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IV. FISHER BASED MEASUREMENTS OF
TIDAL DEFORMABILITY

The detector observes gravitational wave data of BNS
that contains both the signal h(t) and noise n(t), where

h̃(f) = A f≠7/6ei�TaylorF2(f) (7)

For large SNR, the noise n(t) is assumed to be Gaussian
with the best-fit parameters centred around the actual
values of Gaussian distribution. In the context of param-
eter estimation, if ◊a is the true parameter value, then
with noise of n, the recovered best-fit value is ◊a + �◊a.
The probability distribution of the error in the estimation
of ◊a obeys [37],

p(�◊a) = p(0)e≠ 1
2 �bc�◊b�◊c

(8)

Here p(0) is the normalisation constant, and �ab ©
(ha|hb) is Fisher Information Matrix (FIM). Here ha =
ˆh/ˆ◊a, and (|) denotes the noise weighted inner product
[35]
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where Sh(f) is the real one sided power spectral density
(PSD) of the detector. The covariance matrix �ab is the
inverse of FIM written as [38],

�ab © È�◊a�◊bÍ = (�≠1)ab (10)

The statistical error of the ath parameter,

‡a = È(�◊a)2Í1/2 =
Ô

�aa (11)

Parameter space In our analysis we utilize FIM to es-
timate the relative statistical error in measurement of

various TLNs for BNS system. To study this we define
an 11 dimensional parameter space

p © {log A, tc, „c, log Mc, �, ‰s, ‰a, �̃(2), ”̃�(2)
, �̃(2), �̃(3)}

(12)
where A is the waveform amplitude, tc and „c are the
time and phase of coalescence, Mc is the chirp mass, �
represents the mass asymmetry, and ‰s and ‰a corre-
spond to the symmetric and antisymmetric spin compo-
nents, respectively. The remaining four are the various
TLN parameters.

The primary goal of our analysis is to account for
higher-order tidal corrections up to 7.5 PN to improve
the estimation of the leading tidal deformability, �̃(2),
while maintaining a manageable, non-degenerate param-
eter space. To achieve this, we utilize a systematic re-
parameterization strategy leveraging analytical Universal
Relations (URs).

The full 7.5 PN TaylorF2 tidal phasing inherently de-
pends on several auxiliary terms—such as ”̃�

Õ(2) and
”̃�(2)

tail, that do not explicitly appear in our sampling pa-
rameter space. To evaluate these terms without adding
free parameters, terms of individual star TLNs �(2)

1 and
�(2)

2 as shown in (III) and (III)
However, estimation of all four tidal parameters

{�̃(2), ”̃�(2)
, �̃(2), �̃(3)} poses inconsistency in the inver-

sion accuracy. To circumvent this, we utilize URs [23] to
express these higher-order corrections explicitly in terms
of the primary individual TLNs, �(2)

A (where A = {1, 2}).
Assuming the Newtonian limit and a polytropic equation
of state with n = 1, the analytical relations are given by:
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Stationary phase approximation (Restricted Waveform)
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of supranuclear matter, and probing deviations from gen-
eral relativity in extreme strong field conditions.

II. EXECUTIVE SUMMARY

The leading tidal deformability �̃(2) is dependent on
the compactness (C) [33] and encodes the EoS informa-
tion of the NS. C refers to M/R where M is the mass
and R is the radius of the NS. Conversely, higher or-
der deformability like magnetic �̃(2) and octupolar �̃(3)

TLNs are related to �̃(2) via the universal relations (UR)
[22, 23].

Through this work we study the extent to which TLNs
can be constrained by estimating errors in TLNs with
3G detectors and 7.5 PN. We incorporate aligned spins
into our parameter space and point particle part of the
waveform. We begin with estimating all major TLNs
simultaneously. Further, we incorporate UR to express
higher order corrections in terms of leading TLN so that
the entire tidal contribution in phasing is expressed en-
tirely by �̃(2). Following that, we study the changes in
error estimation as we progressively introduce higher or-

der correction terms 6 PN through 7.5 PN.
Additionally, we compare the constraining accuracy in

primary TLN using various 3G detectors to Advanced
LIGO. Finally, we study the special case of equal-mass
BNS system (EM) and compare it with UEM case.

We adopt the TaylorF2 [34] frequency-domain wave-
form and perform Fisher Information Matrix (FIM) [35]
analyses to obtain relative uncertainties in TLNs. As
FIM is an approximate method, we focus on order of
magnitude comparison. We obtain the C from [36] and
universal relations to relate the leading TLN to the oth-
ers. For most computations, CE detector Power Spectral
Density [29] is used except while comparing performance
of various PSDs. In section (III) we elaborate the tidal
phasing of the waveform and its various components.

In section (IV) we describe the methodology, parame-
ter spaces and EoSs used and in section (V) we elaborate
all the key findings.

III. THE SPA PHASE

The Fourier phase (SPA) reads
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of supranuclear matter, and probing deviations from gen-
eral relativity in extreme strong field conditions.

II. EXECUTIVE SUMMARY

The leading tidal deformability �̃(2) is dependent on
the compactness (C) [33] and encodes the EoS informa-
tion of the NS. C refers to M/R where M is the mass
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Through this work we study the extent to which TLNs
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the entire tidal contribution in phasing is expressed en-
tirely by �̃(2). Following that, we study the changes in
error estimation as we progressively introduce higher or-
der correction terms 6 PN through 7.5 PN.

