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Context
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A
X Cold quark matter > PQCD
— \ —= ﬂl >
HoMe NS — M
-

N

Large uncertainties in pQCD

~
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- Context PocolT =0

[known]

S — 1+ o @+ (B +@ In(a)) + ...
2 et \

T
A

\‘r Cold quark matter > PQCD
L : > NN

Mot/ NS R
4 )

Large uncertainties in pQCD 2
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Context

” - _

V: vacuum

QG P M:medium

Hard scale U

contributions
|

|
Cold quark matter > PQCD S°flt/}fca'e
: E
— X X —> — > contribution
310?1a/ NS 1 GeV }A \B.A. Freedman, L.D. McLerran (197y
A. Vuorinen (2003)
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Large uncertainties in pQCD 2
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Context

T
A -
V: vacuum
Q G P M:medium
Hard scale U
contributions
|
|
\r Cold quark matter > PQCD S°flt/}fca'e
! E
% n "
L \ — > contribution
310?1a/ NS 1 GeV }A \B.A. Freedman, L.D. McLerran (197y
- ~ A. Vuorinen (2003)

Large uncertainties in pQCD M ~ M
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_Context _

QGP

|
\r Cold quark matter > PQCD
=

MoMe/ NS

;
_'
1 GeV

>,

-

_

Large uncertainties in pQCD

~

J

" )

Gorda et al.,

v Mixed sector U, Ny

C‘@D

Gorda et al., PRL 131, 181902 (2023)

Soft sector 171, \

CO G

PRL 127, 162003 (2021)

Hard sector U

Karkkainen et al. 25011792}

20267

V: vacuum
M:medium

Hard scale U
contributions

= Soft scale
Mg
contribution

B.A. Freedman, L.D. McLerran (1977)
| A. Vuorinen (2003)
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Going beyond the
perturbative expansion




Uncertainty estimate for

GOing beyond the missing higher orders
perturbative expansion

renormalization scale variation

a(AN) - A€ {pudu)

P,-n(T = 0,u)
OCD ,
b :1+aSA1+aS2(A2+ B, In(a,)) + ...
f L o~ _J
Renormalization scale dependent and
missing higher orders (correlated)

g% =4dna,




Going beyond the mising hgher orders.
perturbative expansion o=
Pocp(T = 0.0 a(A) = A € {pudu}

b =1+4+a, A +a’( A, + B, In(a)) + ... 2_4
J C T~ _/ | g T ﬂaS
Renormalization scale dependent and
missing higher orders (correlated)

l Resummation




Uncertainty estimate for

GOing beyond the missing higher orders
pe rturbative expansion <=>

renormalization scale variation

a(A)—>A€{ﬂ4ﬂ}

Por(T = O,0) ®
oCD ’ \
b :1+aSA1+aS2(A2+ B;In(a,) + ...
f L T~ _J
Renormalization scale dependent and
missing higher orders (correlated)

l Resummation

"Resummation of
logarithms in HTL
effective theory

LF & J-L. Kneur, PRL 129 (2022) 3
And on-going work




Uncertainty estimate for

GOing beyond the missing higher orders
perturbative expansion

renormalization scale variation

a(A)—>A€{ﬂ4ﬂ}

Por(T = O,0) ®
oCD ’ \
b :1+aSA1+aS2(A2+ B;In(a,) + ...
f L o~ _J
Renormalization scale dependent and
missing higher orders (correlated)

l Resummation

r X
Hard scale
Hord scale

normalization group
optimized perturbation
theory (RGOPT)

Main topic of this talk LF & J-L. Kneur, PRL 129 (2022) 3
LF & J-L. Kneur, PRD 111, 034020 (2025) And on-going work

Resummatlon of
logarithms in HTL
effective theory




Resummation of logarithms
in HTL effective theory

| With massless quarks for simplicity §
k——— 1——4

Poep(T = 0,u)

2 =1+asA1+a32(A2+




Physics at the soft ’—w _
scale N




Physics at the soft , — = 1t A+ ak( A +-+

scale =
____{mE

P Py K'K"

— K2+ [«(K) K2+ I;(K) §(K2)2




Physics at the soft SO = l4a, A +ad A +-+

scale .
.__EmE

Py Py K'K"

— K2+ [«(K) K2+ I;(K) §(K2)2

=<§:":<>N+z o Y 4

Hard Thermal Loop resummation.




