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1.1. Overview and characteristic scales

1.1.1. Aims

Indirect evidence of gravitational waves (GWs) has been available for many
years (see e.g. (Will 2014) for a review). Direct detection on the other hand
had to wait until 2015 (Abbott et al. 2016), that is nearly 100 years after
GWs were predicted to exist in general relativity (GR). These detections by
the LVK collaboration, consisting of the network of LIGO (Aasi et al. 2015),
Virgo (Acernese et al. 2015) and more recently KAGRA (Akutsu et al. 2021)
GW interferometers, are ongoing with new GWs signals being observed on
a weekly basis (LIGO n.d.). In the future more sensitive detectors on earth,
together with ones working in different frequency bands such as the Laser
Interferometer Space Antenna (LISA) (Colpi et al. 2024) as well as Pulsar
Timing Arrays (PTAs), will lead to new observations of the universe, potential
new discoveries, and unprecendented tests of general relativity, cosmology and
astrophysics.

The aim of these first two chapters is to present the basic introductory ma-
terial required to understand GWs. We will address some of following questions:

• What are GWs? How do they emerge from GR? How does one deal
with the symmetries (diffeomorphism invariance) of GR to fix gauges
and coordinates, and what do they imply for the stress energy tensor of
GWs?

• To what GW frequencies fGW are current and future GW detectors sensi-
tive? Why are those detectors designed to be sensitive to particular GW
frequency ranges?

• For a source consisting of two bound compact binaries objects (such as
black holes) of masses m1 and m2 at some distance R from an observer,
what is the characteristic frequency, amplitude etc of the GWs emitted?
Up to what distances R can such sources be detected?

• Using the quadrupole formula (which we derive) what is the waveform of
the emitted GWs and how does it depend for example on the ellipticity
of the bound orbit?

• What sources correspond to the GW events detected by LVK? Are there
other possible GW sources? We give an example of compact binary
sources on unbound orbits and discuss the GW memory effect.

• If we consider sources on cosmological distance scales, how are their am-
plitude, frequency e.t.c. affected by the cosmological expansion?
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In particular, the first chapter will contain a general overview, and the theo-
retical aspects of gravitational waves. The second chapter will discuss detection
and emission from binary systems, addressing most of the questions above.

1.1.2. On wave-like solutions and relativity

Gravitational waves are a natural expectation from GR, simply because it
is a relativistic theory of gravity. To understand why, let us first take a step
back to non-relativistic Newtonian gravity. When the famous apple drops on
Newton’s head, the mass distribution of the Earth changes, and so does the
gravitational field created. In Newton’s time, this variation, however negligible,
was assumed to be the effect of some instantaneous “action at a distance”. After
the discovery that the speed of light is finite, and that all effects in our universe
appear to follow this causal limitation, it seems natural to expect that also the
variations of the gravitational field will not be felt instantaneously in the whole
universe, but will rather be propagated at the speed of light — or less.1 The
propagation of this perturbation of the gravitational field is intuitively what we
call a gravitational wave.

Conceptually, a gravitational wave is similar to a water wave or an elec-
tromagnetic (EM) wave. However, while those propagate a modification in the
depth of water or the intensities of the electromagnetic field, a GW propagates
a modification of the structure of spacetime itself. As for producing one, it is
natural to expect that the Earth emits GWs when orbiting the sun, thus carry-
ing away energy and making the orbit decay, just like a charged particle emits
EM waves when accelerating.

In practise, however, understanding GWs is very subtle for a number of rea-
sons. First of all, the concept itself of propagation makes reference to a back-
ground spacetime, and in GR there is no fixed background structure. Splitting
the dynamical spacetime into a reference background and a perturbation on top
of it is a delicate process in which potential ambiguities have to be dealt with.
In fact many decades passed before a consensus was reached, to the point that,
famously, Einstein himself initially doubted the physical existence of GW, for
reasons that we will briefly review and clarify below. Secondly, if we think of
GWs as waves propagating in a medium, this medium is extraordinarily rigid:
the waves go as fast as possible and have very tiny amplitudes. To give an
idea, the power emitted by the Earth-Sun system in the form of GW is around

1. We will see that Einstein’s relativistic theory of gravity, GR, predicts that —
whatever their wavelength — these variations propagate at exactly the speed of light,
and if some future experiment shows that they propagate at a lesser speed, then this
would be an explicit violation of GR.
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200W! This rigidity has to do with the weakness of the gravitational coupling
constant. One may think that gravity is strong when for e.g. trying to beat a
high jump record, or when skydiving, but this strength is ridiculously small
compared to the much much stronger electro-magnetic force that dominates
our daily life. These two points — background independence and weakness of
the signal — are typical issues that one has to face when studying GWs.

Indeed only very massive and energetic objects can produce GWs of am-
plitudes that are actually detectable. Amongst the most massive and compact
astrophysical objects known are black holes (BH), neutron stars (NS) and white
dwarfs (WD). The GW sources detected to date by the LVK collaboration are
all ‘compact binary systems’ made of a bound pair of BH and/or NS on closed
orbits. As a result of the energy lost through GW emission, the two bodies mak-
ing up the bound system approach closer to each other, inspiralling inwards,
and eventually merging into one final object.In fact the GW signals detected
by the LVK collaboration correspond to the last moments in the life of these
systems including their merger — they are known as ‘compact binary coales-
cences’ (CBC’s). For comparison with the earth-sun system mentioned above,
the energy emitted in GWs by the very first detected GW event GW150914
(Abbott et al. 2016), which was due to the coalescence of two BHs of masses
m1 ∼ 36M⊙ and m1 ∼ 29M⊙, was almost 1048Joules in 0.2 seconds.

The direct detection of GWs can be used to test many aspects of gravity,
for instance in the strong field regime, see e.g. (Yunes and Siemens 2013), as
well as to probe cosmology, as will be discussed later. Indeed, the gravitational
interaction is so weak that the universe is almost completely transparent to a
gravitational wave. As a consequence, one can potentially collect pristine infor-
mation about any cosmological era through GWs, and in particular through the
detection and characterisation of a stochastic gravitational wave background.
Sources relevant to cosmology include primordial GWs produced during infla-
tion but there are also potential new sources to be discovered, such as primor-
dial black holes, cosmic strings, and other exotic objects, see e.g. (Caprini and
Figueroa 2018 ; Caprini et al. 2025) for reviews.

The aim of these first two chapters is not to provide an introduction to
the broad set of fascinating GW sources, confirmed or hypothetical, nor to the
many creative ideas to detect them that have been proposed, investigated and
realised in practise; but only to provide an introduction to the field, and to
that end, we decided to focus on the most common type of sources, and most
common type of detectors: CBCs and laser interferometers. In the rest of this
overview section we review the characteristic properties of GWs emitted by
CBCs and the relevant frequency bands of laser interferometers, in particular
explaining why LVK detectors are sensitive to the merger of stellar mass BH,
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whilst LISA for example to that of supermassive BHs. The rest of the chapter
will present the theoretical derivation of GWs from GR.

1.1.3. Detectors and GW frequencies

The LVK interferometers and future LISA detector are essentially
Michelson-Morley interferometers, designed to be as sensitive as possible to
time-varying changes in the separation between two freely falling test-masses
— mirrors in the case of interferometers. The invariant distance between the
test masses varies when a GW passes (see Section 2.1), leading to a change in
the observed interference pattern in the detector.

• The LVK interformeters are on earth (in Livingston and Handford in the
USA, in Pisa in Europe, and in Kamioka in Japan) and have a typical
arm length L ∼ 3km. They are sensitive to GWs with frequency of order

10Hz ≲ fGW ≲ 5kHz (LVK). [1.1]

• The LISA interferometer (Colpi et al. 2024) was adopted by ESA on
the 25th january 2024, and should be operational in 2037. The distance
between the spacecraft which make up arms of LISA is L ∼ 2.5 · 106km.
LISA will be sensitive to GWs with frequencies in the range

10−4Hz ≲ fGW ≲ 1Hz (LISA). [1.2]

• There are plans to build new interferometers on earth beyond LVK. These
include the Einstein Telescope in Europe (Sathyaprakash et al. 2012) and
Cosmic Explorer in the USA (Reitze et al. 2019), both of which should
have L ∼ 10km, and

few Hz ≲ fGW ≲ 104Hz (ET, CE...). [1.3]

• An alternative to interferometers are PTAs which search for GWs by
exploiting the variation in distance L ∼ 1017km between the earth and a
typical distant galactic pulsar due to GWs. Pulsars emit EM pulses with
extreme regularity ∆t, typically of the order of milliseconds. If GWs are
present, then as the EM pulses propagate from the pulsar to the earth, the
observed ∆tobs will be modulated. PTA experiments searching for these
modulations are sensitive to GWs in the frequency band of the inverse
year,

10−7Hz ≲ fGW ≲ 10−9Hz (PTA). [1.4]
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In 2023 different PTA experiments presented strong evidence for the ex-
istence of a stochastic GW background (Antoniadis et al. 2023 ; Agazie
et al. 2023 ; Reardon et al. 2023 ; Xu et al. 2023).

• Prior to the success of interferometers, there was an effort pioneered by
Weber in the 60’s to use resonant bars to detect GWs, building material
bars whose acoustic modes would resonate at a frequency as near as pos-
sible to that expected from the optimal sources (Weber 1960). These ex-
periments would typically have a narrow-band sensitivity around 103Hz.
In spite of constant experimental evolution throughout the 90’s, no ob-
servation has occurred in this way.

Table 1.1 summarises the different characteristics of the existing experiments,
and in particular the ratio of their characteristic size L to the GW wavelength
λGW = c/fGW.

Characteristic detector GW frequency fGWL L vs λGW
size (km) detectability range (Hz)

LVK ∼ 1 101 − 104 fGWL≪ 1 L≪ λGW
LISA ∼ 106 10−4 − 10−1 fGWL ∼ 1 L ∼ λGW
PTA ∼ 1017 10−9 − 10−7 fGWL≫ 1 L≫ λGW

Table 1.1: Characteristics of different GW detectors and the corresponding GW
wavelength.

1.1.4. Compact binary systems: orders of magnitude and characteristic
scales

LVK and LISA were conceived in order to be sensitive to the particular range
of frequencies that are not only within experimental reach, but also that are
likely to constitute a rich source according to the known astrophysical data.
Amongst those GW sources are compact binary systems. We now focus on
orders of magnitude and characteristic scales for such compact binary system,
consisting of two masses m1,2 at a distance R from the detectors, see figure 1.1.
The expressions given here will be derived later in section 2.4. Furthermore,
the expansion of the universe, neglected here, is considered in Section 2.5.

As shown in figure 1.2, as a consequence of GW emission, the two masses
m1,2 approach each other — the inspiral phase — until they merge — the
merger phase — and form a single object. This object will keep radiating GWs,
in the so-called ringdown phase, until it settles down to an equilibrium state
(which for BHs is expected to be represented by the Kerr or Schwarzschild
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FIG. 1: Sketch of a binary system of masses m1,2 with conserved orbital angular momentum ~J and inclination
◆, at a distance R from di↵erent detectors (LVK, ET and LISA). The approximate frequency bands of each

detector are indicated.
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1. The chirp signal

During the inspiral phase the GW frequency increases with time according to the well-known chirp signal.
Using the dominant quadrupolar mode contribution for point masses m1 and m2 (with spins set to zero), and
assuming circular orbits, the time dependence of the frequency is given by

fGW =
1

⇡

✓
GM
c3

◆�5/8✓
5

256⌧

◆3/8

(5)

see Eq. (210), section VII C. Here the chirp mass is

M ⌘ (m1m2)
3/5

(m1 + m2)1/5
(6)

and

⌧ = t � tc (7)

is the time to coalescence, with tc the coalescence time. Clearly Eq. (5) will break down before ⌧ = 0 where
formally fGW diverges. We thus define a “merger time” tmerger < tc up to which Eq. (5) is assumed valid, and
whose meaning we now discuss.

Figure 1.1: Sketch of a binary system of masses m1,2 with conserved orbital
angular momentum J⃗ and inclination ι, at a distance R from different detectors
(LVK, ET and LISA). The approximate frequency bands of each detector are
indicated.

solutions, according to theoretical and numerical evidence) after which no fur-
ther emission occurs. The typical corresponding waveform, related to the GW
amplitude, is shown in figure 1.2 as a function of time.

• The inspiral phase can be understood with perturbation theory (the
“post-Newtonian (PN) expansion” of the Einstein equations) presented
below, more details in (Thorne 1980 ; Blanchet 2006 ; Poisson and Will
2014).

• The merger phase generally requires numerical relativity, or other tech-
niques such as effective one-body techniques, see e.g. (Deruelle and Uzan
2018) for an introduction. These techniques can also applied to the late
inspiral phase, in particular to understand accurately the GW signal as
the merger is reached.

• The ringdown phase can also be approached with perturbative methods,
namely BH perturbation theory, see e.g. (Kokkotas and Schmidt 1999).
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Time

Strain

inspiral merger ring-down

time

amplitude

Figure 1.2: Sketch of the inspiral, merger and ringdown phases of a CBC with
their corresponding gravitational waveform as a function of time. There is no
analytic method that can reproduce this signal entirely, and different approx-
imation schemes are used. Linearized GR and the PN expansion that will be
explained here can be used for the initial inspiral phase, and extrapolated to
get a first estimate of the merging amplitude.

1.1.4.1. The chirp signal

During the inspiral phase the GW frequency increases with time according
to the well-known chirp signal. Using the dominant quadrupolar mode con-
tribution for point masses m1 and m2 (with spins set to zero), and assuming
circular orbits, the time dependence of the frequency is given by

fGW = 1
π

(
GM
c3

)−5/8( 5
256τ

)3/8
[1.5]

see Eq. [2.101], section 2.4.3. Here the chirp mass is

M≡ (m1m2)3/5

(m1 +m2)1/5 [1.6]

and

τ = t− tc [1.7]
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is the time to coalescence, with tc the coalescence time. Clearly Eq. [1.5] will
break down before τ = 0 where formally fGW diverges. We thus define a
“merger time” tmerger < tc up to which Eq. [1.5] is assumed valid, and whose
meaning we now discuss.

1.1.4.2. Merger frequency
We now assume that the two objects are Schwarzschild BHs, and that merger

occurs at the innermost stable circular orbit (ISCO) namely a distance a =
6GM/c2 with m = m1 + m2. It then follows from Keplers laws (see Sec. 2.4)
together with Eq. [1.5] that

fmerger = 1
63/2π

(
c3

Gm

)
. [1.8]

(Note given a length scale a and a mass m,
√
Gm/a3 has dimensions of fre-

quency. Setting a = 6Gm/c2 gives, modulo factors of 2π, Eq. [1.8].)

• For a binary neutron stars (BNS) system, with say m1,2 ∼ 1.4M⊙ then
Eq. [1.8] gives

fmerger ≃ 1.5kHz (BNS) [1.9]

This is in the upper part of the LVK frequency band.

• For a stellar mass binary black hole (BBH) system with for instance
m1,2 ∼ 35M⊙,

fmerger ≃ 60Hz (stellar mass BBH). [1.10]

This is right in the frequency band of LVK.

• For a massive black hole binary (MBHB) system with for instance m1,2 ∼
106M⊙

fmerger ≃ 10−3Hz (supermassive Binary BHs) [1.11]

which is in the frequency band of LISA.

• Notice that PTA frequencies do not correspond to the merger frequency
of any know astrophysical system. Rather, they correspond to the inspiral
phase of super MBHB at times much before merger, as can be seen from
Eq. [1.8]. Hence these are on broad orbits, with periods of the order of
years.

Detailed figures for the Ligo-Virgo, CE and ET sensitivities as a function of
frequency can be found for instance in (Maggiore et al. 2024). LISA sensitivities
can be found for instance in (Colpi et al. 2024).
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1.1.4.3. Time to merger

If GWs emitted during the inspiral enter the frequency band of a given
detector at frequency flow, then it is straightforward to integrate Eq. [1.5] from
flow to fmerger to find the total duration of the GW signal as will be observed
by the experiment. Assuming fmerger ≫ flow for simplicity, one finds that the
total duration of the signal is

T ∼ 10−3f
−8/3
low

(
c3

GM

)5/3

[1.12]

• For BNS entering the LVK band with flow ∼ 20Hz, this gives T ∼ 4
minutes.

• For BNS entering the ET band with flow ∼ 1Hz, then T ∼ 5 days.
(This implies for example that effects of the rotation of the earth cannot
be neglected when calculating the GW properties in more detail, see
e.g. (Iacovelli et al. 2022) and references within. Also one might expect
other GW signals to be produced in such a long period, overlapping with
the BNS one. This makes data analysis more complex (Samajdar et al.
2021).)

• For stellar mass BHs, with say m1,2 ∼ 35M⊙ entering the LVK band with
flow ∼ 20Hz, then T ∼ 0.1 seconds.

• For stellar mass BHs, with say m1,2 ∼ 35M⊙ entering the ET band with
flow ∼ 1Hz, then T ∼ 300 seconds.

• For MBHB with m1,2 ∼ 106M⊙ entering the LISA band with
flow ∼ 10−4Hz, then T ∼ 1 month.
(The orbital motion of LISA will thus also be non-negligible and
e.g. Doppler effects must considered. Furthermore other LISA sources
will overlap with the MBHB signal.)

1.1.4.4. Amplitude and distance

The dimensionless amplitude of the GW signal scales with distance R to
the source and GW frequency fGW as

h ∼ 4
R

(
GM
c2

)5/3(
πfGW

c

)2/3
. [1.13]
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As an example, consider say stellar mass BBH with m1,2 ∼ 35M⊙ for which
fmerger ∼ 60Hz. In order to generate (at merger) a signal with amplitude h ∼
10−21, which is accessible to LVK, requires

R ∼ 400 Mpc [1.14]

which is of the order of cosmological scales (for comparison, the observable
universe has a scale of c/H0 ∼Gpc, where H0 is the Hubble constant).

Clearly from Eq. [1.13], given M and fGW, the more sensitive a detector,
namely the smaller h can be detected, the further one can detect a given GW
source. The “detection volume” of LVK has been steadily increasing with the
different observing runs of LVK obviously leading to increasing numbers of
detected GW events.

Notice that if such a GW signal is detected, then from the time dependence
of the GW frequency one can directly obtain chirp mass Eq. [1.5]. With that,
from the amplitude one can obtain the distance through Eq. [1.13]. Distance
measurements can thus directly be obtained with GW observations from bina-
ries, hence their name standard sirens (Schutz 1986 ; Holz and Hughes 2005).
This should be contrasted with the case of EM observations (standard can-
dles) for which the determination of the distance is particularly difficult. See
Sec. 2.5 for more information about GWs as distance indicators and their use
in cosmology.

1.1.4.5. Distance between objects at merger

When GWs are emitted with frequency fGW, the two bodies in the compact
binary are separated by a characteristic scale

r ∼
(
Gm

f2
GW

)1/3
[1.15]

(see also the discussion after Eq. [1.8]). Since, from Eq. [1.5], the GW frequency
increases during inspiral, the distance r between the two bodies decreases.
The minimum distance is at the merger frequency fmerger. For example, for
stellar mass BBH with m1,2 ∼ 35M⊙ and fmerger ∼ 60Hz then from Eq. [1.15]
r ∼ O(100)km.

A distance r ∼ O(100)km is tiny compared to the characteristic size of a
star. Some of the most dense stars in the universe — for instance WDs — have
a size ∼ 103km. Main sequence stars have a size which can go up to millions of
km. Thus if GW signals are seen from objects which reach minimum approach
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distances ∼ O(100)km, those objects cannot be stars as they would already
have collided. We must be dealing with BH (or possibly NS) for which the
minimum distance will be determined by the Schwarzschild radius.

1.1.5. Roadmap

Having gone through the overview and discussed these orders of magnitude,
the remainder of this chapter aims to derive formal results on GWs starting
from Einstein’s equations. Many introductions and reviews on GWs already
exist, see for instance (Poisson and Will 2014 ; Maggiore 2007, 2018 ; Blanchet
2006 ; Andersson 2019 ; Deruelle and Uzan 2018) to mention a few. It is a
rich and intricate topic, and each of these reviews tends to have a different
angle on it, whose mutual compatibility may not always be clear to somebody
entering the field. These first two chapters strive at presenting the material
in a way that allows one to understand how the different approaches relate
to one another. They also strive to spend time on some of the subtleties and
delicate conceptual aspects of GR and GWs which are often left to the side
in gravitational wave introductions, such as gauge dependencies, asymptotic
charges and memory effects, and which are becoming more and more relevant as
theoretical research and experiments advance into more accurate comparisons.
In these first two chapters, a reader will therefore find discussions of questions
of such as coordinate invariance, diffeomorphisms and gauge invariance, spin
and helicity, the controversies about the stress energy tensor of GWs, GW
memory effects, and Noether charges. The hope is that although most of the
more advanced material is not needed for a first introduction, its inclusion here
will stimulate the reader, and provide a useful reference for delving further into
the topic.

1.2. Einstein’s equations: general covariance, Noether’s theorem and
gauge transformations

1.2.1. Einstein’s equations and general covariance

Einstein’s great discovery about gravitation was that it can be understood as
the manifestation of the curvature of spacetime. In Wheeler’s words, spacetime
tells matter how to move, matter tells spacetime how to bend.2 Understanding
gravity as a dynamical spacetime has changed profoundly our understanding of
inertia. If we go back to Galilean relativity, an inertial observer is defined as one
moving on a straight line at constant velocity. Special relativity introduces a

2. While pictorially charming, this statement is not exactly true: spacetime can be
extraordinarily bent even in the absence of matter, as black hole solutions show.



DR
AF

T

The theoretical foundations of gravitational waves:
overview and linearized theory 25

non-trivial mixing of space and time, but leaves this notion unaffected: Inertial
observers are still moving on a straight line, even though they are now related
by Poincaré transformations as opposed to Galilean transformations, so to ac-
count for the experimental invariance of the speed of light. But in a curved
spacetime, straight lines may no longer exist. The notion that encompasses
them is the one of geodesics, which describe free-falling observers. Constant
motion on a straight line is simply the flat-spacetime version of free falling.
The understanding offered by general relativity thus has the merit of not only
explaining gravity, but also explaining the origin of inertia. On the other hand,
it changes the perspective on it radically: You reading these notes at your desk
are inertial in Newton’s terms, but accelerated in Einstein’s, since you are being
held by the ground against Earth’s gravitational attraction and not following
a geodesic.

Another profound consequence of a dynamical spacetime metric is that the
field equations of gravity and matter are covariant under general coordinate
transformation, as we will review below, introducing a new paradigm that goes
under the name of principle of general covariance. In a curved spacetime, there
are no more preferred Cartesian coordinates, no more Poincaré transformations
relating inertial observers, and familiar physical concepts such as time evolu-
tion and energy become surprisingly subtle. These aspects of GR are often
glossed over in lectures aiming at introducing gravitational waves, where one
can blissfully rely on the background spacetime introduced by the weak field
approximation and ignore most of them. However we believe they are impor-
tant in order to better appreciate some of the properties of gravitational waves,
provide an understanding that is more conceptual and less application-driven.
We will briefly review these aspects below, and use them as benchmark to dis-
cuss some conceptual aspects of gravitational waves. For instance, the lack of
preferred clocks in a curved spacetime is relieved in the weak field approxima-
tion, where one can use the flat Minkowski background to introduce a class
of Cartesian observers, and select their proper time as preferred time. But the
lack of well-defined notion of energy density is a subtlety that persists also in
the weak-field approximation, and has to be dealt with.

Let us start by recalling Einstein’s equations

Gµν + Λgµν = 8πG
c4 Tµν , [1.16]

where Gµν := Rµν − 1
2Rgµν is the Einstein tensor with Rµν the Ricci tensor

and R the Ricci scalar, and Tµν is the (symmetric) stress-energy tensor of
matter. We use the definitions and conventions of (Poisson and Will 2014), in
particular mostly-plus convention for the spacetime metric gµν . The constants
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G/c4 and Λ are respectively the relativistic gravitational coupling constant and
the cosmological constant. The first can be determined from local gravitational
experiments to be

8πG
c4 ≃ 10−43 kg−1m−1s2. [1.17]

This value is stupendously small, and it is the origin of the ‘rigidity’ of space-
time mentioned in the overview section. The smallness of this parameter has,
on the other hand, a positive side: the gravitational force is so weak that many
of the observed phenomena, and virtually all solar system experiments, can be
studied using the weak field approximation, namely a perturbative expansion
around the Minkowski metric. This is quite helpful because Einstein’s equa-
tions are non-linear and it is in general very difficult to find exact solutions.
Strong gravity effects occur only near very compact objects, and to study them
one has to resort to numerical techniques, or be able to push the perturbative
treatment to high orders.

The cosmological constant Λ can be determined from the observed acceler-
ation of the expansion of the universe assuming homogeneity and isotropy on
large scales, and turns then out to be Λ ≃ 10−52 m−2. This coupling constant
can also be interpreted as a sort of averaged ‘vacuum energy’ density, often re-
ferred to as dark energy since it is not associated to visible matter, and whose
value is ρDE = Λc2/G ∼ 10−28kg/m3. The presence of Λ affects the propaga-
tion of gravitational waves on cosmological distances, but it can be ignored for
a first understanding of the perturbative treatment. We will set Λ = 0 for now,
and restore it below in Section 2.5 when discussing cosmological effects.

Analysis of the 10 field equations in Eq. [1.16] shows (see subsection 1.3.6)
that: four are redundant, because of the Bianchi identities; four are elliptic,
hence describe gravitational degrees of freedom constrained by the sources; two
are hyperbolic, hence contain independent degrees of freedom. This three-sided
structure is a common feature to Maxwell and Yang-Mills theories, with the
role of the Gauss constraint generating gauge transformation replaced by the
so-called Hamiltonian and vector constraints generating diffeomorphisms, and
it is our first indication that coordinate transformations are a gauge symmetry.
A second indication comes from Noether’s theorem, but before talking about
it, let us review how coordinate transformations act.

Recall that a tensor is a quantity that transforms homogeneously under
general coordinate transformations xµ → x′µ(xν). For instance a scalar field, a
vector field and the metric transform respectively as

ϕ′(x′) = ϕ(x), v′µ(x′) = ∂x′µ

∂xν
vν(x), g′

µν(x′) = ∂xρ

∂x′µ
∂xσ

∂x′ν gρσ(x).[1.18]
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The transformation law of a scalar is such that its value at one point P is the
same after the diffeomorphism, since both x and x′ identify the same point, just
in different coordinates.3 The vector and metric do the same, but furthermore
their indices are mixed up using the Jacobian of the coordinate transformation,
or its inverse. A vector field is said to transform as a contravariant tensor of
order one, and the metric as a covariant tensor of order two. Since coordinate
transformations are typically restricted to be differentiable, namely continu-
ous and connected to the identity, they are also invertible, and correspond to
mathematical transformations called diffeomorphisms. In this language, [1.18]
is a diffeomorphism of the metric.

If the coordinate transformation is infinitesimal, we can write it as x′µ =
xµ+ξµ(x), and approximate the transformation rules in [1.18] using the Taylor
expansion (applied to both the field’s argument and the Jacobian). This defines
the infinitesimal transformations

δξϕ := ϕ(x)− ϕ′(x) = ξµ∂µϕ ≡ £ξϕ, [1.19]

δξv
µ := vµ(x)− v′µ(x) = ξν∂νv

µ − vν∂νξµ ≡ £ξv
µ, [1.20]

δξgµν := gµν(x)− g′
µν(x) = ξρ∂ρgµν + 2gρ(µ∂ν)ξ

ρ = 2∇(µξν) ≡ £ξgµν , [1.21]

where we introduced the use of round brackets for index symmetrization (and
we will later on also use square brackets for index anti-symmetrization). Notice
that in all cases we recover as infinitesimal transformation the Lie derivative.
This is a general result valid for any tensor. The third equality in [1.21] is on
the other hand special to the metric tensor, and follows from the expression of
the connection in terms of the metric.

Being written in terms of tensors, Einstein’s equations are automatically
covariant under general coordinate transformations. This is the principle of
general covariance, that played a key role in guiding Einstein to formulate his
theory. One immediate implication is that locally we can always find coordi-
nates such that the metric takes the Minkowski expression at a point, which is
one version of the principle of equivalence. A more subtle implication is that
coordinate transformations must be symmetries of the theory, in other words a

3. This is sometimes misstated by saying that scalars are invariant under coordinate
transformations, which is not true. A quantity is invariant under coordinate trans-
formations if it satisfies the stronger property that its value does not depend on the
coordinates used, which for the scalar field would be the equation ϕ(x′) = ϕ(x). This
is not true in general, but only for isometries — more on this below. A typical example
of coordinate invariance is the integral over the whole manifold of a scalar times the
volume form, as experience from solving integrals via change of coordinates should
show.
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solution can be equivalently written in any coordinate system. To understand
this point, let us consider the Lagrangian description of the dynamics. The field
equations [1.16] are Euler-Lagrange equations of L = LEH + LM, where

LEH = c3

16πG (R− 2Λ)
√
−g [1.22]

is the Einstein-Hilbert Lagrangian density, and LM the matter contribution,
left arbitrary for the moment. Here g = det(gµν), and the word density has
a double meaning: in the physical sense, since cL has the dimensions J m−3

of an energy density, but also in the mathematical sense, since
√
−g makes

it transform not as a scalar but as a scalar density of weight 1. This has the
following consequence. Recall that the general formula for the variation of a
determinant is δg = ggµνδgµν . This implies that £ξ

√
−g = 1

2
√
−ggµν£ξgµν =√

−gNewAµξ
µ, whence £ξ(

√
−gϕ) = ∂µ(

√
−gξµϕ) for any scalar ϕ. Thus, a

Lagrangian density transforms as a total derivative under diffeomorphisms:

£ξL = ∂µ(ξµL). [1.23]

Since total derivative do not affect the field equations, the transformed solutions
are still solutions. We conclude that any diffeomorphism is a symmetry of a
general covariant Lagrangian.

We stress that this result relies crucially on the fact that in a general co-
variant theory the metric is a dynamical field, and not a fixed background. To
appreciate this point and the difference with non-general relativistic physics,
let us consider the matter Lagrangian LM(g, ψ), which depends on both the
metric gµν and the matter fields, which we denote collectively as ψ. Applying
the chain rule, we find

δξLM = δLM

δψ
δξψ + δLM

δgµν
δξgµν + ∂µθ̃

µ = δLM

δψ
£ξψ + δLM

δgµν
£ξgµν + ∂µθ̃

µ

[1.24]

= £ξLM + ∂µθ̃
µ = ∂µ(ξµLM + θ̃µ),

where the second equality follows from [1.19] and [1.21], and θ̃µ is the boundary
term that arises because the Lagrangian depends on derivatives of the fields as
well. Since the result is a total derivative, the field equations are unchanged, and
this means that diffeomorphisms are symmetries also of the matter sector. But
this conclusion relies crucially on treating the metric as a dynamical variable!
In non-general relativistic physics the metric is a non-dynamical, ‘background’
field. Accordingly, there is no variation with respect to the metric, and no
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second term after the first equality of [1.24]. Lacking this term the second
equality breaks down, and δξLM is no longer a boundary term. We find instead

δξLM = ∂µ(ξµLM + θ̃µ)− δLM

δgµν
£ξgµν . [1.25]

This means that only those diffeomorphisms which are isometries are symme-
tries of the non-general relativistic physics, e.g. the familiar Poincaré invariance
of special relativity. Whereas an arbitrary diffeomorphism does not map a so-
lution into a new solution in non-general relativistic physics, and there is no
invariance under general coordinate transformations. The discussion highlights
why general covariance is often referred to as background independence, namely
the absence of any fixed background metric in the theory, or as diffeomorphism
invariance, since every physical observable should be independent of the coor-
dinate used to describe it. General covariance, background independence, or
diffeomorphism invariance, are thus different terms used to capture the same
underlying property of general relativity.

The fact that every solution can be equivalently described in any coordinate
system has a useful analogy with electromagnetism, where every solution can
be described in any choice of gauge for the Maxwell potential. It is actually
much more than an analogy, there is in fact a precise mathematical sense in
which gauge transformations in Maxwell and Yang-Mills theories have the same
property of coordinate transformations in general relativity, which we discuss
next. Making this analogy precise is also useful in the context of gravitational
waves as it will allow us to understand the origin of their gauge dependence
and distinction between physical and unphysical modes.

1.2.2. Noether’s theorem and diffeomorphisms as gauge symmetries

Noether’s theorem proves that every differentiable4 symmetry defines a cur-
rent jµ which is conserved on solutions, namely NewAµj

µ =̂ 0. Here the sym-
bol =̂ means an equality valid only for solutions, or ‘on-shell’, in theoretical
physics jargon. Conserved currents are extremely useful to study the proper-
ties of the dynamics of the system, and to extract general physical predictions.
We have seen above that diffeomorphisms are symmetries of a general covari-
ant Lagrangian, continuous and connected to the identity. Therefore Noether’s
theorem guarantees that there will be a conserved current associated to any
diffeomorphism. However, the application of Noether’s theorem to general rel-
ativity is quite subtle. Let us first recall the difference between ‘proper sym-
metries’ and ‘gauge symmetries’. Both map solutions of the field equations into

4. Namely, continuous and including the identity transformation.
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new solutions. If the new solution is physically distinguishable, we say that it is
a proper symmetry, or a physical symmetry. If the new solution is on the other
hand physically indistinguishable, we say that it is a gauge symmetry: This
typically occurs when there is a redundancy of the field equations, which leaves
some quantities undetermined but irrelevant for the physics. Noether’s theorem
provides a simple test to distinguish the two cases: in the latter, the Noether
current itself vanishes on shell, and not just its divergence. This is precisely the
case with diffeomorphisms in general relativity. In fact, the conserved current
associated with diffeomorphisms of the Einstein-Hilbert Lagrangian [1.22] is
given by

jµξ = c3

8πG

(
(Gµν + Λδµν )ξν −NewAν∇[µξν]

)
. [1.26]

One can immediately verify using the Bianchi identities that ∇µjµξ =̂ 0. On the
other hand, the first term above vanishes on-shell, and the second term is a
total derivative. Therefore, the Noether current itself vanishes on-shell, as an-
ticipated, and there are no conserved quantities (in the absence of boundaries).
Trivial conserved quantities is a hallmark of gauge symmetries as opposed to
physical symmetries, hence the result provides a precise mathematical sense in
which coordinate transformations in general relativity have the same status as
gauge transformations in Maxwell and Yang-Mills theories.5 For this reason,
diffeomorphisms are also referred to as the gauge symmetry of general relativity,
and fixing a coordinate choice as fixing the gauge in general relativity.

Having said so, there is a special situation that stands out: when the dif-
feomorphism corresponds to an isometry, namely a transformation that does
not change the metric. This occurs when [1.21] vanishes, and the corresponding
equation NewA(µξν) = 0 is called Killing equation, and ξ a Killing vector. One
should keep in mind that for a generic metric, this equation does not admit any
solutions: Isometries occur only for very special metrics. These special metrics
are, however, important for physical applications, hence Killing vectors play an
important role. First of all, anyone who is familiar with the study of geodesics
on spacetimes with isometries knows that there are conserved quantities asso-
ciated with the Killing vectors, and which can be derived as Noether charges
for the test particles’ dynamics.

5. A more rigorous approach is to look at the symplectic 2-form, and show that it is
degenerate along gauge transformations and diffeomorphisms.
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More importantly for us, isometries play also an important role in the study
of gravitational waves, because the dynamics of perturbations on a given back-
ground is such that the isometries of the background induce proper symmetries
for the perturbations. We will see this in details in Section 1.3 below.

Before moving on, let us also mention another aspect in which isometries
are important for the full theory. This is a more advanced topic, and will not
be needed in the following, but it allows us to give a more complete picture,
and also a first intuition of how boundaries introduce non-vanishing Noether
charges for diffeomorphisms. If the spacetime has isometries, the Noether cur-
rent [1.26] gives rise to a useful conservation law analogue to the Gauss law
in electromagnism, which we recall states that the total charge in a region is
equal to the flux of the electric field. To see this, we first observe that

NewAνNewA[µξν] = 1
2(Rµνξν −□ξµ + NewAµNewAνξ

ν), [1.27]

an identity which follows from the definition of the Riemann tensor as the
commutator of two covariant derivatives. If ξν is a Killing vector, the second
term gives −Rµνξν and the last term vanishes. Then integrating both sides of
the equation over a 3d portion of space V delimited by two boundaries S1 and
S2, and using Stokes’ theorem, we find

Qξ[S] =
∮
S

NewAνNewA[µξν]dSµ, [1.28]

Qξ[S2]−Qξ[S1] =
∫
V

Rµνξ
νdVµ =̂ 8πG

c4

∫
V

(
Tµνξν − (Λ + T

2 )ξµ
)
dVµ.

[1.29]

The Noether charge [1.28] obtained in this way is known as Komar charge. If
the right-hand side of [1.29] vanishes, the Komar charge is conserved in the
sense that it has the same value no matter which surface S is used, and its
value changes only when the deformations of S include some source terms. If
the right-hand side does not vanish, the Noether charge varies by an amount
determined by the total quantity of energy-momentum in the enclosed region,
see Fig 1.3. As an example, one can consider the Kerr solution, which possesses
two Killing vectors corresponding to stationarity and axial symmetry. Eval-
uating [1.28] on an arbitrary 2-sphere S encompassing the singularity gives
respectively the mass and angular momentum (up to numerical coefficients to
be fixed), independently of the coordinate used and independently of deforma-
tions of S.

While Komar charges are limited to isometries, it is possible to general-
ize the construction of Noether charges and canonical generators to arbitrary
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Figure 1.3: Conservation laws on stationary spacetimes. Evaluating the surface in-
tegral [1.28] on the innermost surface S1 gives a quantity proportional to the energy-
momentum of the planet encompassed. Evaluating it on S2 gives the total energy-
momentum of all stars and planets. The difference between the two surface integral is
proportional to the energy-momentum of the region between them. Finally since there
is no source outside S2, integrating on S2 or S3 gives the same result.

spacetimes, at least in so far as they admit boundaries with non-trivial residual
diffeomorphisms.6 Let us mention three important examples. First, spacetimes
that are asymptotically flat at spatial infinity. The residual diffeomorphisms
compatible with the boundary conditions are the Poincaré transformations of
the flat boundary metric. One can construct Noether charges and canonical
generators for these boundary diffeomorphisms (see e.g. (Iyer and Wald 1994)),
and the result coincides with the Arnowit-Deser-Misner (ADM) charges that
were previously derived with canonical methods. Second, spacetimes that are
asymptotically flat a null infinity. This case is particularly relevant to under-
stand gravitational waves at the non-perturbative level. The residual transfor-
mations are a generalization of Poincaré transformations in which translations
are angle-dependent, an infinite-dimensional extension known as Bondi-Van
der Burg-Metzner-Sachs (BMS) transformations.7 Noether charges for the BMS
symmetry were constructed in (Ashtekar and Streubel 1981 ; Dray and Streubel

6. There is also ongoing research on constructing charges on arbitrary regions in
arbitrary spacetimes.
7. Intuitively, the extension comes about because the induced metric on a null hyper-
surface is degenerate, hence any deformation along that direction leaves the system
invariant.
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1984 ; Wald and Zoupas 2000), and there is a large body of recent literature
on the subject motivated by ongoing applications and developments. Among
these, the application of the Noether approach to horizons and more generally
null boundaries, see e.g. (Chandrasekaran et al. 2018 ; Ashtekar et al. 2022).

1.2.3. Gauge and observers

Even though every physical phenomenon can be described in any coordi-
nate system, some choices can stand out because they simplify the description,
or because they are naturally associated with a class of observers of interest.
For instance in flat spacetime, Cartesian coordinates make the Christoffel’s
symbols vanish, thus simplifying many calculations, and can be associated to
inertial observers, in the sense that they label their rods and clocks. In curved
spacetimes the situation is more complicated because there are no Cartesian
coordinates. To take a simple example, consider the Schwarzschild black hole.
The most common coordinates used to describe this solution are the so-called
‘static ones’, which make time-independence manifest since the metric is inde-
pendent of the time coordinate t. Or in better terms, since the time-translation
Killing vector is simply ∂t. The vector field ∂t describes a family of non-inertial
observers static at a fixed distance outside the black hole, whose time delays are
related by

√
−gtt. The Schwarzschild static coordinates are naturally associated

to these observers. An alternative choice are Gullstrand-Painlevé coordinates,
whose t describes the proper time of observers radially free-falling into the black
hole. Another choice is the ‘temporal gauge’ defined by

g0µ = (−1, 0, 0, 0), [1.30]

in which the radially free-falling observes are all synchronized,8 whence the
alternative name of ‘synchronous gauge’. For Schwarzschild, this gauge can be
achieved using Lemaitre coordinates. The synchronization may look like a nice
feature, but in these coordinates the spatial part of the Schwarzschild metric
is explicitly dependent on the coordinate t! Therefore its staticity is hidden,
and has to be verified by the existence of a time-translational Killing vector.
In this example we can see the analogy between coordinate choices and gauge
choices in electromagnetism very clearly. An electrostatic potential is more
conveniently described in the Coulomb gauge because it makes the potential
manifestly time-independent. But it can be described in any other gauge, and
if we use the temporal gauge A0 = 0, the potential acquires an inconvenient
time dependence which is pure gauge and hides the staticity of the system.

8. This requires giving them non-zero energy, as opposed to the Gullstrand-Painlevé
observers that have zero energy.
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The temporal gauge [1.30] can be chosen for any spacetime in a given coor-
dinate chart. If it is done, it fixes completely the 4-dimensional diffeomorphism
freedom in the chart. It is thus an example of complete gauge fixing,9 and the
resulting coordinates describe free-falling observers with synchronised clocks.
It means that in the temporal gauge the coordinates are attached to free-falling
test bodies, and this can be a very useful choice in many situations.

One shortcoming of the temporal gauge is that it may ‘squeeze’ physi-
cal information in field components one would not naturally expect, as the
Schwarzschild example in Lemaitre coordinates shows. Another one is that it is
non-symmetric among the components, in the sense that it relies on an initial
choice of coordinate to be taken as the time. An example of symmetric gauge
is the harmonic gauge, which is satisfied by coordinates such that

□xµ = Γµνρgνρ = ∂ν(
√
−ggµν) = 0, [1.31]

where □ = NewAνNewAν is the curved spacetime d’Alembertian. The symme-
try makes this a convenient choice in many dynamical situations. For instance,
it is the gauge in which it is easiest to see that the initial value problem is
well-posed (Choquet-Bruhat 1952), and the one in which it is easiest to study
gravitational waves, where it gives rise to a gauge preserving the Lorentz covari-
ance of the Minkowski background. Notice that [1.31] is not a complete gauge
fixing of the 4-dimensional diffeomorphism freedom, as there are infinitely many
solution of the wave equation, hence infinitely many choices of harmonic coor-
dinates for a given metric. To obtain a complete gauge fixing one has to specify
a unique set of harmonic coordinates with additional conditions.

One version of the equivalence principle states that purely local experiments
can not distinguish the presence of gravity. In the formalism of general rela-
tivity, this is embodied in the fact that at any given point in spacetime it is
possible to find coordinates so that the metric is flat and its first derivative
vanish. A coordinate system that achieves this is called a local inertial frame.
Only an experiment that can probe second-order variations in the metric would
be able to see the effect of gravity in a coordinate-independent way, and these
variations are the tidal forces that show up in the geodesic deviation equation.
An example of local inertial frame is provided by Riemann normal coordinates,

9. Complete here refers to the 4-dimensional picture. There remains the freedom of
time-independent 3-dimensional diffeomorphisms, namely of choosing the coordinates
on one – and one only – given hypersurface.
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which are constructed around a given point so that the Taylor expansion of the
metric components around that point taken as the origin gives

gµν = ηµν + cµνRµρνσx
ρxσ +O(x3), [1.32]

where cµν = −1/3 ∀µ, ν.10 This gauge fixing specifies coordinates only in the
neighbourhood of a point and not in a full coordinate chart, but it is still per-
fectly sufficient to describe the physics of a local inertial frame around that
point. It is also possible to find coordinates such that the Christoffel’s sym-
bols vanish everywhere along a chosen time-like geodesic. Such coordinates
are known as Fermi normal coordinates, and describe a free-falling local iner-
tial frame. The metric takes the same form [1.32], but with c00 = −1, c0a =
−2/3, cab = −1/3. The difference between temporal gauge and Fermi normal
coordinates is that in the first case every observer at constant spatial coordi-
nates is free falling, whereas in the second case only the observer going through
the origin along the ∂t geodesic is free falling.

1.3. Perturbative treatment of Einstein’s equations

1.3.1. The idea: general background spacetime

Perturbation theory can be set up choosing a background metric ḡµν and
writing

gµν = ḡµν + hµν , [1.33]

with the assumption that |hµν | ≪ 1 in some chosen coordinate system, so that
it can be treated as a perturbation. One can then systematically Taylor-expand
all metric functionals around the background, starting with the inverse metric
gµν = ḡµν − hµν +O(h2) and Levi-Civita connection

Γµνρ = Γ̄µνρ + Γ(1)µ
νρ +O(h2), Γ(1)µ

νρ = 1
2 ḡ

µσ(2∂(νgρ)σ − ∂σgνρ), [1.34]

and attempt to solve the field equations order by order:

Ḡµν +G(1)
µν +G(2)

µν + . . . = 8πG
c4 (T̄µν + T (1)

µν + T (2)
µν ) + . . . [1.35]

10. This formula is only valid in certain coordinate choices, hence the non-covariant
notation with the µν indices repeated but not summed over.
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Here Ḡµν = Gµν(ḡ), T̄ = T (ḡ), G(1)
µν = Gµν(ḡ;h), and so on. Explicit expres-

sions will not be needed here, but are given in Appendix 1.4 for completeness.
The lowest order of the procedure is straightforward, one just has to be con-
sistent with the treatment of the matter energy-momentum tensor: if we want
to expand around a background which is a vacuum solution, we need Ḡµν = 0
hence we should treat matter as a first order perturbation. Then the first order
equation to solve is

G(1)
µν = 8πG

c4 T̄µν . [1.36]

Solving this equation determines hµν in terms of its independent degrees of
freedom, the background solution and the matter content. To go to second
order, we add a second perturbation, writing

gµν = ḡµν + hµν + h(2)
µν . [1.37]

Then G(2)
µν = G(2)

µν(h) + G(1)
µν(h(2)) has two contributions, and we solve for h(2)

using

G(1)
µν(h(2)) = 8πG

c4

(
T (1)
µν + tG

µν

)
, tG

µν := − c4

8πGG
(2)
µν(h). [1.38]

Notice that the first order solution feeds back as a source for the second order so-
lution, a standard procedure from perturbatively solving non-linear equations.
The same procedure applies also to the case when matter fields contribute to
the background as well. Although we wrote the perturbative expansion us-
ing dimensionless quantities only, it is always possible to rescale the metric
perturbation by

√
G, so that the kinetic term of the free-field Lagrangian is

canonically normalized. Then the expansion is a power series in G, and it is
also referred to as post-Minkowskian (PM) expansion, when the background is
flat. In many cases the equations are still to hard to solve at each order, and one
needs to look for additional approximations. A very common one is the non-
relativistic approximation, also known as post-Newtonian (PN) expansion, in
which one starts from a source that moves at small velocity with respect to the
background flat metric, namely with v ≪ c, and expands in powers of v2/c2.
Alternative approximation schemes include the Bondi asymptotic expansion
which is perturbative in the inverse distance from the source but valid at all
orders in G and v2/c2 (Bondi et al. 1962 ; Sachs 1962); the extremal mass ratio
inspiral (EMRI) and self-force expansion for a two-body system where the small
parameter is the mass-ratio (Barack and Pound 2019); the effective one-body
approach based on resummed PN results (Buonanno and Damour 1999), and
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more recently the effective field theory approach based on tools from quantum
field theory (Goldberger and Rothstein 2006).

On top of the technical difficulties, there is also a conceptual one: truncating
at any order beyond the lowest breaks covariance. Expanding both sides of [1.21]
with [1.33], we obtain

δξ ḡµν + δξhµν = £ξ ḡµν + £ξhµν . [1.39]

We assume that the background metric is fixed once and for all and unaffected
by diffeomorphisms, namely δḡµν = 0 and δξ ḡµν = 0,11 and define the effect of
the linearized diffeomorphism on the perturbation to be

δξhµν = £ξ ḡµν + £ξhµν . [1.40]

The key point is that the right-hand side contains terms of different order in
hµν . This is why different orders of the perturbative expansion must be included
in order for diffeomorphisms to be a symmetry, and conversely truncating at a
fixed order breaks covariance. It is instructive to prove this in detail, because it
highlights the special features that occur for the quadratic Lagrangian, namely
the free theory, for which covariance is on the other hand possible.

To study the symmetries of the perturbative expansion, we write the per-
turbed Lagrangian as follows

L(ḡ + h) = L̄+ L̄(1)µνhµν + 1
2hµνL̄

(2)µνρσhρσ + . . . , [1.41]

where barred quantities only depend on ḡ and not on the perturbation. Using
[1.40], the infinitesimal variation gives

δξL = L̄(1)µν£ξ ḡµν + L̄(1)µν£ξhµν + hµνL̄(2)µνρσ£ξ ḡρσ [1.42]

+ hµνL̄(2)µνρσ£ξhρσ + 1
2hµνhρσL̄

(3)µνρστλ£ξ ḡτλ + . . . .

11. It is also possible to interpret [1.39] as δξ ḡµν = £ξ ḡµν and δξhµν = £ξhµν .
The proof that this is a symmetry is identical. However this definition of perturbed
transformations is less interesting physically, because it is more natural to compare
perturbations when they are defined with respect to the same background.
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All terms can be collected into Lie derivatives:

L̄(1)µν£ξ ḡµν = £ξL̄, [1.43]

L̄(1)µν£ξhµν + hµνL̄(2)µνρσ£ξ ḡρσ = £ξ(L̄(1)µνhµν), [1.44]

hµνL̄(2)µνρσ£ξhρσ + 1
2hµνhρσL̄

(3)µνρστλ£ξ ḡτλ = 1
2£ξ(L̄(2)µνρσhµνhρσ),

[1.45]

and so on. Each Lie derivative gives a boundary term through [1.23], hence
[1.40] is indeed a symmetry of the full Lagrangian. However, in every case
except the lowest one, getting a boundary term for L̄(n) requires both L̄(n) and
L̄(n+1), hence if we truncate the series at a fixed order, we lose covariance.

There are two special features that occur at the quadratic order. First, if we
take the background to be a solution, the first term in [1.44] vanishes, hence

δξhµν = £ξ ḡµν [1.46]

is a symmetry of the quadratic Lagrangian. Second, if the background has
isometries, then the term proportional to L̄(3) in [1.45] drops out, and then

δξhµν = £ξhµν [1.47]

is a symmetry of the quadratic Lagrangian. This shows that isometries play
a special role in perturbation theory. For a generic on-shell background the
symmetry of the quadratic Lagrangian is [1.46]. But if the background has
isometries, we have two different realization of the diffeomorphism symmetry
in the quadratic Lagrangian: [1.46] for a generic diffeomorphism, and [1.47] for
a Killing vector. To make this consistent with the perturbative expansion, we
treat a Killing ξ as zero-th order, and a non-Killing ξ as first order.

We stress that [1.46] and [1.47] are symmetries only for the quadratic La-
grangian. From the cubic Lagrangian onwards, there is no symmetry at fixed or-
der in hµν . The only symmetry is the combined [1.40] and requires two different
perturbative orders of the Lagrangian. This fact has immediate consequences
for the expanded Einstein tensor [1.35]. Since the leading order G(1) comes from
the quadratic Lagrangian, it is invariant under [1.46]. But G(2)

µν which is derived
from the cubic Lagrangian is not invariant. As a consequence, the quantity tG

µν

appearing in [1.38] is not gauge invariant. This means that it does not provide
a meaningful notion of gravitational energy-momentum tensor. We will come
back to this important point below.
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Even though both symmetries [1.46] and [1.47] descend from the same dif-
feomorphism invariance of the theory, which is a gauge symmetry, they have
a different status at the perturbative level. Applying Noether’s theorem to
the quadratic Lagrangian, we find that the generic diffeomorphisms still have
vanishing conserved current, and therefore maintain their status of gauge sym-
metries. However the diffeomorphisms corresponding to isometries of the back-
ground have non-vanishing Noether charges, indeed just like a standard theory
on flat spacetime. A related difference is that the field equations are invariant
under [1.46], hence there are linear dependencies in the equations and some
field components are left undetermined, and covariant under [1.47], and there
are no constraints associated with them.

1.3.2. Weak-field approximation

The weak-field approximation is a special case of the perturbative expansion
in which the background spacetime is Minkowski,

gµν = ηµν + hµν . [1.48]

For instance in the solar system spacetime is approximately flat, hence it can be
described using this approximation.12 We further use Cartesian coordinates, so
all covariant derivatives become partial derivatives. In this case the linearized
Einstein equations [1.36] take the simple form

□hµν − 2∂(µ∂ρh
ρ
ν) + ∂µ∂νh+ ηµν(∂ρ∂σhρσ −□h) = −16πG

c4 Tµν , [1.49]

where □ is the d’Alembertian in flat spacetime.

Let us study the symmetries of [1.49]. The Minkowski background has ten
isometries, the Poincaré transformations. We parametrize them with vector
fields

ξµ = aµνx
ν + bµ, [1.50]

where aµν and bµ are constants, and a(µν) = 0. According to the general
discussion of the previous section, we expect two different types of symmetries

12. In first approximation, we can describe the solar system’s metric using the
Schwarzschild solution with M the mass of the sun. Then the curvature scale can
be estimated writing the Kretschmann scalar in static coordinates, and this gives
RµνρσRµνρσ = 48G2M2c−4r−6 ∼ 10−27m−4(R⊙/r)6 which is extremely small.
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in [1.49], both induced from diffeomorphism invariance of the full theory, and
corresponding to those linearized diffeomorphisms that are isometries or not of
the background. For diffeomorphisms corresponding to isometries, [1.47] gives

δξhµν = £ξhµν = (aρσxσ + bρ)∂ρhµν + 2aρ(µhν)ρ. [1.51]

This is the transformation of a rank-2 tensor in Minkowski under Poincaré
transformations. For generic diffeomorphisms that are not isometries, [1.46]
gives

δξhµν = £ξηµν = 2∂(µξν). [1.52]

Both transformations are symmetries of [1.49], the difference being that the first
changes the equations but in a covariant way, whereas the second leaves them
invariant. This can be checked easily on the left-hand side. For the right-hand
side, one has to pay attention to the behaviour of the energy-momentum tensor.
Assuming the background η to be a solution requires that we are treating the
matter fields as first order in perturbation theory. Then it transforms as £ξTµν
for a Killing ξ, whereas its transformation under generic diffeomorphisms is
second order, hence it does not affect the linearized equations.

The presence of the d’Alambertian in the linearized field equations suggests
that wave solutions are indeed possible. However, there is an intricate tensorial
structure that needs to be dealt with. Before doing so, let us discuss what it
means for a wave to be ‘tensorial’. The waves that we are most familiar with,
such as water waves or sound waves, are scalar waves, namely the quantity
whose perturbation propagates following the wave equation is a scalar function,
such as the height of the water or the pressure of the air. Electromagnetic
waves on the other hand propagate changes in the electric and magnetic field
which are described by vectors, and are thus ‘vectorial’ waves. The difference
between scalar, vectorial and tensorial waves can be described in terms of spin.
The reader already familiar with these concepts, or the reader interested in
looking first at the explicit solutions without these details, can skip the next
subsection.

1.3.3. Spin and helicity

Tensors in Minkowski spacetime belong to finite-dimensional representations
of the Lorentz group. This property can be used to decompose each tensor
into irreducible parts, namely parts that are not mixed with one another by
a Lorentz transformation. The irreducible parts can be labelled by a pair of
half-integers (j1, j2), and contain (2j1 + 1)(2j2 + 1) components. For instance,
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a 4-vector vµ transforms under the irreducible Lorentz representation ( 1
2 ,

1
2 )

with 4 components, and a symmetric tensor hµν transforms under the reducible
Lorentz representation (1,1)⊕ (0,0) with 9 + 1 = 10 components.

The representations can be further subdivided if we pick a time direction
τµ, and restrict attention to the rotation subgroup of the Lorentz group that
preserves it. The subsets of the tensor which are irreducible with respect to
the rotation subgroup are called spin representations, and their allowed values
given by the Clebsch-Gordan addition rule (j1 +j2, j1 +j2−1, . . . , |j1−j2|). For
instance a vector contains the two spin representations 1⊕0, and a symmetric
tensor the four spin representations 2 ⊕ 1 ⊕ 0 ⊕ 0. To be more explicit let us
take τµ = (1, 0, 0, 0). The rotation subgroup that preserves it has the form

Rµν =
(

1 0⃗
0⃗ Rab

)
, Rab ∈ SO(3). [1.53]

It is then immediate to see that the spin-1 and spin-0 representation of the 4-
vector are the spatial vector va and the spatial scalar v0 respectively. Similarly
for a 1-form vµ, the spatial and time components va and v0. For a symmetric
tensor, the four spin representations are

h⟨ab⟩ = hab −
1
3δabh

c
c, h0a, h00, hs := hcc. [1.54]

The spin 0 representation has one component, the spin 1 has three, and
the spin 2 has five. These different components can be classified choosing a
reference spatial axis and looking at the eigenmodes of the rotation generator
along that axis. To fix ideas let us choose the z axis. The rotation matrix that
preserves it is

Rab =

 cos θ − sin θ 0
sin θ cos θ 0

0 0 1

 . [1.55]

Inserting this in [1.53] and acting on a 4-vector vµ we obtain v′µ = Rµνv
ν ,

where

v′0 = v0, v′x = cos θvx − sin θvy,

v′y = sin θvx + cos θvy, v′z = vz. [1.56]



DR
AF

T

42 GRAVITATIONAL WAVES

The temporal and the z component, which is longitudinal along the rotation
axis, are invariant. The components x and y, which are transverse to the ro-
tation axis, transform among themselves, and we can diagonalize the action
introducing

v± := vx ± ivy, v′± = e±iθv±. [1.57]

In this way we have identified all 4 eigenmodes of the vector. We can equiva-
lently describe the decomposition in terms of a basis of eigenvectors. If we start
from the canonical basis eµI := δµI , where I = 0, . . . 3, then the eigenvectors are

ϵµ0 = eµ0 , ϵµL = eµ3 , ϵµ± = 1√
2

(eµ1 ∓ ie
µ
2 ), [1.58]

and their corresponding eigenvalues

Rµνϵ
ν
0 = ϵµ0 , Rµνϵ

ν
L = ϵµL , Rµνϵ

ν
± = e±iθϵµ±. [1.59]

The integers 0 and ±1 that appear in front of the rotation angle θ are the
projection of the spin along the z axis. Since our convention for vector rotations
is anti-clockwise, the +1 (resp. −1) component can be also referred to as right-
handed (resp. left-handed).

Acting on a symmetric tensor hµν we obtain h′
µν = RρµR

σ
νhρσ, where

h′
00 = h00, h′

0z = h0z, h′
s = hs, h′

zz = hzz [1.60a]

h′
0x = cos θh0x + sin θh0y, h′

0y = − sin θh0x + cos θh0y, [1.60b]

h′
xz = cos θhxz + sin θhyz, h′

yz = − sin θhxz + cos θhyz, [1.60c]

and

h′
xx = cos θ(hxx cos θ + hxy sin θ) + sin θ(hxy cos θ + hyy sin θ), [1.60d]

h′
xy = − sin θ(hxx cos θ + hxy sin θ) + cos θ(hxy cos θ + hyy sin θ), [1.60e]

h′
yy = − sin θ(hxy cos θ − hxx sin θ) + cos θ(hyy cos θ − hxy sin θ). [1.60f]

The last three can be disentangled if we define

h+ := 1
2(hxx − hyy), h× := hxy, hs := hxx + hyy + hzz. [1.60g]
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Then,

h′
+ = cos 2θh+ + sin 2θh×, h′

× = − sin 2θh+ + cos 2θh×, [1.60h]

and

h±2 := 1√
2

(h+ ∓ ih×), h′±2 = e±2iθh±2. [1.60i]

We have thus identified all ten eigenmodes of a symmetric rank-2 tensor under
the z rotations.

To write the eigenvectors, we introduce a canonical basis in the space of
symmetric 4× 4 matrices,

eIJµν =
{

δIµδ
J
ν I = J

1√
2 (δIµδJν + δJµδ

I
ν) I ̸= J

[1.61]

Then

ϵ0
µν = e00

µν , ϵs
µν = 1√

3
(e11
µν + e22

µν + e33
µν),

w±
µν = 1√

2
(e01
µν ± ie02

µν), wL
µν = e03

µν , [1.62a]

ϵT±
µν = 1

2(e11
µν − e22

µν)± i√
2
e12
µν , ϵL±

µν = 1√
2

(e13
µν ± ie23

µν),

ϵLL
µν = 1√

6
(e11
µν + e22

µν − 2e33
µν) [1.62b]

with eigenvalues

RρµR
ρ
ν ϵ

i
ρσ = ϵi

µν , for i = 0, s,LL RρµR
ρ
ν w

L
ρσ = wL

µν , [1.63]

RρµR
ρ
ν ϵ

±
ρσ = e±2iθϵ±µν , RρµR

ρ
ν w

±
ρσ = e±iθw±

µν , RρµR
ρ
ν ϵ

L±
ρσ = ϵ±iθwL±

µν .

[1.64]

The spin-2 components eT±, eL± and eLL carry respectively the ±2,±1 and 0
modes of the z-projection. The spin-1 components w± and wL carry ±1 and 0
modes as in [1.59], and e0,s are the remaining two spin-0 modes from [1.54].

The discussion so far concerned global vectors and tensors. In the case of
electromagnetism and gravity linearized around Minkowski we work with vec-
tor and tensor fields, Aµ(x) and hµν(x). The mode decompositions described
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above are then applied locally in Fourier space. Each Fourier mode Ãµ(k) and
h̃µν(k) is characterized by a wave vector k, and we can use its spatial direc-
tion to classify the spin components. With some abuse of language, we will
often refer to the wave vector as the momentum of the wave. The eigenvalues
of the projection of the spin along the momentum are called helicities, hence
when this basis is chosen the mode decomposition is called helicity decompo-
sition. The notion of helicity is closely related to the notion of polarization.
More precisely, modes of helicity ±1 describe waves of right-handed and left-
handed circular polarization respectively, and different linear combinations can
be taken to describe for instance linear or elliptic polarizations. The helicity-
1 linear polarizations are simply the x and y components, and the helicity-2
linear polarizations are

ϵ+µν = 1√
2


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

 , ϵ×
µν = 1√

2


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 . [1.65]

The labels stand for ‘plus’ (not to be confused with the plus used in the circular
polarizations, and which will not be used in the following) and ‘cross’, and the
reason will become clear below.

The helicity decomposition with an arbitrary momentum k⃗ can be conve-
niently described introducing the transverse and longitudinal projectors

T ab := δab −
kakb

k⃗2
, Lab := kakb

k⃗2
. [1.66]

Using these, we can decompose a spin-1 vector as follows,

Aa = AaT +AaL, AaT = P (1)
T

a
bA

b, AaL = P (1)
L

a
bA

b, [1.67]

where

P (1)
T

a
b = T ab , P (1)

L
a
b = Lab , P (1)

T + P (1)
L = P (1); [1.68]

and a spin-2 tensor as follows,

h⟨ab⟩ = hTT
ab + hL

ab + hLL
ab , hTT

ab = P (2)
TT

cd
abhcd

hL
ab = P (2)

L
cd
abhcd, hLL

ab = P (2)
LL

cd
abhcd, [1.69]
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where

P (2)
TT

ab
cd = T a(cT

b
d) −

1
2T

abTcd, P (2)
L

ab
cd = T a(cL

b
d) + T b(cL

a
d), [1.70]

P (2)
LL

ab
cd = 1

3

(
1
2T

abTcd + 2LabLcd − T abLcd − LabTcd
)
,

P (2) = P (2)
TT + P (2)

L + P (2)
LL .

We can then identify the helicities of the different projectors studying how they
transform under a rotation with axis k⃗. For simplicity let us consider the case
when k⃗ is in the z direction, so that we can use the formulas already derived
for the eigenvectors. In this case,

T ab =

 1 0 0
0 1 0
0 0 0

 , Lab =

 0 0 0
0 0 0
0 0 1

 . [1.71]

Then [1.67] reduces to AT
a = (Ax, Ay, 0) and AT

a = (0, 0, Az). Comparing these
to the earlier decomposition [1.59], we conclude that the transverse projector
contains the ±1 helicity modes of a spin-1 field, and the longitudinal projector
the 0 helicity mode. The spin-2 projectors based on [1.71] give

P (2)
TT

ab
cdh

cd = (ThT )ab − 1
2Tr(Th)T ab

=

 1
2 (hxx − hyy) hxy 0

hxy − 1
2 (hxx − hyy) 0

0 0 0

 =

h+ h× 0
h× −h+ 0
0 0 0

 , [1.72a]

P (2)
L

ab
cdh

cd =

 0 0 hxz
0 0 hyz
0 0 0

 , P (2)
LL

ab
cdh

cd = 1
6(hxx + hyy − 2hzz)

 1 0 0
0 1 0
0 0 −2

 .

[1.72b]
Comparing these to the earlier decomposition [1.62], we conclude that the spin-
2 part of the gravitational perturbation can be decomposed into 5 helicity
modes ±2,±1, 0, which are carried respectively by the TT, L and LL compo-
nents.

The spin-helicity interpretation of the components of hµν is a kinematical
classification based on a choice of reference frame given by the time direction13

13. Which we have chosen to coincide with t of the background Cartesian coordinates.
However the whole spin-helicity description is Lorentz covariant. The spin projectors
for an arbitrary time-direction τµ, τ2 = −1, are

P (1)µ
ν = qµ

ν := δµ
ν + τµτν , P (0)µ

ν = −τµτν , 1( 1
2 , 1

2 ) = P (1) + P (0), [1.73]
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and the spatial direction k⃗. The next question is which of these components
are dynamical. If the field satisfied the simple wave equation □hµν = 0, then
all components would be dynamical, and the field would carry 10 independent
degrees of freedom corresponding to all the helicity states described above. But
this is not the case of [1.49], because of the additional derivative operators
present, and the gauge redundancy. One way to identify the degrees of freedom
is to fix the gauge and study the resulting solutions. This is what we do next.

1.3.4. De Donder and TT gauges

The gauge symmetry can be exploited to simplify the linearized field equa-
tions. This can be done using [1.52] to put the metric perturbation in a form
where it satisfies

∂µh
µ
ν −

1
2∂νh = 0. [1.75]

Doing so eliminates all terms containing divergences. The linearized field equa-
tions [1.49] are thus equivalent to

□h̄µν = −16πG
c4 Tµν , ∂µh̄

µν = 0, h̄µν := hµν −
1
2ηµνh. [1.76]

The short-hand notation h̄µν is introduced for convenience, and it is known as
trace-reversed perturbation, since h̄ = −h. The condition [1.75] is called De
Donder gauge in the literature, but also Lorenz gauge, in analogy with electro-
magnetism, and harmonic gauge, because it preserves harmonic coordinates,
as can be seen linearizing [1.31]. The compatibility of the coupled system is
guaranteed by the fact that ∂µTµν vanishes on solutions of the matter field
equations, more on this in Section 2.2.1 below.

for a vector, and

P (2)µν
ρσ = δµ

(ρδν
σ) + τµτ(ρδν

σ) − 1
2qµνqρσ, P (1)µν

ρσ = −τµτ(ρqν
σ),

P (0)µν
ρσ = τµτρτντσ, P (0)

s
µν
ρσ = 1

2qµνqρσ, [1.74]

1(1,1)⊕(0,0) = P (2) + P (1) + P (0) + P (0)
s ,

for a symmetric tensor. One can also write the helicity projectors as 4d covariant
objects encoding τ in a choice of null vector transverse to kµ, see e.g. (Weinberg
2005).
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The condition [1.75] does not fix completely the 4-dimensional diffeomor-
phism symmetry. Intuitively, this occurs because we are not fixing metric coeffi-
cients, but only their derivatives. To make the residual freedom explicit, observe
that the diffeomorphism required to put an arbitrary metric perturbation in
De Donder form is given by a solution of the equation

□ξµ = −∂νhµν + 1
2∂

µh. [1.77]

But for a given initial metric, this equation admits infinitely many solutions,
parametrized by the zero modes of the d’Alembertian operator. In other words,
once the De Donder condition is satisfied, there remains a residual freedom
of gauge transformations that satisfy □ξµ = 0. Thus the De Donder gauge
contains in fact an infinite family of inequivalent gauge fixings. For this reason,
it may be more appropriate to refer to [1.75] not as a gauge fixing condition,
but rather a family of gauge fixings. The simpler albeit vaguer term De Donder
gauge is, however, the one in use in most of the literature.

If need be, a unique representative of the De Donder gauge can be specified
fixing the solution of □ξµ = 0 in terms of initial data at a reference t = 0
hypersurface. Such initial data can always be chosen such that any four com-
ponents of hµν and their time derivatives vanish there. For vacuum solutions,
this means that the chosen components vanish everywhere. It is convenient to
apply this procedure and set to zero the components h̄, so that h̄µν = hµν , and
h0a. Then the De Donder condition implies that also ∂ahab and ∂0h00 vanish
everywhere. The vacuum equations then imply ∂⃗2h00 = 0, hence the only solu-
tion with vanishing boundary conditions is h00 = 0. We conclude that in this
gauge, vacuum solutions satisfy

h = h00 = h0a = ∂ah
ab = 0, hab = hTT

ab . [1.78]

This shows explicitly that there are only two independent degrees of freedom.
We call this choice the transverse-traceless gauge (TT gauge in short), since
in this gauge, vacuum solutions coincide with the transverse-traceless pertur-
bations. We stress that this property and the equations [1.78] are only valid
for vacuum solutions. In other words, [1.78] is not the definition of a gauge
condition, but rather the specific value that solutions take in a certain gauge.
The analogue for solutions with sources will be discussed below. Notice also
that h0µ = 0 is the linearized approximation of [1.30]. Therefore the TT gauge
of vacuum solutions implies the temporal gauge, hence the TT coordinates
describe free-falling observers.

In the presence of sources on the other hand, even if we set to zero 4 com-
ponents and their time derivatives on the chosen initial hypersurface, they will
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no longer be zero in the future causal domain of the sources. In this case there
are more convenient choices to specialize the De Donder gauge condition, as
we will discuss below.

1.3.5. Vacuum solutions

Let us flesh out these considerations by looking at the explicit form of
the vacuum solutions. This will make it clear that the identification of the
degrees of freedom with the transverse-traceless modes is a gauge-invariant
statement. The vacuum equations can be solved straightforwardly taking linear
combination of plane waves via the Fourier transform

hµν(x) = Re
∫
d4k h̃µν(k)eik·x. [1.79]

Imposing the vacuum equations and the De Donder condition [1.76] requires

k2 = 0, kµh̃µν = 1
2kν h̃. [1.80]

The first equation is solved by k0 = ±|⃗k |, and we denote ω := k0c > 0 for a
future-pointing 4-momentum, thus

k · x = −ω(t− z/c). [1.81]

The second equation gives a linear system of 4 conditions on the 10 components
of the matrix. In the frame where k⃗ is along the z axis, we take as independent
components

h̃0µ, h+ = h̃xx, h× = h̃xy, [1.82]

and then the system is solved by

h̃xz = −h̃0x, h̃yz = −h̃0y, h̃zz = −h̃00−2h̃0z, h̃yy = −h̃+.[1.83]

Therefore the general solution for a real, monochromatic wave with frequency
ω and propagating along the z axis is a 6-parameter family given by

hµν(x) =


h̃00 h̃0x h̃0y h̃0z

h+ h× −h̃0x
−h+ −h̃0y

−h̃00 − 2h̃0z

 cos(k · x). [1.84]
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The solution, however, contains gauge redundancy. Recall in fact that there
is residual gauge freedom in the form of diffeomorphisms ξµ that satisfy the
vacuum wave equation. In Fourier space the gauge transformation [1.52] read
δξh̃µν = 2ik(µξ̃ν), where ξ̃µ(k) is the Fourier transform of ξµ(x) with k2 = 0
in order to satisfy the vacuum wave equation and be an admissible residual
gauge. Under the residual gauge transformation,

h̃0µ → h̃0µ + ik0ξ̃µ + ikµξ̃0, h+,× → h+,×. [1.85]

The second property follows immediately from the fact that kµ has no trans-
verse components. We conclude that only the two components h+,× are gauge-
invariant and thus physically relevant. These can be recognized as the TT
components. The four coefficients h̃0µ can be changed arbitrarily, and have
no physical meaning. We can in particular set them to zero simultaneously,
choosing iξ̃µ = c

ω ( 1
2 h̃00, h̃0x, h̃0y, h̃0z − 1

2 h̃00). Then

hµν(x) =


0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

 cos
(
ω(t− z/c)

)
. [1.86]

We have thus achieved the TT form [1.78]. In this gauge, the only components of
the vacuum solutions are the gauge-invariant transverse-traceless ones. Accord-
ingly, the solution can also be written as a sum over the two TT polarization
tensors [1.65], namely

h̃µν(k) =
∑
p

Ap(k)ϵpµν(k), [1.87]

where p = +,× and Ap = hp.14

The resulting perturbed metric is

ds2 = −dt2 + (1 + h+ cos k · x)dx2 + (1− h+ cos k · x)dy2

+2h× cos k · x dxdy + dz2. [1.88]

14. The polarization decomposition can also be used to solve the wave equation. In this
approach one writes [1.87] with the sum including all ten polarization modes [1.62] and
ten arbitrary coefficients Ai. Then the relations [1.83] between Cartesian components
are replaced by relations between the polarization coefficients. The algebra is slightly
more involved but the end result is the same. We will see the use of the the polarization
mode procedure on cosmological backgrounds in Sec 2.5.
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Let us pause for a short historical digression, about some of the confusion
that hindered historically the understanding of gravitational waves. Let us con-
sider any member of the general solution [1.84] with h+ = h× = 0. This looks
like a genuine wave, and it is a solution of the linearized Einstein’s equations.
However, it is a pure gauge solution, and can be set to vanish identically with-
out loss of physical information. In other words, there are wave solutions which
are in the end only coordinate artefacts. For the same reason, it is also possible
to change coordinates so that the argument ct − z in its cosine is replaced by
vt − z for an arbitrary constant v. Hence the pure gauge modes don’t really
propagate, and if a gauge is chosen so that they look like they are propagating,
well one can do this with an arbitrary speed, the speed is not constrained in any
way by the dynamics. To use Eddington’s words, the non-physical gauge modes
propagate at the “speed of thought". This initial confusion was clarified by the
identification of gauge-invariant components, and the fact that for the physical
modes, the propagation speed is fixed to be the speed of light by Einstein’s
equations. However, additional doubts persisted, because the metric [1.88] is
not a solution of the exact Einstein’s equations; only of the linearized theory.
In other words, there are vacuum solutions that take approximately the form
[1.88] in some regions of spacetime, but none that has that exact form every-
where in spacetime. This raised the issue of whether gravitational waves existed
in the full theory, or were only an artefact of the linearized approximation. This
more complicated issue was solved only much later, when a non-perturbative
identification of the wave degrees of freedom and their energy was made pos-
sible by the work of Bondi, Sachs and many others (Bondi 1960 ; Bondi et al.
1962 ; Sachs 1962 ; Newman and Penrose 1968 ; Ashtekar and Streubel 1981 ;
Dray and Streubel 1984 ; Wald and Zoupas 2000). For a historical overview,
see (Kennefick 1997).

Coming back to the physical solution [1.86], we see that the resulting wave
tensor is transverse to the direction of propagation. Comparing with [1.62], we
conclude that the physical gauge-invariant modes have helicity ±2. All modes
of helicity ±1 and 0 have dropped out, either by gauge fixing, or by solving
the vacuum field equations. Because the physical modes have helicity ±2, it
takes a rotation of an angle π/4 to turn one mode into the other. This can be
compared with the electromagnetic case, whose modes have helicity ±1, and
it takes a rotation by π/2 to turn one mode into the other, see Fig. 2.1.15 For
the electromagnetic case, this angle π/2 corresponds to the orthogonality of
the oscillations of the electric and magnetic fields. For the gravitational case,
it corresponds to the antipodal symmetry in tidal forces. We will see below in
Section 2.1 how this intuition can be made precise by studying the effect of a
gravitational wave on test particles, see in particular Fig. 2.1.

15. The general formula is that two modes of helicity ±j are related by π/2j.
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The solution [1.86] describes a monochromatic wave. The most general so-
lution has ∞3 Fourier components (one per choice of k⃗), and two independent
degrees of freedom per component (the values of h+,×), therefore it is described
by 2 ×∞3 arbitrary numbers. These are the independent degrees of freedom
of gravitational waves. It is the same number of the full theory, so the lin-
earized approximation simplifies the dynamics but preserves the number of
independent variations of the gravitational field that can occur in the full the-
ory. Notice that the number of independent degrees of freedom is the same of
electromagnetism, or of two scalar fields. Apart from the dynamical behaviour,
what changes is also the behaviour of these degrees of freedom under Lorentz
transformations, because of their different spins.

The analysis has also shown that only the transverse-traceless modes are
gauge invariant. We did this using the partial gauge fixing provided by the
De Donder condition, but it can be proved in full generality starting from the
projector P (2)TT on transverse-traceless modes defined in [1.70], and observing
that it annihilates gauge transformations. Since we are going to use this pro-
jector often, we drop the label (2) from now on. We also introduce the notation
k̂ = k⃗/k0, using which we can write the explicit form of the projector as

PTTab
cd(k̂) = δa(cδ

b
d) −

1
2δ

abδcd − δa(ck̂
bk̂d) − k̂ak̂(cδ

b
d)

+1
2(δabk̂ck̂d + k̂ak̂bδcd + k̂ak̂bk̂ck̂d). [1.89]

Note that the symmetrization on the indices here and in [1.70] is omitted in
some books (Poisson and Will 2014 ; Maggiore 2007), under the premises that
one is applying it to symmetric tensors only anyway. In conclusion, we do not
need to use the TT gauge, nor even the De Donder gauge, in order to identify
the independent degrees of freedom. Whatever gauge we are using, we can
always extract them via

hTT
ab = PTTcd

abhcd, [1.90]

and the result of this projection is gauge invariant. If we align the frame so that
k̂ coincides with the z axis, it is given by [1.72a]. To treat a general direction,
we parametrize it using polar coordinates (θ, φ) on the sphere, and write

k̂(θ, φ) = (sin θ cosφ, sin θ sinφ, cos θ) = Rẑ(φ)Rŷ(θ)êz =: R(θ, φ)êz.[1.91]

We then pick a basis in the plane orthogonal to k̂, given by

m̂1 = (cos θ cosφ, cos θ sinφ,− sin θ), m̂2 = (− sinφ, cosφ, 0). [1.92]



DR
AF

T

52 GRAVITATIONAL WAVES

We use this basis to distinguish the two polarizations, and define

hTT
ab = (m̂1am̂1b − m̂2am̂2b)h+ + (m̂1am̂2b + m̂2am̂1b)h×. [1.93]

We obtain in this way

h+ = 1
2

(
hxx(cos2 θ cos2 φ− sin2 φ) + hyy(cos2 θ sin2 φ− cos2 φ) + hzz sin2 θ

+ hxy(1 + cos2 θ) sin 2φ− hxz cosφ sin 2θ − hyz sinφ sin 2θ
)
,

[1.94a]

h× = hxy cos 2φ cos θ + hxz sinφ sin θ − hyz cosφ sin θ − hxx − hyy
2 sin 2φ cos θ,

[1.94b]

which coincides with (11.46) of (Poisson and Will 2014). If the wave is travelling
along the x axis for example, then (θ, ϕ) = (π2 , 0), and h+ = 1

2 (hzz − hyy),
h× = −hyz.

