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Part I. Theory and derivations



Insplral Merger Ring-
down
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A | /\N»-

| — Numerical relativity

B Reconstructed (template)
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|
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Time (s)

correlation

What plays the role of a binary “chirp” waveform for PTAs?

“Hellings and Downs” curve

0
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Livingston, Louisiana (L1)
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|

|
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H1 observed (shifted, inverted)
| |

-1.0

L — Numerical relativity

Reconstructed (wavelet)
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I — Numerical relativity

Reconstructed (wavelet)
Reconstructed (template)

| | I
0.30 0.35 0.40

Time (s)

I
0.45

0.30 0.35

Time (s)

|
0.40

observed signal is consistent across detectors

observed signal agrees with predictions

Number of events

observed signal is unlikely due to noise alone (< 1/5 million)

Why was GW150914 so convincing?

Hanford, Washington (H1)

Binary coalescence search

pe =A%+

20 30 40 >Sllo >5.10
20 30 405.10 >5.10
mEE Search Result
— Search Background
— Background excluding GW150914 -

|

-"L, p,; = matched filter S/N GW150914E
L'1.L of data in detector i '
S nln
1 A L
A U] (UL
SRR (1Y | N
8 10 12 14 16 18 20 22 24

Detection statistic O




-top LIGO interferometer

Is there an equivalent table-top
emo for a pulsar timing array?

th'\ub.com/nanograv/tabletop_pta/

ithub.com/marcnormandin/tabletop pta/

ithub.com/josephromano/pta-demo/



https://github.com/marcnormandin/tabletop_pta/
https://github.com/josephromano/pta-demo/
https://pubs.aip.org/aapt/ajp/article/86/10/755/1057916/An-acoustical-analogue-of-a-galactic-scale
https://github.com/nanograv/tabletop_pta/

correlation coeff p15

Measured and expected correlation

[sample metronome analysis]
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Pulsar timing arrays (PTAs)



What is a pulsar timing array (PTA)?

Galactic-scale GW detector

I
S\ AT =—p'P’

2=
i \ *

4 AN one-way

detectors

(100-1000 lyr)
/
/
Y

< [Credit: ). Hazboun; NASA] [Credit: J."Rowe/Swinbourne]

e GWs perturb pulse arrival times -> look for evidence of GWs in the timing residuals
e GW perturbations will be correlated across pulsars -> use this to differentiate GWB from noise
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GW spectrum
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relic gravitational waves
(quantum fluctuations
amplified by inflation)
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timing residual

What are the data for PTA analyses?

timing model: pulsar’s spin period, period

: : - derivative, sky location, proper motion, ...
observed arrival — predicted arrival < y Prop

unmodeled deterministic processes + noise sources + GW signals

e

< >< >« > < > < > time (S)
Tp Tp Ty Tp Tp
PSR J1713+0747
45 :
)
§ Z
— 2 - rms =~ 100 ns
D
8 = ] X L 3 |kl o IR ” " 8 , L NS 4, SO RS, TR | - - NIRRT R
13 g 0 ===~~~ Mg ok S T - X o I R S S PP I oyt R RN RS S R ST e, (e i R T b 15 yr
= Qqé OoDS
= 2 '
— é‘ | ! ! h ~ 10—16
<E 4 ¥ YUPPI1.5GHz  YUPPI3GHz = ASPL PUPPI L GASPL ' GUPPIL GASP 820 MHz =~ GUPPI 820 MHz * ASPS PUPPI S
I | I 1 | I | I Il | | |l | 1 I I | I 1 | I | I I |
2004 2006 2008 2010 2012 2014 2016 2018 2020
Year
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How do GWs affect timing residuals?

