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A phase transition in block-weighted random maps
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(Rooted) planar maps with a weight © per 2-connected block

> transitionat © =9/5
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Maps with n edges

(p(w)™ n82 w < 9/5

M, < { p(u)™™n=53 u=9/5

o)™ n 32 w>9/5

Analysis of the block-tree = tree whose inner
vertices are the blocks and whose edges code
for the connexions of these blocks
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Back to physics literature

NEW CRITICAL BEHAVIOR INd=10 LARGE-N MATRIX MODELS

SUMIT R. DAS, AVINASH DHAR, ANIRVAN M. SENGUPTA and SPENTA R. WADIA
Tata Institute of Fundamental Research, Homi Bhabha Road, Bombay 400 005, India

Received 9 January 1990

The non-perturbative formulation of 2-dimensional quantum gravity in terms of the
large-N limit of matrix models is studied to include the effects of higher order curvature terms.
This leads to matrix models whose potential contains a symmetry breaking term of the form
Tr pA¢A, where A is a given fixed matrix. This is studied in d = 0 dimensions and effectively
induces additional terms of the form (Tr ¢*)? in the one matrix potential. An exact solution to
leading order of the potential V(¢) =1/2 Tr ¢* + g/N Tr ¢* + g/N? (Tt ¢?)* is presented leading
to 3 phases: y=-1/2 (smooth surfaces), y= 1/2 (branched polymer) and y=1/3 (intermediate
phase). Including a Tr ¢° term in the potential gives rise to an additional phase with y= 1/4.
Tt is conjectured that for the general polynomial potential there are phases with y = 1/n,
n=2,3,.... The y>0 phases may correspond to ¢ > 1 matter coupled to 2-dimensional gravity.
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« ® . . _ 2 i 4 u 2\ 2
Matrix integral with potential V(®) = 5 Tr " — = Tr &% — (Tr ®)

Integrate over N x N Hermitian matrices/ dP exp(=V (®)) ~ exp(—=N?Z(g,u))

Z(g,u) =Y g"Zn(u)/(4n)

Zn(u) g.f. for (rooted) trees made of 4-regular planar maps with n vertices

AN

U per touching-point



(2—(—3)=5/2 u<9/64

2= = 9 2—(%

=5/3 wu=9/64

Baby-universes

U per touching-point



... more generally

Loops in the curvature matrix model

G.P. Korchemsky %3

Dipartimento di Fisica, Universita di Parma and INFN, Gruppo Collegato di Parma, 1-43100 Parma, Italy

Received 8 July 1992

For g<go=16/ (acp)?, the model is in the phase of smooth (Liouville) surfaces with the string susceptibility
exponent 7,,.= —1/m (m=2, 3, ...). The critical values of the parameters are

Qe =0y, Cor=Co, £(0:)=0, (1.3)

where the parameter ¢ < defines the boundary of the cut of the one loop correlator, defined below in (1.6) and
(1.7). Near the critical point they scale as

x~Cc—Co~ (=)™, Zla)~a-~ap. (1.4)

For g=g,, the model turns into the intermediate phase with the critical exponent y,,,=1/{m+1). The critical
values of the parameters are the same (1.3) as in the previous phase, but their scaling is different:

X~ ~ (=) "D Ba) ~ (=)™ ()| (1.5)

C=Cp

maps equipped with
a minimal (2,2m — 1)
conformal model

1 1

:——%/:—
/YS m /YS m_|_1



... even more generally

Touching random surfaces and Liouville gravity

Igor R. Klebanov
Joseph Henry Laboratories, Princeton University, Princeton, New Jersey 08544
(Received 25 July 1994)

Large N. matrix models modified by terms of the form g(Tr®")? generate random surfaces which
touch at isolated points. Matrix model results indicate that, as g is increased to a special value g,
the string susceptibility exponent suddenly jumps from its conventional value v to v/(y — 1). We
study this effect in Liouville gravity and attribute it to a change of the interaction term from Oe®+?%
for g < g¢ to Oe®—? for g = g; (a4 and a_ are the two roots of the conformal invariance condition
for the Liouville dressing of a matter operator O). Thus, the new critical behavior is explained by
the unconventional branch of Liouville dressing in the action.