We can also use this formula to relate the polarizations in an arbitrary
direction k̂ to the polarizations in the ẑ direction. In this case hxx = −hyy =
h+(ẑ) and hxy = h×(ẑ), while all other components vanish. The expressions
then simplify to

h+(k̂) = 1 + cos2 θ

2 (h+(ẑ) cos 2φ+ h×(ẑ) sin 2φ), [1.95a]

h×(k̂) = cos θ(h×(ẑ) cos 2φ− h+(ẑ) sin 2φ). [1.95b]

In physical applications, the coordinate system may be set from characteristics
of the system, for instance for binaries, adapted so that the orbital plane coin-
cides with the (x, y) plane, and x is in the direction of the pericenter. Then our
rotation identifies θ with the inclination ι of the orbital plane, and the y axis
is along the ‘line of nodes’, namely the intersection between the orbital plane
and the plane of sight, pointing in the direction of the descendent node. On the
other hand, astronomers often choose the convention to align the line of nodes
along the x axis, pointing in the direction of the ascendent node. This means
that in our reference system, the ‘longitude of ascending node’ Ω is −π/2, and
the ‘longitude of pericenter’ ω taken from the ascending node is φ− π/2. That
is,

ι = θ, ω = π

2 − φ, Ω = −π2 . [1.96]

This maps our basis (1.91-1.92) to (3.44-3.45) of (Poisson and Will 2014). See
Fig. 1.4.
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ŷ

<latexit sha1_base64="FKXO//JhHUJDA4Om8SQQ92BGQUA="></latexit>

ẑ
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Figure 1.4: Rotation between the orbital plane of a binary system and the
direction of the observer. The black reference frame is adapted to the orbit,
with ẑ aligned with the angular momentum, and x̂ with the pericenter P . The
first rotation along ŷ by an angle θ rotates the frame to the blue one, and the
second rotation along ẑ by an angle φ rotates it to the final red frame. The red
frame has ẑ pointing in the direction of the observer, and ŷ axis along the line
of nodes, pointing towards the descending node. In the red frame, the longitude
of the ascending node A is Ω = 3π/2, and the longitude of pericenter is ω.

1.3.6. Gauge-invariant description: independent and constrained
degrees of freedom

The analysis of vacuum solutions has allowed us to identify the independent
degrees of freedom of the gravitational field. There are also dependent degrees of
freedom, namely components of the field that are gauge invariant, but uniquely
determined from the sources. These can be exposed looking at the constraints,
namely the 00 and 0a components of [1.49] which give rise to elliptic equations,
as opposed to hyperbolic ones. The intricacies of the tensorial structure make it
however convenient to do first a kinematical analysis of gauge invariance using
the transverse and longitudinal projectors. To that end, we first observe that
the projectors can be described also in configuration space without doing the
Fourier transform. In this case [1.66] is replaced by

T ab = δab −
∂a∂b

∂⃗2
, Lab := ∂a∂b

∂⃗2
. [1.97]

These expressions are somewhat implicit because one needs to specify bound-
ary conditions in order to have a well-defined inverse of the Laplace operator
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∂⃗2. Requiring the fields to vanish at spatial infinity makes this definition equiv-
alent to the one in momentum space. Notice that the transverse-longitudinal
decomposition in configuration space can be recognized as the Helmholtz de-
composition of a 3d vector field into solenoidal and irrotational parts. This
representation also makes it clear that the projectors are local operators in
Fourier space, but non-local in spacetime. It has the important consequence
that it is not possible to identify exactly the gauge-invariant modes with local
observations only.

It is also convenient to dispose of the projectors for the components with
non-maximal helicities, by introducing auxiliary fields with smaller spin. For
instance, we denote Wa := h0a the spin-1 part of the gravitational perturbation,
and write its longitudinal part as the gradient of a scalar:

W L
a := P (1)

L
a
bW

b = ∂aW, W = ∂⃗−2∂aW
a. [1.98]

Similarly for the spin-2 part, we can write the mixed transverse-longitudinal
and fully longitudinal modes introducing a transverse vector Ba and a scalar
B,

P (2)
L

ab
cdh

cd = 2∂(aT b)c
∂dh

cd

∂⃗2
= 2∂(aBb), Bb := 2

∂⃗2
T bc ∂dh

cd,

P (2)
LL

ab
cdh

cd = 3
2

(
∂a∂b

∂⃗2
− 1

3δ
ab

)
∂⟨c∂d⟩

∂⃗2
hcd = (∂a∂b −

1
3δab∂⃗

2)B,

B := 3
2
∂⟨c∂d⟩

∂⃗4
hcd.

Let us summarize. With this new notation at hand, the gravitational per-
turbation around Minkowski can be decomposed into

spin 0 hs [1.99a]

spin 0 h00 [1.99b]

spin 1 h0a = Wa = WT
a + ∂aW [1.99c]

spin 2 hab = hTT
ab + 2∂(aBb) + (∂a∂b −

1
3δab∂⃗

2)B + 1
3δabhs, [1.99d]

with

WT
a = T baWb helicity± 1 [1.100a]

W = ∂⃗−2∂aW
a helicity 0, [1.100b]
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and

hTT
ab := P (2)

TT
ab
cdh

cd =
(
T ac T

b
d −

1
2T

abTcd

)
hcd helicity± 2

[1.101a]

Bb := 2
∂⃗2
T bc ∂dh

cd helicity± 1 [1.101b]

B := 3
2
∂⟨c∂d⟩

∂⃗4
hcd helicity 0 [1.101c]

Next, we look at the behaviour of these different helicities under gauge
transformations. We have used the Poincaré symmetry of the Minkowski back-
ground to organize the ten components of hµν in terms of spin and helicity. But
Minkowski is not invariant under the general diffeomorphism symmetry [1.52],
hence there is no reason to expect that this decomposition be gauge-invariant.
Consider for instance the spin-0 part h00: this is just a metric component,
and manifestly not invariant under diffeomorphisms. Only the TT component
is gauge-invariant, as can be seen explicitly replacing hµν in [1.101a] with its
gauge transformation [1.52] and observing that it vanishes thanks to the trans-
verse projection on both indices. This is the gauge-invariance of the two TT
components already observed in (the second equation in) [1.83]. The remaining
components transform as follows:

h′
00 = h00 + 2∂0ξ0, h′

s = hs + 2∂⃗2ξL, ξL := ∂⃗−2∂aξ
a,

WT
a

′ = WT
a + ∂0ξ

T
a , W ′ = W + ξ0 + ∂0ξ

L,

B′
a = Ba + ξT

a , B′ = B + 2ξL.

It is possible to combine them to find a maximal number of 6 gauge-invariant
quantities, given by

hTT
ab , c−2Φ := −1

2h00 + ∂0W −
1
2∂

2
0B,

c−3Φa := 1
4(WT

a − ∂0Ba), c−2Ψ := 1
6(∂⃗2B − hs). [1.102]

The numerical factors and powers of c have been chosen for later convenience.
We will also use a dot for the derivative with respect to the time coordinate
t = x0/c, e.g. ∂0W = c−1Ẇ . Our conventions for the physical dimensions are
summarized as follows:

[xµ] = m [t = x0/c] = s [∂µ] = m−1 [∂t = c∂0] = s−1

[gµν ] = [hµν ] = [h] = [hs] = [WT] = 1

[W ] = [Ba] = m [B] = m2 [Φ] = [Ψ] = m2s−2 [Φa] = m3s−3
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Inserting the parametrization [1.99] in the linearized Einstein’s equation
[1.49] one finds that gauge dependent quantities drop out and only the gauge-
independent ones remain. This allows us to decouple the tensorial equations
into two sets, an hyperbolic one featuring the d’Alambertian operator alone,
and an elliptic one featuring the Laplace operator alone:

□hTT
ab = −16πG

c4 σab, [1.103a]

∂⃗2Ψ = 4πGρ, ∂⃗2Φa = 4πGsa, ∂⃗2(Φ−Ψ) = 12πG
c2

(
ṡ+ 1

3τ
)
.

[1.103b]

The sources on the right-hand side of these equations are the components of
Tµν projected in the same way as [1.99], namely

T00 = c2ρ, T0a = c(sa + ∂as),

Tab = σab + 2∂(aσb) +
(
∂a∂b − 1

3δab∂⃗
2
)
σ + 1

3δabτ.

Rewriting the linearized Einstein equations [1.49] in the equivalent form
[1.103] makes their three-sided structure, mentioned in subsection 1.2.1, man-
ifest. Four equations were redundant and have dropped out, hence the field
has four undetermined components, which can be assigned arbitrarily choos-
ing a specific gauge. Four equations are elliptic, and describe constrained de-
grees of freedom, namely dynamical components of the gravitational field which
are uniquely determined by the sources. Finally, two equations are hyperbolic,
hence they contain free data, and describe how these independent degrees of
freedom propagate and react to the sources. This analysis therefore establishes
that the gravitational field has two independent degrees of freedom, which are
carried by the two hTT

ab components of the metric. These are gauge-invariant,
and describe the ±2 helicities of a spin-2 wave.

As for the remaining gauge-invariant components, we have seen that they
satisfy Poisson equations, hence these are degrees of freedom that are entirely
determined by the sources. For this reason they are sometimes called ‘Coulom-
bic’ degrees of freedom. Their meaning can be elucidated looking at the post-
Newtonian expansion, in which sources are moving slowly with respect to the
speed of light. To begin with, let us first consider perfectly static sources.

For static sources in a given frame, T00 = c2ρ is the only non-vanishing
component on the right-hand side of Einstein’s equations. Then the second
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and third equations in [1.103b] imply16 Φa = 0 and Ψ = Φ, whilst the first
gives Newton’s equation, and we can identify Φ with Newton’s potential. This
is also the way in which one fixes the coupling constant of the full Einstein’s
equations in terms of G and c. How about the other potentials? They are
sourced by moving bodies, and their existence is a consequence of relativis-
tic invariance, akin to the electromagnetic occurrence of the vector potential
next to the Coulomb potential. They describe effects that collectively go under
the name of ‘gravito-magnetism’. These include additional contributions to the
precessions of equinoxes, light bending, and frame dragging or Lense-Thirring
effect. Their effect can be studied looking at the Lagrangian for a massive test
particle, which gives

L = −mc
√
−gµνuµuν = −mc

√
−(ηµν + hµν)uµuν

= −mc2 + 1
2mv

2 −mΦ +

+m

c2

(
1
8v

4 + 1
2Φ2 − 1

2v
2Φ−Ψv2 + 4Φava + c2hTT

ab v
avb
)

+O(c−4)

where va = dxa/dt. The term in round bracket is the first post-Newtonian
correction. As we will see below, hTT ∼ c−4, hence the last term there is higher
order: dissipative effects for massive particles only appear at 2PN.

1.3.7. Gauge-fixing with sources

Solving the decoupled equations [1.103] determines the gauge-invariant
quantities [1.102] in terms of the sources and the initial conditions. These
solutions do not determine a metric. Doing so requires the additional step of
specifying the coordinates to be used. Only after the coordinates are given, or
in other words only after a gauge is chosen, the physical degrees of freedom
can be described in terms of a metric tensor.

The gauge-invariant approach is conceptually satisfying because it identi-
fies the physical degrees of freedom and decouples the equations, making them
easier to solve in principle. However, it is very limited in applicability. Firstly,
the decoupling and simple identification of gauge-invariant quantities occur
only for very special backgrounds, such as flat spacetime or homogeneous and

16. Assuming trivial boundary conditions, see App 1.5.
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isotropic.17 Secondly, even when the background is Minkowski, a general iden-
tification of gauge-invariant quantities at a fixed order in perturbation theory
is only possible at the linear level, as explained earlier.

To go beyond these limitations, it is easier to put to the side the gauge-
invariant description, and work instead in a fixed gauge. In the gauge-fixed
approach, one chooses coordinates that impose restrictions on the metric, and
then solves for individual metric components in that gauge, like we did in
Section 1.3.4. Namely we do not solve [1.103], but the original system [1.49],
coupled to additional equations fixing the gauge. The additional equations re-
move the problem that the field equations are redundant and do not determine
all metric components.

A simple example of gauge fixing is the temporal gauge

h00 = h0a = 0. [1.104]

This is the linearized version of the non-perturbative temporal gauge described
in Section 1.2.3, and provides a complete gauge fixing of the 4-dimensional
diffeomorphism symmetry. In this gauge the only non-trivial components of
the metric are the spatial ones, and [1.102] reduces to

c−2Φ = −1
2∂

2
0B, c−3Φa = −1

4∂0Ba, c−2Ψ = 1
6(∂⃗2B−hs).[1.105]

All gauge-invariant potentials are encoded in the components of the spin-2
mode [1.99d]. A related choice would be to replace the condition on h00 with
the trace condition h = 0. In this case

c−2(Φ + 3Ψ) = −h00 + 1
2□B, c−3Φa = −1

4∂0Ba,

c−2(Φ− 3Ψ) = −1
2(∂2

0 + ∂⃗2)B. [1.106]

This time it is the four metric components B, Ba and h00 that are fixed in
terms of the sources, while h0a and h vanish.

17. On a general background, one can still build the analogue of the spin-helicity
decomposition replacing the partial derivatives with covariant derivatives, although
care is needed to invert the Laplacian and handle its non-commutativity with the
covariant derivative. However, the metric now enters explicitly the decomposition
of the energy-momentum tensor, hence the decoupling will be lost in general. The
non-commutativity of covariant derivatives also hinders the identification of gauge-
invariant quantities.
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Another simple gauge fixing is the gravitational equivalent of the Coulomb
gauge, defined so that both spin-2 and spin-1 parts are purely transverse,
namely

∂ah
a

0 = 0, ∂ah
a
b = 1

3∂bhs ⇔ Ba = B = W = 0. [1.107]

In this gauge the non-trivial components of the metric are

h00, hT
0a = WT

a , hab = hTT
ab + 1

3δabhs, [1.108]

and their relation to the gauge invariant potential is given by

c−2Φ = −1
2h00, c−3Φa = 1

4W
T
a , c−2Ψ = −1

6hs. [1.109]

These examples have the advantage that the gauge-invariant potentials are
identified with individual components of the metric. On the other hand, the
radiative gauge-invariant modes hTT

ab are complicated functions of the metric
components. When fixing the coordinate gauge, one should keep in mind that
some choices may be better than others, as we discussed with the Schwarzschild
example in Section 1.2.3.18 The examples above are non-covariant with respect
to the Lorentz symmetry of the background, because they make reference to a
given time foliation, and treat time and space components differently. In the
presence of radiation, it is best to use a covariant gauge, because it simplifies
the analysis of the solutions. We can, in fact, remark that while the above
examples simplify the relation between the potentials and individual metric
components, the remaining field equations for the propagating degrees of free-
dom are complicated. Whereas with the covariant De Donder gauge, all field
equations took the simpler form [1.76]. However while the De Donder condi-
tion [1.75] can be also imposed in the presence of sources, we can no longer
select a unique representative satisfying the TT condition [1.78]. If need be, a
unique representative of the De Donder gauge in the presence of sources can
be specified as follows. The general solution of [1.76] is

h̄µν = −16πG
c4

∫
d4x′G(x, x′)Tµν(x′) + h̄◦

µν , [1.110]

18. If GM/c2 ≪ r in the static spherical coordinates, we can treat it as a perturbative
solution with hµν = 2GM/(c2r)(δt

µδt
ν + δr

µδr
ν). We then see that these coordinates

correspond to the Coulomb gauge fixing. Changing coordinates so to have temporal
gauge with h00 = 0 would push the Newton potential in the B component, and
introduce a dependence on the t coordinate, as mentioned earlier.
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where G(x, x′) is the d’Alembertian’s Green function (see Appendix 1.5), h̄◦
µν

any solution of the homogeneous equation, and the gauge condition is main-
tained via ∂µT

µν = ∂µh̄
◦µν = 0. Since both h̄◦

µν and the residual diffeomor-
phism parameters ξµ satisfy the vacuum wave equation, we can use the residual
freedom to set to zero any four components of h̄◦

µν . For instance, we can choose
h̄◦ = 0, so that h̄◦

µν = h̄◦
µν , as well as h̄◦

0a = 0. Then the De Donder con-
dition implies that four more components of the homogeneous solution also
vanish everywhere, specifically h̄◦

00 and ∂bh̄◦ab. At this stage the gauge is com-
pletely fixed, and the only components left in the homogeneous solution are
the gauge-invariant ones h̄◦TT

µν , which carry the independent degrees of freedom
of gravitational waves. The general solution is

h̄µν = −16πG
c4

∫
d4x′G(x, x′)Tµν(x′) + h◦TT

µν . [1.111]

It is a complete gauge fixing that singles out a unique element of the De Donder
family, and reduces to [1.78] for vacuum solutions. For generic sources, all
components of the metric perturbation are non-zero in this gauge.19

Alternatively, it is also possible to select a unique representative of the
De Donder gauge requiring that the metric components h00 = h0a and their
derivatives vanish on a given initial value surface, as considered in (Wald 1984).
However these metric components will remain zero only in the region outside
the causal domain of the sources from the initial value surface. This prescrip-
tion thus achieves a TT gauge valid also in the presence of sources, but only
in a finite region of spacetime. A similar construction of TT gauge in a local
region of finite time outside the sources is presented in (Flanagan and Hughes
2005). While interesting in principle, the ‘local TT gauge’ seems to be of mi-
nor practical use. The procedure described in the previous paragraph achieves
instead a structure of the solutions valid globally and at all times, and it is the
analogue of the complete gauge-fixing used for instance in electro-magnetism
by the Lienard-Wiechert potentials of a moving charge.

A special situation occurs if the sources are static. In this case, it is possible
to specialize the De Donder gauge to the Coulomb gauge [1.107]. To prove this,
we first observe that when rewritten in terms of the gauge-invariant quantities

19. More precisely, in the region causally connected to the sources, since the retarded
Green function vanishes outside the light cone. So if the sources are present at all
times, the metric perturbation is non-zero everywhere, whereas if the sources are
‘turned on’ at some initial time, then the perturbation vanishes outside the causal
domain of the sources from that initial time.
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[1.102], the De Donder condition [1.75] implies

□W = − 4
c3 Ψ̇, □B = 2

c2 (Φ−Ψ), □Ba = 4
c4 Φ̇a. [1.112]

For static sources Φa = Φ̇ = 0 and Ψ = Φ, hence all right-hand sides vanish. It
is then possible to specialize the De Donder gauge choosing W = B = Ba = 0
everywhere. Having done so, h00 = −2c−2Φ = hs/3. We have thus achieved the
Coulomb gauge described earlier, as opposed to the TT gauge, and again this
is a complete gauge fixing singling out a member of the De Donder family. In
other words, the De Donder gauge is compatible with the Coulomb gauge for
static sources. Notice that this is what happens also in electromagnetism, where
the Lorenz gauge is compatible with the Coulomb gauge for static sources.

We conclude with a word on another important gauge fixing that can be
used to study radiation including sources, the Bondi, or Bondi-Sachs gauge.
In this case the background Minkowski metric is not in Cartesian coordinates,
but rather spherical coordinates, and time is replaced with retarded time u =
t− r. In these coordinates the Minkowskian Christoffel symbols do not vanish.
However a crucial advantage is that it is a gauge that can be defined also in the
full theory, and allows a non-perturbative description of gravitational waves,
at the price of introducing an asymptotic expansion away from the sources.

1.4. Appendix: Second order action for perturbations around any back-
ground solution

This appendix gives the details of the steps required to calculate the
Einstein-Hilbert action of GR to second order in perturbations about a
general background metric ḡµν :

gµν = ḡµν + hµν . [1.113]

The starting point is

SEH ≡
∫
d4x
√
−gR = S(0) + S(1) + S(2) + . . . [1.114]

where S(i) is of O(hi). The extremisation of the second order action S(2) with
respect to hµν will give the linearized equations of motion for hµν , namely
those we want to calculate. The background metric ḡµν satisfies the background
Einstein equations which follow from S(1).

To find S(2) there are two main steps: calculating the Ricci scalar R to
second order, and then the determinant of the metric and hence

√
−g to second

order.
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Perturbed Riemann tensor, Ricci tensor and scalar, Einstein tensor

• The inverse metric, or contravariant metric tensor corresponding to
Eq. [1.113] is given at second order by

gµν = ḡµν − hµν + hµρhνρ [1.115]

where indices of hµν are raised and lowered with ḡµν .

• The perturbed Christoffel symbols are given by

Γρµν ≡
1
2g

ρλ (∂µgνλ + ∂νgµλ − ∂λgµν) = Γ̄ρµν + Γρ(1)
µν + Γρ(2)

µν . [1.116]

In the following we denote the covariant derivative with respect to ḡ by ∇̄ (with
of course ∇̄µḡνα = 0). Substitution of Eqs. [1.113] and [1.115] gives

Γ̄ρµν = 1
2 ḡ

ρλ (∂µḡνλ + ∂ν ḡµλ − ∂λḡµν)

Γρ(1)
µν = 1

2 ḡ
ρλ
(
∇̄µhνλ + ∇̄νhµλ − ∇̄λhµν

)
[1.117]

Γρ(2)
µν = −hρβΓβ(1)

µν . [1.118]

• Next we calculate the Riemann tensor. Let

Γρµν = Γ̄ρµν + δΓρµν [1.119]

where, from (1.116),

δΓρµν = Γρ(1)
µν + Γρ(2)

µν . [1.120]

The definition of the Riemann tensor together with (1.119) gives

Rµνρσ ≡ ∂ρΓµσν + ΓµρλΓλσν − (ρ↔ σ) [1.121]

= R̄µνρσ + ∇̄ρ(δΓµσν)− ∇̄σ(δΓµρν)

+(δΓµρλ)(δΓλσν)− (δΓµσλ)(δΓλρν) [1.122]
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On writing

Rµνρσ ≡ R̄µνρσ +R(1)µ
νρσ +R(2)µ

νρσ

and using (1.120) one can read off the different orders of the Riemann tensor.
To first order

R(1)µ
νρσ = ∇̄ρΓµ(1)

σν − ∇̄σΓµ(1)
ρν [1.123]

= 1
2
[(
∇̄ρ∇̄σ − ∇̄σ∇̄ρ

)
hµν +

(
∇̄ρ∇̄νhµσ − ∇̄σ∇̄νhµρ

)
−
(
∇̄ρ∇̄µhσν−∇̄σ∇̄µhρν

)]
[1.124]

where we have used Eq. [1.117]. The second order term follows from (1.122)
and (1.120) and reads

R(2)µ
νρσ =

(
∇̄ρΓµ(2)

σν − ∇̄σΓµ(2)
ρν

)
+
(

Γµ(1)
ρλ Γλ(1)

σν − Γµ(1)
σλ Γλ(1)

ρν

)
. [1.125]

• The Ricci tensor is then obtained by contraction:

Rνσ ≡ Rµνµσ = R̄νσ +R(1)
νσ +R(2)

νσ . [1.126]

From (1.124) it follows that

R(1)
νσ = 1

2
[
∇̄µ∇̄σhµν + ∇̄µ∇̄νhµσ − □̄hνσ − ∇̄σ∇̄νh

]
, [1.127]

whereas from (1.125)

R(2)
νσ = ∇̄ρΓρ(2)

σν − ∇̄σΓρ(2)
ρν + Γρ(1)

ρλ Γλ(1)
σν − Γρ(1)

σλ Γλ(1)
ρν [1.128]

Its explicit form is not required below, but for completeness we give it here:

R̄(2)
νσ = 1

4∇̄νhαβ∇̄σh
αβ + 1

2∇̄
βhβσ(∇̄βhαν − ∇̄αhβν)

+ 1
2h

αβ
(
∇̄ν∇̄σhαβ + ∇̄β∇̄αhνσ − ∇̄β∇σhαν − ∇̄β∇̄νhασ

)
− 1

2(∇̄βhαβ −
1
2∇̄

αh)(∇̄σhνα + ∇̄νhασ − ∇̄αhνσ).
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• The Ricci scalar is obtained from Eqs. [1.115] and [1.126] and is given by

R ≡ gνσRνσ = (ḡνσ − hνσ + hνρhσρ )(R̄νσ +R(1)
νσ +R(2)

νσ )

= R̄+R(1) +R(2), [1.129]

where

R(1) = ḡνσR(1)
νσ − R̄νσhνσ = ∇̄µ∇̄νhµν −□h− R̄νσhνσ [1.130]

(in the last line we have used (1.127)), and

R(2) = hναhσαR̄νσ − hνσR(1)
νσ + ḡνσR(2)

νσ . [1.131]

• For completeness we also give the first order perturbed Einstein tensor

G(1)
µν = R(1)

µν −
1
2 R̄hµν −

1
2 ḡµνR

(1) [1.132]

= −1
2 □̄hµν + ∇̄(µ∇̄ρhρν) −

1
2∇̄µ∇̄νh−

1
2 ḡµν(∇̄µ∇̄νhµν − □̄h)

+ Ḡρ(µhν)
ρ − (R̄µρνσ −

1
2 ḡµνR̄ρσ)hρσ. [1.133]

Perturbed metric determinant

To expand
√
−g to second order, we write Eq. [1.113] gαβ = ḡαµ(δµβ +Mµ

β )
where Mµ

β = ḡµλhλβ . Thus

det(g) = det(ḡ) det(1 + M) [1.134]

where the matrix M has components Mµ
β . To quadratic order

det(1 + M) = 1 + trM + 1
2
(
2(trM)2 − tr(M2)

)
+ . . . [1.135]

Replacing trM = h and tr(M2) = hµνh
µν in Eq. [1.134], and then taking the

square root, gives

√
− det(gµν) =

√
− det(ḡµν)

[
1 + 1

2h+ 1
8(h2 − 2h2

µν)
]
. [1.136]
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EH action to second order

Substituting (1.129) and (1.136) into the perturbed Einstein Hilbert action
Eq. [1.114] gives

S(0) =
∫
d4x
√
−ḡR̄

S(1) =
∫
d4x
√
−ḡ
(
R(1) + h

2 R̄
)

S(2) =
∫
d4x
√
−ḡ
(
R(2) + h

2R
(1) + R̄

8 (h2 − 2hµνhµν)
)
.

• The first order action is

S(1) =
∫
d4x
√
−ḡ
(
∇̄µ∇̄νhµν −□h− R̄νσhνσ + h

2 R̄
)

The first two terms are total derivatives. After integration by parts and drop-
ping the boundary terms

S(1) =
∫
d4x
√
−ḡ
(
−Ḡνσhνσ

)
. [1.137]

On including matter through the stress tensor, the variation of this gives the
background Einstein equation.

• The second order part becomes, on substituting [1.131],

S(2) =
∫
d4x
√
−ḡ
(
ḡνσR(2)

νσ + h

2R
(1) − hνσR(1)

νσ

+
[
hναhσαR̄νσ + R̄

8 (h2 − 2hµνhµν)
])

[1.138]

where R(1) and R
(1)
νσ are given in [1.130] and [1.127] respectively.

The first term
∫
d4x
√
−ḡḡνσR(2)

νσ splits into four parts on using (1.128). The
first two parts are total derivatives and do not contribute. The last two parts
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give

∫
d4x
√
−ḡ
(
ḡνσR(2)

νσ

)
= +

∫
d4x
√
−ḡḡνσ

(
Γµ(1)
ρλ Γλ(1)

σν − Γµ(1)
σλ Γλ(1)

ρν

)
=
∫
d4x
√
−ḡ 1

2

[
(∇̄λh)

(
∇̄νhλν −

1
2∇̄λh

)
− (∇̄νhµλ)

(
∇̄µhλν −

1
2∇̄νhµλ

)]
.

Collecting the expressions together into [1.138] gives

S(2) = 1
2

∫
d4x
√
−ḡ
{[

(∇̄λh)
(
∇̄νhλν −

1
2∇̄λh

)
− (∇̄νhµλ)

(
∇̄µhλν −

1
2∇̄νhµλ

)]
+
[
h∇̄µ∇̄νhµν − h□h

]
+
[
−2hνσ∇̄µ∇̄σhµν + hµν□hµν + (∇̄σ∇̄νh)hσν

]
+
[
−R̄µνhhµν + 2hναhσαR̄νσ + R̄

4 (h2 − 2hµνhµν)
]}

.

Finally, after integration by parts,

S(2) = 1
2

∫
d4x
√
−ḡ
{
−(∇̄λh)(∇̄νhλν) + 1

2(∇̄λh)(∇̄λh)

−1
2(∇̄νhλµ)(∇̄νhλµ) + (∇̄νhλµ)(∇̄µhλν)

+
[
−R̄µνhhµν + 2hναhσαR̄νσ + R̄

4 (h2 − 2hµνhµν)
]}

.

In flat space ḡµν = ηµν , the terms in square brackets all vanish and this reduces
to the usual perturbed equations around Minkowski space.

In terms of the trace reversed perturbation

hαβ = h̄αβ −
1
2 ḡαβh̄ [1.139]
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this becomes

S(2) = 1
2

∫
d4x
√
−ḡ
{
−1

2(∇̄ν h̄λµ)(∇̄ν h̄λµ) + 1
4(∇̄λh̄)(∇̄λh̄)

+(∇̄ν h̄λµ)(∇̄µh̄λν) +

+
[
−R̄µν h̄h̄µν + 2h̄ναh̄σαR̄νσ −

R̄

2 h̄µν h̄
µν+1

4 R̄h̄
2
]}

Linearised equations of motion

• Equations of motion. Variation of action [1.138] with respect to hαβ gives

0 =
∫
d4x
√
−ḡδhαβ

(
−G(1)

αβ −
1
2hḠαβ + hµν(ḡνβḠαν + ḡναḠβν)

)
leading to the equations of motion

G
(1)
αβ = −1

2hḠαβ + hµν(ḡνβḠαν + ḡναḠβν). [1.140]

In terms of the trace reversed perturbation, after commuting covariant
derivatives, for example,

∇̄µ∇̄βh̄µα = ∇̄β(∇̄µh̄µα) + R̄λβh
λ
α − R̄λαµβh

µ
λ [1.141]

and then imposing the Lorenz gauge ∇̄µh̄µν = 0 these read

□̄h̄µν + 2R̄µρνσh̄ρσ − 2Ḡρ(µh̄ν)
ρ − ḡµν(R̄ρσh̄ρσ) = 0 [1.142]

which can be rewritten as

□̄h̄αβ + 2R̄µανβh̄
ν
µ + S̄µανβh̄

µν = 0, [1.143]

where

S̄µανβ = [Ḡµαḡβν + Ḡµβ ḡαν ]− R̄µν ḡαβ . [1.144]

Including matter, and splitting its energy momentum tensor Tµν = T̄µν +
δTµν into a background (determining ḡµν) plus first-order perturbation, the
first-order field equations are

□̄h̄αβ + 2R̄µανβh̄
ν
µ + Sµανβh̄

µν = −16πG
c4 δTµν . [1.145]
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1.5. Appendix: Green’s functions

Given a linear differential operator ∆ acting on functions on Rn, its corre-
sponding Green’s function is a function on Rn × Rn satisfying

∆G(x, x′) = δ(n)(x, x′). [1.146]

Green’s functions are useful to solve differential equations in the presence of
sources, since they allow one to write the solutions of ∆Φ = J as

Φ(x) =
∫
dnx′G(x, x′)J(x′) + Φ◦(x), [1.147]

where Φ◦ is a solution of the homogeneous problem with J = 0. For a given
∆ the Green function is typically not unique, but a unique one can be selected
via boundary conditions or other physical requirements.

For the Laplace equation, n = 3 and ∆ = ∂⃗2, there is a unique solution of
[1.146] with vanishing boundary conditions at infinity, given by

G(x⃗, x⃗′) = − 1
4π|x⃗− x⃗′|

. [1.148]

Therefore

Φ(x⃗) = 1
4π

∫
d3x′ J(x⃗′)
|x⃗− x⃗′|

+ Φ◦(x⃗). [1.149]

For the d’Alembert equation, n = 4 and ∆ = □, fixing vanishing boundary
conditions at spatial infinity is not enough to have a single solution: there are
infinitely many solutions of the homogeneous equation that can be added to
any given G and still satisfy the defining equation. Two notable examples are
the retarded and advanced ones, which are uniquely characterised by vanishing
for x respectively in the past or the future of x′, and given by

G±(x, x′) = −δ(t− t
′ ∓ |x⃗− x⃗′|)

4π|x⃗− x⃗′|

= − 1
2πΘ

(
± (t− t′)

)
δ
(
(t− t′)2 − |x⃗− x⃗′|2

)
, [1.150]

where Θ is Heaviside’s step function. The retarded solution imposes
no-incoming radiation boundary conditions, and it is the one relevant to
study the emission of waves from a source.
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The aim of this second chapter is to provide details about the detection and
emission of gravitational waves from sources, and derive the highlight formulas
that were used in the initial overview section of the first Chapter.

2.1. Detection of GWs

2.1.1. Coordinate displacements versus physical displacements

The simplest way to study the effect of a gravitational wave, is to compute
how it changes the physical distance between free-falling test masses. These
follow time-like geodesics, whose tangent vector field uµ satisfies the geodesic
equation

uνNewAνu
µ = duµ

dτ
+ Γµνρuνuρ = 0, uµ∂µ = d

dτ
. [2.1]

Here τ is the proper time τ , and u2 = −c2. If the masses are initially at rest,
we have ua = 0 and

duµ

dτ
= −Γµ00c

2 =
(

1
2∂

µh00 − ∂0h
µ
0

)
c2 +O(h2). [2.2]

For vacuum solutions in the TT gauge h0µ = 0. Hence u̇µ vanishes at lowest
order, and the coordinate distance (as well as the coordinate time delay) be-
tween two nearby time-like geodetics remains the same during the passage of
the wave. This result provides us with an interpretation of the TT gauge: it
is a choice of coordinates which are labelled by the position of free-falling test
masses. It is thus the linearized version of the temporal gauge in the full theory
discussed earlier. Now, even though the coordinate distance between two test
masses remains the same in this gauge, their physical distance does not. It is
given by

L =
∫ L0

0
dλ
√
gabêaêb =

∫ L0

0
dλ

(
1 + 1

2h
TT
ab ê

aêb
)

+O(h2). [2.3]

Here êa is the tangent to the curve connecting the test masses, and λ an
arbitrary parametrization thereof. Since we are working in perturbation theory,
we can consider as curve the background geodesic connecting the test masses,
and since we are working in Cartesian coordinates of the background, we can
choose êa to be constant along a coordinate axis, and take λ as one of the
coordinates. Then L0 is the coordinate distance. It coincides with the physical
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distance in the background flat metric, but differs from it when the spacetime
is perturbed. If we further assume that the wavelengths of the wave are much
bigger than L0, we can ignore the space dependence of hTT

ab and write the result
as

L ≃
(

1 + 1
2h

TT
ab ê

aêb
)
L0. [2.4]

The approximation becomes of course exact if the direction of propagation of
the wave is orthogonal to the axis connecting the masses.

The discussion offers an example of one of the most important lessons of
general relativity, namely the importance of distinguishing coordinate effects
from physical results. General covariance guarantees that all calculations can
be performed in any coordinate system. But one has to always make sure that
the physical consequences derived from the calculations are coordinate inde-
pendent. In this example, we found that the coordinate position of test particles
are unaffected by the passage of the wave. This is true only in the TT gauge.
The relevant coordinate-independent quantity is the physical distance, and we
found that it changes. Furthermore, it would change in the same way in any co-
ordinate system preserving the endpoints of the integral: the geodesic distance
between two physical points is a gauge-invariant observable.

As we have already discussed, even though any coordinate system can be
chosen, choosing a good coordinate system is important to simplify calculations.
Even thought TT coordinates hide the passage of the wave, they are convenient
because we can write the physical distance using fixed extrema in the integral at
all times.1 Another convenient gauge is the one of Fermi normal coordinates,
which works in the opposite way: the metric is trivial at lowest order near
two geodesics, see [1.32], hence the physical distance is entirely captured by
the coordinate distance. To see this, let us consider the geodesic deviation
equation. It is given by

uρNewAρ(uνNewAνξ
µ) = Rµνρσu

νuρξσ, [2.5]

1. The same effect is used when choosing the synchronous gauge in cosmology, it is
often convenient to choose a coordinate system such that the values of the coordinate
grid represent galaxies, so that their coordinate distance does not change, while the
physical one does.



DR
AF

T

76 GRAVITATIONAL WAVES

where ξµ is a vector connecting neighbouring geodesics, chosen such that ξ ·u =
[ξ, u] = 0. At first order in h, and with the assumption of vanishing initial
velocities, it reduces to

d2ξa

dt2
= −2Γa0νu0ξ̇ν − c2ξν∂νΓa00. [2.6]

In the TT gauge, the last term vanishes and the first one too if the initial veloc-
ity was zero. The coordinate distance between the geodesics stays constant, in
agreement with the result already derived using the geodesic equation above.

The description changes completely if we use a gauge corresponding to a
local inertial frame, such as the Fermi normal coordinates, which can be used
to set to zero the Christoffel symbols all along a chosen geodesic. Doing so,
the LHS of [2.5] becomes simply a second partial derivative, and the equation
reads

d2ξa

dt2
= c2Ra00bξ

b = 1
2 ḧ

ab
TTξb +O(h2), [2.7]

where in the second equality we have neglected any contribution from the po-
tentials. This shows that in a local inertial frame, the deviation between nearby
geodesics can be described directly in terms of their coordinate separation. This
is consistent with what previously seen in [1.32], the metric only changes at
quadratic order in the coordinate distance from the origin, hence coordinate
distances coincide with physical distance at first order. The geodesic deviation
equation [2.7] shows that an apparatus that can detect tidal effects will be
sourced only by the physical components of the GW, and not by the gauge
ones. The equation can be easily solved at first order in h, with

ξa(t) = ξa(0) + 1
2h

ab
TTξb(0). [2.8]

Since in this gauge the coordinate distance coincides with the physical distance
at first order, we recover the gauge-invariant result [2.4] but where this time
the metric is unchanged, and it is the extremum of the integral that has moved.

The change of proper distance [2.4] also shows the meaning of the wave’s
polarizations. Using the example [1.86] of a monochromatic wave propagating
along the z axis, and setting the test masses at z = 0, we can write the relative
change in physical distance as

δL

L0
:= L− L0

L0
≃
(

1
2h+(êxêx − êy êy) + h×ê

xêy
)

cosωt. [2.9]
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An h+ polarization would cause pairs of masses along the x and y axis to
periodically approach and recede, hence drawing a +-like pulse in time, see
Figure 2.1. An h× polarization would cause the same effect but along the axis
êa = (1, 1, 0)/

√
2, namely rotated by 45 degrees. This type of deformation is

also called ‘shear’ of the congruence of time-like geodesics followed by the test
masses. It can be visualized even more clearly if we use [2.8]. We consider
a circular distribution of test masses centered around the origin in the plane
perpendicular to the direction of propagation of the wave, see Fig. 2.1. Then we
can identify the displacement vector with the coordinate vector of each mass
(labelled by i), and the effect of a monochromatic wave of frequency ω is

xi(t) = xi(0) + h+(t)xi(0) + h×(t)yi(0),

yi(t) = yi(0)− h+(t)yi(0) + h×(t)xi(0).

The effect is shown in Fig. 2.1, where the period T = 2π/ω. The spin-2,
quadrupolar nature of the gravitational force is evident from the shape of the
shear deformation, and can be compared with the tidal deformation of earth’s
oceans.

t

h(t)

0
T
4

T
2

3T
4 T

h+

h×

êy

êx
êz

1

Figure 2.1: The effect of the two polarizations on a circular distribution of test
masses. In the upper panel (red circles) h+ ̸= 0 and h× = 0. The lower panel has
h× ̸= 0 and h+ = 0.
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If external forces are present, on top of the gravitational one, then [2.1] and
[2.5] acquire additional terms on the right hand side. So in particular [2.7] now
reads

d2ξa

dt2
= c2Ra00bξ

b + F a

m
. [2.10]

as an example, consider a material bar. While the effect of the gravitational
wave is to stretch spacetime changing the physical distance between the
molecules of the bar, there are also electromagnetic forces that hold the bar
together, and which are intrinsically much stronger. For instance, the
Coulomb interaction between two electrons one angstrom apart is ∼ 1042

times stronger than its Newtonian counterpart. For this reason, one could in
principle use simply a rigid ruler measuring the distance between two freely
falling masses to detect gravitational waves. The problem with this idea is the
weakness of the waves, and more sophisticated experiments are required to
actually observe the waves.

A special case of external forces appearing on the right-hand side of [2.10]
are the inertial forces. These, by the equivalence principle, can be reabsorbed in
a coordinate transformation of the metric. For instance if the frame has both
an acceleration a⃗ and an angular velocity Ω⃗ with respect to a local inertial
frame, then (Ni and Zimmermann 1978)

ds2 = −c2dt2
(

(1 + 1
c2 a⃗ · x⃗)2 − 1

c2 (Ω⃗× x⃗)2 +R0c0dx
cxd
)

+ 2cdtdxa
(

1
c
ϵabcΩbxc −

2
3R0cadx

cxd
)

+ dxadxb
(
δab −

1
3Racbdx

cxd
)

+O(x2), [2.11]

and [2.10] becomes

d2ξ⃗

dt2
= −a⃗− 2Ω⃗× v⃗ + F⃗

m
+O(x2). [2.12]

All the gravitational effects as well as further non-inertial effects such as cen-
trifugal acceleration are O(x2). So in order to be capable of detecting gravita-
tional waves, a detector must first of all be freed from all the external forces
that would otherwise drown the signal in noise.

In realistic physical systems, the emission will not be a plane wave, but
rather a wave packet with finite temporal extension. The effect on the circular
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distribution will then be a superposition of different frequencies and differ-
ent helicities, each with their own (time-dependent) amplitude. The temporal
finiteness of the signal can also lead to a new type of effect: after the wave
has passed, the distribution will stop oscillating, but its shape will in general
not be the same as before the wave’s arrival. This effect is called displacement
memory, and we will see below in Sec.2.4.6 an explicit example. The effect car-
ries the memory of the wave, since it permits in principle to detect the passage
of a gravitational wave even after the event. In practise though the detection is
very difficult, because the external forces that make up the matter distribution
will act and bring it back to its rest configuration. It is nonetheless one of the
targets of future detectors (Grant and Nichols 2023).

2.1.2. Interferometers

Let us briefly describe how the formulas above are used in the most common
type of detectors, laser interferometers. Other chapters in this collection will
cover more details as well as the types of detectors. The basic idea of a laser
interferometer is to detect physical changes like [2.3] from the time-of-flight
of monochromatic light signals. This can be done easily in the linear theory
if we make the additional approximations that gravitational potentials can be
neglected,2 and that the wavelength of the signal is much longer that the arms
of the interferometer. The first approximation guarantees that the only source
of curvature comes from the wave, hence the Riemann tensor scales like λ−2. We
can then set up a free falling frame say in Fermi normal coordinates centered on
the beam splitter’s geodesic. Thanks to the second approximation, the spatial
projection of the null geodesics follows straight lines, hence the time of flight is
directly related to the physical distance along the interferometer’s arms. The
latter is given by [2.4] regardless of the direction of the wave, thanks again
to the assumption that the wavelength is much larger than the arms’ length.
Denoting êa1,2 the two axis, we have

L2 − L1 = L0

2 hTT
ab (êa1 êb1 − êa2 êb2). [2.13]

For a typical signal h ∼ 10−21 (see overview Section 1.1.4), hence the difference
in arrival time would be ∆T = (L2−L1)/c ∼ 10−26s which is way too small to
be measurable. Two ingenious ideas come to the rescue. The first is Michelson-
Morley’s idea to measure not time but phase interferences, and the second it

2. The potentials generated by the source can be naturally neglected because they
fall off faster than the radiative modes, so this approximation concerns mostly the
potentials of the local gravitational field of the observer.
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to increase the effective path of light through Fabry-Perot cavities. If we set
the lasers so that the phases at the beam splitter are identical, the phase shift
after the travel to and back from the mirrors will be

∆ϕ = 2πν
c
Np(2L1 − 2L2), [2.14]

where Np = 1 for a Michelson device and up to 300 for the Fabry-Pérot one
used by LIGO and Virgo, and the laser frequency ν can go as high as 10kHz =
104s−1, thus improving the strength of a typical signal to 10−20, which is
actually – and remarkably – an observable phase difference.
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Figure 2.2: World lines of photon trajectories between the beam splitter and
the end mirrors in an intertferometer with arms of equal length. Blue dashed
lines: with no gravitational wave. Red lines: perturbed trajectories. In the long
wavelength approximation λ ≫ L0 the red lines are straight (but still have
different angles than the unperturbed blue lines), and ∆T = 2∆L/c.

Combining the last two formulas we have

∆ϕ = 2πν
c
NpL0h

TT
ab (êa1 êb1 − êa2 êb2), [2.15]
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where now êa are the unit vectors giving the direction of each arm. It is possible
to express the result in terms of the two wave polarizations by replacing hTT

ab

with [1.93]. To compute the scalar products between the vectors corresponding
to the detector’s arms and the vectors defining the polarizations in the plane
orthogonal to the propagation, we introduce a rotation from the detector’s
frame to the frame of propagation, plus a reflection to take into account the
fact that the axis of propagation is opposite to the direction of the source acting
also on y to keep right-handed orientation of the frame. If we denote (θ, φ) the
angles identifying the direction of propagation, the result is

∆ϕ = 4πν
c
NpL0(F+h+ + F×h×), [2.16]

where the coefficients

F+ = 1
2(1 + cos2 θ) cos 2φ, F× = cos θ sin 2φ [2.17]

are called detector’s pattern functions.3 This shows that while a single two-
armed interferometer is sensitive to both polarizations, it cannot distinguish
them. It also shows that the sensitivity depends on the relative orientation with
respect to the sources. The dependence is very strong, to the point that there
are directions in which the detector is completely blind, like (θ, φ) = (π2 ,

π
4 ).

Hence the importance of multiple detectors in order to increase sensitivity in
every direction and the possibility of distinguishing the polarizations. Multiple
detectors also allow studying the localization of the source via triangulation.

If the approximation λ ≫ L0 is no longer valid, then one has to take into
account the redshift changes during the time of flight, see for instance discussion
in (Cornish and Rubbo 2003 ; Andersson 2019).

2.2. Generation of GWs from sources

2.2.1. Introducing sources

Following the principle of general covariance, the matter Lagrangian should
satisfy the property [1.24], namely be written solely in terms of the dynamical
matter fields and spacetime metric, and no additional background fields. The

3. This formula assumes that the arms are perpendicular, and a fixed polarization
basis. It can be generalized to include an additional rotation of the two polarization
basis, as well as a non-perpendicular angle between the arms.



DR
AF

T

82 GRAVITATIONAL WAVES

simplest way to obtain a viable matter Lagrangian is then to start from the
one used in the absence of gravity, and ‘covariantize’ it by the replacements

ηµν → gµν , ∂µ → NewAµ, d4x→
√
−gd4x. [2.18]

Doing so introduces a minimal coupling of matter to the gravitational field.
Additional interactions can be included if phenomenologically or theoretically
motivated, provided they respect the principle of general covariance, embodied
for instance by condition [1.24]. Having done so, we define the matter energy-
momentum tensor

Tµν = − 2c√
−g

δLM

δgµν
. [2.19]

Inserting this definition in [1.24], and using [1.21], we obtain

ξνNewAµT
µν = c√

−g

[
δLM

δψ
£ξψ + ∂µ(θ̃µM − ξµLM +

√
−g
c

Tµνξν)
]
.[2.20]

The first term on the right-hand side is proportional to the matter’s equations
of motion, and vanishes on-shell. The rest is a total derivative and vanishes in
the absence of boundaries or with appropriate boundary conditions. Since the
identity holds for any ξ, we conclude that on-shell,

NewAµT
µν =̂ 0. [2.21]

This equation replaces the familiar conservation of the energy-momentum ten-
sor guaranteed by Noether’s theorem in flat spacetime. More precisely, the
Noether current of the total Lagrangian LEH + LM is

jµξ = c3

8πG

(
Eµνξ

ν −NewAνNewA[µξν]
)
, [2.22]

where E are Einstein’s equations [1.16], namely [1.26] with the vacuum equa-
tions replaced by the equations in the presence of matter), and whose conserva-
tion requires to be on-shell of both the Einstein’s and matter’s field equations:

NewAµj
µ
ξ = c3

8πGE
µνNewAµξν −

1
c

NewAµT
µνξν =̂ 0. [2.23]

Even though [2.21] is often referred to as the general covariant version of
energy-momentum conservation, it is important to remark that it is not a
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conservation equation in the usual sense. To understand this point, let us follow
the usual procedure to obtain Noether charges from the current, and apply
Stokes’s theorem to a finite region M with boundary ∂M . To do so we need a
scalar, which we obtain by contracting the left-hand side of [2.21] with a vector
ξµ. After integrating by parts, we find

∫
M

NewAµT
µνξν
√
−gd4x =

∮
∂M

Tµνξνnµ
√
qd3y

+
∫
M

TµνNewAµξν
√
−gd4x, [2.24]

for a boundary ∂M with induced metric q, normal nµ coordinates y. If
NewA(µξν) vanishes, namely if the Killing equation is satisfied, then [2.21]
can be turned into a conservation law. To do so, we consider the case in which
∂M consists of two space-like hypersurfaces Σ1 and Σ2 connected by a
time-like boundary T , see Fig.2.3. If the fields satisfy conservative boundary
conditions at T (typically T asymptotically far away and fall-off conditions
on the fields), then

Qξ :=
∫

Σ1

Tµνξνnµ
√
qd3y =

∫
Σ2

Tµνξνnµ
√
qd3y [2.25]

for each Killing vector ξ. Therefore [2.21] gives as many conserved quantities as
there are isometries in spacetime. For flat spacetime, these are the ten Poincaré
charges. For a generic dynamical spacetime, there are none.

Figure 2.3: A region of spacetime bounded by two space-like hypersurfaces
Σ1,2 and a time-like one T . With conservative boundary conditions on T , [2.25]
establishes as many conservation laws as there are Killing vectors.

The validity of [2.21] implies the matter equations of motion, as we have seen
from its derivation. In particular, if matter consists of test particles, namely free
motion without self-interaction and ignoring the back-reaction on the metric,
this equation implies the geodesics equation in curved spacetime. This is for
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instance how one can derive the relativistic corrections to the Kepler problem,
by evaluating [2.21] on the Schwarzschild background. At lowest order in the
weak-field expansion [1.48], [2.21] reduces to the energy-momentum conserva-
tion law in flat spacetime,

∂µT
µν = 0. [2.26]

This means that at lowest order the matter can interact with itself, but not with
the gravitational field: the sources follow geodesics in flat spacetime (that is,
straight lines). To include the effect of gravity on the sources we must go beyond
the lowest order. In other words, the linearized theory still describes gravity in
the Newtonian way, namely as a force acting in flat spacetime. Of course, it
already contains departures from Newton’s theory, since it includes the special
relativistic effects such as the gravito-magnetic interaction and radiation.

2.2.2. Source multipoles

Let us study the conserved quantities that arise on the Minkowski back-
ground. We choose Σ to be a global hypersurface of constant time t, write its
unit normal as nµ = −∂µt, and ξ is one of the ten Poincaré Killing vectors
[1.50]. We can then use [2.25] to identify ten conserved quantities. Four are the
energy and momentum

c2M :=
∫
d3xT 00, cP a :=

∫
d3xT 0a, [2.27]

corresponding to aµν = 0 and unit values of bµ. The remaining six are the
relativistic angular momentum

cLa = c

2ϵ
a
bcL

bc := ϵabc

∫
d3xxbT 0c,

c2Ka :=
∫
d3x (T 0act− T 00xa), [2.28]

corresponding to bµ = 0 and unit values of aaν and a0
ν respectively. Here ϵabc

is the completely anti-symmetric Levi-Civita symbol in flat spacetime. Their
conservation can be easily checked. We start by separating [2.26] in time and
space components,

c−1Ṫ 00 + ∂aT
a0 = 0, c−1Ṫ 0a + ∂bT

ab = 0. [2.29]
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Then using Stokes’ theorem and vanishing boundary conditions we immediately
see that

Ṁ = Ṗ a = L̇a = K̇a = 0. [2.30]

The first of [2.27] is the total energy, but we followed the custom in the
literature to denote it M and refer to it as ‘mass’, using Newtonian language.
The first of [2.28] is the angular momentum with respect to the frame defined
by nµ = −∂µt. The second conserved quantity is the ‘boost charge’, and can
be rewritten as Ka = Ia− tP a, where we introduce the center-of-mass position

Ia = 1
c2

∫
d3xT 00xa. [2.31]

Conservation of Ka is thus the statement that the center of mass moves fol-
lowing the total momentum.

The conserved quantities can be used to fix a reference frame as follows.
First, we can choose the rest frame, where P a = 0. This removes the freedom
of Lorentz boosts. Then, we can fix the origin to be in the center-of-mass,
where Ia = 0. This removes the freedom of spatial translations. The rotation
freedom can be fixed choosing the axis so that La has only one component (say
z), and the remaining SO(2) freedom is fixed choosing an axis in the plane
perpendicular to La. Finally the time translation symmetry is fixed setting the
zero value of the clock.

The quantity Ia is also called mass-dipole moment. The terminology comes
about if we see ρ = c−2T00 as a distribution, then Ia is the first moment of
that distribution. Following this logic, we introduce a multi-index notation for
the higher multipole moments:

Iab... = 1
c2

∫
d3xT 00xaxb . . . , P a,b... = 1

c

∫
d3xT 0axb . . . ,

Sab,c... =
∫
d3xT abxc . . . . [2.32]

The conservation laws [2.29] together with integration by parts in the absence
of boundary terms provide relations between multipole moments and time vari-
ations of higher multipoles, such as

P a = −İa, Sab = 1
2 Ï

ab,

Ṡab,c = 1
6

...
I
abc + 1

3(P̈ a,bc + P b,ac − P c,ab), Ṗ a,b = Sab [2.33]
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and so on. The first one above is the conservation of Ka already seen, and
relates the momentum monopole to the mass dipole time variation. The second
one allows one to determine the total effect of the stresses in the matter in
terms of the second time derivative of the mass quadrupole. These relations
are useful because it is typically easier to measure and interpret the multipole
moments of the mass and momentum distributions, rather than the spatial
stresses.

When working with multipoles, it is typically convenient to organize them
into irreducible representations of the rotation group, which are label by a
an integer number l and have 2l + 1 components each, as recalled earlier.
This can be achieved expanding the distribution in spherical harmonics, e.g.
ρ =

∑
l,m ρl,mYl,m, then the integrals of the modes ρl,m are the irreducible

multipoles. It is possible although more cumbersome to do this composition
directly in Cartesian coordinates without introducing spherical harmonics. One
then gets

M = 1
c2

∫
d3xρ, Da = Ia = 1

c2

∫
d3xρxa, [2.34]

Qab = 1
c2

∫
d3xρ(xaxb − r2

3 δ
ab), Oabc = 1

c2

∫
d3xρ(15xaxbxc − 9x(aδbc)r2),

[2.35]

and so on. Notice that while the multipole moments are useful at all orders in
perturbation theory, the conservation laws [2.30] are only valid at lowest order.

2.2.3. Solving the wave equation with sources

We are interested in the emission of gravitational waves from matter sources,
without incoming radiation. This can be imposed choosing the retarded Green
function and setting to zero the independent degrees of freedom h◦TT

µν . The
general solution is then

h̄µν = −16πG
c4

∫
d4x′G(x, x′)Tµν(x′)

= 4G
c4

∫
d3x′ Tµν(t− 1

c |x⃗− x⃗
′|, x⃗′)

|x⃗− x⃗′|
. [2.36]

using [1.150] and the specialized De Donder gauge with no homogeneous so-
lution. Even in the linearized approximation, the integral is in general very
complicated and there is no analytic solution. So we resort to approximation
schemes. In particular, we introduce two independent approximations:
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(i) Wave-zone approximation: we assume to be very far away from the
sources, that is R := |x⃗| ≫ |x⃗ ′|. This allows us to expand the integrand
in powers of 1/R≪ 1. For the numerator, we have

|x⃗− x⃗ ′| = R− N⃗ · x⃗ ′ + . . . [2.37]

where N⃗ := x⃗/R, and

Tµν(t− 1
c |x⃗− x⃗

′|, x⃗ ′) ≃ Tµν(tR, x⃗
′)+ N⃗ · x⃗ ′

c
Ṫµν(tR, x⃗

′)+ . . . ,[2.38]

where we introduce the retarded time4

tR := t− R

c
. [2.39]

For the denominator, we have

1
|x⃗− x⃗′|

= 1
R

+ N⃗ · x⃗′

R2 + 3
2(x′

ax
′
b −

r′2

3 δab)
NaN b

R3 + . . . [2.40]

Furthermore, the direction of propagation of the wave coincides with
the direction from the source, namely −N⃗ if we take the origin of the
coordinates inside the source. Hence the TT projector can be written in
terms of N⃗ instead of the wave vector.

(ii) Slow dynamics: We assume that the dynamics of the source is slow, so
that time derivatives in [2.38] are small corrections. To understand why,
consider that the integration coordinate x⃗′ spans at most the size of the
source, and if this has a typical frequency scale ωs (for instance in a
binary, the frequency of the orbit), then vs := |x⃗′|ωs is the velocity scale
of the source. It follows that

|x⃗′|
c
Ṫµν ∼

|x⃗′|ωs
c

Tµν ∼
vs
c
Tµν [2.41]

is suppressed by v/c. The Taylor expansion [2.38] is therefore controlled
by the parameter v/c≪ 1, and it is called post-Newtonian expansion.

4. Namely the time at which a signal travelling at the speed of light was sent in order
to arrive at t.
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The approximated solution can thus be written as

h̄µν(x) = 4G
c4R

∫
d3x′

(
Tµν(tR, x⃗

′) + Na
c
Ṫµν(tR, x⃗

′)x′a + Na
R
Tµν(tR, x⃗

′)x′a + . . .

)
[2.42]

The first term is the leading order; the second term is the first of the PN cor-
rections; the third term is the first of the 1/R corrections. Using the multipole
definitions [2.32] and their conservation laws [2.33], we can rewrite the different
components of the solution [2.42] as

h̄00 = 4G
c2R

(
M − Na

c
Pa + NaN b

2c2 Ïab + Na

R
Ia + . . .

) ∣∣∣
tR
, [2.43a]

h̄0a = − 4G
c3R

(
Pa + N b

2c Ïab + N b

2Rc (Lab + İab) + . . .

) ∣∣∣
tR
, [2.43b]

h̄ab = 4G
c4R

(
1
2 Ïab + N c

3c

(1
2

...
I abc + P̈a,bc + P̈b,ac − P̈c,ab

)
+ . . .

) ∣∣∣
tR
. [2.43c]

These are the first few terms of the double expansion in velocities and
distance from the sources. We are not giving all metric components to the
same higher order, this partial result is sufficient for our purposes. In the PN
expansion this is the metric parametrization in the wave zone, with the no-
incoming radiation condition, and completely gauge fixed. The lowest order
of the time-time component reproduces the Newtonian result.5 The first PN
correction is the movement of the source, and can always be set to zero by going
to the rest frame. Doing so eliminates the lowest order of the h̄0a component.
The first corrections in that component contain the gravito-magnetic effects
relevant to the Lense-Thirring effect, for instance. Notice also that the angular
momentum is sub-leading in R, as one could have expected from a large distance
expansion of Kerr’s metric.

The radiative degrees of freedom are in the spatial components [2.43c] and
can be extracted acting with the projector [1.90]. We have the mass quadrupole
at leading order, and the first PN correction features the mass octupole and
momentum quadrupole. We can immediately remark the absence of monopole
and dipole contributions to the emission of waves. This is a direct consequence

5. In particular the lowest order of the Schwarzschild metric is obtained as the special
case with constant M and all the rest vanishing. Notice in fact that h00 = h̄00 + h̄/2 =
2GM/c2R.
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of the conservation laws, since they imply that the mass monopole and dipole
have vanishing second time derivatives. As a consequence, an oscillating spheri-
cal distribution would not emit gravitational waves, in agreement with Birkhoff
theorem in the full theory, nor would a distribution with axial symmetry ro-
tating at constant velocity, in agreement with Kerr’s solution.

Applying the TT projector removes any trace, hence hTT = h̄TT and one
can replace Iab with the irreducible quadrupole moment Qab, and obtain at
lowest order

hTT
ab (t, x⃗) = 2G

c4R
Q̈TT
ab (tR). [2.44]

This is the celebrated first quadrupole formula, derived by Einstein in 1918:
The dominant radiation in the slow-motion approximation arises from the ac-
celeration of the quadrupole moment of the mass distribution. From this we
can also obtain the expressions for the two independent polarizations. If k⃗ = ẑ,
we can use [1.72a] and

h+(t, r) = G

c4R
(Q̈11 − Q̈22)

∣∣
tR
, h× = 2G

c4R
Q̈12

∣∣
tR
. [2.45]

For a general k⃗ it is obtained replacing hab → (G/c4R)Q̈ab in [1.94]. Notice
also that PTT(Q) = PTT(I) since the projector removes the trace, hence we
can replace Qab with Iab in these expressions.

Let us make some order-of-magnitude estimates. By dimensional analysis,
the mass multipoles scale like Mrl, where r is the typical size of the source. If
the dynamics of the system has a typical velocity scale v, then Q ∼ Mr2 and
Q̈ ∼Mv2. This gives

h ∼ GMv2

c4R
= 5× 10−19

(
M

10M⊙

)(
1Mpc
R

)
v2

c2 . [2.46]

For example, if we extrapolate this formula to relativistic speeds v ∼ c for the
merger of two 10-solar-masses black holes, we get a 10−18 amplitude at galactic
distances, and 10−21 at 100 Mpc where the Virgo cluster is located.

This estimate is the lowest order of various approximations, which is useful
to recap here: (1) weak-field, PM expansion; (2) long-distance, multipolar ex-
pansion; (3) small velocities, PN expansion. To obtain more accurate results,
one has to include higher order corrections. Doing so is actually far from sim-
ple. Not only do we have three different expansion parameters with non-trivial
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hierarchies among them, we also have to face both technical and conceptual
challenges. Let us list a few, and tools used to deal with them. The PN ex-
pansion is not a convergent series, but rather what is known as an asymptotic
series. Its accuracy degrades as we increase R. Dealing with this mathemat-
ical problem requires techniques such as the matched asymptotic expansion.
Related to this is also the more conceptual issue that the causal propagation
determined by the Green’s function at lowest order follows the null cones of
the background Minkowski metric. But null cones are bent by the gravitational
interaction, hence higher order corrections have to also modify the retarded
time to the correct one. For instance for the Schwarzschild metric the correct
retarded time is

u = t−R/c− 2GM/c2 ln(R− 2GM/c2)

= tR + 2GM
c2 lnR−

(
2GM
c2

)2 1
R

+O(R−2).

Hence higher orders change the notion of retarded time.6 Another tricky effect
comes in at higher orders: the waves backscatter and self-interact, causing a
delay in part of the signal, which starts travelling inside the light-cone, similar
to light slowing down in a medium due to interactions with the medium. Then
the total signal includes a ‘tail’ that comes after the main part of the signal.
To take this into account one has to include effects that arise from integration
over time. Another problem is that divergences appear after the first iteration,
because convolution of Poisson integrals diverge even if the initial source has
compact support. To regularize this unphysical divergence one has to split the
integrals into near-zone and far-zone integrations.

These and other types of difficulties plagued the theory throughout most
of the seventies, and were addressed thanks to the work of many brilliant
researchers, including pioneers like Thorne, Will, and Damour. On the phe-
nomenological side, people thought for a while that the lowest quadrupole
order would have been enough to match experiments, given the weakness of
the waves. Later theoretical work, e.g. the seminal paper (Cutler et al. 1993),
clarified the observational sensitivity to the PN corrections and justified the
importance of the endeavour. The task is very challenging, and researchers
have come up with different approaches. We refer to the specialized literature
(Thorne 1980 ; Blanchet 2006 ; Poisson and Will 2014 ; Goldberger and Roth-
stein 2006) for reviews of this more advanced topic. In the following we will

6. This issue can be solved non-perturbatively using the Bondi coordinates mentioned
earlier, but then one is switching from a PN expansion to an asymptotic expansion
of the full theory, and the approach is both conceptually and technically different.
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content ourselves to stay at lowest order, which is enough to understand the
basics of the physics, if not for a detailed match to observations.

2.3. Dissipation by gravitational waves

The first historical evidence of gravitational waves was the orbital decay
of the Hulse-Taylor pulsar. Accurate measurements showed that the orbital
decay was consistent with the prediction of general relativity. Indeed, general
relativity predicts that gravitational waves carry energy away from a system
that produces them. In this Section we describe how this prediction arises at
the lowest order in perturbation theory, and in the next Section we show how
it can be applied to predict the orbital decay.

2.3.1. Energy of gravitational waves

Let us look at a gravitational wave as a spin-2 field propagating on the
Minkowski background. Thanks to the Poincaré invariance of the background,
we can apply Noether’s theorem and derive a conserved energy-momentum
tensor for hµν . An explicit calculation starting from the linearized Lagrangian
gives

tN
µν = c4

32πG

(
∂µh

αβ∂νhαβ −
1
2ηµν∂λhρσ∂

λhρσ
)
, [2.47]

where the label N stands for Noether, and we assumed here the De Donder con-
dition to simplify the expression.This tensor is conserved, namely ∂µt

Nµν =̂ 0,
but has no clear physical meaning, because it is not gauge-invariant: It changes
under a linearized diffeomorphism [1.52], including those compatible with the
De Donder condition, and consequently assigns a non-zero value of energy-
momentum to pure gauge modes. Furthermore, we can make it vanish entirely
at any point using Riemann normal coordinates, since in these coordinates the
first derivatives of the metric vanish at that point. Since it is zero at one point
in one coordinate system but not in others, it is not a tensor. It is usually
referred to as ‘pseudo-tensor’.

The only gauge invariant quantities that can be extracted from [2.47], at
least at lowest order, are global ones, such as the total energy and momentum
on a space-like hypersurface Σ of constant time,

EGW =
∫

Σ
tN00dΣ = c2

64πG

∫
Σ
ḣαβḣαβdΣ, [2.48a]

P aGW =
∫

Σ
tNa0dΣ = − c3

32πG

∫
Σ
∂ahαβḣαβdΣ. [2.48b]
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In fact, at lowest order in perturbation theory, a gauge transformation acts as
[1.52] with ξ = O(h), under which [2.47] transforms as a total derivative. Spatial
total derivatives do not contribute to [2.48] under the standard condition that
the perturbation goes to zero at infinity, and temporal ones can be converted
to spatial derivatives on shell of the wave equation, hence the same argument
applies. Similarly, one can define the total angular momentum as

LaGW := − c4

32πGϵ
abc

∫
Σ

(ḣµνxb∂chµν + 2ḣbµhcµ)dΣ. [2.49]

For our applications below, the total energy-momentum and angular mo-
mentum will be sufficient. They are not sufficient however for iterating the
perturbation theory beyond lowest order, and we now briefly describe some of
the conceptual aspects of what is done in the literature in this respect. First of
all, the reader may recall that Noether currents are not unique, being defined
only up to adding total derivatives whose conservation is trivial. In the case at
hand, it means that any quantity of the type

tN
µν + ∂ρ∂σUµρνσ, [2.50]

where U has the same index symmetries as the Riemann tensor, is an equally
valid Noether current. One may hope that there exists a representative in the
equivalence class [2.50] that would be gauge invariant, but this is not the case:
the lack of gauge-invariance is simply the linearized version of the fact that
there cannot be any local tensor representing the energy of the gravitational
field. Such quantity will have to be zero in a local free-falling frame where the
effects of gravity are absent, and if it were a tensor, it would then be zero in
any frame.7 This is therefore a direct consequence of the equivalence principle,
and its mathematical implementation via general covariance.8

7. A tensorial quantity capturing some aspects of gravitational energy can be con-
structed using the Bel-Robinson tensor, but it is fourth-order in derivatives, therefore
does not have the right physical dimensions, and will capture only higher-order terms
of the gravitational energy.
8. It is instructive to put this problem in perspective with what happens in the electro-
magnetic case. If one computes the canonical energy-momentum tensor of Maxwell’s
theory using the Noether formula, one also finds a meaningless gauge-dependent ex-
pression. However, the Noether construction only defines the tensor up to total di-
vergences, and it is possible to find one that gives a gauge-invariant expression, and
which is furthermore symmetric and coincides with the one derived from the variation
with respect to the metric. In gravity there is an analogue problem, but even adding
total divergences it is not possible to find a local gauge invariant quantity.
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The obstruction to identifying a local energy density for the gravitational
field shows up very prominently in the full theory. We have already discussed
how Noether charges for generic diffeomorphisms are all trivial in the bulk of
spacetime. Similarly, the bulk Hamiltonian one finds from the Legendre trans-
form of the Lagrangian is a sum of constraints, and thus identically zero when
evaluated on solutions. Any attempt to work around these facts and define
quasi-local observables representing the gravitational energy unavoidably run
into trouble with ambiguities and dependence on coordinates or other unphysi-
cal background structures (Szabados 2009). The clearest well-defined resolution
to this problem is to consider not the energy density, but only the total en-
ergy. This is useful when describing isolated systems, namely spacetimes that
are fully dynamical in a certain region, but become well approximated by flat
spacetime at large distances from this region. In this case, one can introduce a
physically meaningful notion of boundary to the spacetime, and exploit the fact
that the Hamiltonian picks up a boundary contribution which is non-vanishing
on solutions. The resulting surface charges can be used to characterise the total
energy momentum and angular momentum of the system, and can be derived
as Noether charges as well. Examples of this construction are the ADM charges
at spatial infinity, and the BMS charges at future null infinity, as mentioned in
Sec. 1.2.2.

While looking at global quantities such as the total energy of a free GW
[2.48], or the surface charges in asymptotically flat spacetimes mentioned at
the beginning of the section, is the safest way to define energy in the full
theory, the perturbative treatment offers an alternative, ‘quasi-local’ possibility.
Perturbatively in fact, it is possible to construct gauge-invariant quantities
by introducing a spacetime averaging procedure based on the properties of
the background. We consider a region L whose size is much larger than the
typical wavelength λ of the perturbation, but much smaller than the typical
wavelength λB of the background (which is infinite for a flat background), and
we define the averaging of a functional F as ⟨F ⟩ := 1

L

∫
L
F . If applied to an

expression quadratic in the Fourier modes like [2.47], the procedure suppresses
combinations with different frequencies or different phases, in a way completely
similar to how the total energy in a standard background-dependent theory
comes mainly from positive interference superposition of waves. The difference
is that in background-dependent theories averaging the energy is a choice, since
the local energy density is theoretically also well defined. In gravity it is not a
choice but mandatory, since there is no meaningful local energy density, and
furthermore care is needed to define correctly the procedure in a way to make
it compatible with general covariance. Detailed analysis (Isaacson 1968a,b ;
Burnett 1989) shows that the result of the procedure is that expressions under
the averaging sign can be freely integrated by parts in space and, upon going
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on-shell, also in time derivatives since a wave propagates on the light-cone. For
instance,

⟨∂µhαβ∂µhαβ⟩ = −⟨hαβ□hαβ⟩ = 0 [2.51]

outside the sources. Under this procedure, we find

⟨tN
µν⟩ = c4

32πG ⟨∂µh
αβ∂νhαβ⟩ [2.52]

in a region outside the sources. One can show that the averaging procedure
makes the right-hand side gauge-invariant (Isaacson 1968b). This means that
it can be expressed in terms of the TT projection and the gauge invariant
potentials. The latter can be neglected if the sources variation (induced by the
partial derivatives in the expression above) occurs over much longer time scales
than the hTT wavelengths.9 This motivates the definition of

tµν := c4

32πG∂µh
ab
TT∂νh

TT
ab , tµν = ⟨tN

µν⟩. [2.53]

This quantity is actually gauge-invariant at lowest order, since the only non-
invariant terms are the partial derivatives, and these transform linearly in ξ ∼
O(h). It follows that in so far as only lowest order results are needed, we can
use the simpler expression [2.53] as a proxy for the averaging procedure. Notice
also that it coincides with [2.47] in the TT gauge.

The expression [2.47] in the TT gauge is the one used by Einstein to deter-
mine the energy carried away by gravitational waves. It has, however, a limited
applicability. We have already discussed its gauge dependence. Another issue
is that it relies heavily on the specific background chosen, and had we worked
with a non-isometric one, then there would be no Noether charge to begin with.
Furthermore, it is not clear how to extend this construction to treat higher or-
ders in perturbation theory. These shortcomings can be addressed if we look
at a different definition for the gravitational energy-momentum pseudo-tensor,
based on the actual back-reaction on the metric caused by the gravitational
waves. In fact the actual “effective" source that determines the second-order
metric perturbation is not [2.47], but rather the second order expansion of
the Einstein tensor, that we denoted tG

µν in [1.38]. The candidate gravitational

9. In (Poisson and Will 2014) this step is called short-wave approximation, and it
is performed without the averaging, in the context of the Landau-Lifshitz approach
described in Appendix 2.7.
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energy-momentum pseudo-tensor tG
µν obtained in this way is also conserved. In

fact, an explicit calculation shows that it differs from [2.47] precisely by a term
like [2.50], with U a certain quadratic expression in derivatives of hµν . It has
the improved property that it depends on second derivatives of the metric, so
it cannot be made to vanish at any given point. However, it is still not gauge-
invariant. Therefore one has to invoke again the averaging procedure in order
to extract gauge-invariant information. Upon doing so, one finds that the two
prescriptions give a consistent answer (Isaacson 1968b):

⟨tG
µν⟩ = ⟨tN

µν⟩ = tµν . [2.54]

This matching supports averaging as a viable way to extract unambiguous
and gauge-independent quantities. The prescription tG overcomes some limi-
tations of the Einstein-Noether construction. It can be used in perturbation
theory around an arbitrary background, and can be systematically extended to
any order in perturbation theory, by computing higher order corrections G(n)

µν

and evaluating them on the perturbed solution. This procedure is however not
very handy, and a better scheme is the one proposed by the Landau-Lifshitz
reformulation of Einstein’s equations, see e.g. (Blanchet 2006 ; Poisson and
Will 2014). There one changes variables from the metric to a densitized in-
verse metric gµν :=

√
−ggµν . One advantage of this reformulation is that it

provides a full non-perturbative expression for a candidate energy-momentum,
known as Landau-Lifshitz pseudo-tensor. This has the usual limitations (gauge-
dependence and vanishing at any point in a local inertial frame) dictated by the
equivalence principle, but has the merit of being set up in a way that makes it
very natural to develop a systematic perturbative expansion, since the pseudo-
tensor is defined already at non-perturbative level, and does not need to be de-
termined order by order as in the previous approach. Furthermore, it provides
a prescription for the energy, momentum and angular momentum as surface
charges that, even though restricted in validity to Cartesian coordinates in the
region far away from the sources, can be evaluated including higher orders, and
bypasses the need for the spatial averaging of volume integrals. For these rea-
sons, the Landau-Lifshitz formulation is widely used by the community working
in the post-Newtonian expansion. We review it briefly in Appendix 2.7. The
lowest order in the weak-field approximation of the Landau-Lifshitz pseudo-
tensor differs from the previous two options by a term like [2.50], and also
matches the gauge-invariant result after averaging:

⟨tLL
µν⟩ = tµν . [2.55]

Similar considerations apply also to define the angular momentum of gravi-
tational waves. In this case, the result of the averaging procedure starting from
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any of the three prescriptions described above motivates the following definition
(DeWitt 2011 ; Thorne 1980 ; Poisson and Will 2014)

ja := 1
2ϵ
a
bcj

bc = − c4

32πGϵ
abc(ḣTT

de xb∂ch
de
TT + 2ḣTT

bd h
TT
cd ). [2.56]

As before, one can drop the TT projector and still get a gauge-invariant quan-
tity after global integration or averaging.

We conclude that in so far as one is interested only in lowest order results,
any of these three choices are equally good. For a systematic perturbative
expansion, the latest is the better one. In fact even if the construction of gauge
invariant quasi-local quantities via averaging is conceptually useful to clarify
how gauge-invariant information could be extracted in principle, it is not very
practical. To set up a systematic perturbative expansion, it is easier to work
with gauge-fixed quantities at all intermediate steps, and then extract only
at the end the physical predictions in terms of gauge-invariant observables.
For instance, there is no problem in working with the non-averaged notions of
energy-momentum and angular momentum pseudo-tensors, as long as one does
not attempt to give them a direct physical interpretation. The idea is to use
them to perform calculations, and at the end read off the physical dynamics
not from their evolution but from that of gauge-invariant quantities such as the
amplitude and frequency of TT modes, or the evolution of relative distances
such as the periastron of an orbit. This is the logic used in the PN expansion,
and based on the Landau-Lifshitz reformulation (Blanchet 2006 ; Poisson and
Will 2014).

2.3.2. Dissipation equations

The fact that [2.53] is conserved means that we can derive identities between
time and spatial derivatives like those that led to the conservation laws [2.30]
for the matter sources. The key difference however is that the matter sources
had compact support, hence we could neglect boundary contributions when
integrating by parts. This is no longer true for the gravitational contributions,
since the waves have non-compact support. The non-vanishing of the boundary
terms has the effect that the ‘charges’ corresponding to energy, momentum and
angular momentum are no longer conserved. This dissipation is precisely the
statement that gravitational waves carry energy and have a physical impact on
the system.
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At lowest order, we do not even need to use the conservation equation in
order to study the dissipation, because of a special property of the explicit so-
lution [2.43]. Each metric component has functional dependence on coordinate
of the form f(tR, N

a). For such functions, it is easy to check that

∂af = −Na
c
ḟ +O(R−1). [2.57]

The leading order of this approximation plays an important role in simplifying
many formulas in the wave zone, where R≫ 1.