e Perturbations to pulse arrival times:
L

1 . .
AT(r) = 2—Cﬁ’ﬁfj ds hy(1(s), %(s))
0

t(s)=t—(L—s)c, Xx(s)=(L-s)p

e Doppler shift (“redshift/blueshift”) of pulse frequency :

dAT@®) 1 p'p/ _
(1) = 0 = plf [hi'(t, O) — h,"(t — Llc, Lﬁ)] 8
dt 214Q-pl” A 4 10° s
Earth term pulsar term 102 107 o
A ahl C dhl A~ 10 lyr
uses K (t,X) = hy(t—Q-X/c), _Y j

ot _(1+§2.]3) 0s

e In terms of polarizations A = +, X :

Zn=Y [hA(t) - L1+ 0. p)/c)] FA)

A=+,x
~ 1 pip/ .
FA(Q) = ; plj el‘.}‘(Q) (antenna pattern)
1+Q-p

11



Can we detect GWs using data from a single pulsar?

12



No. Need to correlate data from multiple pulsars

For expected correlations, can restrict to Earth-term contributions:

Z(t) = Y (OFF Q) + WOFXQ)  Z,(0) = KT (OF;F(Q) + X0 FX(Q)

A 1 "C'Z "Jc'l . A 1 ﬁ;aﬁé A
FAQ) = ——2922_oA(Q) FHQ) = (%)
214+Q-p, 21+Q-p,
e Correlation is time-averaged product:
1 T
Pup = 2, (D)Z,(F) = ?J dr Z (1)Z,(1)

7 o o T d ~ 10° lyr
= (FPFHQFH Q) + WPFXQFNQ) + 7 (FHQFNQ) + FQF ) Lo 107 10° Iyt
= FJ(Q)FJ(Q) + F;(Q)F;(fl) (unpolarized, unit amplitude) R A~ 10 Iyr

------------ R P
e Hellings & Downs 1983: fix pulsars; average over the GW source \ /
direction and polarizationangle N NNV A
p gE \hl](t — La/C, Lapa) / pb
Cornish & Sesana 2013: fix GW point source; average over all pulsar // Vb 7./},1.].(; —L/c,L,p,)
airs separated by angle e N
p P y angle y,, ///\\{\
AN
(D) = (p ) L 1 (1=cosyy\ 3 (1-cosyu), (1-coSvu Cor ) ”? """ h(tﬁ) """"""""
— = — — — — n = (7,
Pab Y Pab/s 9) 4 9) 9) o) 9) fal o \> ----- l] ------------------------
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Hellings and Downs curve

0.6 -

o = =
- DO SEN
| |

mean correlation I'(7,)

|
S
DO

30° 60°  90°  120°  150°  180°
inter-pulsar angular separation [deg] v

-
O
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Should we expect to recover the HD curve exactly?
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Cosmic variance for interfering sources

0.6 1

N\
O
=
N— 04 1.
— cosmic variance et
-
O
+
SO (0.2
Q .
L mE m E BN
. T N S PO <A I
o |\ N\ S
o |\ S
-
c 0.0 -
O e e N
E R e A
0 94+———F———— e
| | | | |
0° 30° 00° 90° 120° 150° 180°

inter-pulsar angular separation [deg] v
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Correlation calculation for interfering sources

e Two sources, same frequency (ignore polarization):
h(t) = Ay cosLaft + ¢y), hy(t) = A, cos(Lrft + ¢p,)
Z (1) = hj()F.(Q,) + hy(H)F ()
Z,(t) = hy(OF,(Q)) + hy()F, () |
e Correlaton: T

Pap = Za(t)zb(t)
= B F(QDFyQ) + IZFQ)F (@) + Iy (FQDF,() + FQ)F,)

-
-
-
-
-
-
-
-
-
-
-
-
"
-

= EAIZFa(Ql)Fb(Ql) + EAZZF o(§20)F3(82)) + EAlAZ cos(¢ — ¢,) (F JQDF(E2) + F (L) F(

A~ 10 lyr

1 1
(Pudp =5 DATGw) + 5 DAACSG = boua ) | T s e
j j#k

/’t(}/aba ﬁ]k) = <F;(Q])F[j(§2k) + F;(Q])F;(Qk)>p TWO-pOint -------------------------- a2l