PACS number(s): 11.25.Pm, 11.25.Sq
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Liouville quantum gravity Kahane ‘85, Duplantier Sheffield '08

GFF I, averaged over a circle of radius € around 2 : h.(z) = B;

Brownian motionin t = —loge

v—LQG: random measure for 0 < v < 2

, 2
U~ (dz) 1= hII(l) g7 /2e7h=(2) = describes the continuum limit of maps
e—

2
2
in the universality class of central charge ¢ =1 — 06 (;Y )
~
4



Liouville quantum gravity Kahane ’85, Duplantier Sheffield 08

GFF I, averaged over a circle of radius € around 2 : h.(z) = B;

Brownian motionin t = —loge

v—LQG: random measure for 0 < v < 2

, 2
U~ (dz) 1= hII(l) g7 /2e7h=(2) = describes the continuum limit of maps
e—

2
2
in the universality class of central charge ¢ =1 — 06 (g )
~

. 4 0 . / ’—1—i>0
Vg = ~ 2 < 2nd solutiony' =4/y > 2 Vs = 2



Liouville guantum duality Kahane ‘85, Duplantier Sheffield 08

v'— LQG for ~' > 2 lim &7 /27 he(2) 1, —
e—0



Liouville quantum duality ~+/ = 4 Duplantier Sheffield 08
Barral Jin Rhodes Vargas ‘12

v'— LQG for ~' > 2 lim &“WZ =0
e—0

Additional random set of atoms with localized quantum arean

py (dz) = /O n Ny (dz,dn)

N/ Poisson random measure of intensity ,u,y(dz)dn/nprl/o‘

a=4/vy">1



Liouville quantum duality ~+/ = 4 Duplantier Sheffield 08
Barral Jin Rhodes Vargas ‘12

v — LQG for 7’ > 2 lim 5%2 =0
e—0

Additional random set of atoms with localized quantum arean

py (dz) = /O n Ny (dz,dn)

N/ Poisson random measure of intensity ,u,y(dz)dn/nprl/o‘

ko s > L




Liouville quantum duality ~+/ = 4 Duplantier Sheffield 08
Barral Jin Rhodes Vargas ‘12

v'— LQG for ~' > 2 lim EWZ =0
e—0

Additional random set of atoms with localized quantum arean

py (dz) = /O n Ny (dz, dn)

N/ Poisson random measure of intensity ,uy(dz)dn/nprl/o‘

a=4/vy">1

expl-A iy (4)] = Eexp [M(=a/ )\ p5(4)]  aa’ =1



KPZ relation. Fractal set of Hausdorff dimension Dy = 2 — 2z

Euclidean vs quantum scaling dimensions  (, A,y)

Duplantier Sheffield ‘08 2 72
(1-2)a, a2

Y
Barral et al. ‘12 T = ZA% + | 1——

Duality vy =4
Dual scaling dimension AW’ ”y/(AW/ —1) = ”y(A,y — 1)



KPZ relation. Fractal set of Hausdorff dimension Dy = 2 — 2z

Fuclidean vs quantum scaling dimensions  (, A,y)

Duplantier Sheffield ‘08 2 ( 2

7 7
Barral et al. ‘12 T = ZAg +(1—- Z) Ay, A, >0

Duality vy =4
Dual scaling dimension AW’ ”y/(AW/ —1) = ”y(A,y — 1)

4 _
Intermsof 75 =1—-— AW,:A7 ’s
g 1 — s
A —
(1=7s)(1=n%) =1 Ay =S



Lessons from analytic combinatorics Flajolet Sedgewick ‘09

weight @; per block with i

. 4 descending sub-blocks
u«( Q=Y
?‘*
UYn, trees with 1 blocks

)’ »’* S = S g

n>1

Substitution relation y(z) =z gb(y(z))



Tree critical point where the mapping z —> y is no longer invertible

1= zc¢'(y(2c))

(2¢,Ye = y(2c)) determinedby  P(ye) = Ye &' (ye) ,  2e =

(CRIT)

Singularity of ¢(7) |
¢Z.O<T¢—"/7;1+O‘ l<a<?

