5

C =
Cov(X,,X,) Var(X,)

2
O, pPO,0,

2
PO,0, O,
100



Central Limit Theorem (*) Assuming g, < oo and

other regularity
conditions

For an observable X with any'” distribution, one has

X = %gxi £ G( <X>’ %)

What this means:

* The average of many measurements is always Gaussian, whatever the
distribution for a single measurement

* The mean of the Gaussian is the average of the single measurements

e The RMS of the Gaussian decreases as vn : smaller fluctuations when
averaging over many measurements

=» 00

n
Another version: Z X; '~ G( n{X), ‘/77 GX)
i=1

Mean scales like n, but RMS only like vn
101



Central Limit Theorem in action

Draw events from a parabolic distribution (e.g. decay cos 6*)

]
A n=1
0.8]

0.6f
0.4}

0.2

0

AT ERE NN SRR A N S A NN B A [ TR SR N R SR A SR A N N
04" 080604020 02040608 1

X

Distribution becomes Gaussian, although very non-Gaussian originally

Distribution becomes narrower as expected (as 1/vn) 10



Central Limit Theorem in action

Draw events from a parabolic distribution (e.g. decay cos 6*)

1 n=2

0.8]

0.035
0.03
0.025
0.02
0.015
0.01

—Zx — 0.005
nl 1 | e S A R S PN S S
-1 -0.8-0.6-04-0.2 0 0.2 04 0.6 0.8 1

X

0.6f
0.4}

0.2

0.

-1 -0.8-0.6-04-02 0 0.2 04 0.6 0.8 1

~<l

Distribution becomes Gaussian, although very non-Gaussian originally

Distribution becomes narrower as expected (as 1/vn) 10



Central Limit Theorem in action

Draw events from a parabolic distribution (e.g. decay cos 6*)

1

: n=>5
r 0.03F
0.6 -
odl 0.025
02 0.02}
01 -0.8-0.6-04-02 0 0.2 04 0.6 0.8 1 0015:_
0.01F
15 5
% _Z X, » 0.0051
n i=1 0_

el by s by by by b b by L
-1 -0.8-0.6-04-02 0 0.2 04 0.6 0.8 1
X

Distribution becomes Gaussian, although very non-Gaussian originally

Distribution becomes narrower as expected (as 1/vn) 10



Central Limit Theorem in action

Draw events from a parabolic distribution (e.g. decay cos 6*)

1 n=38

0.8]

0.6f

0.03
0.025
0.02
0.015
0.01

n
lzxi — 0.005
ni=1 . -
03080604020 02040608 1

X

0.4}

0.2

0.

-1 -0.8-0.6-04-02 0 0.2 04 0.6 0.8 1

~<l

Distribution becomes Gaussian, although very non-Gaussian originally

Distribution becomes narrower as expected (as 1/vn) 10



Central Limit Theorem in action

Draw events from a parabolic distribution (e.g. decay cos 6*)

1

0.8]

0.035
0.03
0.025
’1-08-06-0402 0 02040608 1 0.02
0.015
0.01

—Zx 0005
nll
03 08060402 0 02040608 1

X

0.6f
0.4}

0.2

0.

~<l

Distribution becomes Gaussian, although very non-Gaussian originally

Distribution becomes narrower as expected (as 1/vn) 10



Central Limit Theorem in action

Draw events from a parabolic distribution (e.g. decay cos 6*)

1

0.8]

0.045
0.04
0.035
0.03
)170.8-0.6-04-02 0 0.2 0.4 0.6 0.8 1 0.025
0.02
0.015

1 0.01
— ; X; — 0.005

i=1
01080604020 02040608 1

0.6f
0.4}

0.2

0.

~<l

Distribution becomes Gaussian, although very non-Gaussian originally

Distribution becomes narrower as expected (as 1/vn) 10



Central Limit Theorem in action

Draw events from a parabolic distribution (e.g. decay cos 6*)

1

0.8]

0.07
0.06
0.05

0.6f
0.4}

0.2

0.

-1 -0.8-0.6-04-02 0 0.2 04 0.6 0.8 1 004

0.03
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—Zx — 001
nll
030870604020 02040608 1

~<l

Distribution becomes Gaussian, although very non-Gaussian originally

Distribution becomes narrower as expected (as 1/vn) 10



Central Limit Theorem in action

Draw events from a parabolic distribution (e.g. decay cos 6*)

1

n=100

0.8]
; 0.1
0.6}
0.4}

0.08

0.2

0.06

01 -0.8-0.6-04-02 0 0.2 04 0.6 0.8 1

0.04

n
1 0.02
_in —
1 A R B Lol T T I R
03" 080604020 02040608 1
X

Distribution becomes Gaussian, although very non-Gaussian originally

Distribution becomes narrower as expected (as 1/vn) 10



Gaussian Quantiles

x—X,
o

Consider ) pull” of x

For G(x; X ,0), we always have z ~ G(z; 0,1) = N(z)

Probability P(|x - X | > Zo) to be away from the mean:

Cumulative Distribution Function (CDF)
of the Gaussian :

z

®(z)= G(u;0,1) du

— 0

P(|x - X, | > Zo)

0.317

0.046

0.003
6 x 10°
6 x 107

ot A W N B N

P(]x - xol < 10) = 68.3 %




Gaussian Quantiles

x—X,
O

) “pull” of x

Consider Z =

For G(x; X ,0), we always have z ~ G(z; 0,1) = N(z)

Probability P(|x - X | > Zo) to be away from the mean:

Cumulative Distribution Function (CDF)
of the Gaussian :

P(|x - X, | > Zo)

0.317
0.046
0.003
6 x 10°
6 x 107

ot A W N B N

P(Ix - x | < 20) = 95.4 %




Gaussian Quantiles

x—X,
O

) “pull” of x

Consider Z =

For G(x; X ,0), we always have z ~ G(z; 0,1) = N(z)

Probability P(|x - X | > Zo) to be away from the mean:

Cumulative Distribution Function (CDF)
of the Gaussian :

P(|x - X, | > Zo)

0.317

0.046

0.003
6 x 10°
6 x 107

ot A W N B N

P(]x - x0| < 30) =99.7 %




Chi-squared

Multiple Independent Gaussian
variables x.: Define

Measures global distance from
reference point (x °.... x °)

Distribution depends on n:

Rule of thumb:

x°/n should be < 1

U-l_IIII|IIII|I\IIiIIII|IIII|IIII

= 3 33 3 3 A
1l Il Il Il Il i

© 0w N =]

/
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Chi-squared

Multiple Independent Gaussian
variables x.: Define

(=)
IIII|IIII|I\IIEIIII|IIII|IIII

U-l_IIII|IIII|I\IIiIIII|IIII|IIII

=2

|
o
- T
1 x

fxg,’ n

Measures global distance from 22 — n=1
: — n=2

reference point (x.°.... x °) 07 o3
0.6 — n=5

n=38

o o
NS

Distribution depends on n:

o © o
O w

Rule of thumb:

Al III|II\\‘IIII|IIH‘IIII|IIII|IIII|IIII|IIII|IH\

o

>3
no
—

=]

x°/n should be < 1
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Histogram Chi-squared

Histogram x2 with respect to a reference shape:

* Assume an independent Gaussian distribution in each bin

* Degrees of freedom = (number of bins) - (number of fit parameters)

25_III\|I\\I\II\II\IlIIIIIII

201

| I

1°i"""""l ...... { ] .....

: - :
IIII‘I\I\EIII\'\III'II\I_

BLUE histogram vs. flat reference
X?=12.9, p(x*=12.9, n=10) = 23%

4
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Histogram Chi-squared

Histogram x2 with respect to a reference shape:
* Assume an independent Gaussian distribution in each bin

* Degrees of freedom = (number of bins) - (number of fit parameters)

25_""\""""""I“"I""I“""“""I"“
i n=10

20k v? = 38.8
: pP(x?) = 0.0027 %

i
10_111 --------------------- 1 ----------------------

BLUE histogram vs. flat reference
=12.9, p?=12.9,n=10)=23% V

RED histogram vs. flat reference
x2 = 38.8, p(x2=38.8, n=10) = 0.003% X

_LAIIII‘I\IIEIII\'\II\'II\I
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Histogram Chi-squared

Histogram x2 with respect to a reference shape:

25\IIIIIIIIIIIII\I\II\IIIIIIIIII\\\\IIIIII

20

15

10

Assume an independent Gaussian distribution in each bin

Degrees of freedom = (number of bins) - (hnumber of fit parameters)

BLUE histogram vs. flat reference
=12.9, p?=12.9,n=10)=23% V

RED histogram vs. flat reference
x2 = 38.8, p(x2=38.8, n=10) = 0.003% X

RED histogram vs. correct reference
X2 =9.5, p(x2=9.5,n=10)=49% V
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PDF Properties: Mean

E(X) = <X> : Mean of X - expected outcome
on average over many measurements

<X>=in P, of
(X) = f x P (x) dx
— Property of the PDF

For measurements x..... X ,
then can compute the Sample mean:

1
x—nzi:x,.

— Property of the sample
— approximates the PDF mean.

0.18
0.16
0.14
0.12

0.1
0.08
0.06
0.04
0.02

PDF Mean

PDF Mean

Sample Mean

—he

o
oo

o
o))

©
™

o
N

1 O

.h_III|III|III|III|III|
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PDF Properties: (Co)variance

5
Variance of X: 2 03f
Var(X)=( (X — <X>) ) 0.25" :
0.2F !
— Average square of deviation from mean 0.150 P
— RMS(X) = VVar(X) = g, standard deviation 0.1 -
0.05 ' '
Can be approximated by sample variance: S T R
8= 23 2 (x—%)
n— 1 i l
Covariance of X and Y: y

Cov(X,Y)=((X — (X)) (Y = (Y)))

— Large if variations of X and Y are “synchronized”

_ Cov(X,Y)
- «/Var(X)Var(Y)

Correlation coefficient P
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PDF Properties: (Co)variance

0.4F :
0.35F E
Variance of X: 2 0.3-
Var(X)=((X—(X>) > 0.25 5
0.2F !
— Average square of deviation from mean 0.150 P
— RMS(X) = VVar(X) = g, standard deviation 0.1 -
0.05 : !
Can be approximated by sample variance: S T R
5= 13 (x,—x)?
n— 1 i l ) "o (b \ \Q
Covariance of Xand Y: Y DX/
Cov(X,Y)=( (X — (X))(¥ —(¥))) %\X’
X
— Large if variations of X and Y are “synchronized”
Cov(X,Y)
Correlation coefficient -1<p=1

b= Vvar(x) var ()



PDF Properties: (Co)variance

Variance of X: Var(X)=( (X _ <X>)2 >

— Average square of deviation from mean
—> RMS(X) = War(X) = 6, standard deviation

Can be approximated by sample variance:

A2 _ 1 )2
Y _n_IZ(xi X)

Covariance of Xand Y:
Cov(X,¥)=( (X = (X))(Y = (¥)) )
— Large if variations of X and Y are “synchronized”

Cov(X,Y)

Correlation coefficient

b= Vvar(x) var ()

Y
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“Linear” vs. “non-linear” correlations

For non-Gaussian cases, the Correlation coefficient p is not the whole story:

e B 0o o
/ // ..--/‘. T o "‘\H"‘*--. \\ \ tan2a = pz - 22

. 0,0,

& 0 0 0 0
W . 4 : -
R o ﬁgx g AR
K Jqﬁ i, e;\-‘é;".{?’" e et
e RaY R = A
a8 k! 3;3‘ CEdRE TR
& E i 3

Source: Wikipedia

In particular, variables can still be correlated even

when p=0 : “Non-linear” correlations. 108


https://en.wikipedia.org/wiki/Correlation_and_dependence

Error Bars

Strictly speaking, the uncertainty is given by the model :
— Bin central value ~ mean of the bin PDF

— Bin uncertainty ~ RMS of the bin PDF

The data is just what it is, a simple observed point.

= One should in principle show the error bar on the prediction.
— In practice, the usual convention is to have error bars on the data points.

15[[1 ..... L. I X |
10f: I{I | -
5: It
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Error Bars

Strictly speaking, the uncertainty is given by the model :
— Bin central value ~ mean of the bin PDF

— Bin uncertainty ~ RMS of the bin PDF

The data is just what it is, a simple observed point.

= One should in principle show the error bar on the prediction.
— In practice, the usual convention is to have error bars on the data points.
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Statistical Modeling
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Rare Processes ?