— — 2
Physics at the soft = 1+a, 4, +aX( 4, +|B In(@))+ .}

L_\/:j . <.> <‘> K2+ II(K) K2+ II; (K) (K?)?

= O A Y 4

Hard Thermal Loop resummation.

The soft contributions are encoded In
the HTL effective Lagrangian !

E. Braaten, R.D. Pisarski, PRD 45(1992) S




HTL effective theory
and resummation of logs

A In—E 1
S AS S

Poep(T = 0.pu)
Py

Iy interpreted at first as blind to its physical origin.

A 0 + p( )—a a
C T SO oa. MG

=1+4+a, A+ a?( A, + In(a)




HTL effective theory "
and resummation of logs POt = ’””EZ ()™ 12 G In'” k( E)
R — o o (%20) g) [ = *
PSOfl‘ & MAAG'-M\)
= (). T, O. T . M
mE —|—Cl1 1 +a < Cl2,1 + ... D b=ln AS

( rfm()u\") (202&) A +0[S a2,2 +...




HTL effective theory
and resummation of logs

PSOft

mE +a

( rl'mpu\") (2@2&) -

Requiring

al(. +Qa az(). +..

Psoft_mEZ(a )z 12 klnl —k mE
& (1‘0\ Z) (wo\ﬂc},Tapc\)

T R R s Tl T S AT AT
s s R
D TN O [ et v R
| NFig| % WL S
po iy 54 [ e R
e T R Q’,{L
‘}. . EE ]
£ 2\ il R ] ao|
R e [
P - \ B fe: > p

k=0 S
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L =1In

f_v_gc;:'-."«; Gk

855 -=\’q,
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;, : ! If 2w i

A4
+asa2’2 + ...

A I i — e L e A

—paye = (418 + 268 =2)) a g
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recurrence relation between leading soft logarithms (LL) I
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HTL effective theory .
and resummation of logs Pt = mEZ ()"~ 12 a;  In=* [ —=

& (%0\ €) (mu,,,qt.,,,\) = B

y — al’(' +C¥S@. +... - m,

( /I.‘mpb\l—) (202&) A +0{S a2,2 +...

e e e A

| —Pdiog= (47’g + 2bg(l — 2)> di_1,0 |

| recurrence relation between leading soft logarithms (LL) '

= “Resummation of a resummation”
1 +2b5a, L _ _
(or resummation in two steps)

Requiring

+a; 4 g
+ ..




Resuming the LL

NNLO + N*LL

0.0

1.0
0.8

_— o - 0.6
Significant reduction in renormalization Q:\ -
scale dependence from resumming N :
the leading soft logarithms. 0.4 ]
0.2
LF and JL. Kneur PRL 129 (2022) |
2

A

5 6
uplGeV]




= A
WORK IN PROGRESS

Glimpse of the next step

& % + Sym.
Full resummation of the NLL seriej] ' @ *ﬁ Gﬁ)”

Need new anomalous dimension
coefficients. A lot of fun ahead. :)
Completion of within reach




Renormalization Group Optimized

Perturbation Theory
For Cold Quark matter at NNLO

i "
f Now we will focus on the hard sector

with masses for the quarks !

-

( No Hard thermal Loops effective theory anymore )

All diagrams included

Poen(T=04) Q @
Fy

.....
\ 0D
\\

7,
Z
o
7, \‘
¢ Q
¢ Q
¢ Q
’I
\‘ o
Q Z
O o
o
7, \‘
¢ Q
¢ Q
¢ Q

Previous work at NLO: Kneur, Pinto, Restrepo 2019

10




Renormalization Group
| otivations % Optimized Perturbation Theory m

Kneur, Neveu, QCD T=0, (2013)
Kneur, Neveu , QCD T=0, (2015)

LF, Kneur, 1¢*, NNLO, (2021)

Kneur, Pinto, Restrepo Hot QCD(2021)

