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Charged particles gyrate around magnetic field
ines & scatter on inhomogeneties

Good knowledge of the magnetic tield &
turbulence

J. LUbke, ... SA, et al. 2025




" COSMIC RAY TRANSPORT

IN TURBULENT MAGNETIC FIELDS

* Charged particles gyrate around magneticfield

ines & scatter on inhomogeneties

* Good knowledge of the magnetic field &

< turbulence
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ENSEMBLE AVERAGED APPROACH
TEST PARTICLE TRANSPORT EQUATION
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ENSEMBLE AVERAGED APPROACH
TRANSPORT EQUATION - FOKKER-PLANCK EQUATION
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ENSEMBLE AVERAGED APPROACH
TRANSPORT EQUATION & STOCHASTIC DIFFERENTIAL EQUATIONS
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ENSEMBLE AVERAGED APPROACH
TRANSPORT EQUATION & STOCHASTIC DIFFERENTIAL EQUATIONS
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FROM FOKKER-PLANCK TO STOCHASTIC DIFFERENTIAL EQUATIONS:
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p Op
Pseudo-particles propagated =
with Stochastic Differential c R/P "op4 L. Merten & SA,

Cosmic Ray Propagation CPC. 2025
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BROWNIAN MOTION

INTEGRATING STOCHASTIC DIFFERENTIAL EQUATIONS

Pure diffusion, integrated with Euler-Maruyama Brownian motion

scneme.
X1 = X+ 2K\ Aty

Random numbers # drawn
from a Gaussian distribution




BROWNIAN MOTION

INTEGRATING STOCHASTIC DIFFERENTIAL EQUATIONS

Pure diffusion, integrated with Euler-Maruyama Brownian motion

scneme.
X1 = X+ 2K\ Aty

Random numbers # drawn

Histogram of pseudo-particles A

-  (zausslian fuction

from a Gaussian distribution

Recover macroscopic
quantities



DIFFUSIVE SHOCK -}
ACCELERATION .-
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PARTICLE ACCELERATION

DIFFUSIVE SHOCK ACCELERATION

dx = u(x)dr ++/2cdW,,
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PARTICLE ACCELERATION

DIFFUSIVE SHOCK ACCELERATION

dx = u(x)dr ++/2cdW,,
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PARTICLE ACCELERATION
SIEFUSIVE SHOCK ACCELERATION A b;
AN\
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Importance splitting




TIME-DEPENDENT SPECTRA
DSA AT 1D PLANAR SHOCK

Validation: Comparison against grid code
VLUGRS solving the transport equation

Moving and colliding shocks: SA,
Habegger+, 2025

Superdiffusive shock acceleration:

Effenberger, SA+, 2024 &
SA, Merten+, 2025

Aerdker+, 2024



EXCURSION: SUPERDIFFUSION



ANOMALOUS DIFFUSION
LEVY FLIGHT MODEL

dx = udr + \/5 (Ka) Ve dL (¢)

AL, = At'%y

Random numbers 1 drawn from
a a-stable Lévy distribution

(e.q. Janicki&Weron,




SHEAR
ACCELERATION




FOKKER-PLANCK PICTURE

Assuming isotropic spatial diffusion, non-relativistic
gradual shear

Momentum change expressed as diffusive process:

|
D, = 15 <ax”z)2p27(p)

6—qg 2
A, = BTE (04,)” pr(p)

e.g. Rieger, 2019;
Liu, Rieger, Aharonian 2017/



FOKKER-PLANCK PICTURE

Assuming isotropic spatial diffusion, non-relativistic
gradual shear

Momentum change expressed as diffusive process:

|
Dy = 15 (O, )2 0

6 —
A, = 15q (8 u ) pt(p)

e.g. Rieger, 2019;
Liu, Rieger, Aharonian 2017/
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GENERALIZED FERMI MODEL
COMOVING FRAME

Track particle momentum in the frame where the electric
field vanishes

Velocity perpendicular to magnetic field:

Velocity parallel to magnetic field unspecitied

Energy changes given by acceleration, compression and
shear of the frame velocity
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SHEAR ACCELERATION
IN THE COMOVING FRAME

]5, — = p/ (/’téﬂégzx) Oy = axuz/yE
Ui = HipoH0, + &
/’té — //t,zz//tédzx + 52

/’té — = /’t2(1 I /’t32)62x T 53 Lemoine, 2025

Need to track evolution of angular variables y/,
not only position in space!

Infinite linear shear profile in u(x): o,
maximal when y(x) 2 1

Aerdker+, in prep.
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SHEAR ACCELERATION
IN THE COMOVING FRAME
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Need to track evolution of angular variables y/,
not only position in space!

