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• Over-density develops 
behind BH. 
• Over-density causes 

gravitational acceleration. 
• Acceleration tugs the BH.
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Dynamical Friction
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• Over-density develops 
behind BH. 
• Over-density causes 

gravitational acceleration. 
• Acceleration tugs the BH. 
• Producing a dynamical 

friction.

v
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[Chandrasekhar. (1943). Ostriker. (1999).  
Escala, et al. (2004). Kim & Kim (2007). 
Traykova, et al. (2021) & (2023).]
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top half of hemisphere. 
• Overdensity generates a 

gravitational tug.



Magnus Effect

7

FD

s
v

• Overdensity develops in the 
top half of hemisphere. 
• Overdensity generates a 

gravitational tug.



Magnus Effect

8

FD

s
FMv

[Costa, et al. (2018). Wang, et al. (2021). 
Dyson, et al. (2024).]

• Overdensity develops in the 
top half of hemisphere. 
• Overdensity generates a 

gravitational tug. 
• Tug gives rise to a Magnus 

force! 
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• Breaks axisymmetry in 
gravitational wake. 
• Creating a density 

asymmetry.
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• Breaks axisymmetry in 
gravitational wake. 
• Creating a density 

asymmetry. 
• Generating a lift force!

[Dyson, et al. (2024).]
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Lift Force
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• Breaks axisymmetry in 
gravitational wake. 
• Creating a density 

asymmetry. 
• Generating a lift force! 
• Summary: 
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Some research questions
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• What can we learn about the 
BH environment? 
• Can we probe the spin of the 

secondary body? 
• Can the environmental effects 

“magnify” the spin effects?

s
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• If the secondary has spin

[Papapetrou. (1951)., Dixon. (1970)., Tulczyjew (1959).  
Mathisson. (2010). ]

Dxμ

dλ
= −

1
2

Rμ
νρσSνρuσ,

DSμν

dλ
= p[μ,uν], Sμuμ = 0.

Spinning Bodies in Kerr Spacetime

Point particle Spinning particle
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• If the secondary has spin 

• Physics: Replaces point 
particle with spinning dipole. 
• There exists an analytic 

solution to 𝒪(s)

xμ = xμ
g + sδxμ

s .
[Skoup  and Witzany. (2025).]ỳ

𝒞 = 𝒞g + sδ𝒞s,

Spinning Bodies in Kerr Spacetime

Point particle Spinning particle

Dxμ

dλ
= −

1
2

Rμ
νρσSνρuσ,

DSμν

dλ
= p[μ,uν], Sμuμ = 0.



Physics of different frames
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• Previously, we discussed the 
stationary frame of the BH. 
• The force in this LIF is 

denoted as  
• The 4-force in BL coordinates 

is denoted as  
• The forces in these frames are 

related by 

fA .

fμ .

FD

FL
FM

v
fμ = ̂eμ

A f A, ηAB = gμν ̂eμ
A ̂eν

B .
[Marck. (1983). van de Meent. (2020).]



Including Dissipative Effects
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• EMRIs emit GW radiation. 
• The aerodynamic force change 

the secondaries momentum. 

• Force: 0PA GSF, 0PA/1PA Spin-
correction, Drag, Magnus/Lift.

f μ = q [f μ
(1,0,0) + sf μ

(1,1,0) + ϵ (f μ
(1,0,1) + sf μ

(1,1,1))]
+𝒪(q2, s2, ϵ2),

d
dλ

(ℰ, ℒ, 𝒦) = (−gtμ f μ, gφμ f μ, − 2𝒦μνuμf μ) .
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• EMRIs emit GW radiation. 
• The aerodynamic force change 

the secondaries momentum. 

• Force: 0PA GSF, 0PA/1PA Spin-
correction, Drag, Magnus/Lift.

f μ = q [f μ
(1,0,0) + sf μ

(1,1,0) + ϵ (f μ
(1,0,1) + sf μ

(1,1,1))]
+𝒪(q2, s2, ϵ2),

d
dλ

(ℰ, ℒ, 𝒦) = (−gtμ f μ, gφμ f μ, − 2𝒦μνuμf μ) .