HEP : almost always use Poisson
distributions. Why ?
ATLAS :
* Eventrate ~ 1GHz
(L~10** cm™s~10 nb"'/s, o,_~10° nb, )
* Trigger rate ~ 1 kHz
(Higgs rate ~ 0.1 Hz)
=p~10°<K1 (pIHW ~ 105)
A day of data: N ~ 10 > 1

= Poisson regime! Similarly true in many
other physics situations.

(Large N = design requirement, to get not-
too-small I=Np...)

proton - (anti)proton cross sections

10' b

10° [ M,=125 Gev{

6
107 F
[ wyszo12

L

Gtm

Tevatron

VBF

LHC

=
—
<
2

W.J. Stirling
communid

, private
ation.

1

Vs (TeV)

10

events /secfor - =10
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° ° % C
Unbinned Shape Analysis
o 0.21
2 o015
Observable: set of values m_... m , one per event 8
— Describe shape of the distribution of m § 0.05"-
Z N
— Deduce the probability to observe m_... m_ I T T Ty T T T
m (GeV)
> W.Uo[
% 0.025)
H->yy-inspired example: 5 oo slope a
e Gaussian signal Psignal(m) - G(m; my, G) 8 0.015-
. i = —am S oot
Exponential bkg Pbkg(m) oe : **l Background
Z  F
. Expected yields : 5, B Poo o726 T3040~ T80 Teo
= Total PDF for a single event: / m (GeV)
P (m): 5 G(m°m ()')+ ae ™ %o.ozsi
total S+ B b H)> S+ B ;z)_ 0.025
§ 0.015]
=> Total PDF for a dataset Probability to observe ¢ "or Total
. the value m, S 0005
Probability to observe n events l For i i20™ a0 1507

_ —(S+B S"'B B eem
P({mi}i=1...n) — € H S+ B G ml,mH’O) ¥ S+Bae 112



Poisson Example

s S

P(n;S)=e 7

Say we observe n=5, want to infer information on the parameter S

Assume Poisson distribution withB=0:

— Try different values of S for a fixed data value n=5

— Varying parameter, fixed data: likelihood SS
—-S
L(S;n=5)=e "=
D!
LN
0.8 Observed
I Value n=5
0.6
0.4
0.2

ST

10 15 20 25 30
n 113



Poisson Example

n
Assume Poisson distribution withB=0: ( n, S) =€ m

Say we observe n=5, want to infer information on the parameter S

— Try different values of S for a fixed data value n=5

— Varying parameter, fixed data: likelihood SS
-S
L(S;n=5)=e" =
5!
0-6;: Read L(S; n=5) here
0.5H Observed
PE =0.5) - Value n=5
Low 0.4:—
likelihood 0.3;_
0.2F
0.1
- |—|_\ v e | | | |
)

2

10 15 20 25 30
n 113



Poisson Example

n
Assume Poisson distribution withB=0: ( n, S) =€ m

Say we observe n=5, want to infer information on the parameter S

— Try different values of S for a fixed data value n=5

— Varying parameter, fixed data: likelihood SS
-S
L(S;n=5)=e "=
5!
0-6;: Read L(S; n=5) here
0.5 Observed
PG =0.5) - Value n=5
Low 0.4:—
likelihood C[ P(S =9)
0.3p High
0_2; likelihood
0.13— AII—I—LLL‘k
® —5 10 15 20 25 30

n 113



Poisson Example

n
_ -sS
Assume Poisson distribution withB=0: ( n, S) =€ m

Say we observe n=5, want to infer information on the parameter S

— Try different values of S for a fixed data value n=5

— Varying parameter, fixed data: likelihood SS
-S
L(S;n=5)=e "=
5/
0-6;: Read L(S; n=5) here
0.5H Observed
P(5=0.5) - Value n=5
Low 0.4
likelihood _ | P =5) _
0.3:—_ High P(S - 20)
3 likelihood Low
0.2 likelihood
0.1 JI

F

113



Poisson Example

Assume Poisson distribution withB=0:

Sn
-S
P(n;S)=e "=

n!
Say we observe n=5, want to infer information on the parameter S

— Try different values of S for a fixed data value n=5

— Varying parameter, fixed data: likelihood SS
-S
L(S;n=5)=e "=
!
0-6;: Read L(S; n=5) here 0185
P(S = 0.5 0.5 Observed oy L(S; n=5):
G=025 t Value n=5 Likelihood
. L.OW 0-4¢ P(S = 5 01 of S for n=5
likelihood _ _f S =19) 0.08}
0.3 High 0.06f
- o 0.04f
0.2F likelihood 0_02;
0.1

°F;
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MLEs in Shape Analyses § roof ATLAS iy ST
600 Single Lepton %E:ET E
F26j,24b mtt + >1b
500F Post-fit mt+V.
Binned shape analysis: 400~ o ity
300]- i {rom.) -
L(S N n,-) = P(n,-; S ) = H Pois(ni ;ST + Bi) s

i=1
e e . . Bi25E E
Maximize global L(S) (each bin may prefer a different S) @ #%@ﬁ%“@‘*@‘ﬁ@“{{%’/%/%/ﬁ///
. . c . T o5k
In practice easier to minimize 10805040 éa‘s’s.f?cit.ﬁn“s%?é’u?pui

Mpois (S) = —2log L(S) = —22 log Pois(n,;Sf.+ B.)  Needsacomputer...

i=1
In the Gaussian limit
N N S + B
Mowss(S) = Z—ZlogG(ni;Sfi+ B.,o,) Z f )| x? formulal
i=1 i=1

—> Gaussian MLE (min x> or min A __ ) : Best fit value in a x* (Least-squares) fit
—> Poisson MLE (min A, ) : Best fit value in a likelihood fit (in ROOT, fit option “L”)
In RooFit, A, = RooAbsPdf::fitTo(), A _, = RooAbsPdf::chi2FitTo().

In both cases, MLE ¢ Best Fit 114



H-vyy

Events / GeV

Events - fitted bkg

e + Data  ATLAS Preliminary -

O e Background s =13 TeV, 36.1 fb'’ ]
160— —— Signal + Background m,, = 125.09 GeV —

- —— Signal ) - .
140 VBF-enhanced = Estimate the MLE S of S ?
120 —
100;_ _; — Perform (likelihood) best-fit of
“F 1 model to data
60— ] ~
402_ 4 = fitresult for S is the desired S.
i J\L E

- ... Inparticle physics, often use the
40 + =  MINUIT minimizer within ROOT.
20 —

0 '+. -

-20F —

ATLAS-CONF-2017-045
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https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2017-045/

MLE Properties

(M— forn @ o©

*\2
» Asymptotically Gaussian P(fi) o exp|— - )
A " o
[ and unbiased (i) =pn forn » o | b

}

Standard deviation of the distribution of [
for large enough datasets

'

« Asymptotically Efficient : o is the lowest possible value (in the limit Nn—oo)

among consistent estimators.