Infinite linear shear profile in u(x): o,
maximal when y(x) 2 1

Aerdker+, in prep.
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EXCURSION: PARTICLE
SCATTERING



PITCH-ANGLE SCATTERING
ORNSTEIN-UHLENBECK PROCESS

Scattering in pitch-angle leads to dittusion

along the magnetic field

dy, = — 2u,Dydt + \/ 2Dy(1 — u?)dW,

ds = vudt
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PITCH-ANGLE SCATTERING
ORNSTEIN-UHLENBECK PROCESS

Scattering in pitch-angle leads to dittusion

along the magnetic field

dy, = — 2u,Dydt + \/ 2Dy(1 — u?)dW,

ds = vudt

Scattering in the gyrophase leads to
(an-)isotropic diftfusion in space

dgp = Qdr + \/2D¢dW¢J

12



PARTICLE SCATTERING
(AN-)ISOTROPIC DIFFUSION IN SPACE

Running diffusion coefficient: < (Ax)* > /2t

- b/B=0.100
b/B=0.259
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b/B=1.743 K” 3

b/B=4.520
b/B=1.743

b/B=0.672
Vl"g QTJ_

b/B=0.259 KJ_
3 14Q22

——b/B=0.100

10310210t 10° 10! 10% 10° 10% 10° 10°
# of gyrations

Particle transport in synthetic turbulence: Reichherzer, et al. 2020 Pitch-angle & gyrophase scattering with SDEs, Aerdker-+, in prep.
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SUBDIFFUSION IN MOMENTUM
NON-GRADUAL SHEAR ACCELERATION

o x 1000
=== o x 1000

oo e Reproducing Fokker-Planck
™ expectations for 7' < 1 at early
times

800 1000

Non-gradual shear acceleration

(' > 1) shows subdiffusion in
momentum

2000 3000 4000 5000
t/7o Aerdker+, in prep.
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PARTICLE SPECTRA
NON-GRADUAL SHEAR ACCELERATION

Time-dependent spectra show power-laws - explained

by power-law waiting time distributions

(Rieger &

I_

ntegrated spectra a

re steeper compared to simple

okker-Planck models - correction for the tlow profile

ighest energy particles in t

S

near - where jet is mildly-re

Dufty, 2019) points to soft spectra

ne region of strongest

ativistic

Addition of loss processes, escape, ... to comel

t = 500.00

t = 1250.00
t = 2500.00
t = 3750.00
t =4750.00
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STOCHASTIC PARTICLE TRANSPORT

Fast & flexible approach:
Not dependent on source: Re-weighting and recycling of simulation data
Extension to anomalous diffusion
Part of the CRPropa framework:
Parallelization, adaptive time step & importance splitting
Magnetic field line integration
Applications:

(Super-)diftusive shock acceleration, momentum diffusion, Galactic
transport

Gradual & non-gradual shear acceleration
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SHEAR ACCELERATION
IN THE COMOVING FRAME

/

dp' = — p' (usus0s,) dt

du; = (ﬂiﬂéﬂé%z - 2/4{D0) dr + \/ 2D (1 — ﬂiz)dWm

dg' = \/2D¢,dW¢,

Ay = piuso5de + flug, @)

dus = — /4/2(1 — ﬂéz)ggzdt + gy, ')

Every time step At”:

Boost time and momentum
(t',p) to lab frame (¢, p),
depending on particle
position & momentum
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SUBDIFFUSION IN MOMENTUM
NON-GRA

Aerdker+, In prep.

DUAL SHEAR ACCELERATION

Histogram

s = —1.24 £ 0.02

10! 10°
Crossings times of xg
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COLLIDING SHOCKS




COLLIDING SHOCKS

CATCHING UP WITH EACH OTHER

SA, et al., 2025
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https://doi.org/10.48550/arXiv.2501.14331

COLLIDING SHOCKS

CATCHING UP WITH EACH OTHER (2)
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SA, et al., 2025
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SUPERDIFFUSION

SOLVING FRACTIONAL TRANSPORT EQUATIONS
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SUPERDIFFUSION
SPACE-FRACTIONAL TRANSPORT EQUATION
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dx=udt+\/§( )lladL (1) d/

AL, = Aty

dp = ———drt » Random numbers # drawn from

a a-stable Lévy distribution
(e.g. Janicki&Weron, 94)




SUPERDIFFUSION
TRANSPORT AND ACCELERATION AT SHOCKS

Aty L LT T T

ASA (2024)

Effenberger, SA, et al.,

Lévy Flights
Lévy Walks

SA, et al., ASA (2025)
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https://www.aanda.org/articles/aa/pdf/2024/06/aa49334-24.pdf
https://www.aanda.org/articles/aa/pdf/2025/01/aa51765-24.pdf

TIME-DEPENDENT DSA e - RUB

BOCHUM

FURTHER EXAMPLES
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https://iopscience.iop.org/article/10.1088/1475-7516/2024/01/068

RUB

BOCHUM

MOVING SHOCKS o SFaol iy
FROM STATIONARY TO LAB FRAME

Time evolution of energy spectra at the (moving) shock
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SA, et al., arXiv:2501.14331
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SPHERICAL BLAST WAVE 0 TFarior Bl
S8l

Time-dependent advection u(t, r) given by

TIME-DEPENDENT EFFECTS

Sedov-Taylor similarity solution

Corrections to the spectral slope f «x p™

(
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Drury, 1983)
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SA, et al., arXiv:2501.14331
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MOVING SHOCKS

SPHERICAL BLAST WAVES
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t = 18.0 Myr
t =44.0 Myr
t = 80.0 Myr

SA, et al., 2025
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