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Introduction



HVP recap cor

» Fermion-photon coupling (g-factor, etc.)

» ...from which the vacuum polarization ~Ow

» ...from which the hadronic vacuum polarization I1*
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Lattice QCD vs. ChPT cor

Introduction

Physics
Pheno
Concept
Perturbative?
Spacetime
Volume

High energy?
Low energy?

Requirements

Lattice QCD
QCD + add-ons
All of it

First principles

No

Euclidean

Finite

Discretization effects
Finite-volume effects

Collaborations
& supercomputers

ChPT

QCD + add-ons
Mainly pions
Effective field theory
Yes

Either

Either (finite is harder)
Not valid

No problems

Alaptop, a blackboard
& some grit
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The challenge

PHYSICAL REVIEW D 102, 094511 (2020)

Application of effective field theory to finite-volume effects in n,‘,“w

Christopher Auhin@,' Thomas Blum,2 Maarten Gollennan@.’l and Santiago Periso*

appear already at two loops, which is the minimum number.
While it is unlikely that the full N*LO analysis will ever be
worked out in practice, it is important to establish the
validity of the EFT framework for the study of a}/¥" in
order to be assured that even the NNLO analysis of finite-
volume effects carried out in Ref. [10] has a solid EFT
basis. We believe that our discussion in this paper illustrates
why indeed this is the case. We expect the same separation

Arthur C. Clarke’s 1st law
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https://arxiv.org/abs/2008.03809

The ultimate goal

Assuming a geometric progression of FVE errors...

i 1 . P
lattice (BMW20) W Target (estimate)
H State of the art
NNNLO ——
NNLO - _—
NLO - ‘
6 8 10 12 14 16 18 20
Finite-volume effect on ai® """ in a 6 fm box
(analysis & figure by Alessandro Lupo)
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The collaboration Chr

initiated by

implemented by

loop integrals by

phenomenology by

under the guidance of
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Kalman Szabo

Mattias Sjo

Pierre Vanhove

Alessandro Lupo

Laurent Lellouch
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The ChPT setup



The ChPT Lagrangian cor

» 2 flavors (pions only), non-dynamic photon field
» Vertices with 2n pions and up to 2 photons, drawn from

Lepr= Lo + Lno + Lo + Lo +
|_, 475* O(p®) counterterms

Bijnens, (Herman-Trued)sson & Wang [1810.06384]

57* O(p®) counterterms

Bijnens, Colangelo & Ecker [hep-ph/9902437], [hep-ph/9907333]

7* O(p*) counterterms

Gasser & Leutwyler (1984)

L Basic O(p?) vertex

Power counting (the simple way)

*These are 2-flavor numbers! It's 11,94,1254 for 3 flavors and 12,115,1862 for > 4 flavors

The ChPT setup 7/25



https://arxiv.org/abs/1810.06384
https://arxiv.org/abs/hep-ph/9902437
https://arxiv.org/abs/hep-ph/9907333

NLO diagrams CRT

= o

e = NLO (unmarked) = LO
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NNLO diagrams Chr
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m = NNLO e = NLO (unmarked) = LO
Note: no “genuine” 2-loop diagrams
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ChPTIlib

» New suite for ChPT calculations
= "Automation of Hans Bijnens's spirit”

m Written in FORM
\Vermaseren [math-ph/0010025]
m Flexible implementation of Lcppr @
m Efficient extraction of Feynman rules
m Simple input of Feynman diagrams

» Git repository: github.com/mssjo/ChPTlib
» HVP application: github.com/mssjo/HVP-3loop
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https://arxiv.org/abs/math-ph/0010025
github.com/mssjo/ChPTlib
github.com/mssjo/HVP-3loop

Loop-wrangling



State-of-the art loop tools Chlr

IBP reduction

Tarasov's dimensional shift

Schouten relations



https://arxiv.org/abs/1212.2685
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A tour of our masters CRT
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Masters: the easy ones