gb(T) — Qb(Tqb) — (Tqb — T)Qb/(Tgb) + K(T¢ — 7-)0‘ 4o



When 2 increases, y = y(z) increases and becomes singular when it reaches ¥ or Té

* Supercritical case: (CRIT) hasa solution Y < T

Y Oy
T A= S T ey W

H(y.)=0, H'(y.) =0 (CRrIT)




* Critical case: (CRIT) has a solution Y. = T




e Subcritical case:

(CRIT) has no solution Y. < Ty

Zh = T¢/¢(7‘¢) such that y(z¢) = T

K¢>O

KT o
Rp — < :K¢(T¢—y) | ¢(T¢(§2 (T¢—y) + -
1 KT¢ 1
y =Ty — (2 — 2) - 7 (2o —2)" 4
¢ K, ¢ b(rs)? KITo




Asymptotics for Yy, :

subcritical critical supercritical
T —n —n
¢ “c e
1l <a<? nlta 1+1/a n3/2
—nNn
z 2. " z. "
=2 (x1 @ = =
& I (x log) 3 n3/2(log n)1/2 3/2




Correlators maps with 2 markings

Wy, enumerates maps with n regular blocks

w(z) = Z Wp 2"

n>1
w(z) =Y(y(z)) v =) uir
i>0
» 2nd marking anywhere
wi connecting the 2 markings

or « 2"d'marking in the root block

ZL’,,; with 2 markings



—9 .1
Assume ; X Ty /i 5

Y(1) = P(1g) — Ky(rp —7)7 + =

Asymptotics for wy, :

0<pB<1

with same T

subcritical critical supercritical
l<a<? 2" 25" 27"
0<pB<l1 nl1+8 nl+B/a 292
a =2 (xlog) Zg " 2o " z "
0< 6 <1 nit+p n1+5/2 (l()g n)ﬁ/Q n3/2
a =2 (xlog) 2y 2" (logn)'/? 2"
B =1 (xlog) n? n3/2 n3/2




Block-weighted maps

Quadrangulations with n faces
and a weight u per simple block

My(g) =1+ u[B (9 Mu(g)?) — 1]

simple quadrangulations
with 7 faces



Block-weighted maps

Quadrangulations with n faces
and a weight u per simple block

2=19, y(z)=2M,(z%) simple quadrangulations
with 7 faces



Other examples: maps equipped with
a Hamiltonian cycle
=2

Cubic maps: system of arches




Other examples: maps equipped with
a Hamiltonian cycle

Mu(g) =1+ u [B (9 Mu(9)?) — 1]

Cubic maps: system of arches

decomposed into irreducible blocks




Bicubic maps : system of arches decomposed into irreducible blocks

=3

different universality class! Guitter Kristjansen Nielsen ‘99
Di Francesco et al. 23
Duplantier Golinelli Guitter 23



Quartic maps: meandric systems decomposed into irreducible blocks

weights u per irreducible block and g per loop

universality class depending on g



In general, we know the case ©u = 1

(1) (2);3 2<2—v5<3

From M;(g) = B (g M1(g)?), we deduce

B(t) = B(ty,) — (to, — t)B'(t..) + Kp(te, — )% + -

te = g1 M1(g1)° a=1— g l<a<?



Mi(g1) + 291 M7 (g1) u. > 1
Mi(g1)(1 — M1(g1)) + 291 M{(g1)

Uer =

> Tra for uw < u,, 2—v9 =14«
m® ge(u) " for u=u /
" 1t/ e 2—9s=1+1/a
(u) gc(u)—n
my o Y for u > u, l

(I—=7)(1—n5) =1



Correlators sequence of blocks

— l
(g1)™" . M
S o 11287 S1(g) = C (9 M1(9)*)




Correlators sequence of blocks

_ !
(g1)™" g N
S o 11287 Si(g) = C (9 Mi(9)*)
O(t) = Cte) — Ka(te —1)% + - B =2A — ~q



Correlators sequence of blocks

—n |
1 (91) ~ -
S o 11287 Si(g) = C (9 Mi(9)*)
1 Q

Single block —» ith C'(t) =
ingle bloc C with C(t) 1—C(t T ’4 .