Additionally, we compare the constraining accuracy in
primary TLN using various 3G detectors to Advanced
LIGO. Finally, we study the special case of equal-mass
BNS system (EM) and compare it with UEM case.

We adopt the TaylorF2 [34] frequency-domain wave-
form and perform Fisher Information Matrix (FIM) [35]
analyses to obtain relative uncertainties in TLNs. As
FIM is an approximate method, we focus on order of
magnitude comparison. We obtain the C from [36] and
universal relations to relate the leading TLN to the oth-
ers. For most computations, CE detector Power Spectral
Density [29] is used except while comparing performance
of various PSDs. In section (III) we elaborate the tidal
phasing of the waveform and its various components.

In section (IV) we describe the methodology, parame-
ter spaces and EoSs used and in section (V) we elaborate
all the key findings.

III. THE SPA PHASE

The Fourier phase (SPA) reads

�TaylorF2 = 2 fi f tc ≠ 2 „c ≠ fi

4 + 3
128‹v5

C
Âpp(v, ‹)

+ Âtidal(v, �̃(2); ‹, �(2)
1 , �̃(2)

2 )
D

(1)

Âpp : explicit function of PN parameter v and symmetric
mass ratio ‹.
Âtidal : explicit function of PN parameter v and symmet-
ric mass ratio �̃(2) which in turn depends on ‹, �(2)

1 , �(2)
2

and hence brings in the implicit dependencies indicated

below. The 2.5PN tidal phase reads

Âtidal = v10

C
≠ 39

2 �̃(2) + v2
5

≠ 3115
64 �̃(2) ≠ 185

3 �̃(2)

+ 6595
364 �”̃�(2)

6
+ 39

2 fiv3�̃(2)

+ v4
5

≠ 379931975
2286144 �̃(2) ≠ 467690

1701 �̃(2) ≠ 250
9 ‹�̃(3)

+ �
Ë181283435

2122848 ”̃�Õ(2) ≠ 134165
440559 ”̃�(2)È

6

+ fiv5
5

2137
28 �̃(2) ≠ 1613

182 �”̃�(2)
tail

6D

where

�̃(2) = 8
13

C
(1 + 7‹ ≠ 31‹2)

1
�(2)

1 + �(2)
2

2

+
Ô

1 ≠ 4‹(1 + 9‹ ≠ 11‹2)
1

�(2)
1 ≠ �(2)

2

2 D
(2)

”�̃(2) = 1
2

5
�

3
1 ≠ 13272‹

1319 + 8944‹2

1319

4 1
�(2)

1 + �(2)
2

2

+
3

1 ≠ 15910‹

1319 + 32850‹2

1319 + 3380‹3

1319

4 1
�(2)

1 ≠ �(2)
2

2 6

(3)

�̃(2) = ≠ 2
259

CË
1 ≠ 1042‹ + 3116‹2

È 1
�(2)

1 + �(2)
2

2

+ �
Ë
1 ≠ 1040‹ + 1038‹2

È 1
�(2)

1 ≠ �(2)
2

2 D
(4)

(5)

”�̃(2) = 1
2

C
1 + 96413162‹

26833 ≠ 314113852‹2

26833 +

49212072‹3

26833

D 1
�(2)

1 ≠ �(2)
2

2

+ �
C

1 + 96466828‹

26833 ≠ 121126530‹2

26833

D 1
�(2)

1 + �(2)
2

2

(6)

�̃(3) = 8
CË

1 ≠ 5‹ + 5‹2
È 1

�(3)
1 + �(3)

2

2

+ �
Ë
1 ≠ 3‹ + ‹2

È 1
�(3)

1 ≠ �(3)
2

2 D
. (7)

Biswas+ (in prep)
[ Order counting terminology : nPN := v2n i.e. v2 is 1PN, v3 is 1.5PN etc.]

2

of supranuclear matter, and probing deviations from gen-
eral relativity in extreme strong field conditions.

II. EXECUTIVE SUMMARY

The leading tidal deformability �̃(2) is dependent on
the compactness (C) [33] and encodes the EoS informa-
tion of the NS. C refers to M/R where M is the mass
and R is the radius of the NS. Conversely, higher or-
der deformability like magnetic �̃(2) and octupolar �̃(3)

TLNs are related to �̃(2) via the universal relations (UR)
[22, 23].

Through this work we study the extent to which TLNs
can be constrained by estimating errors in TLNs with
3G detectors and 7.5 PN. We incorporate aligned spins
into our parameter space and point particle part of the
waveform. We begin with estimating all major TLNs
simultaneously. Further, we incorporate UR to express
higher order corrections in terms of leading TLN so that
the entire tidal contribution in phasing is expressed en-
tirely by �̃(2). Following that, we study the changes in
error estimation as we progressively introduce higher or-

der correction terms 6 PN through 7.5 PN.
Additionally, we compare the constraining accuracy in

primary TLN using various 3G detectors to Advanced
LIGO. Finally, we study the special case of equal-mass
BNS system (EM) and compare it with UEM case.