— MLE captures all the available information in the data
* Also consistent; I converges to the true value for large n, i = n
* Log-likelihood : Can also minimize A = -2 log L
— Usually more efficient numerically

— For Gaussian L, A is parabolic:

* Can drop multiplicative constants in L (additive constants in &)
116



Extra: Fisher Information

Fisher Information: I ( u,) — (-2

ﬁlogL(M))z

62
- - zlogL(u‘)
on

Measures the amount of information available in the measurement of p.

1
Gaussian likelihood: I(M) -
Gauss
— smaller g, .. = more information.
~ 1
Cramer-Rao bound: Var ( u ) > —
I(w)

For any estimator .

Gaussian case:
* For a Gaussian estimator [J

P (i) o« exp

205
e MLE: Var(j1) = crp2

Cramer-Rao: Var(jl) > o

Gauss

(ﬁ—u*)z)

2_02
i

— cannot be more precise than allowed by information in the measurement.

Efficient estimators reach the bound : e.g. MLE in the large dataset limit.
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Some Examples

Higgs Discovery: Phys. Lett. B 716 (2012) 1-29

T | T T T T I T T T T | T T T T
E p ¢ Data ATLAS
'Lp;,a“ 25:— - Background zz" H—)ZZ{*}—>4I
=R - Background Z+jets, tf
% ool [ Signal (m,=125 GeV)
[ %% Syst.Unc.

" s =7TeV:[Ldt= 4.8 b

—_
18]

“{s=8TeV:|Ldt=5.8fb"

ok
100 150 200 250
m,, [GeV]
QO T T T T | T T T T ‘ T T T T I T T T T | T T T T ‘ | T T T I
= ATLAS 2011-2012
§ (s=7TeV: [Ldt=4.6-481b" oo Exp.
s=8TeV: [Ldt=58509fb" +1c
1 et agiaiugaur= = - =Supuiaieleiuiuieiufeeiuiepeiupupeiepuiupapepupupugeepue e papegeupupu e e Oo
OIS T T T e s e TR e 2 1o
102 o T e 26
102 T N U 36
0% s 4
10° 40
10° .
10»7 ----------------------------------------------------------------- 50
10
KN N T, YRR I . o« s R NP
P, E T8 X TS =590 6o
10-11 L1 1 1 | L1 1 1 ‘ L1 1 | I L1 1 1 | | T ‘ 1 \“\"l | L1 1 1 I 11 1 1 l

110 115 120 125 130 135 140 145 150
m,, [GeV]

High-mass X—>yy Search: JHEP 09 (2016) 1

> 10'g— L B L L B R B B
8 E ATLAS
o ¢ Data
T 10°E
P E Background-only fit
2 g
L. Spin-0 Selection
- s=13TeV,3.2f0"
b B
15 * ’ H
10’1_5 =
- ot T T T ==
5 15§I =
2 10 3
g s =
8 of ]
€ sh 3
m AR ]
g 1 * TN
200 400 600 8W0 1000 1200 1400 1600 1800 2000
m,, [GeV]
ATLAS Vs =18 TeV, 3.2 fb Spin-0 Selection
< 10 4

Local significance [o]

.900 400 600 800 1000 1200 1400 1600 1800 2000
m, [GeV] 118


http://link.springer.com/article/10.1007/JHEP09%282016%29001
http://www.sciencedirect.com/science/article/pii/S037026931200857X

Categories arXivi2111.06712 8 Fams” " vone mel_mi

105k Ys=13TeV, 139fb" mtH Ott+ >1c @tt+ Vv
Dilepton [Jtf + light []JOther ./ Uncertainty
Post-Fit

10*
Multiple analysis regions often used.

10°

— Exploit better sensitivity in some regions

102

10

[ [ 'C 1
Here (ttH’ H%bb analySIS) 7 reglons: éz ég ////‘///7‘////7*‘///7//%/*%7/7//// %—/—A/,«'—A/y,«l—/—/-;4./—/-;,«7«-/-/-;,._/_/.‘,«
— 4 Signal Regions (SR) split in p_(Higgs) 8 Al S'?*" » BY oo Rk o R OBy ORY
Ge|/ )G O)Gey Gel

*: normalised to total Bkg

@ 1200 T T T T T T T T T T T [T
§ [ ATLAS ¢ Data [EttH
- L Vs=13TeV,139fb" --tiH* [t +=>1b
1000~ Dilepton WtH [t +>1c
L SR mti+V Jtf+light |
- Pre-Fit []Other 77 Uncertainty
800} — g m .
- - Better sensitivity at high p,
¢

— lower B backgrounds, higher S/B

Backgrounds levels from simulation here

; 122- — Large systematic uncertainties!
j i /////////////////

nggs boson candldate P, [GeV]

119


https://arxiv.org/abs/2111.06712

Categories

Multiple analysis regions often used.
— Exploit better sensitivity in some regions
— Constrain NPs: Control regions for bkgs

Here (ttH, H—bb analysis) 7 regions:
— 4 Signal Regions (SR) split in p_(Higgs)

arXiv:2111.06712 ¢

10°

10

10°

102

10

T T T

T T
mtH Wit + >1b

ATLAS ¢ Data

Vs =13 TeV, 139 fb" W Ot + 21c @+ V
Dilepton [Jtf + light []JOther ./ Uncertainty
Post-Fit

Data / Pred.
oo —_
W L. —

— 3 Background Control Regions (CR)

Events

Data / Pred.

*: normalised to total Bkg.
T T T T T T I LI

f20g= T e r e st | =
[ ATLAS ¢ Data [HttH i
L Vs=13TeV,139fb" --tiH* [t +=>1b !
1000~ Dilepton WtH [t +>1c 7

B >4

[ sRY [t + v It + light

[]Other 77 Uncertainty

,Signal regions only _

800

Backgrounds from
simulation (large -
uncertainties!)