-
-
-
-
-
-
P
-

\ function Y _

-
-
-
-
-
-
-
“
-

e Cosmic variance:

"
-
-
“
--— L R L

1

Hap = Tap) + ) cos(h — O (rap By)  (unit amplitude)
JFk

<//tab>s — F(}/ab) ’ Ggosmic(yab) — <(/’tab o </’tab>s)2>s

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
Pl
-

-
-
-
-
-
-
-
-
-
-
2
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-
-
-
-
-
-
“
-

---------------------------------------

1 (* .
Gczosmic(y) — Z dﬁ Slnﬂ /42(7/» IB )
Jo
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How does one analyze PTA data to search for GWs?
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Analysis methods

e Bayesian inference:
Pulsar 1 Pulsar 2 Pulsar N

Timing Model Timing Model
Measurement noise | 4-| Measurement noise

Timing Model
4 ___ 4| Measurement noise

Intrinsic pulsar noise

Intrinsic pulsar noise Intrinsic pulsar noise

-

Common stochastic process (potentially correlated across pulsars)

(i) construct multivariate-Gaussian likelihood functions for null (CURN) and signal (HD) hypotheses

(ii) calculate posterior distributions for parameter estimation and / or Bayes factors for model comparison

e Frequentist detection statistic:

2
Za<b pabrab/gab,O (i) inner-product of measured and expected correlations (matched filter)

S/N =

z 2 /52 (ii) compare observed value to null distribution to assess detection significance
c<d cd' %cd 0

19



Part Il. Plots from NANOGrav 15-yr papers
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NANOGrav’s observed common power spectrum

9 10 |11 12 |13 14 y = 13/3 (binary inspiral)

A=24401x107P

best fit (]/ — 32) (strain amplitude at f.; = 1/yr)

1 dpgw
Q =
()=

2/3
=7.4%x107° S
fref

Qcw = 8.4x107°

log,o(AT,,,./sec)

—9
00 1 2 0.2 0.4 0.6 0.8

Tobs Tobs 1/ I
T, =16.03 yr 1 yrl

-consistent with predictions from SMBH binaries (and many other
source models)
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NANOGrav’s observed correlations

67(67 — 1)

= 2211 distinct pairs

cosmic variance

2211
15

~ 150 pairs per bin

e weighted averages of measured
correlations p_, in each bin

induced covariances
Cab,cd = <pabpcd> o <pab><pcd>

0 30 60 90 120 150 180
Separation Angle Between Pulsars, &, [degrees]

-correlations follow the pattern expected for a GW backgound

e includes contributions from GW-
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1 —CDF

1 Phase shifts

Simulations

Analytic b ackground .......................... .

—2 0 2 4
Noise-Marginalized Mean S/N

NANOGrav’s detection confidence

a<b pabr b/

\/ Zc<d 2,/ ngo

e inner product of measured
and expected correlations
(“matched filter” statistic)

e null distribution has zero mean,
unit variance; but is not Gaussian

-unlikely due to noise alone (prob ~ 1/10,000 ) —> “evidence for”



Possible astrophysical interpretation

0.10

GW Frequency [yr ']
0.25 0.50 0.75

—7.0

log,o(AT,, ./sec)

A\

=== Best-Fit SMBH Binary Model
=== SMBH Binary Model (GW-Only)
-y =13/3

D 1IO 15 2IO 25
GW Frequency [nHz]

pairs of inspiraling supermassive black holes

(masses ~109M®; millions of such binaries)

- environmental interactions remove GW power at low freqs, better fitting data
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Updated analysis

Stochastic gravitational-wave background search
using data from five pulsar timing arrays

Wang-Wei Yu ©@* and Bruce Allen ®7
Max Planck Institute for Gravitational Physics (Albert Einstein Institute),

Leibniz Universitat Hannover, Callinstrasse 38, D-30167, Hannover, Germany
(Dated: April 29, 2026)

