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Disclaimer




Data Analysis In Particle Pnhysics

Observe events of a certain type

e Estimate parameters

e Quantify the uncertainty of the parameter esimates (most important)

e we will have completely ditferent conclusion depending on the
uncertainty

e Test hypothesis (Dark matter, SuperSymmetry, Any new physics...)



Dealing with uncertainty

» Statistical uncertainty

e Random measurement errors

 We can not repeat the experiment infinitely




What is probability”

* Relative frequence

times outcome 1S A

P(A) = lim

n— Qoo

e Subjective probability




Bayes theorem

 From the definition of conditional probability, we have

PANB) S P(BN A)

P(B) P(A)

P(A|B) =

. ButP(ANB) = P(BNA). so

P(B|A)P(A)

P(A|B) = —

Using the law of total probability —
P(B|A)P(A)

P(A|B) =



Cumulative distribution function

o Probabillity to have outcome less than or equal to x Is

r f(xdx' = F(x)




Bayesian Statistics

e |[n Bayesian statistics, use subjective probability for hypotheses:

Probabillity of the data assuming
hypothesis H (likelihood

Prior probabillity before seeing the data

P(obs | H)P(H)




Example of Bayes' theorem

P(D) = 0.001

* Suppose the probability to have a disease D is (Prior probabillities)

P(no D) = 0.999

e (Consider a test for disease: result + or - P(+|D) = 0.98

P(—|D) = 0.02

e Suppose your result is +. How worried should you be?

P(+|D)P(D)
P(+D)P(D) + P(+|no D)P(no D) IR (eVE=I(=Ne](eleF-1e]\VAGI

008 % 0.001 My degree of belief that | have the desease is 3.2%
0.98 % 0.001 = 0.03 X 0.999 e Doctor’s viewpoint: 3.2% of people like this have the
disease
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Histograms anad PDr

* From Histogram

N(x)
nAXx

* To PDF (Probability Distribution
Function)

). TAG T
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-Xpectation values

 Consider a continuous random variable x with PDF f(x)

* Define expectation values as




Covariance and correlation

« Covariance withx and y

COV[x,y] = E(xy) — pp, = E[(x — p)(y — p,)]

e Correlation coefficient defined as




g =115

g0

Correlation

g )05



Combination of measurements

Cl=mliﬂl

e Consider two measurements

(m — ml)2 (m — m2)2

o Ninimize y o delermine the best =




Combination with correlation

pPo10, \ (M —m,

— (1l — M i — 1l
( 1 2) m — m,

P00,

olution of the minimization of ¥y

e by
LS TR
e ?%%ﬁ;f.g,
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Crror propagation - linear

s oxample. 8 = 00

 \WWhat is the uncertainty on a”




Crror propagation - nonlinear

 example: a = b/c




Distributions

Distribution/PDF Example use in HEP
Binomial Branching ratio
Multinomial Histogram with fixed N

Poisson Number of events found




Binomial aistripution

* Consider N independent experiment (like tossing a coin

e \When the outcome Is “success” or “fallure’

L LO0ALIILOL SUCCESEIS I




Binomial aistripution

e [he binomial distribution IS




Binomial aistripution
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« Example: observe N decays of W boson, what is the number of
W — uv? this follows the binomial where p is branching ratio
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Multinomial aistribution

o Like binomial but now m outcomes instead of two, probabilities are

L

=

. v - ny of outcome 1
* For N trials, we want the probability to obtain: n, of outcome 2




Multinomial aistribution

o For all n; individually binomial with parameters IV, p;

o Vinl = Npdl —p,

E[n;] = Np

~.




POISsSOonN distribution

. probability is small (p — 0) and the number of
experiments is large (N — 00), n follows the Poisson
distribution:

n

fin;v) = - (n > 0)
n!