Higgs boson candidate P, [GeV]

Include
Background CRs

Higgs boson candidate P, [GeV]

Signal + Bkg regions

5 ////‘///7/_////*///7//%/*%7/7//// // o fo A G A Al ot Qs S ot S fm o MY/ o A
' SRY __ SRW __ SRY __ SRW __ CRY  CRw  CRw
<4ps OH =4ps PH bs PH =4ps pH 3b 4 by b1
r<fo 720) GT [720200r Sl2gg 3007 6[300%) .
el )Gey, 7/ Gey ey
*: normalised to total Bkg.
Q1200—|»|||1|||‘||||||||||||\|||‘|»—
5 [ ATLAS ¢ Data [HtiH ]
w L {s=13TeV,139fb" --tiH* [t +=>1b -
1000~ Dilepton WiH [t +>1c N
L SR Wt +Vv O +light ]
- Post-Fit []Other 72 Uncertainty
800— —
Backgrounds
from control 1
regions ]
IN: -
& 1.25¢ ) =
0-% ~"fo0 200 300 400 500 _ 600

120


https://arxiv.org/abs/2111.06712

Categories arXivi2111.06712 8 [aus™ 7 eon me mioes

105k 5=13Tev, 139 fo" W Ot + 21c @+ V
E Dilepton [Jtf + light []JOther ./ Uncertainty
Post-Fit

10*E
Multiple analysis regions often used. :
10°

— Exploit better sensitivity in some regions

107

— Constrain NPs: Control regions for bkgs

10

. . -c' 1
Here (ttH, H—>bb analysis) 7 regions: IR T e
— 4 Signal Regions (SR) split in p_(Higgs) 5§ Sy, Sy SRy SRy - Cn Oy Ory
T ) 120) Gr 6[720,20 )T 3/200”300)7 G[Goqoo) &

. el G Ge el
— 3 Background Control Regions (CR) o
= Combined PDF : PDF for category k

nCﬂtS
° (k) k=1"‘ncats — ° (k)
P(S,B;{n, },-=1,,, i) = l lPk S,B;{n; },-=1 ()
evts k: e "Levts

No overlaps between categories = No statistical correlations
= can simply take product of individual PDFs.

Multiple categories allows to constrain nuisance parameters (e.g. B) 191


https://arxiv.org/abs/2111.06712

Counting model, the full version

P(u ) { e] }j=1'“nNP ; { ngk) }:(:11':;1%?: ) { et}bs }j=1V

> O . - '/\
!_11 P’nia'uei,k(e) NS,i,k(e) + Bi,k(e)l 1_I1 G(e?bs;e]".l)
= i=

J

T\ PANL

Expected
bin yield

POI '
Bin Yields or NPs | [ Systematics
Observable Sig/Bkg Shapes,
values efficiencies
/ \ / \ Auxiliary
Pseudo- Data MC Data

experiments \

x number of categories! 155



Confidence intervals
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Neyman Construction

General case: build 1o intervals of observed values for each true value

=> Confidence belt

A

True value p*

68% intervals for ji

Observed value> [
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Neyman Construction

General case: build 1o intervals of observed values for each true value

=> Confidence belt

A

True value p*

68% intervals for ji

Observed value i
>
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Inversion using the Confidence Belt

General case: Intersect belt with given 1, get P(ji— 0, <p <fi+ G;) = 68 %

— Same as before for Gaussian, works also when P(u°® | u) varies with p.

A —

True value p*

-

Observed value 1 125



Inversion using the Confidence Belt

General case: Intersect belt with given 1, get

P(i—o,<p <fi+o0,) =68%

— Same as before for Gaussian, works also when P(u°® | u) varies with p.

True value p*

A

—>

=

Observed value 1 125



Inversion using the Confidence Belt

General case: Intersect belt with given 1, get

P(i—o,<p <fi+o0,) =68%

— Same as before for Gaussian, works also when P(u°® | u) varies with p.

True value p*

A

—>

=

Observed value 1 125



Inversion using the Confidence Belt

General case: Intersect belt with given 1, get

P(i—o,<pn <fi+0,) =68%

— Same as before for Gaussian, works also when P(u°® | u) varies with p.

True value p*

A

o, comes from the model,

not the data

— data only provides (.
o ' from negative side of [ intervals

o from positive side of 1 intervals

Problem: Doesn’t generalize well to many

—>

=

pararmeters frreatisticodets

Observed value 1 125



Upper Limits
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Test Statistics for Limit-Setting

0.4F
. 0.35} .
Confidence 03 t(u )——210g L(u—uo)
. 0.25F - A
Interval : oot 0 I (M)
0.15;—
Try to exclude pvalues oot
away from [I. i ) “Two-sided” test
. o . L{S=S A
Limit-setting Q(So) =| —2log ( = 0) S,>S
L(S)
Try to exclude 0 S, < S
values of S that
are above S.
Discovery was also
“One-sided” test : only interested in excluding above one-sided, for S>0
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Getting the limit for a given CL

Procedure:

— Compute q(S,) for some S,
get the

Asymptotics:  p(§)=1 - (I)(*/m)

— Adjust S to get the desired exclusion
Asymptotics: need Vq(S,,) = 1.64 for 95% CL

Region
90% 10% | Vae) > 1.28
959% 59  VaAS)>1.64
99% 19, Va(S)>2.33
Ja(s) = 1.64
(P = 5%)

> - 0.5§
@ 300 0.45F
g 250F 0.4F
2 : 0.35-
g 200 0.3/
()] C E
- 150 025;
GNJ - 0.2:—
‘® 100F =)
E -
2 S0 S, : (too) strong exclusion 0 0-55_
Poo 110 120 130 140 150 160 0

m (GeV)

0 24 3
p-value for q /! Vq,128



Getting the limit for a given CL

Procedure:

— Compute q(S,) for some S,
get the

Asymptotics: p(S,)=1- @(\/T&,))

— Adjust S to get the desired exclusion

Asymptotics: need Vq(S,,) = 1.64 for 95% CL

> C

& 3001"}L

3 oot

S o00. MR

E 1502_ + ++ LJ.+ ;

'Té 100 #"} 1 “J.ﬂ'ﬂ
2 %S _:no exclusion

P00 110 120 130 140 150 160
m (GeV)

Region
90% 10% | Vae) > 1.28
959% 59  VaAS)>1.64
99% 19, Va(S)>2.33
Ja(s) = 1.64
(P = 5%)