Using public pulse time-of-arrival data from five pulsar timing arrays (PTAs), we search for a
stationary, isotropic, and unpolarized nHz stochastic gravitational-wave background (SGWB). This
analysis is more sensitive than previous individual PTA searches because the combined 121-pulsar
dataset is about four times larger than any single PTA’s. For pulsars observed by multiple PTAs,
we employ a new “direct combination” method to merge their astrophysical models and data. This
avoids the challenge of reconciling different PTA timing models to obtain a single “best” model. A
central result of our analysis is the posterior distribution of the amplitude A,,, and exponent g
of the putative SGWB energy-density spectrum, modeled as a power law in frequency. While these
results are consistent with a nonzero SGWB amplitude A,,,, the statistical significance-assessed via
a Bayesian odds ratio and noise-marginalized false-alarm probabilities (p-values) for three detection
statistics-remains below the conventional 50 threshold for a confident detection. The inter-pulsar
timing-residual correlation, reconstructed as a function of angle # between the pulsar lines of sight,
matches the Hellings and Downs (HD) prediction.

Combined analysis using data from 5 PTAs: 121 pulsars

Bayes factor (HD vs CURN): ~26000 vs ~200 (NG 15-yr)

Mean p-value for standard detection statistic: 4.3¢0

0.5-

0.25+

[(0)

0.0

-0.25- { [

0° 30°  60° ' 120° 150° 180°
Separation angle 6 between pulsar sky directions

6o 50 40 30 6o 30
4000 : : — : ; '
—————— mean p i -----mean p
3000_—med|an p ——median p
2000- |
1000- §
free yow i Yow = 13/3
0 — B . . . .
-12 -10 -8 —6 -4 -12 -10 -8 —6 -4

log10 P logi0p
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GW150914, etc PTA observation

deterministic / transient signal

waveforms & coincidence

single binary black hole merger

stellar mass black holes (1 - 100 solar masses)

laser interferometers with km-scale arms

audio frequencies (10’s - 1000 Hz)

GW wavelength >> arm length

“detection of ...” ( >5 sigma)

stochastic / persistent signal

power spectra & cross-correlations

combined signal from a population of approx
monochromatic inspiraling binaries

supermassive black holes (109 solar masses)

galactic-scale detector using msec pulsars, with “arm”
lengths ~100 - few x 1000 light-years

nanohertz frequencies (10-° - 10-7 Hz)
[periods: decades -> months]

GW wavelength << arm length

“evidence for ...” (3-4 sigma)

26



extra slides
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Metronome timing array fap = 135

metronomes 1 and 2

[AJP: Lam et al, 2018] g 100-
https://github.com/josephromano/pta-demo :g !
8 —100-

Y 0 2 4 6 8

metronome n

2 100-
g —100-

i/t)(t) 0 2 4 6 8

microphone time (sec)

1.0 1
X 0.5

AT(r) = ALY p-h@)

Cs

correlation
-
-
I

|
O
N
|

Cs

\

I
(Y
-

|

A
Unif circular motion: AT, ,.(t) = — — cos(2xf~t — 0 | | | | |
apl!) c (27fol + $o = Cus) 0 45 90 135 180

\) .
angular separation, 7, [deg]

31


https://github.com/josephromano/pta-demo
https://github.com/josephromano/pta-demo
https://github.com/nanograv/tabletop_pta/

Metronome demo numbers
e ¢, = 340 m/s

e amplitude microphone motion: A ~ 5 cm

o Period of microphone motion: Tgw = 2 secC

e amplitude microphone motion: &~ 5 cm
e 1834 bpm: T = (.3261 sec

= ().2885 sec

pulse

e 208 bpm: 1

pulse
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Pulsar timing numbers

f ~ 1/few weeks to 1/10 years (107 Hz to 109 Hz)
A~ 0.1to 10 lyr (GW wavelength)

L ~ few 100 - 1000 lyr (distance to pulsars)

A << L (short-wavelength limit)

sensitivity ~ Orms/ Tobs ~ 100 ns/10 yr ~ 10-19

can detect changes ~10 km In the position
of a pulsar at a distance of ~1000 lyr
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