02
0

nilires
0 5 10

n

plpnt—=1p Vinl— p
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 Example: number of expected events with the cross section
o with integrated luminosity &

L= a[le”dt
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Unitorm distribution

e (Consider a continuous random variable x with —oo0 < x < 00

|
flx;a,p) = (a < x < p)
b—a

. O PR,
Elxl=—(a+p), Vixl=—(f-0a)

 Example: measure the spatial resolution of the detector
using a scintillator as a trigger with cosmic muons

=
gk (w is the width of the scintillator)

Ve

Q
|
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EXponential distribution

e Exponential PDF

OIS 2 Sl et O

Bl £ dlal e 5o

« Example: decay time f of an unstable particle

f(t;7) = —e~* (r=mean lifetime)
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(Gaussian distribution

e (Gaussian PDF

)
0 (x—u)“/20

|
(x; p, 0) =
bl \/ 270

Elel e Kl oo

o If yis Gaussian with m, then
x = (y — m)/o follows the standard
Gaussian withm =0, 0 = 1
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(Gaussian distribution

99.7% of the data are within
3 standard deviations of the mean
95% within
2 standard deviations

-

B —

68% within
<«— 1 standard —>
deviation

4 0 ~ 99.994%
b.0.- 090000409
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Gaussian PDF and the Central Limit
I heorem

. For arbitrary PDFs with n independent random variable x; with finite variance o;", consider
the sum




Relationsnips among Binomial,
Poisson and Gaussian distributions
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Chi-square ()(2) aistripution

o The Chi-square PDF for the continuous variable z is defined by

|
. G (n/2)—1 _—z/2
Za n e Z e
fiz;n) 2n20(k/2)

Elal g Mlalo Oy
 For independent Gaussian x;,

h NN —

n=
n=
n=
n=

=k
o

n

(x; — p;)°
)(nzfzin == Z l l

%
O:
= l

follows )(2 PDF with n degree of freedom
expected to have y*/dof ~ 1
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Brelt-Wigner distribution

o The Breit-Wigner PDF for the continuous variable x is defined by

—— 1 g
7 B P I e
i IO a2

Xy = mode (most probable value)
[ =full width at half maximum

 Example: mass of resonance particle,
e.qg. Z boson, Higgs boson,...

« | =decay rate (inverse of mean lifetime)
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I'nhe Briet-Wigner resonance

» Cross-section for
Gle i (og)is
proportional to

1

)
AL mzl % + (s — mz)*
7 2 Z
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| andau aistribution

 For a charged particle with / = v/c traversing a layer of matter of
thickness d, the energy loss A follows the Landau PDF

T
-
QC
L
-
.
<]
S
Qﬁ

1
A3 0) =—p(4)

e
1 [ p
P(A) = —J e !N oin(nt)dt
T Jo
i é[A A
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The Monte Carlo methoad

* A numerical technigue for calculating probabilities and related quantities using sequences of
random numbers

 Usual steps

. Uenerate randoem pumbels 6. .. . 1. Ujjionm betywen 0 and |




Random numper generator

» Goal is to generate uniformly * Ihe sequence Is periodic!

distributed values in [0,1]

 We can achieve this goal manually by =~ multiplicative

tossing coin near
congruential
* e.g. 32 bit number: toss 32 times to g|e\/r|1|_e(r3a(taor
get one number (too tiring) ( ’)
 This would be truely random number -5)mod7 = 1

» How do we implement this in computer LLA00s8 0 lo gulain.gng Datios

algorithem to generate ry, 1y, ..., I, e Still only use a subset of a single

” period of the sequence



Random numper generator

» Can we say the variable r; = n,/m are random in [0,1]?

* uniform distribution in [0,1] and all values are independent as long as subset is used

e a=40692, m=2147483399 (maximum period: m — 1)

. Far better algorithm is available with TRandom3 in ROOT, period 219937 — 1

37



Transtormation methoao

» Givenry, 1y,..., I, uniformin [0,1], find Xy, X,, ..., X, that follow
f(x) by finding a suitable transformation x(7)

0.15 /
0.1
0.05
N
0 25 5 75 10 125 15

. Use the fact that the probability should be the same P(r < r’) = P(x < x(r))

x(r')
£ J f(xdx' = F(x)




transtormation methoao

+ Exponential PDF:  f(x; &) = Ee‘x’f (x > 0)

from the previous slide, the condition of J —e*ldx' = r
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Ihe acceptance-rejection method

1. Generate a random number X,
Uniformain b Xl i e
&= xmm e 1”1( max mln) where

ry 1s random number in [0, 1]