Let us begin our analysis from the flux of gravitational energy, namely the
emitted power. This is given by

ĖGW =
∫

Σ
ṫ00d3x = −c

∮
∂Σ
t0aNadS = c4

32πG

∮
∂Σ
ḣTT
cdN

a∂ah
cd
TTdS, [2.58]

Stokes theorem choosing as boundary a 2-sphere of radius R in the asymptotic
region (hence the outgoing unit normal is simply Na, and dS = R2d2Ω where
d2Ω = sin θdθdϕ) and [2.53] in the last equality. The spatial derivative can be
replaced at lowest order with a time derivative using again [2.57], and we arrive
at

ĖGW = − c3

32πG

∮
∂Σ
ḣTT
ab ḣ

ab
TTdS = − G

8πc5R2

∮
∂Σ

...
Q

TT
ab

...
Q
ab
TTdS|tR , [2.59]

where in the last step we used the explicit form [2.43] of the solution, in particu-
lar [2.44]. To evaluate the integral, we observe that the only angular dependence
occurs in the TT projector [1.90]. Using the following formula,

∮
S2
PTTcd

ab d
2Ω = 8π

5

(
δc(aδ

d
b) −

1
3δabδ

cd

)
, [2.60]

we find

ĖGW = − G

5c5

...
Qab

...
Q
ab|tR . [2.61]

This is the second famous quadrupole formula of Einstein (Einstein 1918).
It gives the instantaneous power radiated at a distance R from the source
and a time t, as a function of the quadrupole time variation at the retarded
time t − R/c. Notice that the index contraction occurs over all indices of the
(traceless) quadrupole moment. The effect of the TT projection goes into a
numerical factor, after the integration [2.60].
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For the linear momentum loss,

Ṗ aGW = 1
c

∫
Σ
ṫ0ad3x = −

∫
Σ
∂bt

abd3x

= −
∮
∂Σ
tabNbdS = − c2

32πG

∮
∂Σ
NaḣTT

cd ḣ
cd
TTdS, [2.62]

where we used twice [2.57] in the last equality. Since Na is an odd function on
the sphere, the integral vanishes: there is no loss of momentum at lowest order
(namely at order G/c6, once we use the first quadrupole formula). A change
in the total momentum of the system caused by the emission of GWs (‘kick’)
occurs only at the next order G/c7, when mixing of multipoles of different
parity occurs.

For the angular momentum loss,

L̇aGW =
∫

Σ
d3x∂tj

a = −1
c

∮
∂Σ
jadS

c3

16πGϵ
abc

∮
∂Σ

(ḣTT
de xb∂ch

de
TT + 2ḣTT

bd h
TTd
c )dS.

[2.63]

Using the quadrupole formula [2.44] and performing the integrals using identi-
ties similar to [2.60], one arrives at

L̇aGW = − 2G
5c5 ϵ

abcQ̈bd
...
Qc

d|tR . [2.64]

Angular momentum loss occurs at the same order as energy loss, and involves
one lesser time derivative.

2.3.3. On the validity of the quadrupole formula

The quadrupole formula [2.44], and its application leading to the second
quadrupole formula [2.61], were derived in the linear approximation. In this
approximation, the energy-momentum tensor satisfies the flat spacetime con-
servation law [2.26], and the geodesics of matter are straight lines. It is thus
valid only for systems whose gravitational interaction is negligible. It is not
valid, in particular, for a binary system held together by gravity, even at the
non-relativistic, Newtonian level. To treat a gravitational binary, one has to go
beyond the linear approximation, using the iterative scheme described around
[1.37]. In the first step, one should include only the kinetic and non-gravitational
pieces of the dynamics in the moment of inertia sourcing the quadrupole for-
mula, consistently with the motion being along straight lines. The result is then
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used to source the effective energy-momentum tensor tµν needed for the sec-
ond iteration of the field equations, which determines h(2)

µν of [1.37]. When this
approach is applied to a gravitational binary, one finds that the second-order
correction restores precisely the Newtonian contribution to the quadrupole mo-
ment. This is quite remarkable, and means that the same quadrupole formula is
also valid if one includes the Newtonian interaction. See for instance (Poisson
and Will 2014 ; Deruelle and Uzan 2018) for details.

We will make use of this fact below, and deduce the right results for gravita-
tional binary systems using the quadrupole formula with the Newtonian poten-
tial included in the moment of inertia, without going into the technical details
required to solve the second iteration, for which we refer to the cited literature.
However, we should keep in mind that this formula can only be trusted because
it has been derived including the second iteration, and not from the linearized
approximation alone. We should also keep in mind that restoring the validity
of the quadrupole formula after the second iteration in gravitational binaries is
a special and remarkable fact, and not a general result. For instance, the lin-
earized quadrupole formula gives the wrong answer for gravitational binaries
in modified theories of gravity, see e.g. (Taherasghari and Will 2025).

The fact that the linearized approximation provides potentially correct an-
swers beyond its regime of validity contributed to the controversy that heated
the debate around the quadrupole formula, and that were ultimately solved only
with the systematic and rigorous developments of the early 80’s, see (Damour
1982 ; Kennefick 1997 ; Will 2011) for discussions.

2.3.4. Back-reaction

Observable consequences of the emission of gravitational waves can be stud-
ied looking at how they impact the dynamics of the source. This can be done
for instance evaluating the first PM correction to the source trajectories, by
solving

0 = NewAµT
µν = ∂µT̄

µν+Γ(1)µ
µρT̄

ρν+Γ(1)ν
µρT̄

µρ+∂µT̄ (1)µν+O(h2)[2.65]

at various orders in the PN expansion. The details of this calculation can be
found in (Poisson and Will 2014). In some cases however, it is possible to con-
sider the following shortcut. At zeroth order, we have the Newtonian dynamics,
and this comes with a clear identification of conserved quantities such as energy
E and angular momentum J . We then assume that the first order correction
is obtained allowing these quantities to be not conserved, and equating their
change to the dissipation caused by gravitational waves. That is, we posit

Ė = −ĖGW, L̇a = −L̇aGW, [2.66]
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insert the expressions [2.48] and [2.49] on the right-hand side, and solve the
resulting equations. From the solutions we deduce how the source should change
in time in order for its dynamics to be consistent with the dissipation caused
by gravitational waves. This is what we do in the next Section, and for which
the total expressions [2.48] and [2.49] are enough. Detailed calculations using
the proper method [2.65], see e.g. (Poisson and Will 2014), confirm the validity
of this shortcut, at least in so far as the lowest order in the PN expansion is
concerned.

2.4. GWs from binary systems: elliptical, circular and hyperbolic orbits

We now apply the results of the previous section to determine the GW
signal from binary systems. We will first consider the case of a bound system,
with circular or elliptical orbits. These provide a simple yet realistic model
of astrophysical sources that corresponds to the signals observed by LVK. We
will see how one can express the two quadrupole formulas (and more generally
the dissipation equations) in terms of the dynamics of the sources, compute the
backreaction leading to orbital decay and increased wave emission, and produce
analytic waveforms. We will also see explicitly the importance of the averaging
procedure, which in the case of bound binary systems neatly separates the
effects related to the two time-scales involved: the period of each orbit, and
the ‘secular’ effects that cumulate over many orbits. We will then consider the
case of unbounded, hyperbolic orbits, produce their waveforms. These orbits are
interesting because they provide the simplest examples of displacement memory
and gravitational capture. Throughout this Section, we will approximate the
gravitational bodies with non-spinning point particles. This provides a good
approximation at lowest order: detailed PN analysis shows that spinning and
finite-size effect only enter at higher orders.

2.4.1. Newtonian equations

We first recall the Newtonian equations of motion for two non-spinning
point-particles of masses m1,2, with relative position r⃗ = x⃗1 − x⃗2 and relative
velocity v⃗ = v⃗1 − v⃗2. In the center-of-mass (CM) frame, the dynamics can be
described by a single particle with position r⃗ and reduced mass

µ := m1m2

m
, ν := m1m2

m2 , m = m1 +m2. [2.67]

The dimensionless quantity ν is introduced here for later convenience. The
total energy E = 1

2µv
2 − Gµm/r and angular momentum L⃗ = µr⃗ × v⃗ are



DR
AF

T

The theoretical foundations of gravitational waves:
detection and emission 101

conserved. The latter implies that the motion is confined to a plane, and we
choose coordinates so that this is the (x, y) plane. We then parametrize

r⃗ = rn⃗, n⃗ = (cosψ, sinψ, 0), [2.68]

and introduce a second vector to form an orthogonal basis in the plane of the
dynamics:

v⃗ = ṙn⃗+ rψ̇λ⃗, λ⃗ = (− sinψ, cosψ, 0). [2.69]

The observer’s detector is at position R⃗ = RN⃗ where in spherical coordinates
the unit vector is N⃗ = (sinφ cos θ, sinφ sin θ, cosφ), see figure 2.4. Newton’s

ψ(t)
x

y

z

⃗N

φ

θ

r(t)

a

b p

FF x

y

Figure 2.4: Left panel: Bound binary system in the centre-of-mass frame: basic
quantities and angles. Right panel: Geometric quantities of an ellipse.
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equations in the CM frame can be conveniently rewritten as

r(ψ) = p

1 + e cos(ψ) , [2.70]

ψ̇ =

√
Gm

p3 (1 + e cos(ψ))2 [2.71]

where e =
√

1− (b/a)2 is the eccentricity, and p = a(1−e2) the semi-latus rec-
tum, of an ellipse with semi-major axis a and semi-minor axis b, see right panel
of Fig. 2.4. These geometric quantities are related to the physical conserved
quantities by

E = Gµm

2a = Gµm

2p (e2 − 1) = ν
Gm2

2p (e2 − 1). [2.72]

and

L⃗ = Le⃗z, L = µ
√
Gmp = ν

√
Gm3p. [2.73]

It follows from Eqs. [2.68]-[2.71] that

v⃗ =

√
Gm

p
(− sinψ, e+ cosψ, 0) , [2.74]

where we have chosen the origin ψ = 0 at periastron, and

|v⃗|2

c2 =
(
Gm

c2p

)(
1 + e2 + 2e cosψ

)
. [2.75]

The Newtonian approximation requires v⃗2 ≪ c2, and thus the dimensionless
ratio Gm/c2p≪ 1.

Bound systems have eccentricity e < 1, while unbound ones have e > 1.
The border case e = 1 corresponds to parabolic orbits.

• Elliptical Orbits have 0 < e < 1 with −π ≤ ψ < π, rmin = p/(1 + e) and
rmax = p/(1− e). The orbital angular frequency ω0 and period T satisfy
Kepler’s laws

ω0 =

√
Gm(1− e2)3

p3 and T = 2π
ω0
. [2.76]
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• Circular orbits have e = 0 and radius r = p, and orbital frequency

ω0 =

√
Gm

p3 . [2.77]

• Hyperbolic orbits have e > 1. Now ψ−(e) ≤ ψ < ψ+(e) where

ψ± = ± arccos(1/e), [2.78]

and correspondingly sinψ± = ±e−1√e2 − 1. These orbits are not peri-
odic, but have a characteristic time-scale (a burst time scale) related to
the characteristic frequency scale

ωc =

√
Gm(e2 − 1)3

p3 . [2.79]

The closest distance of approach rmin = p/(1 + e) at ψ = 0. As ψ → ψ±,
v → v∞ with

v2
∞
c2 = Gm

c2p
(e2 − 1). [2.80]

The GR modifications of the Newtonian equations of motion can be
separated in two classes. First, the contributions of the potentials, of which
the most famous is of course Einstein’s initial precession calculation: over an
orbital period the perihelion of elliptical orbits advances by
∆h = 2π(3Gm/c2p), while for hyperbolic orbits
∆h = (∆r/3)

{
6 arccos(−1/e) + e−2√e2 − 1

[
2(2 + e2) + 5ν(e2 − 1)

]}
, see

e.g. (Damour and Deruelle 1985). Second, non-conservative or dissipative
effects caused by the emission of gravitational waves. In the following we will
ignore the first, and focus on the second. We will also ignore the precession
introduced by dissipative effects, since this is higher order in the PN
expansion.

2.4.2. Energy and angular momentum fluxes

In the quadrupole approximation, the TT component of the waveform is
given by Eq. [2.44], in terms of the traceless quadrupole tensor Qij = Iij− 1

3Iδij .
The mass quadrupole moment of the two point particles is

Iab = µrarb = νmrarb. [2.81]
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This is where the discussion of Section 2.3.3 becomes crucial. If we are working
in the linear approximation, we are only allowed to include in Iab the kinemat-
ical contribution from the velocities, and not the Newtonian gravitational po-
tential, which would curve the geodesics away from the straight lines. However
going through the second iteration has ultimately the neat effect of restoring
the quadrupole formula with the Newtonian potential included. We will make
use of this fact, and assume in the following that the quadrupole formula was
derived already going through the second iteration of the field equations, and
thus include the Newtonian potential in Iab. Doing so, and using the equations
of motion dv⃗/dt = −Gmn⃗/r2, it follows that

Ïab = 2νm
(
vavb −

Gm

r
nanb

)
. [2.82]

Thus from Eqs. [2.68] and [2.74] the non-zero components of Ïab are

Ï11 = −2νmc2
(
Gm

c2p

)[
cos(2ψ) + e cos3 ψ

]
, [2.83a]

Ï12 = −2νmc2
(
Gm

c2p

)[
sin(2ψ) + e sinψ(1 + cos2 ψ)

]
, [2.83b]

Ï22 = 2νmc2
(
Gm

c2p

)[
cos(2ψ) + e cosψ(1 + cos2 ψ) + e2] , [2.83c]

and Ï = 2νmc2
(
Gm
c2p

)
e(e+ cosψ). We have written the coupling constants as

Gm1m2

p
= mc2

(
Gm

c2p

)
ν, [2.84]

in order to highlight that Ïab has the dimensions of energy. The third derivatives
of the quadrupole tensor are straightforwardly obtained from Eq. [2.83] and
[2.71] and read

...
I 11 = 2ν(mc2) c

p

(
Gm

c2p

)3/2
(1 + e cosψ)2 [2 sin(2ψ) + 3e cos2 ψ sinψ

]
[2.85a]

...
I 12 = 2ν(mc2) c

p

(
Gm

c2p

)3/2
(1 + e cosψ)2 [−2 cos(2ψ) + e cosψ(1− 3 cos2 ψ)

]
[2.85b]

...
I 22 = −2ν(mc2) c

p

(
Gm

c2p

)3/2
(1 + e cosψ)2 [2 sin(2ψ) + e sinψ(1 + 3 cos2 ψ)

]
[2.85c]
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Figure 2.5: Surfaces of constant h+ and h× polarisations for circular orbits
e = 0. Here have chosen ψ = π.

The GW perturbation is given by substituting these expressions into
Eq. [2.44]. In the direction N⃗ = ẑ the plus and cross polarisations are given
by (see Eq. [2.45]),

h+(t) = G

c4R
(Ï11 − Ï22) = −h0

[
2 cos(2ψ) + e cosψ + 2e cos3 ψ + e2]∣∣

tR
[2.86]

h×(t) = 2G
c4R

Ï12 = −2h0
[
sin(2ψ) + e sinψ(1 + cos2 ψ)

]∣∣
tR
. [2.87]

where the dimensionless amplitude is

h0 = 2G2m1m2

c4Rp
= 2ν

(
Gm

c2R

)(
Gm

c2p

)
. [2.88]

The time-dependence is determined from ψ(t) which is a solution of
Eq. [2.71]. The polarizations h+,×(t, θ, φ) in an arbitrary direction
N⃗ = (sin θ cosφ, sin θ sinφ, cos θ) can be obtained plugging [2.83] in [1.94], or
written directly in terms of (2.86-2.87) using [1.95]. Figure 2.5 shows surfaces
of constant h+,× as a function of (θ, φ), for a fixed value of ψ = π and e = 0.
The quadrupolar nature is clearly visible.
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0.0 0.5 1.0 1.5 2.0 2.5
tR/T

2

1

0

1

2

h + (t)/h0
h × (t)/h0

PGW(t)/Pe = 0
GW

Figure 2.6: Circular orbits. The plot shows h+ and h× polarisations, and emit-
ted GW power (solid line), as a function of retarded time in units of T for 2.5
orbital periods. The emitted power is constant and given by Eq. [2.94]. The GW
wavelength is cT/2.

For circular orbits (e = 0), only the terms in cos(2ψ) and sin(2ψ) remain,
and furthermore the angular velocity is constant, in particular ψ = ω0t from
[2.71]. Thus for circular orbits, the GW angular frequency is twice the orbital
frequency:

ω = 2ω0. [2.89]

Figure 2.6 shows the waveforms as a function of retarded time, in units of T , for
2.5 orbital periods. For elliptical orbits additional frequencies are present, both
larger and smaller than ω0. In fact since the angular velocity is not constant,
infinitely many harmonics are emitted. These are shown in Fig. 2.7.

In the quadrupole approximation, the energy and angular momentum fluxes
[2.61] and [2.64] read

PGW(ψ) = G

5c5

...
Qab

...
Q
ab = 2G

15c5

[ ...
I

2
11 +

...
I

2
22 + 3

...
I 12

...
I 12 −

...
I 11

...
I 22

]
[2.90]

L̇zGW(ψ) = 2G
5c5 ϵ

zabÏac
...
I b

c = 2G
5c5

[
(Ï11 − Ï12)

...
I 12 + Ï12(

...
I 22 −

...
I 11)

]
[2.91]
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h + (t)/h0
h × (t)/h0

PGW(t)/Pe = 0
GW

Figure 2.7: Elliptical orbit with e = 0.3. The plot shows h+ and h× polarisa-
tions, and emitted GW power, as a function of retarded time in units of T for
2.5 orbital periods. The emitted power is largest at periastron ψ = 0 (mod 2π)
where the orbital velocity is the largest.

(only the z-component of angular moment is relevant since the binary is in the
xy-plane ). Substituting Eq. [2.85] gives

PGW(ψ(t)) = P e=0
GW (1 + e cosψ)4

[
1 + 2e cosψ + e2

12(1 + 11 cos2 ψ)
]∣∣∣∣
tR

[2.92]

L̇zGW(ψ(t)) = L̇e=0
GW(1 + e cosψ)3

[
1 + 3

2e cosψ − e2

4 (1− 3 cos2 ψ)
]∣∣∣∣
tR

[2.93]

where for circular orbits the constant rates of emission are given by

P e=0
GW = 32

5
G4

c5
µ2m3

p5 = 32
5

(
c5

G

)(
Gm

c2p

)5
[2.94]

L̇e=0
GW = 32

5
G7/2

c5
µ2m5/2

p7/2 = 32
5 ν

2(mc2)
(
Gm

c2p

)7/2
[2.95]
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h + (t)/h0
h × (t)/h0

PGW(t)/e6 Pe = 0
GW

Figure 2.8: Hyperbolic orbits with e = 2. The h+ and h× polarisations and
emitted GW power as a function of retarded time, for an initial value ψ = ψ−
see Eq. [2.78]. The motion is no-longer periodic and a burst of GW energy
emitted when ψ = 0 at t = 0. Note that the emitted power scales as e6 for large
e, see Eq. [2.92], and for that reason in the plot the power is normalised by an
extra factor of e6. See section 2.4.6

in terms of the dimensionless coefficient Gm/c2p. The above expressions are
valid for all e ≥ 0 provided v⃗2 ≪ c2. The power emitted is constant for circular
orbits, and maximal at periastron for elliptical orbits. Figure 2.6 shows the
waveforms Eq. [2.86]-[2.87] and power emitted Eq. [2.92] over 2.5 periods of
a circular orbit with e = 0, in unit of tR/T where T is the orbital period.
Figure 2.7 shows the same for an elliptical orbit with e = 0.3. In both cases the
periodic motion is clear. Over longer time-scales t≫ T , however, the emission
of energy and angular momentum backreact on the orbital trajectories and
must be considered. For a hyperbolic orbit, the corresponding plots are given
in figure 2.8. The motion is obviously no-longer periodic and simply amounts
to a fly-by: thus back-reaction effects do not accumulate over time and will be
less significant (see subsection 2.4.6).

We now evaluate the effect of energy and angular momentum dissipation on
the system’s dynamics in order to study the back-reaction.
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2.4.3. Back-reaction and waveform: circular orbits

The effect of the gravitational wave emission produces an effect that modifies
the dynamics of the system, known as radiation-reaction force. As explained
at the end of the previous Section, this effect can be deduced equating the
non-conservation of the energy and angular momentum with the correspond-
ing gravitational wave fluxes, see [2.66], and solving to find how the orbital
element change in time. In order to do so we have to replace the constant
orbital elements with functions of time, a method already used to compute
perturbations to Keplerian orbits and known as ‘osculating orbits’. For circular
orbits, there is only one independent quantity, it is thus sufficient to look at
the energy equation. On the source side, we have [2.72]

Ė = −E
p
ṗ. [2.96]

On the gravitational wave side, we have [2.94]. Equating the two gives

ṗ = 64
5
G3

c5
µm2

p3 , [2.97]

and this tells us how the orbit evolves. Using Kepler’s law [2.77], we can obtain
the evolution of the angular frequency as

ω̇0 = Aω
11/3
0 , A = 96

5
G5/3µm2/3

c5 = 96
5

(
GM
c3

)5/3
, [2.98]

where M is the chirp mass [1.6]. This in turns tells us the change in the
frequency of the emitted waves, which as seen in [2.89] is twice the orbital
frequency:

ω̇ = 2−8/3Aω11/3 = 12
5 21/3

(
GM
c3

)5/3
ω11/3, [2.99]

or equivalently in terms of f = ω/2π,

ḟ = 96
5 π

8/3
(
GM
c3

)5/3
f11/3. [2.100]

This shows that as gravitational waves are emitted, the orbit decays, the an-
gular frequency increases, and so does the GW’s frequencies as well, leading
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to an even greater orbital decay. This run-away effect stops when the orbit de-
cays completely and the two body coalesce. Clearly before that happens, higher
order effects become important and one should improve the calculation. It is
however instructive to get the lowest-order approximation and a qualitative
overall picture to assume that the quadrupole approximation is valid through-
out the evolution. We can then integrate between an initial time t and the
coalescing time tc, where the frequency formally diverges. This gives

f(t) = 1
π

(
5

256(tc − t)

)3/8(
GM
c3

)−5/8
. [2.101]

Thus for a binary inspiral on a circular orbit f−8/3 is linear in time, with a
slope which determines directly the chirp mass. From this solution we can also
immediately deduce the evolution of the orbital frequency ω0, the orbital radius
p, and the GW amplitude [2.88].

To get the complete waveform, we only need the time dependence of ψ. This
can be computed observing from [2.71] that ψ̇ = ω0, therefore

Φ(t) := 2ψ = 2π
∫ tc

t

dt′f(t′) + Φc = −2
(

5GM
c3

)−5/8
(tc − t)5/8 + Φc,[2.102]

where Φc is the phase at coalescing time. Combining these results, we get for
the polarizations (2.86-2.87) in the direction perpendicular to the orbital plane

h+(t) = − 4
R

(
GM
c2

)5/3(
πf(tR)
c

)2/3
cos Φ(tR), [2.103]

h×(t) = − 4
R

(
GM
c2

)5/3(
πf(tR)
c

)2/3
sin Φ(tR). [2.104]

For circular orbits, it is also easy to give the polarizations in an arbitrary
direction N⃗ = (sin θ cosφ, sin θ sinφ, cos θ), using Eq. [1.95]:

h+(t) = 4
R

(
GM
c2

)5/3(
πf(tR)
c

)2/3
cos[Φ(tR)− 2φ+ π]

(
1 + cos2 θ

2

)
,[2.105]

h×(t) = 4
R

(
GM
c2

)5/3(
πf(tR)
c

)2/3
sin[Φ(tR)− 2φ+ π] cos θ. [2.106]

As described after [1.95], the angle θ can be identified with the inclination ι of
the source relative to the detector, see Fig. 1.1, whereas 2ω = −2φ + π is the
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longitude of pericenter. Notice also that ω can be absorbed into a redefinition
of the initial time. This is the analytic expression of the curve plotted in blue
in figure 2.9.

2.4.4. Back-reaction: Elliptical orbits

The case of elliptic orbits is more intricate, and offers a few interesting
insight into the dynamics: there is a full spectrum of emission, and not a
monochromatic one, which shows up in a non-symmetric waveform; there is
loss of both energy and angular momentum, and at different rates, which shows
up in the orbital back-reaction losing eccentricity faster than it decays; GW
emission is not constant during the orbit, but stronger at periastron.

To analyse the system, it is convenient to distinguish the effects on two
different time scales: short-time effects, namely the variations within a single
orbit; and long-time, or secular, effects, namely the cumulative changes over
many orbits. For instance, the dependence of the power emitted on the position
ψ illustrated in Fig.2.7 is a short-time effect. The orbital decay on the other
hand is a secular effect. To consider secular effects, we introduce the average
over one orbital period:

⟨X⟩ = 1
T

∫ T

0
dtX(t) = 1

T

∫ π

−π
dψ

1
ψ̇
X(ψ), [2.107]

where ψ̇ is given in Eq. [2.71]. We then replace [2.66] with their time-averages,

Ė = −⟨PGW⟩ L̇ = −⟨L̇GW⟩. [2.108]

The aim of this subsection is to solve these equations to determine the secular
evolution of e(t), p(t), and thus h+,×(t) with backreaction included.

Substituting [2.92] and integrating gives the Peter-Mathews formula (Peters
and Mathews 1963):

⟨PGW⟩ = P e=0
GW (1− e2)3/2

[
1 + 73

24e
2 + 37

96e
4
]
. [2.109]

(This expression is only valid for e < 1 as we are dealing with elliptical orbits.)
Keeping p constant, the radiation increases from e = 0, to a maximum at e ∼
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0.5 before decreasing and vanishing at e = 1. The averaged angular momentum
radiation is similarly determined using [2.93] and gives

⟨L̇GW⟩ = L̇e=0
GW (1− e2)3/2

[
1 + 7

8e
2
]
. [2.110]

We now return to Eqs. [2.108], where on the left hand side the time-
dependence is in e(t) and p(t). By definition, see [2.73], L = ν

√
Gmp from

which

dL

dt
= νc

2

√
Gm

c2p

dp

dt
. [2.111]

This combined with Eqs. [2.108] and Eq. [2.110] gives

dp

dt
= −64

5 νc
(
Gm

c2p

)3
(1− e2)3/2

[
1 + 7

8e
2
]
. [2.112]

The energy of the orbit is given in Eq. [2.72], from which

ė = 1
νGm2

p

e
Ė − ṗ

2pe (1− e2). [2.113]

Then plugging in [2.109] and [2.112] gives

de

dt
= −304

15 νc
(
e

p

)(
Gm

c2p

)3
(1− e2)3/2

[
1 + 121

304e
2
]
. [2.114]

These coupled equations Eq. [2.112] and [2.114] can be solved using hyperge-
ometric function to get e(t) and p(t), or alternatively combined to determine
p(e).

Observe that both p(t) and e(t) decrease with time. An elliptical orbit with
initial eccentricity e ̸= 0 will thus become more circular due to GW radiation.
Whereas an initially circular orbit with e = 0 remains circular for all times.
This is the reason why often it is a good approximation to consider circular
orbits, particularly when studying the last moments before the merger of the
binary system. (This is the case of the events observed by LVK.) At first order
in e, we can approximate [2.114] with

de

dt
∼ − e

τR
, τR := 1

ν

(
Gm

c2p

)−5/2
T

2π , [2.115]
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where T is the orbital period [2.76]. This approximation provides a time-scale,
τR, of the radiative decay of e and p. From Eq. [2.75],

(
Gm
c2p

)
∼ |v⃗|2/c2 ≪ 1,

and thus τR ∼ (c/v)−5T ≫ T .

The decrease of p and e also implies that T decreases with time. Indeed
from Eqs. [2.76], [2.114] and [2.112]

dT

dt
= −192

5 π

(
GM
c3

2π
T

)5/3 [1 + 73
24e

2 + 37
96e

4

(1− e2)7/2

]
[2.116]

where M is the chirp mass [1.6]. Thus the orbital frequency ω0 increases, and
GWs are emitted with increasing frequencies. The amplitude also increases,
since has we can see from [2.88] it is inversely proportional to p.

To have the quantitative behaviour of the waveforms h+,×, we also need
the time evolution of ψ. This is obtained solving [2.71] with e(t) and p(t) the
solutions of Eqs.[2.114] and [2.112], and can be done numerically. The result is
plotted in Fig. 2.9, for 4 different initial values of the eccentricity e = 0, 0.3, 0.5
and 0.7, for the plus polarization in the z direction [2.86]. The upper waveform
in Fig. 2.9 is for circular orbits. The increasing amplitude and frequency of
the GWs is clearly visibile and will be quantified in the discussion below. The
waveform diverges when p reaches zero, though clearly this is beyond the regime
of applicability of the quadrupole approximation which assumes |v⃗|/c ≪ 1.
Since |v⃗| ∼ 1/√p this is clearly violated as p → 0. That is the reason why, in
Section 1.1.4.2, we invoked the ISCO as a possible minimum distance, which
then defined a merger frequency through Eq. [1.8]. The elliptic orbits are not
symmetric, and the amplitude is maximal at the periastron, where we also have
the maximum emitted power. The different plot also show that the waveform
diverges at earlier and earlier times as e increases, in agreement with the fact
that the emitted powers increase with e.

To get also a geometric intuition about the dynamics of the system during
evolution, we plot in figure 2.10 the orbits for e = 0 and e = 0.3, showing the
decrease in orbital radius and eccentricity.

2.4.5. Frequency content of elliptical orbits

As a side result, let us come back to elliptic orbits, without dissipation,
and discuss how one can study the frequency content of the waves emitted by
computing the contributions at each frequency to the total power [2.90]. To that
end, we expand the dynamics into Fourier modes multiples of the fundamental
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Figure 2.9: Four waveforms, in the lowest order PN expansion, with initial
values of eccentricity given by e = 0, 0.3, 0.5 and 0.7. Most GW power is emitted
near the pericenter where the orbital velocity is the largest. Also since more GW
radiation is emitted as e increases, the merger occurs earlier.
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Figure 2.10: Corresponding to Fig. 2.9, the orbits r(t) given by Eq. [2.68] for
e = 0 and e = 0.3

harmonics given by the orbital frequency ω0 =
√
Gm/p3. So for instance we

write

Iab(t) = νmp2

{
Ã

(0)
ab +

∞∑
n=1

[
Ã

(n)
ab cos(nω0t) + B̃

(n)
ab sin(nω0t)

]}
, [2.117]

with the dimension-full factor in front so to have dimension-less Fourier com-
ponents

Ã
(0)
ab = 1

νmp2T

∫ T

0
dtIab(t), [2.118]

Ã
(n)
ab = 2

νmp2T

∫ T

0
dtIab(t) cos(ω0nt), B̃

(n)
ab = 2

νmp2T

∫ T

0
dtIab(t) sin(ω0nt).[2.119]

Recall that Iab is given by [2.81] with r⃗ parametrized as in [2.68]. To solve this
integral one then needs the explicit time dependence of r and ψ, namely the
solution of the (unperturbed) Keplerian orbit of ellipticity e. Details can be
found in e.g. (Maggiore 2007), and one finds

0 = B̃
(n)
11 = Ã

(0)
12 = Ã

(n)
12 = B̃

(n)
22 , Ã

(0)
11 = 1 + 4e2

2 , Ã
(0)
22 = 1

2[2.120]
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and

Ã
(n)
11 = 1

(1− e2)2 ·
1
n

[Jn−2(ne)− Jn+2(ne)− 2e(Jn−1(ne)− Jn+1(ne))] ,[2.121]

B̃
(n)
12 = 1

(1− e2)3/2 ·
1
n

[Jn+2(ne) + Jn−2(ne)− e(Jn+1(ne) + Jn−1(ne))] ,[2.122]

Ã
(n)
22 = 1

(1− e2) ·
1
n

[Jn+2(ne)− Jn−2(ne)] , [2.123]

in terms of the Bessel’s functions J . Taking three time derivatives leads to
factors of n3ω3

0 . Substituting into [2.90] and averaging over one period to cal-
culate ⟨PGW⟩ leads to terms such as ⟨sinnω0t sinmω0t⟩ ∼ δmn meaning that
the different harmonics do not interfere. In conclusion one finds

⟨PGW⟩ =
∞∑
n=1
⟨Pn⟩ [2.124]

where

⟨Pn⟩ = P e=0
GW ·

n6

96 (1−e2)4
[(
Ã

(n)
11

)2
+
(
B̃

(n)
12

)2
+ 3

(
Ã

(n)
22

)2
− Ã(n)

11 B̃
(n)
12

]
,[2.125]

where P e=0
GW is given in Eq. [2.94]. The ⟨Pn⟩ are plotted in figure 2.11 for different

values of e. For circular orbits all power is emitted via the n = 2 mode. The
power is the more and more distributed among other harmonics as e increases,
and the frequency at which the maximum power is radiated also increases with
e.

2.4.6. Hyperbolic orbits

While all GW detections to date are from bound elliptical/circular CBCs
with e < 1, many other potential GW sources exist, for instance non-spherical
spinning NSs and asymmetric core collapse Supernovae. In this brief subsec-
tion we discuss another possible source, namely unbound binary systems on
hyperbolic orbits. That is, we consider cases in which the eccentricity e > 1 see
Eq. [2.72] and Fig. 2.12.

Hyperbolic orbits are interesting not only because unbound orbits are ex-
pected to exist in nature (and hence the waveform for such events is and will
be searched for by GW detectors (Agazie et al. 2024 ; Gasparotto et al. 2023 ;
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Figure 2.11: Plot of ⟨Pn⟩/P e=0
GW for different values of e = 0 (red), e = 0.2

(blue), e = 0.4 (cyan) e = 0.6 (green).

Goncharov et al. 2024 ; Inchauspé et al. 2024)), but also because this simple
system provides a first example of a gravitational wave memory effect. There
are many different kinds of memory effects (see e.g. (Favata 2010)), the simplest
of which is the linear memory effect which occurs already at the lowest order in
the PN expansion and which is illustrated by hyperbolic orbits. Memory effects
occur when there is a permanent change ∆hTT

ab in the gravitational waveform,
and thus leads to permanent displacement ∆L of the arms of GW detector for
example, see Eq. [2.4].

2.4.6.1. Linear memory effect and low-frequency GWs

The two GW polarisations for hyperbolic orbits are shown in Fig. 2.8 for
N⃗ = (0, 0, 1). The waveform is not periodic but rather burst-like, and h× has
a non-zero variation between t = ±∞: this is the linear memory effect. More
generally, the variation of the metric perturbation between t = ±∞ is given by

∆hTT
cd =

∫ ∞

−∞
dt ḣTT

cd (t) = hTT,+
cd − hTT,−

cd , [2.126]
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y

x
ψ(t)

r(t)

ψ−ψ+ = −

Figure 2.12: Sketch of a hyperbolic orbit in the CM, showing the angles ψ± =
± arccos(−1/e). The scattering angle is ψ+ − ψ− − π = 2 arccos(−1/e) − π =
2 arcsin(1/e).

where we introduced the shorthand notation hTT,±
cd for the evaluation at t =

±∞. It follows from [2.44] that there will be a linear memory effect ∆hTT
ij ̸= 0

when there is a net change in the second time derivatives of quadrupole moments
of the system. This is precisely the case for hyperbolic orbits, since at initial
and final times the accelerations are zero, but the velocity vectors are different.
At lowest PN order,

∆hTT
cd = 2G

c4R
PTTab

cd(N⃗)(Ï+
ab − Ï

−
ab)

= 4G
c4R

PTTab
cd(N⃗)

2∑
i=1

miv
i
av
i
b

∣∣∣∞
−∞

[2.127]

= 4Gµ
c4R

v2
∞P

TTab
cd(N⃗)nanb

∣∣∣∞
−∞

, [2.128]
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where v∞ is given in [2.80] and the unit-norm na at initial and final times
refers to incoming and outgoing directions. From this one can compute the
polarizations, for instance in the ẑ direction,

∆h+(ẑ) = 16Gµv2
∞

c4R

1− e2

e4 , ∆h×(ẑ) = 8Gµv2
∞

c4R

(e2 − 2)
√
e2 − 1

e4 .[2.129]

See (Braginsky and Thorne 1987) for more details.

The time-scale over which the GW signal varies in Fig 2.8, namely the
burst time-scale, is determined by the inverse of the characteristic frequency
ω−1
c given in Eq. [2.79]. Up to factors of eccentricity, this also determines the

characteristic frequency scale of the emitted GWs on hyperbolic orbits. In-
deed, contrary to the case of periodic elliptical orbits discussed in section 2.4.5,
GWs of all continous frequencies are emitted, and one can determine the GW
power as a function of frequency by now Fourier transforming the power emit-
ted. Using the convention Ĩab(ω) =

∫
dtIab(t)e−iωt, as well as the quadrupole

approximation, the total energy emitted in GWs is

EGW = G

5c5

∫ ∞

−∞
dt(

...
I ab)2 = G

5πc5

∫ ∞

0
dω ω6|Iab(ω)|2

≡
∫ ∞

0
dωPGW(ω).

The emitted power in GWs is thus

PGW(ω) = G

5πc5

[
ω3Ĩab(ω)

] [
ω3Ĩ∗

ab(ω)
]
. [2.130]

Direct calculation analogous to that of section 2.4.5 (see e.g. (Brax and Steer
2024)) shows that PGW(ω) is peaked at a value fixed by ωc but which increases
with e, see figure 2.13. Notice that PGW(0) ̸= 0. This is due to the linear
memory effect: indeed Eq. [2.126], written in Fourier space reads

∆hTT
cd = −i 2G

c4R
PTTab

cd(N⃗)
[
ω3Ĩab(ω)

]∣∣
ω=0 , [2.131]

thus a non-vanishing linear memory effect implies PGW(0) ̸= 0.
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!(
ω̃

)/!
(0)

Figure 2.13: The energy spectrum PGW(ω̃)/PGW(0) where ω̃ = ω/ωc for differ-
ent eccentricities. Figure from (Brax and Steer 2024).

2.4.6.2. Capture due to GW emission

One can estimate the energy emitted in GWs between ψ− < ψ < 0 by
calculating

∆EGW =
∫ 0

ψ−

dψ
1
ψ̇
PGW(ψ) [2.132]

where PGW(ψ) is given in Eq. [2.92]. Let us consider an orbit which is only
slightly unbound, thus e = 1 + ϵ with 0 < ϵ ≪ 1 so that the orbital energy is
E ≃ νGm2ϵ/p, see Eq. [2.72]. Then it is straightforward to determine ∆EGW
to lowest order in ϵ, leading to

∆EGW = 85
3 mc

2ν2
(
Gm

c2p

)7/2
π +O(1). [2.133]

Note that here we assumed p constant, that is we have neglected the back-
reaction of the emitted GR on p: this is a reasonable approximation for this
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individual burst process since p changes on a time-scale ∼ (c/v)−5ω−1
c as dis-

cussed previously. The orbital energy E ∼ νGm2ϵ/p will thus be reduced by
∆EGW, and if

E −∆EGW < 0 [2.134]

then the GW energy loss will convert the hyperbolic orbit into a bound orbit
before the pericenter. This can be rewritten as the condition

ϵ <
85ν
3

(
Gm

c2p

)5/2
π. [2.135]

Instead of parametrising the orbit in terms of (p, ϵ), for such scattering
trajectories it is more convenient to work with (b, v∞) where b is the impact
parameter and v∞ is the orbital velocity at infinite separation. From Eq. [2.80],
v2

∞ ≃ 2(Gm/p)ϵ and substituting ϵ from Eq. [2.135] gives

(
Gm

c2p

)7/2
>

3
170πν

(v∞

c

)2
. [2.136]

Furthermore, basic trigonometry gives

b = p

e sinψ−
= p√

e2 − 1
≃ p√

2ϵ
=
√
Gmp

v∞
. [2.137]

Saturating the bound in [2.136] identifies the impact parameter bcapture for
which capture occurs. The corresponding capture cross-section
σGW := πb2

capture is thus given by

σGW = π

(
170πν

3

)2/7(
Gm

c2

)2(
c

v∞

)18/7
. [2.138]

Such a process could play an important role for instance in dense star clusters
and galactic nuclei, see e.g. (Capozziello et al. 2008 ; O’Leary et al. 2009 ;
Hoang et al. 2020).



DR
AF

T

122 GRAVITATIONAL WAVES

2.5. GWs in curved space-time, cosmology

In the previous sections we discussed GWs in Minkowski space; our aim
is now to generalise the results presented there to a cosmological space-time.
There is now a further scale of interest other than the characteristic size d
of the source and the GW wavelength λGW, namely the cosmological horizon.
The results of the previous sections are valid in the so-called the local wavezone
of the source, namely at distances scales R which are large compared to the
GW wavelength but small compared to the cosmological horizon, d≪ λGW ≪
R ≪ horizon. We now aim to extend them to cosmological scales: we will see
that the expansion of the universe dampen the GW amplitude, and redshift
frequencies and masses.

2.5.1. General background metric

2.5.1.1. Linearised equations

The linearized equations around an arbitrary background [1.36] are given
explicitly in Appendix 1.4. We can simplify them again using the de Donder
gauge [1.75], generalised to curved space-time as10

∇̄µh̄µν = 0, h̄µν := hµν −
1
2 ḡµνh. [2.139]

In this gauge, we have (see Eq. [??] for details)

□̄h̄αβ + 2R̄µανβh̄νµ + 2Ḡµ(αh̄β)
ν − ḡαβR̄µν h̄µν = −16πG

c4 T (1)
αβ . [2.140]

Here R̄µανβ is the Riemann curvature tensor of the background space-time, and
R̄µν the Ricci-tensor. The terms containing the background curvature depend
on the ratio of λGW relative to the scale of variation of the background metric.
In the following we will assume that they are negligible. The justification for
this is that below we will restrict attention to the homogeneous and isotropic
FLRW metric, where the scale of variation of the background is the cosmological
horizon, which is much greater than λGW.11 The right-hand side has generically

10. We are using a bar to indicate both the background metric, and the trace-reversed
perturbation. We believe that no confusion should arise, because of the different places
where these quantities enter.
11. In a perturbed FLRW metric, there could be local bumps in the curvature of
scale similar to λGW: we do not consider this case here. See also (Isaacson 1968a) for
further details.
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two contributions, one from the metric perturbations, and one from the matter
perturbation. In cosmology, it is often useful to approximate matter using a
perfect fluid description, for which

Tµν = (ρ+ p)uµuν + pgµν , u2 = −c2, [2.141]

where ρ and p are respectively the energy and pressure densities of the fluid.
In this case, Tµν is metric-independent, and this allows us to separate the
metric and matter perturbations using the identity T (1)

µν = ḡµρT
(1)ρ

ν + hµ
ρT̄ρν .

On-shell, the second term is proportional to the background curvature and
therefore can be neglected again by the same argument as given above. We
conclude that in the absence of matter perturbations, [2.140] reduces to

□̄h̄αβ ≃ 0. [2.142]

2.5.1.2. WKB approximation

For a general space-time, the solution of Eq. [2.142] can be obtained in the
WKB approximation. The underlying physical assumption is that the ampli-
tude of the wave is slowly varying with respect to the frequency of the wave,
and hence we write

h̄µν(x) =
∑
p

ℜ
[
Ap(x)ϵpµν(x)eiS(x)/δ

]
[2.143]

where the sum is over polarisations p with polarisation tensor ϵµν satisfying
ϵµνϵ

µν = 1 (recall that to this leading order in h, indices are raised and low-
ered with the background metric) and A is the corresponding amplitude. The
parameter δ → 0, and we define

kµ = ∂µS

δ
. [2.144]

Now substituting [2.143] the de Donder condition Eq. 2.139 becomes (dropping
the p sum for simplicity)

∇̄µh̄µν =
[
∇̄µ(Aϵµν) + iAϵµν

∂µS

δ

]
eiS(x)/δ = 0, [2.145]

which to leading order in δ implies

kµϵµν = 0 [2.146]
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and hence that ϵµν is the transverse polarisation tensor. Substitution into the
equation of motion Eq. [2.142] leads to terms in δ−2, δ−1 which are, respectively

ḡµνkνkµ = 0, [2.147]

2∇̄µ(Aϵαβ)kµ + (Aϵαβ)∇̄µkµ = 0. [2.148]

The first equation, the Eikonal equation (geometric optics limit), implies that
GWs are massless with dispersion relation ω2 = k⃗2 and propagate on null
geodesics. Contracting the second equation [2.148] with ϵαβ , and using that
ϵµνϵ

µν = 1 so that (∇̄αϵµν)ϵµν = 0, leads to

2(∇̄µA)kµ +A∇̄µkµ = 0 ⇒ ∇̄µ(A2kµ) = 0. [2.149]

This gives the decay of the GW amplitude A along the null geodesics. Finally,
substituted back Eq. [2.149] into Eq. [2.148] gives

kµ(∇̄µϵαβ) = 0 [2.150]

which implies that the polarization tensor ϵαβ of the GW is parallel propagated
along the null geodesics.

To summarise, the solution of

ḡµν∇̄µ∇̄ν h̄αβ ≃ 0 [2.151]

in the WBK approximation, and in the Lorenz gauge, is
h̄µν(x) = ℜ

[
A(x)ϵµν(x)eikµx

µ] with

ḡµνkνkµ = 0 [2.152]

kµϵµν = 0 [2.153]

∇̄µ(A2kµ) = 0 [2.154]

kµ(∇̄µϵαβ) = 0 [2.155]

We now consider these equations in a FLRW metric.
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2.5.2. FLRW metric: background

The flat Friedmann-Lemaitre-Robertson-Walker (FLRW) metric is

ds̄2 = −dt2 + a2(t)dx⃗2 = −dt2 + a2(t)(dr2 + r2dΩ2) [2.156]

where x⃗ are comoving coordinates and a(t) is the scale factor (normalised such
that today, at t = t0, a(t0) ≡ a0 = 1). For a perfect fluid source, Einsteins
equations Eq. [1.16] reduce to the Friedmann equations

H2 = 8πG
3 ρ+ Λ

3 [2.157]

ä

a
= −8πG

6 (ρ+ 3P ) + Λ
3 [2.158]

where ρ and P are respectively the energy density and pressure of the perfect
fluid, and H = ȧ

a is the Hubble parameter, whose value today is the Hubble
constant H0. These two equations imply the conservation equation ρ̇+ 3H(ρ+
P ) = 0 = ∇νTµν . In terms of conformal time η defined by dη = dt/a(t), the
metric in Eq. [2.156] is conformally related to the Minkowski metric

ds̄2 ≡ ḡµνdxµdxν = a2(η)[−dη2 + dr2 + r2dΩ2]. [2.159]

Consider now a source (of photons or GWs) at fixed radial position r = 0, and
an observer at ro. On a (η, r) space-time diagram null radial geodesics propagate
at 45 degrees. If two null geodesics are emitted at a conformal time interval δηs
by the source, then they arrive at the observer with the same conformal time
interval δηo = δηs. This implies the standard time-dilation relation

dto = a(to)
a(ts)

dts ≡ (1 + z)dts [2.160]

where z is the redshift of the source (the observer is at to = t0), and equivalently
that the emitted (or ‘source’) frequency fs is related to the observed frequency
fo by

fo = fs
1 + z

. [2.161]

The radial comoving distance R to an event with redshift z is given by solving
ds2 = 0, thus dr = dt/a(t), leading to

R =
∫
dr =

∫
dt

a(t) =
∫ 1
a

dt

da

da

dz
dz =

∫ z

0
dz′ 1

H(z′) [2.162]
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where H(z) = H0E(z) is the Hubble parameter expressed in terms of redshift,
and from the Friedmann equation

E(z) =
√

Ωm(1 + z)3 + Ωr(1 + z)4 + ΩΛ [2.163]

where Ωr,m = 8πGρr,m

3H2
0

, ΩΛ = Λ
3H2

0
and Ωr + Ωm + ΩΛ = 1.

A crucial quantity is the luminosity distance dL(z). This relates the EM
luminosity of the source and the luminosity measured by the observer. In the
flat FRWL metric [2.156] it is given by

dL(z) = a(to)(1 + z)R = (1 + z)
∫ z

0
dz′ 1

H(z′) . [2.164]

As we will see, this same distance scale determines the GW amplitude in an
expanding universe.

2.5.3. FLRW metric: gravitational waveforms

Consider a GW propagating radially outwards from the source at r = 0 and
redshift zs with kµ = ω(1,−1, 0, 0). From Eq. [2.149] it is possible to determine
how the GW amplitude decreases along the null GW geodesic. In a FLRW
metric (in conformal time) Eq. [2.149] becomes

∂ν(
√
−ḡA2kν) = 0 = ∂ν(a(η)2A2r2kν). [2.165]

Thus A(η, r)a(η)r remains conserved during the propagation, and

A(η, r) = const
a(η)r

∣∣∣∣
η−r=const

[2.166]

The constant is fixed by the known amplitude of the wave in the wave-zone
approximation, close to the source, where the Minkowski results are valid.
Then the remainder of the solution h̄µν is obtained by parallel transporting
this solution from the source to the observer. We now carry out these steps.

Before doing so we note that in a flat FLRW universe and focusing on the
spatial TT components only, then in fact [2.140] reduces to

ḡµν∇̄µ∇̄ν h̄TT
ij = 0 = hTT′′

ij + 2HhTT′

ij + ∂k∂
khTT

ij [2.167]
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since the spatial components of the Riemann and Ricci tensors vanish identi-
cally. From here the scaling of the amplitude of GWs as 1/a(η) is also immedi-
ate.

We now consider a compact binary system on circular orbits, as discussed
in section 2.4.3, but this time in a FLRW background. In the wave-zone ap-
proximation and at a physical distance R = a(ts)r from the source as measured
by time ts of the source clock, the plus and cross polarisations of the GW are
given in [2.105] and [2.106]. Focusing on the cross polarisation,

h×(ts, ι) = 4
R

(
GM
c2

)5/3(
πfs(tret

s )
c

)2/3

cos ι sin(2Φs(tret
s )) [2.168]

where tret
s = ts − tc is the time to coalescence at tc and M is the chirp mass

[1.6]. The time dependence of the frequency is given in Eq. [2.100] namely

dfs
dts

= 96
5 π

8/3
(
GM
c3

)5/3
f11/3
s [2.169]

leading to

fs(tret
s ) = 1

π

(
5

256tret
s

)3/8(
GM
c3

)−5/8
, [2.170]

so that the phase dependence is

Φs(ts) = Φc + 2π
∫ ts

tc

dt′sfs(t′s) = −2
(
tret
s c3

5GM

)5/8

+ Φc. [2.171]

We now parallel transport this solution [2.168] along a null geodesic to the
observer. Along the geodesic the GW phase remains constant because the time
dilation effects cancel the redshifting of the frequency. Thus at the observer
whose clock measures dt = dts(1+z), the observed GW frequency f = fs/(1+z)
leading to Φ(t) = Φs(ts). However, at the observer, the GW amplitude is
changed. From Eq. [2.166], and using [2.168]

h×(t, ι) = 4
a(t)R

(
GM
c2

)5/3 [π
c
f(tret)(1 + z)

]2/3
cos ι sin(2Φ(tret))[2.172]
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where we have included the redshifting of frequency. Let us now define the
redshifted chirp mass

Mz = (1 + z)M [2.173]

Then [2.172] becomes

h×(t, ι) = 4
a(t)R(1 + z)

(
GMz

c2

)5/3(
πf(tret)

c

)2/3

cos ι sin(2Φ(tret))[2.174]

= 4
dL(z)

(
GMz

c2

)5/3(
πf(tret)

c

)2/3

cos ι sin(2Φ(tret
o )) [2.175]

where in the second line we have used Eq. [2.164] defining the luminosity dis-
tance to the source (today a(to) = 1). The dependence of the observed fre-
quency on time t is obtained by fs = (1 + z)f into Eq. [2.169]:

(1 + z)d[f(1 + z)]
dt

= 96
5 π

8/3
(
GM
c3

)5/3
f11/3(1 + z)11/3. [2.176]

Assuming that changes in z are negligible during the observation time, then z
can be taken as constant12 leading to

df

dt
= 96

5 π
8/3
(
GMz

c3

)5/3
f11/3, [2.177]

namely the GW phase depends on the redshifted chirp mass,

Φ(tret) = −2
(
tretc3

5GMz

)5/8

+ Φc. [2.178]

To summarize, the GW frequency depends on the redshifted chirp mass
Mz which is therefore determined by measurements of the phase of an inspiral
signal. The GW amplitude depends on both Mz and dL(z). Given that the
former is determined from the phase, measurements of the amplitude of the
signal determine dL(z). Generally speaking therefore, GW observations from

12. See (Bonvin et al. 2017) for a discussion of where this assumption may lead to
biases
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individual CBC events determine the luminosity distance dL(z) and the so-
called ‘redshifted’ masses,

mdetected
1,2 = (1 + z)m1,2 [2.179]

which are related to the ‘source’ masses m1,2 by the same factor of 1 + z as in
Eq. [2.173].13

It is important to note that while the redshifted masses and the luminosity
distance can be deduced from the waveform, the redshift z of the individual
CBC remains undetermined. To deduce this redshift, one possibility is to as-
sume a cosmological model — such as ΛCDM, with given values of H0, Ωm etc,
say from the Planck observations — so that z can be read off the luminosity
distance, see Eq. [2.164]. Another possibility is to find, and measure, effects in
the waveform that also depend on the source-frame masses as well as the red-
shifted masses. For binary black holes there are no such effects (even to higher
orders in the PN expansion). For binaries including neutron stars, tidal effects
with these properties enter, however at higher PN order (see e.g. (Del Pozzo
et al. 2017 ; Messenger and Read 2012) and references within). Furthermore,
the features depend on the — uncertain — equation of state of the nuclear
matter making up the neutron star. In conclusion, to lowest order in the PN
expansion for CBCs, it is not possible to determine the redshift z of the source
from GW observations alone: there is a perfect degeneracy between source
masses, redshift, as well as spins.

Note that if z is determined, then from the detected masses mdetected
1,2 one

can obtain the value of the source masses m1,2 via Eq. [2.179]. This was done
in (Abbott et al. 2016), for example, assuming ΛCDM cosmological model with
Planck values of H0, Ωm to find z: this is how the source-frame values of the
two black hole masses was determined. However, the values of the cosmological
parameters H0 etc are in fact not known precisely, and a source of tension in
cosmology today, see e.g. (Di Valentino et al. 2021 ; Verde et al. 2024). For
these reasons, it can be interesting to use GW observations in a different way,
namely as a new observable with which to measure cosmological parameters.

13. To determine each redshifted mass individually, rather than in the combination
of the chirp mass, requires the waveform beyond the lowest order quadrupolar form
discussed here
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2.5.4. Measuring cosmological parameters with GWs: outline of GW
cosmology

In this last brief subsection we outline how GW observations can be used
to measure cosmological parameters.

The luminosity distance dL(z) in ΛCDM is given in Eq. [2.164], and is a
function of cosmological parameters such as H0 and Ωm. At low redshifts z ≪ 1,
the domain of the O3 measurements of the LVK collaboration (Abbott et al.
2023), only H0 enters since Eq. [2.164] reduces to

dL ∼
cz

H0
⇒ H0 ∼

cz

dL
. [2.180]

Clearly, in order to measure H0, not only is dL required (and obtained from
GW observations, as we have discussed), but the redshift z of the source is also
needed. However, as mentioned above, this cannot be determined from GW
observations: extra non-gravitational information is necessary to determine z.
Such information could, for example, be electro-magnetic (EM).

Indeed, the most straightforward way to determine z is use EM observations
to uniquely identify the “host galaxy” of the GW signal, namely the galaxy in
which GW event occurred. This was possible for GW event GW170817 which
occurred on August 17th 2017 and which corresponded to the the merger of
two neutron stars (Abbott et al. 2017b). This GW signal was observed the
two LIGO and Virgo GWdetectors, and 1.7s following the GW merger, EM
observers around the globe observed a subsequent gamma-ray burst as well
as multiple EM signals in different frequency bands. Using this EM data it
was possible to determine the host galaxy, namely NGC 4993, a galaxy in
the Hydra constellation. This constellation is receding from us with a velocity
cz = 3327 ± 72 km/s, due to the expansion of the universe. Combining this
with the distance dL = 43.8+2.9

−6.9 Mpc inferred from the GW signal led, using
Eq. [2.180], to an estimated value for the Hubble constant of H0 = 70+12

−8
km/s/Mpc (Abbott et al. 2017a). This result, using one GW event only, is
consistent with other measurements but is of course less accurate because of
its larger error bars. Its interest is that it shows that the idea works. The errors
would be reduced (with a ∼ 1/

√
N scaling) if N other measurements of this

kind existed, but unfortunately GW170817 was an extremely rare event as
since then no further GW events with associated EM counterparts (known as
standard sirens) have been detected.

However, LVK has detected GWs from hundreds of BBHs and a few NS-BH,
for each of which there is a measured dL and mdetected

1,2 — but no EM counter-
part. Even for these dark sirens, it is possible to obtain redshift information,
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and therefore measure H0. Today, two pieces of information are used together
to get a statistical redshift for GW events: (i) galaxy catalogues and (ii) as-
trophysical modelling of the formation channels of BBHs. We refer the reader
to (Mastrogiovanni et al. 2023) as well as chapter 10 of the present book for a
review of these methods and results.
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2.7. Appendix: Landau-Lifshitz approach

The Landau-Lifshitz formulation of Einstein’s equations is a convenient ap-
proach to perturbative theory around Minkowski, and it is widely used by the
community working on the PN and PM expansions. We provide here a brief
description of the approach from the perspective of the main text, and refer
the reader to (Blanchet 2006 ; Poisson and Will 2014) for more details. In
the Landau-Lifshitz approach one uses a density-weighted inverse metric as
fundamental variable,

gµν :=
√
−ggµν = ḡµν − h̄µν +O(h2). [2.181]

The interest in doing so is that the quantity

Hαµβν := gαβgµν − gανgβµ [2.182]

is related to the Einstein tensor via ordinary derivatives. More precisely,

∂µ∂νH
αµβν = 2(−g)(Gαβ + 8πG

c4 tαβLL ) =̂ 16πG
c4 (−g)(Tαβ + tαβLL ), [2.183]
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where tαβLL is a pseudo-tensor of density-weight two, given explicitly by some
lengthy expression in terms of first derivatives of the metric. Crucially, it is
conserved on-shell ∂α(−gtαβLL ) =̂ 0. The dimension-full numerical factor in front
of it is included in its definition for convenience when going on-shell in the last
equality above.

This arrangement of Einstein’s equations manifestly breaks covariance.14

Not only we have partial derivatives as opposed to covariant derivatives, but
also tensor densities, aka pseudo-tensors, appearing. Its usefulness is limited to
situations in which there are regions of spacetimes that are approximately flat,
and where one can choose a Cartesian coordinate system, so that partial deriva-
tives can be interpreted. This is precisely the case when studying a perturbative
approximation around Minkowski. Within that context, the reformulation has
two useful advantages.

The first is that it provides a prescription for a gravitational
energy-momentum pseudo-tensor valid to all orders, given by tαβLL . By analogy
with the matter counterpart, one has a prescription to further split this
quantity into contributions to energy, momentum and angular momentum.
All these expression are gauge-dependent; in particular, we have the usual
problem that the pseudo-tensor can be made to vanish at any given point,
using a local inertial frame. But the logic in this approach is that we assume
to have a preferred coordinate system, the Cartesian ones of the fiducial flat
metric, and that is the gauge we stick to. Furthermore, since the left-hand
side is a total derivative, the total energy, momentum and angular momentum
can be expressed as surface integrals. This provides a prescription for these
quantities that can be evaluated in a region far from the sources, where one
can safely assume that spacetime is approximately flat and use Cartesian
coordinates, and computed to all order in perturbation theory.

The second advantage of the formulation is that it allows to set up an
iteration scheme for the perturbative resolution of the field equations in a very
practical way. To see that, we change variables to ĥµν := ηµν − gµν , where ηµν
is a fiducial background metric for which the coordinates are Cartesian. Then
[2.183] are equivalent to

□ĥµν =̂ − 16πG
c4 τµν , τµν := (−g)(Tµν + tµνLL + tµνH + tµνNH), [2.184]

where □ is the flat spacetime d’Alembertian, and tµνH are the remaining terms in
the LHS of [2.183]. Specifically, tµνH is quadratic in hµν and satisfies ∂µ(−gtµνH ) ≡

14. It is like rearranging the covariant geodesic equation [2.1] as in [2.2], where neither
side of the equation is covariant by itself.
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0, whereas tµνNH does not but contains only terms that vanish in harmonic gauge.
It follows that in the harmonic gauge,

∂µτ
µν =̂ 0, [2.185]

and this equation includes the conservation of the matter energy-momentum
tensor, namely the matter dynamics. We stress that [2.184] are the exact Ein-
stein’s equations, no approximation has been done yet. It is the introduction
of a fiducial flat background and a fixed choice of Cartesian coordinates on
it, that allows us to rewrite the exact equations in the form of a flat space-
time wave equation with a complicated source satisfying the matter dynam-
ics through [2.185]. In particular, all non-linearities are recasted on the RHS
of the equations. To solve the equations perturbatively, we assume that h is
small, and proceed iteratively as explained in [1.37]. The idea that makes this
approach particularly convenient is to first solve the ‘relaxed field equations’
[2.184] alone, in harmonic gauge, and afterwards impose the gauge consistency
condition [2.185] on the matter dynamics. Notice that in this scheme, the n-th
iteration of the gravitational potentials hµν are sourced by matter fields satisfy-
ing the equations of motion that use the (n−1)-th iteration of the gravitational
field. See (Blanchet 2006 ; Poisson and Will 2014) for further details.
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In this chapter, I give a brief, non-mathematical, “bird’s eye view” of
gravitational-wave sources across a broad range of source types, signal classes,
and frequency bands. You will encounter these sources again, in much more
detail, in several of the subsequent chapters.

3.1. Introduction

These notes provide a brief overview of various sources of gravitational waves
(GWs). Since this is a broad introduction to the topic, I will not go into much
mathematical detail. You will get that detail in subsequent chapters from other
instructors. Nonetheless, I believe it is useful to learn some of the basic vocab-
ulary of GW sources and their corresponding signals early on, before diving
into the heavy math.

In general, one can classify GW sources in terms of either: (i) the phys-
ical objects or processes that produce the GWs, or (ii) the properties of the
GW signals that the sources produce in the detectors that we use to observe
them. Being a data analyst, I often focus on the latter classification, asking
what properties of the GW signals allow one to identify (and separate when
necessary) the different sources.

But as we shall see, there isn’t a simple one-to-one mapping between GW
signal properties and physical sources. The same GW signal may be produced
by different physical sources, and the same physical source may produce differ-
ent GW signals.

This chapter is organized as follows: We start in Sec. 3.2 by discussing GW
signal properties. We will restrict attention to deterministic signals and some
of their sources in Sec. 3.3. After that, we will discuss stochastic GW signals
and their sources, both astrophysical and cosmological in origin, in Sec. 3.4.
Throughout this chapter, we will make reference to material from: (Allen 1997)
(Christensen 2018) (Caprini and Figueroa 2018), and (Romano and Christensen
2025). Readers are recommended to visit these sources to obtain more details.

3.2. Signal properties

Let’s start in the time domain, classifying the GW signals in terms of their
duration, either short or long, relative to the observation time (typically, a year
or so), and whether they have deterministic or non-deterministic waveforms.
Short-duration signals are often called transients, while long-duration signals
are said to be persistent. Deterministic waveforms have a “well-defined, pre-
dictable phase evolution”, while non-deterministic (also known as stochastic or
random) signals have a “non-predictable phase evolution”.
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With this classification, GW signals fall into one of four categories as shown
in Fig. 3.1. An example of a short duration, deterministic signal is shown in
the top left-hand panel, while an example of a long duration, non-deterministic
signal is shown in the bottom right-hand panel. Possible sources for each of the
signal classes are (from upper left to bottom right): (i) A pair of black holes
undergoing the final inspiral, merger, and ringdown to a single black hole; (ii)
a rotating (non-axisymmetric) neutron star; (iii) a supernova explosion; (iv)
a population of pairs of supermassive black holes orbiting one another in the
centers of millions of merging galaxies.

7
[Credit: Fig 4, Alex Jenkins PhD Thesis]
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Figure �.�: A taxonomy of four key gravitational-wave signal morphologies: phase-coherent transients such as
compact binaries; persistent phase-coherent signals such as the ‘continuous waves’ emitted by spinning neut-
ron stars; incoherent transients (i.e., bursts), such as those emitted by core-collapse supernovae; and persistent,
incoherent signals—namely, the stochastic background.
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Imagine we have constructed a GW detector (a few examples of which are described in section �.�),
and we switch it on. What kinds of signals might we expect to see? This simple question is incredibly
important for GW astronomy, due to the fact that GWs are typically extremely faint and therefore di�cult
to distinguish from instrumental noise. Unlike in EM astronomy, where the signal is often very easily
distinguishable from the noise (even instruments with very high noise levels, such as the naked eye, can
easily detect many EM signals in the night sky), signal detection in GW astronomy relies on sophisticated
statistical methods, with the best approach depending strongly on the morphology of the signal.

Of all the ways we might characterise a GW signal, there are two questions that are perhaps the most
important:

�. Is the signal transient, or is it persistent? i.e., does the signal only appear in the detector for a relatively
short time, or is it ‘always on’?��

�. Is the signal coherent, or is it incoherent? i.e., are we able to deterministically model the phase of the
signal, or does our lack of knowledge about the source force us to treat the phase as random?��

��Note that ‘relatively short’ means relative to a typical observational timescale. A signal lasting for, say, several centuries, while
certainly transient on astronomical timescales, would be treated as persistent for our purposes here.

��It is interesting to note that in EM astronomy, essentially all signals are incoherent; one rarely attempts to measure the phase of
electromagnetic waves, only their intensity. This is because astronomical EM radiation is typically associated with the random,
thermal motion of charges on microscopic scales, which is impossible to model in a phase-coherent way. Viewed through this
lens, we see that the use of matched �ltering in GW astronomy relies on the large-scale, coherent motion of macroscopic massive
bodies (such as the components of a compact binary) to generate signals whose phase can be modelled accurately. One can see
this as a consequence of the universally-attractive nature of gravity; an analogous system of coherently oscillating macroscopic
charges would be very di�cult to realise in the Universe due to the cancellation of positive and negative charges on smaller
scales.
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Figure 3.1: Classification of GW signals in terms of their duration (short or
long) and phase evolution (deterministic or non-deterministic). Representative
time-series data are shown for each class. [Credit: Adapted from Figure 4
in (Jenkins 2021).]

Probably not surprisingly, the GW search groups in the
LIGO-Virgo-KAGRA (LVK) Collaboration are divided precisely according to
these signal or source classes. Following the same order as above, these are
the Compact Binary Coalescence (CBC) Group, the Continuous Wave (CW)
Group, the Unmodeled Burst Group, and the Stochastic Gravitational-Wave
Background (SGWB) Group, shown in Fig. 3.2.

3.3. Deterministic signals

As mentioned above, deterministic signals have a well-defined, coherent
phase evolution in the time domain. The simplest example of a determinis-
tic signal is a sinusoid, like that shown in the top right-hand panel of Fig. 3.1.
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Figure 3.2: Search groups in the LIGO-Virgo-KAGRA collaboration. They are
divided according the signal classes shown in Fig. 3.1.

Another example of a deterministic signal is a GW chirp, which consists of os-
cillations that increases in amplitude and frequency over time until it reaches its
peak amplitude. It then decays like an exponentially damped sinusoid, like that
shown in the top left-hand panel of Fig. 3.1. The following subsections go into
more detail regarding possible sources for each of these types of deterministic
signal.

3.3.1. Continuous wave sources

The simplest example of a CW source of GWs is a rotating non-axisymmetric
neutron star (NS) with a “bump” on it, which lies somewhere off the rotational
axis of the NS. Due to the “bump”, the NS has a non-zero, timing-varying
quadrupole moment, which is needed for the production of GWs. The frequency
of the emitted GWs will equal twice the rotational frequency of the NS. The
frequency of the signal will be approximately constant, changing only if the
rotational frequency of the NS itself changes, or due to relative motion between
the source and the detector (so-called Doppler modulation).

Another example of a CW source is the early inspiral of a binary system
consisting of NSs or black holes (BHs). During the early inspiral phase (which
can last millions of years), the GWs produced by the orbiting objects are ap-
proximately monochromatic (i.e., constant) over the timescale of an observation
(typically years to decades). The frequency of the GWs does increase over time,
since the orbital radius decreases due to energy radiated from the system in the
form of GWs. But during the early inspiral phase, the change in frequency is
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much smaller than the width of an observational frequency bin (∆f = 1/Tobs),
so it is effectively a single-frequency signal.

A pair of supermassive BHs (having masses ∼109 times the mass of the Sun)
in the centers of two merging galaxies, emitting GWs in the frequency band
10−9 Hz − 10−7 Hz (relevant for pulsar timing arrays (PTAs)), is a concrete
example of this last type of CW source. The supermassive BH binary (SMBHB)
system slowly evolves for millions of years before it exits the PTA band and
merges at a higher frequency.

3.3.2. Compact binary coalescence

The canonical source for a GW chirp is the late-stage inspiral, merger, and
ringdown of a pair of NSs or BHs, or a NS-BH binary. This was the case
for GW150914, which was the first direct observation of GWs by the LIGO
GW detectors on 14 Sep 2015 (Abbott et al. 2016). The binary system that
produced the GWs consisted of two BHs each having a mass roughly 30 times
the mass of the Sun. Such an inspiral and merger event is called a compact
binary coalescence.

The word “compact” here refers to the relatively small size of the coa-
lescing objects. NSs, BHs, and white dwarfs (WDs) are all examples of com-
pact objects. They are the three end states of stellar evolution. Low mass
stars, having masses between ∼ 0.1 and 8 solar masses (one solar mass being
M⊙ ≈ 2 × 1030 kg) will end up as WDs. A WD has a mass ∼ 1.4M⊙ and
radius roughly equal to that of Earth (≈ 6400 km). More massive stars, having
masses between 8 and 25 M⊙, eventually collapse to form a NS after a violent
supernova explosion, which again has a mass roughly equal to 1 M⊙ but with
a radius ∼10 km (the size of a small city). Finally, stars with masses ≳ 25M⊙
evolve to form a BH. The masses of the BHs formed from stellar collapse range
from about 5M⊙ to roughly 50M⊙. Black holes with masses ≳ 50M⊙ can be
formed from the collapse of very massive stars in the early Universe (so-called
Population-III stars), or from successive mergers of smaller-mass BHs. The
characteristic size of a BH is given by its Schwarzschild radius, Rs ≡ 2GM/c2,
which is the radius of the event horizon of the black hole. (Here, G is Newton’s
gravitational constant, and c is the speed of light.) For reference, Rs ≈ 3 km
for M = M⊙.

Primordial BHs (PBHs), which are created in the early Universe via the
collapse of density perturbations of the primordial plasma, can have much
smaller masses than BHs formed from the collapse of ordinary stars discussed
above. But PBHs with masses M ≲ 1012 kg (which is the mass of a small
asteroid) will have already evaporated due to Hawking radiation. The time
needed for a BH to evaporate is tevap ≈ 1064(M/M⊙)3 yr.
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Just like the relationship between the size of a musical instrument and
the frequeny of the sound waves that it produces, so too do more massive
gravitational systems produce lower-frequency GWs. For binary BHs (BBHs),
there is a simple inverse relationship between the merger frequency of the binary
system and its total mass M ,

fmerger = c3

63/2πGM
, [3.1]

which can be derived using Kepler’s 3rd law ω2a3 = GM , where ω = 2πforb =
πfmerger, where fmerger is the GW frequency at a = 6GM/c2, which is the
radius of the innermost-stable circular orbit for a pair of non-spinning (i.e.,
Schwarzschild) BHs. This is the highest GW frequency that the BBH system
will produce. Figure 3.3 shows the frequency bands and different GW detectors
needed to detect GWs from compact binary systems having different component
masses.

2

f (Hz)

10−510−7 10−3 10−1 101 10310−9

LISAPTAs LIGO, Virgo, …

SMBHBs
(108 − 1010 M⊙)

DWDs
MBHBs

(104 − 106 M⊙)

NS-NS
NS-BH
BH-BH

(10 − 100 M⊙)

Figure 3.3: The frequency bands and detectors needed to detect GWs from
compact binary systems having different masses.

NS / stellar-mass BH binaries: GW150914 was the first direct detection of
GWs from the final inspiral and merger of two stellar-mass black holes (Ab-
bott et al. 2016). Since that first observation on 14 Sep 2015, more than 100
additional binary black hole (BBH) mergers have been detected by the Ad-
vanced LIGO and Virgo detectors. All of these mergers have involved pairs of
BHs having masses between 5 and 100 M⊙, which is relevant for the frequency
range (∼10-1000 Hz) of the Advanced LIGO and Virgo detectors.

On 17 Aug 2017, the two Advanced LIGO detectors together with the Eu-
ropean GW detector, Virgo, again detected GWs. But this time it was from
the final inspiral and merger of two NSs (Abbott et al. 2017). This event, de-
noted GW170817, was the first multi-messenger observation of a GW event,
being also observed in various forms of light across the electromagnetic spec-
trum. Since NSs are made of matter, when they smashed into one another after
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the final orbits of GW170817, electromagnetic radiation was produced in the
process. In fact, some of the constituent neutrons were rapidly converted into
heavier elements, most notably gold and platinum. It had long been conjec-
tured that BNS mergers were the source of these heavy metals, but it wasn’t
until GW170817 that this conjecture could be confirmed.

As of the time of writing, there has been only one more confirmed detection
of GWs from a BNS inspiral and merger, GW190425 (Abbott et al. 2020).
Nonetheless, such BNS mergers are expected to be common throughout the
Universe. Rate estimates predict roughly 1 BNS merger in the visible Universe
every ∼ 15 sec, corresponding to between 106 and 107 BNS mergers per year.
On the other hand, stellar-mass BBH mergers are expected to occur every 5–10
minutes somewhere in the visible Universe, corresponding to approximately 105

BBH mergers per year. The reason why we are currently detecting more BBH
mergers than BNS mergers is because the BBH systems are heavier (having
larger component masses), so we can see them out to larger distances with the
same signal-to-noise ratio as the less-massive systems.

White dwarf binaries: Galactic WD binaries (often denoted DWD for “dou-
ble white dwarfs”) are a prime source for the planned space-based detector LISA
(Laser Interferometer Space Antenna). In fact, the combined “confusion noise”
signal from millions of unresolved DWDs radiating in the LISA band (10−4 Hz
to 10−1 Hz) will dominate the LISA instrumental noise at low frequencies, see
Fig. 3.4. This stochastic GW foreground will act much like detector noise when
trying to detect other GW signals with LISA.

Loud individually resolvable DWDs can be seen above the unresolved back-
ground. One expects to be able to detect tens of thousands of such binaries
over the four-year duration of LISA. Of these, approximately 20 DWDs have
already been observed electromagnetically, so observing these systems via the
GWs that they also produce will be a good initial test of LISA. As such, these
systems are often called LISA “verification binaries” in the literature.

Supermassive-black-hole binaries: SMBHBs are on the very-low-frequency
end of the GW spectrum. Such systems are expected to form in the centers of
merging galaxies, with the orbiting SMBHs producing GWs in the process. As
mentioned earlier, SMBHBs with masses of order 109 M⊙ will merge outside
the PTA sensitivity band (10−9 Hz–10−7 Hz), at frequencies ≳ 10−6 Hz. Thus,
after entering the PTA band, the SMBHs will orbit one another for several
million years before they coalesce, producing a monochromatic (CW) signal
over the the timeframe of a typical observation (years to decades).
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LISA noise curve

Figure 3.4: The confusion noise from the population of unresolved galactic
white dwarf binaries (labeled as DWD for “double white dwarfs" in the figure).
At low frequencies, this confusion noise exceeds the LISA instrumental noise.
It is an example of an astrophysical foreground that must be contended with
when searching for signals from other, weaker GW sources.

3.4. Stochastic signals and sources

Many different GW sources can give rise to a stochastic GW background.
The only condition is that the GW signals that the sources produce should be
individually unresolvable. This will be the case if the signals are either too weak
or too numerous (interfering with one another in the time or frequency domain)
to be individually detected. Since this statement depends on the sensitivity of
the detectors, GW sources that are currently unresolvable become resolvable
when the detector sensitivity improves, eventually standing out above the lower
levels of instrumental and environmental noise.

In the following subsections, we first discuss the signal properties of stochas-
tic GWs. We then describe several different sources, of both astrophysical and
cosmological origin.

3.4.1. Signal properties

Stochastic signals, being random, do not have deterministic (i.e., phase-
coherent) waveforms. They look much like noise in a single detector. Examples
of some very simple, simulated stochastic signals in the time domain are shown
in Fig. 3.5 and as excess power coming from different directions on the sky in
Fig. 3.6.
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Modulated foregroundCon=nuous (Gaussian) Intermieent (non-Gaussian)

Figure 3.5: Simulated time-series data corresponding to different stochastic
processes: (i) continuous-in-time, (ii) intermittent (or “popcorn-like”), and (iii)
a modulated foreground. The red traces shows the GW signal; the black is
simulated detector noise (assumed here to be white); and the vertical scales
have arbitrary units.

(Preferred direc=ons on the sky)

Anisotropic

12

(No preferred direc=on or angular scale)

Purely isotropic Sta=s=cally isotropic

(No preferred direc=on but preferred angular scales)

Figure 3.6: Example skymaps of GW power for (i) purely isotropic, (ii) statis-
tically isotropic, and (iii) anisotropic source distributions.