⟨ ·ℰp⟩ = ∑
ℓmnk

|Zℓmnk |2

4πω2
nkm

, ⟨ ·ℒp⟩ = ∑
ℓmnk

m |Zℓmnk |2

4πω2
nkm

.

Calculated using pybhpt/FEW:
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• EMRIs emit GW radiation. 
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Calculated using KerrSpinningFluxes:

⟨ ·ℰGW⟩ = ⟨ ·ℰp⟩ + s⟨ ·ℰs⟩, ⟨ ·ℒGW⟩ = ⟨ ·ℒp⟩ + s⟨ ·ℒs⟩ .
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Calculated using KerrSpinningFluxes:
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Calculated using Traykova, et al. (2021) and 
Dyson, et al. (2024). :

fD
fM
fL

= γvρq2
Δp̃z cos β − Δp̃y sin β

Δp̃x

Δp̃y cos β + Δp̃z sin β
,
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Fluxes without Spin
Case 1: Prograde EMRI, 
Stationary gas. 

• For   for 
water.  

• Depending on disk model, the 
density is highly variable. 

•  
• GWs get weaker further from 

LSO. 
• Aero forces dominate at high  
• , prolonged exposure 

near apoapsis. 

M = 106M⊙, ϵ ∼ 10−6

10−21 ≲ ϵ ≲ 10−9 .

e .
fd ∼ 1/v2

23



Fluxes without Spin
Case 2: Prograde EMRI, Co-
rotating disk 

• Diverges at  
• This makes sense, as  

e = 0.
fd ∼ 1/v2

24

e = 0, vrel = 0.



Fluxes without Spin
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Case 3: Prograde EMRI, 
Counter-rotating disk. 

• Low  fits our expectations. 
• Why is there a large voided 

region? 
• Why is the flux smaller for 

high ? 

e

e
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Fluxes with Spin

Top panel: Relative difference of 
aerodynamical fluxes for EMRI 
with secondary with/without spin. 
Bottom panel: Relative difference 
of GW fluxes for EMRI with 
secondary with/without spin. 
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χ ̂es
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β

(a, p, e, xI, q) = (0.55M,12.63M,0.5,0.5,10−5)



Fluxes with Spin

Top panel: Relative difference of 
aerodynamical fluxes for EMRI 
with secondary with/without spin. 
Bottom panel: Relative difference 
of GW fluxes for EMRI with 
secondary with/without spin. 

•  minimum at  
for aerodynamic fluxes. 

• Converse effect for GWs.

Δ ·𝒞/𝒞 β = 0

30
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(a, p, e, xI, q) = (0.55M,12.63M,0.5,0.5,10−5)



Fluxes with Spin

• For  spin-aligns with 
velocity direction. 

• Axisymmetry is preserved. 
• No Magnus/Lift forces.

β = 0,

31
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Fluxes with Spin
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• For  breaking of 
axisymmetry is maximised. 

• Stronger Magnus and lift 
forces. 

• Maximises the flux deviation.

β = π/2,

z

χ ̂es
v

β



Fluxes with Spin
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• For equatorial orbits,  
corresponds to aligned spin. 

•  is aligned 
• GW emission is “isotropic”.

β = π/2

Jorb

z

as ̂es

z

χ ̂es
v

β



Fluxes with Spin
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•  corresponds to 
misaligned spins. 

• Spin-precession occurs. 
• GW radiation becomes 

“anisotropic”.

β ≠ π/2

as ̂es

z

χ ̂es
v

β
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Fluxes with Spin
Top panel: Relative difference of 
aerodynamical fluxes for EMRI 
with secondary with/without spin. 
Bottom panel: Relative difference 
of GW fluxes for EMRI with 
secondary with/without spin. 

Interesting features: 
•  for the aero case 

is  higher.
Δ ·𝒞/𝒞

∼ 102 ×

(a, p, e, xI, q) = (0.55M,12.63M,0.5,0.5,10−5)
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Fluxes with Spin
Top panel: Relative difference of 
aerodynamical fluxes for EMRI 
with secondary with/without spin. 
Bottom panel: Relative difference 
of GW fluxes for EMRI with 
secondary with/without spin. 