» Divergent (even in 2D) but simple
» Bubble integral required up to O(e?)
» Just a pile of (poly)logarithms

Loop-wrangling 14/25



Masters: the beachball Col

O S -
S o S

» Example of the well-studied banana graphs

» Ie(t) known (!) in terms of elliptic functions
Bloch, Kerr & VVanhove [1406.2664]
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https://arxiv.org/abs/1406.2664

Take g, |g| < 1 such that

_ [ n(@m@)]°
= [n(q%(qt")}

using the Dirichlet n function

Then

_ [n(@)n(e®)]” )( )]
n(@n(e)]*

( (log q)>—16¢(3 i_o: — )
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The elliptic wonderland

Take g, |g| < 1 such that
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The elliptic wonderland

Take g, |g| < 1 such that
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The road to wonderland

Loop-wrangling

Im(z)

Im(z)

Re(z)
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Masters: theirrelevant one

» Less well-studied, no explicit solution known before
» Vanishes under dimensional shift: leaves [Is, L]
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Masters: the cat’s eye

» Very difficult
» Seemingly breaks renormalization:

managed by counterterms
"

- ~ finite
d=b-29 1, [lo]  [lo] =2
]I@ ~ 6_3 + (—:—2 + T + le
no counterterm!
- A ~ finite
i 1 Mo, Te, I Io,le, Ig] ~—
Hig}_hz)w_3+[o?@]+[o@@]+ﬂ@
€ € €
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Schouten relations

Gram determinant — Schouten identity

» Put G(¢4, (5, ¢3) as numerator in suitable integral
= linear combination (I, Ie, I vanishingat d = 2
= renormalization restored

» Effectively eliminates master integral I'g, (t) in 2D
=- non-IBP relation!

» Novel here, but known in 2-loop sunset integrals with 3
independent masses Remiddi & Tancredi [1311.3342]
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https://arxiv.org/abs/1311.3342




HVP overview CR

=

Parameters

» Transverse due to Ward identity
» Finite after MS renormalization (ChPT variant)

» Invariant under NG manifold reparametrization
» Subtractedat{ =0

Power counting layout

Results




Lower orders CRT

Bubble function

_ 1
B(t) = _% + % ] log[1— x(1—x)t] dx

> Leading order Gasser & Leutwyler (1985)
O(t) =  +2B(t) + 2

» Next-to-leading order olowich & kambor (1995)
IINO(t) = 4+ tB(t)> — 4tB(t)ls — 8cset

Function of ¢ only LECs known LECs TBD LECs unknown
Dispersive+FVE FVE only (?) No Dispersive/FVE
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Three-loop order cor

Pion vector form factor NNLO LECs (known)

n = —4(20s3 + 2635 + b4Ge),  rya = b(Cs3 — Cs1)

» Next-to-next-to-next-to-leading order This work (2025)
MOt = + [lo, e, Iy, I, Lo, Iy
+ tB(t)?[t(h — 2h — 2lg) + 2]
+ 2tB(t) ks (41, — Ist)
+ 4tB(t)(rv1 + rvat)
— 16/, cs6t
+ 16t(Ca32 — C333) — Bt?Cuso

Function of ¢ only LECs known LECs TBD LECs unknown
Dispersive+FVE FVE only (?) No Dispersive/FVE
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The LEC-independent part

TI(t) [no LECs]

STI(t)

Evaluation of master integrals

> Stable over entire complex plane

» 103-10"? times more precise than pySecDec
Borowka et al. [1703.09692]

> 1-1000 times faster than pySecDec
24/25

Results


https://arxiv.org/abs/1703.09692

Summary and Outlook cor

» Amplitude calculation done and published

» Loop integral paper being tidied up for submission
» Low-hanging phenomenological fruit being picked
» A big step toward FVEs — to be continued...

Thank you!