Let’s start with Fig. 3.5. (i) The left-hand panel is the time-domain repre-
sentation of a stochastic signal that is continuous in time. Since it is weaker
than the noise, it is called a “background” signal. A possible source of this
type of signal is the population of SMBHBs in the centers of merging galaxies
throughout the visible Universe, each pair producing approximately monochro-
matic GWs which interfere with one another. (ii) The middle panel represents a
stochastic background signal that is intermittent, or “popcorn-like”. A possible
source for this type of signal is the population of stellar-mass BBHs, relevant
for searches using the ground-based LVK detectors. The individuals merger
signals are too weak to be individually detected; their durations (≲ 1 sec) are
short relative to the average time between successive signals (∼5–10 minutes);
and the arrival time of the individual signals are random (Poisson distributed).
So the combined signal is stochastic, even though the individual BBH merg-
ers are deterministic chirps. In contrast, the population of BNS mergers gives
rise to a continuous-in-time stochastic background signal since the typical time
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in band for a BNS inspiral and merger is ∼ 200 sec, while the average time
between successive signals is only ∼ 15 sec. (iii) The right-hand panel is an
example of a “modulated foreground” stochastic signal, having a predictable
time variation and being stronger than the noise. A possible source for this
type of signal is the population of millions of DWDs in the Milky Way galaxy
producing a “confusion-limited” foreground signal. The modulation is due to
the orbital motion of the constellation of the three LISA spacecraft as it per-
forms a “cartwheel” during its yearly motion around the Sun. As mentioned
previously, the combined signal from these DWDs is so loud that it dominates
the LISA noise at low frequencies (see Fig. 3.4).

The different panels of Fig. 3.6 correspond to skymaps of GW power on
the sky for different GW source distributions. (i) The left-hand panel is for a
purely isotropic signal, so having only a monopole component. For this case,
there is no preferred direction on the sky, nor preferred angular scales for the
distribution of GW power. (ii) The middle panel correspond to a statistically-
isotropic signal, like that for the cosmic microwave background (CMB), which
is a stochastic background of electromagnetic waves. On average, there is no
preferred direction of the GW power on the sky, but now there are preferred
angular scales (in this case centered around 20 degrees). (iii) The right-hand
panel corresponds to a statistically anisotropic distribution of GW power on
the sky, which traces the angular distribution of the GW sources giving rise
to the signal. An example of a source that would produce a skymap like this
is the population of unresolved DWDs in the Milky Way, relevant for LISA,
which we described in the context of Fig. 3.4. The excess GW power traces the
shape of the Milky Way galaxy, represented by a vertical band in this skymap,
plotted in galactic coordinates.

3.4.2. Characterization of stochastic signals in terms of power spectra

Since stochastic signals do not have deterministic waveforms, they must be
characterized instead in terms of their power spectra, their distribution on the
sky (e.g., potential anisotropy), and / or the correlations they induce across
multiple detectors. The power spectrum of a time-domain signal h(t) is defined
as

Ph(f) ≡ 2
T
⟨|h̃(f)|2⟩ , [3.2]

where T denotes the duration of the data, h̃(f) ≡
∫∞

−∞ dt h(t)e−i2πft is the
Fourier transform of h(t), and angle brackets ⟨ ⟩ denote an average over elements
of an ensemble of possible universes, which can be thought of as draws from
a probability distribution for a given set of parameters. Without the angle
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brackets, Ph(f) would be an estimator of the power spectrum of the random
process constructed from the available data.

The above definition of the power spectrum can be generalized to cross
spectra C12(f) ≡ 2

T ⟨h̃1(f)h̃∗
2(f)⟩, where h̃1,2(f) are the Fourier transforms of

the response of two detectors to a GWB. The units of Ph(f) and C12(f) would
be the square of the units of whatever the detector measures (e.g., dimension-
less strain for a LIGO-like measurement or seconds for a PTA timing-residual
measurement) divided by Hz (so strain2/Hz or sec2/Hz, respectively).

Isotropic stochastic backgrounds are typically characterized by the (dimen-
sionless) energy density spectrum

Ωgw(f) ≡ 1
ρcrit

dρgw

d(ln f) = f

ρcrit

dρgw

df , [3.3]

where dρgw is the energy density in GWs contained in the frequency interval
f to f + df , and ρcrit ≡ 3H2

0 c
2/8πG is the critical energy density needed to

close the Universe today. Here, H0 ≡ ȧ(t)/a(t)|t=t0 is the Hubble expansion
rate evaluated today, and a(t) is the scale factor describing the expansion of
the Universe as a function of time. Ωgw(f) is related to the strain power spec-
trum Sh(f) associated with the Fourier components of the metric perturbations
hij(t, x⃗) via

Sh(f) = 3H2
0

2π2
Ωgw(f)
f3 . [3.4]

So its a simple matter to go back and forth between the power spectrum Sh(f)
and the energy density spectrum Ωgw(f) for a stochastic GW background. Simi-
larly, the relationship between Ph(f) and Sh(f) is given by Ph(f) = R(f)Sh(f),
where R(f) is the sky- and polarization-averaged detector response function to
a plane-polarized GW.

3.4.3. Astrophysical sources

Astrophysical sources of a stochastic GW background are associated with
populations of compact stars or stellar remnants which formed ≳ 1 billion years
after the Big Bang. These populations include NS / stellar-mass BH binaries
(relevant for ground-based detectors like LIGO, Virgo, KAGRA), DWDs (rel-
evant for LISA), and SMBH binaries (relevant for PTAs), which we discussed
previously in Sec. 3.3.2.
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Using the definition of Ωgw(f) given in [3.3], one can show that for a pop-
ulation of inspiraling binaries, Ωgw(f) ∝ f2/3. This result is a consequence of
Kepler’s third law ω2a3 = const, the relationship between orbital energy and
separation Eorb ∝ −1/a, and dEgw/dω = −dEorb/dω, where ω = 2πforb = πf
is the orbital angular frequency of the binary, and a here is the semi-major axis
of the elliptical orbit. Thus, loss of orbital energy is converted to GW energy
emitted by a binary system.

3.4.4. Cosmological sources

Cosmological sources are associated with processes in the very early Uni-
verse, which take place well before the formation of stars and galaxies, see
Fig. 3.7. The detection of cosmologically-generated GWs is a means for as-
tronomers to observe the Universe mere fractions of a second after the Big
Bang, much earlier than what we can do with light. Currently, the earliest
“picture” that we have of the Universe is ∼380, 000 years after the Big Bang,
when the Universe had cooled enough for neutral hydrogen atoms to form.
This was the first time that photons could propagate freely, and those photons
detected today constitute the cosmic microwave background radiation. Fluctu-
ations in the temperature of the CMB are associated with density perturbations
in the Universe when it was roughly 1000 times hotter and 1000 times smaller
than it is today.

The potential detection of GWs produced by inflation, first-order phase
transitions, and cosmic strings (discussed below) are three possible ways of
probing much earlier in the evolution of the Universe.

Inflation: Inflation is the theory that the Universe experienced a period of
rapid (exponential) expansion starting around 10−36 s after the Big Bang. This
rapid expansion is thought to have stretched the Universe to macroscopic scales,
making it incredibly smooth and flat. But quantum fluctuations in the vacuum
energy density driving inflation would be amplified to macroscopic scales after
inflation, becoming the “seeds” for the large-scale structure that we see today.
Similarly, quantum fluctuations of the spacetime metric would also be ampli-
fied by inflation, leading to the production of GWs. These GWs would form
a stochastic GW background that is essentially flat in energy density across
the different frequency bands, see Fig. 3.8. Standard inflationary models would
produce a background at the level of Ωgw(f) ∼ 10−15 to 10−17 (constrained
by the high level of isotropy of the CMB), which would be difficult to observe.
However, there are modified theories of inflation which migh push the energy
density to higher values at higher frequencies.
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Figure 3.7: A schematic diagram showing the evolution of the Universe from
the Big Bang until today, roughly 14 billion years laters. Highlighted are the
times and energy scales for some important events during the history of the
Universe.
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Figure 3.8: Representative energy density spectra for several different GW
sources (both astrophysical and cosmological) across a large range of frequen-
cies. The relevant frequency bands for different GW detectors are also shown.
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First-order phase transitions (FOPTs): A first-order phase transition is
associated with a discontinuity in certain thermodynamic properties of a mate-
rial. For example, water boiling to produce steam is an example of a first order
phase tranisition, since the entropy (dS = dQ/T ) changes discontinuously with
temperature due to the latent heat of vaporization at fixed T = 100 Celsius.
In the same way that boiling water creates bubbles of the new phase (steam),
which expand in the old phase (water) and collide with one another, creating
sound waves and turbulent flows, so too would a first-order phase transition
in the early Universe create colliding bubbles and sound waves, which are the
primary source of GWs.

Electroweak (EW) symmetry-breaking in the Standard Model is not thought
to be a first-order phase transition. However, in some modifications to the
Standard Model, a first-order phase transition might occur, producing GWs
that could potentially be detected in the mHz frequency band (relevant for
LISA). Similarly, a first-order QCD phase transition (when quarks first combine
to form protons, neutrons, ...) would produce a stochastic GW background that
is potentially observable by PTAs. Either of these observations would provide
information about new physics, going beyond the predictions of the Standard
Model (see Fig. 3.8).

Cosmic strings: Cosmic strings are one-dimensional topological defects, ex-
pected to form during phase transitions that have spontaneously broken sym-
metries. They are predicted in the context of grand unified theories. Cosmic
strings would be relics of an earlier more-symmetric phase of the Universe,
decaying only via the emission of GWs. GWs are produced when the strings os-
cillate, form loops, cusps, and kinks, and interact with one another in a network
of strings. Cosmic strings are usually quantified by the dimensionless string ten-
sion or mass-per-unit-length Gµ/c2, where µ has dimensions of mass/length.
A stochastic background of GWs from cosmic strings having Gµ/c2 ≳ 10−16

could be detectable with LISA.

In order to better understand what early-Universe timescales our current
detectors are potentially able to observe, we ask the following question (see
(Allen 1997)): at what cosmic time t was the characteristic size of the Universe,
ct, equal to the wavelength λ(t) of a GW that, when redshifted to today, would
fall into the sensitive frequency band of one of our GW detectors? To answer
this question, we need to know how the scale factor of the Universe, a(t), has
evolved over time, since the wavelength at time t is directly proportional to the
scale factor at time t:

λ0 = (1 + z)λ(t) = λ(t)/a(t) , [3.5]
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where λ0 is the wavelength observed today. Approximating the Universe as
being radiation-dominated for all times1, we have

a(t) = (t/t0)1/2 , [3.6]

where t0 ≈ 14 × 109 yrs is the current age of the Universe. Combining these
last two equations and equating λ(t) = ct yields a very simple relationship for
the cosmic time t∗ that solves this equation:

λ0 = c(t∗t0)1/2 ⇔ f0 = (t∗t0)−1/2 . [3.7]

See Fig. 3.9 for a graphical visualization of this solution.

For example, using [3.7] one can show that t∗ = 10−22 sec corresponds to a
wavelength today of λ0 = 3000 km or, equivalently, a frequency of f0 = 100 Hz.
This frequency falls right in the center of the LVK band. Similarly, t∗ = 10−11 s
and t∗ = 10−5 s (which are approximate times for the EW and QCD phase
transitions) correspond to observable frequencies today of approximately f0 =
5 × 10−4 Hz and f0 = 5 × 10−7 Hz, which fall at the edges of the LISA and
PTA sensitivity bands, as seen in Fig. 3.8.
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Foreword

This chapter introduces the fundamental principles of gravitational wave
detectors (GWDs) in a simple and comprehensive manner. Because these in-
struments aim for extremely high sensitivity, it is essential to understand their
various noise sources, how such noise couples to the detector output, and the
strategies used to mitigate them. We begin with a description of noise from
an experimental physicist’s perspective, including an introduction to spectral
densities, which are widely used to describe the detector sensitivity and noise.
In the second section, the effect of a gravitational wave on a light field is cal-
culated from the modification of the space-time metric. We then show how
a simple Michelson interferometer can be used to detect gravitational waves
and which parameters can be modified to enhance the gravitational wave sig-
nal. This section also introduces how different noise sources couple into the
interferometer readout. From the third section onward, we move from a basic
Michelson interferometer to a more realistic model of a gravitational-wave de-
tector. For that, we introduce Fabry-Perot cavities and show how they can be
used in the interferometer arms to increase the signal of a gravitational wave
(GW), and how they are used as a filter for the spatial profile of the laser beam.
We also discuss their use as sensors in frequency-stabilization feedback loops,
and provide a general introduction to control systems that will be used later in
the chapter. The advanced detector configuration is then described: a Michel-
son interferometer equipped with Fabry-Perot arm cavities, a power recycling
mirror, laser power and frequency stabilization, and a mode-cleaner cavity.
Finally, we focus on the main noise sources that limit detector performance:
seismic noise, thermal noise, and quantum noise. This description is made with
a simple concept of a harmonic oscillator, described both in the classical and
quantum approaches. To conclude, these noises contributions are computed in
the frame of the Virgo detector and a sensitivity curve is calculated. Although
a simplified layout of a gravitational wave detector is considered, it takes into
account the most dominant effects and yields in a sensitivity estimate close to
the what is observed in real detectors.

4.1. The noise for an experimental physicist

As for any metrology experiment, setting up a gravitational wave detec-
tor requires managing a variety of noise sources of different physical origins.
Measuring those noise sources and understanding their coupling paths to the
detector is as important as identifying their nature. It requires a deep under-
standing of the corresponding mathematical basis and its physical interpreta-
tion. In the following sections, we present the definition of time dependent noise
(relevant to gravitational wave detectors) with the concern of relating it to the
measurement process in classical physics.
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4.1.1. Noise definition

Noise can be defined as a random (or unpredictable) signal that adds to the
physical quantity to be measured, potentially masking or distorting its true
value. The total signal S (which is real) that is measured can be written as:

S = x+ ϵ, [4.1]

where x is the quantity to be measured and ϵ is the noise due to a random
process and is characterized by its probability density p (ϵ). In the specific case
where the noise is time-dependent, one can write:

S (t) = x (t) + ϵ (t) , [4.2]

where for each time t, ϵ (t) is a time dependent random process characterized
by the time-dependent probability density pt (ϵ).

In order to extract x (t) out of the measurement S (t), one has to address
the noise, which will be the focus of the next sections.

4.1.2. Noise characterization

From now on, only time dependent random processes will be considered.
They are partially characterized by their corresponding time varying probabil-
ity density. Hereafter, we give an infinite set of parameters defined for a single
time t as an alternative to characterize the process:

• The mean value:

µϵ (t) = ⟨ϵ(t)⟩ =
∫ +∞

−∞
ϵ(t)× pt (ϵ) dϵ, [4.3]

• The variance:

µϵ,2(t) = σ2
ϵ (t) = ⟨(ϵ(t)− µϵ (t))2⟩ =

∫ +∞

−∞
(ϵ(t)− µϵ (t))2×pt (ϵ) dϵ,[4.4]

• The moment of order n:

µϵ,n (t) = ⟨(ϵ (t)− µϵ (t))n⟩ =
∫ +∞

−∞
(ϵ(t)− µϵ (t))n × pt (ϵ) dϵ,[4.5]
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• For any function f the mean value of f(ϵ):

µf(ϵ) (t) = ⟨f (ϵ (t))⟩ =
∫ +∞

−∞
f (ϵ)× pt (ϵ) dϵ. [4.6]

In the last formulae, the brackets correspond to an average procedure on the
outcomes of an ensemble of identical experiments, all evaluated at time t. Know-
ing this infinite set of parameters (infinite moments n) fully substitutes the
probability density pt (ϵ) for a given time t, but it doesn’t give any informa-
tion on how it evolves with time. We will see next that the auto-correlation
functions will give this information.

4.1.3. Auto-correlation

We are now interested in characterizing the relationship between ϵ(t1) and
ϵ(t2) which is not deterministic. One can analyze the so-called auto-correlation
function Γϵ, defined as:

Γϵ (t1, t2) =
∫ +∞

−∞

∫ +∞

−∞
ϵ1 × ϵ2 × pt1,t2 (ϵ1, ϵ2) dϵ1 dϵ2 [4.7]

= ⟨(ϵ (t1) ϵ (t2))⟩,

where pt1,t2 (ϵ1, ϵ2) is the joint probability density function and
ϵj = ϵ(tj), (j = 1, 2). Additional information can be obtained by analyzing the
auto-correlation functions of order n involving n − 2 intermediate times
t′1, t

′
2...t

′
n−2 between t1 and t2:

Γ(n)
ϵ

(
t1, t

′
1, ..., t

′
n−2, t2

)
=
∫ +∞

−∞

∫ +∞

−∞
...ϵ1 × ϵ′1 × ...× ϵ2 × pt1,t′1,...,t2 (ϵ1, ϵ′1, ..., ϵ2) dϵ1 dϵ′1...dϵ2

= ⟨
(
ϵ (t1) ϵ (t′1) ...ϵ

(
t′n−2

)
ϵ (t2)

)
⟩. [4.8]

with ϵ′j = ϵ
(
t′j
)
. In practice, however, the second order auto-correlation func-

tion already gives enough information about the considered process.

4.1.4. Stationary noise

In the specific case of stationary noise, the noise characteristics (set of pa-
rameters given by Equations 4.3 to 4.6) do not change with time. Hence, for
all sets of times t1, t2, ..., tn and any delay T , one has:

pt1,t2,...,tn (ϵ1, ϵ2, ..., ϵn) = pt1+T,t2+T,...,tn+T (ϵ1, ϵ2, ..., ϵn) . [4.9]
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An interesting case is the 2nd order stationary and centered noise where the
condition 4.9 stands up to n = 2:

pt(ϵ) = pt+τ (ϵ) = p(ϵ) and pt1,t2(ϵ1, ϵ2) = pt1+τ,t2+τ (ϵ1, ϵ2), [4.10]

and the noise has a zero mean value:

µϵ (t) = ⟨ϵ (t)⟩ = 0. [4.11]

The standard deviation is σ2
ϵ (t) = σ2

ϵ , and the second order auto-correlation
only depends on the delay τ = t2 − t1. We then have :

 Γϵ (t, t+ τ) = Γϵ (0, τ) ,

σ2
ϵ = Γϵ (0, 0) ≥ Γϵ (0, τ) ,

[4.12]

where the inequality can be demonstrated by calculating ⟨(ϵ (t) ϵ (t+ τ))2⟩. It
should be noted that the last equation only stands for classical process and is
violated in quantum mechanics (Bachor-Ralph 2019). On Figure 4.1, two types
of noise characterized by different behaviors of the auto-correlation functions
are shown: white noise for which the correlation between two different times is
strictly equal to zero, i.e. Γϵ (τ) = σ2

ϵ × δ (τ), and colored noise for which the
auto-correlation function varies smoothly from its maximum down to zero.

4.1.5. Temporal average and ergodicity

Let us examine the situation in which only a single experiment is available.
For any function f applied on the noise process ϵ (t), one can define the temporal
average mf :

mf = f (ϵ) = lim
T→∞

1
2T

∫ T

−T
f (ϵ (t)) dt, [4.13]

with the assumption that this limit actually exists. In particular, one can define
the mean value, the standard deviation, and the auto-correlation function of
the noise ϵ based on the temporal average:

mϵ = ϵ = lim
T→∞

1
2T

∫ T

−T
ϵ (t) dt, [4.14]
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Figure 4.1: Two examples of noises: white and colored. On the temporal
profile (left), these two noises are hardly distinguishable, whereas their auto-
correlation functions (right) have different behaviors.

s2
ϵ = ϵ2 = lim

T→∞

1
2T

∫ T

−T
ϵ2 (t) dt, [4.15]

Cϵ (τ) = ϵ (t) ϵ (t+ τ) = lim
T→∞

1
2T

∫ T

−T
ϵ (t) ϵ (t+ τ) dt, [4.16]

C(n)
ϵ (τ1, ..., τn) = ϵ (t) ϵ (t+ τ1) ...ϵ (t+ τn)

= lim
T→∞

1
2T

∫ T

−T
ϵ (t) ϵ (t+ τ) ...ϵ (t+ τn) dt. [4.17]

Again, this is considered for a single experiment. In the case of multiple similar
experiments in which all temporal averages remain quantitatively the same,
the process is called ergodic. The specific case of 2nd order ergodicity:

m(i)
ϵ = m(j)

ϵ = mϵ = ϵ, [4.18]

s(i)2
ϵ = s(j)2

ϵ = s2
ϵ = ϵ2, [4.19]
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C(i)
ϵ (τ) = C(j)

ϵ (τ) = Cϵ (τ) = ϵ (t) ϵ (t+ τ), [4.20]

is of particular interest for the rest of this section ((i) and (j) label two different
experiments).

4.1.6. Stationary and ergodic process

The main class of process one can deal with in experimental physics is the so
called (2nd order) stationary and (2nd order) ergodic, for which both conditions
described in sections 4.1.4 and 4.1.5 are verified. Additionally, we’ll consider
this process to be centered (zero mean) as it is the case for most of noises ϵ (t).
For a given fuction f (ϵ), one can use either averages over different experiments
or over time:

µf(ϵ) (t) = ⟨f (ϵ (t))⟩ =
∫ +∞

−∞
f (ϵ)× pt (ϵ) dϵ, [4.21]

mf(ϵ) = f (ϵ) = lim
T→∞

1
2T

∫ T

−T
f (ϵ (t)) dt. [4.22]

Since ϵ is stationary and ergodic these two averages will be equal:

µf(ϵ) = µf(ϵ) (t) stationarity

= ⟨f
(
ϵ(i) (t)

)
⟩

= ⟨ f
(
ϵ(i) (t)

)
⟩ linearity

= ⟨mf(ϵ(i))⟩

= ⟨mf(ϵ)⟩ ergodicity

= mf(ϵ).

[4.23]

More specifically:

mϵ = µϵ = 0 ; s2
ϵ = σ2

ϵ ; Cϵ (τ) = Γϵ (τ) . [4.24]

From now on, all noises will be considered as (2nd order) stationary and er-
godic, and averages will be, case by case, computed following either of the two
procedures.
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4.1.7. Harmonic analysis: The Fourier transform

The Fourier transform is the optimal tool to perform harmonic analysis.
We’ll see in the following that depending on the type of process, it is applied
differently with different physical interpretations.

4.1.7.1. Finite energy process

From a mathematical point of view, a finite energy (E) real process satisfies
the condition:

E =
∫ +∞

−∞
ϵ (t)2

dt, [4.25]

which guarantees the existence of its Fourier transform ϵ̃:

ϵ̃ (f) =
∫ +∞

−∞
e−2iπftϵ (t) dt. [4.26]

The Parseval equality relates the energy E to the Fourier transform ϵ̃ (f) as:

E =
∫ +∞

−∞
|ϵ̃ (f)|2 df. [4.27]

Hence, |ϵ̃ (f)|2 represents the energy density per spectral interval df and is
called the Energy Spectral Density (ESD).

4.1.7.2. Continuous process

By definition, a continuous process ϵ (t) has an infinite energy since it lasts
indefinitely (example: the energy of a continuous wave (cw) laser beam):

∫ +∞

−∞
ϵ (t)2

dt =∞. [4.28]

However, it is expected to have a finite mean power:

Pϵ = lim
T→+∞

1
2T

∫ T

−T
ϵ (t)2

dt. [4.29]

For the case of a stationary and ergodic noise and according to Equation 4.15
and Equation 4.29, the noise mean power is directly given by the variance:
Pϵ = σ2

ϵ .
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If it exists, we are interested in the quantity:

Sϵ (f) = lim
T→+∞

1
2T |ϵ̃T (f)|2 = lim

T→+∞

1
2T

∣∣∣∣∣
∫ T

−T
e−i2πftϵ (t) dt

∣∣∣∣∣
2

, [4.30]

where ϵ̃T is the Fourier transform of the truncated function ϵ (t) over [−T, T ].
Summed over all frequencies f one obtains:

∫ +∞
−∞ Sϵ (f) df = limT→+∞

1
2T
∫ +∞

−∞ |ϵ̃T (f)|2 df

= limT→+∞
1

2T
∫ +∞

−∞ ϵT (t)2
dt

= limT→+∞
1

2T
∫ +T

−T ϵ (t)2
dt

= σ2
ϵ = Pϵ.

[4.31]

Therefore, if Sϵ (f) exists, it represents the power density per spectral interval
df and is then called Power Spectral Density (PSD).

4.1.7.3. The Wiener-Khintchine Theorem

This theorem states that for a stationary and ergodic process (like the type
of noise we are dealing with) the limit defining the PSD Sϵ (f) (Equation 4.30)
does exist and it is given by the Fourier transform of the corresponding auto-
correlation function:

Sϵ (f) = lim
T→∞

1
2T

∣∣∣∣∣
∫ T

−T
e−i2πftϵ (t) dt

∣∣∣∣∣
2

=
∫ +∞

−∞
e−2iπfτ Γϵ (τ) dτ. [4.32]

The auto-correlation form of the PSD is very useful for analytic calculations,
whereas for experimental measurements, we limit the integration in Equation
4.30 on a properly chosen acquisition time Tacq and we average it over a number
N of successive measurements:

Sϵ (ν) ≃ 1
Tacq
⟨

∣∣∣∣∣
∫ Tacq

0
e−i2πftϵ(t)dt

∣∣∣∣∣
2

⟩N . [4.33]
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In practice, Tacq ≫ 1/fmin where fmin is the minimum frequency we might be
interested in. It is usual to characterize the noise by its Amplitude Spectral
Density (ASD) which is the square root of its PSD. It results in an usual unit,
which can be seen on the simple case of a voltage noise δV (t):

δV (t)→ V,

ΓδV (τ)→ V2,

SδV (f)→ V2/Hz,√
SδV (f)→ V/

√
Hz.

4.2. Detection principle of an interferometric ground based gravitational
wave detector

Ground-based gravitational-wave detectors employ a Michelson interferom-
eter configuration that transduces the gravitational-wave-induced phase shift
in the interferometer arms into a measurable change in optical power at its
output. In this section, we will compute the output power of the interferometer
as a function of a gravitational wave (GW) signal and of usual noise sources.
We begin by providing a simplified description of the gravitational wave arriv-
ing at the detector, which will then allow us to compute its effect on the light
propagating in the interferometer.

4.2.1. Gravitational wave effect on a light field

Figure 4.2: Usual representation of the GW polarizations

Far from the source, the GW can be considered as a plane wave. For the sake
of simplicity, we will consider its propagation along the z axis orthogonal to
the plane (x, y) in which the light propagates (see Figure 4.2). Its polarization
in the plane (x, y) can be projected on the set of orthogonal polarizations (+)
and (×). As represented in Figure 4.2, the (+) polarization corresponds to the
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elongation of the space time along one axis (here x) and the (×) polarization
corresponds to a similar elongation at 45◦. Mathematically speaking, the GW
is described by its modification of the local space-time metric:

gµν = ηµν + hµν , [4.34]

where ηµν is the Minkowski metric describing a flat space time (without per-
turbation):

ηµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . [4.35]

In the TT (Transverse Traceless) gauge(Reitze-Saulson-Grote 2019), the GW
is described by the time dependent perturbation hµν which we simplified to a
pure (+) cross polarization for the sake of simplicity:

hµν =


0 0 0 0
0 +h(t) 0 0
0 0 −h(t) 0
0 0 0 0

 . [4.36]

By definition, light follows the geodesic equation, which in Einstein’s nota-
tions, is written as:

gµνdx
µdxν = 0, [4.37]

where dxµ(ν) = (cdt, dx, dy, dz). Expanding Equation 4.37 gives:

c2dt2 + dx2(−1 + h(t)) + dy2(−1− h(t))− dz2 = 0. [4.38]

Now, we consider a "classical" photon (as it was defined by Einstein) propagat-
ing along the x axis, i.e. dy = 0 and dz = 0, one obtains:

dx = ±c

√
1

1− h(t)dt ≃ ±c
(

1 + 1
2h(t)

)
dt. [4.39]
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We now consider two coordinates points 0 and L. The coordinates of these two
points remains unchanged in the TT gauge. However, if a photon is launched
from x = 0 at t0, it will arrive at x = L at a time tL that satisfies:

L =
∫ L

0
dx = c

∫ tL

t0

(
1 + 1

2h(t)
)
dt = c

(∫ tL

t0

dt+ 1
2

∫ tL

t0

h(t)dt
)
.[4.40]

In case the characteristic time of h (t) is much longer than the unperturbed
propagation time L/c, h (t) can be taken out of the integral, leading to:

tL ≃ t0 + L

c

(
1− 1

2h(t)
)

for the x axis, [4.41]

showing that the GW produces a time delay on the propagation of the photon.
The same effect can be computed for the y direction but with an opposite delay:

tL ≃ t0 + L

c

(
1 + 1

2h(t)
)

for the y axis, [4.42]

which is characteristic of (+) polarization.
Let us apply these results obtained for a single photon to the more general case
of an electromagnetic field. For a light field propagating along x, E(x, t), one
can write:

without GW : E (L, t) = E

(
0, t− L

c

)
,

with GW : E (L, t) = E

(
0, t− L

c

(
1− h (t)

2

))
= E

(
L

(
1− h (t)

2

)
, t

)
.

[4.43]

So, without GW, the electric field that arrives at a time t at x = L is the
electric field that was at x = 0 at time t − L/c. The GW causes a change in
the propagation time according to Equation 4.41 that can also be expressed as
a change in the propagation length.
The complex electric field that describes a single frequency laser beam at x = L
in presence of a GW can be written as:

EL (t) = E0 e
−i2πν0t · ei

2πν0L
c

(
1− h(t)

2

)
, [4.44]

where ν0 is the laser frequency and E0 the field amplitude. This equation shows
that the GW acts on the phase of a light beam, and since the phase cannot be
directly measured with a photodetector, interferometry is an ideal technique
to measure gravitational waves.



DR
AF

T

Gravitational wave detectors from an experimental perspective 167

4.2.2. The Michelson interferometer, its output and tuning

The detection of GWs using optical interferometry was first proposed in
1963 by Gertsenshtein and Pustovoit (Gertsenshtein and Pustovoit 1963). They
proposed using a Michelson interferometer as a detector, since it measures
the phase difference between two orthogonal arms. This makes it well suited
for detecting a GW when the wave’s polarization axes are aligned with the
interferometer arms. In the following sections we compute the output power of
the interferometer as a function of the gravitational wave signal, and also as a
function of the main noise sources in GWDs.

We begin by calculating the complex electric fields in transmission (Et)
and reflection (Er) of a simple Michelson interferometer (see Figure 4.3a) as
a function of the complex input field Ei(t) = E0 · e−i(2πν0t+ϕL(t)) and of the
round-trip phase ϕN(W ) acquired by the fields in the north(west) arm (north
an west are the directions of the Virgo interferometer’s arms). Here ϕL(t) is the
time dependent phase fluctuation of the input field, which represents the phase
noise of the laser source. For this calculation the so called real beamsplitter
convention, illustrated on Figure 4.3b, will be used. In this convention, the
complex field acquires a minus sign in reflection when it impinges on one of the
surfaces of the beamsplitter, whereas it remains unchanged when reflected on
the other surface. It also remains unchanged for both transmissions. A phase
convention is required in order to satisfy the energy conservation condition.
For a 50:50 beamsplitter, like in the case of GWDs, the reflection (

√
R) and

transmission (
√
T ) field amplitude coefficients are equal to

√
R =

√
T = 1/

√
2.

The transmitted field is the sum of the field transmitted into the west arm
that, after a round-trip, is reflected towards the photodetector, and of the field
reflected to the north arm that is subsequently transmitted by the beamsplitter.
A similar logic applies to the reflected interferometer field. This will lead to the
following equations:

Et(t) = E0e
−i2πν0t ·

√
T ·
√
R · eiϕW (t) − E0e

−i2πν0t ·
√
R ·
√
T · eiϕN (t)

= 1
2E0e

−i2πν0t(eiϕW (t) − eiϕN (t)), [4.45]

Er(t) = E0e
−i2πν0t · T · eiϕW (t) + E0e

−i2πν0t ·R · eiϕN (t)

= 1
2E0e

−i2πν0t(eiϕW (t) + eiϕN (t)), [4.46]

with the round-trip phase on the interferometer arms given by:

ϕW = 4πν0 · LW
c

·
(

1− h(t)
2

)
− ϕL (t− 2LW /c) , [4.47]

ϕN = 4πν0 · LN
c

·
(

1 + h(t)
2

)
− ϕL (t− 2LN/c) . [4.48]
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Figure 4.3: a) Schematics of a Michelson interferometer. Light coming from
a laser source is split by a beamsplitter into two orthogonal arms and fully
reflected back to the beamsplitter. Depending on the interference, part of the
light is reflected back to the laser and part is transmitted to a photodetector.
b) Fields in reflection (green arrows) and transmission (orange arrows) of a
beamsplitter represented by the real convention, where the reflected light field
acquires a minus sign in one (here the left) of the surfaces of the beamsplitter.

Here LN(W ) are the geometrical lengths of the interferometer arms in the ab-
sence of a gravitational wave. Note that, to first order, the time argument for
ϕL takes into account only the travel time of the light without the gravitational
wave effect. It is useful to re-write these equations as a function of the common
(ϕ̄, L̄) and differential (∆ϕ, ∆L) phase and arm lengths, given by:

ϕ̄ = ϕW + ϕN
2 and ∆ϕ = ϕW − ϕN

2 , [4.49]

L̄ = LW + LN
2 and ∆L = LW − LN

2 . [4.50]

This will lead to:

Et(t) = iE0e
−i(2πν0t−ϕ̄) · sin(∆ϕ), [4.51]

Er(t) = E0e
−i(2πν0t−ϕ̄) · cos(∆ϕ). [4.52]

Since the power is proportional to the modulus square of the electric field, it
will only depend on the differential phase ∆ϕ. For frequencies f ≪ c/(2L̄), we
obtain:

∆ϕ ≃ 4πν0∆L
c

− 4πν0L̄

c
· h(t)

2 − 4πδν(t)∆L
c

. [4.53]
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The term δν(t) is the frequency noise of the laser which has the following
relation with the phase noise:

δν(t) = 1
2π

dϕL(t)
dt

. [4.54]

The transmitted power by the interferometer as a function of the input power
P0 is:

Pt(t) = K × |Et(t)|2

= P0 · sin2
(

4π∆L
λ0

− 2πL̄
λ0
· h(t)− 4πδν(t)

ν0

∆L
λ0

)
. [4.55]

where K is a constant depending on the beam shape that will be defined later.
One can see that, in the absence of a GW wave, the mean laser power transmit-
ted by the interferometer will be zero when ∆L = 0. This operational point is
called dark fringe, since it corresponds to a specific destructive interference in
transmission (the full mean power is reflected back to the laser source) which
is insensitive to the frequency noise . The response for a GW, however, is not
linear at this operational point since Pt is quadratic with h(t). For this and
other reasons, GW detectors operate close to the dark fringe, by introducing
a small arm length offset ∆LDC on a technique called DC readout. With this
offset, a small amount of mean power is transmitted by the interferometer,
even in the absence of a GW. For this operational point, and considering that
L̄ · h(t)/λ0 ≪ ∆LDC/λ0 ≪ 1, Equation 4.55 can be approximated to:

Pt(t) ≃
16π2P0

λ2
0
·
(

∆L2
DC − L̄ ·∆LDC · h(t)− 2∆L2

DC · δν(t)
ν0

)
, [4.56]

which is linear with h(t). This equation shows that the power variation due to
the gravitational wave signal is increased by increasing the mean arm length of
the interferometer and the laser power. For this reason, ground based GWDs
have armlengths of kilometers, and several Watts at the interferometer input.
The first term on this equation is the mean transmitted power impinging on
the photodetector P̄t = 16π2∆L2

DCP̄0/λ
2
0.

Let us now analyze noise contributions to the transmitted power Pt(t),
which will compete with the GW signal that one wants to measure. Already
expressed on the Equation 4.56 is the laser frequency noise, whose coupling to
the output power is reduced by reducing the interferometer arm mismatch.

Another source of noise is laser power noise, which can be split into two type
of sources: technical power fluctuations, which will be represented by δP0(t),
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and fundamental power fluctuations (shot noise), represented by δPSN(t). Tech-
nical power fluctuations originates from different "classical" sources (coupled
mechanical noise, electronic noise, and others) and its coupling can be obtained
by substituting P0 = P̄0 + δP0(t) in Equation 4.56. Shot noise is a fundamental
noise source originated from the quantum nature of light, which will be tack-
led in Section 4.5.3. Here we will instead introduce its classical approach. An
ideal laser with no technical noise will emit a number of photons N(t) during a
time ∆t that can be detected randomly on a photodetector with a probability
following a Poissonian law, i.e., with mean value N̄ and variance σ2

N = N̄ .
Let us now determine the PSD of the corresponding power fluctuations due to
shot noise. Over ∆t, the laser power is P∆t = hpν0N(t)/∆t and has a mean
value P̄∆t = hpν0N̄/∆t, with hp being the Planck’s constant. Following the
Poissonian law, the variance of P∆t is related to σ2

N by:

σ2
P∆t

=
(
hpν0

∆t

)2
σ2
N =

(
hpν0

∆t

)2
N̄ = hpν0

∆t P̄∆t =
∫

1/∆t
hpν0P̄∆t df.[4.57]

The last equality shows that the PSD of the shot noise is equal to:

SSN(f) = hpν0P̄∆t, [4.58]

according to Equation 4.31, and that is proportional to the mean laser power.
We will give in Section 4.5.3 a more realistic quantum model of light and infer
the same expression.

As an example, for a typical detected mean power of 10 mW and for a
wavelength of λ0 = 1064 nm, one finds the ASD for the shot noise equal to
4× 10−11 W ·Hz−1/2 and a relative shot noise (shot noise divided by the mean
laser power) of 4× 10−9 Hz−1/2.

We now get back to the interferometer transmitted power. To calculate the
PSD of the shot noise in transmission of the interferometer, one can simply
substitute the transmitted mean power, which is given by the first term in
Equation 4.56, into Equation 4.58.

Finally, any noise source that causes an unwanted differential motion δL−(t)
of the interferometer mirrors will couple in transmission of the interferometer
and cannot be distinguished from a GW signal. This differential motion could
be induced by seismic noise, vibrational noise, or thermal noise, for example.
This effect can be taken into account by making the substitution in Equation
4.56 (∆LDC)2 → (∆LDC + δL−(t))2 ≃ ∆L2

DC + 2∆LDC · δL−(t), for small
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δL−(t)≪ ∆LDC. Taking into account all discussed noise contributions, Equa-
tion 4.56 can be re-written as:

Pt(t) ≃
16π2∆L2

DC
λ2

0
P̄0︸ ︷︷ ︸

DC gain factor

·

(
1 + δP0(t)

P̄0︸ ︷︷ ︸
technical power noise

+ 2 δL−(t)
∆LDC︸ ︷︷ ︸

displacement noise

− L̄ · h(t)
∆LDC︸ ︷︷ ︸

GW signal

− 2δν(t)
ν0︸ ︷︷ ︸

frequency noise

)
+ δPSN(t)︸ ︷︷ ︸

shot noise

. [4.59]

The signal to noise ratio can be obtained by dividing the PSD of the GW
signal and the PSD of the considered noise sources. This leads to:

ρ2(f) = L̄2 · Sh(f)
∆L2

DCSrpn(f) + 4SδL−(f) + 4∆L2
DC · Sν(f)/ν2

0 + ∆L2
DChpν0/P̄t

,

[4.60]

where Srpn(f) is the PSD of δP0(t)/P̄0 and represents the relative power noise.
In practice one has to choose the adequate armlength offset ∆LDC taking into
account several factors. For our simple approach, we shall consider the sensi-
tivity to be limited by the shot noise, which is actually true in practice for
frequencies higher than few hundreds of Hz. The signal-to-shot-noise ratio is
then given by:

ρ2
SN (f) = 16π2P̄0L̄

2

hpcλ0
Sh(f). [4.61]

One can notice that it does not depend on the arm length offset ∆LDC pro-
vided the latter remains small enough to keep the used approximation valid.
In a realistic situation, other criteria have to be considered. For example, the
transmitted power should be high enough such that the detection is not lim-
ited by the photodetector dark (electronic) noise and, at the same time, the
detected power should remain below the photodetector saturation power. Fur-
ther constraints are to be considered related to the defects appearing in real
detectors (asymmetries, high power effects, etc).

4.3. Sensitivity enhancement with Fabry-Perot cavities

We have shown that the phase shift induced by a GW in a Michelson inter-
ferometer increases with the interferometer’s mean arm length L̄ (see Equation



DR
AF

T

172 GRAVITATIONAL WAVES

4.53). In this section, we discuss how the GW signal can be further enhanced
by introducing Fabry-Perot cavities in the interferometer arms. A Fabry-Perot
cavity is composed of two mirrors placed face-to-face, like shown in Figure 4.4.
An intuitive explanation why they can enhance the detector sensitivity is that
the light is "trapped" in the cavity for a certain amount of time, making several
round trips between the mirrors, and during which it interacts with the GW.
This effectively increases the interferometer’s arm length and thus amplifies the
GW signal.

Let us now describe the Fabry-Perot behavior, first by considering a linear
cavity injected by a laser beam such as the one depicted in Figure 4.4. The
mirrors are considered infinitesimally thin and partially reflective with ampli-
tude transmission and reflection coefficients

√
T1(2),

√
R1(2), and with the sign

convention explained in Figure 4.3 b. We assume that the mirrors have reflec-
tion coefficients close to 1 and no absorption or scattering losses. Therefore the
energy conservation laws at the mirrors’ surfaces can be written as:

{
T1 +R1 = 1
T2 +R2 = 1

[4.62]

Figure 4.4: Representation of a Fabry-Perot cavity. The mirrors are character-
ized by their transmission and reflection coefficients

√
T1,
√
R1 and

√
T2,
√
R2

and they are placed at a distance L. A polarized laser is injected in the cavity.
Ei, Er, Ec and Et are respectively the input, reflected, circulating and trans-
mitted complex electric fields.

By using the symbols and the sign convention represented in Figure 4.4, one
can write the equations for the circulating and reflected time-dependent elec-
tric fields, Ec(t) and Er(t), at the first mirror position and the equation of the
transmitted field Et(t) at the second mirror position. For example, the circu-
lating field results from the sum of the input field Ei(t) transmitted by the first
mirror and the circulating field itself after it traveled a round-trip length of 2L.
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Following this logic, one obtains:

Ec(t) =
√
T1Ei(t)−

√
R2R1Ec

(
t− 2L

c

)
, [4.63]

Et(t) =
√
T2Ec

(
t− L

c

)
, [4.64]

Er(t) = −
√
R1Ei(t)−

√
R2T1Ec

(
t− 2L

c

)
. [4.65]

We still consider the electric fields in their complex form:
Ej(t) = Ej0(t)e−2iπν0t, with Ej0(t) its complex amplitude. In the steady-state
operation, the complex amplitudes of the electric fields don’t depend on time,
only the propagation time-delay matters which yields:

Ec0 =
√
T1Ei0 −

√
R2R1Ec0 e

i
4πν0L

c , [4.66]

Et0 =
√
T2Ec0 e

i
2πν0L

c , [4.67]

Er0 = −
√
R1Ei0 −

√
R2T1Ec0e

i
4πν0L

c . [4.68]

4.3.1. Intracavity power

Let us now focus on the circulating field and study the intracavity power.
By solving Equation 4.66 for Ec0, the intracavity field writes as:

Ec0 =
√
T1

1 +
√
R2R1eiφ

Ei0 = Σ(φ)Ei0, [4.69]

where φ is the round-trip propagation phase:

φ = 4πν0L

c
, [4.70]

and Σ(φ) is called the enhancement factor. The intracavity power is then de-
fined as:

Pc = K|Ec0|2 = K|Σ(φ)|2|Ei0|2, [4.71]

where K = S/cµ0, with µ0 the vacuum permeability and S the beam cross
section. Therefore the squared modulus of the enhancement factor determines



DR
AF

T

174 GRAVITATIONAL WAVES

the intracavity power according to the round-trip phase. A conventional way
to write it is:

|Σ(φ)|2 = Σ2
max

1 + 4F2

π2 cos2
(
φ
2
) . [4.72]

This function is periodic and it reaches a maximum value Σ2
max when the cosine

squared function in the denominator is equal to zero i.e. for φ = π+2qπ with q
an integer (see Figure 4.5). That is called a resonance condition. Depending on
the application, it is also useful to write the resonant condition in terms of the
laser frequency or the cavity length by replacing φ by its expression (Equation
4.70) and by isolating either νres or Lres:

νres = c

4L + q
c

2L, [4.73]

Lres = λ0

4 + q
λ0

2 . [4.74]

We can then introduce the free spectral range (FSR) which represents the
difference between two successive resonances. Depending on the chosen variable,
it takes one of the following values:

∆φFSR = 2π; ∆νFSR = c

2L ; ∆LFSR = λ0

2 .

The peak value, that is the cavity power gain, is given by:

Σ2
max = T1

(1−
√
R2R1)2 . [4.75]

The other key parameter of Fabry-Perot cavities is called finesse and it is
noted as F in the denominator of Equation 4.72. Its expression as function of
the mirrors reflectivity is:

F = π (R1R2)1/4

1−
√
R2R1

. [4.76]

The finesse is also defined as the ratio of the periodicity to the full width at half
maximum FWHM of |Σ(φ)|2 (Figure 4.5). For

√
R1 and

√
R2 close to 1, one

can see in Equation 4.76 that F ≫ 1. Its typical range in real cavities is from
10 to a maximum of 106 and is, in practice, limited by intracavity losses which
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Figure 4.5: Squared modulus of the enhancement function as function of the
round-trip phase φ for

√
R1 = 0.9 and

√
R2 = 0.914. The spacing between

the resonant peaks is noted as ∆φFSR and their full width at half maximum
(FWHM) as δφFWHM.

are not considered here. The higher the finesse, the sharper are the resonance
peaks whose FWHM are given by:

δφFWHM = 2π
F

; δνFWHM = ∆νFSR

F
; δLFWHM = λ0

2F . [4.77]

The peak height depends also on the finesse. We can re-write Equation 4.72
for Σmax for the two Fabry-Perot cavity configurations that are used in GW
detectors:

a)
√
R2 = 1 and

√
R1 ≲ 1 almost all light is reflected by the cavity,

b)
√
R1 =

√
R2 ≲ 1 almost all light is transmitted by the cavity.

In the first case the end mirror is considered perfectly reflective and the input
mirror reflectivity close to 1. Then, almost all the light is reflected by the cavity,
the finesse becomes F ≃ π

1−
√
R1

and Σmax ≃ 2
1−

√
R1
≃ 2F

π . In the second case
F ≃ π

T1
and Σmax ≃ 1

T1
≃ F

π . At resonance, the light is entirely transmitted
by the cavity and the reflection is zero. The arm cavities of GW detectors are
of type a), and their advantage will be discussed in Section 4.3.4. Cavities of
type b) are used to clean the spatial profile of the laser, as it will be shown in
Section 4.3.3.
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4.3.2. Gaussian beams

So far, we have considered plane waves, which is a useful theoretical approx-
imation. Now we will introduce a Gaussian beam description, which describes
more accurately the spatial and phase properties of real laser beams. For that,
consider an electric field propagating along the z axis (the optical axis) with
a complex transverse amplitude that depends on the z coordinate and on the
distance r = x2 + y2. For small distances and small angles with respect to
the optical axis, such a wave obeys the paraxial Helmoltz Equation (Siegman
1986). A Gaussian beam is the fundamental solution of that equation. One can
show that the electric field complex amplitude is given by:

E(x, y, z) = E0
w0

w(z) · e
i
(

2π
λ0

(z−z0)+ψG(z)
)
· e−i 2π

λ0
x2+y2
2R(z) · e− x2+y2

w(z)2 . [4.78]

As one can see from the last exponential term, the transverse profile is a gaus-
sian function whose radius w depends on z. The gaussian peak amplitude is
E0w0/w(z) where w0 is the waist of the gaussian beam, i.e., its minimum ra-
dius obtained at the position z = z0. The presence of the factor w0/w(z) in the
amplitude can be understood by considering that the beam power must be the
same for any z so the integral on the x− y plane of |E|2 shall not depend on z.
The first exponential term in Equation 4.78 contains the propagation phase and
an additional phase called Gouy phase ψG(z) whereas the second exponential
term describes the spherical phase front of radius R(z). The quantities w(z),
ψG(z), R(z) are defined as:

w(z) = w0

√
1 + (z − z0)2

z2
R

, [4.79]

ψG(z) = tan−1
(
z − z0

zR

)
, [4.80]

R(z) = z − z0 + z2
R

z − z0
, [4.81]

where zR = πw2
0/λ0 is a parameter called Rayleigh range characterizing the

beam divergence. Hence a Gaussian beam is entirely defined by the three pa-
rameters z0, w0 and λ0. Figure 4.6 a) shows a schematic of the gaussian beam
evolution while propagating along the z axis. Figure 4.6 b) shows a plot of
the Gouy phase as function of the distance from the waist normalized by the
Rayleigh range.
A gaussian beam is resonant in a Fabry-Perot cavity when the radius of cur-
vature of the beam matches the radius of curvature of the mirrors at their
position and when the phase resonance condition is satisfied. By considering
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Figure 4.6: a) Beam profile of a gaussian beam along the propagation axis z
for z0 = 0 (left) and at a given z along the x axis (right). The Rayleigh range
zR represents the distance between the two points where the beam radius is√

2w0. b) Plot of the Gouy phase as function of z/zR.

the phase term in Equation 4.78, the previously defined resonance condition
on the z-axis writes as:

φ+ 2∆ψG = π + 2qπ, [4.82]

where 2∆ψG is the round-trip variation of the Gouy phase.

In reality the gaussian beam in Equation 4.78 is just one solution of the
paraxial Helmotz equation and it represents the fundamental mode of the com-
plete orthogonal set of eigenfunctions. One useful set are the Hermite-Gauss
(HG) modes:

En,m(x, y, z) = E0w0

w(z) Hn

(√
2x

w(z)

)
Hm

(√
2y

w(z)

)
× e

i
(

2π
λ0

(z−z0)+(n+m+1)ψG(z)
)
· e−i 2π

λ0
x2+y2
2R(z) · e− x2+y2

w2(z) , [4.83]



DR
AF

T

178 GRAVITATIONAL WAVES

where Hj are Hermite polynomials of order j. The intensity profiles of some HG
modes are shown in Figure 4.7, the fundamental gaussian mode corresponds to
m = n = 0.

Figure 4.7: Intensity profiles of twelve consecutive Hermite-Gaussian modes.
Each mode is defined by the integer numbers m and n that correspond to the
number of zeros along the x and y axis. From (DrBob 2012).

HG modes can also resonate in a Farby-Perot cavity with the following
resonance condition:

φ+ 2(n+m+ 1)∆ψG = π + 2qπ. [4.84]

The resonance peak of an HG mode of order (m+ n) is therefore shifted com-
pared to the fundamental mode (Equation 4.82) and this shift depends on the
mode order.

4.3.3. Cavity transmission and mode cleaner cavities

The transmitted field by a cavity is obtained by substituting Equation 4.69
and Equation 4.70 in Equation 4.67:

Et0 =
√
T2e

iφ/2Σ(φ)Ei0. [4.85]
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The cavity transmission coefficient TC is defined by the ratio between the trans-
mitted power and the input power:

TC(φ) =
∣∣∣∣Et0Ei0

∣∣∣∣2 = TC,max

1 + 4F2

π2 cos2
(
φ
2
) . [4.86]

Similarly to the intracavity power, the transmitted power as function of the
round-trip phase φ is periodic, exhibiting a peak when the resonant condition
is satisfied. The maximum transmitted power is given by TC,max × Pi with Pi
the laser input power. If

√
R2 =

√
R1 and

√
T2 =

√
T1, i.e. configuration b)

in Section 4.3.1, then TC,max = T2Σ2
max = 1. That means that the cavity is

transparent at resonance.

When one considers a realistic input beam with a given spatial profile, its
electric field Ei can be written as a linear superposition of the cavity HG
eigenmodes Em,n:

Ei =
∑
m,n

cm,n,i × Em,n. [4.87]

By scanning the laser frequency or the cavity length one observes a serie of
resonances, each one corresponding to a specific spatial mode (see Equation
4.84). This allows a direct measurement of the modal content of the incident
beam and if one could keep the cavity in a particular resonant condition with
the laser, only one mode would be transmitted. For example, with a reso-
nance on the fundamental mode, the transmitted power is |Et|20,0 ∝ |c0,0,i|2
while the transmitted power of higher orders components is close to zero:
|Et|2(m,n)̸=(0,0) ∝

|cm,n,i|2

F2 ≃ 0 . In this case the cavity acts as a spatial mode-
cleaner, which is used in GWDs to ensure a close to pure, stable fundamental
Gaussian mode in order to maximize contrast, and minimize noise coupling
from higher order modes to the output power. A common technique to keep
the resonant condition is discussed in Section 4.3.5.

4.3.4. Cavity reflectivity

From energy conservation, the laser power that is not transmitted by the
Fabry-Perot cavity is reflected (in the absence of loss). The complex reflection
coefficient of the cavity is given by R(φ) = −Er0/Ei0 (the (-) sign is due to the
convetion of Figure 4.4) where Er0 can be retrieved from equations 4.68-4.69.
For the specific configuration where

√
R2 = 1 and

√
T2 = 0, i.e. configuration

a) mentioned in Section 4.3.1, the transmission is zero (according to Equations
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4.85-4.86) and the reflectivity |R(φ)|2 is equal to 1. Therefore the incident beam
is fully reflected for any value of the round-trip phase.
The important modifications happen at the phase of the reflected field around
resonance. For small and slow deviations δφ (slow corresponds to Fourier fre-
quencies f ≃ 0) of the round-trip phase around resonance, the phase of the
reflected wave with respect to the input wave is given by:

ϕr = Arg(R(φ)) ≃ π + 2 tan−1
(
F
π
δφ

)
. [4.88]

In Figure 4.8a) one can see the plot of the reflected phase for different values
of finesse. The slope around δφ = 0 is equal to 2F/π. This is the main result
that explains the enhancement of sensitivity in a Michelson interferometer with
resonant Fabry-Perot cavities in its arms. Indeed, a small phase variation due
to a change of the arm length is amplified by the factor 2F/π.

Figure 4.8: a) Phase of the reflected field ϕr as function of the phase deviation
from resonance δφ for three values of finesse and for f ≃ 0. b) Transfer function
Hr (f) for the same three finesse values. The pole frequencies correspond to an
arbitrary cavity length of 7.5 km.

For f ̸= 0, the Fabry-Perot behaves as a first-order low-pass filter with a
pole frequency fp = δνFWHM

2 where δνFWHM is given in Equation 4.77. The
corresponding transfer function is:

Hr,φ(f) = ϕr
φ
≃ 2F/π

1 + i ffp

. [4.89]

Its module, i.e. the gain, is shown in Figure 4.8b) for different values of the
finesse. One can see that the higher the finesse is, the higher is the low frequency
gain but lower is the amplification bandwidth. A trade-off between gain and
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bandwidth has to be done in defining the cavity parameters according to the
detection goals. On the other hand, a small phase variation ϕL introduced by
the injected laser will be reflected following the transfer function Hr,L (f):

Hr,L (f) = ϕr
ϕL

= −
1− i ffp

1 + i ffp

. [4.90]

which describes a phase-shift across the cavity pole.

4.3.5. Cavity as a frequency reference: feedback loop

We will now describe how to lock the laser frequency, which is fluctuating,
on a cavity resonance using a feedback control loop. For this we assume a cavity
in which its length is extremely stable so that the cavity resonance can be used
as a frequency reference, in order to determine the laser frequency noise.
Figure 4.9 shows a block diagram describing the feedback control loop. First,
a laser emits on an optical frequency ν0 to which the frequency noise δνn
with respect to the cavity resonance is added. At the cavity input, the total
laser frequency fluctuations δν are compared with the cavity resonance, and
their difference will result in what is called error signal Ve. An electronic servo
amplifies and filters the error signal to produce the correction signal Vc which
is sent to the laser frequency actuator. Let us call α the response of the laser

Figure 4.9: Block diagram describing a feedback control loop to stabilize the
laser frequency to a cavity resonance.

frequency actuator, β the response of the error readout scheme including the
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cavity, and let us assume that these responses are linear. The error signal Ve is
inverted to create a negative back action. It is then sent to the electronic servo
which has a transfer function H through which it generates the correction signal
Vc. The parameters Vc, δν and ϵ are linked by the following coupled equations:

Vc = −H × Ve, [4.91]

δν = α× Vc + δνn, [4.92]

Ve = β × δν = β × δνn − αβH × Ve. [4.93]

Solved, they give:

Ve = β × δνn
1 + αβH

. [4.94]

H is designed such that, in the bandwidth of stabilization, αβH ≫ 1. Also,
when |αβH| ≃ 1, one needs arg (αβH) far from 180◦ in order to avoid any loop
oscillation, i.e. non zero denominator in Equation 4.94. For high loop gain,
Ve ≃ δνn

αβH → 0 which shows that the laser remains resonant with cavity. The
resonance condition 4.73 being fulfilled, one can write:∣∣∣∣δνν0

∣∣∣∣ =
∣∣∣∣δLL

∣∣∣∣ , [4.95]

in the lock frequency bandwidth. One difficulty though is to generate a lin-
ear error signal. A well known adequate technique is the Pound Drever Hall
(PDH)(Drever 1983). A typical setup of this technique is depicted in Figure
4.10. Before entering the cavity, the laser beam passes through a phase modu-
lator driven by an RF (radio frequency) generator. For small modulation am-
plitudes only two sidebands are generated. If they are sufficiently apart from
the carrier frequency ν0, the corresponding reflected field is not phase shifted
when ν0 is close to the cavity resonance whereas the carrier field undergoes
an important phase change (see Figure 4.8a)). A photodetector in reflection of
the cavity is then used to detect the beat note between the carrier leaving the
cavity and the RF sidebands being directly reflected (not phase shifted). When
the photodetector signal is demodulated at the RF modulation frequency, a
linear error signal around the resonance is generated which is zero exactly at
resonance, and has different signs depending if the laser frequency is above or
below resonance. This error signal is plotted in Figure 4.11.

4.4. Power recycled interferometer

Now that a simple Michelson interferometer and optical cavities were in-
troduced, we can consider an almost complete layout of a gravitational wave
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Figure 4.10: Schematic of the experimental implementation of the PDH tech-
nique to lock the laser frequency to a cavity resonance. On the top of the figure
one can see the sideband picture representation of the optical carrier frequency
of the laser ν0 and the RF sidebands ν0 ± νRF. More details in the text.

Figure 4.11: Error signal obtained by the PDH technique around the cavity
resonance frequency. The PDH scheme generates an error signal (in Volts)
which is zero at resonance, i.e., when δν = 0.

detector, with its most important characteristics. This layout is shown on Fig-
ure 4.12 in which we have included:
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• a power recycling mirror which reflects the light from the bright port
(interferometer reflection port) back to the interferometer, effectively in-
creasing the power sent to the Michelson interferometer by a gain of
G ≃ 50 (and consequently also increasing the transmitted power by a
factor of G), and

• a Fabry-Perot cavity in each arm.

With those modifications, the PSD of the signal to noise ratio expression in
Equation 4.60 will be:

ρ2(f) = L
2 · |Hr,φ|2 · Sh(f)

4F2

π2 ∆L2
DC

(
Srpn(f) + 4|Hr,L|2 ·Sν (f)

ν2
0

+ hpν0

GP t

)
+ 4|Hr,φ|2SδL−

. [4.96]

With respect to Equation 4.60, the last equation sees the contribution of the
cavity responses Hr,φ(f) and Hr,L(f), an enhancement of the arm length offset
∆LDC by a factor 2F/π and the enhancement of the incident power on the
interferometer by the power recycling factor G.

Also are included in the figure triangular cavity (input mode cleaner) with
the main role to increase the purity of the beam sent to the interferometer,1 and
frequency and power stabilization control loops to reduce their corresponding
noise contribution. These will be detailed in the next two sections.

4.4.1. Frequency stabilization

As previously shown, frequency noise can limit the sensitivity of GWDs. It
is therefore necessary to implement a feedback control loop to stabilize the
laser frequency. In these detectors, one of the main control loops uses the
interferometer’s common mode as a frequency reference, as illustrated in Figure
4.12. To the first order of ∆L and according to Equation 4.52, only the phase
of the reflected beam senses the interferometer:

ϕ̄ (t) ≃ 4πν0L̄

c
− 4πν0∆L

c
h (t)− ϕL

(
t− 2L̄

c

)
. [4.97]

in which we can obviousely neglect the GW effect to obtain:

ϕ̄ (t) ≃ 4πν0L̄

c
− ϕL

(
t− 2L̄

c

)
. [4.98]

1. The input mode cleaner also reduces the beam pointing noise which is responsible
for coupling energy into high order modes.
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Figure 4.12: Schematics of a simplified gravitational wave detector, composed
of a Michelson interferometer with cavities in its arms and a power recycling
mirror. The figure also shows the scheme of a power stabilization in which a
photodetector senses the fluctuations of a pick-off beam, the scheme of fre-
quency stabilization in which the frequency fluctuations are read in reflection
of the interferometer, and finally a triangular mode cleaner cavity.

Therefore, the interferometer reflects the incident beam as a single arm of lenth
L̄. By placing identical arm cavities, and employing the PDH tehcnique, one
senses the frequency noise δν with respect to a virtual cavity of length L̄.
After stabilization, within the control loop bandwidth, the residual frequency
fluctuations follows Equation 4.95 and one gets:

Sν (f)
ν2

0
≃
SδL+ (f)
L̄2

, [4.99]

where SδL+ (f) is the PSD of the sum of the length fluctuations from both
interferometer’s arms. Since (i) SδL+ (f) ≃ SδL− (f)(most of the length fluctu-
ations are uncorrelated between the two arms), (ii) F ×∆LDC ≪ L̄ (iii) |Hr,φ|
is of the same order of magnitude as |Hr,L| in the frequency band where SδL−

is dominant, we can neglect the frequency noise term in Equation 4.96 with
respect to the length fluctuations. In a perfectly symmetric interferometer, fre-
quency noise does not couple to the output port. The coupling factor due to
unequal armlengths is of the order of F ×∆LDC/L̄≪ F×λ0/L̄ ≃ 3×10−7. In
practice, other asymmetries (mainly due to the finesse difference between the
two arms) are to be taken into account and the coupling factor is of the order
of 10−2. This value is small enough for the stabilized frequency noise to not
affect the detector sensitivity.
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4.4.2. Power stabilization

Another necessary stabilization control loop in GWDs is the power stabi-
lization one. The usual technique for power stabilization consists in sensing the
power fluctuations of a pick-off beam directly with a photodetector, and use a
feedback control loop (similar to the one described in Section 4.3.5) like shown
on Figure 4.12. Let R be the power ratio of the pick off, and P the power of the
main beam in transmission of the phase modulator. In the time domain, the
power fluctuations δPd sensed by the power stabilization photodetector are:

δPd = R (δPtech + δPcorr) + δPSN
(
RP̄
)
, [4.100]

where δPtech represents the technical power fluctuations of the main beam,
δPcorr are the power corrections injected by the stabilization loop and
δPSN

(
RP̄
)

is the shot noise corresponding to the mean power RP̄ . In the
bandwidth of stabilization, δPd ≃ 0, the residual power fluctuations of the
main beam are given by:

δP = δPtech + δPcorr + δPSN
(
P̄
)

= −
δPSN

(
RP̄
)

R
+ δPSN

(
P̄
)
. [4.101]

In the last equation, both shot noises are uncorrelated and since R ≪ 1, we
have in terms of PSD:

SδP (f) = hpν0RP̄

R2 + hpν0P̄ ≃
hpν0P̄

R
. [4.102]

Finally, the PSD of the relative power noise will be given by:

Srpn (f) = hpν0

RP̄
. [4.103]

This equation shows that, in order to reduce (and possibly neglect) Srpn in
Equation 4.96, the pick off power RP̄ needs to be much larger than the power
transmitted by the interferometer, i. e. RP̄ ≫ GP̄t. In practice, there is one to
two order of magnitudes between both.2

2. In practice, this is true once the transmitted beam is filtered by an additional cavity
called Output Mode Cleaner (OMC) which transmits the matched fundamental modes
between the two arms.
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4.4.3. Shot noise sensitivity curve

Thanks to the power and the frequency stabilization control loops, Equation
4.96 reduces to:

ρ2(f) = L̄2 · |Hr,φ (f)|2 · Sh(f)
|Hr,φ (f)|2 × 4SδL−(f) + 4F2

π2 ∆L2
DChpν0/

(
GP̄t

) .
[4.104]

The signal-to-shot-noise ratio of the power recycled detector with arm cavities
will be given by:

ρ2
SN(f) = 64F2GP̄0L̄

2

hpcλ0

∣∣∣∣∣ 1
1 + i ffp

∣∣∣∣∣
2

Sh(f). [4.105]

By setting the signal-to-shot-noise ratio equal to 1, i.e., ρ2
SN(f) = 1, we infer

the PSD of the shot noise limit in strain sensitivity:

Sh,SN(f) = hpcλ0

64F2GP̄0L̄2

(
1 + f2

f2
p

)
. [4.106]

Note that the sensitivity of the interferometer can be improved by increasing the
interferometer power. In the following sections we will calculate the coupling
of length noise and quantum noise to the strain sensitivity of a GWD, and
finally calculate the full sensitivity of the detector described in this last section
(Figure 4.12).

4.5. Other noise contributions

4.5.1. Length noise contributions

As already discussed, and also shown by Equation 4.104, differential length
noise SδL− can limit the interferometer sensitivity. In the following, we will
estimate the contributions of different sources to differential length noise by
adopting a simple approach based on the harmonic oscillator model.
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Figure 4.13: Representation of an harmonic oscillator as a block of mass at-
tached to a spring. x is the mass position, x0 is the wall position and l0 is the
length of the unloaded spring at rest.

4.5.1.1. Harmonic oscillator

Figure 4.13 illustrates a harmonic oscillator which is represented by a point
like mass m attached to a moving wall by a spring with spring constant k
and with unloaded length at rest l0. This mass can be displaced along the
spring axis by applying an external force F0 or by changing the position of its
attachment point x0 which we will consider to be time dependent. We assume
that this oscillator is damped, with a fluid damping coefficient proportional to
the velocity. The dynamics of this damped harmonic oscillator subject to an
external driving force F0 can be described with Newton’s second law in the
time domain as:

m
d2x(t)
dt2

= F0 − k(x(t)− x0(t)− l0)−mγdx(t)
dt

. [4.107]

The second term after the equality is the restoring spring force, which is pro-
portional to the spring extension. The last term represents the damping, with
γ being the viscous damping coefficient. Assuming that the system has a linear
response to a sinusoidal external force, one can obtain the equation of motion
in the frequency domain via a Fourier Transform. The system’s frequency re-
sponse is characterized by the mechanical susceptibility χ(f), in units of m/N,
given by:

χ(f) = x(f)
F0(f) + kx0(f) = 1/m

ω2
0 − ω2 + iωω0

Q

, [4.108]

where ω = 2πf is the angular frequency, ω0 = 2πf0 =
√
k/m is the funda-

mental angular resonance frequency, and Q = ω0/γ is the mechanical quality
factor. Equation 4.108 shows that the mass m can similarly be excited by the
force F0 or the motion of the fixation point x0. Figure 4.14 shows a plot of the
magnitude of the mechanical susceptibility as a function of frequency. From
this plot, one can see that the system response is frequency independent for
low frequencies (f ≪ f0), it has a peak response at resonance, and then the
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response decreases proportionally to 1/f2.
The momentum p and the total mechanical energy (Hamiltonian H) of the

Figure 4.14: Magnitude of the mechanical susceptibility of a harmonic oscillator
with a fundamental resonance frequency f0 equal to 1 kHz and a quality factor
Q as a function of the Fourier frequency f .

harmonic oscillator are given by:

p = m
dx

dt
, [4.109]

H = p2

2m +m
ω2

0x
2

2 , [4.110]

where (x, p) represents the conjugate canonical variables (Landau 1976).

The quantization of the harmonic oscillator can be inferred by associating to
(x, p) the conjugate observables (x̂, p̂) obeying the commutation relationship:

[x̂, p̂] = iℏ ; ℏ = hp
2π , [4.111]

and the observable energy is given by the operator Hamiltonian:

Ĥ = p̂2

2m +m
ω2

0x̂
2

2 . [4.112]
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With some algebra (Cohen-Tannoudji 1973), one can show that by defining the
observable:

N̂ = 1
2

(√
mω0

ℏ
x̂+ i

1
ℏmω0

p̂

)(√
mω0

ℏ
x̂− i 1

ℏmω0
p̂

)
, [4.113]

the Hamiltonian can then be written as:

Ĥ = ℏω0

(
N̂ + 1

2

)
, [4.114]

and that N̂ has integer eigenvalues {n ≥ 0}. This shows that the harmonic
oscillator has a set of discrete energy states given by (see Figure4.15):

En = ℏω0

(
n+ 1

2

)
. [4.115]

A fundamental comment is to be made here: the lowest energy state has a
non zero energy E0 = ℏω0/2 due to the Heisenberg uncertainty principle. We’ll
show later that this is responsible for quantum noise in the GWD.

Figure 4.15: Quantized energy states of a harmonic oscillator of resonance
frequency ω0. The minimum energy state is non zero.

This summarizes all the properties of a classical and quantum harmonic
oscillator that we need to set a simple description of different sources of differ-
ential length noise in GW detectors and how to mitigate them.

4.5.1.2. Seismic noise

In this section, we will analyse the seismic noise contribution to GWDs.
We will refer to seismic noise as all types of vibrational noise that undergo
the mirrors through their contact to the ground. The GWD mirrors are in free
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fall at the detection bandwidth and are suspended as pendulum mirrors. In
the frequency band of interest, a pendulum mirror behaves as an harmonic
oscillator under small oscillations with a spring constant k = mg/l0 where g
stands for the local gravitational acceleration and l0 its length. The pendulum
acts like a passive seismic attenuator for frequencies larger than the fundamen-
tal resonance frequency (see Figure 4.14). Let us now calculate the horizontal
displacement δx of the mirror substrate illustrated on Figure 4.16 a). For fre-

Figure 4.16: Representation of coupling from seismic noise displacement δxsis at
the top of a pendulum mirror to mirror displacement δx for: a) single pendulum
driven by horizontal seismic noise, b) single pendulum driven by vertical seismic
noise, and c) a chain of n pendulums.

quencies f ≥ 1 Hz, the ASD of the horizontal acceleration noise δa(f) and of
the seismic horizontal displacement ground noise δxsis,h are typically equal to:

δa(f) ≃ 4× 10−6 ms−2/
√

Hz, [4.116]

δxsis(f) ≃ 10−7
(

1 Hz
f

)2
m/
√

Hz. [4.117]

The suspension for a Virgo mirror has a length of 70 cm, which will lead to a
fundamental resonance frequency of 0.6 Hz. For an ideal suspension, the mir-
ror’s horizontal displacement δx(f) can be calculated by using the mechanical
susceptibility (Equation 4.108). This will lead to:

δxh(f) = |χ(f)| ×mω2
0 δxsis(f), [4.118]

which, for f ≫ f0, can be approximated to:

δx1pend,h(f) ≃ f2
0
f2 δxsis(f) ≃ 10−7

(
f0

f

)2
×
(

1 Hz
f

)2
m/
√

Hz. [4.119]
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Cascading two pendulum suspensions enhances the attenuation even further.
The mirror displacement δx2pend now can be calculated by inserting the atten-
uated displacement of the second mirror base (Equation 4.119) into Equation
4.118. This will lead to:

δx2pend,h(f) ≃
(
f0

f

)4
δxsis(f) ≃ 10−7

(
f0

f

)4
×
(

1 Hz
f

)2
m/
√

Hz.[4.120]

This equation can be generalized for a system with n pendulums (see Figure
4.16c)) as:

δxnpend,h(f) ≃
(
f0

f

)2n
δxsis(f) ≃ 10−7

(
f0

f

)2n
×
(

1 Hz
f

)2
m/
√

Hz.[4.121]

As shown in Figure 4.16b) seismic noise driving the top base of the mirror
vertically (δzsis) will also couple to horizontal mirror displacement by:

δxv(f) = αc × δzsis(f), [4.122]

with a coupling coefficient of approximately αc ≃ 1% mainly related to me-
chanical asymmetries. To mitigate its effect, vertical isolation is required. As
for the pendulums, vertical filters are based on passive vertical suspensions be-
having like harmonic oscillators in the frequency of interest. In the case of the
Virgo detector, the number of horizontal filters pendulums is n = 7 and the
vertical filters are n = 5. The ASD of the total horizontal mirror displacement
is an uncorrelated sum between the displacement due to horizontal and vertical
seismic noise. In the case of the Virgo detector is given by:

δx(f) =

√√√√[δxsis(f)×
(
f0

f

)14
]2

+
[
δzsis(f)×

(
f0

f

)10
× α5

c

]2

. [4.123]

The PSD of the equivalent strain due to seismic noise can again be com-
puted by setting the signal to (seismic) noise ratio in Equation 4.96 equal to
1. Considering the 4 suspended mirrors of the arm cavities of the detector, the
total seismic noise projected to strain sensitivity is given by Equation 4.104:

Sh,sis (f) ≃ 4× 4
L̄2

[
δxsis(f)×

(
f0

f

)14
]2

+
[
δzsis(f)×

(
f0

f

)10
× α5

c

]2

.[4.124]

In practice, δzsis(f) and δxsis(f) are of the same order of magnitude.
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4.5.2. Thermal noise

Another important source of differential displacement noise is thermal noise,
which sets a limitation in the degree to which the suspended mirror can stay at
rest with the system in equilibrium at a temperature T . In order to introduce
the physics underneath the thermal noise, we will follow the Langevin approach
of the Brownian motion (Langevin 1908). Let us consider one free falling mirror

Figure 4.17: Representation of a free falling mirror surrounded by residual gas
particles which imprints a random momentum in the mirror position.

surrounded by a gas of particles each transferring a random momentum to the
mirror, as shown in Figure 4.17. This momentum transfer results into a driving
stochastic force FL (t) called Langevin Force. The gas is also responsible for a
viscous damping proportional to the mirror velocity as described in Equation
4.107. For the motion of the mirror along the x axis one can simply use the
damped harmonic oscillator model driven by FL:

m
d2x(t)
dt2

= m
dv(t)
dt

= −mγv(t) + FL(t). [4.125]

The same equation stands for the other directions. Thermal noise is a stochas-
tic process in which the mean value is zero at all times, i.e., ⟨FL(t)⟩ = 0.
This reflects the fact that the mirror is equally pushed in any direction by
the kicks from the gas particles. It is also a Markovian process, i.e. ΓFL

(τ) =
⟨FL (t)FL (t+ τ) = σ2

FL
×∆t× δ(τ) where ∆t is a very short amount of time

above which the correlation vanishes3 (see Figure 4.1). This equation shows
that the force values at different times are uncorrelated.

The damping coefficient γ and the driving force FL have the same physical
origin, but what is the relationship between them? To answer this question

3. the delta function can be approximated by a gate function of width ∆t and height
1/∆t
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let us now solve Equation 4.125 for the velocity, that will lead to the general
solution:

v(t) = v0e
−γt + 1

m

∫ t

0
e−γ(t−t′)FL(t′)dt′, [4.126]

where t = 0 was chosen such as FL(t = 0) = 0 and v(t = 0) = v0. From this
equation, one can see that the velocity mean value will be ⟨v(t)⟩ = v0e

−γt since
⟨FL(t)⟩ = 04. In addition to that, the variance of the velocity can be calculated:

σ2
v(t) = ⟨

(
1
m

∫ t

0
e−γ(t−t′)FL(t′)dt′

)2

⟩

= 1
m2

∫ t

0
dt′
∫ t′

0
dt′′⟨FL(t′)FL(t′′)⟩e−γ(t−t′)e−γ(t−t′′),

=
∆t σ2

FL

4γm2 (1− e−2γt). [4.127]

The mean kinetic energy of the mirror in thermodynamic equilibrium can now
be calculated, which, according to the equipartition theorem, will result in:

⟨Uk(t)⟩ = 1
2m⟨v(t)2⟩ t→∞−−−→ ⟨Uk(t)⟩ = 1

2mσ
2
v(t→∞) = kBT

2 , [4.128]

with kB being the Boltzmann’s constant. Now, substituting σ2
v of Equation

4.127 into Equation 4.128, will lead to:

σ2
FL

= 1
∆t × 4mγkBT =

∫
1

∆t

4mγkBTdf, [4.129]

The Langevin force PSD is then:

SFL
(f) = 4mγkBT. [4.130]

Taking into account the mechanical susceptibility for a free falling mirror:

χ(f) = 1/m
−ω2 + iωγ

= −ω − iγ
mω(ω2 + γ2) , [4.131]

4. The time average is taken over times much shorter than 1/γ
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one can calculate the PSD of the Brownian motion of the mirror:

Sx(f) = |χ(f)|2SFL
(f) = 4kBT

ω
|Im(χ(f))| . [4.132]

This gives the relationship between the random fluctuations of the mirror po-
sition and the dissipation process. In 1952, this equation was generalized by
Callen and Welton (Callen 1951) via the famous Fluctuation-Dissipation The-
orem which states that if a system dissipates energy, it must also experience
noise, and the larger the dissipation, the larger the noise. The PSD of the
Langevin force was then generalized to any mechanical system and any dissi-
pation mechanism as:

SFL
(f) = 4kBT

ω

∣∣∣∣Im( 1
χ(f)

)∣∣∣∣ , [4.133]

which is a macroscopic expression of a microscopic phenomena that is respon-
sible for the noise. Now we apply this to compute two dominant thermal noises
in the GWD: suspension thermal noise and mirror thermal noise.

4.5.2.1. Suspension thermal noise
The pendulum mirrors in GWDs are placed under high vacuum, which

reduces considerably the contribution of the viscous damping. It is observed in
this case that the mechanical losses of the mirrors suspensions are dominated
by anelastic processes: in the frequencies of interest, each force applied to
the suspension results in a motion of constant phase delay. This effect can be
incorporated in the harmonic oscillator by adding an imaginary part to the
resonance frequency ω2

0 → ω2
0 (1 + iϕp), with ϕp being the so called loss angle.

In this case, the mechanical susceptibility of a single pendulum is:

χp (f) = 1/m
ω2

0 − ω2 + iϕpω2
0
. [4.134]

To apply the Fluctuation-Dissipation Theorem, one has for ω ≫ ω0:

|Im (χp (f))| = 1
m

ϕpω
2
0

(ω2
0 − ω2)2 + ϕ2

pω
4
0
≃ 1
m

ω2
0
ω4ϕp. [4.135]

Now considering 4 suspensions for each of the 4 mirrors of the interferometer,
the total suspension thermal noise projected to strain sensitivity is:

Sh,th,sus (f) = 4× 4
L̄2

· 4 · 4kBTf2
0

m (2π)3
f5
ϕp. [4.136]
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The recoil force for a suspension is almost entirely gravitational, which is con-
servative. The only dissipation is related to the residual elastic recoil force
through which a small amount of energy is stored. Hence, ϕp is expected to be
very small.