Interesting features: 
•  for the aero case 

is  higher. 
• Spin-aero effects may be 

more discernible.

Δ ·𝒞/𝒞
∼ 102 ×

(a, p, e, xI, q) = (0.55M,12.63M,0.5,0.5,10−5)
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Observables: GW Signals (a, p0, e0, xI0, q, ε) = (0.9M,18M,0.25,1,3 × 10−5,10−12) .



Observables: GW Signals
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• Lindblom criteria 

• Mismatch with and without 
spins are smaller. 
• EEs dominate far from LSO. 
• Co-rotating case produce larger 

mismatches.

ρ ≥
D

2ℳL
.



Constraints: Fisher Analysis
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• Gaussian priors with  
and  

• Spin-induced EEs produce 
larger dephasing. 
• Improving  and  constraints. 
• Here 

σβ = π/2
σχ = 1.

χ β
ϵ = 10−13 .

[Piovano, et al. (2021).]



Summary and Conclusion

What we did: 
• Developed a simple model to incorporate spin-induced EEs 
• Calculated the corresponding inspiral and GW signals. 
• Performed FM analysis to constrain  and  
Our Findings: 
• Spinning EE fluxes depend more strongly on the geometry in the LIF.  
• This produces a larger spin-induced dephasing. 
• Our FM analysis reveals that EEs improve constrains on  and 

χ β .

χ β .
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Summary and Conclusion

Some caveats: 
• Only includes “local” environmental interactions. 
• Neglects resonances. [Duque, et al. (2025). Hegade, et al. (2025)]. 
• Only Fisher analysis. 
• Neglects self-torque effects. [Matthews, et al. (2026)]. 
• Doesn’t consider Hoyle-Lyttleton effect (upcoming project).
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Future Work
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Some interesting questions 
• Can the inclusion of PA terms 

improve spin constraints?

[Lynch, et al. (2022).]
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[Dyson, et al. (2025).]
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Some interesting questions 
• Can the inclusion of PA terms 

improve spin constraints? 
• Perturbations to the environments? 
• Relevant for IMRIs? 

• Do EEs dominate?

f μ = q [f μ
(1,0,0) + sf μ

(1,1,0) + ϵ (f μ
(1,0,1) + sf μ

(1,1,1))]
+𝒪(q2, s2, ϵ2),

[Dyson, et al. (2025).]
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Some interesting questions 
• Can the inclusion of PA terms 

improve spin constraints? 
• Perturbations to the environments? 
• Relevant for IMRIs? 

• Do EEs dominate? 
• Eventually incorporate into FEW?

f μ = q [f μ
(1,0,0) + sf μ

(1,1,0) + ϵ (f μ
(1,0,1) + sf μ

(1,1,1))]
+𝒪(q2, s2, ϵ2),



Thank you for Listening!
Comments and questions are fully welcomed!



Drag Force [Traykova, (2023).]

47



Magnus and Lift Forces [Dyson, et al. (2024).]
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Deriving the fluxes
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dℰ
dλ

= − ξ(t)
μ;νuνuμ − ξ(t)

μ ( Duμ

dλ ) +
1
2

ξ(t)
μ;ν;ρuρsμν +

1
2

ξ(t)
μ;ν ( Dsμν

dλ ) .

• Term 1: Vanishes by Killing equation. 
• Term 2: 
• Term 3: 
• Term 4:

−ξ(t)
μ (−

1
2

Rμ
νρσuνsρσ + f μ) =

1
2

Rμνρσξ(t)μuνsρσ − ξ(t)
μ f μ

−
1
2

Rσρμνξσuρsμν

DSμν

dτ
= ( 1

2uλpλ
SμρRραβγuαSβγ) uν − ( 1

2uλpλ
SνρRραβγuαSβγ) uμ ∼ 𝒪(s2) .



Dependence on Priors
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Bondi-Hoyle-Lyttleton Accretion
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