We adopt the TaylorF2 [34] frequency-domain wave-
form and perform Fisher Information Matrix (FIM) [35]
analyses to obtain relative uncertainties in TLNs. As
FIM is an approximate method, we focus on order of
magnitude comparison. We obtain the C from [36] and
universal relations to relate the leading TLN to the oth-
ers. For most computations, CE detector Power Spectral
Density [29] is used except while comparing performance
of various PSDs. In section (III) we elaborate the tidal
phasing of the waveform and its various components.

In section (IV) we describe the methodology, parame-
ter spaces and EoSs used and in section (V) we elaborate
all the key findings.

III. THE SPA PHASE

The Fourier phase (SPA) reads

�TaylorF2 = 2 fi f tc ≠ 2 „c ≠ fi

4 + 3
128‹v5

C
Âpp(v, ‹)

+ Âtidal(v, ‹, µ̃(2)
± , ‡̃(2)

± , µ̃(3)
+ )

D

Âtidal © Âtidal
1

v, ‹, �̃(2), ”̃�(2)
, �̃(2), ”̃�(2)

, �̃(3), ”̃�(2)
tail, ”̃�Õ(2)

2

Âpp : explicit function of PN parameter v and sym-
metric mass ratio ‹.
Âtidal : explicit function of PN parameter v and symmet-
ric mass ratio �̃(2) which in turn depends on ‹, �(2)

1 , �(2)
2

and hence brings in the implicit dependencies indicated
below. The 2.5PN tidal phase reads

Âtidal = v10

C
≠ 39

2 �̃(2) + v2
5

≠ 3115
64 �̃(2) ≠ 185

3 �̃(2)

+ 6595
364 �”̃�(2)

6
+ 39

2 fiv3�̃(2)

+ v4
5

≠ 379931975
2286144 �̃(2) ≠ 467690

1701 �̃(2) ≠ 250
9 ‹�̃(3)

+ �
Ë181283435

2122848 ”̃�Õ(2) ≠ 134165
440559 ”̃�(2)È

6

+ fiv5
5

2137
28 �̃(2) ≠ 1613

182 �”̃�(2)
tail

6D
(1)

where

�̃(2) = 8
13

C
(1 + 7‹ ≠ 31‹2)

1
�(2)

1 + �(2)
2

2

+
Ô

1 ≠ 4‹(1 + 9‹ ≠ 11‹2)
1

�(2)
1 ≠ �(2)

2

2 D
(2)

”�̃(2) = 1
2

5
�

3
1 ≠ 13272‹

1319 + 8944‹2

1319

4 1
�(2)

1 + �(2)
2

2



5

The Method

3

”̃�Õ(2) = 1
2

I
�

C
1 ≠ 548035889‹

36256687 + 589104009‹2

36256687 ≠ 137592‹3

36256687

D 1
�(2)

1 + �(2)
2

2
+

C
1 ≠ 620549263‹

36256687 + 1612662413‹2

36256687

≠ 227300580‹3

36256687 + 8491392‹4

36256687

D 1
�(2)

1 ≠ �(2)
2

2J
(5)

”̃�(2)
tail = 1

2

I
�

C
1 ≠ 128015‹

3226 + 189943‹2

3226

D 1
�(2)

1 + �(2)
2

2
+

C
1 ≠ 134467‹

3226 + 439521‹2

3226 ≠ 68380‹3

1613

D 1
�(2)

1 ≠ �(2)
2

2J

(6)

IV. FISHER BASED MEASUREMENTS OF
TIDAL DEFORMABILITY

The detector observes gravitational wave data of BNS
that contains both the signal h(t) and noise n(t), where

h̃(f) = A f≠7/6ei�TaylorF2(f) (7)

For large SNR, the noise n(t) is assumed to be Gaussian
with the best-fit parameters centred around the actual
values of Gaussian distribution. In the context of param-
eter estimation, if ◊a is the true parameter value, then
with noise of n, the recovered best-fit value is ◊a + �◊a.
The probability distribution of the error in the estimation
of ◊a obeys [37],

p(�◊a) = p(0)e≠ 1
2 �bc�◊b�◊c

(8)

Here p(0) is the normalisation constant, and �ab ©
(ha|hb) is Fisher Information Matrix (FIM). Here ha =
ˆh/ˆ◊a, and (|) denotes the noise weighted inner product
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where Sh(f) is the real one sided power spectral density
(PSD) of the detector. The covariance matrix �ab is the
inverse of FIM written as [38],
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time and phase of coalescence, Mc is the chirp mass, �
represents the mass asymmetry, and ‰s and ‰a corre-
spond to the symmetric and antisymmetric spin compo-
nents, respectively. The remaining four are the various
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The primary goal of our analysis is to account for
higher-order tidal corrections up to 7.5 PN to improve
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parameterization strategy leveraging analytical Universal
Relations (URs).