4.5.2.2. Mirror thermal noise

The mirror (substrate plus coating) being a multiple resonances system,
cannot be modelled as a single harmonic oscillator. Instead, each resonance can
on its own be considered as a harmonic oscillator. For the sake of simplicity,
we assume an anelastic dissipation for all the resonances with a constant loss
angle ϕm. Considering only the coordinate along the optical axis x on the mirror
surface, the total mechanical susceptibility is:

χ (f) =
∑
j

1/mj

ω2
j − ω2 + iϕmω2

j

= xmir

F
, [4.137]

where mj is the mode j mass involving its volume, i.e. the part of the mass
actually moving along x when the mode is resonating, F is the amplitude of a
uniform force applied to the mirror surface, and xmir is the surface displacement
of the mirror. The first mirror resonance frequency is much higher than the
frequencies of interest, i.e. the detector bandwidth. Hence, for all j, ω ≪ ωj :

|χ (f)| ≃
∑
j

1
mjω2

j

and |Im (χ (f))| ≃ ϕm
∑
j

1
mjω2

j

= ϕm |χ (f)| ,

[4.138]

which are frequency independent down to f = 0. We can then write the static
stored elastic energy when a static force is applied to the mirror as:

W = 1
2Fstat × xmir (f = 0) = 1

2F
2
stat |χ (f = 0)| , [4.139]

where Fstat is the force F at zero frequency. So we have:

|Im (χ (f))| = ϕm
2W
F 2

stat
. [4.140]

For the sake of simplicity, we assume that the laser beam covers the whole
surface area Sm = πr2

mir of a circular mirror with radius rmir. When Fstat,
which covers the mirror’s surface, is applied, the mirror compresses by δξ ≃
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ξFstat/(SmY ), where ξ is the mirror thickness and Y is the Young modulus.
Having then W = 1

2Fstatδξ, we finally obtain for the mirror’s surface displace-
ment :

|Im (χ (f))| ≃ ϕm ×
ξ

Y Sm
, Sx,th,mir (f) = 2kBT

πf
|Im (χ (f))| [4.141]

Now considering the 4 mirrors, the mirror’s thermal noise on the detector is:

Sh,th,mir (f) = 4
L̄2
· 4 · 2kBT

πf
· ξ

Y πr2
mir

ϕm. [4.142]

A more general and accurate approach can be found in (Levin 1998).

4.5.3. Quantum noise

4.5.3.1. Quantification of the electromagnetic field

The classical treatment of quantum noise presented in the earlier sections
was useful for an intuitive understanding of the coupling mechanism of shot
noise in an interferometer. However, a rigorous and full description of the quan-
tum noise coupling in the interferometer and how to reduce it can only be ob-
tained within a quantum mechanics formalism, that takes into account vacuum
fluctuations. For that we will treat each mode of the electromagnetic field as
a quantum harmonic oscillator. Due to the scope of this book, our description
will be short. A full mathematical description with most of the equations shown
in this section can be found in many books of quantum mechanics, and we used
as a reference the book (Bachor-Ralph 2019).

In classical physics, a single mode electric field in a plane wave approxima-
tion, propagating in vacuum, and with no technical noise, can be decomposed
into a sum of two time independent quadratures named X1 and X2 that are
oscillating 90◦ out of phase with each other:

E(t) = E0 (X1 cosω0t+X2 sinω0t) , [4.143]

to which corresponds an energy:

E = κ

(
X2

1
4 + X2

2
4

)
, [4.144]

with κ a constant that will be defined later. By analogy with the harmonic
oscillator (see Equation 4.110), one can see that X1 and X2 are the conjugate
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canonical variables of the position and momentum in a Hamiltonian represen-
tation, scaled to be dimensionless. Hence, a similar quantification process can
be applied:[

X̂1, X̂2

]
= 2i, [4.145]

Ĥ = κ

(
X̂2

1
4 + X̂2

2
4

)
= κ

(
N̂ + 1

2

)
. [4.146]

Two main comments are to be made here:

• As for the harmonic oscillator, the single mode electric field is character-
ized by a set of discrete field eigenstates with energies En = κ (n+ 1/2),
n being a positive integer. It can be demonstrated, but it seems obvious
to set κ = ℏω0 so moving from the state En to the state En+1 corresponds
to the gain of one photon energy ℏω0.

• The vacuum state |n = 0⟩ corresponds to a non zero energy E0 = ℏω0/2.
In the vacuum state (subscript v), the quadratures are time dependent
and characterized by the quantum variances σ2

X̂1v(2v)
that are linked with

each other by the Heisenberg uncertainty principle:

σX̂1v
× σX̂2v

= 1. [4.147]

Since the definition of X1 and X2 is invariant with respect to an arbitrary
phase, σX̂1v

= σX̂2v
= 1. In a phasor diagram, the vacuum state is

represented by a circle centered at (0,0), like shown in Figure 4.18.a.

4.5.3.2. Semi-classical approach : The power quantum fluctuations

A full quantum treatment of the electric field requires the introduction of
the Heisenberg formalism and goes beyond the scope of this book. We can how-
ever adopt a semi-classical approach in which the vacuum is represented by a
classical fluctuating field of zero mean. A quantum noise limited laser field is
called a coherent state (Bachor-Ralph 2019), and can be formally defined as
the action of the displacement operator on the vacuum state in a full quantum
mechanics formalism. Such a field is represented in Figure 4.18.b. The corre-
sponding classical field can be written as a sum of the (already introduced)
carrier field (with time independent quadratures) and the vacuum field:

E (t) = E0 (X1 cosω0t+X2 sinω0t) + ϵv (X1v (t) cosω0t+X2v (t) sinω0t) ,

[4.148]
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Figure 4.18: Quadrature space representation for a) a vacuum state, b) coherent
state, and c) for different squeezed vacuum states.

where ϵv is the amplitude of the vacuum electric field and X1v(2v) (t) the corre-
sponding fluctuating quadratures. In order for this classical field to mimic the
coherent state behavior, the following conditions must be satisfied:

• the average of the quadratures for the vacuum state is zero:

⟨0|X̂1(2)|0⟩ = ⟨X1v(2v) (t)⟩ = 0, [4.149]

• the variance of the quadratures for the vacuum is equal to one:

σ2
X̂1v(2v)

= ⟨0|X̂2
1(2)|0⟩ = σ2

X1v(2v)
= ⟨X2

1v(2v) (t)⟩ = 1, [4.150]

• the vacuum electric field ϵv corresponds to the vacuum energy ⟨0|Ĥ|0⟩ =
ℏω0/2.

To the first order of X1v(2v), the power averaged over the light period 2π/ω0
is:

P (t) = S

2µ0c
E2

0
(
X2

1 +X2
2
)

+ S

µ0c
E0ϵv (X1X1v (t) +X2X2v (t))

= P̄ + δPQN (t) , [4.151]

where S is the beam section and by definition we have X2
1 + X2

2 = 1. Now,
we consider the arbitrary observation time ∆t required to have for the vacuum
energy given by the fluctuating term of Equation 4.148:

ℏω0

2 ≃ S

2µ0c
ϵ2v∆t⟨X2

1v +X2
2v⟩ = S

µ0c
ϵ2v∆t, [4.152]
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to obtain:

ϵv =
√
µ0c

2S
ℏω0

∆t . [4.153]

The power fluctuations due to quantum noise δPQN are then given by Equation
4.151:

δPQN (t) = E0

√
S

2µ0c

ℏω0

∆t (X1X1v (t) +X2X2v (t)) , [4.154]

and since SX1v
(f) = SX2v

(f) ≡ SXv
(f), the corresponding PSD of power noise

due to quantum noise is:

SQN (f) = ℏω0 · E2
0

S

2µ0c

(
X2

1 +X2
2
)
· SXv

(f)
∆t = ℏω0P̄ , [4.155]

which is frequency independent. The second equality is due to the fact that:

∫
1/∆t

SXv
(f) df = σ2

Xv
= 1→ SXv

(f)
∆t = 1. [4.156]

We then obtained the same PSD of the shot noise that was introduced based on
a classical model in Section 4.2.2 for shot noise, i.e., SQN

(
f, P̄

)
= SSN

(
f, P̄

)
and which shows that the vacuum field is at its origin.

4.5.3.3. The quantum noise in the interferometer

The vacuum field couples into optical experiments through any channel
that is lossy or open. The main coupling port of vacuum fluctuations in GWDs
happens via the output port of the interferometer (Kimble 2001), which is
dark (or close to dark), as shown in Figure 4.19a. As we will now derive, the
vacuum fluctuations enters via the interferometer output and are completely
(or almost completely) reflected back to the photodetector, resulting in the
readout shot noise calculated in Equation 4.59. We will also show that the
vacuum fluctuations coupling from the input port of the interferometer will be
completely (or almost completely) reflected by the interferometer, as well as
the laser technical power fluctuations.

Let us now derive the contribution of quantum noise in the Michelson in-
terferometer shown in Figure 4.19a. For this calculation we will assume the
interferometer is operated at the dark fringe and we will ignore technical noise
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Figure 4.19: a) Vacuum flucuations (dashed orange) coupling from the from
the output of a gravitational wave detector, and a coherent field at its input.
b) Squeezed vacuum field being injected via the interferometer output in order
to reduce its quantum noise.

sources. We start by writing the interferometer input field Ei(t), which is a
coherent field, as the sum of the carrier and the vacuum fluctuations:

Ei(t) = E0 cos(ω0t) + ϵv
(
X1v cos(ω0t) +X2v sin(ω0t)

)
. [4.157]

For simplicity, we will omit the time dependence on the vacuum quadratures.
Similarly, we write the vacuum field coupling at the dark port of the interfer-
ometer as:

Ed(t) = ϵv
(
Y1v cos(ω0t) + Y2v sin(ω0t)

)
. [4.158]
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The field directly reflected and transmitted by the beamsplitter at the West
and North arms will be given by:

EiW (t) = 1√
2
E0 cos(ω0t) + 1√

2
ϵv
(
X1v cos(ω0t) +X2v sin(ω0t)

)
+ 1√

2
ϵv
(
Y1v cos(ω0t) + Y2v sin(ω0t)

)
= 1√

2

[
E0 + ϵvX1v + ϵvY1v

]
cos(ω0t) + 1√

2

[
ϵvX2v + ϵvY2v

]
sin(ω0t),

EiN (t) = 1√
2

[
−E0 − ϵvX1v + ϵvY1v

]
cos(ω0t) + 1√

2

[
−ϵvX2v + ϵvY2v

]
sin(ω0t).

[4.159]

For the sake of simplicity, we neglect the phase shifts in the small Michelson
composed of the beamsplitter and the input cavity mirror with respect to the
phase shifts (ϕW,r, ϕN,r) acquired by the beam in the arm cavities. The reflected
fields are then:

ErW (t) = 1√
2

[
E0 + ϵvX

(r)
1v + ϵvY

(r)
1v

]
cos(ω0t+ ϕW,r)

+ 1√
2

[
ϵvX

(r)
2v + ϵvY

(r)
2v

]
sin(ω0t+ ϕW,r),

ErN (t) = 1√
2

[
−E0 − ϵvX(r)

1v + ϵvY
(r)

1v

]
cos(ω0t+ ϕN,r)

+ 1√
2

[
−ϵvX(r)

2v + ϵvY
(r)

2v

]
sin(ω0t+ ϕN,r). [4.160]

Where the superscript (r) stands for the fields in reflection of the optical cavi-
ties, in which we will consider that only the phase is changed, not the amplitude.
Hence (X1v(t)(r) → X1v(t)). The intracavity fields can be written for f ≪ fp
as:

Ecav,W (t) =
√
F
π

[
E0 + ϵvX1v + ϵvY1v

]
cos(ω0t+ ϕW,cav,i(e))

+
√
F
π

[
ϵvX2v + ϵvY2v

]
sin(ω0t+ ϕW,cav,i(e)),

Ecav,N (t) =
√
F
π

[
−E0 − ϵvX1v + ϵvY1v

]
cos(ω0t+ ϕN,cav,i(e))

+
√
F
π

[
−ϵvX2v + ϵvY2v

]
sin(ω0t+ ϕN,cav,i(e)). [4.161]
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where ϕW,cav,i(e) and ϕN,cav,i(e) are the intracavity beams’ phases impinging
on the input(end) mirrors. The detected field at the dark port is then:

Et = 1√
2
ErW + 1√

2
ErN

=1
2 E0

[
cos(ω0t+ ϕW,r)− cos(ω0t+ ϕN,r)

]
+ 1

2 ϵvX
(r)
1v
[
cos(ω0t+ ϕW,r)− cos(ω0t+ ϕN,r)

]
+ 1

2 ϵvX
(r)
2v
[
sin(ω0t+ ϕW,r)− sin(ω0t+ ϕN,r

]
+ 1

2 ϵvY
(r)

1v
[
cos(ω0t+ ϕW,r) + cos(ω0t+ ϕN,r)

]
+ 1

2 ϵvY
(r)

2v
[
sin(ω0t+ ϕW,r) + sin(ω0t+ ϕN,r)

]
. [4.162]

As in Equation 4.49, we introduce the common and differential phases ϕ̄r =
(ϕW,r + ϕN,r) /2 and ∆ϕr = (ϕW,r − ϕN,r) /2. The field at the output can be
written as:

Et =− E0 sin
(
ω0t+ ϕ̄r

)
sin ∆ϕr − ϵvX(r)

1v sin
(
ω0t+ ϕ̄r

)
sin ∆ϕr

+ ϵvX
(r)
2v cos

(
ω0t+ ϕ̄r

)
sin ∆ϕr + ϵvY

(r)
1v cos

(
ω0t+ ϕ̄r

)
cos ∆ϕr

+ ϵvY
(r)

2v sin
(
ω0t+ ϕ̄r

)
cos ∆ϕr, [4.163]

which, in the small differential phase approximation can be re-written as:

Et ≃ −E0 sin
(
ω0t+ϕ̄r

)
sin ∆ϕr+ϵv

[
Y

(r)
1v cos

(
ω0t+ϕ̄r

)
+Y (r)

2v sin
(
ω0t+ϕ̄r

)]
.[4.164]

Note that, as expected, the transmitted field depends only on the vacuum field
coupling from the interferometer’s dark port. The power at the interferometer
output will be then given by:

Pt(t) = S

µ0c
⟨E2

t (t)⟩

= S

2µ0c
E2

0 sin2 ∆ϕr −
S

µ0c
ϵvE0Y

(r)
2v (t) sin ∆ϕr, [4.165]

Note that the power fluctuations are solely due to quantum noise, and depends
only on the Y2 (phase) quadrature, which is orthogonal to the input carrier
at the interferometer. This coupling is also known as quantum readout noise,
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since the noise couples at the same quadrature of the signal expected from a
GW. Their power spectral density can be calculated as:

SPt(f) =
[
S2

µ2
0c

2 ϵ
2
v E2

0 sin2 ∆ϕr
]
S
Y

(r)
2v

= ℏω0 P̄t, [4.166]

which gives the same result as in Equation 4.59. This quadrature Y2v entirely
couples to the output port of the detector and not to the input port. Hence the
power recycling just enhances the input power by the factor G and one gets the
same Equation 4.106. The strain sensitivity limited by the quantum readout
noise is then:

Sh,QN (f) = hpcλ0

64F2GP̄0L̄2

(
1 + f2

f2
p

)
. [4.167]

The vacuum fluctuations will also result in the so-called quantum radiation
pressure noise: the fluctuating power impinging on each suspended mirror ap-
plies a fluctuating force of quantum origin. The circulating power in the west
and north arm cavities can be calculated from Equations 4.161 as:

PcavW (t) ≃ S

2µ0c

F
π

(
E2

0 + 2E0ϵv(X1v(t) + Y1v(t))
)
, [4.168]

PcavN (t) ≃ S

2µ0c

F
π

(
E2

0 + 2E0ϵv(X1v(t)− Y1v(t))
)
, [4.169]

which depends only on the quadrature of the vacuum fields that is aligned
with the carrier (amplitude quadrature). The arm cavities length change due
to quantum radiation pressure can be obtained from the equation of motion of
a free falling mirror (and no damping) with a driving radiation pressure force
Frp(t) = 2P (t)/c:

δLW (N)(t) = 4
mc

∫
t′

∫
t

PcavW (N)(t)dtdt′, [4.170]

where and additional factor of 2 was inserted to account for the radiation
pressure effect in both cavitiy mirrors. The differential displacement and its
PSD can then be calculated:

δLqrp(t) = δLW (t)− δLN (t) = − 8SF
mcµ0π

E0ϵv

∫
t′

∫
t

Y1v(t)dtdt′, [4.171]

SδLqrp(f) = 64S2F2

(mcµ0π)2
1

(2πf)4 E
2
0 ϵ

2
v · SY1v

(f). [4.172]
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From these equations, one can see that only the amplitude quadrature of the
vacuum field coupling at the dark port Y1v will contribute to the differential
displacement since the contribution from X1v results in common motion in
the interferometer’s arms. The strain sensitivity limited by quantum radiation
pressure noise is then:

Sh,qrp(f) = 4
L̄2

4F2

m2π6
hP c

λ0

GP̄0

f4 [4.173]

Since quantum noise has its origin the vacuum, one can redistribute the
noise uncertainty via a vacuum squeezing process (Bachor-Ralph 2019). This
results in the two different ellipses illustrated on Figure 4.18.c. There one can
see that the noise circle has been squeezed in one direction, resulting in a
quantum state in which the uncertainty in one quadrature is reduced at the
penalty of increasing the uncertainty in the orthogonal quadrature.

GWDs inject squeezed vacuum states at their output port (see Figure 4.19c)
to improve their sensitivity (Ganapathy 2023). They inject the so called fre-
quency dependent squeezing in which the quadrature that is squeezed depends
on the frequency. At low frequencies, where the detector is limited by quan-
tum radiation pressure noise, the squeezed quadrature is the one aligned with
the input interferometer carrier (amplitude quadrature), i.e., Y1v. At high fre-
quencies, where the sensitivity is limited by the quantum readout noise, the
squeezed quadrature is the one orthogonal to the input carrier, i.e., Y2v.

4.6. Conclusion: full sensitivity of a GWD

Now that we calculated the contribution of the main noise sources to the
interferometer output, we can finally compute the total interferometer strain
sensitivity curve Sh,tot (f). The total contribution from differential length noise
can be calculated from seismic noise, suspension thermal noise, mirror thermal
noise, and quantum radiation pressure noise (Equations 4.124, 4.136, 4.142 and
4.173):

Sh,δL− (f) = Sh,sis (f) + Sh,th,sus (f) + Sh,th,mir (f) + Sh,qrp (f) . [4.174]

Hence, the total sensitivity will be given by:

Sh,tot (f) = Sh,QN (f) + Sh,δL− (f) . [4.175]

As an example, we will plot the sensitivity considering current parameters
of the Virgo GWD: input power of P̄0 = 25 W, an arm length of L̄ = 3 km,
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a finesse for the arm cavities of F ≃ 400, and the power recycling gain of
G ≃ 50. We considered that the vertical seismic displacement noise is the same
as the typical horizontal seismic displacement noise from Equation 4.117. For
the thermal noise, we consider the loss angle for the pendulum and the mirror
substrate to be ϕp ≃ 10−9 and ϕm ≃ 10−6. Finally, each mirror have a mass of
m = 40 kg. The corresponding sensitivity curve is displayed in Figure 4.20 by
the black curve, together with the individual contributions of the different noise
sources. Even though based on simplified models, the result is quite similar to
measured sensitivity curves that one can find for example in (Abbot 2020).
From the figure, it is evident that the detector sensitivity is limited by different
noise sources at different frequencies:

• seismic noise for f ≲ 5 Hz,

• suspension thermal noise for 5 Hz ≲ f ≲ 10 Hz ,

• mirror thermal noise for 10 Hz ≲ f ≲ 200 Hz which, given the quality of
the substrates, is mainly due to the coatings, and

• quantum readout noise for f ≳ 200 Hz.

In current detectors, low-frequency sensitivity is in reality limited by noise
from different control loops, which are not described here. In the following, we
provide a non-exhaustive list of upgrades aimed at improving the sensitivity of
future detectors:

• lowering the resonance frequency f0 of the suspensions in order to shift
both seismic noise and suspension thermal noise towards low frequencies.
The options are, however, limited, since f0 scales with the square root of
the suspension length,

• increasing the input power to reduce the quantum readout noise contri-
bution. This, however, enhances the contribution of quantum radiation
pressure noise, whose ASD scales as

√
P̄0 (see Equation 4.173). To mit-

igate this drawback, squeezing techniques have been proposed and are
already implemented in current detectors (Ganapathy 2023), and

• reducing thermal noise by operating at cryogenic temperatures. While
promising, this approach faces significant technical challenges (Ushiba
2021).
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Figure 4.20: ASD of the total strain sensitivity of a gravitational wave detector,
obtained from the simplified theoretical model developed in this book, which
nevertheless is close to the sensitivity of real detectors. The noise contribution
for different noise sources is shown separately. The minimum strain sensitivity
is 10-23 Hz-1/2 at ≃ 200 Hz.
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5.1. Pulsars as gravitational wave detectors

5.1.1. Pulsar timing array principle

A neutron star is a very compact and dense stellar remnant with a mass
typically 1.5 to 2 times that of our Sun, but with a radius of just a dozen
kilometers. Neutron stars are created by the gravitational collapse of a massive
star (about ten times our Sun), whose outer layers are violently expelled in
the form of a supernova, and whose core implodes and collapses in on itself
before stabilising in the form of a degenerate gas of neutrons. Most neutron
stars present rapid rotation and strong magnetic fields, producing beams of
radiation that sweep through space.

The observational counterpart of a neutron star emitting a beam of radiation
that sweeps across our line of sight is called a "pulsar" and it appears as a
pulsating source of electromagnetic radiation. In 2025, there were more than
3,800 pulsars identified (see e.g., the ATNF catalogrotation periods range from
a millisecond for the fastest pulsars to a few tens of seconds for the slowest. The
former show exceptional properties as natural clocks, thanks to the stability of
their rotation.

The study of pulsars has many applications, both in astrophysics and in fun-
damental physics. In particular they offer an alternative means of detecting and
measuring very low-frequency gravitational waves. This idea was first proposed
in 1977 by a Russian astronomer from the Moscow Astronomical Institute,
Mikhail Sazhin (Sazhin 1978), and taken up again in 1979 by an American
astronomer, Steven Detweiler (Detweiler 1979), from Yale University, who an-
nounced that measurements of the arrival times of pulsar pulses could be used
to search for gravitational waves with periods of 1 to 10 years, correspond-
ing to frequencies of 10−8 Hz. A few years later, in 1982, two other American
astronomers, Ron Hellings and George Downs, from the Jet Propulsion Lab-
oratory, formalised the method and gave an initial limit on the gravitational
wave background using the four pulsars PSR B1133+16, PSR B1237+25, PSR
B1604-00 and PSR B2045-16 (Hellings and Downs 1983). The discovery of
millisecond pulsars that same year by Don Backer (Backer et al. 1982) (UC
Berkeley), with much more stable rotation and potentially much more precise
measurements, paved the way for what is now known as the Pulsar Timing
Array (PTA) technique.

5.1.2. First evidence for a low-frequency gravitational-wave signal

The first detection of a gravitational signal by using an array of pulsars
took place in 2023. It was carried out jointly by four independent consortia in
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Europe+India (Antoniadis et al. 2023), the United States (Agazie et al. 2023),
Australia (Reardon et al. 2023) and China (Xu et al. 2023), each using a differ-
ent set of radio telescopes and a different pulsar array. In France, for example,
the large decimetric radio telescope at Nançay (NRT) made a major contribu-
tion to this result, with almost 120,000 measurements between 2004 and 2024.
At the time of writing, this announcement still needs to be confirmed by com-
bining all the global data, to obtain greater sensitivity and better characterise
the spectral and spatial distribution of the signal.

The principle of the measurement is to consider the pulsar and the Earth as
test masses in free fall, sensitive to perturbations in space-time. The passage of
a gravitational wave disturbs the local environment of each object and causes
variations in the succession of arrival times of the observed pulses. This partic-
ular signature is analysed and separated from the other sources of noise in the
data. This requires very precise modelling of the rotation and orbital motion of
each pulsar, perfect control of the position of the Earth relative to the barycen-
tre of the Solar System at the time of observation, very precise chronometric
measurement instrumentation coupled to a reference atomic clock and, above
all, real time correction of variations in signal propagation due to the passage
through the interstellar medium.

Since the 2000s, thanks to the availability of both powerful real-time com-
puters and fast electronics that make it possible to observe over wide frequency
bands, most of the world’s major radio telescopes have accumulated arrival
time measurements for several tens of millisecond pulsars, with timing accu-
racies better than a microsecond, and even reaching tens of nanoseconds for
some. Typically, PTAs are sensitive to frequencies of order 1/T , where T is
the total time span of the observations, and the gravitational wave amplitude
they can detect goes as δt/T , where δt is the timing accuracy on pulse arrival
times. A timing precision of the order of 100 ns, coupled with a few decades
time span and a high observation cadence of a couple of weeks, make pulsar
networks sensitive to frequencies between nanoHz and microHz, and can reach
a gravitational signal amplitude of a few 10−16.

5.1.3. Expected source populations

Such an amplitude of a few 10−16 is what we expect, for example, from
the gravitational-wave signal produced by pairs of supermassive black holes
(SMBHs) of a few billion solar masses orbiting at the core of large galaxies.
We know that this population exists on the basis of models of the evolution
of the large-scale structures of the universe and the formation of galaxies by
successive mergers. Gravitational-wave measurements should provide a better
understanding of the rates and characteristic times of mergers, as well as the
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relative masses of black holes and their host galaxies throughout the history of
the universe.

For a population of supermassive black-hole binaries (SMBHBs) in circular
orbits, losing energy essentially by emitting gravitational waves, one expects a
spectrum that follows a power law of the form (Phinney 2001):

hc(f) = A

(
f

yr−1

)−2/3
[5.1]

If one considers environmental effects such as dynamical friction with surround-
ing gas and stars, or stellar hardening (i.e. three body-interaction with individ-
ual stars), which accelerate the shrinking of the orbit, one expects a bending
of the spectrum towards lower amplitude at the lowest frequencies. The same
happens if one considers eccentricities instead of purely circular black holes’ or-
bits: the power is then distributed on several harmonics at higher frequencies.
Due to shorter lifetimes of pairs at frequencies above a µHz, one expects the
low statistics to also produce an artificial bending at high frequencies. The phe-
nomenological description of the spectrum detection is summarised in Fig. 5.1.

In this frequency range of gravitational waves, we are also expecting the
signature of cosmological phenomena linked to the physics of the primordial
universe. Cosmic strings, which are generic predictions of grand unification the-
ories, are one-dimensional structures that form during phase transitions in the
early universe. They form loops that oscillate and emit gravitational waves of
greater or lesser amplitude depending on their tension or the number of discon-
tinuities they carry. Similarly, during the period of inflation imagined to justify
the current homogeneity and isotropy of the universe, quantum fluctuations
in the space-time metric are amplified by the acceleration of the expansion
of the universe and produce gravitational waves. The detection of this signal
would provide unique proof of the existence of this epoch of inflation in the
primordial universe. Finally, if turbulence existed at the time of the transition
between quarks and hadrons, i.e. the formation of subatomic particles such as
protons and neutrons, it would have produced bubbles whose collisions would
in turn have emitted gravitational waves. The pulsar networks therefore make
it possible to test the existence of this turbulence, whether it is due to a phase
transition or to the existence of a pre-existing primordial magnetic field. This
new measurement technique opens up a whole new astrophysics and cosmology
of the origins of the universe and its major structures.
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Figure 5.1: Expected spectral energy distribution from a population of SMB-
HBs and PTA sensitivity curve. The dashed line shows the sensitivity curve
of a given PTA experiment. The blue straight line correspond to the expected
spectrum for a population of super massive black hole binaries in circular or-
bits. The red line shows the expectation for a more realistic population, e.g.
considering environmental effects and/or eccentric orbits. Arrows indicate an
upper limit at the corresponding frequency, while vertical segments stand for
error bars in the detection regime, where the stochastic background signal su-
persedes the PTA sensitivity. Credits: S.Chen 2018, PhD thesis

5.1.4. Measurement challenges and foreground noise

There are many difficulties involved in achieving a first detection. First and
foremost, the entire processing chain must be mastered, from the sky to the
gravitational-wave analysis of the time series collected, in order to identify all
the systematics and biases present in the data. The first challenge consists in
designing and implementing high-performance instrumentation at the output
of the receiver of the radio telescopes, capable of processing in real time a wide
frequency range (up to a couple of GHz of bandwidth). The waveform time-
series are dedispersed in the Fourier domain to correct for the chromatic delays
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imprinted by the passage through the charged interstellar and heliospheric me-
dia and further folded at the apparent rotation of the pulsar, given an a priori
timing model. This is generally performed with a hybrid computer combining
FPGA, GPU and CPU chips. Pulsar timing data is acquired at a rate of a
few days to a few weeks and combined between the various instruments taking
part in the international PTA programme, to form dense time-series spanning
a couple or more decades.

An important step is the construction of a timing model to describe the
apparent rotation of the pulsar as measured at the telescope.

We measure a series of pulsations with an observed period P due to the
rotation of the neutron star, and we observe a variation δP of this period or
of rotation frequency δν with time. The integration of this δν along the signal
pathway from the pulse emission to its reception is called the timing residual
and we write it as follows:

r(t) =
∫ t

0

ν(t′)− ν0

ν0
dt′ [5.2]

In practice we assume that we know sufficiently well the pulsar, its environ-
ment, the material present along its line of sight and the Earth motion, that
we can model any Doppler shift and dispersion of the signal, so that only the
unknown, e.g. the gravitational perturbation we are looking for, remains. This
model is deterministic and can be written as a sum of terms corresponding to
each accounted effect. If τTM

SSB denotes the time of arrival of a given pulse at the
Solar System Barycenter (SSB), one writes:

τTM
SSB =ttopo + tclock − δD/f2

obs + ∆R⊙ + ∆π+

∆S⊙ + ∆E⊙ + ∆R+ ∆S + ∆E + ∆A
[5.3]

where ttopo is the time measured locally at the telescope’s center of phase, tclock
is a local clock correction, δD/f2

obs is the chromatic dispersive delay due to the
travel through the ISM, ∆R⊙, ∆π, ∆S⊙, and ∆E⊙ are respectively the Römer,
parallax, Shapiro, and Einstein delays inside the Solar system (the latter due
essentially to the masses of the Sun and Jupiter), and ∆R, ∆S, and ∆E are
the corresponding terms at the pulsar, if it is in a binary system, and the final
term ∆A, called relativistic aberration, is an extra relativistic delay due to the
rotation of the pulsar.

The final residual times series is obtained by taking the difference between
the modeled times of arrival and the observed times of arrival. The remaining
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Figure 5.2: Timing residuals for PSR J1909-3744. The top panel displays the
time series after subtracting the timing model (Eq. 5.3). The bottom panel
shows the "whitened" solution after modeling the different sources of stochastic
noises (Eq. 5.4). In this example one obtains a 103 nanosecond rms over 15 years
of data, leading to a gravitational-wave sensitivity of order δt/T ∼ 2.3× 10−16

(from (Liu et al. 2020))

structure in the noise (if any) contains the missing unmodeled information,
e.g., a potential gravitational-wave signal (Fig. 5.2).

Then one performs a global statistical study of the combined time-series of
each pulsar and decomposes them into a sum of different Gaussian processes
modeled generally with power laws. The various sources of noise taken into ac-
count are the following: spin noise intrinsic to the neutron star (τSN), chromatic
dispersion (τDM) and multi-propagation/scattering (τSV) noise variations re-
lated to the crossing of the interstellar medium, temporally uncorrelated white
noise (τWN) due to the statistics of the pulsar emission or the measurement
uncertainty, plus possible deterministic scintillation or interference events or
sudden changes in the pulsar’s magnetosphere, and finally reference clock noise
(τCN) and Solar System Ephemeris systematics (τSSE). So, combining all these
terms, the Time of Arrival (TOA) is expressed as follows:

TOA = τTM
SSB + τWN + τSN + τDM + τSV + τCN + τSSE + τGW , [5.4]

where τTM
SSB is the deterministic part and the rest of the series is stochastic. The

searched-for gravitational-wave signal τGW is thus one of the multiple compo-
nents of the noise and we need to disentangle it from the others. Fortunately,
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each has its own characteristics that helps to isolate it from the others. The
spin noise is specific to each pulsar; so are the dispersion and scattering noises,
which are also chromatic and depend on the observed radio frequency; refer-
ence clock noise is shared by all pulsars as a correlated monopolar signal; SSE
noise is related to systematics in the position of the Solar Barycenter and is
thus a correlated dipolar signal; and finally the stochastic gravitational-wave
background (SGWB) noise is expected to be a correlated quasi-quadrupolar
signal.

The proper gravitational-wave analysis proceeds with the analysis of the
temporally correlated noise component common to all pulsars. This study takes
the form of an analysis of a covariance matrix with up to 100,000×100,000 (or
more) terms. The noises specific to each pulsar are grouped together on the
diagonal (white noise) or in block-diagonal form (intrinsic pulsar red noise), and
the correlated common signals that contain the possible quadrupolar signature
are present in the cross terms. See Fig. 5.3 for a schematic representation of
the covariance matrix.

In particular, the terms characterising the gravitational-wave signal depend
both on the amplitude of the signal as a function of its sky position and on
the antenna pattern through the so-called “overlap reduction function". In the
context of gravity described by General Relativity, and in the presence of an
isotropic stochastic gravitational-wave background, the overlap reduction func-
tion has a unique and well-defined shape, known as the Hellings & Downs
curve (Hellings and Downs 1983); see Sec. 5.2 for more details.

5.1.5. Status of PTA results in 2025

So far, a first evidence for the presence of a low-frequency gravitational-wave
signal has been reported independently by the five active continental consor-
tia: the North American group NANOGrav, the European and Indian groups
EPTA+InPTA, the Australian group PPTA, the Chinese group CPTA and
finally the MeerKAT international consortium MPTA. All of them detect com-
mon red noise, with a spatial correlation pattern compatible with a quadrupo-
lar origin—the ultimate “smoking-gun" signature of a gravitational-wave signal
(see e.g., Fig. 5.4).

The significance ranges from 2σ to 4σ, with none actually reaching the stan-
dard detection threshold of 5σ. The amplitude of the signal is about 3×10−15 at
a frequency f = 3×10−8 Hz (≈ 1/yr), with a spectral index close to the canon-
ical −13/3 expected for the emission gravitational waves from a population of
supermassive black-hole binaries in circular orbits. If this signal is interpreted
as originating from the SMBHB population, its relatively high amplitude would
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Figure 5.3: Covariance Matrix. This matrix contains the correlation terms from
all the TOA measurements and all the pulsars. One derives from it two main
observables: the spectral energy distribution and the spatial or angular corre-
lation of the signal. The significance of the results is estimated by calculating
false alarm rates using various methods (see Sec. 5.2.2). Credits: (Taylor 2021)

favour a high galaxy merger rate, short time-scales for black-hole mergers, and
a larger-than-expected mass of the central black hole relative to the bulge of its
host galaxy. The effects of eccentricity and interaction with the environment
are for the moment very poorly constrained, with a slight tendency for the
spectrum to bend at low frequencies in this direction. As far as processes in
the early Universe are concerned, the measurement imposes constraints on the
cosmic string tension and on the level of turbulence developed by first-order
phase transitions. Other processes would require non-standard scenarios, such
as a blue-tilted inflationary spectrum or an excess in the primordial spectrum
of long-wavelength scalar perturbations.

Finally, all collaborations have searched for the presence of a dominant indi-
vidual source. The most significant candidate in this search was found to have
a gravitational-wave frequency of 4-5 nHz. Such a signal could be generated
by a supermassive binary black hole in the local Universe, compatible with a
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Figure 5.4: Spectral energy distribution of the common correlated red noise.
Combined results from EPTA+InPTA (blue), NANOGrav (orange) and PPTA
(green) 2023 publications (Agazie et al. 2024).

luminosity distance of dL ∼ 16.6(M/109M⊙)5/3 Mpc, given a chirp mass M
in the range [108M⊙, 1010M⊙] (EPTA Collaboration et al. 2024).

5.2. Searches for a stochastic gravitational-wave background

As mentioned in Sec. 5.1.3, a primary source of gravitational waves in the
PTA band is the population consisting of millions of pairs of supermassive
black holes (SMBHs) orbiting one another in the centers of merging galaxies.
These SMBHs are expected to have masses of order 109 M⊙ and are separated
by ≲ 0.01 pc when they enter the nanohertz frequency band. Each pair emits
an approximately monochromatic gravitational-wave signal, with the system
slowly losing energy due to gravitational-wave emission. The binaries will pro-
ceed in this fashion for roughly a million years before they eventually merge at
higher frequencies, outside of the PTA sensitivity band.

The signals from the different SMBH binaries overlap and hence interfere
with one another, giving rise to an effectively random signal (a stochastic
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gravitational-wave background) incident on the Earth-pulsar baselines. The
stretching and squeezing of space induced by this gravitational-wave back-
ground slightly changes the arrival time of pulses from the various pulsars in
the array. Although the perturbations to the pulse arrival times for each pulsar
are random, they are correlated across pulsars in the array in a very specific
fashion, allowing us to potentially extract the gravitational-wave signal from
the other sources of noise (instrumental, intrinsic pulsar, disturbances from the
interstellar medium, etc.) as described in Sec. 5.1.4.

For an unpolarized and isotropic distribution of gravitational waves on the
sky, the correlation between the perturbations to the arrival times of pulses
from two pulsars depends only on the angular separation between the two
pulsars. The functional form of the expected correlation as predicted by general
relativity is given by

Γ(γab) = 1
2 −

1
4

(
1− cos γab

2

)
+ 3

2

(
1− cos γab

2

)
ln
(

1− cos γab
2

)
,[5.5]

where γab is the angle between the lines of sight to two distinct pulsars la-
beled by a and b (see Fig. 5.5). This expression was first calculated by Hellings
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Figure 5.5: The Hellings and Downs curve Γ(γab) is the expected correlation in
the timing residuals from a pair of pulsars with angular separation γab induced
by an unpolarized and isotropic gravitational-wave background.
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and Downs in 1983 (Hellings and Downs 1983) and is appropriately called the
“Hellings and Downs" curve.

An alternative derivation of the Hellings and Downs curve [5.5] was given by
Cornish and Sesana in 2013 (Cornish and Sesana 2013). In their paper, Cornish
and Sesana considered a single point-source of gravitational waves emitting a
plane-polarized gravitational wave in the −z direction. They then calculated
a pulsar-averaged correlation, averaging over an assumed infinite collection of
pairs of pulsars distributed uniformly over the sky, all having the same angular
separation γ. The result of that calculation yields [5.5], with γab replaced by γ.

This latter “pulsar average" approach is similar to what astronomers ac-
tually use when they bin together the measured correlation within a given
angular separation bin. The main difference, of course, is that the number of
pulsar pairs that PTAs have access to within a given angular separation bin
is finite, not infinite. For example, for the NANOGrav 15-year analysis, they
observed 67 pulsars (so 67 × 66/2 = 2211 distinct pairs), which they divided
up into 15 angular separation bins. This yielded approximately 150 pairs per
bin.

5.2.1. Recovery of the predicted Hellings and Downs correlation

Figure 5.6 shows the pulsar-averaged recovery of the Hellings and Downs
curve for the NANOGrav 15-year analysis. The point estimates and error bars
are calculated assuming maximum-a-posteriori pulsar noise parameters and a
gravitational-wave background having a −13/3 spectral index (appropriate for
binary inspiral) and an amplitude determined from an analysis assuming only
a common uncorrelated red noise process (so no correlations assumed for that
calculation). Specifically, the point estimates and error bars are given by

Γ̂j = Γ(γj)
A2

gw

∑
ab∈j

∑
cd∈j ΓabC−1

ab,cdρcd∑
ef∈j

∑
gh∈j ΓefC−1

ef,ghΓgh
[5.6]

with

σ2
j = Γ2(γj)

A4
gw

1∑
ef∈j

∑
gh∈j ΓefC−1

ef,ghΓgh
, [5.7]

where j labels the angular separation bin with central angle γj and A2
gw is

the measured amplitude of the gravitational-wave background. Here, ρab =
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δtTaQabδtb denotes the cross-correlation of timing residual data from distinct
pulsars a and b for some filter Qab (see (Hazboun et al. 2023)); it satisfies

⟨ρab⟩ = A2
gw Γab , Cab,cd ≡ ⟨ρabρcd⟩ − ⟨ρab⟩⟨ρcd⟩ . [5.8]

Finally, Γab ≡ Γ(γab)(1+δab), with the Kronecker delta term allowing for possi-
ble autocorrelations, which are needed when evaluating Cab,cd. The covariance
matrix has contributions from the various noise sources (assumed to be uncor-
related across pulsars) and from the gravitational-wave background itself, with
the latter being proportional to ΓacΓbd+ΓadΓbc, see (Allen and Romano 2023). 2

4 The NANOGrav Collaboration
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Figure 1. Summary of the main Bayesian and optimal-statistic analyses presented in this paper, which establish multiple lines
of evidence for the presence of Hellings–Downs correlations in the 15-year NANOGrav data set. Throughout we refer to the
68.3%, 95.4%, and 99.7% regions of distributions as 1/2/3� regions, even in two dimensions. (a): Bayesian “free-spectrum”
analysis, showing posteriors (gray violins) of independent variance parameters for a Hellings–Downs-correlated stochastic process
at frequencies i/T , with T the total data set time span. The blue represents the posterior median and 1/2� posterior bandsa

for a power-law model; the dashed black line corresponds to a � = 13/3 (SMBHB-like) power-law, plotted with the median
posterior amplitude. See §3 for more details. (b): Posterior probability distribution of GWB amplitude and spectral exponent
in a HD power-law model, showing 1/2/3� credible regions. The value �GWB = 13/3 (dashed black line) is included in the 99%
credible region. The amplitude is referenced to fref = 1 yr�1 (blue) and 0.1 yr�1 (orange). The dashed blue and orange curves
in the log10 AGWB subpanel shows its marginal posterior density for a � = 13/3 model, with fref = 1 yr�1 and fref = 0.1 yr�1,
respectively. See §3 for more details. (c): Angular-separation–binned inter-pulsar correlations, measured from 2,211 distinct
pairings in our 67-pulsar array using the frequentist optimal statistic, assuming maximum-a-posteriori pulsar noise parameters
and � = 13/3 common-process amplitude from a Bayesian inference analysis. The bin widths are chosen so that each includes
approximately the same number of pulsar pairs, and central bin locations avoid zeros of the Hellings–Downs curve. This binned
reconstruction accounts for correlations between pulsar pairs (Romano et al. 2021; Allen & Romano 2022). The dashed black
line shows the Hellings–Downs correlation pattern, and the binned points are normalized by the amplitude of the � = 13/3
common process to be on the same scale. Note that we do not employ binning of inter-pulsar correlations in our detection
statistics; this panel serves as a visual consistency check only. See §4 for more frequentist results. (d): Bayesian reconstruction
of normalized inter-pulsar correlations, modeled as a cubic spline within a variable-exponent power-law model. The violins plot
the marginal posterior densities (plus median and 68% credible values) of the correlations at the knots. The knot positions are
fixed, and are chosen on the basis of features of the Hellings–Downs curve (also shown as a dashed black line for reference): they
include the maximum and minimum angular separations, the two zero crossings of the Hellings–Downs curve, and the position
of minimum correlation. See §3 for more details.

FIG. 1. The spatial correlations observed in the pulsar timing residuals for the NANOGrav 15-year dataset [4] are shown in
blue; the Hellings and Downs prediction is shown in black. The blue points and error bars are optimally weighted averages
of approximately 150 pulsar-pair correlations in each angular separation bin, which take into account covariances between the
correlations induced by the GWB itself. (Figure taken from [4].)

the Earth and a pulsar (one “arm” of a PTA detector) is typically hundreds to thousands of times longer than the
wavelengths (tens of light-years) of the GWs that PTAs are trying to detect. In contrast, ground-based interferometers
have km-long arms that are much shorter than the wavelengths (100’s to 1000’s of km) of the GWs that these detectors
are sensitive to. In short, PTA detectors operate in the “long-arm” (or short-wavelength) limit, whereas ground-based
laser interferometers operate in the “short-arm” (or long-wavelength) limit.

The remainder of this paper is organized as follows: We begin immediately with the questions and answers in
Section II, developing the formal treatment on an “as needed” basis. The most important concepts are: (i) the exact
(timing residual) response of a “one-arm, one-way” detector to a passing GW, and (ii) the expected correlation of
two di↵erent detectors, expressed in terms of their individual response functions. Limiting expressions for these then
give the response and correlation for “short-arm” LIGO-like detectors, and “long-arm” PTA pulsar detectors.

For pedagogical purposes, we also suggest exercises for the reader, but don’t provide solutions. Instead, for the
more involved exercises, we point to specific relevant materials in the published literature.

Although the “Hellings-and-Downs correlation FAQ sheet” is the main content of the paper, we conclude with a
brief summary in Section III.

II. FREQUENTLY ASKED QUESTIONS

Q1: Why is the Hellings and Downs correlation normalized at zero angular separation to 1/3 in some papers (e.g., [5
and 6]) and to 1/2 in this FAQ sheet and other papers (e.g., [4 and 7])? Does it matter?

A1: This normalization di↵erence is an overall scale: multiply the Hellings and Downs curve by a factor of 2/3
to go in one direction, or by 3/2 to go in the other. This choice of normalization is completely arbitrary and makes
no di↵erence: any physically observable quantity (for example, the expected time-averaged product of the timing
residuals of two pulsars) is independent of this normalization.

The reason why 1/3 and 1/2 have appeared in the literature is historical. The Hellings and Downs correlation was
first computed (i) as the average product of the timing residual responses of two pulsars to a unit-amplitude GW
source, averaged over the sphere of GW source directions. This average introduces a factor of 1/4⇡ in (2.23). Later,
the Hellings and Downs correlation was re-interpreted as (ii) a correlation coe�cient for the timing residuals of two
pulsars, responding to the same GW source. This introduces a factor of 3/8⇡ in (2.23), which is the normalization
choice used in this paper. In case (i) we get 1/3 if the pulsars are distinct but close in sky direction, whereas in case
(ii) we get 1/2 if the pulsars are distinct but close on the sky, and 1 (an auto-correlation) for two identical pulsars.

Q2: Why does the Hellings and Downs correlation have di↵erent values at 0� and 180� if the quadrupolar defor-
mation of space produced by a passing GW a↵ects two test masses 180� apart in exactly the same way?

A2: This simple question gets to the heart of the di↵erence between “short-arm” LIGO-like detectors and “long-
arm” PTA detectors. Recall that a short-arm detector has fL/c = L/� ⌧ 1, where L is the length of the detector

Figure 5.6: Recovery of the Hellings and Downs curve using NANOGrav’s 15-
year data. See main text for details regarding the calculation of the point
estimates and error bars. Figure taken from the NANOGrav 15-year analysis
paper.

Since properties of the gravitational-wave signal are used in the calcula-
tion of this curve, this “recovery plot" should be thought of as demonstrat-
ing the consistency between the measured correlations and a model assuming
the presence of a gravitational-wave background with the Hellings and Downs
correlations predicted by General Relativity. As mentioned earlier, this is the
“smoking gun" signature that pulsar timing astronomers were hoping to see
for the measured cross-correlations. One can think of the Hellings and Downs
curve as the stochastic equivalent of the deterministic “chirp signal" that LIGO
data analysts observed for GW150914, which was the first direct observation of
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gravitational waves from a pair of black holes. To assess detection confidence,
one must appeal to a different analysis, as described in the following subsection.

5.2.2. Detection confidence

One way to assess the statistical significance of the presence of a
gravitational-wave background in the observed data is to compare the value
of a “detection statistic" (a particular combination of the data which is
compared to a chosen threshold to determine whether or not one should claim
detection of a signal) to its distribution in the presence of noise alone (the
so-called “null hypothesis"). To be robust against possible mis-modeling of the
pulsar noise, such a detection statistic is constructed using only cross
correlations (i.e., distinct pairs of pulsars a<b):

S ≡
∑
a<b

ρabwab , [5.9]

where wab is a weight function which we will determine below so as to maximize
the expected signal-to-noise ⟨S⟩/N of S. Here, ⟨S⟩ denotes the expected value
of S in the presence of a signal, and

N2 ≡ ⟨S2⟩0 − ⟨S⟩20 [5.10]

is the variance of S in the absence of a signal (indicated here with the subscript
’0’ on the expectation values). If we assume that the measured correlations
satisfy

⟨ρab⟩ = A2
gw Γab, ⟨ρab⟩0 = 0 , ⟨ρ2

ab⟩0 ≡ σ2
ab,0 , [5.11]

then maximizing ⟨S⟩/N yields the weight function up to an overall normal-
ization factor, wab ∝ Γab/σ2

ab,0. If we fix this overall normalization by setting
N2 = 1 yields, then the measured signal-to-noise ratio is given by

S/N = S =
∑
ab ρabΓab/σ2

ab,0√∑
ab Γ2

ab/σ
2
ab,0

. [5.12]

Figure 5.7 shows 1 minus the cumulative distribution function (CDF) (the
so-called “p-value") of the noise-marginalized S/N , for the null distribution
of S/N detection statistic calculated three different ways: (i) by introducing
artificial phase shifts to the timing residual data; (ii) via simulations, and (iii)
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via an analytic expression for S/N (see (Hazboun et al. 2023)). The noise-
marginalization is performed to take into account the uncertainty in the noise
parameters which enter the calculation of S/N . From these plots, one can read
off the probability that the measured noise-marginalized mean value of S/N of
4.9 was due to noise alone is approximately 1 in 10, 000.

NANOGrav’s detecFon confidence
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Figure 3. Empirical background distribution of hd�-to-curn� Bayes factor (left, see §3) and noise-marginalized optimal
statistic (right, see §4), as computed by the phase-shift technique (Taylor et al. 2017) to remove inter-pulsar correlations. We
only compute 5,000 Bayesian phase shifts, compared to 400,000 optimal statistic phase shifts, because of the huge computational
resources needed to perform the Bayesian analyses. For the optimal statistic, we also compute the background distribution using
27,000 simulations (orange line) and compare to an analytic calculation (green line). Dotted lines indicate Gaussian-equivalent
2�, 3�, and 4� thresholds. The dashed vertical lines indicate the values of the detection statistics for the unshifted data sets.
For the Bayesian analyses, we find p = 10�3 (approx. 3�); for the optimal statistic analyses, we find p = 5 ⇥ 10�5–1.9 ⇥ 10�4

(approx. 3.5–4�).
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Â2 =

P
a>b ⇢ab�(⇠ab)/�

2
abP

a>b �
2(⇠ab)/�2

ab

. (10)597

p = 10−3

FrequenDst analysis

p = 5 × 10−5 to 1.9 × 10−4

NANOGrav 15-year Gravitational-Wave Background 9

�4 �2 0 2 4
log10 BHD

CURN

10�5

10�4

10�3

10�2

10�1

100

1�
C

D
F 2s

3s

4s

Phase shifts

�2 0 2 4 6
Noise-Marginalized Mean S/N

2s

3s

4s

Phase shifts
Simulations
Analytic background

Figure 3. Empirical background distribution of hd�-to-curn� Bayes factor (left, see §3) and noise-marginalized optimal
statistic (right, see §4), as computed by the phase-shift technique (Taylor et al. 2017) to remove inter-pulsar correlations. We
only compute 5,000 Bayesian phase shifts, compared to 400,000 optimal statistic phase shifts, because of the huge computational
resources needed to perform the Bayesian analyses. For the optimal statistic, we also compute the background distribution using
27,000 simulations (orange line) and compare to an analytic calculation (green line). Dotted lines indicate Gaussian-equivalent
2�, 3�, and 4� thresholds. The dashed vertical lines indicate the values of the detection statistics for the unshifted data sets.
For the Bayesian analyses, we find p = 10�3 (approx. 3�); for the optimal statistic analyses, we find p = 5 ⇥ 10�5–1.9 ⇥ 10�4

(approx. 3.5–4�).

ing a way to test the null hypothesis that no inter-pulsar539

correlations are present. The resulting background dis-540

tribution of Bayes factors is shown in the left panel of541

Figure 3—they exceed the observed value in five of the542

5,000 phase shifts (p = 10�3). We also performed sky543

scramble analyses (Cornish & Sampson 2016), which544

remove the dependence of inter-pulsar spatial correla-545

tions on the angular separations between the pulsars by546

attributing random sky positions to the pulsars. Sky547

scrambles generate a background distribution for which548

inter-pulsar correlations are present in the data but they549

are independent of the pulsars’ angular separations: for550

this distribution, we find p = 1.6⇥10�3. A detailed dis-551

cussion of sky scrambles and the results of these analyses552

can be found in App. F.553

As in NG12gwb, we also carried out a minimally mod-554

eled Bayesian reconstruction of the inter-pulsar correla-555

tion pattern, using spline interpolation over seven spline-556

knot positions. The choice of seven spline-knot posi-557

tions is based on features of the Hellings-Downs pattern:558

two correspond to the maximum and minimum angular559

separations (0� and 180�, respectively), two are chosen560

to be at the theoretical zero crossings of the Hellings–561

Downs pattern (49.2� and 121.8�), one is at the theo-562

retical minimum (82.5�), and the final two are between563

the end points and zero crossings (25� and 150�) to al-564

low additional flexibility in the fit. Panel (d) of Fig-565

ure 1 shows the marginal 1-D posterior densities at these566

spline-knot positions for a power-law varied-exponent567

model. The reconstruction is consistent with the over-568

plotted Hellings–Downs pattern; furthermore, the joint569

2-D marginal posterior densities for the knots, not shown570

in panel (d) of Figure 1, at the HD zero-crossings is con-571

sistent with (0, 0) within 1� credibility.572

4. OPTIMAL STATISTIC ANALYSIS573

We complement our Bayesian search with a frequen-574

tist analysis using the optimal statistic (Anholm et al.575

2009; Demorest et al. 2013; Chamberlin et al. 2015), a576

summary statistic designed to measure correlated excess577

power in PTA residuals. (Note that there is no accepted578

definition of “optimal statistic” in modern statistical us-579

age, but the term has become established in the PTA580

literature to refer to this specific method, so we use it581

for this reason.) It is enlightening to describe the op-582

timal statistic as a weighted average of the inter-pulsar583

correlation coe�cients584

⇢ab =
�tT

a P�1
a �̃abP

�1
b �tb

TrP�1
a �̃abP

�1
b �̃ba

, (9)585

where �tT
a are the residuals of pulsar a, and Pa =586 ⌦

�ta�tT
a

↵
is their total auto-covariance matrix. The587

cross-covariance matrix �̃ab encodes the spectrum of588

the HD-correlated signal, normalized so that �ab =589

A2�(⇠ab)�̃ab (see Pol et al. 2022), and where elements590

of �ab are given by Equation 3. Indeed, the ⇢ab have591

expectation value A2�(⇠ab), but their variance �2
ab =592

(TrP�1
a �̃abP

�1
b �̃ba)�1 +O(A4) is too large to use them593

directly as estimators. Thus we assemble the optimal594

statistic as the variance-weighted, �-template-matched595

average of the ⇢ab,596
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Figure 5.7: Determination of detection confidence for NANOGrav’s 15-year
data. Plotted is 1 minus the cumulative distribution function (CDF) of the
the null distribution of the noise-marginalized S/N calculated three different
ways, as described in the main text. The probability that the measured noise-
marginalized mean value of S/N of 4.9 was due to noise alone is approximately
1 in 10, 000. Figure taken from the NANOGrav 15-year analysis paper.

This is a small probability, but it is not at the 1 in 3.5 million (i.e., 5σ)
level needed in the physical sciences to claim detection. Hence, one says that
several PTAs across the globe have observed “evidence for a gravitational-wave
background", not that they have “detected" the background.
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Foreword

On ground, the noise and constraints of the terrestrial environment limit the
observable sources to frequencies above a few tens of Hz. The idea of building
a space-based gravitational-wave observatory allows the measurement both to
escape these terrestrial disturbances and, by significantly extending the length
of the interferometer’s arms, to observe at lower frequencies, corresponding in
particular to the coalescence of much more massive objects, such as the super-
massive black holes at the center of galaxies. The study of gravitational waves in
this frequency range will provide many answers to some of the major questions
still pending in the physics of the Universe: What is the origin of massive
black holes? How do galaxies form? Is strong-field gravity correctly described
by General Relativity? What is the nature of the primordial Universe’s phase
transition? Etc.

These scientific objectives (and many others) are behind the development
of the LISA space project. This chapter describes the (long) genesis of this
instrument, its key technical specifications, the science that the mission will
enable, and how it will be extracted from its measurements.

6.1. The LISA mission concept

6.1.1. A little history

The LISA space mission is a European Space Agency (ESA) project to build
a large-scale space interferometer to detect gravitational waves at around the
millihertz range. The LISA mission was adopted as the third “Large” (L3)
mission in the “Cosmic Vision” program by the ESA in January 2024, with a
launch scheduled for 2035.

The history of LISA goes back much further, however. The first concepts
for a space interferometer to detect gravitational waves were studied by NASA
as early as 1974 (Bender et al. 1998, p. 43). The proposed instrument - Gravi-
tational Wave Interferometer (GWI) - was based on the manufacture and de-
ployment, from the Space Shuttle, of a rigid structure forming arms 1 km long,
with a total mass of 16 t (see figure 6.1).

At the same time, these technical studies led to discussions on the feasibility
of an interferometer with much larger arms, and therefore separate satellites.
The idea, still valid today, was to exchange laser beams between test masses,
protected from the solar wind and other external disturbances, to keep them
inertial. Both approaches - monolithic structure and free masses with drag com-
pensation - were presented at a workshop dedicated to gravitational waves by
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Figure 6.1: Schematic diagram of the GWI space instrument as studied by
National Aeronautics and Space Administration (NASA) in the 1970s. Left:
structure after deployment in low-Earth orbit. Right: Principle of the interfer-
ometric measurement (Bender et al. 1998).

Weiss (1979). The concept of 3 distant satellites was studied and presented in
greater detail shortly afterwards by Decher et al. (1980). The instrument thus
consisted of 3 satellites, forming an isosceles right-angled triangle with sides
of 106 km. These satellites are on heliocentric circular orbits; the one forming
the right angle (i.e., at the emission and recombination of the laser beams) is
regularly repositioned to maintain the shape of the triangle (see figure 6.2).
To compensate for laser power attenuation (increased photon noise) and the
Doppler effect, a transponder mode (copying the optical phase to distant satel-
lites) and a heterodyne interferometric detection scheme (the two interfering
lasers have slightly different frequencies) were proposed.

The idea of an interferometer with spacecraft orbits similar to those cur-
rently planned for LISA - and therefore not requiring frequent and extensive
orbit corrections - was proposed as early as 1981. A fuller description of this
concept, then called Gravitational-Wave Observatory in Space (LAGOS), is
given by Faller et al. (1985). This mission concept proposed many of the ideas
still valid for the LISA mission: Inertial satellites with drag compensation in
heliocentric orbit located at 1 astronomical unit from the Sun, arms of 106 km
(2.5×106 km for LISA), laser interferometry with heterodyne detection scheme
and transponder satellites, and 50 cm diameter telescopes (30 cm for LISA).
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Figure 6.2: Orbital concept of the instrument proposed by Decher et al. (1980).
The two “sub-satellites” travel in the same circular heliocentric orbit. The S1
satellite also follows a generally circular, heliocentric orbit, but regular thrusts
are required to maintain the constellation’s shape.

(a) Schematic diagram of the LAGOS
main satellite.

(b) Schematic diagram of the LAGOS
auxiliary satellites.

(c) Configuration of the LAGOS constellation.

Figure 6.3: First version of the LAGOS mission concept (from (Faller et al.
1985)).
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The LISA mission was first proposed to ESA as part of the M3 missions
of the Horizon 2000 program in the early 1990s, with a 4-satellite configura-
tion (1 satellite per laser emitter), forming two arms of a single interferometer.
However, it was considered to exceed the budget allocated to an “M” class
mission. It was proposed in December 1993 and selected as the third “cor-
nerstone” mission in the Horizon 2000 Plus program of the European Space
Agency (ESA) (Danzmann 1996 ; Danzmann et al. 1997 ; Bender et al. 1998 ;
Danzmann 2000, 2003), together with GAIA (astrometry), DARWIN (search
for extra-solar planets), and a mission to Mercury. LISA then evolved into a
configuration of 6, then 3 satellites - similar to the current configuration - with
laser links on all three sides (extended to 5× 106 km) of the constellation (cf.
figure 6.4). The main elements of the satellites and payload are already present,
and quite similar to the concept proposed by Faller et al. (1985).

(a) LISA configuration with 6 satellites (Danzmann 1996).

(b) LISA configuration with 3 satellites (Bender
et al. 1998).

Figure 6.4: Evolution of the LISA orbital configuration in the late 1990s.
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In early 1997, for reasons of scientific collaboration, as well as budgetary and
scheduling constraints, LISA became a joint mission with NASA. A launch in
the first decade of the 2000s was then considered, in particular to benefit from
joint observations with the ground-based interferometers then in preparation :
“A contribution by ESA in the range 50 - 200 MAU to a NASA/ESA collabora-
tive LISA mission that could be launched considerably earlier than 2017 would
fully satisfy the needs of the European scientific community. A launch within
the time frame 2005 - 2010 would be ideal from the point of view of technologi-
cal readiness of the payload and the availability of second-generation detectors
in ground-based interferometers, making the detection of gravitational waves
in the high-frequency band very likely.” (Bender et al. 1998, p. iv).

In the 2000s, LISA was finally identified as a candidate for the first Large
mission (L1) in the new Cosmic Vision program (2015-2025) established by
ESA.

At the same time, technical studies identified the need for a technological
precursor to demonstrate inertial flight at the level required for LISA. The
first concept for what would become LISA Pathfinder was proposed in 1998,
under the name European LIsa Technology Experiment (ELITE). In 2000, in
response to the SMART-2 mission call, a joint demonstrator for inertial flight
for LISA and formation flying for the DARWIN mission was proposed (and
selected), with the addition of a second satellite. Subsequent industrial studies
led to the cancellation of the formation-flying demonstrator, and the remaining
satellite, dedicated solely to inertial flight demonstration, was renamed LISA
Pathfinder.

Technical studies continued in parallel on LISA, still considered a joint ESA-
NASA mission, concluding in 2011 with a technical feasibility report. Unfortu-
nately, due to budgetary difficulties at the time, NASA withdrew its support
for joint projects with ESA, in particular the “L” mission and therefore LISA.
Deprived of this important financial support, ESA asked the three missions pre-
viously candidates - LISA, International X-ray Observatory (IXO) and Europa
Jupiter System Mission (EJSM) - to revise their plan to significantly reduce
the cost of these projects (Samuel Reich 2011). For LISA, this mainly meant
reducing the arms length (from 5 to 1 Mkm, which reduces the size and mass
of the telescopes, and therefore the launch mass) and returning to a single in-
terferometer (and thus four payloads instead of six) (Jennrich et al. 2011). The
mission then took the name New Gravitational wave Observatory (NGO), then
European Laser Interferometer Space Antenna (eLISA), and competed for the
first L1 launch slot in 2022. Following evaluation by the Science Program Com-
mittee, the Jupiter Icy Moons Explorer (JUICE) mission (successor to EJSM)
was selected.
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Shortly afterwards, in March 2013, ESA launched a call for scientific themes
for the L2 and L3 missions, with respective launch slots in 2028 and 2034.
ESA received 32 proposals, including “The Gravitational Universe” (Danzmann
2013), associated with the mission concept eLISA. In October 2013, the Senior
Survey Committee ultimately recommended “The Hot and Energetic Universe”
(Athena mission) for L2 and “The Gravitational Universe” (LISA mission) for
L3.

Following these recommendations, ESA published the call for L3 missions in
October 2016, to which the LISA Consortium naturally responded (Danzmann
2017). With the American scientific community and NASA expressing their
interest and willingness to support the mission, LISA returned to a configura-
tion with 3 interferometers, 2.5× 106 km between satellites, and also regained
its original name. LISA was officially selected in the spring of 2017, and then
adopted in January 2024. Since then, it has gone through the usual phases of a
space project. The launch of the mission is currently expected in 2035. Follow-
ing a cruise and commissioning phase of about 2 years, the scientific operations
shall last for a nominal duration of 4 years, with a possible extension up to 6
additional years.

6.1.2. Description of the instrument

Here we summarize the main technical and operational features of LISA,
in order to provide key insights into some of the main characteristics of the
instrument. Thanks to the many years of studies that preceded its adoption
and the Pathfinder experience, LISA entered its implementation phase with a
mature payload architecture. The configuration presented here refers to that
obtained at the end of Phase 0 (i.e., in spring 2018). At the level of detail
required for this general description, this design is still valid today. However,
this description only concerns the instrument (or payload), as the rest of the
satellite (platform) is being developed by an industrial contractor.

6.1.2.1. Mission profile and measurement principle

As previously mentioned, the scientific measurement of LISA is based on de-
termining the relative variation in the optical path length between the two arms
of the interferometer. These arms are formed by laser links exchanged between
the satellites. The three satellites are on heliocentric orbits, one astronomical
unit from the Sun. The orbital parameters of each satellite are optimized so
that the constellation maintains an almost constant shape throughout the mis-
sion, forming an equilateral triangle with sides of 2.5 Mkm. The constellation
is located approximately 20 degrees behind (or, alternatively, ahead of) the
Earth (in the same orbit) and drifts slowly away from it due to the pulling
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(a) Illustration of the constellation LISA
orbiting behind the Earth.

(b) Evolution of the LISA constellation
over the year.

Figure 6.5: LISA mission profile.

effect of the Earth’s gravitational attraction. This mission profile is illustrated
in Figure 6.5.

Each satellite hosts two free-falling masses, located at each end of the 3 arms
of the constellation. The effect of a gravitational wave is to slightly modify the
propagation time of the laser beam from one satellite to the next, and thus to
alter the optical phase (or, equivalently, the frequency) of the received wave.
These fluctuations are measured by heterodyne interferometry within the three
satellites. The instrument’s sensitivity is limited by the residual acceleration
noise (i.e., the disturbing forces) exerted on the test masses, and by the stability
of the interferometric measurement. The satellites surrounding the pairs of test
masses act as shields. The position of the satellites is constantly corrected using
micro-thrusters (with maximum thrusts in the order of µN) to maintain the test
masses in free fall within them. The orientation of the satellites (and therefore
of the test masses) is, however, constrained to ensure that laser beams can be
both received and aimed at the distant satellites.

The changes in light distance between satellites caused by gravitational
waves are very small, ranging from a few pm to a few nm at most, equivalent
to residual accelerations of the order of 10−15 m/s2. Test mass trajectories,
on the other hand, are bound by the laws of celestial mechanics and result
in much larger variations in arm length, typically ±35, 000 km. Fortunately,
the detection of gravitational waves remains possible thanks to the frequency
separation of the phenomena: expected gravitational waves are around the
millihertz, while orbital variations have periods of several months.

The expected amplitude of gravitational waves (see, for example, Danz-
mann (2017) for an overview of LISA’s scientific objectives and the associated
detection constraints) therefore imposes two specifications: one on the resid-
ual acceleration noise of the test masses, and the other on the precision of the
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interferometric measurement. The requirements on the corresponding noise am-
plitude spectral densities are
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These noise limits, together with the instrumental response, enable us to calcu-
late the interferometer’s sensitivity and compare it with the scientific objectives
(see Figure 6.6). A detailed description of the LISA scientific objectives is given
in section 6.2.

Figure 6.6: Sensitivity of LISA compared with typical amplitudes for the main
scientific targets. The characteristic amplitude is deduced from the amplitude
spectral density by multiplying by the root of the frequency. This quantity can
be used to calculate the signal-to-noise ratio of a quasi-monochromatic source,
integrated over one period. (Danzmann 2017).

Optical path measurements between test masses are carried out continu-
ously, using heterodyne interferometry, with laser beams propagating in both
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directions of each constellation arm. The laser source used is a Nd:YAG laser
emitting an optical beam at 1064 nm, of which approximately 1.5 W is emit-
ted towards the distant satellites. After a propagation of 2.5 × 106 km, the
power collected by the distant satellite is around 700 pW, which precludes
any “passive” reflection using a mirror. Satellites are therefore used as active
transponders, sending back an amplified signal which is phase-locked to the
incident beam.

To compensate for the Doppler drift caused by the relative movements of
the satellites (∼ ±8 MHz), and to to maintain the optical beat frequencies
within the bandwidth of the photodiodes (5-25 MHz), it is also necessary to
phase-lock all the lasers together, and to introduce frequency deviations of a
few MHz in these locking loops, pre-calculated according to orbital mechanics.
In the end, only one of the 6 laser sources is free-running, with the others being
directly or indirectly phase-locked to it.

Apart from this frequency control topology, the constellation is entirely
symmetrical, with identical loads on each satellite and similar measurements.
The measurement between test masses of a laser link is performed in 3 steps
(see Figures 6.7 and 6.8) :

• Local interferometric measurement, on the first satellite, between the test
mass and the optical bench attached to the satellite

• Long-distance measurement between optical benches

• Local interferometric measurement, on the second satellite, between the
test mass and the optical bench attached to the satellite

The combination - a posteriori - of these 3 measurements, taking into ac-
count the appropriate propagation times, eliminates most of the positional
noise between the satellites and their respective test mass. It is also necessary
to measure the relative optical phase between two adjacent benches on the
same satellite. This is achieved using a bi-directional fiber laser link between
the two optical benches (and the associated interferometric measurements).

Another important and specific aspect of LISA is the need to synchronize the
satellite clocks. Indeed, the stability of heterodyne measurement relies on the
ability to measure, with negligible noise, the phase stability of a radio frequency
signal at a few MHz. This measurement must be carried out relative to a
“perfect” clock, in the sense of a clock with a constant oscillation rate. Thanks
to the heterodyne interferometry, the optical phase is transferred to the RF
signal phase, so that an optical path difference of 1 pm (i.e. ∼ 10−6 cycle at 1064
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Figure 6.7: Principle of measurement between test masses on one arm of LISA

Figure 6.8: Schematic diagram of interferometric measurements in a LISA in-
strument
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nm wavelength) results in an equivalent phase shift of the beat signal. Since the
beat frequency is at most 25 MHz, a specification of ∼ 10−6 cycle/

√
Hz requires

clock stability better than ∼ 4 × 10−14 s/
√

Hz in the LISA band (0.1 mHz to
10 Hz). This is well beyond the stabilities of the clocks typically embedded in
satellites (of the Oven Controlled Crystal Oscillator (OCXO) type). On the
other hand, the desired stability is relative between the different arms of the
interferometer. It is therefore sufficient to guarantee that the data from the 3
satellites are corrected for their relative drift.

The solution proposed in LISA is to use laser links to transfer clock fre-
quencies from one satellite to another. To achieve this, the individual laser
beams are phase-modulated at a frequency that is a multiple of the on-board
clock frequency. This modulation creates sidebands at around ±2.4 GHz from
the optical carrier. When this transmitted beam interferes with the receiving
satellite’s local beam, 3 radio-frequency beats are measured :

• Between local and distant carriers: beat frequency equal to the Doppler
shift plus the shift imposed during phase locking.

• Between lower sidebands: beat frequency equal to the heterodyne fre-
quency between carriers added to the sideband frequency difference (local
- distant).

• Between higher sidebands: beat frequency equal to the heterodyne fre-
quency between carriers added to the sideband frequency difference (dis-
tant - local).

In this way, sideband beats encode the relative phase noise of the clocks, with
an amplification factor of the order of 100 (ratio of modulation frequencies to
main beat frequency). It is then possible (in post-processing) to correct the
phase noise of the main beat for the noise induced by the instability of the
clocks.

A posteriori signal reconstruction and noise reduction are largely based on
the time-delay interferometry (TDI) algorithm (see Sec. 6.3.1), which combines
the phases measured by the different beats (main and lateral) of all the inter-
ferometers present in the constellation. This algorithm, in fact, reconstructs a
Michelson-like measurement, where the data collected is delayed by the propa-
gation times required to synthesize an interferometer with equal arms. Knowl-
edge of the absolute distances between satellites is therefore a prerequisite for
this analysis method. These are obtained by slowly modulating the laser beams
in phase, using a synchronization pattern that can be dated both in reception
and in transmission, thus enabling propagation times to be determined at bet-
ter than 1 meter over 2.5 million kilometers.
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6.1.2.2. Overview of the LISA payload

The main equipment making up the LISA instrument and enabling inter-
ferometric measurements is as follows :

• A 30 cm diameter telescope to transmit and collect the laser beam to and
from distant satellites.

• An inertial mass, with electrostatic readout and actuation devices to de-
fine the inertial measurement reference. This assembly is named Gravi-
tational Reference Sensor (GRS).

• An optical bench combining local and distant beams to perform the var-
ious interferometric measurements.

• A phasemeter to reconstruct the relative phase of the beats described
above, and to determine the time of flight (and hence the distance) be-
tween satellites.

• A Nd:YAG laser source, with a power of about 2 W, which can either
be frequency-stabilized on a Fabry-Perot cavity (master laser), or phase-
locked to another laser in the constellation (adjacent or distant).

• A set of thermal, magnetic, and radiation sensors for precise knowledge
of the instrument’s environment (and therefore to prevent any coupling
effects with the measurement).

The most stringent stability constraints (from pm to nm) concern the 3 main
elements involved in optical measurement: the telescope, the optical bench
and the GRS. In addition, the optical axis of the beam (transmitted and/or
received) must be adjustable to take account of the constellation’s “breathing”,
i.e., the slight deformations of the triangle due to orbital mechanics. To meet
these requirements, these three elements are mounted on a single structure,
which itself can be rotated (on ±1◦) to follow the direction of the distant
satellite. A LISA satellite contains two copies of this assembly, each pointing
toward one of the two other satellites. The phasemeter, the stabilized laser
source, the payload computer, the various environmental sensors and all the
control electronics complete the instrument and are positioned on the satellite
platform.

Among the various payload components, the optical bench and, above all,
the GRS, benefit from the heritage of LISA Pathfinder (LPF). We briefly de-
scribe it in the next section.
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6.1.2.3. LISA Pathfinder heritage

The LPF mission was launched on December 3, 2015 aboard a VEGA rocket
from the Kourou space base in French Guiana. The satellite then reached the L1
Lagrange point of the Earth-Sun system, i.e. around 1.5 Mkm from Earth along
the Sun-Earth axis. The main objective of the mission was to validate the pos-
sibility of maintaining an inertial mass in orbit, with a low residual acceleration
- less, for this demonstrator, than 10 times the specification LISA. On the other
hand, measuring this residual acceleration also requires the demonstration of
optical benches stable enough to perform a measurement at pm/

√
Hz between

10 mHz and 1 Hz.

We will not describe the instrument in detail here, but only its principle,
as illustrated in Figure 6.9: two inertial masses are suspended without contact
within two GRS, on either side of an ultra-stable Zerodur optical interferome-
try bench. This assembly forms the LISA Technology Package (LTP), located
at the core of the satellite. The distance between the two inertial masses, each
measuring 5 cm per side, is 38 cm. Fine fluctuations in this distance are mea-
sured by heterodyne interferometry. The distance between one of these test
masses and the optical bench is also measured, and is used to control the satel-
lite’s position using cold gas or colloidal micro-thrusters placed on the satellite’s
external walls.

The first scientific measurements of the LPF instrument took place in March
2017, and the mission ended in July 2018. During this period, a large number
of experiments were carried out to better characterize the various sources of
acceleration noise, their coupling with the satellite environment and to set the
instrument to the operating point that minimizes these couplings.

Data analysis has shown that the achieved performance far exceeds the
specifications of LPF and even those required for LISA, cf. figure 6.10 (Armano
et al. 2018). Compared with the noise spectra of terrestrial interferometers, no
background noise lines are observed. The main contributors to the residual
acceleration forces are all stochastic or broadband processes :

• Thermal fluctuations of the various elements, modifying optical paths
and the response of the readout or electrostatic actuation systems.

• Residual motion of the rotating satellite, which creates acceleration cou-
pling via inertial forces (Coriolis and Euler forces).

• Brownian motion of residual molecules on the surface of test masses,
inducing momentum fluctuations
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Figure 6.9: Transparent view of the instrument at the heart of LPF. Two inertial
masses - each about 5 cm square - are held in vacuum chambers and between
electrodes for actuation and electrostatic measurement (right and left of figure).
The distance between these two test masses, and between a test mass and the
satellite, is measured precisely by an interferometer located between the GRS.
Credit: ESA/ATG medialab

• Photon noise related to quantum uncertainty about photon phase. This
is white noise in phase, and therefore proportional to f2 in acceleration.
This effect limits performance at high frequencies. In LPF, the interfer-
ometric reading noise was 34.8± 0.3 fm

√
Hz. It is higher in LISA in the

long-arm interferometer (5 pm
√

Hz for photon noise only) due to the low
power received from the distant satellite (∼ 600 pW instead of a few mW
in LPF).

6.2. The science enabled by LISA

The mission profile and sensitivity requirements described in Sec. 6.5 are
designed to meet several main scientific objectives that are detailed in the
mission’s Definition Study Report (Colpi 2024). They aim at answering pending
questions in modern astrophysics that range from compact astrophysical source
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Figure 6.10: Residual acceleration noise spectrum on a test mass of LPF. The
blue curve corresponds to intermediate results, the red curve to final results,
after various characterization campaigns and subtraction of environmental cou-
plings (from (Armano et al. 2018)).

populations and evolution, cosmology, including the early Universe physics, to
fundamental physics, including the nature of black holes and gravity. This
section provides a summary of LISA’s expected scientific outcomes.

6.2.1. Landscape of gravitational wave sources in the LISA band

The LISA observatory is designed to observe gravitational waves in a fre-
quency range that is not covered by ground-based detectors. This frequency
window spans between 0.1 mHz and 1 Hz, which corresponds to frequencies
ten thousand times lower than the lower bound of current terrestrial obser-
vatories. Similar to electromagnetic astronomy, studying different wavelengths
enables us to detect various physical phenomena or sources of radiation. No-
tably, LISA provides access to either larger mass systems or systems in an early
stage of their dynamic evolution, which are beyond the reach of ground-based
detectors.

The gravitational-wave frequency evolution of a circular, non-spinning bi-
nary system during the inspiral phase can be approximated by Eq. [1.5] of Sec.
1.1.4.1. (using only the quadripolar mode). This equation shows that the or-
bital frequency is proportional to M−5/8

chirp . Hence the more massive the system,
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the lower its frequency. Additionally, the frequency of the binary increases with
time as it emits gravitational waves (GWs). If the system is very far from co-
alescence during observation, its frequency will be smaller than for a system
that is about to merge.