Andersen, Braaten, Petitgirard, Strickland (2002)
Andersen, Petitgirard, Strickland (2004)

Andersen, Leganger, Strickland, Su, (2011)
Haaue. Andersen. Mustafa. Strickland. Su.(2014)




Renormalization Group
Optimized Perturbation Theory m

Kneur, Neveu, QCD T=0, (2013)

Kneur, Neveu , QCD T=0, (2015)
@ In hot/dense QCD, the fields develop screening masses. LF, Kneur, A¢* NNLO, (2021)

It seems best to start from a massive action. Kneur, Pinto, Restrepo Hot QCD(2021)

HTLpt = OPT + HTL

Andersen, Braaten, Petitgirard, Strickland (2002)
Andersen, Petitgirard, Strickland (2004)

Andersen, Leganger, Strickland, Su, (2011)
Haaue. Andersen. Mustafa. Strickland. Su.(2014)
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Renormalization Group
Optimized Perturbation Theory m

Kneur, Neveu, QCD T=0, (2013)

Kneur, Neveu , QCD T=0, (2015)
@ In hot/dense QCD, the fields develop screening masses. LF, Kneur, A¢* NNLO, (2021)

It seems best to start from a massive action. Kneur, Pinto, Restrepo Hot QCD(2021)

@ For cold and dense QCD, the mass of the quark is mostly responsible

for the large renormalization scale dependence
HTLpt = OPT + HTL

Andersen, Braaten, Petitgirard, Strickland (2002)
Andersen, Petitgirard, Strickland (2004)

Andersen, Leganger, Strickland, Su, (2011)
Haaue. Andersen. Mustafa. Strickland. Su.(2014)
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Renormalization Group
Optimized Perturbation Theory m

Kneur, Neveu, QCD T=0, (2013)

Kneur, Neveu , QCD T=0, (2015)
@ In hot/dense QCD, the fields develop screening masses. LF. Kneur, A¢*, NNLO., (2021)

It seems best to start from a massive action. Kneur, Pinto, Restrepo Hot QCD(2021)

@ For cold and dense QCD, the mass of the quark is mostly responsible

for the large renormalization scale dependence

Andersen, Braaten, Petitgirard, Strickland (2002)
Andersen, Petitgirard, Strickland (2004)

variational parameter, not Interpolation Andersen, Leganger, Strickland, Su, (2011)

The genuine quark mass ! Haaue. Andersen. Mustafa. Strickland. Su.(2014)




Renormalization Group
Optimized Perturbation Theory m

Kneur, Neveu, QCD T=0, (2013)

Kneur, Neveu , QCD T=0, (2015)
@ In hot/dense QCD, the fields develop screening masses. LF, Kneur, A¢* NNLO, (2021)

It seems best to start from a massive action. Kneur, Pinto, Restrepo Hot QCD(2021)

@ For cold and dense QCD, the mass of the quark is mostly responsible

for the large renormalization scale dependence

Andersen, Braaten, Petitgirard, Strickland (2002)
Andersen, Petitgirard, Strickland (2004)

variational parameter, not Interpolation Andersen, Leganger, Strickland, Su, (2011)

The genuine quark mass ! Haaue. Andersen. Mustafa. Strickland. Su.(2014)

@ For high temperature and no chemical potential, RGOPT has been performing
extremely well. Let’s look into cold and dense QCD with RGOPT 11




Walkthrough at leading order

Renormalization Group
Optimized Perturbation Theory
(RGOPT)
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Walkthrough at leading order

Renormalization Group
Optimized Perturbation Theory
(RGOPT)
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: Renormalization Group
Walkthrough at leading order Optimized Perturbation Theory
(RGOPT)

Usually neglected because not dependent of </
the thermodynamic variables. But in RGOPT,
we deal with medium-dressed masses

= T )

12




: Renormalization Group
Walkthrough at leading order Optimized Perturbation Theory
(RGOPT)

- C'\/ 4 gcmmae"é'e»
fo_ O:_I\/MT&/A " }__’5 TL/‘D (/vn) = \Ac Uunr (M)+— mm""l’m (‘m//@

Usually neglected because not dependent of </
the thermodynamic variables. But in RGOPT,
we deal with medium-dressed masses

Not RG invariant on its own !