The full 7.5 PN TaylorF2 tidal phasing inherently de-
pends on several auxiliary terms—such as ”̃�

Õ(2) and
”̃�(2)

tail, that do not explicitly appear in our sampling pa-
rameter space. To evaluate these terms without adding
free parameters, terms of individual star TLNs �(2)

1 and
�(2)

2 as shown in (III) and (III)
However, estimation of all four tidal parameters

{�̃(2), ”̃�(2)
, �̃(2), �̃(3)} poses inconsistency in the inver-

sion accuracy. To circumvent this, we utilize URs [23] to
express these higher-order corrections explicitly in terms
of the primary individual TLNs, �(2)

A (where A = {1, 2}).
Assuming the Newtonian limit and a polytropic equation
of state with n = 1, the analytical relations are given by:
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IV. FISHER BASED MEASUREMENTS OF
TIDAL DEFORMABILITY

The detector observes gravitational wave data of BNS
that contains both the signal h(t) and noise n(t), where

h̃(f) = A f≠7/6ei�TaylorF2(f) (7)

For large SNR, the noise n(t) is assumed to be Gaussian
with the best-fit parameters centred around the actual
values of Gaussian distribution. In the context of param-
eter estimation, if ◊a is the true parameter value, then
with noise of n, the recovered best-fit value is ◊a + �◊a.
The probability distribution of the error in the estimation
of ◊a obeys [37],

p(�◊a) = p(0)e≠ 1
2 �bc�◊b�◊c

(8)

Here p(0) is the normalisation constant, and �ab ©
(ha|hb) is Fisher Information Matrix (FIM). Here ha =
ˆh/ˆ◊a, and (|) denotes the noise weighted inner product
[35]

�ab © (ha|hb) = 2
⁄ Œ

0

h̃ú
a(f)h̃b(f) + h̃a(f)h̃ú

b(f)
Sh(f) (9)

where Sh(f) is the real one sided power spectral density
(PSD) of the detector. The covariance matrix �ab is the
inverse of FIM written as [38],

�ab © È�◊a�◊bÍ = (�≠1)ab (10)

The statistical error of the ath parameter,

‡a = È(�◊a)2Í1/2 =
Ô

�aa (11)

Parameter space In our analysis we utilize FIM to es-
timate the relative statistical error in measurement of

various TLNs for BNS system. To study this we define
an 11 dimensional parameter space

p © {log A, tc, „c, log Mc, �, ‰s, ‰a, �̃(2), ”̃�(2)
, �̃(2), �̃(3)}

(12)
where A is the waveform amplitude, tc and „c are the
time and phase of coalescence, Mc is the chirp mass, �
represents the mass asymmetry, and ‰s and ‰a corre-
spond to the symmetric and antisymmetric spin compo-
nents, respectively. The remaining four are the various
TLN parameters.

The primary goal of our analysis is to account for
higher-order tidal corrections up to 7.5 PN to improve
the estimation of the leading tidal deformability, �̃(2),
while maintaining a manageable, non-degenerate param-
eter space. To achieve this, we utilize a systematic re-
parameterization strategy leveraging analytical Universal
Relations (URs).

The full 7.5 PN TaylorF2 tidal phasing inherently de-
pends on several auxiliary terms—such as ”̃�

Õ(2) and
”̃�(2)

tail, that do not explicitly appear in our sampling pa-
rameter space. To evaluate these terms without adding
free parameters, terms of individual star TLNs �(2)

1 and
�(2)

2 as shown in (III) and (III)
However, estimation of all four tidal parameters

{�̃(2), ”̃�(2)
, �̃(2), �̃(3)} poses inconsistency in the inver-

sion accuracy. To circumvent this, we utilize URs [23] to
express these higher-order corrections explicitly in terms
of the primary individual TLNs, �(2)

A (where A = {1, 2}).
Assuming the Newtonian limit and a polytropic equation
of state with n = 1, the analytical relations are given by:

�(2)
A = ≠

!
1 + 120

fi4 ≠ 20
fi2
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fi2

20 (15 ≠ fi2) CA �(2)
A ,

�(3)
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A . (13)
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;

ln A, tc, „c, ln Mc, �, ‰s, ‰a, �̃(2), ”̃�(2)
, �̃(2), �̃(3)
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where A is the waveform amplitude, tc and „c are the
time and phase of coalescence, Mc is the chirp mass, �
represents the mass asymmetry, and ‰s and ‰a corre-
spond to the symmetric and antisymmetric spin compo-
nents, respectively. The remaining four are the various
TLN parameters.

The primary goal of our analysis is to account for
higher-order tidal corrections up to 7.5 PN to improve
the estimation of the leading tidal deformability, �̃(2),
while maintaining a manageable, non-degenerate param-
eter space. To achieve this, we utilize a systematic re-
parameterization strategy leveraging analytical Universal
Relations (URs).

The full 7.5 PN TaylorF2 tidal phasing inherently de-
pends on several auxiliary terms—such as ”̃�

Õ(2) and
”̃�(2)

tail, that do not explicitly appear in our sampling pa-
rameter space. To evaluate these terms without adding
free parameters, terms of individual star TLNs �(2)

1 and
�(2)

2 as shown in (III) and (III)
However, estimation of all four tidal parameters

{�̃(2), ”̃�(2)
, �̃(2), �̃(3)} poses inconsistency in the inver-

sion accuracy. To circumvent this, we utilize URs [23] to
express these higher-order corrections explicitly in terms
of the primary individual TLNs, �(2)

A (where A = {1, 2}).
Assuming the Newtonian limit and a polytropic equation
of state with n = 1, the analytical relations are given by:

�(2)
A = ≠

!
1 + 120

fi4 ≠ 20
fi2

"
fi2

20 (15 ≠ fi2) CA �(2)
A ,

�(3)
A = 21 ≠ 2fi2

3 (15 ≠ fi2) C≠2
A �(2)

A . (16)

It is important to note that these specific analytical URs
are highly accurate for moderate compactness (C ¥ 0.1)
but break down in the highly relativistic regime for larger
values of C. Therefore, we restrict our analysis of TNL
to systems corresponding to C = 0.1.

