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• Charged particles gyrate around magnetic field 
lines & scatter on inhomogeneties 

• Good knowledge of the magnetic field & 
turbulence  

• Scattering leads to diffusion of particles in space  

• Unfeasible to track individual particle trajectories 

J. Lübke, ... SA, et al. 2025
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Pseudo-particles propagated 
with Stochastic Differential 
Equations

                  
Cosmic Ray Propagation 
Framework

L. Merten & SA, 
CPC, 2025
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• Pure diffusion, integrated with Euler-Maruyama 
scheme:

⃗xt+1 = ⃗xt + 2 ̂κ Δt ⃗ηx,t

I N T E G R AT I N G  S T O C H A S T I C  D I F F E R E N T I A L  E Q U AT I O N S

B R O W N I A N  M O T I O N

Brownian motion

• Random numbers  drawn 
from a Gaussian distribution 

η
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B R O W N I A N  M O T I O N

Brownian motion

• Random numbers  drawn 
from a Gaussian distribution 

η

• Recover macroscopic 
quantities



D I F F U S I V E  S H O C K  
A C C E L E R AT I O N

Tycho, Credit: X-ray: NASA/CXC/Rutgers/
K.Eriksen et al.; Optical: DSS
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PA R T I C L E  A C C E L E R AT I O N
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45

Shock profile
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D I F F U S I V E  S H O C K  A C C E L E R AT I O N

PA R T I C L E  A C C E L E R AT I O N

dp = −
p
3

∂u
∂x

dt

dx = u(x)dt + 2κ dWx,t

uΔt < Lsh ≲ 2κΔt wi = 1/nsplit

4

• Importance splitting
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D S A  AT  1 D  P L A N A R  S H O C K

T I M E - D E P E N D E N T  S P E C T R A

κ ∝ E

• Validation: Comparison against grid code 
VLUGR3 solving the transport equation 

• Moving and colliding shocks: SA, 
Habegger+, 2025 

• Superdiffusive shock acceleration:  
Effenberger, SA+, 2024 & 
SA, Merten+, 2025
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Aerdker+, 2024



E X C U R S I O N :  S U P E R D I F F U S I O N
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L E V Y  F L I G H T  M O D E L

A N O M A L O U S  D I F F U S I O N

6

• Random numbers  drawn from 
a -stable Lévy distribution 

η
α

(e.g. Janicki&Weron, 

dx = u dt + 2 (κα)1/α dLα(t)

dp = −
p
3

∂u
∂x

dt

ΔLα = Δt1/αηα



S H E A R  
A C C E L E R AT I O N



F O K K E R - P L A N C K  P I C T U R E

Dpp =
1
15 (∂xuz)2 p2τ(p)

Ap =
6 − q

15 (∂xuz)2 pτ(p)

• Assuming isotropic spatial diffusion, non-relativistic 
gradual shear  

• Momentum change expressed as diffusive process:

9

e.g. Rieger, 2019;  
Liu, Rieger, Aharonian 2017
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• Assuming isotropic spatial diffusion, non-relativistic 
gradual shear  

• Momentum change expressed as diffusive process:

dp = ( 2D
p

+
∂D
∂p ) dt + 2Ddωp,t
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e.g. Rieger, 2019;  
Liu, Rieger, Aharonian 2017
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G E N E R A L I Z E D  F E R M I  M O D E L
C O M O V I N G  F R A M E

• Track particle momentum in the frame where the electric 
field vanishes 

• Velocity perpendicular to magnetic field: 
 

• Velocity parallel to magnetic field unspecified 

• Energy changes given by acceleration, compression and 
shear of the frame velocity

vE = cE × B/B2
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S H E A R  A C C E L E R AT I O N
I N  T H E  C O M O V I N G  F R A M E

·p′￼ = − p′￼(μ′￼2μ′￼3σzx)
·μ′￼1 = μ′￼1μ′￼2μ′￼3σzx + ξ1

·μ′￼2 = μ′￼2
2 μ′￼3σzx + ξ2

·μ′￼3 = − μ′￼

2(1 − μ′￼2
3 )σzx + ξ3

• Need to track evolution of angular variables , 
not only position in space!

μ′￼i

Lemoine, 2025

σzx = ∂xuz/γE

Aerdker+, in prep.
Infinite linear shear profile in :  
maximal when  

uz(x) σzx
γ(x) ≳ 1
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E X C U R S I O N :  PA R T I C L E  
S C AT T E R I N G
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O R N S T E I N - U H L E N B E C K  P R O C E S S

P I T C H - A N G L E  S C AT T E R I N G

dμ1 = − 2μ1D0dt + 2D0(1 − μ2
1)dWμ

ds = vμdt

• Scattering in pitch-angle leads to diffusion 
along the magnetic field
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O R N S T E I N - U H L E N B E C K  P R O C E S S

P I T C H - A N G L E  S C AT T E R I N G

dμ1 = − 2μ1D0dt + 2D0(1 − μ2
1)dWμ

ds = vμdt

• Scattering in pitch-angle leads to diffusion 
along the magnetic field

dϕ = Ωdt + 2DϕdWϕ,t

• Scattering in the gyrophase leads to 
(an-)isotropic diffusion in space
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( A N - ) I S O T R O P I C  D I F F U S I O N  I N  S PA C E

PA R T I C L E  S C AT T E R I N G

• Running diffusion coefficient: < (Δx)2 > /2t

Particle transport in synthetic turbulence: Reichherzer, et al. 2020

κ∥ =
v2τ∥

3

κ⊥ =
vrg

3
Ωτ⊥

1 + Ω2τ2
⊥

Pitch-angle & gyrophase scattering with SDEs, Aerdker+, in prep.
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N O N - G R A D U A L  S H E A R  A C C E L E R AT I O N

S U B D I F F U S I O N  I N  M O M E N T U M

Aerdker+, in prep.