0.5F
0.45F
0.4F
0.35F
0.3F
0.25F
0.2
0.15F
0.1
0.05F

Ya,,




Getting the limit for a given CL

Procedure:

— Compute q(S,) for some S,
get the

Asymptotics: p(S,)=1- @(\/T&,))

— Adjust S to get the desired exclusion

Asymptotics: need Vq(S,,) = 1.64 for 95% CL

300
250f
200
150}
100

50 S, : 95% exclusion

P00 110 120 130 140 150 160
m (GeV)

Normalized events per GeV

0.5p
0.45F
0.4F
0.35E
0.3f
0.25F
0.2F
0.15F
0.1
0.05E

Region
90% 10% | Vae) > 1.28
959% 59  VaAS)>1.64
99% 19, Va(S)>2.33
Ja(s) = 1.64
(P = 5%)




Eur.Phys.J.C71:15564,2011

CL, : Gaussian Bands
300¢ Fyh“
Usual Gaussian counting example with known B: . N '(f .

?5% CL, upper limit on S:

S,, = 5+ q>‘1(1 — 0.05 ¢(§/05))
Compute expected bands for S=0:

—> Asimov dataset & $=0: _,

s =196 0,
— + NOC bands: ’
£n+|1- @ (0.05 &(%n))|

Os 052\/§ o

Stn —

up,exp

Os

Cls:

o Positive bands
somewhat reduced,

% « Negative ones more so

+1 2.72 S
""""""""""" Band widthfrom 2 ___ S

0 1.96 S 0utetetegetetetetutetuteuteuteen depends on S, for?s:a = i
O non-Gaussian coses,diffeqré(nArSlmov)
-1 1.41 ; values for each band...
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https://arxiv.org/abs/1007.1727

Comparison with LEP/TeVatron definitions

Likelihood ratios are not a new idea: q,.,=—2log L(1=0,0)
LEP ~
* LEP: Simple LR with NPs from MC L (M: 1, 6)
— Compare p=0 and p=1 L(M—O é )
: : — Y, Yyp
* Tevatron: PLR with profiled NPs 9 1ovaron —— 2 108 A
L (M =1, 61)
BOth Compare tO u=1 instead Of beSt'ﬁt r‘ ] Example from Collie documentation (DO note 5595)
o
M:O M= -I % 0'032 L, £ perved NLLR jj>
. . & 0.025E \!1 o Q-
LEP/Tevatron  H, ._._> H, E N / 2
1 1 01]1% "I]r X
LHC HO H] o005 -"'F h g
' :}.,Ir 5 10 5 0 5 10 l# 5 6|-
NLLR <
%106_CMS Prel-iminary \4'.3=7vTeV L,,=0.2-0.9 fbo” g
= Asymptotically: G S et ULl I
* LEP/Tevaton: g linear in @ = ~Gaussian gm‘*-“‘”““”e"‘“:” =
= |
e LHC: q quadraticin u = ~x2 o
107k
10E
— Still use TeVatron-style for discrete cases I T

Test Statistic q, 130



Systematics and Profiling
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Profiling Example: ttH—bb i P g
oL o o
Analysis uses low-S/B categories to constrain backgrounds. foime | e | e
— Reduction in large uncertainties on tt bkg ; : ;
— Propagates to the high-S/B categories through the ol [
statistical modeling
= Care needed in the propagation (e.g. different kinematic regimes) > - - -
JEE o

= R DR LN L L UL L R N R D e
& - ATLAS Preliminary -e-Data i - ATLAS Preliminary -e¢-Data E
o 10000 |s = 13 TeV, 13.2 b EEH iaht ] F \s=13TeV, 13.2 fb™ -EH bt ] 5
- | Dj L+19 i ey Ctt + lig =
g - Dllelpton Tt + >1c - - D|Ielpton i+ 2lc ] =
£ sooor- 24, 2b mti+ >1b - 24),2b mti+>1b 4 >
o [ Preit mtt+VvV. ] - Post-fit mtt+v. 1 9
L - [ 1Non-tt . - INon-tt 1 O
6000~ 722 Uncertainty ] — 722 Uncertainty CZ)
i ] - =
4000~ - - 10N
W/ ] - 1 9
[ | 2 4 o
2000 T : ] o
I i 1000} -4 @
- Oéﬁmﬁﬁ ) 0: P =
2 15¢ E 125 F E
o : L
E 05 £ 3 g 0;’? 3 | | | | | | | o
& ° 7200 300 400 500 600 700 800 900 1000 O "7 200 300 400 500 600 700 800 900 1000

H' [GeV] H' [Gev] 132


https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2016-080/
https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2016-080/

Uncertainty decomposition

All systematics NPs excluded : statistical uncertainty only
All systematics NPs included: stat+syst uncertainties |

ATLAS — Total — Theory — Stat
H — yy, m,=125.09 GeV
< 6 ;
= ' :
N s o :
4 =
3F- ! :
- é Subtraction in quadrature
2 '+ 1o intervals _\/ 2 2
- N : Gsyst,tot = YO otal — Osta
- = : !
1__ [ [ [
:I | | | | | IEIEI | | | | | | E IEI | | | // | | | | |
0.7 0.8 * 0.9 1 111 1.2 1.3 y 1.4

u = 0.99 + 0.12 (stat) + 0.06 (syst) + 0.06 (theo) 133



Look-Elsewhere Effect
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10*

> ;\ T T T LA L B AL B T ‘;

Look-Elsewhere effect o ;
‘E 103% —— Background-only fit _§

L% 102 ;_ Spin-0 Selection _;

) .. - Vs =13 TeV, 3.2 b s
Sometimes, unknown parameters in signal model oL o .
e.g. p-values as a function of m, £ * ‘ H E
= Effectively: multiple, simultaneous searches oL N
— If e.g. small resolution and large scan range, many ; 15j _
independent experiments 2 10#, + ﬂ =
I DT TV

B 0% Lo 5

< s .H ' =

§ 104 "‘ ' —

400 600 80O 1000 1200 1400 1600 1800 2000

H®
II|IIIIII|III|IIIIIIIIIIIIIIIIIIIII 260

% 1 fl_()c _E m,, [GeV]
“ e -
10 E
- % 1 = More likely to find an excess
102 3 .
| 1 anywhere in the range, rather
B 36 --------------------------------------------------------------- ] i i i
107 AT AS - than in a predefined location
- /s =13TeV, 3.2 - = Look-elsewhere effect (LEE)
10* NWA =
S Spin-0 Selection .
10 6400 600 500 1000 1200 1400 1600 1800 2000

m, [GeV] 135



Global Significance

Probability for a fluctuation anywhere in the range — Global p-value.
at a given location =~ — Local p-value