To systematically quantify how incorporating these
higher-order physics via URs improves the estimation
of �̃(2), we progressively reduce our parameter space
through four distinct case studies:

1. Full Space : We establish a baseline by sampling
all four tidal parameters independently, alongside
the non-tidal parameters X, giving us the space
{X, �̃(2), ”̃�(2)

, �̃(2), �̃(3)}.

2. Single UR Reduction: We apply one UR at a
time, replacing either �̃(3) or �̃(2) with functions

of �(2)
A . The replaced parameter is dropped from

the sampling space, reducing the tidal dimensions
to three (e.g., {X, �̃(2), ”̃�(2)

, �̃(2)}).

3. Complete UR Reduction: We simultaneously
enforce both URs. The entire 7.5PN tidal phas-
ing is thus replaced in terms of leading parameters,
shrinking the space to {X, �̃(2), ”̃�(2)}. This en-
sures the complete physics of the higher PN orders
are embedded into the measurement of �̃(2).

4. Equal-Mass (EM) Limit: Finally, we evaluate
the special case of an equal-mass BNS system.
In this limit, mass asymmetry vanishes, forcing
”̃�(2) æ 0. The parameter space condenses to a
single tidal parameter, {X, �̃(2)}, representing the
theoretical maximum constraint achievable.

For UEM BNS system we use a typical masses of 1.4M§
and 125N§ similar to GW170817. We assume an aligned
spin system with equal spin (‰1 = ‰2 = 0.1) in the point-
particle phase of the waveform for simplicity. We do not
include spin-tidal coupling terms in tidal phasing as it has
been shown earlier that these corrections do not impact
the measurement of TLNs drastically [20]. We study tidal
parameters corresponding to compactness = 0.1 as URs
breakdown for larger compactness.

EoS C1.4 C1.25 C1.35 �̃(2) ”̃�(2) �̃(2) �̃(3)

FPS 0.189 0.167 0.181 982.1 67.07 ≠3.42 2557.2
APR4 0.181 0.162 0.175 1156.2 63.52 ≠3.90 3211.4
ALF4 0.178 0.159 0.172 1261.8 71.87 ≠4.19 3629.3
SLy 0.175 0.157 0.169 1379.1 81.44 ≠4.49 4110.9

APR3 0.171 0.153 0.165 1539.1 80.57 ≠4.91 4793.1
MPA1 0.165 0.147 0.159 1855.3 105.05 ≠5.70 6226.5

TABLE I. EoSs and their corresponding parameter values of
tidal terms �̃(2), �̃(2) and �̃(3) computed using the universal
relations for unequal mass BNS system.

V. RESULTS

Using the methodology described above, we study the
statistical error in various tidal parameters with 3G de-
tectors across six EoSs as mentioned in Table I. We ex-
amine the following cases:

• Simultaneous error estimation of higher order
TLNs.

• E�ect of additional higher order terms (6PN to
7.5PN) in constraining �̃(2).

• Comparison of accuracy in error estimation
amongst 3G detectors.

• Exploring errors in �̃(2) for equal mass BNS.

Detector Noise

; ha ≡
∂ha

∂a
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In Figs. 6 and 9 of [1], we were accidentally plotting
|�̄2|/C

2 instead of |�̄2| on the vertical axis. The corrected
figures are shown in Figs. 1 and 2 respectively. The fitted
curves in Fig. 2 are given by Eq. (60) of [1] with the
coe�cients corrected to Table I.
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FIG. 1. (Color online) �̄2–C relation for neutron stars (NSs)
and quark stars (QSs) with various equations of state (EoSs).
We also show the relations for the n = 1 and n = 0 polytropes
at 1PN order.

The post-Newtonian relation between �̄2 and C in
Eqs. (50) and (51) in [1] are corrected as

�̄
1PN,(n=1)

2
= �

1

60

✓
1�

20

⇡2
+

120

⇡4

◆
1

C4
, (1)

�̄
1PN,(n=0)

2
= �

1

140

1

C4
, (2)

respectively. The post-Newtonian relation between �̄2

and �̄2 in Eqs. (65), (70), (75) and (80) in [1] are corrected
as

�̄
1PN

2
= C�̄2�̄2

�
�̄
N
2

�4/5
, (3)

with

C
(n=1)

�̄2�̄2

= �
120� 20⇡2 + ⇡

4

20 31/5⇡12/5 (15� ⇡2)4/5
⇡ �0.0139 , (4)

C
(n=0)

�̄2�̄2

= �
1

70 21/5
⇡ �0.0124 , (5)

and

C
(n=0)

�̄2�̄2

C
(n=1)

�̄2�̄2

=
31/5⇡12/5

�
30� 2⇡2

�4/5

7 (120� 20⇡2 + ⇡4)
⇡ 0.893 . (6)
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FIG. 2. (Color online) �̄2–�̄2 relation for NSs and QSs with
various EoSs.