• Reproducing Fokker-Planck 
expectations for  at early 
times

τ′￼σ < 1

• Non-gradual shear acceleration 
( ) shows subdiffusion in 
momentum
τ′￼σ > 1
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PA R T I C L E  S P E C T R A

• Time-dependent spectra show power-laws - explained 
by power-law waiting time distributions 

• Integrated spectra are steeper compared to simple 
Fokker-Planck models - correction for the flow profile 
(Rieger & Duffy, 2019) points to soft spectra  

• Highest energy particles in the region of strongest 
shear - where jet is mildly-relativistic 

• Addition of loss processes, escape, ... to come!

N O N - G R A D U A L  S H E A R  A C C E L E R AT I O N
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S T O C H A S T I C  PA R T I C L E  T R A N S P O R T

• Fast & flexible approach: 

• Not dependent on source: Re-weighting and recycling of simulation data 

• Extension to anomalous diffusion 

• Part of the CRPropa framework: 

• Parallelization, adaptive time step & importance splitting 

• Magnetic field line integration 

• Applications: 

• (Super-)diffusive shock acceleration, momentum diffusion, Galactic 
transport 

• Gradual & non-gradual shear acceleration



B A C K U P
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S H E A R  A C C E L E R AT I O N
I N  T H E  C O M O V I N G  F R A M E

dp′￼ = − p′￼(μ′￼2μ′￼3σ32) dt

dμ′￼1 = (μ′￼1μ′￼2μ′￼3σ32 − 2μ′￼1D0) dt + 2D0(1 − μ′￼2
1 )dWμ′￼1

dμ′￼2 = μ′￼2
2 μ′￼3σ32dt + f(μ′￼1, ϕ′￼)

dμ′￼3 = − μ′￼

2(1 − μ′￼2
3 )σ32dt + g(μ′￼1, ϕ′￼)

dϕ′￼ = 2Dϕ′￼
dWϕ′￼

• Every time step : 

• Boost time and momentum 
 to lab frame , 

depending on particle 
position & momentum 

Δt′￼

(t′￼, p′￼) (t, p)



15

N O N - G R A D U A L  S H E A R  A C C E L E R AT I O N

S U B D I F F U S I O N  I N  M O M E N T U M

Aerdker+, in prep.
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C AT C H I N G  U P  W I T H  E A C H  O T H E R

C O L L I D I N G  S H O C K S
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S O LV I N G  F R A C T I O N A L  T R A N S P O R T  E Q U AT I O N S

S U P E R D I F F U S I O N

Brownian motion Lévy Flights

0D1−β
t f(t) =

1
Γ(β)

d
dt ∫

t

0
(t − s)β−1 f(s)ds ∇αf(x) = −

1
2 cos(απ/2)

(−∞Dα
x + xDα

+∞)f(x)
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S PA C E - F R A C T I O N A L  T R A N S P O R T  E Q U AT I O N

S U P E R D I F F U S I O N

∂f
∂t

= κα(p)
∂αf

∂ |x |α − u
∂f
∂x

+
p
3

∂u
∂x

∂f
∂p

+ S

• Random numbers  drawn from 
a -stable Lévy distribution 

η
α

(e.g. Janicki&Weron, 94)

dx = u dt + 2 (κα)1/α dLα(t)

dp = −
p
3

∂u
∂x

dt

21

ΔLα = Δt1/αηα
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t = 10

S U P E R D I F F U S I O N  
T R A N S P O R T  A N D  A C C E L E R AT I O N  AT  S H O C K S

Eff
en

be
rg

er
, S

A,
 e

t a
l.,

 A
&A

 (2
02

4)

SA, et al., A&A (2025)

https://www.aanda.org/articles/aa/pdf/2024/06/aa49334-24.pdf
https://www.aanda.org/articles/aa/pdf/2025/01/aa51765-24.pdf
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F U R T H E R  E X A M P L E S

T I M E - D E P E N D E N T  D S A
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F R O M  S TAT I O N A R Y  T O  L A B  F R A M E

M O V I N G  S H O C K S
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T I M E - D E P E N D E N T  E F F E C T S

S P H E R I C A L  B L A S T  W AV E

a = 4 [1 + (3 + b)( κ1

Ru1
+

κ2

Ru2 ) +
κ2

Ru2 ] + O(ϵ2)

• Time-dependent advection  given by 
Sedov-Taylor similarity solution 

• Corrections to the spectral slope  
(Drury, 1983) 

u(t, r)

f ∝ p−a
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S P H E R I C A L  B L A S T  W AV E S

M O V I N G  S H O C K S
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