N
Global — pglobal =1~ (1_plocal) ~ N plocal R E— Local

p-value 1 p-value
Trials factor
. % 104§\I“II' I'm I R B 1R [ | II"%
= pglobal > I:)Iocal = ZgIobaI < ZIocal . gIObaI ﬂUCtuatIOI’] ‘é 103: :‘TLA? ' ' t Data ' .
. . .pe > = : : : : —:— Béckgro:md-oély fit: =
= = = 1 1 1 1 1 1 1 "
more likely = less significant E N D sphosteard L
S0 ™ 1 0 Be13TeV.32fh 0 S
A R TR
Trials factor : naively = # of independent intervals: oo TR ‘ H '
G
22 S TONE UL DS DUNE NS DTS T R
N,,.=N_.= scan range E @T. A
s T e peak width A TR TR
g O; L 1 ] 1 1 1 1 1 J
However this is usually wrong - more on this later PR Fo o
= _105_“: 1 1 : 1 1 1 1 E
° 200 400 600 800 1000 1200 1400 1600 1800 2000

m,



Global Significance

Probability for a fluctuation anywhere in the range — Global p-value.
at a given location =~ — Local p-value

For searches over a parameter range, the global p-value is the relevant one

— Accounts for the actual search procedure: look for an excess anywhere in the scanned

range ATLAS Preliminary s =13TeV, 32" Spin-0 Selection

) 4
o~ —_
— 10 35§
— Depends on the scanned E -
>
parameter ranges ~ 8 3 £
c
252
6 > §
-l
1.5
e.g. X—yy: 4
]
e 200 < m, <2000 GeV >
0.5
o 0<T, <10% m,.

o

QOO 400 600 800 1000 1200 1400 1600

m, [GeV]
= Piocal is what comes out of the usual formulas

How to computep . (orN,_ )?
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Trials Factor

Trials factor N = # of independent searches:

— N N,
Global — pglobal =1~ (1_plocal) ~ N plocal R E— Local

p-value p-value
Trials factor
% 104§\I“II' \I“\I"I'I"\I"II"II"II";
R - A
Naivel Id t jc:; 103§ + 1 11— Backgroynd-oglyfit 4 E
alvely, one could expec § . N1 41 SonoSwectan 1 1
S0 ™ 1 0 Be13TeV.32fh 0 S
PEL Mg o111
?? SCan range Lo S ‘: H: F
N viats = Ningep = re B RO SRS RN
peak WIdth 10 g_l 1 1 1 1 1 1 1 _g
o _TTI I:: 1:: 1:: I::: 1::-!::-!:: II.I.;
8 15? L 1 1 1 1 1 1 1 1 —;
2 1oRle 4 a1 1 o4 o o a7
However this is only correct for a discrete s oosrhl LS I RN
Joi 05 3
Number of experiments (i.e. 10 different regions) Tosh E
g 104! ooror -
° 200 400 600 800 1000 1200 1400 1600 1800 2000

m,



Trials Factor for continuous variables Gross & Vitells

EPJ.C70:525-
530,2010

e el : | TC
Asymptotic limit : trials factor (1 POI) is N s = 1 + > N indep Ziocal

— Trials factor is not just Nindep, also dependsonz__ ! N __scan range
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Trials Factor for continuous variables Gross & Vitells
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530,2010

— | TT
Asymptotic limit : trials factor (1 POI) is Ntrials =1+ E Nindep Zlocal

__ SCan range

—> Trials factor is not just N, ,_, also dependsonZz_ !
mdep — neak width

' N

2 o o . . . 10— 71 — L DRI BN LN N LR B BN =
Why ? Slicing range into Ninclep regions misses E ShnIhon Laas S0 Eane IO RA-aat and-

. . . o ] ] ] ] Y IDatal ] ] I:

peaks sitting on edges between regions S qeldob v r o L=

. PN = . . . . : Backgroung-only fit =

= true Ntrials IS > Ninde ' E - : : : Spin-0 Etion ! : 3

p 5 102 _ ' ' 'Spin-0 Selettion ! ' €

& L1 Ws=18Te\32th' | L

§80 107 1 + 1 1 ? 1 E) 1 (

3 E 1 1 1 1 1 L=

L ; JTHHIREI T -

= 1 . Pt a1 =

= 60 E 1 1 ‘ IH 1 =

50 10-1;— : ' : : 1;

40 = . —— R RARRE T =

= sl : A

30 g o ' A

- s o0 4 TN

200 bins: N___= 10 3 o "

B K rials E i 1 1 1 =

10%' - A\“Nﬂ;w (Ig _5 g_ | : : : E

T —10F 8 8 8 8 =

O'I 1 | | | ‘ I I | 1 L1 ‘ | | | L1 1 O :\., Jdo ,I| N S I . N T N i R R .I| PR .I| L .II L .I:
0 1 2 3 4 5 6 200 600 800 1000 1200 1400 1600 1800 2000

Local Z m,, [@8@



Global Significance from Toys

10° 8

Events / 20 GeV

102 =

Local 3.90 mf

Principle: repeat the analysis in toy data: T —
— generate pseudo-dataset wiE

* Data

—— Background-only fit

L T T LA e e e S N 3

Spin-0 Selection

Vs =13 TeV, 3.2fb"

— perform the search, scanning over parameters

o]
as in the data

Data - fitted background
(&)

il ‘
~10l] "‘ )|
Tl ®

— report the largest significance found

0 J Hﬂ' ‘b b
; "

200

— repeat many times

= The frequency at which a given Z is found is the global p-value

e.g. X-yySearch:Z _ =3.90 (=p,__ ~5107),

— However we are scanning 200 < m < 2000 GeV and 0<T, < 10% m, !

— Toys : find such an excess 2% of the time somewhere in the range

ndl 102, Z s = 2-10 Less exciting, and better indication of true Z!