As a result, LISA is designed to detect various types of sources (see Fig. 6.6).
The closest ones are compact binary stars (with masses close to one solar mass)
in their inspiral phase, mainly located in the Milky Way galaxy. Other systems
that LISA can detect in their inspiral are stellar-mass black hole binaries, with
masses between a few and 100 solar masses. These sources are located at red-
shifts z < 1 and become detectable by ground-based detectors during merger.
A third type of potentially detectable inspiraling systems is extreme mass ratio
inspirals (EMRIs), where a compact object like a compact star or a stellar-
mass black hole is orbiting a much more massive black hole. The name of these
sources stems from the large difference between the masses of the two bodies
orbiting each other, with ratios ranging from 10−2 to 10−5. LISA could detect
them in their inspiral phase before the small object plunges into the bigger one,
at redshifts up to z ∼ 4.

LISA can also detect merging sources, the main ones being massive black
hole binaries (MBHBs) with masses between 105 and 107 solar masses, which
are mainly located at the centre of faraway galaxies. Due to their large chirp
mass, they emit a relatively strong GW signal, allowing MBHBs to be detected
up to redshifts z ∼ 12 and possibly beyond.

Furthermore, some sources of gravitational waves are too far away or too
faint to be individually resolvable. However, the cumulative contribution of
many such sources can produce a detectable GW background. One usually
distinguishes two types of backgrounds depending on their origin. The first
type is astrophysical backgrounds, made by the addition of multiple faint bi-
nary sources (Galactic binaries, stellar-mass black hole binaries, MBHBs or
EMRIs). The second type is cosmological backgrounds, originating from many
GW sources in the early Universe, like local density fluctuations, forming a
fossil radiation carrying information about the Universe’s first instants.

In the following, we review the science that LISA will enable through the
observation of these various GW sources.

6.2.2. Astrophysics of compact objects

Many compact objects in the Universe are faint or dark. Therefore, it is dif-
ficult and sometimes impossible to observe them through telescopes. However,
a large fraction of stars (Whitworth and Lomax 2015) form or reside in binary
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and triplet systems. This means that even though they cannot be detected by
electromagnetic (EM) radiation, they can emit GWs. How compact binaries
form, interact, and evolve is still poorly understood and an active area of re-
search. Observing them through mHz gravitational waves and probing their
populations will greatly enhance this understanding.

6.2.2.1. Compact binary stars

Main-sequence stars with initial masses up to 10M⊙ eventually shrink un-
der their own gravity and reach a mass comparable to the Sun that fits into an
Earth volume. These extremely dense dead stars are called white dwarfs. What
prevents them from further collapsing is the degeneracy pressure of electrons
in their interior. Current estimations (Napiwotzki 2009) suggest that the Milky
Way contains about ten billions white dwarfs. A significant fraction (about a
third according to observations) of them live in binary systems (Holberg 2009).
Among these, about ten million binaries will emit GWs in LISA’s sensitive
band (Colpi 2024 ; Amaro-Seoane 2023), with typical orbital periods of tens
of minutes. The detector will be able to individually detect 0.1% of them. The
remainder will form a confusion foreground of unresolved sources, which never-
theless also carries information about the Galactic source population (Breivik
et al. 2020).

More massive stars (with masses between 10M⊙ and 25M⊙) collapse into ob-
jects even denser than white dwarfs. They can evolve into a neutron star (Heger
et al. 2003), whose mass of 1.4M⊙ is concentrated in a 10 km radius sphere, or
into a stellar black hole (a few tens of solar masses). Binaries of neutron stars
and black-hole-white dwarf binaries are also candidate sources for LISA, and
could be detected in hundreds.

Fig. 6.11 represents LISA’s detector sensitivity (red solid line) along with
a simulation of detectable Galactic sources’ amplitudes (blue dots) based on
works from Korol et al. (2019) ; Wagg et al. (2022) ; Toonen et al. (2018).
Although one could have represented sources below the cloud of points visible
on the figure, we set the detectable threshold to be a signal-to-noise ratio (SNR)
equal to 7.

High-cadence photometric surveys (Kupfer et al. 2021 ; Finch et al. 2023)
and spectroscopic surveys (Brown et al. 2020) have discovered short-period
compact binary systems in our Galaxy. Combined with astrometric measure-
ments to derive distances, these observations have enabled more than fifty
systems to be identified as potential GWs sources in the LISA band (Kupfer
et al. 2024). The loudest of them are called verification binaries, as their param-
eters are already partially known and could help validate LISA observations.
Although this multi-messenger measurement is promising, their utility as cali-
bration sources remains uncertain (Littenberg and Lali 2024).
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LISA measurements of compact Galactic binaries will bring unique infor-
mation on binary interactions, whose many aspects are not well understood
today. We give an overview of some promising scientific outcomes.

Compact stars evolution. First, LISA will improve our understanding of how
compact stars evolve into close binaries, also leading to how many of them even-
tually merge. Indeed, the high number of Galactic sources LISA can detect will
allow us to build a catalogue of binary systems, including their sky locations,
frequencies, and chirp masses (when the frequency derivative is measurable).
This catalogue will be compared to predictions of binary evolution models to
determine the role of astrophysical processes such as mass transfer between
the two bodies (Nelemans et al. 2001). Additionally, the detected population
provides the number of systems as a function of frequency, which allows one
to infer the binary merger rate based on the frequency evolution predicted by
general relativity (GR) and given in Eq. [1.5]. In turn, one can constrain the
number of explosive events such as Type-Ia supernovae and kilonovae (Webbink
1984).
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Figure 6.11: Simulation of strain amplitudes of detectable Galactic binaries
(blue dots) including verification Galactic binaries (red hexagons). The red
solid line represents LISA’s sensitivity due to instrumental noise only. The
green solid line includes instrumental noise and Galactic confusion noise for a
4.5 year mission lifetime. Plot produced based on the back-end software of the
LISA Science Explorer (Le Jeune and Sartirana 2025).
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Spatial distribution in the Galaxy. Second, LISA will probe the spatial dis-
tribution of white dwarf binaries in the Milky Way, thereby providing insight
into the geometrical structure of the Galaxy. In addition to their sky location,
that LISA can measure with precision of order 1 deg2 depending on SNR, dis-
tances can be determined from the measurement of the GW frequency deriva-
tive when available. This leads to spatial distributions like the one depicted in
Fig. 6.12. Such a mapping is very complementary to telescope observations, as
it does not suffer from common obstacles encountered when using EM radia-
tion, like dust extinction, stellar crowding in the Galactic centre, and strong
distance selection effects.
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Figure 6.12: Simulated spatial distribution of Galactic binary systems detected
by LISA in Galactic Cartesian coordinates with origin in LISA location (0, 0).
The colour scale reflects precision forecasts of the sky location estimate. Plot
produced based on the back-end software of the LISA Science Explorer (Le Je-
une and Sartirana 2025).

Astrophysical interactions in binaries. Third, one can measure the impact
of astrophysical effects such as tides and mass transfer. When a pair of white
dwarfs gets close enough, tidal forces become significant, and one of them may
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transfer mass to the other. The interplay of these phenomena with GW emis-
sion determines the system’s final state, i.e., whether the binary eventually
merges or evolves into a stable interacting binary. LISA measurements provide
an estimate of the frequency derivative, which depends on both GW emis-
sion and astrophysical effects. Combined with EM observations of the system
(which provides individual masses), this information can help disentangle the
role played by GR and tidal effects (Shah and Nelemans 2014) in the binary’s
period evolution. Consequently, one can estimate the fate of several systems
and assess the fraction of binaries bound to merge compared to the ones that
stabilize into interacting binaries.

6.2.2.2. Black holes history

LISA will also provide unprecedented observations of black hole binaries.
One distinguishes two families of black holes: stellar-mass black holes (sBHs)
and massive black holes (MBHs). The first family comes from the collapse of
massive stars at the end of their life, and have masses from a few to several
tens of solar masses. When they come in binaries and are about to merge, they
enter the detection band of terrestrial detectors like LIGO, Virgo or Kagra.
LISA could nevertheless observe some of them earlier in their inspiral phase, as
continuous sources of GWs. Massive black holes have masses between 104 and
107 solar masses, and live in the centre of most Galaxies. When two Galax-
ies merge, it is expected that the black holes in their centre eventually merge
as well. However, how to form a massive black hole is a pending astrophysi-
cal question. The process of forming bonded binaries and their merger rate is
also largely unknown. LISA is an ideal observatory to advance our understand-
ing of these questions. Indeed, when MBHs become close enough, their GW
frequencies enter the LISA sensitive band.

Note that the existence of a third family of black holes called intermediate-
mass black holes (IBHs) is postulated (Greene et al. 2020 ; Straub 2023), with
masses between 102M⊙ and 105M⊙, bridging the gap separating sBHs from
MBHs. However, their existence as well as their possible formation process is
under debate.

Today, we can detect black holes in several ways thanks to EM observations.
One can model the kinematics of spatially resolved stars observed through as-
trometric measurements in the centre of our galaxy to reveal the black hole’s
presence (Ghez et al. 2008). Another method is to look for tidal disruption
events (Gezari 2021) arising when a star ventures so close to a MBH that it
is tidally ripped apart or captured, generating a burst of EM radiation in UV,
optical, X-ray, or gamma-ray. Generally, one can detect black holes through
the EM emission of the matter it accretes, producing what is called active
galactic nuclei (AGNs) or its more luminous version, quasars. More recently,
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direct imaging of the Milky Way and M87 galaxies’ central black holes has even
been made possible. This is a global array of radio telescopes, the Event Hori-
zon Telescope (The Event Horizon Telescope Collaboration 2019, 2022), which
produced this first image of a black hole. However, it is generally challenging to
observe these dark objects with EM observations, especially the low-mass and
high-redshift population. In this quest, mHz gravitational waves constitute an
alternate messenger that has the potential of providing a very complementary
insight.

As they merge, MBHs binaries produce chirping transient signals observable
for several days to weeks. For massive enough systems (M > 105M⊙), LISA will
observe the three main phases of the waveform: inspiral, merger, and ringdown.
We show the strain amplitude spectral density of typical MBHs binary signals
in Fig. 6.13. For each signal, the inspiral corresponds to the first relatively mild
slope towards low frequencies, the merger approximately corresponds to the
strain bump, and the ringdown to the steep final slope. As represented by the
colour scale, MBHs binaries may have SNR larger than thousands. This makes
them exceptional probes of gravity. For systems with a smaller total mass,
the merger time happens at higher frequencies where LISA is less sensitive.
However, it may still observe their inspiral phase.
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Figure 6.13: Simulated amplitudes for possible MBH binary sources observed
by LISA. Colours indicate the cumulated SNR as a function of frequency, from
lowest (bluer) to highest (redder). Plot produced based on the back-end soft-
ware of the LISA Science Explorer (Le Jeune and Sartirana 2025).
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Searching the origin of black holes. We expect that MBHs are born with
relatively small masses, and grow over time. Their origin, which we call black
hole seeds, is unknown. LISA is an ideal tool to unveil this mystery, because
it can peer into very large redshifts (beyond 10) when these seeds could have
appeared.

We distinguish various types of black hole seeds that could have operated
in parallel. One is referred to as primordial origin seeds, and would result from
the collapse of non-linear density perturbations in the early Universe leading
to black holes with masses up to 105M⊙, but potentially much lower (Carr and
Silk 2018). Another type is called light seeds, which designates black holes of
masses between ten and hundreds of solar masses that would have formed from
the collapse of metal-free stars inside the first dark matter halos, at redshits
between 15 and 30. Heavy seeds, on the contrary, refer to black holes with
masses larger than 103M⊙ forming from the direct collapse of massive stars
or gas clouds at redshifts z ∈ [10; 15] in later (and more massive) dark matter
haloes (Regan and Volonteri 2024).

James Webb Space Telescope (JWST) observations of faraway quasars have
already challenged our initial conceptions of black hole formation. They hint
for the presence of very early supermassive black holes at z > 6 with millions
solar masses and beyond, and also reveal high black hole-to-host galaxy mass
ratios (Suh et al. 2025). These observations tend to support heavy seeds sce-
narios (Bogdan et al. 2024). However, more observations of lower mass black
holes at high redshift would help to better understand the relationship between
these observations and black hole seeds. This is where LISA comes into play.

By probing the binary black holes population at high redshift, LISA could
help understand the pathways leading to the formation of the MBHs we observe
today.

Growth mechanism and merger history. Black hole seeds are expected to
grow to the present in order to explain the MBH we observe today. MBH
growth can happen through two mechanisms: accretion of surrounding matter
and coalescence with other black holes. It starts at cosmic reionisation (z ∼ 8)
when energetic photons emitted by the first stars reionize neutral hydrogen in
the intergalactic medium.

As dark matter haloes assemble, galaxies merge across cosmological scales.
However, the process of coalescing the MBH at the center of the two merging
galaxies is largely unexplained today. It requires dissipating the orbital energy
and transporting the angular momentum so that the two MBHs are brought
from Galactic scales to kiloparsecs, and from kiloparsecs to microparsec sep-
aration. As a consequence, the delay between the merger of the galaxies and
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their two central black holes is uncertain, ranging from ∼ 108 years to the age
of the Universe (Gualandris et al. 2022). A wealth of numerical simulations and
semi-analytical models are proposed to describe the black hole population and
merger rates (Amaro-Seoane 2023 ; Dayal et al. 2019 ; Klein et al. 2016). LISA
will allow us to constrain them by measuring the masses, distances, and spins
of MBHs, whose values are strongly related to the coalescence mechanisms.

Electromagnetic counterparts of massive black hole mergers. As MBHB co-
alescences should occur in a gaseous environment, dissipation of kinetic and
magnetic field energy may lead to high energy EM emission during the pre-
merger phase (d’Ascoli et al. 2018). This emission could even be periodically
modulated by the orbital motion of the black holes, leaving a useful mark to
relate the GW event to its counterpart (Tang et al. 2018). After the merger,
the shock undergone by the circumbinary disc may lead to radio and X-ray ra-
diation, revealing a newborn AGN (Rossi et al. 2010) or a collimated jet (Yuan
et al. 2021).

By issuing alerts, LISA will enable multimessenger observations of MBHB
merger events involving new-generation observatories like Vera Rubin (Ivezić
et al. 2019), Roman space telescope (Akeson 2019), Athena (Cruise 2025), and
SKAO (Carilli and Rawlings 2004). A few days before the merger, LISA can
localize MBHBs at z ∼ 0.3 with total masses in [105M⊙; 106M⊙] within less
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Figure 6.14: Average signal-to-noise ratio of MBH binary sources (indicated by
the colour scale) as a function of redshift and source-frame total mass.
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Figure 6.15: Three-dimensional representation of the orbit of a point mass in
Kerr spacetime evolved during 5.56 hours, with a black hole mass of 106M⊙ and
a dimensionless spin of 0.9. One can view this illustration as an approximation
of a short segment of a EMRI trajectory. Distances are expressed in units of
the gravitational radius rg = GM/c2. Illustration extracted from Berry et al.
(2019).

than 10 square degrees. A few hours before merging, the localisation uncertainty
drops below 1 deg2, with a final localisation within 0.1 deg2 (Lops et al. 2023 ;
Lang and Hughes 2009 ; Colpi 2024). Such progressively updated sky locations
will help plan the EM follow-up and find candidate host galaxies, prioritizing
those featuring AGNs. Finding EM counterparts to LISA detections would
bring unprecedented information about the accretion and jet mechanisms in a
dynamical spacetime.

6.2.2.3. Black hole properties and environments

When a small compact object orbits around a MBH, it radiates GWs that
encodes information about the local spacetime geometry and possibly about
the immediate matter environment. If the smaller-to-larger mass ratio of the
two bodies q is between 10−4 and 10−3, the system is called an intermediate
mass ratio inspiral (IMRI). When it is comprised between 10−6 and 10−4, one
call it an EMRI. For mass ratios below 10−6, we resort to the designation of
extremely mass ratio inspiral (XMRI). By detecting these source classes, LISA
will hint at their environments, as EMRIs (or IMRIs when the secondary is an
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intermediate-mass black hole) tend to form in galaxy centres while IMRIs tend
to form in the centres of dense clusters.

Orbits of EMRIs and IMRIs are fully relativistic and may be highly pre-
cessing and eccentric, as depicted in Fig. 6.15. The resulting waveform exhibits
many harmonics depending on orbital, azimuthal, polar, and radial motions.
LISA can observe EMRIs for months to years before they plunge. During that
time, the waveform may undergo hundreds of thousands of cycles. Extracting
these waveforms from the data will allow accurate determination of the central
black hole’s properties at redshifts z < 3, like its mass and spin. The gaseous
environment of the black hole and even the dark matter halo in which it is
embedded can lead to measurable deviations of the GR vacuum solution (Speri
et al. 2023 ; Gliorio et al. 2025).

6.2.3. Fundamental physics: The nature of gravity and black holes

LISA is expected to detected very loud sources of GWs like MBHB mergers
with SNRs of thousands but also long-lived sources like EMRIs and IMRIs.
They are formidable opportunities to test GR in the strong field regime. One
can perform these tests in three ways. One way consists of studying the GW
generation process, comparing measurements with waveforms derived from so-
lutions of GR vacuum field equations. Another way is searching for beyond-GR
emission channels through non-tensor GW polarizations. A third way is to
study the propagation properties of GWs, measuring the wave velocity and
dispersion, especially when lensing effects or EM counterparts are observed.
We give some examples below (for a more detailed review, see Arun (2022)).

Probing the gravitational-wave ringdown. When two MBHs merge, they are
expected to form a new massive black hole, called a remnant, that is perturbed
and dissipates its energy by emitting GWs until it becomes completely gravita-
tionally silent. Within the GR framework, the spacetime around the remnant
is described as a perturbed Kerr solution, which depends only on the black
hole mass and dimensionless spin1. During the remnant de-excitation process,
the waveform undergoes the ringdown phase, which features damped oscilla-
tions called quasi-normal modes. Each mode is identified by spherical angular
indices l,m, and an overtone n. It is characterized by a damping time τ and
a frequency ω which should only depend on the two black hole parameters.
However, if the remnant is not a black hole (if it has no horizon) and the sur-
rounding spacetime is not described by the Kerr metric, then the spectrum of

1. In principle, it also depends on charge, but it is neglected in the case of astrophysical
black holes as it is expected to vanish quickly (Fabian and Lasenby 2019).
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Figure 6.16: Relative uncertainty contours of frequency ω (left column) and
damping time τ (right column) for ringdown quasi-normal modes measured by
LISA as a function of source total mass M and redshift z. The upper row shows
the mode (l,m, n) = (3, 3, 0) and the lower row shows the mode (l,m, n) =
(4, 4, 0). The dotted black lines are ringdown SNR contours. Plot taken from
Pitte et al. (2024).

quasi-normal modes will be modified. LISA could measure such modifications
with high SNR sources, hereby testing the no-hair theorem (Toubiana et al.
2023 ; Pitte et al. 2024). Fig. 6.16 gives an assessment of the relative precision
LISA could achieve on estimating modes’ deviations from GR using ringdown
signals, which ranges from sub-percent to ten percent depending on the source
redshift and mass.

Mapping spacetime around massive black holes using EMRIs. The complex
orbits a small compact object undergoes around a massive black hole provide
a detailed mapping of the local spacetime. LISA may observe year-long EMRIs
signals with typical SNRs of about 50, which allows for investigations of space-
time geometry and tests for the presence of dark matter or new fundamental
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fields. In the latter scenario, the primary (more massive) object can deviate
from a GR black hole, featuring “hairs” (Doneva et al. 2024). Inspecting the
multiple moments of the central MBH can enable testing the no-hair theorem.
A new field (like ultralight scalars) can also affect the secondary object, which
could carry a measurable charge (Barsanti et al. 2023).

Searching for emission channels beyond general relativity. Gravitational
waves as predicted by GR can only be tensorial and transverse. Some alternate
theories to GR like scalar-tensor theories (Will 2014 ; Callister et al. 2017) or
massive graviton theories (Paula et al. 2004) predict the existence of non-tensor
modes, to which LISA can be sensitive (Tinto and Alves 2010). Discovering
such polarizations would strongly constrain extensions of GR. Another powerful
testing tool would be multiband sources, i.e., sBH binary signals that would be
detected first by LISA during inspiral and then by terrestrial observatories when
they merge. The merging time compared to LISA first observation would be
strongly affected by the presence of additional emission channels. Additionally,
multiband sources would allow assessing GR consistency for the same system
in very different dynamical regimes.

Testing gravitational waves propagation at mHz frequencies. Ground-based
detectors’ measurements have provided strong constraints on the speed of GWs,
thanks to the multi-messenger observation of the binary neutron star merger
GW170817 (Feng et al. 2023). However, GW propagation properties could de-
pend on frequency, and performing a similar measurement at mHz frequencies
would test this hypothesis (Chamberlain and Yunes 2017). Like for testing al-
ternate emission channels, multiband sources will be ideal probes of the speed
of mHz GWs by comparing the coalescence time measured by terrestrial de-
tectors relative to the GR prediction. Furthermore, inspecting the GW phase
can help constrain the graviton mass in massive gravity theories (Will 1998) or
reveal a modification of the wave dispersion relation (Mirshekari et al. n.d.).

6.2.4. Cosmology

6.2.4.1. Measuring the Universe’s expansion rate

Today’s cosmology faces a dilemma as two independent and different mea-
surements of H0 are in contradiction at the 5σ level, an issue known as Hubble
tension. One relies on the cosmic microwave background (CMB) observation,
assuming a standard ΛCDM cosmological model (Aghanim 2020). The other
measurement depends on the distance ladder, using stars of known intrinsic
brightness to measure distance (like Cepheids) in galaxies whose redshift can be
determined with type-Ia supernovae (Riess 2022). Besides, recent observations
made with JWST provide estimates in agreement with the CMB measurement
(Freedman et al. 2025).
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However, gravitational wave measurements can provide a direct estimation
of a source’s luminosity distance if it exhibits a detectable chirp. If the source’s
redshift can also be determined (for example, by identifying its host galaxy), it
is possible to measure the Hubble constant, H0. We call such an object a stan-
dard siren, paralleling the denomination of standard candle in EM astronomy.
This would provide a completely independent way of probing the Universe’s
expansion rate and help determine whether there is indeed a Hubble tension.
At least three techniques can achieve this. The most accurate one is to use
bright sirens (Mangiagli et al. 2022), if LISA detects MBHB mergers which can
be associated with an EM counterpart. This way, it could provide an estimate
of the expansion rate at z ∼ 2 with 10% precision (Colpi 2024). If a counter-
part is not observable, for example when detecting GWs from an EMRI (see
Sec. 6.2.2.3), then the host galaxy can be inferred from the know distribution of
galaxies in the sky region determined from the GW signal (Laghi et al. 2021).
A third technique, known as spectral sirens, utilizes the mass spectrum of the
assumed population of the observed object to infer its redshift (Ezquiaga and
Holz 2022).

6.2.4.2. Peering into the early Universe with stochastic GW backgrounds

Today’s EM observations of the CMB provide us with an instantaneous
picture of the Universe as it was about 380,000 years after the Big Bang.
Analysing the spectrum of its anisotropies was a major breakthrough that
gave strong support to the Λ-CDM cosmological model. However, it does not
grant us access to earlier times when the Universe was opaque to light. On the
contrary, gravitational waves emitted before could have travelled to us almost
unimpeded. They could be a new messenger carrying information about the
youth of our Universe, in particular, the postulated cosmic inflation.

Multiple incoherent GW sources emitting simultaneously form what we call
a stochastic background. Such sources in the early Universe could have formed
a detectable fossil radiation, which may have various origins. First, the Universe
may have undergone a phase transition at the end of the electroweak epoch,
when the electromagnetic and weak interactions decoupled. The nature of this
phase transition is currently unknown. Should it be first order, it could have
given rise to a stochastic gravitational-wave background (SGWB) emanating
from the expansion and collision of nucleating bubbles. The power spectrum of
such a background is expected to peak in LISA’s sensitivity sweet spot (Caprini
et al. 2016 ; Caprini 2020). This makes LISA an ideal probe of first-order
cosmological phase transitions and high-energy physics in general. Indeed, mHz
frequencies correspond to beyond-TeV energy scales that we cannot probe with
artificial particle colliders. They would therefore allow us to put the standard
model of particle physics to the test at energies currently unexplored.
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Second, very thin topological defects called cosmic strings could have formed
as leftovers of a phase transition, similarly to the filamentary cracks that appear
when water solidifies. As the Universe evolves, the network of cosmic strings
would act as oscillating closed loops and source a SGWB that LISA could
detect (Auclair et al. 2020).

Third, hypothetical primordial black holes could have formed in the early
Universe, producing second-order density fluctuations at the end of inflation
and thereby a relic background of GWs. Primordial black holes are candidates
for dark matter. Although a significant part of possible masses has been ex-
perimentally ruled out, LISA could probe an uncharted mass range between
10−16M⊙ and 10−10M⊙ (Bartolo et al. 2019).
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Figure 6.17: Power spectra of possible cosmological and astrophysical stochastic
GW backgrounds (colored solid lines) compared to the noise level of one TDI
channel (black dashed line). Green: example of a first-order phase transition
signal; Red: primordial black hole signal; dark blue: stellar-mass black hole
population signal; Orange: cosmic string signal; Light blue: Galactic white
dwarf foreground; Dashed gray: detection threshold for a power-law back-
ground. Figure taken from Colpi (2024).

Fig 6.17 represents power spectra of possible sources of SGWBs that LISA
could detect. This plot illustrates the variety of stochastic sources that could
emit in the mHz band and the wide range of possible amplitudes. Based on
the spectral features of these models, LISA should be able to determine the
origin of the backgrounds and to set constraints on early-Universe physics.
Note that although we do not represent it on this graph, a possible background
from the population of extragalactic white dwarfs could also be present in
LISA data, potentially larger than the background from stellar-mass black
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hole binaries (Boileau et al. 2025). Likewise, unresolved EMRIs may lead to
a detectable background, especially significant between 1 and 10 mHz (Pozzoli
et al. 2023).

6.3. From data to science

LISA will be the first mission of its kind. To derive the expected scientific
results described in Sec. 6.2 from the raw interferometric measurements that
the satellites will send down to Earth as mentioned in Sec. 6.1, a very specific
data processing will be developed. We outline its main aspects in this section.

6.3.1. Noise reduction

LISA will provide a set of interferometric measurements that are variations
of the laser frequencies as a function of time. As described in Sec. 6.1.2.1, some
of these measurements (called science interferometric data) contain the im-
print of GWs passing through the constellation. However, they are completely
dominated by laser frequency noise, i.e., the random fluctuations of the laser
frequencies in time. This comes from the nature of the LISA instrument.

In a classic Michelson interferometer, a laser source sends light to a beam
splitter, which separates the light into two beams that travel along two arms.
These beams then reflect off mirrors located at the ends of the arms and are
optically recombined at the beam splitter. There, a photodiode performs a
differential measurement. The optimal path noise related to laser random fluc-
tuations is directly proportional to the mismatch in the length of the arms.
This is essentially what happens with ground-based GW detectors.

However, in the case of LISA, it is infeasible to use a single laser and have
its light reflected by distant mirrors. The immense distances between the space-
craft (millions of kilometres) significantly reduce the light intensity and widen
the beam to such an extent that it is impossible to construct a conventional
Michelson apparatus. Instead, each one-way link formed by two spacecraft re-
quires its own light source. A link measurement is made by comparing the
outgoing local beam with the incoming distant beam from the other space-
craft. As the two beams being compared come from different sources, there
is no cancellation of laser frequency noise. Additionally, the incoming beam
travels a long distance, accumulating optical path differences and resulting in a
laser frequency noise that dominates the GW signal by 8 to 9 orders of magni-
tude. Therefore, it would be impossible to detect any gravitational wave from
a single spacecraft.
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However, the constellation as a whole provides two measurements per pair
of laser beams. Therefore, by adequately forming differences of such measure-
ments delayed by the appropriate light travel times, one can cancel laser fre-
quency noise. This processing is called TDI (Tinto and Dhurandhar 2020) and
is performed on the ground, once the telemetry is downloaded. This is a cru-
cial operation, without which GW detection is impossible. The output is a set
of three laser noise-free variables that contain the GW signal information. In-
deed, the TDI algorithm does not suppress the GW signal. Other sources of
noise (called secondary noises) are not cancelled either, like the low-frequency
acceleration noise and the high-frequency interferometric measurement noise
mentioned in Sec. 6.1.2.1. Some TDI variables called “Michelson”, and labelled
X, Y , Z, combine measurements in such a way as to synthetically reproduce
the path of a photon in a Michelson interferometer formed by two LISA arms.

6.3.2. Source detection and inference

LISA scientific data can concentrate in 3 TDI observables, which are time
series sampled every quarter of a second. As for ground-based detectors, there
is no way of pointing the antenna towards particular regions in the sky. Rather,
one can think of the data as continuous microphone recordings of several sounds
and noises mixed. The constellation’s sensitivity to any sky location varies
throughout the orbit.

Finding GW candidates relies on three ingredients: i) the input TDI data,
ii) waveform templates (physical models of the signal produced by each source
type) and iii) a likelihood function (i.e. a statistical model of the random fluctu-
ations of data due to underlying stochastic processes). Even if certain machine
learning algorithms may not need a likelihood, a physical and statistical de-
scription of the data is always required for training (Alvey et al. 2023).

The specificity of LISA data analysis is related to the abundance and the
diversity of the sources. We expect future LISA data to contain millions of
continuous Galactic binary signals, hundreds of transient MBH binary signals,
possibly the same amount of EMRIs, a few sBH binaries, and the long-seek
SGWBs. All these sources will emit simultaneously, adding up in the data,
creating a GW cacophony. The objective of the data analysis is twofold: i)
detect and identify all resolvable or stochastic sources of GWs with sufficient
SNR and ii) characterize them through the estimation of their astrophysical
parameters.

Contrary to LIGO-Virgo-KAGRA (LVK) data analysis, LISA will not mea-
sure isolated transient events that can be characterized independently. Instead,
many sources overlap in time and frequency, and require a coordinated data
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analysis approach called global fit where all sources are jointly analysed (Litten-
berg and Cornish 2023 ; Strub et al. 2024 ; Deng et al. 2025), see Sec. 6.3.2.4.
To tackle this problem, Bayesian inference is preferred, as it allows for a better
tracking of parameter correlations and source significance (although maximum-
likelihood approaches have also been developed, see Strub et al. (2023)). In this
framework, the goal of the search algorithms is to map the posterior probabil-
ity distribution of astrophysical parameters, i.e., their probability of having a
given value based on the observed data and the a priori information assumed
before the analysis.

In general, waveforms generated by binary compact objects are determined
by 17 parameters (Katz et al. 2021): the objects masses (2 parameters), each
component’s angular momentum (2 × 3), orbital parameters including eccen-
tricity, separation and orbit inclination (3), initial phases (3), the source’s sky
location angles (2) and its distance (1). Many waveform models use simplifi-
cations or rearrangements of these parameters to achieve efficiency, but a full
description of a relativistic system in vacuum would use the entire set. Obvi-
ously, including the effect of a third body or disturbances from the astrophysical
environment requires additional parameters (Duque et al. 2024).

6.3.2.1. Continuous sources

Continuous sources usually designate the ones that produce long-lived and
slowly chirping GW signals.
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Figure 6.18: Example of waveform of a Galactic white dwarf binary with grav-
itational wave frequency around 10 mHz, observed over a few hours (left) and
an entire year (right) in the TDI observable X (relative frequency deviations).
We see the quasi-monochromatic nature on short time scales, with amplitude
modulations due to the variation of the antenna pattern over one orbit.

Galactic binaries. The most common ones in LISA data are (comparable-
mass) Galactic compact star binaries whose waveforms look monochromatic
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on short time scales (see Fig. 6.18). Compared to the general full description
of a relativistic binary system, Galactic binary waveforms can be simplified
by ignoring the effect of component spins and describing their phase evolution
with a Taylor expansion of their frequency about some initial time (Cornish
and Porter 2005).

With frequencies ranging between a few 10−4 Hz and a few 10−3 Hz (see
Fig. 6.11), their bandwidth is narrow and depends on the source frequency
derivative, sky location, and observation duration (Cornish and Littenberg
2007). Searching for Galactic binary signals may require partitioning the fre-
quency domain into short bands analysed in parallel (Littenberg 2011). The
number of detectable sources within each band is unknown, so that any search
algorithm must be able to jump between parameter dimensions, to allow for ad-
justing the number of Galactic binaries in the model (Littenberg and Cornish
2009). This can be performed by trans-dimensional samplers like reversible-
jump Markov-chain Monte Carlo (MCMC) (Karnesis et al. 2023) or product-
space approaches (Deng et al. 2025).

One challenge of detecting Galactic binaries is to deal with the millions of
unresolvable signals, which form a confusion foreground that is non-Gaussian
at high frequencies and non-stationary (Buscicchio et al. 2024). The detection
threshold (to claim with high certainty that a source is present in the data)
strongly depends on how this residual astrophysical noise is modelled.

Extreme-mass ratio inspirals. EMRIs are another type of continuous
sources, which can be observed for months or years. These systems can be
highly precessing and eccentric, leading to multiple harmonics (or voices) in
the waveform (Hughes et al. 2021 ; Katz et al. 2021).

Due to their complexity, building waveform models that are both accurate
and fast to compute is challenging. There has been continuous progress in this
perspective since the early 2000s. The self-force formalism provides the most
accurate models (Barack and Pound 2018), where the effect of the spacetime
perturbation of the small compact object is treated using black hole pertur-
bation theory, expanding equations for small mass ratios. Other models called
“kludge” have focused on capturing the main physical features of the wave-
forms while achieving computational efficiency. Analytic kludge models extend
the post-Newtonian formalism beyond its domain of validity (Barack and Cut-
ler 2004). While still inaccurate, augmentations have been done to improve
the model (Chua and Gair 2015). Another kludge, called numerical, treats the
compact object orbit with Kerr geodesics, evolving the inspiral from geodesic to
geodesic based on semi-analytic fits to strong-field radiation emission (Babak
et al. 2007). Efforts have recently focused on speeding up fully relativistic EMRI
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Figure 6.19: Simulation of an EMRI waveform in time domain (left) and time-
frequency domain (right) observed through the Michelson TDI combination X.
Simulated data from the LISA Data Challenge 1 (Laboratoire APC 2019).

waveforms based on self-force using order-reduction and deep-learning tech-
niques, together with hardware acceleration (Chua et al. 2021 ; Katz et al.
2021). Further development is ongoing to take waveforms to the performance
level needed to optimally analyse future LISA data.

Another active area of research concerns the detection and characterisation
of EMRI signals, which faces two main challenges. First, the a priori inter-
vals of parameter values are vast compared to the posterior distribution width,
which requires an efficient and comprehensive exploration of a wide parameter
space (Babak et al. 2009). Second, the likelihood function of physical parame-
ters exhibits secondary non-local maxima, which means that a set of parameters
potentially very different from the actual ones may describe the data with high
probability (Chua and Cutler 2022). Efforts have started to tackle both prob-
lems, using phenomenological templates (Wang et al. 2012), time-frequency
analysis (Gair et al. 2008b,a), and specific likelihood functions (Chua 2022).
However, efficiently detecting one or several EMRI signals blended in all other
LISA sources remains an open problem.

6.3.2.2. Transient sources

The fastest chirping sources LISA can observe are MBHBs, which can in-
clude inspiral, merger, and ringdown phases. GW templates for comparable-
mass binary sources benefit from algorithm developments that have enabled
LVK event detections. The main difference with the mergers that ground-based
detectors observe is the event time scales. While LVK observations last a frac-
tion of a second for black hole binaries and up to hundreds of seconds for
neutron star binaries, LISA may observe MBH binaries for weeks to months.
During that time, the constellation’s position relative to the GW source changes
and cannot be ignored when computing the antenna pattern. This leads to a
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Figure 6.20: Simulation of an MBHB waveform in time domain (left) and time-
frequency domain (right) observed through the Michelson TDI combination X.
Simulated data from the LISA Data Challenge 1 (Laboratoire APC 2019).

time-varying instrumental response that must be included in the waveform.
Wise approximations allow for the construction of fast frequency-domain tem-
plates for LISA (Marsat and Baker 2018) based on phenomenological waveforms
featuring higher modes (London et al. 2018). Recently, the use of graphical pro-
cessing unit acceleration allowed to build accurate and fast waveforms in the
time domain (Katz et al. 2022 ; García-Quirós et al. 2025). Still, given the large
SNR of some LISA sources, current model accuracy has to improve by two or-
ders of magnitude (Colpi 2024) to enable the mission’s full scientific return,
especially for what concerns GR tests.

The search phase of MBHB signals is usually based on waveform approx-
imation and analytical maximization of the likelihood function with respect
to amplitude parameters (Cornish and Shuman 2020). The full source char-
acterization can then be done through Bayesian inference using MCMC sam-
pling techniques (Marsat et al. 2021), nested sampling (Pitte et al. 2023), or
simulation-based inference (Arredondo et al. 2024).

6.3.2.3. Stochastic sources

Stochastic GWs may arise from multiple sources incoherently emitting at
the same time. The resulting signal is statistical and can be described by its
power spectrum (second-order moment). Current terrestrial detectors already
search for SGWBs, especially those originating from the population of stellar-
mass black hole binaries in the Universe (Christensen 2019). The LISA mission
will also carry out this search at mHz frequencies, especially with the hope of
finding a SGWB of primordial origin (see Sec. 6.2.4). However, if LISA is the
only flying detector in 2035, distinguishing a GW stochastic background from
instrumental noise is particularly challenging. Indeed, while one can combine
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ground-based observations coming from different detectors to reject instrumen-
tal noises (which are assumed uncorrelated across detectors, at least at current
sensitivities), LISA must only rely on itself. One may still perform such a
measurement by leveraging the spectral shapes and the transfer functions dif-
ferences between the noise and the targetted SGWB. This requires a descriptive
and flexible enough instrumental model.

Continuous progress has been made since the early 2000s to address the
problem of SGWB detection with LISA data (Cornish 2001). Most of the works
towards this goal rely on Bayesian parameter estimation of power spectrum
templates. They are mainly based on parametrized instrumental noise models,
sometimes including a Galactic foreground (Adams and Cornish 2014 ; Boileau
et al. 2021). Given the variety of possible spectral shapes, template banks usable
for data analysis have been developed (Blanco-Pillado et al. 2024 ; Braglia et al.
2024), while other studies have proposed template-free signal searches (Caprini
et al. 2019 ; Poletti 2021 ; Pozzoli et al. 2024). Other works have focused
on flexible noise modelling, highlighting the sensitivity of SGWB detection to
noise characterization (Baghi et al. 2023 ; Hartwig et al. 2023). Recent analyses
also started to incorporate the Galactic foreground non-stationarity (Hind-
marsh et al. 2024 ; Criswell et al. 2024), and explore the detectability of
anisotropic (Mentasti et al. 2024 ; Tian et al. 2024) or non-Gaussian (Buscic-
chio et al. 2023) backgrounds. Further research must be carried out to ensure
the robustness of the detection of stochastic GWs with LISA. Model improve-
ments are required to cope with realistic instrumental configurations and the
presence of multiple other sources (Rosati and Littenberg 2024).

6.3.2.4. The global fit orchestration

LISA will observe all the sources reviewed in the previous sections simulta-
neously. Therefore, the data processing must disentangle these multiple signals
but also determine how many of them are in the blend. Iterative procedures
are usually adapted to this type of analysis, such as blocked-Gibbs sampling.
Starting with the largest SNR sources, they can sequentially treat one block
of parameter space at a time, such as a collection of GW sources belonging to
the same type. This process can take advantage of the specific features of one
block of signals, like their localisation in time or frequency. The process must
be repeated until convergence. Ideally, each block of parameters is minimally
coupled to the others, so that convergence is reached faster. The ultimate goal
is to explore the posterior probability distribution of the full parameter space.
The process that achieves this is designated as global fit.

The capability of data analysis pipelines to recover astrophysical GW
sources has been tested thanks to mock data challenges that started in the
early 2000s (Abbott 2017) and continued later on (Baghi 2022). The
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principle of the LISA Data Challenges is to publish simulated LISA data to
enable algorithm prototyping and testing. Some datasets contain GW sources
of a single type while others mix several source types, gradually increasing
complexity to reach realistic scenarios of future LISA data analysis. Fig. 6.21
provides an example of global fit results (Littenberg and Cornish 2023)
obtained on simulated LISA data (Le Jeune and Babak 2022). The zoomed-in
version of the right panel clearly shows the overlap between sources of the
same type (Galactic binaries in purple) and of different types (Galactic
binaries and merging MBHBs in magenta). The fit was performed by
sequentially running three main inference blocks: Galactic binaries, MBHBs,
and noise. In this case, “noise” refers to the fit residuals including
instrumental noise and unresolved GW sources. More information can be
found in Littenberg and Cornish (2023).

Figure 6.21: Reconstructed waveforms based on a global fit parameter pos-
teriors obtained from the LISA Data Challenges dataset 2a. It shows Fourier
transform amplitudes as a function of frequency for resolvable Galactic binaries
(purple), verification Galactic binaries (orange), and massive black hole bina-
ries (magenta). Fit residuals are represented in gray, and the estimated noise
spectrum in light blue. The right panel is a zoomed version of the left panel
between 6.210 and 6.245 mHz. Figures taken from Colpi (2024).

While many building blocks and prototypes have been developed, a complete
global fit pipeline including all known GW sources has not yet been demon-
strated. Developments are ongoing to achieve this, both within the scientific
community and the teams in charge of building the mission data processing
centres.
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7.1. Introduction

Data analysis bridges the gap between instrumental science and the sci-
entific exploitation of gravitational wave (GW) observations. This chapter of-
fers a somewhat reduced scope compared to what the title might suggest. In-
deed, it focuses on describing the basics of analyzing the data of ground-based
gravitational-wave detectors in order to detect resolved signals from compact bi-
nary coalescences (CBCs) and infer the properties of detected sources. Searches
for other types of signals are only briefly introduced, as are the downstream
analyses deriving astrophysical interpretations of observed sources, and chal-
lenges expected to arise when analyzing the data of future – space-borne or
ground-based – detectors. We also refer the reader to chapter ?? for an intro-
duction on analyzing the data of pulsar timing arrays.

The contents of this chapter is meant to complement the lectures and hands-
on sessions given during the MaNiTou schools. It aims mainly at providing tech-
nical background for some aspects not explained in detail in the lectures, with
no claim to exhaustivity. We therefore recommend that readers concurrently
refer to lecture material, which in particular includes many more illustrative
figures than this chapter.

Finding meaningful references for data analysis is sometimes difficult, as
tools that are used by many articles are rarely explained from first principles.
We will follow part of the presentation of the book (Maggiore 2007) (see Chap-
ter 7), to which we refer for more details. The recent review (Chatziioannou
et al. 2024) includes a good overview of data analysis for CBCs. Another useful
reading is the guide to LVK data: (Abbott et al. 2020), and the Gravitational
Waves Open Science Center (https://gwosc.org/ n.d.) provides both access to
public LVK data and useful tutorials.

7.2. Notations and preliminaries

7.2.1. Fourier transforms: continuous and discrete domain

The Fourier transform and inverse Fourier transform will be defined as

F̃ (f) =
∫ ∞

−∞
dt e−2πiftF (t) , F (t) =

∫ ∞

−∞
df e2πiftF̃ (f) . [7.1]

A useful identity will be the Plancherel theorem: for F,G ∈ C∫
dt F ∗(t)G(t) =

∫
df F̃ ∗(f)G̃(f) . [7.2]
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In practice, we will always work with real signals. For F (t) ∈ R, we have the
symmetry F̃ (−f) = F̃ ∗(f).

The Discrete Fourier Transform (DFT) gives equivalent definitions in the
discrete domain; it can be computed efficiently through the Fast Fourier Trans-
form (FFT) algorithm. The time interval ∆t = 1/fsample must be chosen so that
the Fourier transform of the time-domain data does not have support beyond
fNyquist = fsample/2. Given a vector F = {Fj}j=0,...,N−1 sampled at ∆t, its
DFT and inverse DFT are

F̃k = ∆t
N−1∑
j=0

ω−jkFj , Fj = ∆f
N−1∑
k=0

ωjkF̃k , ω = e2iπ/N , [7.3]

where the frequency resolution ∆f = 1/(N∆t) = 1/T is the inverse of the total
duration. Note that conventions differ in the literature, and might not include
the same prefactors. Care must be taken with the output of the DFT: the first
half of the vector F̃ corresponds to the positive frequencies, and the second
half to the negative frequencies.

7.2.2. Gaussian distributions

We recall here the expression for the distribution of a multidimensional
Gaussian distribution for a random vector x:

p(x) = 1√
(2π)N detΣ

exp
[
−1

2(x− x)T ·Σ−1 · (x− x)
]
,

Σ = ⟨(x− x)(x− x)T ⟩ . [7.4]

Here, x is the mean and Σ is the symmetric and positive-definite covariance
matrix.

7.3. The noise as a stochastic process

7.3.1. Stochastic processes

At the heart of our statistical modelling of our experiments will be the
concept of stochastic process. Our instruments are noisy, and their output
will be affected by a myriad of microscopic (or quantum) processes composing
together a random process, such that at each time t, the noise n(t) ∈ R is a
random variable. Since our instruments are running for extended periods of
time, for simplicity we will consider formal infinite-length processes. In reality,
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the data will be sampled at a finite rate for a set duration, and will be digitized
into a finite set of numbers. From this point of view, the noise can be represented
as a random vector n ∈ RN for a certain data size N .

We will assume here that the process is stationary, meaning that its statis-
tical properties do not change over time. If the process is further assumed to
be ergodic, then we can interchange ensemble averages and time averages.

7.3.2. The power spectral density

The power spectral density (PSD) will be a central quantity in characterizing
the noise process. Intuitively, it corresponds to a Fourier spectrum of the noise,
telling us whether the process is dominated by low frequencies (red noise), high
frequencies (blue noise), or has a flat spectral shape (white noise). Because the
noise is a stochastic process, the PSD is defined in terms of power.

Let us first define the mean power of the stationary noise process:

Pn = lim
T→+∞

1
T

∫ T

−T
dt n2(t) , [7.5]

where we introduced a limitation to a finite length segment [−T, T ] to make
sure that e.g. the Fourier transform is well defined, assuming that the limit of
infinite duration is well behaved. To ease notation, we can introduce nT (t) =
χ[−T,T ](t)n(t) which is n(t) inside the interval [−T, T ] and zero outside. We
can then write in the Fourier domain

Pn = lim
T→+∞

1
T

∫ +∞

−∞
dt n2

T (t) = lim
T→+∞

1
T

∫ +∞

−∞
df |ñT (f)|2 . [7.6]

This leads us to introducing the one-sided PSD Sn(f), defined by convention
for positive f , as

Sn(f) = lim
T→+∞

2
T
|ñT (f)|2 , Pn =

∫ +∞

0
df Sn(f) , [7.7]

where to obtain the second equality we interverted the limit and the integral.
Note the factor 2, accounting for the contribution of negative frequencies. This
gives us a first interpretation of the PSD: the mean power can be decomposed
in frequency space, and the PSD represents the associated spectrum. The PSD
can also be given a different interpretation in terms of the noise autocorrelation,
as we will see now.
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7.3.3. The noise autocorrelation function

At the heart of our statistical description of the noise will lie the correlations
between different times, for which we will use the ensemble average ⟨⟩.

First, we note that our detectors always make relative measurement, so that
a shift by a constant of the detector’s output is meaningless. Without loss of
generality, we can therefore assume that the noise is zero-mean: ⟨n(t)⟩ = 0.

The noise autocorrelation function is defined in general as a function of any
two distinct times as

Cn(t, t′) = ⟨n(t)n(t′)⟩ . [7.8]

If the process is Gaussian, as we will assume here, its statistic is entirely de-
scribed by this variance; a more general process would be described by addi-
tional higher-order correlation functions.

If we now specialize to the case of stationary noise, we see that the auto-
correlation Cn(t, t′) must depend on t, t′ only through their difference, or lag
τ = t′ − t:

Cn(τ) = ⟨n(t)n(t+ τ)⟩ . [7.9]

For the stationary ergodic case that we are considering, we can exchange time
and ensemble averages and write

Cn(τ) = lim
T→+∞

1
T

∫ +∞

−∞
dt nT (t)nT (t+ τ)

= lim
T→+∞

1
T

∫ +∞

−∞
df ′ ñ∗

T (f ′)ñT (f ′)e2iπf ′τ [7.10]

Computing the Fourier transform of Cn(τ) itself, we have

∫ +∞

−∞
dτ Cn(τ)e−2iπfτ = lim

T→+∞

1
T

∫ +∞

−∞
df ñ∗

T (f)ñT (f ′)
∫ +∞

−∞
dτ e2iπ(f ′−f)τ .[7.11]

The second integral collapses to a Dirac delta as δ(f ′−f), and we can recognize
the PSD Sn(f) as introduced in [7.7]. We arrive at

1
2Sn(f) =

∫
dτ e−2iπfτCn(τ) , [7.12]
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which gives us a useful and perhaps intuitive alternative definition of the noise
PSD, as the Fourier transform of the autocorrelation function of a stationary
process. Note the factor 2, which is a matter of convention and kept here so
that Sn is the one-sided PSD defined on positive frequencies.

The PSD is real and positive, as shown by its definition in terms of
power [7.7]: Sn(f) ≥ 0. When seen as a Fourier transform as in [7.12], we
have that as a FT of a real quantity Sn(−f) = Sn(f); in practice one often
considers the PSD as defined on the range f > 0.
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Figure 2: Top: Binary Neutron Star (BNS) range evolution of the LIGO and Virgo
detectors from the start of O2 in November 2017 to the end of O3 in
March 2020. The broken axes remove the time between each observing run.
Bottom: Representative amplitude spectral density of the three detectors’
strain sensitivity in each observing run. The O3 spectra shown are taken
from O3a.

duty cycle of the LIGO detectors, as well as the triple coincident time. There is a
marked improvement in the stability of the LIGO detectors between O2 and O3, with
coincident science quality time increasing by some 16%. Although the Virgo duty cy-

Figure 7.1: Example PSDs for the instruments LIGO and Virgo during the runs
O2 and O3. Figure taken from (Davis et al. 2021).

We show an example of PSDs from the LIGO and Virgo instruments during
their observing runs O2 and O3 in Fig. 7.1. We see that they have a “bucket
shape”, selecting a certain range of frequencies (roughly 20-2000Hz) as relevant.
Far from being smooth functions, they feature numerous intrumental lines.
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7.3.4. Stationary and Gaussian noise

The definition of the noise autocorrelation function [7.9] can be translated
into Fourier-domain correlations. For stationary noise, assuming all Fourier
transforms to be well defined (and removing bounds on the integrals), we can
write:

⟨ñ(f)ñ∗(f ′)⟩ =
∫
dt

∫
dt′ e−2iπfte2iπf ′t′⟨n(t)n(t′)⟩

=
∫
dt

∫
dτ e−2iπfte2iπf ′(t+τ)⟨n(t)n(t+ τ)⟩

=
∫
dτ Cn(τ)e2iπf ′τ

∫
dt e2iπ(f−f ′)t . [7.13]

Recognizing the last integral as a Dirac delta, we obtain

⟨ñ(f)ñ∗(f ′)⟩ = 1
2Sn(f)δ(f − f ′) . [7.14]

A similar computation would show that

⟨ñ(f)ñ(f ′)⟩ = 1
2Sn(f)δ(f + f ′) . [7.15]

Equations [7.14] and [7.15] show a crucial point: noise stationarity implies
independence in the Fourier domain. It is at the heart of a major simplification
in our analysis, allowing us to treat Fourier bins as independent, meaning that
ñ(f) and ñ(f ′) will be independent random variables if f ̸= f ′. although this
statement needs to be made more precise: for finite-length data it relies on an
additional assumption of circularity as we will discuss in the next section.

Gaussian noise is entirely described by its covariance, so [7.14] and [7.15]
are enough to write down p(n), the probability distribution of the noise. How-
ever, getting the normalization right will be easier by working with a discrete
representation of the noise, as we will do in the next section. We will arrive at
p(n) in Eq. [7.19] below.

7.3.5. Noise in discrete data

Although writing the formalism with functions and distributions has the ad-
vantage of simplicity, in practice a real detector will always work with sampled
processes, and we will always have discretized data at hand.
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Figure 7.2: Example data from the LIGO observations around the first detec-
tion event GW150914 ((Abbott et al. 2016b), data from (https://gwosc.org/
n.d.)). The first panel shows the raw strain for a segment of 32s around the
event; the signal is completely invisible. The second panel shows whitened and
band-passed data, as does the third panel, zooming on the event.

In the discrete point of view, the data is of finite length N , sampled with
a fixed time interval δt, and represented by a vector n ∈ RN . The random
process is then replaced by a random vector, with its variance described by a
covariance matrix Σ ∈ RN×N as

⟨nnT ⟩ = Σ . [7.16]
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The covariance Σ is, by construction, symmetric and positive-definite. In gen-
eral, the time-domain covariance is dense, and is a very large matrix for large
N .

The discrete representation equivalent of the stationarity property [7.9] is
the requirement that Σ has a Toeplitz structure: there must exist a vector σ
such that Σij = ⟨njnj⟩ = σ|i−j|. In practice, that means that the covariance
matrix has a band structure, constant along each diagonal.

In order to get the equivalent of the Fourier-domain independence, eqs [7.14]
and [7.15], the covariance needs to have the additional property of being cir-
culant: σj = σN−j for j = 1, . . . , N − 1. This would mean that the process
itself is periodic, which is never the case in practice. Without providing more
detail here, we will accept that we can assume this circulant condition as an
approximation, provided that we are working with data that is longer than the
signal of interest, and that the data has been tapered at both ends.

In analogy with [7.14], the result for the Fourier-domain covariance matrix
in the stationary (Toeplitz) circulant case is:

Σ̃ = ⟨ññ†⟩ = 1
∆fDiag(σ̃) = Diag

(
Sn

2∆f

)
, [7.17]

where ñ† is the conjugate transpose. Note that the covariance matrix Σ̃ has
redundant information, its first quadrant corresponds to positive frequencies
f, f ′ > 0. The diagonal is formed by values of the PSD Sn(j∆f) for the first
half, complemented by the same vector in reverse. Care must also be taken for
the indices j = 0 and j = N/2.

Similarly to the result [7.15], one also finds that ⟨ññT ⟩ = 0 (ñT is the
normal transpose, not conjugate) on positive frequencies f, f ′ > 0. Separating
the real and imaginary parts of each component ñj , this allows to conclude
that Re ñj , Im ñj are all independent and distributed as

Re ñj , Im ñj ∼ N
(

0, Sn(j∆f)
4∆f

)
for j = 1, . . . , N2 − 1 . [7.18]

In addition, for the special indices j = 0 and j = N/2, ñj is real by definition,
and the real part is distributed as ∼ N (0, Sn/(2∆f)) with a factor 1/2 instead
of 1/4. This specifies entirely the probability distribution of a Gaussian and
stationary (and circulant) noise vector. From a given PSD, we could simulate
Fourier-domain noise according to [7.18], and compute its inverse Fourier trans-
form to obtain time-domain noise data n. Comparing with [7.14], we see that
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the Dirac delta δ(f − f ′) that we had when working with continuous functions
has become a 1/∆f in the discrete representation.

The posterior distribution for the noise vector ñ can be obtained by multi-
plication of the probability distributions for the individual bins, and reads

ln p(ñ) = −2∆f
N/2∑
j=0

ajN
|ñj |2

Sn(j∆f) −
N/2∑
j=0

ajN
Sn(j∆f)

∆t − N

2 ln 2π . [7.19]

Here, we introduced a new notation ajN = 1, except for j = 0 and j = N/2
where ajN = 1/2. The second term is a normalization that depends only on the
PSD, and the third term is a pure constant.

We show in Fig. 7.3 an example of data from the LIGO observations
around the first detection event GW150914 (Abbott et al. 2016b) (data
from (https://gwosc.org/ n.d.)). The signal is completely invisible in the
times series of raw strain. We also show band-passed and whitened data,
where the signal emerges above the noise. Band-passing is done by
multiplying the Fourier-domain data d̃(f) → d̃(f) × w(f) by a window
function going smoothly to 0 outside of the frequency range of relevance for
the signal (eliminating large noise power at low and high frequencies).
Whitening amounts to dividing the data by the square root of the PSD,
d̃(f) → d̃(f)/

√
Sn(f). Note that the fact that the signal can be detected by

eye is atypical; GW150914 was especially loud, with an SNR of 24, and was
relatively high-mass, making it a short transient. Longer-lived, quieter signals
cannot be identified in the same way.

7.3.6. Noise-weighted inner product

A useful tool, that we will encounter multiple times, will be the following
noise-weighted inner product: for real signals a(t), b(t) ∈ R,

(a|b) = 4Re
∫ +∞

0
df

ã∗(f)b̃(f)
Sn(f) . [7.20]

This inner product has all the properties of a saclar product over real functions
a, b. It is conventionally written over positive frequencies, however we recall
that ã(−f) = ã∗(f) for a ∈ R. A factor 2 is included as a matter of convention.
The PSD of the underlying noise plays a crucial role in this noise-weighted inner
product, penalizing frequency ranges where the instrumental noise is high and
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highlighting the “bucket” of the instrumental sensitivity. In practice, one can
often limit the integral to a finite range of relevant frequencies [fmin, fmax].

When working with discrete data, the equivalent expression when restricting
the range to [fmin, fmax] = ∆f × [jmin, jmax] (thus ignoring the special cases
j = 0 and j = N/2), is

(a|b) = 4∆fRe
jmax∑
j=jmin

ã∗
j b̃j

Sn(j∆f) . [7.21]

Conversely, we can also translate the noise probability distribution [7.19] us-
ing this noise-weighted inner product. Removing constants that do not depend
on n, we have the simple rewriting

ln p(n) = −1
2(n|n) + const . [7.22]

This expression is also called the Whittle likelihood, and applies only to station-
ary Gaussian noise, provided that we also accept the circulant approximation
for finite-length data.

An important property of this inner product that will simplify future deriva-
tions is the following:

⟨|n)(n|⟩ = 1 . [7.23]

Namely, for any two signals a, b ∈ R, writing the integrals over positive and
negative frequencies we have

⟨(a|n)(n|b)⟩ = 4
∫ +∞

−∞
df

∫ +∞

−∞
df ′ 1

Sn(f)Sn(f ′) ã
∗(f)⟨ñ(f)ñ∗(f ′)⟩b̃(f ′)

= 2
∫ +∞

−∞
df
ã∗(f)b̃(f)
Sn(f) = (a|b) , [7.24]

where we made use of [7.14].

7.3.7. PSD estimation

The noise PSD Sn(f) will play a crucial role in all data analysis applications.
Although we can build models for the noise based on the physical processes at
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play, real instruments are of such complexity and undergo such variations over
time that we will always need to estimate the PSD from the data. When working
with the assumption of stationarity, we are in fact assuming that the process
is stationary on a limited data stretch around the event of interest, hopefully
longer than the signal itself.

A standard method to estimate the PSD is the Welch method. The idea
is to divide the data of length N into K segments of length M each, with
some overlap between segments. A smooth window tapering to zero at each
end is applied to each segment, before taking an FFT. The resulting spectra
of |ñ(f)|2 for the K segments are then averaged to estimate Sn(f) according
to [7.17]. If segments are of lengths M∆t, the frequency resolution is ∆f =
1/(M∆t). This leads to a trade-off: the longer the individual segments, the
better the frequency resolution ∆f , but the smaller K becomes, leading to more
statistical uncertainty when doing the averaging. Conversely, we can increase
K for a better statistical averaging of the spectra, but this will degrade ∆f
since segments become shorter.

Note that this method assumes that the signal is subdominant, allowing us
to ignore it in the PSD estimation. In future instruments, the data will not
always be noise-dominated. In particular, in LISA, long-lived signals such as
galactic binaries will always be present, meaning that we will not have noise-
only data segments; in addition signals will dominate instrumental noise in
some frequency bands and create confusion noise. In such a case, estimating the
instrumental noise PSD becomes part of a global fit framework, see Chapter ??.

For a description of noise characterization in the recent O2 and O3 LVK
runs, see (Davis et al. 2021). Real-life analysis with non-stationarity and glitches
is significantly more involved than what we described here, and an important
role is played by Bayesian methods using wavelets, such as BayesWave (Cornish
and Littenberg 2015).

7.4. Matched filtering

7.4.1. The matched filter: signal and noise

The first task of data analysts is to detect the tiny gravitational wave signal
in noise-dominated data streams. The matched filter approach to detection re-
lies on leveraging our knowledge of what the signal might look like. Intuitively, if
we cross-correlate such a signal template with data and if the template matches
well the physical signal, it will accumulate positive correlation as time goes by,
while the correlation with random instrumental noise will only fluctuate.
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If our data stream is s(t) = h(t)+n(t) with h(t) the gravitational wave signal
and n(t) the noise which has a zero mean in the sense of the ensemble average
⟨n(t)⟩ = 0, the idea is to introduce a filter W (t) and to build its correlation
with the data stream with and without signal as

ŝ =
∫
dtW (t)s(t)

n̂ =
∫
dtW (t)n(t) , [7.25]

where we omit bounds on integrals, assuming we work with a finite data seg-
ment. The signal and noise estimators ŝ, n̂ are random variables, as they con-
tain random noise, and by construction ⟨n̂⟩ = 0. The next step is to define the
expectation values:

S = ⟨ŝ⟩ , N2 = ⟨n̂2⟩ , N =
√
N2 , [7.26]

and the matched filtering approach consists in finding the optimal filter W (t) to
maximize the signal-to-noise ratio (SNR) S/N , assuming we know the physical
signal h(t).

7.4.2. The Wiener filter

Since s(t) = h(t) + n(t) with h(t) deterministic and n(t) random and zero-
mean, we can first write

⟨ŝ⟩ =
∫
dtW (t)h(t) =

∫
df W̃ ∗(f)h̃(f) , [7.27]

where we converted the integral from time-domain to Fourier-domain thanks
to [7.2]; the Fourier-domain integrals are on the full frequency range, unless
specified otherwise. For the noise, we have

⟨n̂2⟩ =
∫
df

∫
df ′ W̃ ∗(f)W̃ (f ′)⟨ñ(f)ñ∗(f ′)⟩ =

∫
df |W̃ (f)|2Sn(f)

2 ,[7.28]

where we used [7.14] for stationary noise.

A second helpful simplification is brought by introducing

w̃(f) = 1
2Sn(f)W̃ (f) , [7.29]
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so that the previous results become

⟨ŝ⟩ = (w|h) , ⟨n̂2⟩ = (w|w) , S

N
= (w|h)√

(w|w)
. [7.30]

Thanks to these redefintions, the solution of the optimization problem is clear.
The optimal value for S/N is obtained for w and h colinear, w ∝ h. Our
solution for the matched filter (up to a multiplicative constant that is a matter
of convention) is therefore

W̃ (f) = 2h̃(f)
Sn(f) . [7.31]

7.4.3. The matched filter statistics
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Figure 7.3: Matched filter statistics for the event GW150914. The first panel
shows the whitened band-passed data in blue and the best-matching template
in black. The lower panel shows the time series of the matched filter SNR |ρ̂|
as we slide the template in time.

With the result [7.31] at hand for the matched filter W̃ (f), we can come
back to the expressions of ŝ and ⟨n̂2⟩ in [7.25] and [7.28], and convert them to
the Fourier domain to obtain

ŝ = (h|s) , N2 = (h|h) . [7.32]
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Applying our optimal matched filter on the observed data stream, which
includes signal plus noise, we can build a statistic called the matched filter
SNR:

ρ̂ = ŝ

N
= (h|s)√

(h|h)
. [7.33]

Intuitively, this quantity is built by cross-correlating our template h with the
data stream s, normalizing by the norm of the template itself, all in accordance
with the noise-weighted inner product [7.20]. If the data has no noise at all,
with a physical signal matching exactly the template we are using, then the
value of the matched filter SNR would be the optimal SNR

ρopt =
√

(h|h) . [7.34]

The matched filter SNR takes values that fluctuate due to the randomness of
the noise. A crucial question is that of determining its probability distribution.
Because we are assuming that the noise is a Gaussian process and because we
can see ρ̂ as a linear combination of Gaussian variables, it has to be Gaussian
distributed itself, and we only have to determine its expecation value and vari-
ance. If we had a single data stream as in our previous notations, containing
only noise and no signal, then ⟨ρ̂⟩ = 0 and we have

In noise: ρ̂ = n̂

N
∼ N (0, 1) . [7.35]

In a data stream containing a signal matching exactly our template, ⟨ρ̂⟩ =
ρopt as defined in [7.34],

In presence of signal: ρ̂ = ρopt + n̂

N
∼ N (ρopt, 1) . [7.36]

We could also work with the square of the matched filter SNR as a detection
statistic; in that case, we would have that ρ̂2 is a χ2 variable with one degree of
freedom in the presence of noise only. In fact, when optimizing over the phase
degree of freedom, two degrees of freedom arise, as we will see in the next
section.

We show in Fig. 7.3 an example application of matched filtering, applied to
data around the event GW150914 ((Abbott et al. 2016b).

An important point is that of the expected SNR distribution of the sources.
Eq. 7.33 shows that ρopt ∝ 1/dL, with dL the luminosity distance (see Chap-
ter ??). As long as we do observations in the local universe, we can identify the
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luminosity distance with the comoving distance at low redshift, and a uniform
comoving density of sources translates as p(dL) ∝ d2

L. If the properties of the
source population do not vary much within our reach in redshift, regardless of
their distribution in mass, spin etc. we can change variable from dL to the SNR
variable ρ as follows:

p(ρ)|dρ| = p(dL)|ddL| , p(ρ) = p(dL)
∣∣∣∣ddLdρ

∣∣∣∣ ∝ ρ−4 , [7.37]

which indicates a steep fall-off in SNR: if we detect sources above a certain
threshold ρ > ρthres, most of the detections will be expected just above that
threshold.

7.4.4. Matched filter SNR optimization

Up until this point, we always considered a single template h(t), and as-
sumed that it matches exactly the physical signal. However, even if we imag-
ined knowing the intrinsic parameters of the gravitational wave source such as
masses and spins, we would have to seep through the data by changing the
merger time of the template, and possibly maximize our search statistic for
phase degrees of freedom as well, which will change the effective number of
degrees of freedom. In reality, none of the physical parameters of the source
are known, and we have to rely on a bank of templates to cover the param-
eter space, and the matched filtering procedure is applied on each of these
templates; this will be the subject of the next section.

First, a matched filter SNR can be maximized with respect to a shift in
time via an inverse Fourier transform as follows. If we introduce a familty
of templates ht0(t) = h(t − t0) that are shifted in time by t0, their Fourier
transform is

h̃t0(f) = e−2iπft0 h̃(f) . [7.38]

The normalization is unchanged by a time shift, (ht0 |ht0) = (h|h), and we have
(coming back to a two-sided Fourier-domain integral)

(ht0 |s) = 2
∫ +∞

−∞

df

Sn(f) s̃
∗(f)h̃(f)e−2iπft0 , [7.39]

so that we can introduce an intermediate Fourier-domain integrand g̃ and write

g̃(f) = 2s̃∗(f)h̃(f)/Sn(f) , (ht0 |s) = g(t0) [7.40]
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where g is the inverse Fourier transform of g̃. In practice, we are working with
discrete data vectors, the inverse Fourier transform is discrete, and we obtain
the value of (ht0 |s) on a grid of times t0 = k∆t with k ∈ Z. We can then look
for the optimum over k.

Another maximization can be done with respect to a phase degree of free-
dom, that is to say when there exist templates hc, hs and a phase φ so that

h(t) = cosφhc(t) + sinφhs(t) . [7.41]

The derivation is simpler if we can reparametrize the waveform so that the two
template components are orthogonal, (hc|hs) = 0. In that case we can write

ρ̂2 = (h|s)2

(h|h) = ((hc|s) + tanφ(hs|s))2

(hc|hc) + tan2 φ(hs|hs)
, [7.42]

which can be maximized with respect to tanφ to obtain (with a star for quan-
tities at the optimum)

tanφ∗ = (hs|s)
(hc|s)

(hc|hc)
(hs|hs)

, ρ̂2
∗ = (hc|s)2

(hc|hc)
+ (hs|s)2

(hs|hs)
= (hc|s)2+(hs|s)2 ,[7.43]

where we introduced normalized templates hc = hc/
√

(hc|hc),
hs = hs/

√
(hs|hs).

Comparing to our previous result [7.36], we see that the matched filter SNR
statistic, when optimized over phase, is now the quadratic sum of two Gaussian
variables,

(hc|s) ∼ N ((hc|h), 1) , (hs|s) ∼ N ((hs|h), 1) , [7.44]

with expectation values that become zero in the absence of signal.

We also have that those two Gaussian variables are independent, thanks to
the orthogonality of the two templates and to the property [7.23]:

⟨(hc|n)(n|hs)⟩ = (hc|hs) = 0 . [7.45]

Thus, the phase-optimized matched filter statistic follows a Rayleigh distribu-
tion with two degrees of freedom, off-centered in presence of signal.



DR
AF

T

298 GRAVITATIONAL WAVES

Armed with probability distributions for the matched filter statistic in pres-
ence of signal and of pure noise, one can adjust a detection threshold by balanc-
ing false alarms (p(ρ̂2) > ρ2

thres for noise) and false dismissals (p(ρ̂2) < ρ2
thres

for the signal). In Gaussian and stationary noise and for an exactly known
template, applying a threshold on the matched filtering statistic is optimal, i.e.
the false alarm rate is guaranteed to be minimal for a given false dismissal rate.
Such estimates are given in (Maggiore 2007), taking into account the fact that
we need multiple templates to cover the parameter space. However, these esti-
mates are too naive for realistic searches with non-Gaussian and non-stationary
data, as we will see.

7.5. Template bank searches

7.5.1. Template banks

The matched filtering approach assumes that the intrinsic parameters of the
source, which drive the dynamics of the system and determine the waveform,
are known a priori, which is not the case. The parameter space of interest
therefore needs to be scanned, with a finite set of representative waveforms
called templates. The effectiveness of a discrete sampling of the parameters
relies on the overlap between a given signal and ’nearby’ templates leading to
values of the matched filtering statistic ’close’ to the optimal value (obtained
when the parameters of the template match those of the signal). In practice,
these notions of ’nearby’ and ’close’ need to be quantified in order to build
appropriate template banks.

The match M(a, b) between a signal a and a template b is defined as their
normalized overlap maximized over all possible times and phases at coalescence
and quantifies how well template b correlates with signal a. The fitting factor φ
of a bank of templates b(θi), characterized by source parameters θi, for signal a
is defined as the maximum match and quantifies how well the bank can recover
this particular signal, i.e. the fraction of the optimal SNR captured by the
matched filtering.

M(a, b) = max
tc,ϕc

(a|b)√
(a|a)

√
(b|b)

≤ 1, φ = max
i
M(a, b(θi)) [7.46]

Building a template bank over a target parameter space requires dedicated
algorithms. The latter come in three broad classes: geometric, stochastic and
hybrid (i.e., combining the geometric and stochastic approaches). The geomet-
ric approach relies on the possibility to compute a metric on the parameter
space, i.e. to chart how the match between two neighboring points depends on
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differences in parameters. Knowing the metric allows to pave the space in an
optimal way (e.g., (Owen and Sathyaprakash 1999)). This approach is very effi-
cient, but the metric may be difficult to compute – depending on the waveform
model – and the complexity increases with dimensionality (from considering
the two component masses to including spin parameters). The stochastic ap-
proach instead involves placing templates at random points in the parameter
space in an iterative way, keeping new draws if their fitting factor with the
previous points is smaller than the required minimum. This approach is simple
and versatile, but tends to be slow and does not guarantee a complete coverage,
which is why in practice hybrid algorithms are often used.

The density of a template bank is parameter-dependent and is related to
the duration of the signal. Indeed, a signal with many cycles in the detector
bandwidth requires a template with very similar parameters to maintain a
good overlap and a good degree of correlation throughout the matched filtering
integral, whereas a signal with fewer cycles will be more tolerant in parameter
differences. This translates for instance into template banks that are denser at
small masses and sparser at high masses. Similarly, positive spins (aligned with
the orbital angular momentum) slow down the dynamics of the inspiral and
make for longer signals, requiring a high template density, whereas negative
(anti-aligned) spins shorten the signal and can accommodate a lower density.
It is also worth noting that improving the detector sensitivity at low frequencies
increases the number of signal cycles in band and requires an increase in the
density of template banks.

7.5.2. Towards searches in realistic noise

In practice, the noise of actual detectors is neither strictly Gaussian nor
stationary. The PSD shows variations on timescales of hours or days and needs
to be estimated on shorter timescales in order to capture properly those vari-
ations and not bias the matched filter process. Moreover, the matched filter
statistic is not perfectly Rayleigh distributed. Although the bulk of the distri-
bution is usually consistent with a Rayleigh distribution, it typically includes a
tail at high values of the statistic that does not match the expected decay of a
Rayleigh distribution. This tail is due to non-Gaussian features in the detector
noise, and varies according to the quality of the data, which is not constant
over time. The non-Gaussian features are related to noise transients of instru-
mental or environmental origin, often referred to as glitches. The consequence
is two-fold: On the one hand, methods need to be developed to suppress these
features in the detection-statistic distribution and bring the search sensitivity
as close to the ideal case as possible. On the other hand, the distribution of the
search background needs to be estimated from the data, as it is not possible to
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FIG. 10. PyCBC c2
r (top row) and GstLAL x 2 (bottom row) versus SNR in each detector. Triggers associated with a set of simulated binary

black hole signals that are added in software are shown, colored by the false alarm rate that they were recovered with (crosses). Also shown
are triggers associated with simulated signals that were added to the detectors. We see a clear separation between these simulated signals and
background noise triggers (black dots; for plotting purposes, a threshold was applied to the background, indicated by the gray region). Lines
of constant re-weighted SNR (gray dashed lines) are shown in the PyCBC plot; plotted are r̂ = {8,10,14,20}.
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Figure 7.4: Illustration (from (Abbott et al. 2016a)) of how signal-consistency
tests, such as the χ2

r (see equation 7.47) used by the PyCBC pipeline (top
row) and the ξ2 (based on the template autocorrelation function) used by
the GstLAL pipeline (bottom row) help separate astrophysical signals from
background. Points colored by their false alarm rate are simulated signals.
Black dots are background events, that can have high SNR but also feature a
high χ2

r or ξ2; we see that one can draw contours in this 2D space to separate
the two.

rely on the theoretical distribution derived under the assumptions of Gaussian
and stationary noise.

There are two main strategies to suppress non-Gaussian features. The first is
to assess the quality of the data a priori and flag times affected by elevated noise
levels or by the presence of glitches witnessed by auxiliary channels indicating
their instrumental or environmental origin. The flagged data are then either not
analyzed (typically, when the quality is bad for an extended period of time)
or analyzed after the problematic stretch of data has been excised (typically,
when the data are affected by a strong but short glitch), or analyzed as is but
vetoing triggers occurring at flagged times further down the line. The second
strategy involves developing tests to assess the consistency of the data with the
presence of a signal when the matched filter statistic takes a value high enough
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to suggest a possible detection (such occurrences, when the statistic exceeds
some threshold – typically around 4 – are usually called triggers).

The correlation involved in matched filtering provides an integrated quan-
tity and the resulting statistic can take high values even in cases where the
data match only part of the template. Signal-consistency tests typically seek to
evaluate whether the data are consistent with the expected waveform in more
details. This can be done in a variety of ways, including looking at the data
in the frequency domain or in the time domain. In the frequency domain, a
common test is to quantify how the SNR is distributed over frequency and
compare to expectations for the template, computing a χ2 statistic:

χ2
r = p

2p− 2

p∑
i=1

(
ρ̂i −

ρ̂

p

)2
[7.47]

where the frequency band has been divided into p intervals expected to con-
tribute equal SNR, ρ̂i is the matched filter statistic computed over frequency
interval i (Allen 2005). In the time domain, a typical approach consists in
comparing the time series of the matched filter statistic around the time of
the trigger with the time series of the template autocorrelation function. Fig-
ure 7.4 provides an illustration of how consistency tests can help separating
astrophysical signals from noise.

These quantities, or others resulting from different signal-consistency tests
(e.g., evaluating if the data are consistent with a signal in multiple detectors),
can be used in various ways: they can be compared to a threshold to discard
triggers with elevated values indicating that they fail the test and are likely not
of astrophysical origin; they can be used to weight the matched filter statistic
and construct a modified, better-behaved statistic with a distribution less af-
fected by a non-Gaussian tail; they can be used to construct a multi-parameter
likelihood and a detection statistic based on a likelihood ratio comparing the
odds of the measured quantities for signal and noise.

As already mentioned, non-ideal detector noise means that the ranking
statistic distribution for background events must be estimated from the data,
in order to reliably assess the significance of detection candidates. This is most
easily done when the data of multiple detectors are available and detection can-
didates come in the form of coincidences (triggers in different detectors with
matching time and template parameters). Evaluating the false-alarm rate asso-
ciated with a trigger requires measuring the rate of fake coincidences expected
to occur from noise, with a ranking statistic as high as that of the trigger.
There are several methods for this measurement. A common approach involves
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performing time slides, i.e. shifting the data of one detector with respect to an-
other – by an amount of time suppressing coincidences for astrophysical signals
–, which provides a handle on random noise coincidences. Statistical accuracy
follows from repeating the process with many different values of the time shift.
Estimating the background distribution for a single detector can also be done
but is more difficult and involves being more aggressive at vetoing likely noise
triggers, performing a degree of extrapolation and being more conservative.

An important aspect to keep in mind, when assessing the significance of a
detection candidate, is to take into account the fact that the search is not done
using the one template providing the candidate but is conducted on many other
templates as well. This look elsewhere effect requires including a trials factor
in the false alarm rate associated to the candidate. Care must be taken in the
approach used to this end, since not all templates are equivalent, background-
wise, as some (typically, short ones) are more susceptible to pick up glitches.
Some strategies are needed to avoid that the elevated background in some
parts of the parameter space limits the sensitivity of the search in parts of the
parameter space with better-behaved background.

Many more details, and references, about realistic searches can be found in
the review article (Chatziioannou et al. 2024). The LVK uses several pipelines
to search for signals from compact binary coalescences (e.g., (Ewing et al. 2024),
(Dal Canton et al. 2021), (Alléné et al. 2025)).