Results o5



The LECs CRIT

Pion form factor and charge radius

FF(s)=1+ %(rz);s +fs® + O(s?)
(r?Yy = €lle) + €2([h, by b, I6] + 6rya]) + O(E3)

@ = o5+ (1, bl ] + 1iz]) + OE)

\/ector meson dominance

ry1 = —6.2 ryy, =~ +6.5

Data (old)

o =4640+1.2

Bijnens, Colangelo & Talavera [hep-ph/9805389]
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https://arxiv.org/abs/hep-ph/9805389

The LECs Col

Pion form factor and charge radius

FF(s)=1+ %(rz);s +fs® + O(s?)
(r?Yy = €lle) + €2([h, by b, I6] + 6rya]) + O(E3)

= % + & ([ by by k) + i2]) + O(E)

\/ector meson dominance

Potentially better precision (efforts underway)
BELEY Access to pion mass dependence -
Colangelo, Hofericher, Kubis, Niehus, de Elvira [2110.05493]

Ty — TTew L e

Bijnens, Colangelo & Talavera [hep-ph/9805389]
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https://arxiv.org/abs/2110.05493
https://arxiv.org/abs/hep-ph/9805389

Pion self-energy for comparison

Bijnens, (Herman-Trued)sson & Wang [1810.06384]

9 o o o & &
ﬁﬁ%&é%ﬂl

Q < +— turns out to be in the QED literature



https://arxiv.org/abs/1810.06384

More on dimensional shift




IBP reduction

Integration by parts

» Gives solvable relations 0 = Zk oy lly  Laporta[hep-ph/0102033]

> Yields small set of irreducible integrals
— master integrals —
(all further efforts can be limited to these)

» We used Roman Lee's LiteRed2 [1212.2685] for reduction
(requires Mathematica, but other reducers struggled)

More on dimensional shift 28/25


https://arxiv.org/abs/hep-ph/0102033
https://arxiv.org/abs/1212.2685

Symanzik graph polynomials CRT

Connect all vertices without forming loops:

O O O
U=, Il

trees T j¢T

Spanning 2-forests

Make cut, form spanning tree for each half:

- O 0O O
F= > (PRI [[ey-uD oym;.

2-forests F JEF J
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Schwinger form Colr

» Schwinger form of a loop integral:
» Derivative w.r.t. mass just drops down a:

o e F/u 9 el )ty a;m? e~ F/u

om? U omi U = Yar

» Meanwhile, in the propagator picture:

8 1 . I/jé,‘j

— 9 1w +J
om? o~ pit om? j
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Dimensional shift cor

Tarasov [hep-th/9606018]
» Assemble facsimile of ¢/ from derivatives:

UEZHQJ — 'DEZH%

trees T j&ZT trees T j&T /

» Propagator form: just change :

Dli(d)= S Wi+ in(d)[[y,. 7= J

trees T JET Jj&T

» Schwinger form: formally change the dimension:
~Flu
DI (d) = / Ue " Ii(d-2)

» Allows d = 2 — 2¢ (generally nicer than d = 4 — 2¢)

More on dimensional shift 31/25




Dimensional shift cor
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Solving the cat’s eye chr

4

Using t = Eed

d? 232 _
g5 - e [l =5, S~ lle.lo]

Solutions without the RHS:

2 _
&(8) =5 -1 82(5)264 1|0g<gi—1)_§

Full Wronskian solution:

Must integrate I g !

Elliptics 32/25



Of bananas and ellipses

Elliptic polylogarithm

» Ie(t)is asimple bunch of Li3(g, z) with constant z
» Excellent numerics since |g| < 1

» But
o [ n(g)n(q®) r
n(g*)n(q®)
n(q) = Dedekind eta function
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t as a function of g

Believe it or not, the inverse function exists! Bloch & VVanhove [1309.5865]
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https://arxiv.org/abs/1309.5865

g as a function of ¢ cor

1/12,5/12
2F1</ 1/

1728(z —9)(z — 1)3z?
(z—=3)3(z3—-922 + 3z - 3)3)
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g as a function of ¢
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2F1</ 1/
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