@ Exact treatment
© CPU-intensive especially for large Z (need ~O(100)/ ) toys)

400 600 800 1000 1200 1400 1600 1800 2000

m,, [GeV]

140



Homework Solutions
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Homework 1: Gaussian Counting

Count number of events n in data
— assume n large enough so process is Gaussian 3
— assume B is known, measure S F

1
1
1
1
1
1
1
1
1
1
1
1
1
1
! L

_1|n=(s+B)| -
L(S;n)=e AR 3
Likelihood : o
_[n—(s+B)|? S+B
MS;n)= JS+B
MLE forS:S5=n-B
Test statistic: assume S > 0,
LIS=0 A n—B/ 3 ’
g, = —2log ( - ) =A(S=0)—A(S) = = | =
L(S) VB B
: _ — ,§ Famous formula!
Finally: /= \/qo — \/—E — Strictly speaking only valid in Gaussian regime

142



Homework 2: Poisson Counting

Same problem but now not assuming Gaussian behavior:
L(S;n)= e_(S+B)(S+B)" M(S;n)=2(S+B)—2nlog(S+B)
MLE: S = n - B, same as Gaussian

Test statistic (for S > 0):

g, = M(S=0) — A(S) = —25-2(8+B) log D
S+B

Assuming asymptotic distribution for g,

A

Z=4{ 2| (S+B) log 1+% -8

See G. Cowan’s slides for case with B uncertainty 143


http://www-conf.slac.stanford.edu/statisticalissues2012/talks/glen_cowan_slac_4jun12.pdf

Homework 4 : Gaussian CL

Usual Gaussian counting example with known B:

A

2 =

n—(S+B)
Os

A(S) =
Reminder:
Best fit signal : S=n-B

i

Significance: Z = 5/vB S
Compute the 95% CL upper limit on S:

L(S=S,) N n—(S +B) 2 [g. —g|* for
g5, = —2log L(§)0 =M(S) = MS)=|—6.—| =|"o | 5,58

so gy =2.70 for S;=8++2.70 o

Andfinally S, =S+ 1.640, at 95% CL
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Homework 5 ;: Gaussian CL,

Usual Gaussian counting example with known B: =
—(S+B)|’
A(s) ="

Reminder -

N

Best fit signal : S=n-B

A

cL_, limit: S, = s 1.640, at 95% CL

s,—S|* (fors,> S)
CL_upper limit : still have g5, =

s GS
so need to solve /

1-®
P = Ps, — _(‘/‘150) — o
© 1= pg l_q)(‘/QSo_ Solos)
- >
for$=0,
S,, = 8+ <I>_1(1 — 0.05 ¢(§/05)) o at 95% CL

S~G(S. oy so
UnderH (S =3S)):
Jq, ~ G(0,1)

Ps, = l_q)(‘/qiso)
Under H, (S = 0) :

Vas ~ G(S,/o,,1)

Ps = (I)(\/q_so_solcs)

145



Homework 6 ;: Poisson CLs

Same exercise, for the Poisson case
Exact computation : sum probabilities of cases “at least as extreme(as)data” (n)
n k Ps \N
_ _(s,+5) (So*B) nd one should sol =
pso(n)—Ze - and one should solve p¢; po(n)
O °

0
Forn=0:- Pa = Ps,(0) =e "=5% = S, =1log(20)=2.996 ~ 3
. s Po(o)

=5% for S
up

= Rule of thumb: when n_, =0, the 95% CL_limit is 3 events (for any B)

S,+B
n

Asymptotics: as before, qg = MS,) — ?»(3) =2(S,+ B— n)—2n log

Forn=0, qSo("=0) = 2(S,+B)
Ps, _ 1- @ (v q5(n=0))
P, l_q)(JQSo(n:O)_JQSO(n:B))

=S, ~ 2, exact value depends on B

=5%

Pcr, =

= Asymptotics not valid in this case (n=0) - need to use exact results, or toys 146



Homework 7: Gaussian Profiling

Counting experiment with background uncertainty: n= S+6:
— Signal region: n~G(S+6,0__)

— Control region: 6°> ~ G(6, ¢ )

} L(S,G):G(n;S+6,Gsm)G(G"bS;O,GSyst)

, . . For S = S, matches
Then:  A(S,8) = n—(s+86)° (6™ —6 MLE as it should
Gstat Osyst 1
A 2
MLEs: S=n-—@" Conditional MLE:  §(s)=0"+ O syst (§ - s)
6 — eobs Gftat+ O'iyst
L(5,6(5) _, (. 2 o a_ (s=8)
. t.=—2lo ——==A(S,0(S)) —A(S,0) =

L SR ) IR E G S

2 \/ 2 2 _ J 2 2
iginterval S = S =* Ogar F O gy Os = Ogar T Gsyst

Stat uncertainty (on n) and systematic (on 8) add in quadraturei47



Homework 8: CL. computation

Gaussian counting with systematic on background: n=S+B + asyste

L(n;S,0)=G(n;S+B+0,,0,0,,) G(6,,=0;6,1)
R N\
MLE: S = n—B
2
3 s o, > PLR: A(u) =[BT
Conditional MLE: 6(p) = —*_—(n — S—B) Jo' +ol,
stat syst

This boils down to the Gaussian case of HW 6, so the CL, limit is

CL: s%“=n-B+|®o'1-005a-_"=8 Jo? +o’
stat syst

S up J 2 2
Y stat +0 syst

148



Homework 8: Bayesian computation

Gaussian counting with systematic on background: n=S+B + asyste

P(n|S,0)=G(n;S+B+o_ 0,0, ) G(08]0,1)

syst

Bayesian: G(0) is actually a prior on 6 = perform integral (marginalization)

P(n|S)=G(S; n—B, {o’,+3%,) same effect as profiling!
. 0.4+
Need P(S|n) = need a prior for S: take flat PDF over S>0 ..
= Truncate Gaussian at 5=0: P(S|n)= P(n|S) P(S) 0.3;
0.25F
P(S | n) = G(S;n_B"/Gitat-boiyst) ) ':_B 2 = 0.1-5_
\/O-stat-l- O'syst 0_12
Bayesian Limit: 0.05
O_\\\\I\\ AN
oo S —(n—B _ -1 “4 3210 12 3 4
[P(s|n)ds=5%=|1-@ “Pz(" 2) o| =8
Sup Jostat-l-o'syst Jostat-l-osyst
$" = n—B+[®'|1 - 0.05 & —2=2 Jol, +o | |
w7 o sat ™ Psyst sgme result as CL !
chtat + Giyst 5149
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