All other results are una↵ected by the above correc-
tions.
Acknowledgments: We thank Paolo Pani for pointing

out the mistakes.
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In Fig. 5, we plot �̄2 and �̄3 against the compactness C for
various EoSs. Similar relation holds for �̄4. Observe that
the NS relations vary from one EoS to another, while the
QS relations are almost identical among the EoS consid-
ered here. Also, notice that the QS relations are similar
to that of the n = 0 polytrope for C < 0.2. Since the
outer layer of a QS behaves as a constant density (n = 0
polytropic) star, this figure shows an evidence that the
tidal deformabilities are most sensitive to the star’s outer
layer, as discussed in [51, 52].
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FIG. 5. (Color online) �̄2–C (top) and �̄3–C (bottom) rela-
tions for NSs and QSs with various EoSs. We also show the
Newtonian relations for the n = 1 and n = 0 polytropes. Ob-
serve that the QS relations are similar to those for the n = 0
polytrope for C < 0.2, which indicates that tidal deformabil-
ities are most sensitive to the star’s outer layer.

Let us now derive �̄` in the Newtonian limit for the
n = 1 and n = 0 polytropes. Eqs. (29) and (33) in this
limit becomes

d
2
H

N

`

dr2
+

2

r

dH
N

`

dr
�

✓
`(`+ 1)

r2
� 4⇡⇢

d⇢

dp

◆
H

N

` = 0 , (34)

and

�̄
N

` =
1

(2`� 1)!!

`� y
�
`

`+ 1� y
�
`

1

C2`+1
, (35)

respectively. For the n = 1 polytropes, the solution that
is regular at the NS center is given by Bessel functions
as6 H

N

`
,(n=1)

/
p

R⇤/rJ`+1/2(⇡r/R⇤). From this solu-
tion, one can calculate y

�
` in the Newtonian limit and by

plugging it into Eq. (35), one obtains �̄` for ` = 2, 3, 4 in

6 There is a typo in [15, 52].

the Newtonian limit as

�̄
N

2

,(n=1) =
15� ⇡

2

3⇡2

1

C5
, (36)

�̄
N

3

,(n=1) =
21� 2⇡2

9⇡2

1

C7
, (37)

�̄
N

4

,(n=1) = �
945� 105⇡2 + ⇡

4

105⇡2(⇡2 � 15)

1

C9
. (38)

For the n = 0 polytropes, �̄` in the Newtonian limit is
given by [2]

�̄
N

`
,(n=0) =

3

2(`� 1)(2`� 1)!!

1

C2`+1
. (39)

These Newtonian relations are shown as black dotted-
dashed (n = 1) and dashed (n = 0) lines in Fig. 5.
Notice that the relativistic relations for such polytropes
approach the Newtonian lines as one decreases C.

2. Magnetic-Type

Next, we consider magnetic-type tidal perturbations.
The odd-parity metric stationary perturbation is given
by [78]

ds
2 = ds

2

0
� 2h0,`(r)

@'Y`m(✓,')

sin ✓
dtd✓

+2h0,`(r) sin ✓@✓Y`m(✓,')dtd' . (40)

The matter stress-energy tensor is perturbed only
through the metric. The master equation is obtained
as [81, 82]

d
2
h`

dr2
+

e
�

r2

⇥
2M + 4⇡(p� ⇢)r3

⇤ dh`

dr

�e
�


`(`+ 1)

r2
�

6M

r3
+ 4⇡(⇢� p)

�
h` = 0 , (41)

where the master variable h`(r) is defined by

h`(r) ⌘ r
3
@r

✓
h0,`

r2

◆
. (42)

One can follow a similar procedure to Sec. III B 1 to
calculate �̄` [2]. One first needs to solve Eq. (41) in the
NS interior with the initial condition given by h` / r

`+1,
where we have imposed regularity at the NS center.
Again, the constant of proportionality is irrelevant. For
the exterior solution, the asymptotic behavior of the
two independent solutions at spatial infinity is given by
ĥ
P
` (r̂) ⇠ r̂

`+1 and ĥ
Q
` (r̂) ⇠ r̂

�`, where r̂ ⌘ r/M⇤. In
particular, for ` = 2, the exterior solutions are given
by ĥ

P
2
(r̂) = r̂

3 and ĥ
Q
2
(r̂) = �r̂

3
@r̂[F (1, 4; 6; 2/r̂)/r̂4]/4,

where F (a, b; c; z) is a hypergeometric function. Then,
the general exterior solution is given by

h`(r) = b
P
` ĥ

P
2
(r̂) + b

Q
` ĥ

Q
2
(r̂) , (43)

⟹ Σ̃(2) (Λ̃(2), ˜δΛ(2)) & Λ̃(3) (Λ̃(2), ˜δΛ(2))

4

an 11 dimensional parameter space

p © {log A, tc, „c, log Mc, �, ‰s, ‰a, �̃(2), ”̃�(2)
, �̃(2), �̃(3)}(15)

p ©
;

ln A, tc, „c, ln Mc, �, ‰s, ‰a, �̃(2), ”̃�(2)
, �̃(2), �̃(3)

<

p ©
;

ln A, tc, „c, ln Mc, �, ‰s, ‰a, �̃(2), ”̃�(2)
<

where A is the waveform amplitude, tc and „c are the
time and phase of coalescence, Mc is the chirp mass, �
represents the mass asymmetry, and ‰s and ‰a corre-
spond to the symmetric and antisymmetric spin compo-
nents, respectively. The remaining four are the various
TLN parameters.