has same singularity



Correlators sequence of blocks

- |
(g1)™ " _ -
S o 128 7s S1(g9) = C (g Mi1(g)?)
1 Q

Single block — C' with C(t) = o

has same singularity { AY L .\ ‘
Su(g) =C (g Mu(g)z) kx Y



Correlators sequence of blocks

—n |
1 (91) ~ ~
S o 128 7s S1(g9) = C (g Mi1(g)?)
C(t) = Cte) — Kzt — )% + - B —2A —
- T 1
Single block — (' with C(t) = C(t)
has same singularity
QA/—’y/ — é p— QA_VS
Su(g) = C (9 Mu(9)") o 1o
— A — s

S(ucr) X gC(ucr)

T A =




Experiments  Mi(g) — B(t) = My(g)

—1
W) oy () 9e(W)
m,’ — b; — m, "’ X
" J " n2—s(u)
Estimation of exponent
" t t
t, X 9*5 On = N> n—2|—2 | — 0
n tn+1 n—0o0

Accelerated convergence (Af)N = fN+1— N

A

50— pps G0 :_l(Ap(;(p)) N



Quadrangulations with weight uwper simple block

_ 18g—1+4+(1 - 12¢)3/2

Z 2 Cat g"
n>0\ "
mg>

N

~

SN~—" §
N 22t
F\ R
|

N

2.0}
18]
7= 3 1.6:—

Lo | M




Rooted quadrangulations with a second marked edge

5 = (2 — Dym® o — 91 ith A = QR BN
sy’ = (2n —1)m,,’ BRG Y- with A =0 hence A — Vs

1.50




Cubic maps + Hamiltonian cycle with weight u per irreducible block

mil) = Z <2n) Cat(k)Cat(n — k) = Cat(n)Cat(n + 1) Albenque Fusy
k=0

2k

I (4 —
u =1 U= u, =  ( )

T 4207 — 8172 — 512
""""""""" 3 {VS — = J

Salvy 24




Bicubic maps + Hamiltonian cycle with weight w per irreducible block

u=1 U =1u,=2.053--- Guitter Kristjansen
Nielsen ‘99

3.0
V13 —1
V3




Distances distance ~ n /¢




Fleurat Salvy ‘24

distance ~ nl/@




Duplantier Guitter 25
Bouttier Guitter Manet (soon)

8 Distance profile in the
3 same block at ©w = wu,

r = distance/n'/°

3297/3 oo e~ /1" c(z) (c(z) + ch(z)) — 2
= /0 22 dx sh(x) -

)= T = (c(x) — ch(x))

c(z) = cos (g) . ch(z) = cosh (32_/‘;")



_ 8 Distance profile in the Duplantier Guitter ‘25

3 same block at u = u,, Bouttier Guitter Manet (soon)

0.6 / \

r = distance/n'/°
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« ® . . _ 2 i 4 u 2\ 2
Matrix integral with potential V(®) = 5 Tr " — = Tr &% — (Tr ®)

Integrate over N x N Hermitian matrices/ dP exp(=V (®)) ~ exp(—=N?Z(g,u))

N — o0

Z(g,u) =Y g"Zn(u)/(4n)

Zn(u) g.f. for (rooted) trees made of 4-regular planar maps with n vertices

Das et al. ‘90

AN

U per touching-point
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. . . . - 9 _Jd 4 v 2
Matrix integral with potential V(®) = ; T2 4N Tr® 4N2 (Tr ®°)*
Integrate over N x N Hermitian matrices/ dP exp(=V (®)) ~ exp(—=N?Z(g,u))

N — o0
Substitution relation for Z°( Zg”Z =1+ 4giZ(g u)
dg 7’
1 g 189 — 1 + (1 — 12¢9)3/?
Z°(g, M h M
S Ty PR ((1 —uz-<g,u>>2) wih M) 5ig°
Set u=./gv, z=./9, y(z) = - uZZ’(z2 ) g.f. of rooted planar 4-regular maps
1
then y(2) = 20(y(2)) with 6(r) =
yC . 2 ].
? — ! — — ——
Value of u, 2 (CRIT)  &(¥e) = ¥e @ (Ye) »  Ze ple) Wt Ye=Te, 7=
9
fixes v=wv, = % and z. = g so that Uey = Ze Ver = a
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