7.6. Bayesian inference

7.6.1. Bayesian statistics

Statistical inference in gravitational wave astronomy is frequently formu-
lated from a Bayesian point of view. In fact, while searches often use a fre-
quentist setting with quantities such as false alarm probabilities, leveraging
techniques such as time slides to mimic repeated experiments, tasks such as
inferring the physical parameters of the sources are set in the same context as
most of astronomy and cosmology: we observe non-reproducible data in one-
time detections, and we need to infer the physical parameters of the source;
the prior information that we assume we have on these physical parameters
will play an explicit role. This is the framework of Bayesian inference. Starting
from the joint probability of any two events,

p(A ∩B) = p(B|A)p(A) = p(A|B)p(B) , [7.48]
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we can write Bayes’ theorem as follows, using notation that we will explicit
below:

p(θ|d,M) = p(d|θ,M)p(θ|M)
p(d|M) . [7.49]

Here, the vector d represents the observed data; it is of dimension N , the
data size. The vector θ gathers the signal parameters that we want to infer.
If those are the parameters of a compact binary coalescence, those would be
masses, spins, sky position, . . . , and θ is of dimension d, the dimensionality
of the parameter space. We have added in our notation a generic context M,
gathering all our models and assumptions about the signals and the instrument.

In the left-hand side, p(θ|d,M) is the posterior, that we want to access: the
probability distribution of signal parameters θ given the observed data d (and
the model M). In the right-hand side, the term p(d|θ,M) is the likelihood:
the probability distribution of data d given the parameters θ. Evaluating the
likelihood requires a statistical model of the detector noise, as we will see below.
It is also where a model for the gravitational wave signals enters. The term
p(θ|M) is the prior, representing our pre-existing information on the signal
parameters. Some priors are easy to justify physically, for instance assuming
sources to be evenly distributed in volume for an homogeneous and isotropic
universe, while others are more difficult to motivate, an example being the
priors for masses and spins. As a rule, when quoting results for a posterior, one
should always mention which priors were used in the analysis.

Finally, the denominator p(d|M) is the evidence, which can be seen as an
overall normalization of the posterior, as

p(d|M) =
∫
dθ p(d|θ,M)p(θ|M) . [7.50]

When producing samples for the posterior, the evidence plays the role of a nor-
malization constant, independent on θ, and can be ignored. Furthermore, as a
high-dimensional integral, the evidence is difficult to compute in general. How-
ever, it plays an important role in model comparison (also named hypothesis
testing).

Assume that we wish to compare two models M1 and M2, given the ob-
served data d, to determine which model fits better the data. For instance,
the two models might include different physics in their waveform templates,
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or different assumptions about the instrumental noise. Using Bayes theorem
again, we can write an odds ratio as

p(M1|d)
p(M2|d) = B12

p(M1)
p(M2) , with B12 = p(d|M1)

p(d|M2) , [7.51]

where we introduced the notation B12 for the ratio of evidences, which is called
the Bayes factor. The second term incorporates the priors that we have for each
of the models.

The Bayes factor is often given in logarithmic scale. A Bayes factor B12 ≫ 1
indicates that the data “prefers” model 1 over model 2. The question of how
high a Bayes factor should be in order to be considered significant is somewhat
open.

An important point is that the Bayes factor incorporates an “Occam’s razor”
argument: if model 2 is more complex (has more parameters) than model 1
but does not achieve a significantly better fit to the observed data, the Bayes
factor will favor model 1. This behaviour is to be relativized to some extent:
as shown by [7.50], if extra parameters are introduced that do not affect the
likelihood in any way, they will not affect the evidence; it is only when the
extra parameters are constrained by fitting the data that the penalty occurs.

7.6.2. Sampling from a posterior

Although the posterior p(θ|d,M) can be seen as a function of the param-
eters θ, it is rarely advisable to directly evaluate it, except when dealing with
one- or perhaps two-dimensional parameter spaces. The reason is the curse of
dimensionality: the computational complexity of a brute-force approach such
as a direct gridding of the parameter space is growing exponentially with the di-
mension. Namely, if we need n points in each dimension to cover the parameter
space, a d-dimensional grid will require nd points in total.

This is why Bayesian inference relies on sampling the posterior distribution.
For any random variable X with a probability density p(x), a set of independent
discrete samples is a set of values {xi}i=1,...,N representing independent draws
of X. The defining property for a set of samples to faithfully represent a random
variable is to ensure that for any test function F (x) on parameter space,

1
N

N∑
i=1

F (xi) ∼
∫
dx p(x)F (x) [N → +∞] . [7.52]
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Another important property for these samples is to be independent from each
other, although that is often only achieved approximately, as we will see below.

An important distinction is to be made between marginal and conditional
posteriors: for a joint distribution of two variables p(x, y), the marginal distri-
bution for x is p(x) =

∫
dy p(x, y) (an integral over y of the joint distribution)

while the conditional distribution for a given value of y is p(x|y) (a slice of the
joint distribution). In practice, we almost always report marginal distributions
in scientific papers, simply because we cannot visualize a multidimensional pos-
terior. Marginalizing is transparent for samples representing a distribution, as
one can just ignore the extra parameters to obtain samples of the marginalized
posterior.

In order to summarize the information contained in a posterior, marginalized
posterior samples can be readily used to obtain confidence intervals in individ-
ual parameters. Summarizing further, the max-posterior point is the optimum
of the posterior (one often uses the max-likelihood, which is justified when the
prior does not make too much difference). Note that the max-posterior point is
not necessarily the maximum of the marginal posterior, due to the integration
over the marginalized axis. The statistical mean of the distribution can also be
used, although this notion is less representative e.g. for multimodal posteriors.

Another important qualitative feature of multidimensional probability dis-
tributions is the relative weight of the central regions and of the tails of the
distribution. This can be illustrated by considering a Gaussian distribution in
d dimensions. If we were to draw samples from such a multivariate normal,
the distribution of ξ ≡ ln(p/ppeak) itself, which is related to the half square
distance from the peak (normalized by the covariance) would be

p(ξ) = 1
Γ(d/2)(−ξ)d/2−1eξ , [7.53]

with an average of ξ = d/2. Thus, the higher the dimension, the further away
from the peak are the typical samples: the relative probability weight of the
tails is higher. This effect is already apparent when going from 2 to 1 dimen-
sions. Consider the 1-sigma level for the 1D marginals: it contains 68% of the
probability in each marginal. However, in 2D, the ellipse corresponding to this
level curve in p, at ξ = ln 1/2, contains only 39% of the total probability.

7.6.3. Markov chain Monte Carlo methods

We will give here an abridged presentation of the simplest and most widely
used method for producing samples from a posterior distribution, provided
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that we can evaluate it as a function (as a product of the likelihood and prior,
unnormalized): the Metropolis-Hastings algorithm for a Markov Chain Monte-
Carlo (MCMC) approach.

A Markov chain is a sequence with no memory; if {xi} is the sequence,
the algorithm determining the next step xK+1 depends on xK but is fully
independent from the set {xi}i≤K−1. This is particularly simple to implement
in code, and such an algorithm can be restarted at any point. The aim here
is to obtain samples {xi} representative of a target probability density p(x) as
in [7.52] (x can be multidimensional, but we do not use boldface here). We will
denote by T (x, y) the transition probability, that is to say the probability to
jump to y if the chain is in x, at each step of the chain.

The condition that we will require for the chain is the stationarity of the
distribution:∫

dx p(x)T (x, y) = p(y) , [7.54]

Intuitively, this condition states that if we draw a starting position x according
to the target distribution p(x) and if we perform a random jump according
to T (x, y), then the landing point y is still distributed according to the target
p(y). We also need to chain to be ergodic, but we will leave this question aside
here.

We will in fact focus on another condition, the detailed balance condition:

p(x)T (x, y) = p(y)T (y, x) . [7.55]

This condition will be easier to prove, and is a sufficient condition to ensure
the stationarity: if verified,

∫
dx p(x)T (x, y) =

∫
dx p(y)T (y, x) = p(y) , [7.56]

since
∫
dxT (y, x) = 1 as T is a probability distribution in its second argument.

In the Metropolis-Hastings algorithm for MCMC, one first specifies a jump
proposal q(x, y) which is a probability density in y given x (q is not necessar-
ily symmetric in its arguments), and then an acceptance probability α(x, y).
Starting from x, we draw a proposed new position y according to q(x, y); with
the probability α(x, y), the chain moves to the new position, and with the
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probability 1 − α(x, y), we reject the jump and the chain stays in place. The
Metropolis-Hastings rule for the acceptance probability is

α(x, y) = min
(

1, q(y, x)
q(x, y)

p(y)
p(x)

)
. [7.57]

If the proposal is chosen to be symmetric, q(x, y) = q(y, x), the acceptance is
α(x, y) = min (1, p(y)/p(x)). In other words, if the proposed point is higher in
probability, p(y) > p(x), we always accept the jump; if it is lower, p(y) < p(x),
we accept the jump with probability p(y)/p(x). The chain will always accept
to go up, and sometimes accept to go down.

We can verify the detailed balance relation for x ̸= y, for example assuming
that α(x, y) = p(y)q(y, x)/p(x)q(x, y) < 1. Then we have

p(x)T (x, y) = p(x)q(x, y)α(x, y) = p(y)q(y, x) = p(y)T (y, x) , [7.58]

since α(y, x) = 1 in that case.

7.6.4. Sampling techniques and parallel tempering

Although the MCMC-MH algorithm is a remarkably simple formal solu-
tion, in practice efficient sampling entails a lot of cooking recipes to ensure
convergence in a reasonable number of steps, with an adaptation required to
each target probability distribution. For a pedagogical exposition on MCMC,
see (Hogg and Foreman-Mackey 2018).

The design of the proposal in the MCMC Metropolis-Hastings approach
is left to the user, and will in general be tailored to the specific problem ad-
dressed. The simplest idea for q(x, y) could be to use a Gaussian proposal in y
centered on x, with a given covariance. The choice of this covariance illustrates
an important underlying tradeoff: we wish to achieve a good acceptance rate
for the chain (in order not to waste computation time), while also achieving
a good mixing of the chain (exploring well the parameter space). Indeed, if
the proposal was too wide, many jumps would go to irrelevant regions of low
probability and be rejected; if the proposal was too narrow, the jumps would
be often accepted but the chain would need many iterations to move away from
its current position and explore the full parameter space.

Several methods exist to build adaptive proposals, meant to avoid fine-
tuning issues. These include ensemble sampling, where a group of walkers is
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evolved in parallel, with proposals being built from the other walkers; and dif-
ferential evolution, where the history of the chain is used. Another approach is
called Hamiltonian Monte-Carlo, where one relies on gradients of the posterior
surface to integrate trajectories.

Another important limitation of the method is that samples from an MCMC
chain are not, in fact, independent from each other. One useful diagnostic here
is to compute an autocorrelation length for the chain, and to run the chain
until one obtains a predetermined number of effectively independent samples,
measured as the length of the chain divided by this autocorrelation length.

Importantly, due to the acceptance/mixing tradeoff, it is difficult to ensure
that the chain would not remain stuck in secondary maxima of the distribution,
missing the max-probability region entirely. One generic and simple technique
addressing the issue of secondary maxima is parallel tempering (PT), which
is a particular case of replica exchange. The idea is to add high-temperature
chains that will explore a tempered (flattened) probability distribution, moving
more easily between secondary maxima, while exchanging information with our
original chain.

One can generalize the chain to be K replica chains in parallel, i.e. x =
(x1, . . . , xK). Separating the target posterior p as a prior π and a likelihood L,
we write a joint probabilty that is independent across replicas,

p(x) =
K∏
i=1

pk(xk) , pk(xk) = π(xk)L(xk)βk , βk = 1
Tk

. [7.59]

Here the Tk are the chain temperatures. T1 = 1 for the original, “cold” chain,
while the others T2 < · · · < TK must be chosen to ensure a good exploration
of the parameter space. The MCMC chain for x advances either by steps that
evolve each of the xk independently, or by steps that propose an exchange be-
tween replicas. For a swap proposal (. . . , xi, . . . , xj , . . . )→ (. . . , xj , . . . , xi, . . . )
(symmetric by construction), the MH rule for the acceptance is

αij = min
(

1, pi(xj)pj(xi)
pi(xi)pj(xj)

)
= min

(
1,
(
L(xj)
L(xi)

)βi−βj
)
. [7.60]

This swap acceptance respects the detailed balance, and the accepted swaps
move information between high- and low-temperature chains. One typically
implements swaps between adjacent temperatures.

In the context of gravitational wave astronomy, a sampler implementing en-
semble sampling, parallel tempering and many other features is eryn (Karnesis
et al. 2023).
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7.6.5. Nested sampling

So far, we have not described how the proposal distribution is to be cho-
sen. This choice is free in principle, but needs in practice to be tailored to the
problem at hand. The simplest idea would be to use a Gaussian proposal (au-
tomatically symmetric). The covariance illustrates an acceptance versus mixing
tradeoff. With a covariance that would be too narrow, we would have a good
acceptance rate (most jumps would be accepted), but poor mixing, as the chain
would not explore enough of the parameter space; a covariance too broad, and
the acceptance rate would decrease, as we would often propose jumps to irrel-
evant parts of the parameter space.

A different approach to sampling is provided by nested sampling; we will
not give any details here and refer to (Ashton et al. 2022) for a review. This
method allows to compute the evidence, but can also produce posterior sam-
ples. The method evolves an ensemble of live points; at each iteration, a new
sample is drawn from the prior volume constrained to be of higher likelihood
than the lowest-likelihood point, which is then replaced. Applying a weight
to the live point replacements turns them into samples. Nested sampling has
become of paramount importance in LVK data analysis, and is used in the
Bilby pipeline (Ashton et al. 2019) responsible for parameter estimation in the
current observing runs.

7.7. Parameter estimation for gravitational wave signals

7.7.1. The Whittle likelihood: stationary and Gaussian noise

We had seen in [7.22] that the probability density for stationary Gaussian
noise (using the circulant approximation for finite-length data) can be written
as p(n) = e−(n|n)/2. In this section we use notations for functions, but we
would use discrete data in real applications. From this probability distribution
for the noise, which encodes our statistical understanding of the instrument,
we can build the likelihood function. Assume that the gravitational wave signal
is h(θ), with θ the parameters that we want to infer, and assume that we have
perfect knowledge of h(θ) (this is not true in reality, we always have to resort
to approximate waveform templates); we can then write

d = h(θ) + n , p(d|θ) = p(n = d− h(θ)) , [7.61]

which given the probability distribution of the noise gives us

ln p(d|θ) = −1
2(d− h(θ)|d− h(θ)) + const . [7.62]
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In other words, the likelihood is the probabillity that the noise realization ex-
plains the residuals between the observed data and the template. This Whittle
likelihood amounts to computing the square norm of these residuals according
to the noise-weighted inner product [7.20], which is done in practice using the
sum [7.21] for discrete Fourier-domain data. The likelihood can then be used
as the basis for Bayesian inference as described in Sec. ??.

Note that there will be applications where one wants to infer parameters
of the noise PSD itself, rather than those of a deterministic signal in the data
stream. In that case, we can still use the Whittle likelihood for Bayesian infer-
ence, but we need to include all PSD-dependent terms in [7.19].

7.7.2. The Fisher matrix approach

Sampling a posterior distribution can be costly. Whenever we want to simu-
late the process of parameter inference, for instance to explore the capabilities of
future instruments, simulating many signals and performing Bayesian inference
for each individual source. An important tool for simulating a simplified version
of parameter estimation is the Fisher matrix approach (sometimes called the
Information matrix). As we will see, it is also useful in shedding light on the
effect of the noise, or of waveform inaccuracies.

The Fisher matrix approach is formally valid in the limit of a large SNR2 =
(h(θ0)|h(θ0)). We will not give the general definition of the Fisher matrix here,
and directly use the simple form for our Whittle likelihood [7.66]. Ignoring the
presence of the noise, if the data is d = hθ0 , the likelihood peaks at θ = θ0.
At high SNR, we can then consider only the vicinity of the peak and use
a linearized signal approximation, at first order in deviations from the peak
parameters ∆θ = θ−θ0. The Whittle likelihood then takes the following form
(with indices j, k spanning parameter dimensions, with implicit summation):

h(θ) = h(θ0) + ∆θj∂jh(θ0) +O(∆θ2) ,

ln p(d|θ) = −1
2∆θj∆θk(∂jh|∂kh) +O(∆θ3) . [7.63]

We see that at leading order, the likelihood becomes a Gaussian in ∆θ, with a
covariance Γ−1 which is the inverse of the Fisher (or Information) matrix

Γjk = (∂jh|∂kh) . [7.64]

The diagonal elements of the covariance σj =
√

Γ−1
jj give the 1-σ Gaussian

errors for the different signal parameters. If we were to rescale the signal h(θ0)
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by a factor λ, we would have Γ ∝ λ2; as a result, the Fisher uncertainties are
inversely proportional to the SNR, or proportional to the luminosity distance1,
σj ∝ 1/SNR ∝ dL.

A word of warning is needed regarding the use of the Fisher matrix (Val-
lisneri 2008). It applies formally in the limit of large SNRs; it is conceptually
a local approximation, and will miss by construction any multimodality in pa-
rameter space with distant secondary peaks. In addition, the numerical compu-
tation of the Fisher matrix is often a delicate task. The matrix inversion needed
to compute the covariance is vulnerable to degenerate or quasi-degenerate pa-
rameters: if there are directions in parameter space where one could move
without changing the signal much, the Fisher matrix will have near-zero eigen-
values and its inversion will be problematic (while such nuisance parameters
are often uninteresting physically). The formalism requires computing param-
eter space derivatives of the waveforms, which is simple for some parameters
(e.g. the luminosity distance) but often needs to be done numerically; in the
latter case, one needs to carefully check that the results are stable with respect
to changes in the steps chosen for the discrete derivatives. Finally, it is inher-
ently a Gaussian approximation to the likelihood, and is limited as such. The
performance of the Fisher matrix can sometimes be improved by a change of
variables, choosing a set of parameters in which the likelihood looks as Gaussian
as possible.

7.7.3. Noise, errors and biases

The linearized signal approximation that we used in the Fisher matrix ap-
proach can also help us understand errors when including the effect of the noise
in the inference. With a non-zero noise realization,

ln p(d|θ) = −1
2(h(θ0)− h(θ) + n|h(θ0)− h(θ) + n) + const . [7.65]

Applying the same linear signal expansion as in [7.63]2, we have

ln p(d|θ) = −1
2∆θj∆θk(∂jh|∂kh) + ∆θj(∂jh|n)− 1

2(n|n) + const . [7.66]

1. Care must be taken for the luminosity distance; in that case it is the relative error
σdL /dL that scales as ∝ 1/SNR.
2. Note that our derivations here are a bit simplified and improper, we refer to (Cutler
and Vallisneri 2007) for more rigorous treatment.
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Here the term (n|n) is a constant and plays no role. Maximizing with respect
to ∆θ, we obtain that the maximum likelihood is achieved for a non-zero pa-
rameter shift ∆θjn, with

∆θjn = Γ−1
jk (∂kh|n) , ln p(d|θ) = −1

2(∆θj−∆θjn)(∆θk−∆θkn)Γjk+const .[7.67]

Thus, in this approximation the likelihood is shifted to θ0 + ∆θn, and retains
the same covariance Γ−1.

The noise-induced shift (or error) ∆θn depends linearly on n and has there-
fore zero mean, ⟨∆θn⟩ = 0. We can compute its variance using the prop-
erty [7.23] as

⟨∆θjn∆θkn⟩ = Γ−1
jl Γ

−1
km⟨(∂lh|n)(n|∂mh)⟩ = Γ−1

jl Γ
−1
km(∂lh|∂mh) = Γ−1

jk ,[7.68]

which shows that the variance of this shift coincides with the Fisher covariance
itself.

This leads to an important observation, telling us what would happen if we
were to repeat simulations of parameter inference for different noise realizations:
in presence of noise, the posterior is shifted with respect to the true parameters,
and this noise-induced error is random, zero-mean, and scales as the width of
the posterior itself. At leading order, the noise does not affect the posterior
width.

The same formalism can also be applied to the case of waveform systematics,
when the templates hm that we use in the likelihood differ from the true signals
h in the data as hm = h + δh. In that case, we obtain similarly a bias ∆θδh
given by

∆θjδh = −Γ−1
jk (∂kh|δh) . [7.69]

This bias is often called the Cutler-Vallisneri bias (Cutler and Vallisneri 2007);
contrarily to the noise-induced errors, it is deterministic. The objective of wave-
form modellers is to ensure that such systematic biases remain small enough
that they are subdominant with respect to statistical uncertainties, that is to
say |∆θδh| ≪ σ (schematically).

7.7.4. An example parameter estimation result: GW150914

We give in Fig. 7.5 an example corner plot representing the posterior on
the physical parameters of GW150914, downloaded from GWOSC. In such a
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Figure 7.5: Posterior samples for GW150914, with only a subset of the 15
parameters: masses (m1, m2), spin magnitudes (a1, a2), luminosity distance
(dL), inclination (θJN), and sky position (ra, dec).

corner plot, each panel represents a marginal 2D distribution for a pair of
parameters, while the diagonal panels give the marginal 1D distributions. Due
to lack of space, we only show a subset of parameters (6 out of 15): masses,
spins, distance, inclination, and sky position.

7.8. Other topics
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7.8.1. Bursts and unmodelled signals

In the previous sections, we discussed the search for gravitational wave
signals and the recovery of the source parameters using templates representing
(to our best knowledge) the expected signal. As such, we have left aside an
important question: what can we do if we do not dispose of templates at all, if
we are looking for unmodelled signals ?

There are multiple motivations for considering this case. First, as a sanity
check, we want to verify that we can also do science without relying on our the-
oretical predictions, possibly flawed. Second, there are also astrophysical classes
of sources with a complicated physics, for which building templates is challeng-
ing; primary candidates here are signals from core collapse supernovae, that can
produce bursts of gravitational radiation among the targets of ground-based
detectors. Third, gravitational wave science is a discovery science, and we do
not want to exclude signals from exotic objects and/or unknown astrophysical
processes.

Unmodelled searches are run in parallel of template-based searches for LVK
observations. One such example is CWB (Coherent Wave Burst) (Drago et al.
2020). Due to the lack of templates, they are not as sensitive to extract long-
lived low-amplitude signals. As a result, they achieve their best sensitivity for
high-mass binary black holes. In fact, the first detection of GW150914 was
made concurrently by template-based and unmodelled searches!

Even in the absence of detailed templates h+(t), h×(t), one can still exploit
the minimal physical assumptions that the gravitational wave contains only the
two polarizations plus and cross, and propagates at the speed of light. Armed
with these hypotheses, we can hope to distinguish between noise transients and
GW bursts by leveraging the fact that the former should be incoherent between
detectors, while the latter signals should be coherent (with a small time delay
related to sky position) and consistent in amplitude and phase with the known
detector response to a h+, h× signal.

Unmodelled burst analyses typically take place in the time-frequency do-
main, using a wavelet representation. In this representation, the signal will
show as high-power regions, especially around merger for a CBC. Clustering
algorithms are used to identify the time-frequency pixels corresponding to the
signal. To distinguish between noise and signals, one builds a coherent energy
Ec from cross-correlations between detectors, and a noise energy En from the
auto-correlation in each detector after the correlated signal is subtracted. The
detection statistic is then built as

η =

√
2E2

c

Ec + En
. [7.70]
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The information about the time shift and relative signal amplitude between
the two detectors can also be used to reconstruct the position of the source, by
scanning the sky.

7.8.2. Continuous waves and long-lived signals

In the standard picture that we took so far, the signal was assumed to
be a CBC with a short duration. In the context of LVK, where even BNS
signals last at most a couple of minutes, this allowed us to model the detector
noise as stationary, and to ignore the motion of the detector itself during the
observations. Crucially, such CBC signals have a limited number of orbital
cycles in the detector’s sensitive frequency band.

However, we know of astrophysical systems that could emit
almost-monochromatic GW signals, that would last for the entirety of our
observing runs: as shown by observations of pulsars, neutron stars can rotate
to high velocities, and could emit gravitational waves if they presented a
deviation from axisymmetry. We observe the spin-down of many pulsars, and
this puts an upper limit on the possible angular momentum loss through GW
emission. The expected signal is extremely low in amplitude, and we can only
hope to detect it by leveraging the power of matched filtering, accumulating
coherence between template and signal over a long time.

However, using matched filtering for these continuous waves sources comes
with significant challenges. The first is simply the size of the data at hand: at a
sampling frequency of 1kHz, a single day of data represents ∼ 108 samples and
a 3-months run, ∼ 1010. The second is the size of the parameter space to cover,
in the meaning of the number of templates that would be needed to reliably
catch the signal.

The signal from such a continuous source (see Chapter ??) will be charac-
terized by a main frequency f0, possibly its derivative ḟ0 (and maybe second
derivative f̈0). On long timescales, we also have to take into account the rela-
tive motion of the source and detector, which creates a varying Doppler effect
in the observed frequency, and can also be represented as a varying delay (the
Roemer delay):

fobs(t) = fsource(t)
(

1− k · v(t)
c

)
, ϕobs(t) = ϕsource

(
t+ k · x(t)

c

)
,[7.71]

where k is the propagation vector, v the relative velocity, and
x(t) = xsource(t) − xdet(t) the separation between source and detector. The
motion of the Earth around the Sun, as well as the motion of the detector due
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to the Earth’s rotation, give large modulations contributing a large number of
cycles (see estimates in Chapter 7.6 of (Maggiore 2007)). If the pulsar is in a
binary system, there is an additional delay due to the binary’s orbit. 3.

This creates a strong contrast between blind, directed and targeted searches.
In directed searches, we aim for a known candidate source (such as the Vela or
Crab pulsars), which gives us the position of the source in the sky with a great
accuracy. This eliminates two degrees of freedom from the problem, and we
can de-modulate the signal, effectively removing the delays in [7.71]. If we have
radio observations of a pulsar, we also know the frequency with great accuracy,
considerably reducing the search space in a targeted search. In blind searches,
all those parameters are left free. Because of the very large number of cycles
observed for over months of signal, the frequency resolution is tiny. The orbital
modulations in [7.71] also contribute a large number of cycles, which leads to a
tiny resolution in the sky position. In other words: a very small change in f0 or
in the sky position will make our template go out of phase with the signal, and
we will need a very large number of templates for such a blind search. Estimates
on these resolutions can be found in Chapter 7.6 of (Maggiore 2007), and the
result is that a blind search with a full data stream is unfeasible. Importantly,
the duration of observation T is a strong driver for the cost of the search ∝ Tn,
with n at least 4 and possibly larger if e.g. the pulsar spin-down is included.

This motivates introducing a different approach: semi-coherent searches.
The idea is to segment the data stream and use templates that are only coherent
with the signal on each segment, instead of the full data. The price to pay in
such methods is an increase in false alarms, as semi-coherent templates are
more likely to pick up correlations with noise; as a result, the threshold of the
minimal detectable signal amplitude is larger.

We can get qualitative scalings as follows. If the search statistic is not the
matched-filter SNR [??], but instead a semi-coherent search statistic built as a
sum over k = 1, . . . ,K segments as

Λ̂K =
K∑
k=1

ρ̂2
k , ρ̂2

∗k = maxϕk
ρ̂2
k(ϕk) , [7.72]

where we optimize the matched filter SNR in each segment over a free phase
degree of freedom ϕk. This new search statistic Λ̂K would then follow an off-
centered χ2 distribution with 2K degrees of freedom, which for large K behaves

3. Note that real pulsars can also present glitches, which will cause jumps in the
frequency evolution.
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as a normal distribution with

In noise: Λ̂K ∼ N (2K, 4K) [K → +∞] ,

In presence of signal: Λ̂K ∼ N (ρ2
opt + 2K, 4ρ2

opt + 4K) [K → +∞] , [7.73]

We write schematically here: in reality, one would need to go through the
optimization procedure as in Sec. ??; and for complex signals, the above is only
valid in the large-K limit. The important point is the following: on one hand,
by allowing the use of templates that only need to remain coherent with the
signal over shorter segments of length T/K, if the size of the template bank
scales as ∼ Tn, we can now use ∼ (T/K)n templates on each segment. On the
other hand, the variance is now linear in K, which means that the detection
threshold allowing to reject the noise-only hypothesis at a given confidence level
is ρ2

thres ∼ K. In summary:

Computational cost: K × (T/K)n ∼ Tn/Kn−1 ,

Detection threshold: ρthres ∼ K1/4 . [7.74]

With n ≥ 4, we can see that by increasing K, one can achieve indispensable
computational gains, at the expense of a moderate loss of sensitivity.

Finally, an important aspect of such analyses is that the detector cannot be
considered stationary on long timescales, and the data comes with interruptions
due to the duty cycle of the detectors. This is tackled by segmenting the data
stream in independent segments. Analyzing the whole data from a given run
also requires to handle data quality (glitches, . . . ) everywhere and not just
around CBC events.

For further reading on continuous waves, see the review (Prix 2009).

7.8.3. Stochastic backgrounds

So far, we have taken a deterministic view of the signal, representing it as
h(θ), the emission from a single source with certain parameters θ. However,
the gravitational wave signal could also be stochastic in nature. There are dif-
ferent scenarios: first, a stochastic signal can be formed by the superposition
of individual signals generated by many inspiralling binaries. We already know
of such a signal, indirectly: the population of binary black holes and neutron
stars observed by LVK leaves such a signal after we identify only the loudest,
nearby sources. In the case of LISA, the number of galactic binaires emitting
in band is so large that we expect them to cretae a stochastic foreground (see
Chapter ??), contributing a confusion noise to be considered alongside instru-
mental noise. A gravitational wave background could also be a relic of processes
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in the early universe, such as phase transitions or inflation, that would produce
anisotropic stress, source of tensor perturbations in the metric. In all cases,
stochastic signals are of great physical importance and one of the targets of
future GW astronomy.

A comprehensive review on data analysis for stochastic backgrounds of grav-
itational waves (SGWBs) is given in (Romano and Cornish 2017).

One can represent a SGWB as a superposition, for each polarization A =
+,×, of plane waves in a Fourier representation, propagating in each direction
n:

hij(t,x) =
∑

A=+,×

∫
df

∫
d2n h̃A(f,n)e−2iπf(t−n·x/c) . [7.75]

Here, the signal h̃A is considered itself as a stochastic process. Crucial simpli-
fying hypothese are to assume that the background is stationary, isotropic and
Gaussian. Isotropy is justified by the cosmological principle, while stationarity
and Gaussianity are justified if we think of the signal as being the superposition
of a large number of weak individual signals, using the law of large numbers.
Under those assumptions we have

⟨h̃A(f,n)h̃B(f ′,n′)⟩ = 1
2Sh(f)δ(f − f ′)δ

2(n,n′)
4π . [7.76]

The spectral density of the GW background Sh(f) plays a role similar to the
noise PSD Sn(f) that we introduced in Sec. ??.

There are different approaches to the detection and characterization of such
a signal. In a single detector, telling apart the stochastic signal Sh from instru-
mental noise Sn can be challenging, since the noise PSD must also be learned
from the data. One avenue is to exploit a known (parametrized) spectral shape
for Sh, as well as assuming a parametrized model for Sn motivated by the
physics of the instrument. If the two components differ in spectral shape, one
can use the likelihood formed by [??] with Sn → Sn + Sh (removing the de-
terministic h(θ)) and infer the parameters of both models. For instance, this
can be used for a loud background, or for a background with distinct spectral
features (e.g. a bump in its spectrum).

A more informative approach is based on cross-correlation between detec-
tors. Assuming that the noise in the detectors is independent (for instance, if
they are far apart geographically), we can exploit the fact that the GW stochas-
tic signal is coherent, in a sense to be clarified. By accumulating data over long
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periods of time, we can tell apart this coherent signal from the incoherent
instrumental noise.

Based on this idea, on can introduce a filter as in Sec. 7.4.2:

ŝ =
∫
dt

∫
dt′ s1(t)s2(t′)Q(t− t′) , [7.77]

where s1(t), s2(t) are the data streams from the two detectors, and Q is the
filter we want to choose to optimize the signal-to-noise ratio, following a sim-
ilar procedure to Sec. 7.4.3. When correlating the signal at the two detector
locations x1 and x2, we have to take into account the phase factors in [7.75],
as well as the detector response sj =

∑
A F

j
Ah

j
A(t,xj), with the detector label

j = 1, 2 and F j+, F
j
× the detector pattern functions (for LVK-like instruments).

This gives rise to the following overlap reduction function:

Γ12(f) =
∫
d2n

4π

[∑
A

F 1
A(n)F 2

A(n)
]
e2iπfn·∆x/c , γ12(f) = Γ12(f)

Γ12(0) .[7.78]

with ∆x = x1 − x2 the detector separation. The normalized overlap γ12(f) is
1 at low frequencies, but oscillates and drops to 0 at high frequencies, repre-
senting the fact that the gravitational waves become out-of-phase due to the
propagation between the two detectors – in this regime, correlations are not
informative anymore. How fast the fall-off occurs depends on the distance be-
tween detectors; for instance, for the pair of LIGO detectors in Livingston and
Hanford, the fall-off is around ∼ 50Hz.

We will only quote here the result for the optimal filter and SNR, without
demonstration:

Q̃(f) = γ12(f)Sh(f)
S2
n(f) ,

(
S

N

)2
= 2T

∫ +∞

0
df
γ2

12(f)S2
h(f)

S2
n(f) . [7.79]

This optimal filter, in analogy with the CBC case using templates, requires
knowing the spectral density of the signal Sh(f). The prefactor T is the total
observation time; we can see that the SNR increases as

√
T as we integrate

more data, exploiting the coherence of the SGWB versus the incoherence of
the noise across detectors.

Note that the assumptions of stationarity, Gaussianity and isotropy have
limitations. This is particularly true for the background formed by unresolved
CBCs: in amplitude, the combined signal might have a strong component from
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the loudest unresolved signals, just below the SNR detection threshold, which
will appear as intermittent transients in the stochastic process – a phenomenon
well described as pop-corn noise. New methods are currently being explored
to go beyond these simplifying assumptions. Anisotropies in the background
can also be targeted, although they could be challenging to detect as a sub-
dominant component.

7.8.4. Hierarchical inference

As current detectors keep accumulating higher-quality data and detections,
gravitational wave astronomy is evolving, from the discovery science that it
was at the time of the first detections, to a statistical science now and in its
future. With close to 300 CBC detections (as of March 2025, during the run
O4), LVK observations now allow us to probe the populations of astrophysical
sources, and not only the parameters of individual events, thus allowing us to
infer the distribution of masses, spins etc. of the compact object binaries in our
universe. Another such application is gravitational wave cosmology, where we
infer cosmological parameters such as the Hubble constant H0 from the collec-
tive observations of luminosity distance of CBCs combined with information
about their redshift (see Chapter ??). Inferring hyperparameters, that is to say
parameters that affect our set of observations as a whole, is a process called hi-
erarchical inference: we assume that we can model the parameter distribution
of the population π(θ|Λ) and the rate of events Ns, and we want to sample
from a posterior p(Λ|{d}) given a set of observations {d}.

The detection process of a GW detector can be characterized as an inhomo-
geneous Poisson process, incorporating selection effects, as described in details
in (Vitale et al. 2020). The occurence of CBCs in the universe can be treated
as stochastic, and on any given time interval, we expect the number of events
to follow a Poisson statistic: the probability of N events occuring when the
expected value is N is

p(N |N) = N
N

N ! e
−N . [7.80]

One needs to distinguish the rate of astrophysical events from the rate of de-
tection. Crucially, the detector’s ability to detect signals depends on their pa-
rameters. For instance, high-mass systems are intrinsically louder and visible
to larger distances than low-mass events; if we want the intrinsic distribution of
masses in the population, this selection effect has to be taken into account. To
be complete, one would also need to include false detections, when a random
noise fluctuation causes a spurious trigger.
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20

FIG. 9. The empirical cumulative density function F̂ =
P

k Pk(x)/N of observed binary parameter distributions (derived
from the single-event cumulative distributions Pk(x) for each parameter x) are shown in black for primary mass (left), e↵ective
inspiral spin (center), and redshift (right). All binaries used in this study with FAR< 1/4yr are included, and each is analyzed
using our fiducial noninformative prior. For comparison, the gray bands show the expected observed distributions, based on
our previous analysis of GWTC-2 BBH. Solid lines show the medians, while the shading indicates a 90% credible interval on
the empirical cumulative estimate and selection-weighted reconstructed population, respectively. GW190814 is excluded from
this analysis.
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FIG. 10. The astrophysical BBH primary mass (left) and mass ratio (right) distributions for the fiducial PP model, showing
the di↵erential merger rate as a function of primary mass or mass ratio. The solid blue curve shows the posterior population
distribution (PPD) with the shaded region showing the 90% credible interval. The black solid and dashed lines show the PPD
and 90% credible interval from analyzing GWTC-2 as reported in [11]. The vertical gray band in the primary mass plot shows
90% credible intervals on the location of the mean of the Gaussian peak for the fiducial model.

m1 2 [5, 20]M� m1 2 [20, 50]M� m1 2 [50, 100]M� All BBH

m2 2 [5, 20]M� m2 2 [5, 50]M� m2 2 [5, 100]M�

PP 23.4+12.9
�8.6 4.5+1.8

�1.3 0.2+0.1
�0.1 28.1+14.8

�10.0

BGP 20.0+10.0
�8.0 6.4+3.0

�2.1 0.74+1.2
�0.46 33.0+16.0

�10.0

FM 21.1+10.7
�8.3 4.1+2.0

�1.4 0.2+0.3
�0.1 26.0+11.5

�8.7

PS 27+12
�9.4 3.6+1.5

�1.1 0.2+0.18
�0.1 32+14

�9.6

Merged 12.8 – 40 0.098 – 6.3 2.5 – 0.5 17.3 – 45

TABLE IV. Merger rates in Gpc�3 yr�1 for BBH binaries, quoted at the 90% credible interval, for the PP model and for three
non-parametric models (Binned Gaussian process, Flexible mixtures, Power Law + Spline). Rates are given for three
ranges of primary mass, m1 as well as for the entire BBH population. Despite di↵erences in methods, the results are consistent
among the models. BGP assumes a non-evolving merger rate in redshift. The merger rate for PP, FM, and PS is quoted at a
redshift value of 0.2, the value where the relative error in merger rate is smallest.

Figure 7.6: CBC masses reported by LVK in the GWTC-3 catalog. The top
panel shows posteriors in m1 and m2 for individual events. The bottom panel
shows the result of a hierarchical inference for the rate and distribution of m1 in
GWTC-2 and GWTC-3. Figures taken from (Abbott et al. 2023a) and (Abbott
et al. 2023b).

Under the assumptions that we have at most one trigger per data seg-
ment (verified so far for LVK), and ignoring the false alarms in the formalism
for simplicity, one can derive the following hierarchical posterior, giving the
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posterior distribution for the hyperparameters Λ given the set of observations
{dj}j=1,...,Ndet for Ndet detections as

p(Λ|{d}) = p(Λ)
p({d})e

−NexpNNdet
exp α(Λ)−Ndet

Ndet∏
j=1

∫
dθ p(dj |θ)π(θ|Λ) .[7.81]

Here, p(Λ) is our prior on hyperparameters, p({d}) is the evidence, and Nexp is
the expected number of detections, taking selection into account: if Ns is the
expected number of sources, Nexp = α(Λ)Ns with the selection fraction α(Λ)
depending on the hyperparameters as

α(Λ) =
∫
dθ pdet(θ)π(θ|Λ) , pdet(θ) =

∫
ρ(d)>ρthres

dd p(d|θ) . [7.82]

The selection fraction α(Λ) is integrated over the source parameters predicted
by the population model for the given hyperparameters π(θ|Λ). We have writ-
ten the detection probability for given source parameters pdet(θ) schematically
with a threshold in the SNR ρ. In reality, it is of crucial importance to com-
pute selection effects accurately, in accordance with the detection metrics that
were used in the actual instruments; this is done in practice through the gen-
eration of large injection sets, simulating many detections or non-detections
across parameter space, using fully realistic search pipelines.

In practice, the integrals in [7.81] can be computed thanks to the samples
θk of p(θ|dj) produced by parameter estimation for the individual detections,
discretizing the integrals as a sum over those samples. Since these samples
were produced with a prior p(θ) that differs from π(θ|Λ), one has to apply a
reweighting factor π(θ|Λ)/p(θ) to each sample. Ignoring the evidence p(dj),∫

dθ p(dj |θ)π(θ|Λ) =
∫
dθ

p(θ|dj)p(dj)
p(θ) π(θ|Λ) ∝

∑
samples k

π(θk|Λ)
p(θk) .[7.83]

The tools of hierarchical inference are very general, and they are also used
in order to infer constraints on deviations from GR using a collection of obser-
vations. They are crucial to extract information about the sources as a whole,
and will play an ever increasing role, with the sensitivity of future detectors
allowing them to probe a much larger fraction of our universe.

We show in Fig. 7.6 examples of mass posteriors reported by LVK in GWTC-
3 (Abbott et al. 2023a), as well as the result of a result of a hierarchical inference
for the rate and distribution of the primary mass (Abbott et al. 2023b).
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7.9. Future challenges in data analysis

As current gravitational wave detectors keep improving their sensitivity,
data analysis will have to shift some of its paradigms. The increased number of
detections will pose a first computational challenge, requiring a higher level of
automatization of the pipelines and motivating improvements to the efficiency
of our algorithms.

Future instruments such as the third generation ground based detectors Ein-
stein Telescope and Cosmic Explorer and the LISA instrument will drastically
change the landscape of gravitational wave science. The detection horizon will
include most of binary black holes, and a large fraction of binary neutron stars
in our universe, leading to high rates of CBC detections per day (see the data
analysis section of (Abac et al. 2025)). Source superposition will start to become
a challenge, as most signals will overlap in time with their neighbours; BNS
signals will last for several hours in band. Elusive signals such as continuous
waves and astrophysical stochastic backgrounds will be within reach.

LISA data (see (Colpi et al. 2024) and Chapter ??) will come with specific
challenges: the data stream will be signal-dominated, with a large number of
quasi-monochromatic signals creating a confusion foreground, in superposition
with transient signals. Because of the timescales involved, the non-stationarity
of the instrument will need to be taken into account. The data stream will
also be interrupted by data gaps. Due to the absence of noise-only data and to
the superposition of GW signals together, a global fit strategy will need to be
applied, inferring simulatneously the properties of the GW sources and of the
instrumental noise.

For both ET/CE and LISA, the much higher SNRs will turn gravitational
wave science into a precision science, allowing to extract detailed information
about the sources, and test deviations from GR with great precision; but this
willl come with a challenge for the accuracy requirements on our waveform
models, to keep systematics in check – an issue that is in fact already present
for our current loudest signals. A fine understanding of the instruments and of
their calibration will also become more important.

Machine learning approaches (see Chapter ??) have been proposed to tackle
some of these challenges and are under active development. These necessary
developments make gravitational wave data analysis a very active field overall,
of primary importance for the exciting scientific discoveries to come.
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8.1. Foreword

In this chapter, we are going to review the basics of artificial intelligence
(AI) and study its applications to the data analysis of Gravitational Waves
(GW). The topic is extremely broad, as AI can be useful in many places where
there is a need for speeding up the computations or generalizing non-linear
functions. However, here we will focus on one subject which is the cornerstone
of the data analysis, namely, parameter estimation. Over the course of this
chapter we will try to understand the variety of methods that can be used
for this task, comprehend the difference between them, and apply them to the
realistic simulated data.
Often, data analysis for GWs is divided into the search and parameter esti-
mation parts. The basic difference is that the search provides an approximate
solution which is located within the measurement error to the true value but
does not give the error on the estimation of the parameter itself. Typically it is
implemented with the methods that can return the maximum likelihood value.
On the contrary the parameter estimation part has to provide the full Bayesian
posterior. In the case when we can perform the observation only once we should
reply on the Bayesian approach to correctly take the measurement error into
account.
Bayesian inference is governed by the Bayes equation for the parameter estima-
tion. This equation cannot be solved exactly, therefore we need to perform some
sort of approximation or simplification of the model. The classical approach to
GW data analysis searches for the solution using approximate sampling tech-
niques, namely, the variety of Markov chain Monte Carlo (MCMC) or nested
sampling methods. The advantages of these methods is that they have been
studied extensively over the past years. However, they rely on simplifications
to the noise model and can been slow due to the sequential evaluation of the
likelihood, which can become a bottleneck in terms of performance.
Recent developments in the field of generative modeling in machine learning
have brought a new perspective on the Bayesian parameter estimation and
opened the opportunities for alternative methods to perform inference. There
are different techniques in the field of machine learning which can propose a
solution to the problem of approximating the intractable distribution which
appears in the Bayes equation. We can approximate the intractable distribu-
tion with the simpler distribution and put the upper bound on the estimation
with the Variational inference, that will be discussed in the sections later NK
link section. The other approach is to study the ration of the probabilities and
to train the classifier that will help to accelerate the sampling by providing the
fast likelihood estimation NK cite. Another way will be to use implicit models
that transforms the distribution of interest to a simple base distribution using
parameterized transform and change of variable equation. An example, of such
model is invertible differentiable transforms which are commonly refereed to
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as normalizing flows. We will study them is detail in the section NK reference
and look at their applications to GW data analysis.
Advantages of such methods is that the inference is done separately from the
training, which allows to do all time consuming processing in advance and do
parameter estimation in seconds. At the same time these methods do not rely
on the particular noise model for the likelihood, but are based on the access
to the samples from the joint distribution of the data and parameters, we can
produce simulated date with various noise assumptions not restricted by the
Gaussian model. The disadvantage of these methods is that in the case the
data has something we did not expect in advance we will need to retrain the
models.

8.2. Basic machine learning background

Figure 8.1: Artificial intelligence, machine learning and deep learning relation.

Let us refresh the knowledge on the basic principles of machine learning,
core architectures of the neural networks, optimization functions and training
process. We will revise some concepts that the reader might be familiar with
but to make this chapter accessible to anyone we want to introduce a mini-
mum background knowledge that will be needed to understand more advanced
ideas. We recommend following books as a broader introduction to machine
learning (Bishop 2006) and deep learning (Goodfellow et al 2016).

First of all let us start with some definitions which are sometimes used in-
terchangeably in the literature and can be confusing for a reader.
The roots of this discipline lie in scientists’ attempts to understand how the
human brain functions. Foundational work by Rosenblatt (Rosenblatt 1958)
introduced the concept of the perceptron – an attempt to represent how a
human discriminate between shapes and characters, i.e. how the human per-
ception works. The overarching goal of the field is to mathematically model the
functioning of the human brain, a pursuit known as Artificial Intelligence (AI).
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Machine Learning (ML) can be viewed as a subfield of AI, focusing on the de-
velopment of mathematical methods for tasks such as regression, classification,
and pattern recognition. A major breakthrough came with the introduction of
deep neural networks consisting of multiple layers, processed efficiently using
Graphical Processing Units (GPUs). This advancement significantly improved
performance and gave rise to what is now known as Deep Learning (DL) (see
Figure 8.1). In this text, we will use the terms Artificial Intelligence, Machine
Learning, and Deep Learning interchangeably. At the same time many concepts
in ML come from the related fields of mathematics, such as probability theory,
set theory, optimal transport theory, linear algebra, geometry etc and can have
names that they inherit from different field signifying similar things. We will
try to clarify this in the context of GW physics.

ML is typically subdivided into major subsections based on the way the
training is done, – supervised, unsupervised and reinforcement learning. In re-
inforcement learning, we learn from the response of the external environment
to the actions that the agent perform within it. This approach is outside of
the scope of this chapter and we refer the interested reader to the following
book (Sutton, Barto 2015). The boundary between supervised and unsuper-
vised learning is not very rigid. Generally speaking in the case of supervised
learning we can say that we are estimating the conditional probability p(y|x)
and we have access to the training data both for x and for y. Whereas in
unsupervised case we try to learn the distribution of the data p(x) by the
other means of optimization, for example, by finding the patterns in the data.
There are some cases where the separation between supervised and unsuper-
vised learning can be ambiguous, for example, in fo sequence modeling, where
the distribution of the data can be presented as a conditional distribution of

the samples on the previous observations p(x) =
N∏
i=1

p(xi|x1, . . . , xi−1).

8.2.1. Simple network architectures

Neural networks can be viewed as way for approximating complex non-linear
functions. These functions are built from simple components known as artificial
neurons (see Figure 8.2), and are defined by millions of parameters referred to
as weights. In graphical representations, these weights are typically shown as
edges, while the transformations performed by the neurons are represented as
nodes.

We can summarize the Figure 8.2 with the equation

ϕ

(
b+

n∑
i=1

wixi

)
= ŷ, [8.1]
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Figure 8.2: Artificial neuron, building block of neural networks.

where x = {xi} is an input vector which is multiplied by the weights wi and
is summed with a bias b. In addition to that a nonlinearity ϕ is applied to the
sum. For the nonlinearities the choice of the function is usually dictated by the
type of the required output and the performed task (for example, regression or
classification). The typical choice of the functions are sigmoid function, hyper-
bolic tangent, rectified linear unit, etc The output ŷ is propagated as the input
to the next node.

We can combine artificial neurons in different architectures. The most ba-
sic original architecture is fully connected networks, which is called multi-layer
perceptron (MLP) and is constructed of the layers of neurons when each neuron
in a layer is connected to all neurons in the previous and the following layers
(there layers in the common ML frameworks are called, for example, Linear
or Dense). This is a very simple architecture, it is therefore quite robust for
training and can serve as an approximation to a function to a good precision.
However the big disadvantage is that these networks occupy a lot of memory
due to connections present between each neuron and, for the same reason, these
networks cannot be very deep.
In (Lecun Y. et al 1998) the authors fist time apply backpropagation to the
Convolution Neural Network (CNN) architecture. In this case we can make the
network deeper keeping a reasonable number of the weight because we do not
train the connection with each node of the network but just with the filters
which are convolved with the data and the hidden layers.
To improve the stability of the training for the deep networks residual neural
networks were proposed (He K. et al 2016). The adjustment to the architecture
is simple, but has shown to be powerful and is still widely used. In this architec-
ture the input is added to the hidden layers at a certain cadence, establishing a
residual connection, which allows to propagate the initial information through
the network.
If our observation is represented as a time series it is advantageous to take
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a sequential nature of the data into account. The architectures that were de-
veloped to capture such structure of data was first introduced as a recurrent
neural networks (RNNs) and further developed as more modern variants like
Long-Short Term Memory (LSTM) (Hochreiter and Schmidhuber 1997) mod-
els, which deal with the problem of vanishing gradients.
However, modern state of the art architectures are based on the same principles
both for the sequential data, images and other data representations. This type
of architecture is called Transformers (Vaswani et al 2017) and is based on the
principle of attention.
Last but not the least graph neural networks (Bruna et al 2014) has gained pop-
ularity in recent years that can be useful to represent the graphs and ordered
structures in space.

8.2.2. Optimization function

One of the most important parts of designing machine learning algorithm
is the choice of the optimization function. Optimization function is sometimes
also called in the literature an error function, a cost function or an objective
function.
Generally speaking we can say that we are trying to maximize probability
distribution of the data or in other words find the maximum likelihood distri-
bution. Note that in the ML literature the maximum likelihood of the data is
formulated in terms of the parameters of the network (which we will define θ
here).

θ̂ = arg max
θ
L(θ)

= arg max
θ

p(X,θ)

= arg max
θ

N∏
i=1

p(x(i),θ)

= arg max
θ

N∑
i=1

log p(x(i),θ)

= arg max
θ

Ex∼p̂ log p(x,θ),

[8.2]

where p̂ is the empirical distribution (i.e. some training dataset) and p(θ) is
the model parameterized by neural networks with parameters θ which we want
to optmize.
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In the case of unsupervised learning we will be maximizing p(x,θ) and in
the case of supervised learning p(y|x,θ).

Depending on the task at question the error function will be different. In the
case of the point parameter estimation we will use some sort of deterministic
measure of how close the estimated value is to the true value for the training
data. Whereas in the case of Bayesian parameter estimation we use a measure
like Kullback-Leibler divergence to make sure that the two distributions are
close to each other.

8.2.3. Gradient descent

The search for the parameters of the network is typically done with the
stochastic gradient descent (SGD). At the moment the extension such as Adam
are widely used instead of the classic gradient descent algorithm. In real dataset
we have to deal with the millions of training samples which is not possible to
process at once. To overcome this problem mini-batched gradient descent is
used, that means that for each batch of data the weights are updates and
overall loss is calculated as following

Lm(θ) = 1
m

m∑
i=1
L
(

x(i),θ
)
. [8.3]

Figure 8.3: Illustration of gradient descent algorithm with varying learning rate.

Thereafter the gradient of the loss is calculated and the parameters are
updates using this gradient multiplied by the learning rate η

θ ← θ − η∇θLm(θ). [8.4]

For the learning rate it is common to not fix a particular value but use the
schedule to decrease the value in the process of training (see Figure 8.3).
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8.2.4. Backpropagation

The gradient of the loss has to be propagated to each parameter of the
network. Backpropagation is implemented by chain rule. Here is demonstration
of the backpropagation for a vary simple case (see Figure 8.4).

Figure 8.4: Chain rule.

∂L(θ)
∂θ2

= ∂L(θ)
∂ŷ

· ∂ŷ
∂θ2

∂L(θ)
∂θ1

= ∂L(θ)
∂ŷ

· ∂ŷ
∂z
· ∂z
∂θ1

[8.5]

Fortunately, with the advances of modern frameworks, one does not need to
implement the backpropagation by hand. With the pioneering theano frame-
work, and the modern packages such as, for example, pytorch and jax, the
user can rely on the already implemented backpropagation. This gave a big
push to the field of ML. In this tutorial we will be using pytorch as a reference
framework, it is very close in syntactics to python and very intuitive to use for
people who are accustomed to python.

8.3. Point parameter estimation

The classical machine learning techniques, which perform ML classification
and regression can be useful as detection and point parameter estimation tech-
niques respectively for GW data analysis. Classification can tell us if the signal
is present in the data or not. That can be germane for the ground based detec-
tors, whereas for signal dominated space-based detectors solving this task is not
as relevant. Regression can provide a point estimation of the signal parameters
which is useful as a search technique for all type of instruments.

In this section we will review the methodology for this approach and an
example of the network architecture. We will also focus on the quantitative ways
to assess the performance of the method, as it is very important to understand
the error of the measurement in the absence of the natural way to incorporate
the error which is present in the Bayesian techniques.
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Let us consider that we have a waveform together with a response of the
detector for the gravitational wave source h(λ) parameterized by a set of the
physical parameters λ. At the same time we can simulate the measurement
noise n, which can be linearly added to the signal to form a sample of the
simulated data x = h(λ) + n. Both for detection and classification we will rely
on supervised learning algorithms with the input data X constructed from the
simulated data samples X = x(i) and output data label y being either a set
{0, 1}(i) for the case of detection or a set of physical parameters Λ = λ(i) for
the case of point estimation.

Detection with ML

Detection of the GWs can be implemented as classification. Here by detec-
tion we mean identifying if the signal is present in the data or not and do not
care about the particular values of parameters. As was already mention this a
typical supervised learning task, where the label y for the training data set is
0 if data does not contain signal x = n and 1 if it does x = h(λ) + n.

In the case of ML, classification is usually implemented as logistic regression.
Any type of architecture can be chosen for the network, with a typical choice
being CNN (here are examples for LVK (Gabbard et al 2018) and LISA (Zhang
et al 2022)).
The important part in the design of such types of an algorithm is a choice of the
last non-linearity (activation function) and the loss function. This activation
function have to map the output to the probability distribution therefore it is
commonly chosen to be logistic function or it’s special case, – sigmoid function
(see Figure 8.5).

To derive optimization function we start as usual with the maximum like-
lihood. In the case of supervised learning we are interested in the conditional
probability p(y|x,θ). It follows the Bernoulli distribution, that takes the value
1 with the probability p and value 0 with the probability q = 1 − p. In our
case the probabilities are the outputs of the last activation function which is a
sigmoid function. Therefore we can write the distribution as follows

p(y | x,θ) = Ber
(
y | σ

(
θ⊤x

))
= σ(θ⊤x)y · (1− σ(θ⊤x))1−y.

[8.6]

Which makes log-likelihood to be

logL(θ) =
N∑
i=1

y(i) log
(
f
(

x(i); θ
))

+
(

1− y(i)
)

log
(

1− f
(

x(i); θ
))

,[8.7]
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Figure 8.5: Last layer nonlinear activation function for logistic regression.

where function f represents the neural network with the last nonlinearity being
sigmoid funtion.

In practice we minimize negative log-likelihood which makes a loss function
J (θ) = − logL(θ). This loss function is usually called binary cross-entropy
loss in literature.

To evaluate the performance of the method one has to evaluate how many
cases were correctly classified. The frequentist approach in this case given by
the receiver operator characteristics (ROC) curve is typically employed in GW
data analysis (see Figure ??), where we plot true alarm probability against false
alarm probability.

Point parameter estimation with ML

Simple classifier which decides if the signal is present in the data or not
seems to be not very useful. Luckily it can be very easily extended to be a point
parameter estimator. To make it work we need to change the last activation
function in the network and the loss function. Interestingly we can reuse the
other parts of the network between the detection and parameter estimation
tasks.

In the case of point parameter estimation for the labels we are going to
take values of the physical parameters λ which correspond to the waveforms
in the simulated data. To term the problem from classification to regression
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Figure 8.6: Example representation on the ROC curve of the different type
of classifiers to provide the understanding where the good classifier should be
located.

Figure 8.7: Activation function for the last layer in regression problems.

we will set the last activation function to be a linear positive function. In ML
terminology it is usually called ReLU (Rectifier Linear Unit) (see Figure 8.7).

Let us derive the loss function from the maximum likelihood principle like in
the previous task. Again we want to estimate conditional probability p(y | x,θ),
where in this case y = λ is a set of the physical parameters. Here the likelihood



DR
AF

T

338 GRAVITATIONAL WAVES

derivation is based on the assumption that the noise has a Gaussian distribu-
tion. Therefore we can write for the log-likelihood the following expression

logL(θ) =
n∑
i=1

log p(y(i) | x(i),θ)

=
n∑
i=1

(
−1

2 log(2πσ2)− (y(i) − f(x(i),θ))2

2σ2

)
,

[8.8]

where f represents the neural network, y is a set of physical parameters and σ
the variance of the Gaussian noise.

J (θ) = − logL(θ) ∝
n∑
i=1

(y(i) − f(x(i),θ))2 [8.9]

We can have a point estimate and we can also get access of the error of this
estimate by approximating the confidence interval in the frequentist way. This
means that we can make many samples for the test dataset (see Figure 8.8)
and access the error for the slice that correspond to the value that we inferred.

Figure 8.8: Example of the representation of the point parameter estimation
with the error estimate at the slice corresponding to the inferred parameter
value.

Example of the point parameter estimation for one Galactic Binary can be
found in the following repository (Korsakova 2025).

This error, however, will be biased due to the presence of the error in the
estimation of the weights of the network. One way to overcome this problem



DR
AF

T

Artificial Intelligence for data analysis 339

is to initialize the weights not with the random number but with the distribu-
tion and marginalize over this distributions for the estimates of the physical
parameters. This approach is called in literature Bayesian networks. However,
it still will not provide the full Bayesian posterior. In the next section we are
going to investigate different Bayesian DL techniques.

8.4. Bayesian parameter estimation

Point parameter estimation can provide in the best case the maximum like-
lihood estimation, however, because the measurement is contaminated by noise
we need to correctly account for the noise which can be done by formulating
the task in terms of probability distributions and using the Bayesian equation
(Sivia 2006)

p(λ|x) = p(x|λ)p(λ)
p(x) , [8.10]

where p(λ|x) is the posterior distribution of parameters λ, p(x|λ) is the likeli-
hood, p(λ) is the prior on the parameters and p(x) is the marginal likelihood or
evidence. The problem is that the marginal likelihood p(x) =

∫
p(x|λ)p(λ)dλ

does not have the exact solution.

Marginal likelihood does not have an exact solution that is why we need to
find an approximate solution. The are two possible paths that we can take: (1)
approximate inference or (2) simplified the model.

We have access to the waveforms that correspond to the parameters sampled
from the prior space. At the same time we can simulate many realistic noise
realizations, that means that we have access to the joint probability. We will
use this principle in all generative methods instead on writing out the likelihood
for the Gaussian noise.

NK Paragraph about naming: SBI, likelihood free, generative ,... NK Some-
where, here or in Bayesian PE write in more detail about all possible ap-
proaches. Also about the other generative models

Approximate inference

One of the way to solve the problem with the intractability of the
marginal likelihood is to use sampling techniques such Markov Chain Monte
Carlo (MCMC) or Nested Sampling. These methods are commonly used in
GW data analysis. These methods can be also accelerated by the machine
learning techniques but conceptually they all rely on the sequential
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calculation of the likelihood values. The problem are twofold. First of all the
likelihood evaluation can be time consuming and event it is speed up to be
very fast still the sequential nature of this approach will result in the
considerable times for the parameter estimation.

The other way to do simplified inference is a Variational inference. In par-
ticular used in the context of the deep latent variable models. The distribution
of the data in this case in parametrized The method from which GW data anal-
ysis can benefit both in terms of the discriminative as well as the generative
models is called Variational Autoencoders (VAE) (Kingma and Welling 2013 ;
Rezende et al 2014). In variational inference variational lower bound is used to
approximate the evidence.

Here z is the latent variable distribution.

p(x) =
∫
p(x|z)p(z)dz [8.11]

First we apply the identity trick, i.e. we are going to approximate the integral by
the expectation under another distribution. Usually this distribution is chosen
to be well know and simple.

p(x) =
∫
p(x, z)qϕ(z|x)

qϕ(z|x)dz = [8.12]∫
p(x, z)
qϕ(z|x)qϕ(z|x)dz = [8.13]

Eqϕ(z|x)

[
p(x, z)
qϕ(z|x)

]
[8.14]

Here we can apply the property from the convex analysis that for a concave
function the function of an expectation is bounded by the expectation of a
function f(E[x]) ≥ E[f(x)].

log p(x) ≥Eqϕ(z|x)

[
log p(x|z)p(z)

qϕ(z|x)

]
= [8.15]

Eqϕ(z|x)[log p(x|z)]−
∫
qϕ(z|x) log p(z)

qϕ(z|x) = [8.16]

Eqϕ(z|x)[log p(x|z)]−DKL(qϕ(z|x)∥p(z)) [8.17]
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The two part of the objective function can be considered as reconstruction
and regularisation terms that keep the balance between reconstruction of the
data and the continuity of the latent space.

Another important aspect is a reparameterization trick. We cannot back-
propagate the the gradient of the loss function through the rando numbers.
Instead we can fix a distribution, fot example, Gaussian and make mean and
standard deviation of this distribution part of the network training process.
NK plot for reapameterisation trick

This principle is used in Variational Autoencoders NK cite which can be
considered from two different perspectives. It can be used for both discrimina-
tive (notably data representation) and generative tasks.

Simplified models

Simplified models is when the model for the posterior distribution is not
generic but are approximated by the simplified distribution. The most simple
case will be to assume that the posterior distribution will be Gaussian.

The easiest way will be to approximate the posterior distribution with the
Gaussian distribution. In this case we can learn the mean and the variance of
this distribution.

8.4.1. Normalizing flows

Normalizing from is the name for the invertible transform with trackable
Jacobian. This is another approach when we simplify the model for the dis-
tribution. In this case we define the distribution as the a map from the latent
Normal distribution, which provides the name for the method.

To understand how this principle works, let us look at the simple one di-
mensional distribution, its probability distribution function, cumulative distri-
bution function and their connection with each other.

fX(x) = d

dx
FX(x) = d

dx
FZ
(
f−1(x)

)
[8.18]

=fZ
(
f−1(x)

) ∣∣∣∣ ddxf−1(x)
∣∣∣∣ [8.19]
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Figure 8.9: Probability distribution function can be constructed by sampling
a random uniformly variable and mapping it with the cumulative distribution
function. NK Increase font size

This was a very simple one dimensional case. If we write it for a multidi-
mensional distribution, we can use the change of variable equation which can
map any arbitrary distribution to another one.

p(x) = q
(
f−1(x)

) ∣∣det
(
Jf−1(x)

)∣∣ , [8.20]

here J is the Jacobian of the transformation. It is required because we want to
preserve the probability during the transformation. NK Picture explaining this

This transform just have to fulfill several conditions. The transformation
have to be a diffeomorphism, which means that it is invertible and at the same
the transform f and its inverse f−1 are continuously differentiable.

8.4.1.1. Objective function
The objective function is constructed in the similar way as for the other

problems by maximizing the marginal likelihood p(y | x).

We optimize the parameters of the network such as

arg min
θ

Ex [− log pθ(x)] = Ex

[
− log p (fθ(x))− log det

∣∣∣∣∂fθ(x)
∂x

∣∣∣∣]′

[8.21]

Maximising likelihood estimation is similar to minimising KL divergence.

Jf (z) =


∂f1
∂z1
· · · ∂f1

∂zn

...
. . .

...
∂fn

∂z1
· · · ∂fn

∂zn

 [8.22]
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We combine several transforms to get a good fit for a distribution

z = f(x) = fK ◦ · · · ◦ f1(x). [8.23]

Figure 8.10: Flow is a combination of transforms NK Check names of the
variables

Let us look at several algorithms. The simple and easy to understand meth-
ods is Real Non Volume Preserving flow (Real NVP).

The other example that is widely use in the GW data analysis is Neural
Spline Flows (NSF).

In addition to that let us look at continuous normalising flows.

There many other proposed architectures.

There are other generative models which can be also used for Bayesian
inference, such as, score matching, flow matching, diffusion models, GANs and
many others, which we are not going to touch in this review.

8.4.1.2. Conditioning of the flow on the simulated data

Methods that we distributed are usually formulated in perms of the distri-
bution p(x).

It can be generalized to the conditional distributions p(y | x).

Embedding. The simplest way to do the embedding is to do SVD.

8.4.1.3. Example with Galactic Binaries for LISA

The tutorial can be found at the following address.
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9.1. Introduction

Observational constraints on our understanding of the Universe were largely
limited to electromagnetic radiation until the first detection of a gravitational
wave (GW) event on 14th September 2015 (GW150914), when LIGO observed
the coalescence of two stellar mass black holes, 36+5

−4 M⊙ and 29+4
−4 M⊙, result-

ing in a black hole of 62+4
−4 M⊙ (Abbott et al 2016). Gravitational waves had

been predicted almost one hundred years earlier, as a result of the theory of
general relativity (Einstein 1916). Prior to this detection, radio observations of
the binary pulsar system PSR B1913+16 (Hulse & Taylor 1975 ; Taylor & Weis-
berg 1982) had observationally confirmed the existence of gravitational waves
by showing that the separation of the neutron stars in the binary was decreas-
ing by exactly the amount predicted by the loss of energy from the system due
to the emission of gravitational waves. This exceptional discovery was rewarded
with the 1993 Nobel prize for Russell Hulse and Joseph Taylor. Nonetheless,
other multi-messenger observations had provided observational constraints be-
fore 2015, including cosmic ray observations of astrophysical sources since 1952
(Galbraith & Jelley 1953) and the detection of neutrinos from astrophysical
sources in 1965 (Reines et al. 1965 ; Achar et al. 1965). These messengers,
joined the electromagnetic observations (radio, sub-millimetre, infra-red, op-
tical, ultra-violet, X-ray and gamma-rays) to widen our understanding of the
Universe.

9.2. Compact objects and related phenomena as gravitational wave
sources

To radiate gravitational waves, sources must be asymmetric. They are often
associated with compact objects (white dwarfs, neutron stars, black holes),
which are formed at the end of the lives of stars. The nature of the compact
object depends mostly on the initial mass of the star, but also on the mass loss
over the lifetime of the star, its chemical composition, its rotation and whether
it is part of a multiple system (binary, triple, etc, e.g. Meynet 1991 ; Belczynski
et al. 2002). More massive compact objects also exist, namely massive black
holes, though whether these are formed from stellar mass black holes or in
another way, is still unclear.

The name compact object is derived from the star’s compactness, which is
proportional to the ratio of the compact object’s mass (M) and radius (R).
The compactness (C) is defined as

C = GM

Rc2 , [9.1]
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where G is the universal gravitational constant, and c is the speed of light
in a vacuum. By definition, the maximum value for compactness is unity. A
black hole is defined to have C = 1, though formally, this is for a maximally
rotating black hole, see Sec. 9.5.4. The compactness is not the same as density,
where for a spherical compact object, the density is proportional to M/R3.
Massive black holes can therefore have very low densities, even though their
compactness is unity. Compact objects are generally symmetrical, although
it has been proposed that neutron stars may have slight asymmetry in certain
cases and could be a source of gravitational waves, for instance, during accretion
(e.g. Andersson et al. 1999). As such, most compact objects do not radiate
gravitational waves. However, two inequal mass compact objects in a tight
binary will give rise to gravitational radiation.

Other phenomena are capable of producing gravitational waves. These in-
clude asymmetric supernova explosions or quantum fluctuations in the early
Universe. Tidal disruption events (TDEs, when a star approaches sufficiently
close to a massive black hole that the tidal forces will overcome the star’s self-
gravity, causing it to become disrupted and resulting in approximately half of
the matter being accreted onto the black hole, Hills 1975) are not necessarily
two compact objects, but the deformation of the star can cause it to become
compact enough to emit gravitational waves (Kobayashi et al. 2004).

This chapter will focus largely on gravitational wave emission stemming
from phenomena associated with compact objects, as the majority of the de-
tections to date have involved these systems. The chapter concerning cosmology
with gravitational waves discusses many of the other sources of gravitational
waves.

9.3. White dwarfs

The first compact object to be found was the white dwarf. William Herschel
detected the first white dwarf, 40 Eridani B in 1783 (Herschel 1785). Adams
(1915) showed that the companion to Sirius was similar in mass to the Sun, but
its luminosity was significantly lower, similar to that of 40 Eridani B (Adams
1914). These objects were clearly different from the majority of the observed
stars. The fairly flat optical spectrum (∼4000-7000λ) and low luminosity, indi-
cating a small radius, led Luyten (1922) to refer to these stars as white dwarfs.
White dwarfs are the most common endpoints of stellar evolution. Today, we
know of almost a hundred thousand, many in the Solar neighbourhood (e.g.
El-Badry et al. 2021).
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9.3.1. Formation of white dwarfs

White dwarfs form during a planetary nebula at the end of the lives of stars
with initial masses of up to ∼8 M⊙ (Maeder and Meynet 1989 ; Meynet 1991).
Stars up to 10.6 M⊙ can also form white dwarfs, depending on the initial stellar
metallicity (e.g. Woosley and Heger 2015). Stars undergo hydrogen fusion in
their core over the majority of their life. This period of their lives is referred to
as the main sequence, see Fig. 9.1. Fusion provides a force that equals the grav-
itational force due to the mass of the star, so it is in hydrostatic equilibrium.
Hydrogen fusion produces helium. When insufficient hydrogen remains in the
core, fusion ceases and the star leaves the main sequence with a helium-flash.
Subsequently, for the lowest mass stars, there is insufficient pressure and tem-
perature to allow the helium to undergo fusion and the core collapses under
gravity until it is stabilised by another force resulting from the electron degen-
eracy pressure, see Section 9.3.1.1. The outer parts of the star are blown away
in the planetary nebula. These resulting white dwarfs are either predominantly
hydrogen or helium in nature. Stars with masses above ∼1.85 M⊙ (Meynet
1991) are able to sustain stable helium burning and enter the red giant phase,
see Fig. 9.1. Again, once sufficient helium is exhausted, fusion stops, the core
collapses and produces a carbon-oxygen white dwarf. Further cycles can also
produce oxygen-neon white dwarfs.

9.3.1.1. Electron degeneracy

For white dwarfs, the force opposing further gravitational collapse is the
electron degeneracy. The pressure (Pe) that the electrons (e−) can exert is a
function of their density (ρe), i.e. Pe = f(ρe). This pressure is calculated by
considering the number of free-electron states in a volume (V ), with length (L),
so that V = L3. Replicating this cube to fill all the space, the wave vectors of
the free-electron quantum states can only take discrete values. If the electron
wave function is ψ ∝ e(ik·x), for the three dimensions, x, y, z, k = (kx,ky,kz).
Replicating the cube gives:

kx = nx
2π
L

where nx = 1, 2, . . . [9.2]

Allowed states are separated by 2π/L. The density of the states in k space
(N) is

dN = g
L3

(2π)3 d
3k (d3k ≡ dkxdkydkz), [9.3]

where g is the degeneracy factor for spin (spin is either up (↑) or down (↓)).
Using the de Broglie relationship for the electron’s momentum (p) and its wave
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Figure 9.1: Hertzsprung Russell Diagram showing the stellar luminosity as a
function of temperature. The main sequence (hydrogen burning stage), giant
(and supergiant) phases are shown, as well as the white dwarf cooling sequence.
Image credit : ESO.

vector: p = ℏ k, where ℏ is the Planck constant divided by 2π, the density of
states in k space can be converted to momentum space:

dN = g
L3

(2πℏ)3 d
3p. [9.4]

The number density of particles per unit volume (n) with momentum states
in d3p is

dn = g
1

(2πℏ)3 f(p)d3p, [9.5]

where f(p) is the mode occupation number, i.e. the number of particles in
the cube with a particular wave function. For bosons (e.g. photons), f(p) is
unrestricted, but fermions (e.g. electrons with spin angular momentum ℏ/2)
must obey the Pauli exclusion principle. This states

f(p) ≤ 1. [9.6]
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The electron gas is therefore different from a classical one. The Pauli exclu-
sion principle limits how dense the electron gas can be. Particle momenta are
assumed to obey a Maxwellian distribution, where each velocity (v) component
has a Gaussian distribution with standard deviation:

Ψ(v) = 1
(2πσ2)3/2 e

(−v2/2σ2)d3v. [9.7]

The velocity dispersion (σ) is related to the temperature (T ) by energy
equipartition: σ2 = kBT/m (kB is the Boltzmann constant and m the par-
ticle mass). Rewriting Equation 9.7 in terms of particle number density in a
given range of momentum space, by multiplying by the total number density
of particles and using p = mv, gives,

dn = n

(2πmkBT )3/2 e
(−p2/2mkBT )d3p. [9.8]

Comparing Equations 9.8 and 9.5 implies a critical density (ncrit) where
the classical law would violate the Pauli exclusion principle (Equation 9.6) for
p = 0.

ncrit = g

(2π)3/2
(mkBT )3/2

ℏ3 . [9.9]

The gas is in the classical regime at high temperatures and fixed density,
but quantum effects become important as T → 0. Integrating Equation 9.5
over all momentum states gives the total number density of particles:

n = g

(2πℏ)3

∫
f(p)d3p. [9.10]

As T → 0, the states are occupied only up to the Fermi momentum (pF ).
Hence:

n = g

(2πℏ)3

∫ pF

0
d3p = g

(2πℏ)3
4π
3 p3

F . [9.11]

The Fermi momentum is then related to the particle density as in Equa-
tion 9.12,

pF = 2πℏ
(

3
4πg

)1/3
n1/3. [9.12]
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As the gas density increases, the Fermi momentum also increases. Additional
particles are forced to fill higher momentum states as the lower states are fully
occupied. The pressure from the electrons can be determined using the fact
that pressure is also a flux of momentum and therefore, the flux of electrons
in the x-direction is just the number of electrons crossing a unit area per unit
time, or nevx. The pressure is then ∼ P ∼ pxnevx. Using Equation 9.5 the
pressure in the x-direction (which by isotropy must be equal to the pressure in
any direction) is

P = Px = g

(2πℏ)3

∫
pxvxf(p)d3p. [9.13]

Using spherical polar coordinates in momentum space∫
pxvxdpxdpydpz = 1

3

∫
(pxvx + pyvy + pzvz)dpxdpydpz

= 1
3

∫
p · v · 4πp2dp, [9.14]

so

P = g

3
1

(2πℏ)3

∫ ∞

0
pvf(p)4πp2dp. [9.15]

As T → 0 (Eq. 9.11), electron speeds are non-relativistic so that pv = p2/me,
and

Pe = 4πg
3(2πℏ)3

∫ pF

0

p2

me
p2dp = g

30π2ℏ3me
p5
F . [9.16]

Rewriting the pressure as a function of density ρe = mene using Equa-
tion 9.12

pF =
(

6πℏρe
gme

)1/3
, [9.17]

and substituting into Equation 9.16 gives the pressure for non-relativistic elec-
trons,

Pe = g

30π2ℏ3

(
6π2ℏ3

g

)5/3

ρ5/3m−8/3
e = K1ρ

5/3
e [9.18]
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where K1 = π2ℏ2

5m8/3
e

(
6
gπ

)2/3
.

However, as the densities increase (Eq. 9.12), the Fermi momentum can
reach relativistic values. Some particles are forced into momentum states where
the velocities approach the speed of light (c). Replacing v with c gives the
relativistic expression

Pe = 4πg
3(2πℏ)3

∫ pF

0
pcp2dp = g c

24π2ℏ3 p
4
F , [9.19]

or

Pe = gc

24π2ℏ3

(
6πℏ3ρe
gme

)4/3

= K2ρ
4/3
e [9.20]

where K2 = πℏc
4m4/3

e

(
6
gπ

)1/3
.

Equations 9.18 and 9.20 show that in a degenerate gas, the pressure only
depends on the density, and is independent of temperature. In a partially de-
generate gas, there is a residual temperature dependence. Only the electrons
were considered in determining the pressure. In Equations 9.18 and 9.20, the
mass of the particle is in the denominator. As the proton is 1836 times more
massive than the electron, its contribution to the pressure is negligible.

9.3.2. White dwarf masses and radii

9.3.2.1. The Chandrasekhar mass

If the white dwarf is supported by electron degeneracy, there is a maximum
possible pressure as there is a limit to the density of the electrons. Consequently,
there must be a maximum mass for the white dwarf, which can be deduced. To
estimate the energy density (U) of the degenerate gas, in a similar way as was
done for the pressure, it is necessary to integrate over momentum space and
include a term, ϵ(p), to denote the energy per mode:

U = g

(2πℏ)3

∫ ∞

0
ϵ(p)f(p)4πp2dp. [9.21]
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As T → 0, f(p) = 1, but otherwise f(p) = 0. In the relativistic case,
ϵ(p) = pc. Using this in Equation 9.21 and integrating gives

Ue = g

(2πℏ)3
1
44πcp4

F , [9.22]

and using Equation 9.12 to express the electron energy density (Ue) in terms
of electron number density we find

Ue = 3
4

(
6π2

g

)1/3

ℏcn4/3
e . [9.23]

The non-relativistic case where ϵ(p) = p2/2me gives

Ue = 3ℏ2

10me

(
6π2

g

)2/3

n5/3
e . [9.24]

The total kinetic energy (EK) of the degenerate electrons is proportional to
their energy density multiplied by the volume. In the relativistic case, EK ∝
UeV ∝ n4/3

e V ∝M4/3/R, where M is the mass and R is the radius of the white
dwarf. The gravitational energy (Ep) is proportional to M2/R. The total energy
(Etot) is the sum of the two terms : Etot = (AM4/3−BM2)/R, where A and B
are constants. For a set of masses, the total energy is positive. The total energy
is reduced as the radius increases (the star expands) until the electrons reach
the mildly relativistic regime, and the star becomes a stable white dwarf. But if
the mass increases, the total energy is negative and the radius diminishes until
gravitational collapse becomes inevitable. This is believed to be the mechanism
responsible for producing Type Ia supernovae.