12




Renormalization Group
Walkthrough at leading order Optimized Perturbation Theory
(RGOPT)

Then, proceed to the delta re-expansion

RGT

(ren, pa,2%) —> ?} (o (A—%)A, M, gaé)
gzo y Slr')4

13




Solved once

and for all !

Walkthrough at leading order

Solve at leading order
for any 1

14




Solved once

and for all !

Walkthrough at leading order

Solve at leading order
for any 1

Generalization at higher

orders

Solve “m” through OPT or RG equation which
incorporates the, |

Multiple solutions, but

only one satisfies

. asymptotic freedom
thanks to“‘a”)

NB: at NNLO
only RG gives
physically consistent |, ——
screening mass |

14-2




Visual representation of the resummation in RGOPT

MQA\' jng: BM
L - ®
In 1¢p* with simplified picture: _D_ [O 1 mqgj]/: o F>[m = @(,::)J@ Sl L
orm. A = ~ . :
<
Sugen Dans
Only a certain subclass QFT/’ Z
A A4 /1o A

of diagrams are resumed
Already at LO, RGOPT reproduces

(and go beyond) the standard
textbook resummation !

In QCD it is more complicated to visualize:

1 ‘- LY
~ T
= M, ~ \ s = m
o - C@? T @ 15




Renormalization Group
Optimized Perturbation Theory
(OPT)

What if this solution is not real ?

e S e

Use the arbitrariness of the renormalization scheme
to change to a new one where the coefficients in the
pressure lead to a real solution.

)
Renormalization scheme

change (RSC)

m%m(1+ng4)
méEC —> m EMW

Solving RG & Det. : (n_iRG, gz)

For Cold Quark Matter,

the prescription is unique !

16




Cold Quark Matter .

Flashing expressions J

At NNLO e

Kurkela, Romatschke, Vuorinen, PRD 81, 105021 (2010) @

@\ Generalized for arbitrary
massive quarks
OB
d
@Nf =2+ A“ —m2[(11C4 — 2N§)z + 18Cr(2z — 0)](Ly, )?

(O,//lu) (O,I[,td) (ms, //ts) — = CA 220* — TZﬁ’L —332%) + (16m2a(1 — 1) — 3(7Tm? — 84)z — 242°)
1

1. m 71 17
. — N¢(40* — 1321m° — 627) +C In———+Gi(m) | +Cpr + Go()
massive quark pressure f A ] A( i ) (4 )

2. m 11

3
+ N; (31]“5 + 5 + G3(m )) +G4(m)},

ngnzzﬂ* _ gf%g; {(ﬁ2)2 [(2 In (ﬁ) . %) +% (_ 139 + 27: + 1(1:32(),&;) + 136(1 —1n2)In(2) + I16(n, ﬁ2)>:
N, 5 3
PLo(m, i) = O(u* —m?) [u DF <u2 = —m2) + 5m'In (” At )] 427 Z [0 (2 () = 3) + 5 (Dol + 5 (1~ 2) @) D + Do(o 7)) |

oyt [Im (2 In (%) - %) v % (IQO(m) + 5 (1 - 1n2) ()L + IQQ(m,f))] } 7= (u1, )

m Q f— il d 2 : ()
m2 (4 — m 2

i=1 17

— ——

6Without exhaustive detaiI)S]

17




Cold Quark Matter
At NNLO

(m,u) (m,p) (m+mgp)
S
/M3
Need generalization for three massive
quarks with different masses !

*We identified a mistake in G2 but numerically irrelevant for

physical quark masses.

LF & J-L. Kneur, PRD 111, 034020 (2025)

Flashing expressions for the curious

Vacuum contributions with two masses My =m + @

4
v, Np=2%+1* g
B = (ﬂ : 47T)4> ((Nf — 1)m* (—156.833 + 253.775 Ly, — 243L2, + 100L3)

+2(Nj — 1)m?m2 (—4.75802 — 6 (Lyp + Lyn,))

+m3 (—152.075 + 265.775L,,, — 24312, + 100L2, ) )

Contribution from the vac. anomalous dimension

PNfZQ*‘H* 2 m% 2
(So—|—819 ) —9—2(804—319 )

m4
sub 2

E—(Nf—l)g

— (Ny = 1)sp1m* g° — sy 3m3 g° — 2(Ny — 1)s5% m*m3 g°.