The primary goal of our analysis is to account for
higher-order tidal corrections up to 7.5 PN to improve
the estimation of the leading tidal deformability, �̃(2),
while maintaining a manageable, non-degenerate param-
eter space. To achieve this, we utilize a systematic re-
parameterization strategy leveraging analytical Universal
Relations (URs).

The full 7.5 PN TaylorF2 tidal phasing inherently de-
pends on several auxiliary terms—such as ”̃�

Õ(2) and
”̃�(2)

tail, that do not explicitly appear in our sampling pa-
rameter space. To evaluate these terms without adding
free parameters, terms of individual star TLNs �(2)

1 and
�(2)

2 as shown in (III) and (III)
However, estimation of all four tidal parameters

{�̃(2), ”̃�(2)
, �̃(2), �̃(3)} poses inconsistency in the inver-

sion accuracy. To circumvent this, we utilize URs [23] to
express these higher-order corrections explicitly in terms
of the primary individual TLNs, �(2)

A (where A = {1, 2}).
Assuming the Newtonian limit and a polytropic equation
of state with n = 1, the analytical relations are given by:

�(2)
A = ≠

!
1 + 120

fi4 ≠ 20
fi2

"
fi2

20 (15 ≠ fi2) CA �(2)
A ,

�(3)
A = 21 ≠ 2fi2

3 (15 ≠ fi2) C≠2
A �(2)

A . (16)

It is important to note that these specific analytical URs
are highly accurate for moderate compactness (C ¥ 0.1)
but break down in the highly relativistic regime for larger
values of C. Therefore, we restrict our analysis of TNL
to systems corresponding to C = 0.1.

To systematically quantify how incorporating these
higher-order physics via URs improves the estimation
of �̃(2), we progressively reduce our parameter space
through four distinct case studies:

1. Full Space : We establish a baseline by sampling
all four tidal parameters independently, alongside
the non-tidal parameters X, giving us the space
{X, �̃(2), ”̃�(2)

, �̃(2), �̃(3)}.

2. Single UR Reduction: We apply one UR at a
time, replacing either �̃(3) or �̃(2) with functions
of �(2)

A . The replaced parameter is dropped from
the sampling space, reducing the tidal dimensions
to three (e.g., {X, �̃(2), ”̃�(2)

, �̃(2)}).

3. Complete UR Reduction: We simultaneously
enforce both URs. The entire 7.5PN tidal phas-
ing is thus replaced in terms of leading parameters,
shrinking the space to {X, �̃(2), ”̃�(2)}. This en-
sures the complete physics of the higher PN orders
are embedded into the measurement of �̃(2).

4. Equal-Mass (EM) Limit: Finally, we evaluate
the special case of an equal-mass BNS system.
In this limit, mass asymmetry vanishes, forcing
”̃�(2) æ 0. The parameter space condenses to a
single tidal parameter, {X, �̃(2)}, representing the
theoretical maximum constraint achievable.

For UEM BNS system we use a typical masses of 1.4M§
and 125N§ similar to GW170817. We assume an aligned
spin system with equal spin (‰1 = ‰2 = 0.1) in the point-
particle phase of the waveform for simplicity. We do not
include spin-tidal coupling terms in tidal phasing as it has
been shown earlier that these corrections do not impact
the measurement of TLNs drastically [20]. We study tidal
parameters corresponding to compactness = 0.1 as URs
breakdown for larger compactness.

EoS C1.4 C1.25 C1.35 �̃(2) ”̃�(2) �̃(2) �̃(3)

FPS 0.189 0.167 0.181 982.1 67.07 ≠3.42 2557.2
APR4 0.181 0.162 0.175 1156.2 63.52 ≠3.90 3211.4
ALF4 0.178 0.159 0.172 1261.8 71.87 ≠4.19 3629.3
SLy 0.175 0.157 0.169 1379.1 81.44 ≠4.49 4110.9

APR3 0.171 0.153 0.165 1539.1 80.57 ≠4.91 4793.1
MPA1 0.165 0.147 0.159 1855.3 105.05 ≠5.70 6226.5

TABLE I. EoSs and their corresponding parameter values of
tidal terms �̃(2), �̃(2) and �̃(3) computed using the universal
relations for unequal mass BNS system.

V. RESULTS

Using the methodology described above, we study the
statistical error in various tidal parameters with 3G de-
tectors across six EoSs as mentioned in Table I. We ex-
amine the following cases:

• Simultaneous error estimation of higher order
TLNs.

• E�ect of additional higher order terms (6PN to
7.5PN) in constraining �̃(2).

• Comparison of accuracy in error estimation
amongst 3G detectors.

Universal Relations — Newtonian limit, uniform density
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of supranuclear matter, and probing deviations from gen-
eral relativity in extreme strong field conditions.