2. Generate 2nd independent random
number y uniformly distributed

between O andfmax = l”zfmax

3. If y > f(x), then accept x, If not,
reject x and repeat

40



-xample with acceptance-rejection
method

e |T dot below curve, use x value In
histogram
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Monte Carlo event generators

. Simple example: ete™ — utu~

« Generate cos @ and @

(cos 0; Apg) «x (1 + —=Agg cos O + cos




Example: a simulated event

End PYTHIA Info Listing

PYTHIA Event Listing

(hard process)

id
90
2212
2212
21
21

6

-6
24

name
(system)
(p+)
(p+)

(g)

(g)

(t)
(tbar)
(W+)

b

(W-)
bbar

status

-11
-12
-12
=21
=21
-22
=22
=22

23
=22

23

mothers

daughters

[

[

=

[

colours

0
0
0
502
503
0
502
0
0
0
502

0.000
0.000
0.000
0.000
-0.000
-105.493
105.493
-5.406
-100.087
36.525
68.969

0.000
0.000
0.000
0.000
-0.000
47.504
-47.504
0.381
47.123
18.640
-66.144

0.000
6500.000
-6500.000
466.997
-173.068
364.981
-71.053
234.618
130.363
-80.971
9.918

13000.000
6500.000
6500.000

466.997
173.068
420.149
219.916
249.107
171.043
123.723

96.193

13000.000
0.938
0.938
0.000
0.000

173.000
173.000
83.542
4.800
84.080
4.800

SNOOUTNMWWNFREROOS®
SO0~ EO®
S weruv~NuUuaseawWS
SO0, ONOSSOOOOOOOE®

504
(complete event)

-36.1A/7

dbar 23
u 23
S 23 n
cbar 23
Charge su

—————— PYTHIA Event Listing

colours
0 0
[} 0
[} 0

id name status mothers
99 (system) -11
2212 (p+) -12
2212 (p+) -12
21 (q) =21
21 (q) =21
6 (t) -22
-6 (tbar) -22
21  (q) -42
21 (qg) -41
6 (t) -44
-6 (tbar) -44
21  (qg) -43
21  (q) -41
21 (g) -42

daughters
0
654
655
5

5

9
10
3
11
14
15
16
17
8

0.000
6500.000
-6500.000

13000.000
6500.000
6500.000
466.997 466.997

-173.068 173.068
364.981 420.149
-71.053 219.916
466.997 466.997

-242.115 242.115
278.766 347.213

-106.839 254.162

52.955 107.737

1062.750 1062.750

-242.115 242,115

13000.000
0.938
0.938
0.000
0.000

173.000
173.000
0.000
0.000
173.000
173.000
0.000
0.000
0.000

End PYTHIA Event Listing
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6 (t) a4 9 20 20 280.882  353.443  173.000
-6 (tbar) 44 0 21 21 -107.973  257.260  173.000
21 (q) 44 1 2 22 59.618  103.216 0.000
21 (q) -43 o 23 23 588.108  590.945 0.000
® O n te a r O 1 (d) -a1 28 24 12 1697.748  1697.748 0.000
21 (g) -42 o 13 13 -242.115  242.115 0.000

6 (t) -44
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21 (q) -44
21 (q) -44

-
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30
25
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w
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280.952 354.131
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60.580 102.449
589.319 591.142
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0.000
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1 (d) -43 o 27 27 633.548  633.910 0.330

Hi -6 (tbar) Ss1 21 o 31 31 -107.600  257.887  173.000

21 (g) -1 21 @ 35 35 2.229 3,740 0.000

% 1 (d) 52 24 24 34 34 630.153  630.514 0.330
1 (d) 42 86 o 18 18 1697.748  1697.748 0.000

21 (g) 41 87 87 36 19 -260.112  260.112 0.000

6 (t) —-44
-6  (tbar) -44
21 (q) -44

43

N
>

88
89
37

(o]
(o]

281.299
-112.276
62.480

354.603
253.837
104.419

173.000
173.000
0.000
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Monte Carlo detector simulation

e Take the particle list and momenta from generator as input

e Simulates detector response:

 multiple Coulomb scattering (generate scattering angle
» particle decays (generate litetime
e |ONization energy loss (generate

* electromagnetic and hadronic showers