Modify M3 """ to account for multiple masses

" A Ny
2 11 2 i 11 is ) A . : _
Ny (§ In % + o + G3(m) + G4(m)) — Ny (§ In m? + 9 +G? (mi)) + m?z(m;) Z {le(uij) (1+ uz.j?)

J

N

— P ..2§ 1 N2 Fu) S — fé]biSA. g
Vijr) 45 (1 +vij) Vit (Vij) 3712 (i, Vi),
J

e I — _ e

(Without exhaustive detail) 18
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Cold Quark Matter Setup: \UP)
WN LO ,e (m, u) (m,p)
: 1.0 — -
With RGOPT |
— o 08 ‘
Solving the RG (and det.) equations, MRG
we get 7R 0.67 H )
MDebye
This solution agrees with the Debye -~ 777~ "
mass at large densities (small o, ) 04 S~ .
but encodes an all order resummation | ¥ ________________ :
0.2 \_"—::::::::::::::::::—:_:_:_:_:—:;:_—f
) ]
o _ g CFMQ | A€ (puau)
D 87“'2 . OO | | | | | | | | |
0.0 0.5 1.0 1.5 2.0 2.5
19




Cold Quark Matter
At NNLO

_ §

With RGOPT 1.0

T———

Implementing the solutions

Deviation from MS

Noticeably reduced dependence
with respect to renormalization
scale variations.

Ny=2*+1* A
PR(J;OPT+ (1, A= X 1) dq(31)* X

Pe(p, Ny =3

Setup:

() (m.p) et mo

Standard NNLO (m,+0)

RGOPT NNLO mgg

RGOPT NNLO, mgg, my+0

15 20
p [GeV]

2
o

20




Cold Quark Matter

At NNLO

_ §

With RGOPT

T———

Implementing the solutions

Deviation from MS

Noticeably reduced dependence
with respect to renormalization
scale variations.

Setup:

() Om )

m+mg, i)

Ny=2*+1* A
PR(J;OPT+ (1, A= X 1) dq(31)* X

—— - RGOPT NNLO, mgg, ms+0

Standard NNLO (m,+0)

RGOPT NNLO mgg

Pe(p, Ny =3

p [GeV]

20




Summary

T T RS

@ RGOPT has been quite effective at zero temperature and at high temperature.

Impressive reduction in the renormalization scale dependence (theoretical uncertainty)
thanks to RGOPT

@ The apparent “freedom” in choosing a prescription for “m” is in practice not one
since only one prescription is physically relevant.

@ Application of RGOPT at NNLO for hybrid stars and quark stars is soon to be published !

21




0.2

1.0

0.0

NLO RGOPT (ixc)

pQCD O(g” In(g))
NNLO HTLpt
NLO HTLpt
LQCD

2.0

95
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Optimized/Screened
Perturbation Theory (OPT/SPT)

In hot/dense QCD, the fields develop medium-dressed masses.
It seems best to start from a massive action. OPT does so and optimize the parameter (mass).

Karsch, Patkos, Petreczky (1997)
Parwani (1992)

Andersen, Braaten, Petitgirard, Strickland (2002)
Andersen, Petitgirard, Strickland (2004)

SPT

Andersen, Leganger, Strickland, Su, (2011)
Haque, Andersen, Mustafa, Strickland, Su,(2014) 23




Renormalization Group
Optimized Perturbation Theory
(RGOPT)

S

N———

T——

Starting from the massless action, introduce
a fictitious mass for the fields (here, the quarks).

Kneur, Neveu, QCD T=0, (2013)
Kneur, Neveu , QCD T=0, (2015)

LF, Kneur, A¢*, NNLO, (2021)

Kneur, Pinto, Restrepo Hot QCD(2021)

|Very close to Lattice results for 1 2 ch 24

S L R — e I N




Renormalization Group
Optimized Perturbation Theory
(RGOPT)

s

N———

T——

Starting from the massless action, introduce
a fictitious mass for the fields (here, the quarks).