II. EXECUTIVE SUMMARY

The leading tidal deformability �̃(2) is dependent on
the compactness (C) [33] and encodes the EoS informa-
tion of the NS. C refers to M/R where M is the mass
and R is the radius of the NS. Conversely, higher or-
der deformability like magnetic �̃(2) and octupolar �̃(3)

TLNs are related to �̃(2) via the universal relations (UR)
[22, 23].

Through this work we study the extent to which TLNs
can be constrained by estimating errors in TLNs with
3G detectors and 7.5 PN. We incorporate aligned spins
into our parameter space and point particle part of the
waveform. We begin with estimating all major TLNs
simultaneously. Further, we incorporate UR to express
higher order corrections in terms of leading TLN so that
the entire tidal contribution in phasing is expressed en-
tirely by �̃(2). Following that, we study the changes in
error estimation as we progressively introduce higher or-
der correction terms 6 PN through 7.5 PN.

Additionally, we compare the constraining accuracy in
primary TLN using various 3G detectors to Advanced
LIGO. Finally, we study the special case of equal-mass
BNS system (EM) and compare it with UEM case.

We adopt the TaylorF2 [34] frequency-domain wave-
form and perform Fisher Information Matrix (FIM) [35]
analyses to obtain relative uncertainties in TLNs. As
FIM is an approximate method, we focus on order of
magnitude comparison. We obtain the C from [36] and
universal relations to relate the leading TLN to the oth-
ers. For most computations, CE detector Power Spectral
Density [29] is used except while comparing performance
of various PSDs. In section (III) we elaborate the tidal
phasing of the waveform and its various components.

In section (IV) we describe the methodology, parame-
ter spaces and EoSs used and in section (V) we elaborate
all the key findings.

III. THE SPA PHASE

The Fourier phase (SPA) reads
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Label Location Latitude Longitude Orientation Type(s)
L Louisiana, USA 0.53 -1.58 -1.26 CE/A+/Voyager
H Washington, USA 0.81 -2.08 -2.51 CE/A+/Voyager
V Cascina, Italy 0.76 0.18 2.8 CE/A+/Voyager
A New South Wales, Australia -0.59 2.53 0.78 CE
E Cascina, Italy 0.76 0.18 2.8 ET

Table I: The detector locations which have been used in this study [127]. All angle values are in radians. Some of these sites
have not been finalized yet and have been planned/proposed for future detectors.

Figure 1: Detector sensitivity curves for various detectors con-
sidered in this analysis. In addition, sensitivity for aLIGO is
also shown for comparison.

Livingston site), a detector with ET design in Europe
(at the Virgo site), and another CE detector in Australia.
We refer to this network as the LAE network of 3G de-
tectors. Additionally, three di↵erent 3-detector networks
have been used to study the detectability of higher order
modes as detectors evolve through LIGO A+, LIGO Voy-
ager, and CE configurations. The sensitivity curve [128]
and locations of these detectors are shown in Fig. 1 and
Table I, respectively. For each detector, we put the lower
frequency bound (flow) as 5Hz following Chamberlain et
al. [23].3

III. DETECTABILITY OF HIGHER MODES IN
3G DETECTORS

A. Detection criteria

A robust method to quantify confident detection of a
weak gravitational wave signal in noisy detector data in-
volves computing the signal-to-noise ratio (SNR). As-
suming, a Gaussian noise, and that template (signal

3Note that in Ref. [23], authors have used a low-frequency cuto↵
of 1 Hz for ET configuration; however, we work with a universal
low-frequency cuto↵ of 5 Hz for all detector configurations (LIGO
A+, LIGO Voyager, CE, or ET) in this work.

model) is exactly the same as the signal in the detector
data, one can define the “optimal” SNR (⇢) [24, 129, 130]
as

⇢2 = (h|h), (2)

where (.|.) denotes the noise-weighted inner product and
h represents the GW strain given by Eq. (1).
For any two functions a and b, the inner product is

defined as

(a|b) = 2

Z 1

0

ã⇤(f) b̃(f) + ã(f)b̃⇤(f)

Sh(f)
df , (3)

where ea(f) represents Fourier transform of the function
a. In the above, Sh(f) denotes the power spectral den-
sity of the detector noise and is a measure of noise in
the detector (see Fig. 1 for its shape in di↵erent detec-
tor configurations). Following the definition of optimal
SNR [given by Eq. (2)], we can quantify the power in
higher order modes by defining the optimal SNR tied to
individual modes. We define

⇢2`m = (h`m|h`m) = 4

Z 1

0

|h̃`m(f)|2

Sh(f)
df , (4)

where h̃`m(f), analogous to the GW strain in frequency
domain, represents strain for any (`,±m) mode pair and
can be expressed as a linear combination of associated
polarizations, h̃`m

+
(f) and h̃`m

⇥ (f), as

h̃`m(f) = F+(✓,�, ) h̃
`m
+

(f) + F⇥(✓,�, ) h̃
`m
⇥ (f) (5)

where the antenna pattern functions F+(✓,�, ) and
F⇥(✓,�, ) are functions of two angles (✓, �) giving bi-
nary’s location in sky and the polarization angle ( ). The
two polarizations associated with each (`,±m) mode pair
(h̃`m

+
(f), h̃`m

⇥ (f)) can suitably be expressed using a basis
of spin-weighted spherical harmonics of weight �2 in fre-
quency domain as (see Appendix C of Ref. [39] for details
and the derivation)
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