Vacuum energy anomalous mass dimension -—,
1 |G
L(ag,m) — L(ag,m)+m"1

Kneur, Neveu, QCD T=0, (2013)

Kneur, Neveu , QCD T=0, (2015)

LF, Kneur, A¢*, NNLO, (2021)

Kneur, Pinto, Restrepo Hot QCD(2021)

@ry close to Lattice results for 1 2 ch 24
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Renormalization Group
Optimized Perturbation Theory
(RGOPT)

Starting from the massless action, introduce
a fictitious mass for the fields (here, the quarks).

Vacuum energy anomalous mass dimension ~—,
L(ag, m) = L(ag,m)+m*1 m
Kneur, Neveu, QCD T=0, (2013)
ﬁ(OéS m) — £(5@3 m(l B 5)@) Kneur, Neveu , QCD T=0, (2015)
) )

LF, Kneur, A¢*, NNLO, (2021)
Kneur, Pinto, Restrepo Hot QCD(2021)

S

@ry close to Lattice results for 1 2 ch 24

S L R — e I N




Renormalization Group
Optimized Perturbation Theory
(RGOPT)

Starting from the massless action, introduce
a fictitious mass for the fields (here, the quarks).

Vacuum energy anomalous mass dimension ~—,
L(ag, m) = L(ag,m)+m*1 m
Kneur, Neveu, QCD T=0, (2013)
ﬁ(OéS m) — £(5@5 m(l B 5)@) Kneur, Neveu , QCD T=0, (2015)
) )

LF, Kneur, A¢*, NNLO, (2021)

Kneur, Pinto, Restrepo Hot QCD(2021)
(® Evaluate your observable at O(a¥) then s

expand in ¢ at the same order and take 6 — 1 @ry close to Lattice results for 7' 2 ch 24
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Renormalization Group
Optimized Perturbation Theory
(RGOPT)
.

Solve at leading order
Solved once ]
‘ and for all ! orany /i

———————————
T—

Starting from the massless action, introduce
a fictitious mass for the fields (here, the quarks).

Keep the vacuum contributions !

Vacuum energy anomalous mass dimension ~—, m

L(ag,m) — L(ag,m) +m*1
Kneur, Neveu, QCD T=0, (2013)
L:(Og87 m) —> £<50587 m(l _ 5 ) Kneur, Neveu , QCD T=0, (2015)

LF, Kneur, A¢*, NNLO, (2021)
Kneur, Pinto, Restrepo Hot QCD(2021)

(» Evaluate your observable at O(a¥) then ghiathe RS
expand in ¢ at the same order and take 6 — 1 |Very close to Lattice results for 1" 2 -T_C] 24




Backup

(

dA,u4 A 185 A 1111 472

1c 2

=— — 2In—+ — |In—+ — — — +471°In2 — ]
M < ( C'A[( nm 3 ) n o4 3 n 6C(3)

\

- A A 313 357? 2 A A 71 272
_CF 3(121n——|—5>1n——|———|— i —87T2ln2—|—12C(3)}—I—Nf[§<61n——|—13>ln——|———|—i}

m m 8 §) m m 12 3
2| ~2 A2 A A .
+6 —27° | m 2z + 4m C’F[S 3In — +4 1n——|—4](u—z) :
m m
M€ 16 ., 62 , 5 10 22, ) A
—d C(——I ZmPly + She — —mPloc 4+ Lig — —[I? — 2 11—)
(47)2 A{A 91—|—9’m 2—|—31 oy 2¢ T 110 3[1 mg]nm
A 10 20 2 4
+ O (111 + 24m2[Iy — IipI; + 2m2 Ly, + 2m2I5] In E) + N (5112 - Gl = She+ sm’ I,
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BaCkU p Renormalization group
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Backup

Renormalization scheme

change (RSC)
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Backup
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G(m), KRV (2010)

G1(m), This work
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NZLO+LL
N?LO+LL+RGI
N°LO

N-LO Hard

a.° Soft Rings
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Solving RG & Det. : (I/I_flRG, Bz)

For Cold Quark Matter,

the prescription is unique !
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