To find the critical mass at which the electron degeneracy pressure can no
longer support the white dwarf, the constants A and B must be determined
(Chandrasekhar 1931). These are related to the molecular weight per electron
of the white dwarf matter and the density profile. The critical mass, first deter-
mined by Subrahmanyan Chandrasekhar (Chandrasekhar 1931), is named af-
ter him, the Chandrasekhar mass, and was determined to be 1.4 M⊙ (Ostriker
1966). By adding mass to the approximately spherical white dwarf which is
supported by electron degeneracy pressure, the white dwarf radius decreases to
sufficiently increase the density to support the additional mass. The radius of
a solar mass white dwarf is approximately the radius of the Earth (∼6000 km).
Less massive white dwarfs have larger radii, for example, a 0.7 M⊙ white dwarf
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has a radius of ∼7500 km. Chandrasekhar mass white dwarfs have smaller radii
of ∼1200 km. The compact nature implies that the gravitational force holding
the white dwarf together (GMm/R2), where m is the mass of a particle on
the surface of the white dwarf, is very high. They can then rotate extremely
rapidly without flying apart due to the centripetal force (mv2/R).

9.3.3. White dwarf structure and matter

At its formation, the white dwarf temperature is high. The initial temper-
ature can be estimated using the contraction of the thermally unsupported
stellar core down to the radius at which the contraction is halted by degener-
acy pressure. According to the virial theorem, this is reached just before the
final point of equilibrium, when the thermal energy (Eth = 3

2NkBT ) equals
half of the potential energy (GM2/R). For a pure helium, the number of nuclei
in the core is M/4mp, and the number of electrons is M/2mp, so

Eth = 3
2
M

mp

(
1
2 + 1

4

)
kBT = 9

8
M

mp
kBT. [9.25]

With the virial theorem,

kBT ∼
4
9
GMmp

R
. [9.26]

For a solar mass white dwarf, the initial temperature is ∼ 1× 109 K. This
high temperature implies that the emission peaks in the X-ray domain. When
the stellar core becomes an exposed white dwarf, its radiation ionises the gas
blown off during the asymptotic giant branch phase, creating the planetary
nebula. The white dwarf will then begin to cool. Neglecting the matter around
the white dwarf and assuming a uniform temperature throughout, the maxi-
mal cooling rate can be estimated. The radiative energy loss is determined by
equating the blackbody luminosity (L), given by the Stefan-Boltzmann law, to
the rate of change of thermal energy (Equation 9.25)

L = 4πR2σT 4 ∼ dEth
dt

= 3
8
MkB
mp

dT

dt
[9.27]

where σ is the Stefan-Boltzmann constant. Separating the variables T and t
and integrating, the cooling time to a temperature T is

τcool ∼
3
8
MkB
mp

1
4πR2σ

1
3

1
T 3 ∼ 3× 109yr

(
T

103K

)−3
[9.28]
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This estimate is too rapid as the outer, non-degenerate envelope acts as
an insulator, and the inner regions crystalise, modifying the cooling with time.
Understanding how white dwarfs cool can help estimate the age of the Universe,
as the cooling times are comparable to that age.

The Montreal White Dwarf Database (Dufour et al. 2017) contains data for
∼144800 spectroscopically confirmed white dwarfs published in the literature.
The average temperature for white dwarfs in this database is ∼7500 K, but with
a large range, ∼3000-180000 K, see Fig. 9.1. The sample mean of the mass is
0.57 M⊙, but spanning the range from very low ∼0.01 M⊙ to just above the
Chandrasekhar mass ∼1.49 M⊙. The average surface gravity is log(g) ∼ 8, but
spanning the range from 3.1-10. The magnetic fields span the range 1 × 105

- 9 × 108 G. These values are very similar to the almost complete sample of
white dwarfs detected out to 100 pc with Gaia (Jiménez-Esteban et al. 2018).
The average white dwarf radius is ∼ 0.012 R⊙ (8346 km) in this survey, with a
range 0.002-0.02 R⊙ (1391-13910 km), but with a possible bimodal distribution
peaking at 0.01 R⊙ (6955 km) and 0.0125 R⊙ (8694 km), which remains to be
explained.

9.3.4. Observing and understanding white dwarfs

As mentioned in Sec. 9.3.3, understanding the cooling of white dwarfs can
help constrain the age of the Universe. They are also very useful for con-
straining the initial mass function of the stars, mostly in our galaxy, but also
neighbouring galaxies, as they are tracers of their progenitors (e.g. Quirk and
Tinsley 1973). This is also important for comprehending stellar evolution. De-
termining the structure and matter in white dwarfs is also necessary for under-
standing type Ia supernovae. These occur when a white dwarf accretes matter
and reaches the Chandrasekhar mass, above which electron degeneracy can no
longer support the mass of the star, causing it to collapse further, see Sec. 9.4.1.
Before this can occur, carbon burning can take place. This process creates an
instability that can become a runaway in which burning proceeds very rapidly,
disrupting it completely within seconds. Depending on how the burning pro-
ceeds, a type Ia supernova can occur, (e.g. Goobar and Leibundgut 2011). A
standard luminosity (L) can been determined for the supernova, depending on
the supernova model, but which is highly energetic (∼1046 J). They can there-
fore be detected out to cosmological distances. Measuring the flux (f) observed
from a type Ia supernova, and given the standard luminosity, the distance can
be determined through f = L/(4πd2). The distances can then be used to un-
derstand the local expansion rate of the Universe, as well as its structure. It is
therefore important to understand the type Ia supernova process, whether it is
due to accretion onto the white dwarf or through the coalescence of two white
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dwarfs (e.g. Iben and Tutukov 1985), and how the burning proceeds (Goobar
and Leibundgut 2011), among other factors.

Should they be due to merging white dwarfs, the European Space Agency’s
Laser Interferometer Space Antenna (LISA, Amaro-Seoane et al. 2017), to be
launched in the 2030s, that will detect gravitational waves in the frequency
range from tens of micro-hertz to 1 Hz, will constrain the potential rates (Ko-
rol et al. 2024). The most prevalent sources that are expected to be detected
with LISA will be Galactic double white dwarfs, which are about a hundred
thousand years before merger (e.g. Lamberts et al. 2019). Using cosmological
simulations of our galaxy along with binary population synthesis models, Lam-
berts et al. (2019) suggest that as many as 12000 double white dwarfs could
be detected with LISA, although this estimate is still uncertain as it strongly
depends on the population model and the instrument sensitivity. These will be
dominated by Helium-Helium systems, Helium-Carbon/Oxygen systems and
Carbon/Oxygen-Carbon/Oxygen systems (Lamberts et al. 2019). It is impor-
tant to locate as many of these double white dwarf systems as possible in
advance of the launch of LISA as this will help include them in modelling the
background and therefore, improve the signal to noise of other sources. 1400
double white dwarf binaries within ∼1 kpc of the Sun have been found in the
Gaia catalogue. However, these have separations of a few astronomical units to
1 pc (El-Badry et al. 2021), and will not be strong gravitational wave emitters
at the time of LISA. Munday et al. (2024) recently discovered 34 double-lined
double white dwarf systems by following up 117 Gaia white dwarfs with the 4.2
m William Herschel Telescope, which have periods between a few hours and a
few days. Further spectroscopy of other Gaia candidates is planned and could
reveal closer binaries. The catalogue of cataclysmic binaries (Ritter and Kolb
2003) contains 1429 white dwarf binaries. Of these, 346 binaries have periods
below 1.5 hours, with the shortest, HW Cnc, having a period of just 5.4 min-
utes, and are likely to be strong LISA sources. It is clear that there is a lot
more work to do to identify double white dwarf systems using electromagnetic
observations before the launch of LISA, to find verification binaries with which
to validate detector performance and better understand the interactions be-
tween the two compact objects, to help place constraints on tides. All of these
systems will help provide further insight into the evolution of binary systems.

9.4. Neutron stars

Neutron stars were first proposed in 1934 (Baade and Zwicky 1934), just
two years after the neutron was discovered (Chadwick 1932). However, it wasn’t
until the rocket flight of American Science and Engineering (AS&E), initially
designed to observe the Moon, that the Galactic X-ray source, Scorpius X-1,
was discovered (Giacconi et al. 1962), although, it was five years later that



DR
AF

T

The astrophysics of gravitational wave sources 359

its accreting neutron star nature was elucidated (Shklovskii 1967). During the
same year, periodic radio signals (1.337 s) were detected by Jocelyn Bell during
a search for scintillation from radio quasars with the Mullard Radio Astronomy
Observatory. These pulsations were found to be coming from a neutron star
(Hewish et al. 1968), called a pulsar (the contraction of ’pulsating star’). The
detection of PSR B1919+21, resulted in a Nobel prize for Antony Hewish.
It was shared with Martin Ryle for his role in developing the telescope and
methods used. Today, almost 4000 neutron stars are known (Manchester et al.
2005).

9.4.1. Formation of neutron stars

Stars with initial masses of approximately >9 M⊙ (Heger et al. 2003) may
finish their lives in type II supernova explosions, leaving behind a neutron star.
The nature of the compact object depends on the metallicity of the progenitor
star, which dictates the mass loss and therefore influences the final masses of
the helium core and hydrogen envelope (Heger et al. 2003). Nonetheless, some
stars up to ∼10.6 M⊙ can form white dwarfs (Section 9.3.1) if they lose their
envelopes, due to higher metallicities which imply higher mass loss and thus
lower mass compact objects.

Given that there is a maximum mass that can be supported by electron de-
generacy, the Chandrasekhar mass (Section 9.3.2.1), exceeding this mass causes
the core to shrink further and the density to increase. At high densities, ∼107

g cm−3, the highest energy electrons have energies greater than the difference
between the masses of the neutrons (mn) and the protons (mp), mnc2 - mpc2 =
1.294 MeV. This means that it becomes energetically favourable for the protons
to capture electrons via the weak-interaction i.e. for inverse β-decay to occur
(Equation 9.29)

e− + p→ n+ νe [9.29]

where p is the proton, n is the neutron and νe is the electron-neutrino. The
inverse β-decay produces more neutrons than electrons and protons, as the
existing electrons in the neutron star are degenerate, filling all the available
states and halting the creation of new electrons via the β-decay of the neutrons.
The kinetic energy of the νe removes energy from the star allowing it to cool.

9.4.1.1. The neutron drip and baryonic degeneracy

At densities higher than ∼3 × 1011 g cm−3, the nuclear neutron to proton
ratio becomes so high that the neutrons are forced out of the nucleus, which
is called the neutron drip. The degenerate free neutrons can then oppose the
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force due to gravity and stop the collapse of the star in the same way as the
degenerate electrons halt the collapse of the white dwarf (see Section 9.3.1.1).
If the chemical potential of the electrons exceeds the rest mass of muons (µe),
mµ ∼ 205.7 MeV c−2, the electrons can disintegrate into muons, producing
further electron-neutrinos and anti-muon neutrinos (ν̄m) in the general β-decay
(Equation 9.30)

e− → µe + νe + ν̄m [9.30]

The escaping neutrinos contribute to the cooling and the collapse of the
proto-neutron star. If the interior neutron star density reaches two or three
times the nuclear density (ρ0 ∼ 2.3 × 1014 g cm−3), the strong force between
nucleons (N) can lead to the appearance of new particles, such as the hyperon
(baryons with three quarks with at least one strange quark) lambda (L),

N +N → N + L+K [9.31]

If the particle does not undergo a phase change to a condensate (consider-
ing that they are bosons), kaons (K) can decay to form leptons and photons.
The photons and neutrinos leave the star, further reducing the temperature,
accelerating the collapse and increasing the baryon degeneracy. Once all the
energy levels are filled (as a result of the Pauli exclusion principle, see Eq. 9.6),
the hyperons are trapped in a Fermi sea (i.e. all the states are occupied) and
become stable to decay (Pauli blocking), in the same way as the neutrons could
no longer undergo β-decay, see Section 9.4.1. The conservation of strangeness,
which is initially zero, is violated because the negative strangeness of kaons is
lost through their decay (Prakash et al. 1995). This process can continue until
the whole star becomes degenerate and no further strong interaction occurs.
The phase transition can then produce a plasma of free quarks, where matter
is in the fundamental state (i.e. has minimal energy).

9.4.2. Neutron star structure and matter

Neutron stars have a very thin atmosphere, with a depth of only ∼0.1-10
cm, and densities between 10−2-102 g cm−3 (Zavlin and Pavlov 2002). These
atmospheres are subjected to strong gravitational stratification, so the lightest
element is always the uppermost layer. Neutron star stratification occurs in only
a few seconds (Romani 1987). Even with as little as 1 g cm−2 of hydrogen, the
radiation emitted is indistinguishable from that emitted by a purely hydrogen
atmosphere (Zavlin and Pavlov 2002). The observed atmosphere is therefore
often hydrogen, unless the neutron star is accreting from a star with a different
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Figure 9.2: A summary of the neutron star structure.

composition atmosphere. However, the atmosphere can be modified by the
strong magnetic field of the neutron star, changing the opacity.

Beneath the atmosphere is the solid outer crust, where the density is ∼106-
1011 g cm−3. The crust is formed from a body-centered cubic lattice of iron
(see e.g. Fig. 9.2) enveloped in a degenerate electron gas (Weber 2005). For
densities >107 g cm−3, the nuclei become more neutron rich through electron
capture, see Section 9.4.1. The thickness of the crust is ∼1 km (Haensel 2001).
Between the outer and the inner crust, the density reaches 3-4 × 1011 g cm−3.
The neutrons have been forced out of the nucleus to form the degenerate mat-
ter opposing the force due to gravity. The number of free neutrons rises with
density. The limit of the inner crust is where matter reaches nuclear density,
∼ 2.3× 1014 g cm−3. At this point, some theories predict non-spherical nuclei,
such as slabs or cylinders, which are often referred to as pasta phases, and the
lengthening or flattening of the nucleii is known as the spaghetti phase and the
lasagne phase (see e.g. Fig. 9.2) respectively (e.g. Chamel and Haensel 2008).

Below the crust is the neutron star core. This can be separated into the
outer and the inner core, each one several kilometres deep. The core is respon-
sible for the majority of the mass of the neutron star, as it fills most of the
neutron star volume and the central densities can reach more than ten times the
density of nuclear matter (Weber 2005). As the density increases, new exotic
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particles (see Section 9.4.1.1) can appear, including strange quarks which may
result in strange quark stars, a configuration of matter more stable than the
most stable atomic nucleus, 62Ni (Weber 2005). The neutrons in the core can
become superfluid, and protons at the top of the Fermi sea are superconduct-
ing. Rotation causes the neutrons to form vortices threaded through the core
into the crust, and proton flux tubes weave through the vortices, carrying the
magnetic field. The number of vortices is inversely proportional to the rotation
period, thus increasing in number at high rotation rates (Ruderman 1972).

9.4.3. The equation of state

A non-rotating (for simplicity) neutron star can be considered in an asymp-
totically flat, spherically symmetric, static space-time frame (M, gαβ). The
coordinate system xα = (t, r, θ, ϕ) can be used to write the metric coefficients,

gαβdx
αdxβ = −N2c2dt2 +A2dr2 + r2(dθ2 + sin2 θdϕ2) [9.32]

where N and A are functions of r, determined using the Einstein equation, and
gαβ is the tensor metric. The Einstein equation relates the space-time curvature
to the mass-energy content represented by the stress-energy tensor, Tαβ . The
neutron star interior can be considered to be an ideal liquid, where the effects
of viscosity and thermal conductivity are negligable, so

Tαβ = (ϵ+ P )uαuβ + Pgαβ [9.33]

where P is the pressure, ϵ the total energy per unit volume of a fluid mea-
sured in its reference frame and uα is the quadri-velocity of the fluid. The
different components of the Einstein equation can then be rewritten as a sys-
tem of first order differential equations called the Tolman-Oppenheimer-Volkoff
(TOV) equations, after the authors that first developed the system (Tolman
1939 ; Oppenheimer and Volkoff 1939). The TOV equations are given in Equa-
tions 11.11-9.36.

dm

dr
= 4πr2ρ(r) [9.34]

dP

dr
= −dΦ

dr

(
ρ(r) + P (r)

c2

)
[9.35]

dΦ
dr

= Gm(r)
r2

(
1− 2Gm(r)

rc2

)−1(
1 + 4πP (r)r3

m(r)c2

)
[9.36]
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where ρ = ϵ/c2, m(r) and Φ(r) are general relativistic terms for the mass
content in a sphere of radius r and related to the metric coefficients N(r) and
A(r) by

N(r) = e(Φ(r)/c2) A(r) =
(

1− 2Gm(r)
rc2

)−0.5
. [9.37]

This system is completed by the equation of state, linking the pressure (P )
to the density (ρ) at zero temperature, P = P (ρ), to be able to resolve the
equations. The limits used to resolve them are

ρ(0) = ρc m(0) = 0 Φ(r) = c2

2 ln
(

1− 2GM
Rc2

)
[9.38]

where R is the radius of the star and corresponds to P (r = R) = 0, and the
gravitational mass M , which is the mass of a body determined by its response
to gravity, is given by M = m(R). For any equation of state and central density,
there is a corresponding unique mass and radius, so that varying the central
density gives rise to a family of mass-radius points, see Figure 9.3. The TOV
equations are non-linear making them difficult to resolve, so this is often done
numerically. However, a polytropic equation of state, of the type P = κρΓ,
where P is the pressure, κ a constant and Γ the polytropic index, is often used
as the solutions are amongst the simplest to derive (e.g. Lattimer and Prakash
2016). Different types of matter and potentials can be considered to determine
the different equations of state (e.g. Lattimer and Prakash 2001, and references
therein). The equation of state of neutron stars is still unclear. To constrain
it observationally, constraints on the mass and the radius of different neutron
stars are required. Identifying the neutron star equation of state would complete
our understanding of the extremes of the Quantum Chromodynamics phase
diagram, which can not currently be explored using first principle calculations
due to numerical challenges. Heavy ion collision experiments explore the high
temperature and lower density parts of the phase diagram, and neutron stars
are the unique laboratories for the study of strong and weak force physics in
cold, ultra-dense matter.

9.4.4. Neutron star masses and radii

9.4.4.1. Mass
Resolving the TOV equations for a specific central density, ρmax, gives a

maximal mass

dρc
dM

∣∣∣∣
ρc=ρmax

< 0. [9.39]



DR
AF

T

364 GRAVITATIONAL WAVES

M
as

s 
(M

⊙
)

Radius (km)

rotation

cau
sali

ty

SQM3

PAL6

12
14

16

18

20

FSU

MS2 MS0

MS1
GM3SQM1

J1748–2446J 716 Hz

AP4 ENG
AP3 MPA1

PAL1
PAL1

Ge
ne
ral

Re
lat
ivi
ty

8
0

0.5

1

2

2.5

1.5

10 12 14

Figure 9.3: A mass radius diagram showing different families of neutron star
equations of state (black, green, red, dark orange, purple and blue solid lines).
SQM denotes Strange Quark Matter models, PAL describes equations of state
including neutrons and protons in a schematic potential, GM indicates equa-
tions of state including neutrons, protons and hyperons using a field theoret-
ical approach, etc. The regions in the top left are excluded due to causal-
ity, see Section 9.4.4.1, the condition that the central pressure remains fi-
nite, Pc < 1, or R > (9/4)GM/c2 or geeral relativity, R > 2GM/c2, i.e.
that the star’s surface does not lie within its own event horizon. Orange con-
tours indicate fixed values of R∞. Adapted from Lattimer and Prakash (2016)
(https://doi.org/10.1016/j.physrep.2015.12.005)

At higher masses, the baryon degeneracy is no longer able to oppose gravity,
and any radial perturbation would cause the neutron star to collapse to a
black hole, see Section 9.5. The maximal mass depends on the equation of
state. Analytical solutions of the TOV equations, supposing an ideal neutron
gas, lead to maximal masses of ∼0.7 M⊙ (Oppenheimer and Volkoff 1939).
This is lower than the observed masses of neutron stars, e.g. Lattimer and
Prakash (2016). However, the strong force between the nucleons also plays a role
in supporting the neutron stars. Introducing this gives a much more realistic
maximal masses (Cameron 1959). Most contemporary neutron star equations
of state have maximal masses of 1.5-2.8 M⊙ (Lattimer and Prakash 2016, and
see Figure 9.3). However, masses as high as 3.2 M⊙ can also be predicted
using Equations 11.11-9.36, and assuming that the matter is less stiff than that
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of non-interacting degenerate neutron matter up to a fiducial mass (energy)
density (ρf )ϵf , chosen to be (ρf ) = ϵf/c

2 = 4.6× 1014 g cm−3, and limited by
causality1 at higher densities. Neutron stars have been observed with masses as
low as ∼1 M⊙, e.g. one of the neutron stars in PSR J0453+1559 has an observed
mass of 1.174±0.004 M⊙ (1 σ error, Martinez et al. 2015). Neutron stars with
masses as high as 1.908±0.016 M⊙ (1 σ error, PSR J1614-2230 Arzoumanian
2018) have been measured. The relativistic Shapiro delay measurements of PSR
J0740+6620 have revealed an even higher mass of 2.08+0.07

−0.07 M⊙ (1 σ error,
Fonseca et al. 2021).

9.4.4.2. Radius

Masses of 1.0-2.8 M⊙ imply radii between ∼8-15 km for common equations
of state (e.g. Lattimer and Prakash 2016, and Figure 9.3). Observationally, radii
are much harder to constrain than mass. Measuring the quiescent neutron star
X-ray flux for sources where both the distance (d) and the temperature can be
estimated reliably, enables the radiation radius (R∞) to be determined, using
the redshifted Kirchoff’s law for a blackbody, F∞ = (R∞/d)2σT 4

∞, where the
quantities are redshifted to the Earth and R∞ = RNS/

√
1− 2GMNS/RNSc2.

The energy reservoir giving rise to the emission is thought to be the heat de-
posited deep in the neutron star crust, which is re-radiated outwards during qui-
escence. The high temperature means that the emission is seen predominantly
in the X-rays domain. The spectrum depends on the atmospheric composition,
and the strength and the structure of the magnetic field. Recent contraints us-
ing several neutron stars and Bayesian methods constrain the radii to 11.5-13
km (90% confidence, Baillot d’Étivaux et al. 2020).

Radii (along with masses) can also be deduced through modelling the X-
ray waveform of a neutron star with a fairly low magnetic field, where the
emission from the polar caps is modulated as the star rotates and the polar
caps rotate in and out of the line of sight. Millisecond pulsars have magnetic
fields, B ≲ 109 G, which are weak enough to limit a modification of the opacity
of the neutron star atmosphere. Loose constraints have been obtained for long
NICER exposures in conjunction with XMM-Newton data for the pulsar PSR
J0030+0451, where the radii using different models span 11.5 and 14.5 km,
although supposing a single model provides errors of only ∼1 km (Vinciguerra
et al. 2024).

1. Causality in this case is the fact that the speed of sound in dense matter must be
less than the speed of light
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9.4.5. Observing and understanding neutron stars

One of the current open questions concerning neutron stars is the nature
of the neutron star equation of state, which is important not only for astro-
physics, but also for nuclear physics. Whilst electromagnetic radiation has al-
lowed some constraints to be made on the nature of the neutron star matter,
see Section 9.4.4, gravitational waves will also play a crucial role in improv-
ing our knowledge of dense matter. Coalescing neutron stars have now been
detected directly using gravitational wave detectors (Abbott et al. 2017). GW
170817 was detected by the LIGO and Virgo gravitational wave (GW) detec-
tors on August 17th 2017. Modelling the waveform resulted in constraints on
the tidal deformability of the neutron stars from the quadrupole moment in the
space-time surrounding the neutron star merger. The constraints on the radii
made from the gravitational wave measurements cluster around 12 km, similar
to the electromagnetic constraints, see Sec. 9.4.4.2, where the radii (R) of both
stars were constrained to be R = 11.9±1.4 km (error 90% confidence) using
the requirement that the equation of state allows neutron stars with masses
greater than 1.97 M⊙ (Abbott et al. 2018), as observed with electromagnetic
observations, see Sec. 9.4.4.1. These values cluster around neutron stars with
equations of state that are composed of normal nucleonic matter (neutrons
and protons), but do not exclude softer equations of state that include strange
quarks, nor do they exclude stiffer equations of state or those that include more
exotic particles such as hadrons and kaons. Constraints on nuclear physics were
also possible. Abbott et al. (2018) determined the pressure to be twice that of
nuclear saturation density, 3.5+2.7

−1.7 × 1034 dyn cm−2 (error 90% confidence).
Subsequent work has combined results from electromagnetic observations with
the gravitational wave data, but so far the constraints have not been improved.
Future observations of merging neutron stars, or maybe a neutron star and
black hole, should improve constraints.

Continuous gravitational waves are expected to be produced by spinning
neutron stars with an asymmetry around their rotation axis. So far, searches
with the current ground-based detectors are yet to make a statistically signifi-
cant detection of asymmetric neutrons (e.g. Abbott et al. 2022).

However, neutron stars that are observed as pulsars are also used as gravita-
tional wave detectors to detect the lowest frequency gravitational waves coming
from inspiralling supermassive black hole binaries, and signals from a cosmic
string network or other physical processes occurring in the early Universe. This
is done using ∼100 pulsars with excellent timing precision, which are monitored
for time delays in the arrival times of pulses on Earth. Correlated residuals
point towards the passage of gravitational waves. The sensitivity of these Pul-
sar Timing Arrays (PTAs) is improving, and recent observations point towards
the detection of the gravitational wave background or a supermassive black
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hole binary system, or even something more exotic (e.g. EPTA Collaboration
et al. 2023 ; Arzoumanian et al. 2023).

It is expected that double neutron stars will be observable with LISA. By
following the gravitational radiation-driven evolution of double neutron stars
generated from rapid population synthesis of massive binary stars, Lau et al.
(2020) estimated that around 35 systems will be detectable with a signal-to-
noise ratio above 8 over a four year LISA mission lifetime. These systems are
mostly in our own galaxy (∼94%), but others may be detected in nearby galax-
ies such as the Large Magellanic Cloud (∼5%) or the Small Magellanic Cloud
(∼1% Lau et al. 2020).

9.5. Black holes

The idea of black holes was first proposed around the same time the first
white dwarfs were detected (Michell 1784 ; Laplace 1799). However, a proper
description of these objects requires general relativity, which was not proposed
until more than a century later (Einstein 1916). The term black hole itself was
invented during comments to a talk given by John Wheeler at the NASA God-
dard Institute of Space Studies in 1967, but the author of the term is unknown.
Whilst general relativity predicts the existence of black holes, it doesn’t prove
that they exist, as the theory does not describe the astrophysical processes by
which a black hole may form. It wasn’t until the X-ray mission AS&E detected
the source Cyg X-1 (Gursky et al. 1963), which was later suggested to be an
accreting stellar mass black hole because of its high luminosity and rapid ir-
regular variability (Pringle and Rees 1972), that there was any observational
evidence for these objects. Today, more than 70 stellar mass black holes are
known in our own galaxy (Corral-Santana et al. 2016), as well as many in other
galaxies. At the same time as Galactic sources were being identified as stellar
mass black holes, (Lynden-Bell and Rees 1971) suggested that the many of the
known galaxies could have a supermassive black hole in their centres. Today,
millions of galaxies are known in which supermassive black holes reside.

9.5.1. Formation of black holes

The formation mechanism of black holes depends on the mass (see Sec-
tion 9.5.3). The formation of stellar mass black holes, ∼3-100 M⊙, is probably
best understood. They can form at the end of the lives of massive stars or
through the coalescence of two neutron stars. It is also possible that a black
hole can form through accretion onto a neutron star. As we saw in Section 9.4.1,
the nature of the compact object formed as a massive star comes to the end of
its life is not only a function of the initial mass of the star. Stars with initial
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masses ≳25 M⊙ with fairly low metallicity can form a black hole if material
from the supernova explosion falls back onto the central compact object. Stars
with initial masses ≳40 M⊙, again with fairly low metallicity will collapse di-
rectly into a black hole at the end of their lives. Stars of a similar mass but with
higher metallicities, will nonetheless end their lives as a neutron star (Heger et
al. 2003).

As we saw in Section 9.4.4.1, the neutron star has a maximum mass above
which the baryon degeneracy is no longer able to oppose gravity. A compact
object exceeding this maximum mass will collapse to form a black hole. Al-
though the maximum neutron star mass remains unclear, as it depends on the
still unconstrained neutron star equation of state, compact objects with masses
above about 3 M⊙ are generally thought to be black holes. The gravitational
collapse can be spherical or asymmetric, but in all cases, the equilibrium solu-
tions depend on only three physical parameters, with the others being washed
out in the collapse. These parameters are the mass (M), the electric charge (Q)
and the angular momentum (J). This is known as the no-hair theorem, initially
proposed by Israel (1967).

Given that an astrophysical black hole is fully characterised by just three
parameters, there are only four exact solutions of Einstein’s equations. The
four solutions are (1) The Schwarzschild solution (Schwarzschild 1916) where
the black hole has only mass i.e. it is static and spherically symmetric, (2)
The Reissner-Nordström solution (Reissner 1916 ; Nordström 1918), where the
black hole is static, spherically symmetric, and depends on mass and electric
charge, (3) The Kerr solution (Kerr 1963), where the black hole is stationary,
axisymmetric, and depends on mass and angular momentum and (4) The Kerr-
Newman solution (Newman and Janis 1965), where the black hole is stationary
and axisymmetric, and depends on all three parameters, mass, electric charge
and angular momentum.

The black hole parameters are not arbitrary. Electric charge and angular
momentum cannot exceed values that correspond to the disappearance of the
event horizon, see Section 9.5.4. The relation

a2 +Q2 ≤M2 [9.40]

must be satisfied, where a = Jc/GM . In general, the dimensionless spin expres-
sion is used: a∗ = a/M so that −1 ≤ a∗ ≤ 1. If a∗ > 0, the black hole rotates in
a prograde direction. If a∗ < 0, the black hole rotation is retrograde. If a∗ = 0,
the black hole is static i.e. without rotation. If the condition in Equation 9.40 is
violated, the event horizon disappears and the solution describes a naked singu-
larity rather than a black hole. Naked singularities are not expected to exist as
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astrophysical objects. In realistic astrophysical solutions, the black hole is not
expected to have significant charge due to the extreme weakness of the gravi-
tational interaction compared to electromagnetic interaction. If for example an
astrophysical black hole formed with a positive charge, which is not isolated
in empty space but surrounded by the interstellar medium full of charged par-
ticles, e.g. protons and electrons, it would attract electrons with a charge e−

and repel protons with charge e+. It would also attract protons of mass mp

thanks to its gravitational field. The repulsive electrostatic force on protons is
larger than the gravitational attraction by a factor eQ/mpM ≈ e/mp ≈ 1018.
Therefore, the black hole would become neutral (without charge) almost im-
mediately. Therefore, the Kerr solution can be used for any astrophysical black
holes.

Black holes may also be formed through another mechanism proposed by
Hawking (1971), but building on work by other authors at the time. In the very
early Universe, there were large random fluctuations on all length scales. For
some volumes, the gravitational energy would have exceeded the kinetic energy
of expansion.

GM2

R
≃ Gρ2R5 ≥ pR3 [9.41]

During the radiation era, p ≃ ρc2, so the Equation 9.41 would be the equiv-
alent of GM/c2 ≥ R, where R is the size of the fluctuation. These regions
would then not have continued to expand with the rest of the Universe, but
would have collapsed. Black holes formed through this mechanism are called
primordial black holes.

9.5.2. Black hole masses and radii

9.5.3. The mass

Black holes therefore have a wide range of masses. As in Section 9.5.1,
stellar mass black holes have masses between ∼3 and 100 M⊙. The lowest
mass depends on the physical nature of the matter in the compact object, as
described in Section 9.4.4.1. The maximal mass is uncertain and is an estimate
of the most massive black hole that could form from the earliest stars. However,
the pair-instability supernova process predicts maximum masses that could be
significantly below these values, but the actual mass is unclear. Accurate mass
constraints of stellar mass black holes are difficult to determine. One way is
through optical observations of a companion star to a black hole in an X-
ray binary system. Radial velocity measurements, along with constraints on
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the inclination through modelling of the spectral lines or through ellipsoidal
modulation measurements, in the case of the low mass X-ray binaries, can
provide reasonable mass estimates. The masses of galactic black holes found
in binaries are fairly low. GRO J0422+32 has a minimal mass estimate of 2.22
M⊙ (Webb et al. 2000), although the mass is likely to be somewhat higher.
Cygnus X-1 has the highest accurately measured stellar mass black hole in an
X-ray binary in our galaxy, with a mass of 21.2±2.2 M⊙ (Miller-Jones et al.
2021).

The first detections of gravitational waves from coalescing black holes have
revealed more massive black holes than those detected with electromagnetic
radiation. The masses of the black holes in the first three runs span 5.9±4.4

1.3

M⊙ and 85±21
14 M⊙ (Abbott et al. 2023). How these higher mass black holes

came to exist is still unclear, but they may have been formed in the early
Universe when the metallicity was very low, allowing more massive stars to
form and then to create more massive black holes (e.g. Abbott et al 2016).

More massive than stellar mass black holes are intermediate mass black
holes with masses in the range ∼102-105 M⊙. Their origin is unclear, as very
massive stars are needed to form such massive black holes. Such massive stars
are not observed today, where the most massive observed have initial stellar
masses of less than about 300 M⊙. The earliest stars (population III stars) with
very low metallicities may have had much higher masses, allowing them to end
their lives as intermediate mass black holes. Alternatively, intermediate mass
black holes may originate from the earliest, low-metallicity dust clouds with
low angular momentum. These could have collapsed directly to form massive
black holes. Alternatively, accretion of matter onto stellar mass black holes, or
mergers or even a combination of both mechanisms could lie at the origin of
intermediate mass black holes.

Few good intermediate mass black hole candidates are known. 2XMM
J011028.1-460421, more commonly known as Hyper Luminous X-ray source 1
(HLX-1, Farrell et al. 2009 ; Godet et al. 2009 ; Webb et al. 2010) has been
widely studied, and the observational evidence points towards its
intermediate mass nature. The mass has been determined to be ∼104 M⊙
(Godet et al. 2012 ; Webb et al. 2012). It is thought to be a partial tidal
disruption event, accreting when it tidally strips a companion star at
periastron in a highly elliptical orbit (Lasota et al. 2011 ; Godet et al. 2014 ;
Webb et al. 2014). Intermediate mass black holes are expected to reside in the
centres of lower mass galaxies. They are usually faint and hard to detect.
However, if they tidally disrupt a passing star, the system can become
brighter by several decades in X-ray luminosity, as well as at other
wavelengths, making them easier to find. Examples of such systems include
the black hole in the centre of the inactive galaxy IC 4765-f01-1504, which
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showed a tidal disruption event in 2006. The black hole mass is estimated to
be 6 × 104 - 4 × 106 M⊙ (Lin et al. 2011). Another similar event occurred
around a black hole in a dwarf galaxy orbiting 6dFGS gJ215022.2-055059.
The mass was estimated to be 5.3 × 104 < MBH < 1.2× 105 M⊙ (Lin et al.
2018). Another intermediate mass black hole of ∼5 × 104M⊙ has been
proposed in the galaxy RGG 118 (Baldassare et al. 2015).

Supermassive black holes, with masses in the range 106 - 1010 M⊙ must
have formed in a different way to the intermediate mass black holes, as even
continuously accreting at the maximal rate (the Eddington limit), it is difficult
to reach masses as high as ∼109 M⊙ by z∼7.1 (Mortlock et al. 2011) or of
8×108 M⊙ for the black hole found at z=7.54 (0.69 Gyr, Bañados et al. 2018).
These black holes may have been formed from intermediate mass black holes
that either merged and/or accreted matter to create supermassive black holes.
Supermassive black holes are found in the centres of all massive galaxies and
have mass ranges from the maximal mass of intermediate mass black holes
up to tens of billions of solar masses. Masses can be estimated using radial
velocity measurements of orbiting stars for nearby black holes such as Sgr A*
in the centre of the Milky Way. Similarly, the dispersion of spectral lines give
insight into the stellar dynamics in the bulge of more distant galaxies and
thus the black hole mass. Alternatively, reverberation mapping in fairly close
galaxies using the broad line region (BLR) can be used to determine the mass
by measuring the radius of this region. This is done by assuming the time lag
between variations in the continuum and line emission are due to the light travel
time. Assuming that the velocity width, W, of the permitted emission lines is
due to Keplerian motion in the black hole potential, the mass can be estimated
to be ∼W 2RBLR/G. Other methods for estimating the black hole mass include
scaling relations between the mass of the black hole and for example the bulge
mass, the spheroid luminosity or the pitch angle of the spiral arms.

Primordial black holes can be formed with different masses, without a spe-
cific upper mass limit due to their non-stellar origin. Using the relationship
between density and time Gρ ≈ t−2 in an Einstein-DeSitter model of the early
Universe, the maximum mass of a collapsing fluctuation is related to the cosmic
time by M(grams) ≈ 1038t(seconds). Therefore, at the Planck time, t ≃ 10−43

s, very small black holes would have formed with the Planck mass ≃ 10−5 g.
At t ∼ 10−4 s, black holes of ∼1 M⊙ could have formed. Later still at t ∼ 100
s, supermassive black holes may have formed. However, no good observational
evidence for primordial black holes has yet been discovered.
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9.5.4. The radius

Considering a static and spherically symmetric black hole of mass M (a
Schwarzschild black hole), the square of the invariant interval, a solution to
Einstein’s equation is given by

ds2 = −
(

1− 2GM
Rc2

)
c2dt2 + dr2

1− 2GM/Rc2 +r2 (dθ2 + sin2 θdϕ2)[9.42]

In the case when 2GM/Rc2 = 1, the proper time, dτ , term disappears, and
the proper distance, dl, term diverges. The critical distance, R is then 2GM

c2 and
is known as the Schwarzschild radius. At this radius, a clock would appear to
stop for an observer, so nothing can be seen falling through the Schwarzschild
radius (or event horizon) from anywhere outside.

Whilst it is not rigourously correct, it may be instructive to consider Newto-
nian approximation to understand the Schwarzschild radius. The gravitational
potential energy required for a mass m to leave a gravitating body of mass
M is GMm

R . To determine the velocity, v, required to leave the gravitational
potential, the kinetic energy for a mass m, 1

2mv
2 can be equated to the grav-

itational potential, so that GM
R = 1

2v
2, which gives the velocity, v =

√
2GM
R .

Calculating the radius R at which light can escape, as nothing can travel faster
than light in a vacuum, gives the Schwarzschild radius. This radius is inside
most astrophysical bodies, but for the gravitationally collapsed black hole, the
Schwarzschild radius is outside the true radius. This implies that inside R,
nothing has a velocity high enough to escape the black hole, including light,
which explains why we can not see a black hole. For a black hole of 3 M⊙, the
Schwarzschild radius is almost 9 km. As R ∝M , then as the mass increases, so
does the Schwarzschild radius. Therefore, a 100 M⊙ black hole has an almost
300 km Schwarzschild radius. As no information can escape the Schwarzschild
radius, it is impossible to determine the radius of the black hole and therefore
we refer to the Schwarzschild radius, or the event horizon.

As indicated in Section 9.5.1, there are other astrophysical solutions to
Einstein’s equation, namely the Kerr solution for a spinning black hole. This
solution includes the effect of the angular momentum, which is zero for the
Schwarzschild solution. The radius is then defined as r = (1+

√
1− a2)GM/c2,

so for an extreme rotating black hole, a = 1 and r = GM/c2, i.e. half the
size of the Schwarzschild radius. For a static black hole, we again find the
Schwarzschild radius. These radii describe the limit to the radius of the black
hole for light. However, a second radius is defined for particles. This is known as
the innermost stable circular orbit, or ISCO. In Newtonian gravity, all circular
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orbits are stable such that if an orbit were perturbed slightly, it would become
elliptical. In general relativity, there is an innermost stable circular orbit, where
at and within, a particle on a circular orbit is no longer stable. If this particle
becomes perturbed, it will spiral towards the black hole. For a Schwarzschild
black hole, RISCO = 6GM/c2, and for a Kerr black hole it depends non-
trivially on the value of the black hole spin and the inclination and direction
of the matter around it. For maximum spin and a prograde, equatorial orbit,
the ISCO has the same radius as the event horizon, RISCO = GM/c2.

Constraints have been made on black hole radii, allowing the spin to be
estimated. Many methods used for determining the radius rely on measuring
the inner accretion flow, usually in X-rays, as this hot part of the disc is closest
to the black hole. The black body emission depends on the inner disc radius.
Alternatively, the shape of the X-ray iron emission line (Fe Kα) is deformed by
the effects of strong gravity, so it can be used to determine the inner radius of
the accretion disc and constrain the radius of the black hole.

Observations of the stellar mass black hole in the X-ray binary system GRS
1915+105 indicate that it appears to be rotating at maximal spin, i.e. a Kerr
black hole. M33 X-7 also has a well constrained high spin of a∗=0.84±0.05
(McClintock et al. 2011), whereas the X-ray binaries A0620-00 and XTE J1550-
564 show very low spins of ∼0.1 and ∼0.3 respectively, and are considered to
be Schwarzschild like black holes (McClintock et al. 2011). Gravitational wave
events have given some of the best spin constraints (typically ∼20% of the spin
value, Abbott et al. 2023), although these are only for the black hole produced
through the merger. Measurements of the spin of the initial black holes are not
yet possible. Spin values of the final black hole are almost all in the mid to high
range, 0.4<a∗ <0.89 (Abbott et al. 2023). Spin constraints on supermassive
black holes have all been made using the Fe Kα line as described above. Spins
of the 19 supermassive black holes with such measurements lie in a very similar
spin range as those measured for the stellar mass black holes formed through
coalescence, with values ranging from 0.5-0.995 (no errors considered), but
error values are much higher than those determined from gravitational waves,
typically 10-100%.

Sub millimetre Very Long Baseline Interferometry (VLBI) observations
taken with five telescopes across almost one hemisphere of the Earth (known
as the Event Horizon Telescope), have measured the shadow of the
supermassive black hole in the galaxy M 87 (Event Horizon Telescope
Collaboration et al. 2019) and for the supermassive black hole in the Milky
Way, Sgr A* (Event Horizon Telescope Collaboration et al. 2024). This
shadow is cast when photons escape from unstable circular orbits near the
event horizon of the black hole, creating the observational signature which is
a bright ring of emission surrounding the shadow, called a crescent. In the
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case of M 87, the diameter of the shadow as seen by a distant observer was
predicted to be ∼9.6-10.4 GM/c2, where the range arises from the
combination of possible spin values and the inclination angle to the observer.
A crescent radius of 42±3 µas was measured, giving a mass of
M = 6.5± 0.20|stat ± 0.7|sys × 109M⊙ for the black hole and the angular size
of one gravitational radius θg = GM

c2D = 3.8±0.4 µas, where D was measured
to be 16.8±0.8

0.7 Mpc. The quasi-circular shape of the shadow is consistent with
the presence of a central Kerr black hole (Event Horizon Telescope
Collaboration et al. 2019).

9.5.5. Black hole structure

As detailed in Section 9.5.1, there are four solutions to Einstein’s equations.
These give rise to slightly different structures.

9.5.5.1. Static black holes

Einstein’s equations describe two types of static black holes, i.e. with no
angular momentum (or spin). Only one of these describes an astrophysical
black hole, the Schwarzschild solution.

Figure 9.4: Schematic of a rotating (Kerr) black hole in two dimensions.
.

9.5.5.2. Rotating black holes

Of the two solutions to Einstein’s equations describing rotating black holes,
i.e. with angular momentum, only one describes an astrophysical black hole,
the Kerr solution. The most important feature of this solution, compared to the
Schwarzschild solution, are the dϕdt terms. These indicate a relation between
time and azimuthal angle. The azimuthal angle of space around the black hole
changes with time. This is called frame dragging, where spacetime is dragged
in the direction of the black hole rotation. Frame dragging is also known as the
Lense-Thirring effect or Lense-Thirring precession, named after the authors of
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the paper describing the effect (Lense and Thirring 1918). This phenomenon
is the relativistic correction to a gyroscope near an astrophysical body. Due to
the Lense-Thirring effect, a particle with no angular velocity placed close to
a rotating black hole would gain angular velocity as it nears the black hole.
Matter close to the black hole (but outside the event horizon) will rotate in the
same direction as the black hole. This implies a region called the ergosphere.
This region touches the event horizon at the poles and has a radius equal
to the Schwarzschild radius at the equator, see Figure 9.4. A consequence of
frame dragging is that the ISCO radius increases for retrograde orbits of matter
orbiting a rotating black holes, see Section 9.5.4. The accretion efficiency also
decreases. This also implies that if gas spirals around a black hole on prograde
orbits, the energy emitted, and hence the accretion efficiency increases with
increasing spin.

9.5.6. Observing and understanding black holes

As indicated in Section 9.5.3 the black holes detected with gravitational
wave detectors have revealed very massive black holes compared to those de-
tected in our own galaxy. However, Gaia has been detecting a new population
of black holes, thanks to astrometry, revealing binary populations due to the
movement of one or both stellar components as they orbit their common centres
of mass. Through follow-up spectroscopy to determine the radial velocity, the
masses of the two components of the binary can be determined. Three black
holes have been identified in this way, see e.g. Gaia Collaboration et al. (2024)
and references therein. They are all in wide binaries, so that no accretion is
occurring onto the black hole and therefore, can not be detected through X-ray
observations. These black holes have masses of 9.62±0.18 M⊙ (El-Badry et al.
2023), 8.9±0.3 (El-Badry et al. 2023) and M⊙ 32.7±0.82 M⊙ (Gaia Collab-
oration et al. 2024) for black hole 1 (BH1), BH2 and BH3 respectively. This
latter black hole falls firmly in the mass range of the black holes detected with
gravitational waves. The companion star has low metallicity, indicating that
the black hole progenitor may also have had low metallicity, as is expected for
the formation of such a massive stellar mass black hole. Its existence indicates
that other black holes of similar mass should exist in our galaxy. However,
the mass of the companion is low 0.76±0.05 M⊙, so this system is dissimilar
to the gravitational wave progenitors, but the system may have been formed
through dynamical interactions, rather than from a primordial binary (Gaia
Collaboration et al. 2024).

Whilst there has been weak evidence for intermediate mass black holes,
gravitational wave detectors have identified the lowest mass intermediate mass
black hole, GW 190521 (Abbott et al. 2020). This event may have originated
from the coalescence of a 85±21

14 M⊙ and a 66±17
18 M⊙ black hole that merged to
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create a 142±28
16 M⊙ black hole, slightly above the lower limit for an intermedi-

ate mass black hole. Black holes with masses of 66 and 85 M⊙ are not expected,
as stars with masses between ∼65 and 135 M⊙ should undergo pair instability,
when the production of free electrons and positrons in the collision between
atomic nuclei and energetic gamma rays, temporarily reduces the internal ra-
diation pressure. This leads to a partial collapse of the star, followed by an
accelerated runaway thermonuclear explosion that leaves no compact remnant.
More massive stars are thought to directly collapse to intermediate mass black
holes. The formation of these massive black holes is therefore unclear and they
may have originated through previous mergers. Since the launch of the James
Webb Space Telescope in 2021, hundreds of little red dots have been discovered.
They are a class of small, red, very compact galaxies (if they are dominated
by star formation) at high redshift (z>5) and their nature is unknown. They
may represent a class of intermediate mass black hole, and it is possible that
many of them are accreting at a high rate. Recent work has suggested that they
may even be tidal disruption events of intermediate mass black holes (Bellovary
2025).

Recently, a feature has been associated with some tidal disruption events,
quasi periodic eruptions (QPEs, Miniutti et al. 2019). They are seen in the
X-ray lightcurve as the source progresses towards quiescence. The first was
identified by Miniutti et al. (2019) who observed the X-ray count rate increase
by up to two orders of magnitude over an hour, repeating every 9 h in the
Seyfert 2 galaxy GSN 069. The eruptions show a transition over the burst,
where the soft thermal emission heats up. A dozen other systems have also
shown QPEs. Their nature is still unclear, but one interpretation is that QPEs
are due to extreme mass-ratio inspirals (EMRIs), where a stellar mass object
spirals towards the massive black hole as it loses energy through the emission
of gravitational waves. More than one star could be orbiting the black hole,
which may account for pairs of bursts. Alternatively, an inspiralling object
could repeatedly impact an existing accretion disc, possibly created through
a tidal disruption event, which would give rise to QPEs. If these sources are
EMRIs, they may be detectable with LISA observations, depending on their
orbital periods and eccentricities. Such detections would provide constraints
on the massive black hole, as well as measure general-relativistic and Lense-
Thirring precession. However, further sources need to be observed and further
investigation carried out in order to validate (or refute) the EMRI theory.

9.6. Future observations

The coming decade or so will be rich with new observations helping to un-
derstand compact objects. Currently, the Space-based multi-band astronomical
Variable Objects Monitor (SVOM) mission (Wei et al. 2016) is searching for
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new gamma-ray bursts and other transients, and will help identify neutron star
mergers (kilonovae). In conjunction with a ground-based gravitational wave de-
tection, constraints on the neutron star equation of state will be possible, as
for GW 170817. The Vera C. Rubin observatory (Ivezić et al. 2019) will start
to observe the sky systematically and repeatedly in late 2025. Using the bands
u, g, r, i, z and y, it will reach magnitudes over the 10 years as deep as 27.5 for
the r band, and as deep as 25th magnitude in g for a single visit. The high
cadence observations will allow thousands of new accreting white dwarfs to be
discovered across the galaxy, and the frequent observations will allow orbital
periods to be determined and outbursts to be studied. 2000 double degenerates
are also expected to be discovered through the identification of periodicities.
The study of their evolution will provide an insight into the type Ia supernovae
and provide binaries that will be observable with LISA. Rubin will also detect
merging massive black holes, identifying a population that will be detectable
with LISA or even with the PTAs, as well as tidal disruption events. Some tidal
disruptions should also be detectable with gravitational waves (e.g. Toscani et
al. 2025), although they are less likely to be detected with LISA, and more
probably with future deci-Hertz gravitational wave detectors. The majority of
these sources can also be detected with the next generation X-ray mission from
the European Space Agency, NewAthena (Cruise et al. 2025).
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10.1. Introduction

Gravitational-wave (GW) observations have opened a new era in cosmology
by providing an independent way to study the cosmic expansion. Compact
binary coalescences (CBCs) – the mergers of black holes (BHs) and neutron
stars (NSs) – emit GWs that carry direct information about their luminosity
distance. When combined with information about the redshift of the source,
these events can serve as standard sirens, providing a new means to measure
cosmological parameters such as the Hubble constant, the matter density, and
the dark energy equation of state. This method is fundamentally different from
traditional EM(EM) techniques, and therefore it is a valuable addition to the
tools that we have to study the cosmos.

In this chapter, we develop the necessary tools to understand and implement
GW-based cosmological measurements. We aim to provide a soft introduction
to all the tools required for GW cosmology. We begin by summarizing some ba-
sic aspects of CBCs and GWs at cosmological distances in Sec. 10.2. In Sec. 10.3
we will be setting the core framework of hierarchical Bayesian inference (HBI),
a statistical method used to infer population and cosmological properties of
CBCs. This approach allows us to infer both the intrinsic properties of indi-
vidual events and the underlying distributions governing the population, while
carefully accounting for selection biases introduced by detector sensitivity. We
will show how the merger rate of CBCs is formulated and how cosmological
information naturally enters through the relationship between the detector-
frame and source-frame parameters. Henceforth, this chapter proceeds with
Secs. 10.6-10.5, in which we will delve into the details of GW cosmology for
sources observed with an EM counterpart (Bright sirens) and without an EM
counterpart (dark sirens). We will also discuss how it is possible to apply these
methods to currently public gravitational-wave data products, while referenc-
ing external resources for a more involved reading on the current results.

With this chapter, our goal is to provide a comprehensive and accessible road
map to GW cosmology, emphasizing the conceptual flow from the fundamental
GW measurements to their applications in constraining the expansion history
of the Universe.

10.2. Background for standard sirens cosmology

Direct measurements of the cosmic expansion exploit the observation of
sources for which their distances and the recessional velocities can be measured.
CBCs at cosmological scales are unique; they allow us to directly measure the
luminosity distance dL through their GW signal emitted. Unlike standard can-
dles, which require a known intrinsic luminosity to infer distance, CBCs are
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self-calibrating sources, earning them the name standard sirens. This property
allows us to bypass the traditional cosmological distance ladder for cosmology
purposes. However, to fully exploit CBCs for measuring the cosmic expansion,
the redshift z of the source must also be known to establish the distance–
redshift relation. For a more detailed discussion of the theoretical and exper-
imental aspects of GW sources, we refer the interested reader to (Maggiore
2007 ; Sathyaprakash and Schutz 2009)

In this section, we will derive the expression for the luminosity distance
dL(z) as a function of redshift, essential for GW cosmology. To do so, we start
by revisiting the cosmological framework of an expanding Universe, which is
governed by the Friedmann–Lemaitre–Robertson–Walker (FLRW) metric and
described by a scale factor a(t). This geometric framework provides the foun-
dation for understanding distances in a Universe that is not static but evolving
over time. By relating the observed flux from a source to its intrinsic luminosity
and incorporating the effects of cosmic expansion, we will ultimately arrive at
the key expression for dL(z), which ties the observed distance to the redshift of
the source. This equation is pivotal for utilizing CBCS as standard sirens and
measuring the expansion of the Universe with GWs. We recommend (Dodelson
2003) for a more dedicated introduction for the field of cosmology.

10.2.1. An introduction to the cosmic expansion

Modern cosmology rests on the assumption of the cosmological principle,
which states that the Universe is both homogeneous and isotropic when viewed
on sufficiently large scales. Homogeneity means that the Universe has the same
properties at every point, while isotropy implies that it looks the same in every
direction. Although the Universe exhibits rich structures such as stars, galaxies,
and clusters on small scales, observations show that on sufficiently large scales,
the matter distribution becomes statistically uniform. A major observational
confirmation of this principle is the expansion of the Universe. In the 1920s,
Edwin Hubble and Georges Lemaitre independently discovered that distant
galaxies are receding from us, with a recession velocity that increases with
distance. This relationship is known as the Hubble–Lemaitre law:

v = H0d, [10.1]

where v is the recession velocity, d is the distance to the galaxy, and H0 is the
Hubble constant, quantifying the present-day expansion rate of the Universe in
km s−1 Mpc−1. This quantity plays a central role in cosmology and will be dis-
cussed further in this section. One of the major open tensions in cosmology con-
cerns the value of the Hubble constant. Observations of the Cosmic Microwave
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Background yield a value of H0 = 67.49±0.53 km, s−1,Mpc−1–representing an
early–Universe measurement (Planck Collaboration 2020)–whereas local mea-
surements based on Cepheid–calibrated Type Ia supernovae indicate a higher
value of H0 = 73.04± 1.04 km, s−1,Mpc−1 (Riess et al. 2022).

The Hubble–Lemaitre law in Eq. 10.1 is in fact a product of Einstein’s
General Relativity when supplied with a homogeneous and isotropic metric, the
Friedmann–Lemaitre–Robertson–Walker (FLRW) metric. This metric reads:

ds2 = −c2dt2 + a2(t)
[

dr2

1− kr2 + r2(dθ2 + sin2 θdϕ2)
]
, [10.2]

where ds2 is the spacetime interval, c is the speed of light, a(t) is the scale
factor that evolves with cosmic time t, dr2 the radial component of the metric,
often called comoving coordinate, k the curvature of the Universe and θ, ϕ the
usual angles for polar coordinates. As we will see later, the scale factor a(t) is
responsible for the expansion of the Universe, while the comoving coordinate
dr2 represents only the fixed distances defined on the spacetime metric. Let
us now restrict ourselves to the case of a flat Universe (k = 0), as supported
by most cosmological observations (see (Turner 2022) for a review). We can
then center our reference frame on the observer and consider a galaxy emitting
photons at some comoving distance r, with the condition ds2 = 0. In other
words, we are now working with a simplified version of the FLRW metric.

0 = −c2dt2 + a2(t)dr2, [10.3]

from which we can learn some interesting properties of cosmological sources.

• Cosmological sources have a recessional velocity due to the Universe ex-
pansion: By integrating Eq. 10.2, we can show that the physical distance
traveled by the photon is

dp(t) ≡
∫
cdt = a(t)

∫
dr = a(t)dc, [10.4]

where dp(t) is the physical distance, a(t) is the scale factor, and dc is
the comoving distance, which remains fixed for objects moving with the
expansion of the Universe (i.e., with zero peculiar velocity). The scale
factor a(t) describes the relative expansion of the Universe over time,
representing how distances between objects increase as the Universe ex-
pands. Fig. 10.1 provides a visual representation of the interplay between
scale factor, comoving distance and physical distance. Since the Universe
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Figure 10.1: Visual representation of the interplay between scale factor, co-
moving distance and physical distance. The comoving distance is the distance
identified by the coordinates of the square vertexes, the physical distance is the
length of the line connecting two vertexes, and the scale factor is how much
the line stretches over time.

does not change its scales on the human lifespan, for simplicity, the scale
factor is set at 1 today. In this way, comoving and physical distance co-
incide.
Differentiating Eq. [10.4] with respect to time gives back the recession
velocity with respect to an observer, which can be expressed as:

ḋp(t) = ȧ(t)dc + a(t)ḋc, [10.5]

≈ ȧ(t)
a(t)a(t)dc,

= H(t)dp(t),

where we define the Hubble parameter H(t) as the ratio between the time
derivative of the scale factor and the scale factor itself:

H(t) ≡ ȧ(t)
a(t) , [10.6]

and ḋc the proper motion of the galaxy. The proper motion of galaxies is
usually much smaller ḋc ≪ H(t)dp(t) for far away galaxies, but it might
be important to take into account for close by galaxies. For the rest of
the chapter, we will assume that this term is negligible. In Eq. 10.6, the
Hubble parameter H(t) describes the rate of expansion of the Universe
at any cosmic time t. At the present time t0, or equivalently very close to
us, we define H(t0) = H0 (the Hubble constant), and Eq. [10.5] becomes

ḋp(t) = H0dp(t). [10.7]
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We emphasize that Eq. [10.7] is equivalent to Eq. [10.1]. This equation is
telling us that we expect cosmological objects (such as galaxies) to present
a recessional velocity from us that is due to the expansion. For close by
objects, the Hubble constant can be simply measured by obtaining the
physical distance of cosmological sources and measuring their recessional
velocity. The recessional velocity is “trivial” to measure for photons as
it can be measured from the redshift of light of known elements, on the
other hand, the distance of sources a bit less, as we will see later in the
chapter.

• Cosmological sources are redshifted: As we briefly anticipated in the
previous point, since cosmological sources have a recessional velocity from
us, they are redshifted. We will now see how the redshift is connected to
the scale factor and the definition of the distance.
Imagine the same cosmological source at a comoving distance r emits
two light pulses, one at time ts and the other at time ts + dts. These two
signals arrive on Earth at times td and td + dtd, after traveling through
an expanding Universe. As the position of the galaxy (source) does not
change during this small time interval, we can use Eq. 10.3 to equate∫ td+dtd

ts+dts

dt′

a(t′) =
∫ td

ts

dt′

a(t′) [10.8]

∫ ts+dts

ts

dt′

a(t′) =
∫ td+dtd

td

dt′

a(t′) , [10.9]

and if we assume that the scale factor does not change between the two
light emissions1, we can write

dts
a(ts)

= dtd
a(td)

[10.10]

dtd = a(td)
a(ts)

dts. [10.11]

The equation above means that two photons emitted with a time interval
dts are detected with a delayed time interval dtd that is proportional to
the ratio of the scale factors at the epochs of detection and emission. If
the detection happens today, with a(td) = 1 and a(ts) < 1, then their
ratio is greater than one, and the photons are redshifted. It follows that

1. This is a reasonable assumption, as light pulses are generated by physical processes
occurring on timescales significantly smaller than cosmic times
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we can define a relation between the scale factor and the observed redshift
z as

a(ts) = 1
1 + z

, [10.12]

and similarly, signals emitted at a given frequency fs are observed on
Earth at a redshifted frequency

fd = fs
1 + z

. [10.13]

To conclude our discussion on the redshift, let us argue that in cosmology,
the redshift is often used as an equivalent of time and distance measures.
To understand why, we can take Eq. 10.3, invert it and calculate the
comoving distance

dc(ts) =
∫ ts

0

cdt

a(t) . [10.14]

We can now recall the definition in Eq. 10.12, and differentiate to obtain

dz = − ȧ(t)
a2(t)dt [10.15]

dt = dz

H(z)(1 + z) , [10.16]

and rewrite Eq. 10.14 as

dc(ts) =
∫ z

0

cdz

H(z)(1 + z) ≈
cz

H0
, [10.17]

where we have used the fact that very close to us (at redshifts z ≪ 1),
the Hubble parameter is just the Hubble constant H0. Eq. 10.17 is yet
another expression for the Hubble–Lemaitre law, where instead of the
recessional velocity, we use the redshift of the source.

To summarize our discussion so far, in order to measure the cosmic expan-
sion from individual sources, we need to measure the distance of the object
and its recessional velocity (or redshift). For EM sources, the redshift can be
obtained thanks to the measurement of the redshift of spectral emission lines of
elements, while the distance is less trivial to obtain. To obtain distances for EM
sources at cosmological distances, we need standard candles, namely a class of
sources for which we know the intrinsic luminosity L. A standard candle allows
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us to measure the flux F and then obtain the distance by inverting its flux
equation given by

F = L

4πd2 . [10.18]

In a static Euclidean Universe, this would define the physical distance dp seen
earlier. However, in an expanding Universe, this relation is modified by two key
effects. First, the energy of each photon is redshifted by a factor (1 + z), and
the rate at which photons are received is also reduced by (1 + z), leading to a
total flux suppression of (1 + z)2. The proper observed flux is then corrected
such that

F = L

4πd2
c(1 + z)2 . [10.19]

Comparing this with the definition in Eq. [10.18], we identify the luminosity
distance as

dL(z) = (1 + z)dc(z), [10.20]

which effectively absorbs the redshift dependency, and it is the distance that
we measure from standard candles. Here we do not aim for a dedicated review
of standard candles (we refer the reader to references in (Moresco et al. 2022)
for more details), let us just note that standard candles have some intrinsic
limitations. Their intrinsic luminosity needs to be calibrated on closer standard
candles, i.e. they need a cosmological ladder, and this can introduce systematics
in their calibration. Moreover, only a very restricted ensemble of sources, such
as Cepheid and Supernova Type IA, can be standardized.

The relationship between luminosity distance and redshift (comoving dis-
tance) in Eq. 10.20 is the main ingredient required for standard candles and
standard sirens cosmology. Now, we have seen that at low redshifts, dc can be
expressed in terms of the Hubble constant; however, at higher redshifts, the
scale factor and the universe expansion are dominated by other cosmological
parameters. At this point, we need to introduce the first Friedmann’s equation

(
H(z)
H0

)2
= Ωm(1 + z)3 + ΩΛ, [10.21]

that connects the evolution of the Hubble parameter (and hence the scale fac-
tor) to the Hubble constant, the dark matter energy density Ωm and the dark
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energy density ΩΛ2. The first Friedmann’s equation is a direct product of Ein-
stein’s field equations, supplied with the FRLW metric and a stress-energy
tensor of an ideal fluid, where some polytropic relations are assumed for all
the energy density components of the stress-energy tensor. We refer the reader
to (Dodelson 2003) for a complete derivation, here we just note that with
Eq. 10.21, we describe a flat Universe dominated by dark matter and dark en-
ergy. When deriving the Friedmann equation under the assumption of an ideal
fluid, one can define the critical density of the Universe as

ρc = 3H2
0

8πG, [10.22]

which represents the energy density required for a spatially flat Universe. All
density parameters are then expressed relative to this critical density. Remem-
bering the expression of the comoving distance in Eq. 10.17 and Friedmann’s
Eq. 10.21, we can rewrite the full expression for the luminosity distance as

dL(z) = (1 + z)dc(z) = (1 + z)
∫ z

0

dz′

H0
√

Ωm(1 + z′)3 + ΩΛ
. [10.23]

Another relevant quantity that we will need for GW cosmology is the notion of
differential of comoving volume dVc. The comoving volume for a flat universe,
given by

Vc = 4
3πd

3
c(z), [10.24]

is often used to calculate the number density of compact objects, or even galax-
ies present in a certain volume. Its differential as a function of redshift is hence
given by

dVc
dz

= 4π c

H0

d2
c(z)√

Ωm(1 + z′)3 + ΩΛ
. [10.25]

To conclude our introduction to standard cosmology, it is instructive to
compare the typical distances and volumes relevant for GW observations. Fig-
ure 10.2 illustrates the various distance definitions introduced in this chapter for
a flat ΛCDM Universe, along with the typical distances at which GW sources
are observed. As we will discuss later, GWs allow for a direct measurement
of the source’s luminosity distance. For the most distant GW events, such as
GW190521, it becomes necessary to use the full cosmological expression for the
luminosity distance in terms of redshift and cosmological parameters.

2. Here, remember that we assume that the Universe is flat, i.e. Ωk = 0.
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Figure 10.2: Top panel: Different definition of distances in cosmology compared
to the median distance reported by three of the most discussed GW sources.
Bottom panel: Comoving volume and its differential as a function of redshift.
Both the panels have been generated using a flat ΛCDM model, with H0 = 70
kms−1Mpc−1 and Ωm = 0.3.

10.2.2. Compact binary coalescence at cosmological distance

In this section we introduce the relevant ingredients required for GW cos-
mology with CBCs. We refer the reader to the GW theory section of this book
for a more in-depth introduction about GWs and their emission from CBCs.

A CBC is characterized by a set of parameters that can be classified as
either intrinsic or extrinsic. The intrinsic parameters describe properties that
are inherent to the binary system, including the masses (mi), spins (χi and θi)
of the individual objects, their tidal deformability (Λi) if we are talking about
NSs, and the orbital eccentricity. Usually, the two spins (and their orientations)
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Figure 10.3: Schematic view of a binary system of compact objects with their
main intrinsic parameters such as the primary and secondary masses (m1,m2),
their spin vectors (S1, S2) and their inclination angles (θ1, θ2).

are combined in two spin parameters; the effective spin parameter χeff and the
precession spin parameter χp. The former is maximized when the two spins
are aligned to the orbital angular momentum, the latter when one of the two
components lies on the orbital plane. A schematic representation of the binary
intrinsic parameters is provided in Fig. 10.3. The extrinsic parameters depend
instead on the observer’s perspective. These include the binary luminosity dis-
tance (or redshift), orbital inclination relative to the line–of–sight (ι), the time
of merger as observed at the detector (tm), the sky position (right ascension
α and declination δ), and the coalescence phase ϕc and polarization angle ψ.
Together, these parameters define the key features of a CBC and play an essen-
tial role in interpreting GW signals, especially in the context of cosmological
studies.

The GW strain observed at the detector, which refers to the spatial de-
formation caused by the passage of GWs through the interferometer, can be
expressed as a combination of both intrinsic and extrinsic parameters in the
detector frame. The strain at a given time, tm, is given by the equation:

h(tm) = F+(α, δ, ψ, tm)h+(tm) + Fx(α, δ, ψ, tm)hx(tm), [10.26]

where the functions F+ and Fx represent the detector's response to the two GW
polarizations, h+ and hx. These response functions depend on several factors,
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including the geometry of the detector, the sky position of the source, the
time of arrival of the signal, and the polarisation angle. For ground-based GW
detectors, CBC signals typically last from a few minutes to a few milliseconds.
As a result, the response functions F+ and Fx can be considered constant over
the duration of the signal, as their variation occurs over time scales comparable
to the sidereal day.

In Fourier space, under the quadrupole approximation and assuming circular
orbits, the stationary phase approximation, negligible spin effects, and at the
leading order of the Post-Netwonian (PN) expansion, the two GW polarizations
can be expressed as:

h̃+(f) = A(f,M) 1 + cos2 ι

2 eiΨ(f,M), [10.27]

and

h̃×(f) = A(f,M) cos ι ei(
π
2 +Ψ(f,M)), [10.28]

where the phase Ψ(f,M) is expressed as

Ψ(f,M) = 2πftm −
π

4 − ϕc + 3
128

(
πGM
c3

)−5/3 1
f5/3 , [10.29]

and the amplitude A(f,M) as

A(f,M) = 1
dp

5
24π4/3

(GM)5/6

c3/2
1

f7/6 . [10.30]

In Eq. 10.29 and Eq. 10.30, f is the frequency of the GW and dp is the physical
distance of the source to the detector and the chirp mass M is defined as

M = (m1m2)3/5

(m1 +m2)1/5 , [10.31]

computed as a combination between the primary (m1) and secondary (m2)
masses of the coalescing binary system. Usually, the convention between m1
and m2 is that the primary mass is larger or equal to the secondary so that
q = m2/m1 ≤ 1. The chirp mass of the two objects is typically well-measured
from the GW phase, while the distance is measured from the amplitude term.
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As discussed previously, when we consider GW signals originating from the
coalescences of binary systems located at cosmological distances, we have to
account for the effect of the cosmological redshift due to the expansion of the
Universe. From now on, we will use the subscript “d” when we refer to detector
quantities and “s” when we refer to source quantities. The first aspect that
we need to consider is that now the Fourier space must be computed at the
detector, meaning that we should consider the cosmic expansion. This can be
done easily using the properties of the Fourier transforms. At the detector, the
signal in time domain can be calculated from the signal in time domain at the
source, considering

hd(td) = hs

(
td

1 + z

)
. [10.32]

We can now apply the Fourier trasform in detector time domain Fd,

Fd[hd(td)] = Fd
[
hs

(
td

1 + z

)]
= (1 + z)Fd[hs(td)](fd(1 + z))

= (1 + z)h̃s(fd(1 + z)). [10.33]

In the second step above, we have used the properties of the Fourier transforms.
In writing Eq. 10.33, we have taken into account the fact that the frequency
is redshifted. We have also dropped the polarization index to indicate that
this equation is valid for both polarizations. We can see that in the detector,
the signal is the original signal, multiplied by a redshift factor and calculated
at frequencies that are the redshifted ones. Eq. 10.33 is a standard relation
in cosmology, in the limit that z → ∞, the spectrum at the detector will be
concentrated at low frequencies with a large amplitude.

Let us now explicitly expand Eq. 10.33. We will start with the phase term
in Eq. 10.29. If no additional phase will arise from the amplitude of the GW
in Eq. 10.30 (as we will show later), then the phase of the GW signal at the
detector is

Ψd(fd) = Ψs(fd/(1 + z)). [10.34]

Given the above equation, to obtain the phase at the detector, we simply need
to replace fs = fd(1 + z) and also remember that the inverse is true for times
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(i.e ts = td/(1 + z)). Eq. 10.29 can then be written as

Ψd(fd,Md) = 2πfd(1 + z) tm,d1 + z
− π

4 − ϕc + 3
128

(
πGM
c3

)−5/3 (1 + z)−5/3

f
5/3
d

= 2πfdtm,d −
π

4 − ϕc + 3
128

(
πGMd

c3

)−5/3 1
f

5/3
d

. [10.35]

The above equation expresses the GW source phase in terms of detector fre-
quency and a newly defined quantity, the redshifted chirp mass Md = (1 +
z)Ms. It is interesting to note that in the detector, the GW phase is math-
ematically equivalent to the phase of a GW signal with redshifted masses
Md = (1 + z)Ms. Let us now see what happens to the GW amplitude in
Eq. 10.30. Again, we replace fs = fd(1 + z), and again we redefine the red-
shifted chirp mass Ms =Md/(1 + z). With these definitions, we have

A(fd,Md) = 1
dp(1 + z)2

5
24π4/3

(GMd)5/6

c3/2
1

f
7/6
d

. [10.36]

We can now write explicitly Eq. 10.33 using Eq. 10.36 and Eq. 10.35. In doing
so, we will remember that the luminosity distance is defined as dL = dp(1 + z),
so that the two polarizations now become

h̃d,+(fd) = 1
dL

5
24π4/3

(GMd)5/6

c3/2
1

f
7/6
d

1 + cos2 ι

2 eiΨ(fd,Md) [10.37]

h̃d,×(fd) = 1
dL

5
24π4/3

(GMd)5/6

c3/2
1

f
7/6
d

cos ι ei(
π
2 +Ψ(fd,Md)) [10.38]

These equations reveal several crucial information.

• The observed GW signal retains the same functional form as in the source
frame, but with two important substitutions: the physical distance dp is
replaced by the luminosity distance dL, and the source-frame chirp mass
Ms is replaced by the redshifted chirp mass Md = (1 + z)Ms.

• As a result, the waveform detected by ground-based interferometers pro-
vides two key observables: the redshifted chirp mass (from the phase
evolution) and the luminosity distance (from the signal amplitude).
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Figure 10.4: From top to bottom: Plus and cross GW emission for an equal-
masses binary with redshifted chirp mass of 32 M⊙ located at 500 Mpc. The
figures on the right show the inclination of the binary with respect to the line
of sight.

• However, these quantities are degenerate with redshift: one cannot dis-
entangle the redshift from the mass based on the waveform alone. This
fundamental limitation implies that the redshift of the source is not di-
rectly measurable from the GW signal, and additional information is
needed to exploit standard sirens for cosmology.

Since for CBCs we can measure directly the distance via GW emission, we
typically refer to this type of source as standard sirens. Standard sirens are
self-calibrated sources, as in contrast to EM sources, they do not require an
intrinsic luminosity (calibration) to provide a distance measure.

An important feature of GW signals is the degeneracy between the signal
amplitude and the inclination angle of the binary's orbit relative to the ob-
server. This degeneracy is the motivation for which standard sirens typically
do not provide a precise measure of their distance. Specifically, the GW am-
plitude depends strongly on cosι, see Eq. 10.37-10.38, making it difficult to
distinguish between a nearby system viewed edge-on and a more distant sys-
tem viewed face-on. A depiction of this effect from the point of view of the
waveform at the detector is given in Fig. 10.4. As we can see from the plots,
the emission of GWs is stronger perpendicularly to the orbital plane (as both
polarizations are maximized), while it is weaker parallel to the orbital plane.
This effect greatly impacts the overall amplitude of the resulting signal, as the
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luminosity distance would. This degeneracy limits our ability to precisely infer
the luminosity distance dL from the observed signal. Fortunately, it can be
mitigated by using waveform models that include additional physical effects,
such as precession or higher-order modes. These effects imprint weak signatures
in the signal that help to lift the degeneracy between inclination and distance,
thereby improving our estimates of the luminosity distance. Accurate distance
measurements are particularly important in GW cosmology, as they directly
affect the precision with which we can constrain key cosmological parameters.

In summary, measuring the expansion of the universe requires both the lu-
minosity distance dL and the redshift z of each source. CBCs detected through
GWs are the only known astrophysical sources that provide a direct measure-
ment of the luminosity distance through the amplitude of their signal. From
the waveform, we also extract detector-frame masses, but the redshift remains
inaccessible due to its degeneracy with the source mass. Therefore, while GW
sources have the potential to become powerful cosmological probes, additional
information or assumptions are needed to determine z. The following sections
review current approaches to assigning redshifts to GW sources.

10.3. Bayesian inference for cosmological and population properties of
resolved sources

In this section, we introduce the hierarchical Bayesian inference (HBI)
framework, the main statistical tool currently used for standard sirens cos-
mology. We will start by introducing the basics of Bayesian statistics and then
derive the hierarchical likelihood in the case of GW standard sirens.

10.3.1. A brief recap of Bayesian theory

The main scope of Bayesian inference is to estimate a probability density
function for a certain parameter θ given the some observations {x}. Given a
certain model M , the Bayes’ theorem allows us to write this probability as

P (θ|{x},M) = L({x}|θ,M)P (θ|M)
P ({x}|M) , [10.39]

L({x}|θ,M) is the likelihood – the probability of observing {x} given θ; P (θ|M)
is the prior – our knowledge about θ before seeing the data; P ({x}|M) is the
evidence – a normalization factor used for model comparison; and P (θ|{x},M)
is the posterior – the updated probability of θ given the data. Here, we do
not wish to go into the details of Bayesian statistics; we refer the reader to
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(MacKay 2003) for a more detailed introduction. We rather provide an opera-
tional example to understand its application.

The mean of a gaussian: Let’s assume we are provided with a generator
of random Gaussian numbers x. We are tasked to observe samples of x and
estimate the mean of the gaussian µ. The first step is to write down the likeli-
hood. The likelihood for obtaining the sample x given the mean µ and standard
deviation σ of the normal distribution is

L(x|µ, σ) = 1√
2πσ

e− (x−µ)2

2σ2 . [10.40]

As different samples of x are independent from each other, the overall likelihood
can be written as

L({x}|µ, σ) =
N∏
i=1
L(xi|µ, σ) =

N∏
i=1

1√
2πσ

e− (xi−µ)2

2σ2 . [10.41]

It can be shown that, if we define µ̄ =
∑
i xi/N and σ̄ = σ/

√
N , then the above

likelihood can be rewritten as

L({x}|µ, σ) = 1√
2πσ̄

e− (xi−µ̄)2

2σ̄2 . [10.42]

We now use this likelihood in the Bayes’ theorem (Eq. 10.39) and write explic-
itly the posterior

p(µ|{x}, σ) = L({x}|µ, σ)p(µ)∫
L({x}|µ, σ)p(µ)dµ

∝ 1√
2πσ̄

e− (xi−µ̄)2

2σ̄2 . [10.43]

In the last step, we have assumed a uniform prior on µ (constant) and neglected
the denominator as it is just a normalization constant. We have also assumed
to have perfect knowledge of σ since we condition on it. We have discovered
that the posterior on µ is itself a gaussian, centered around the mean of the
dataset {x} and with a standard deviation that becomes more and more pre-
cise as we have more observation (

√
N). This example helps us to understand

the connection with frequentist statistics, where it is usually said that “errors
improve as

√
N”.

Our results can be easily validated numerically, we can, for instance, write a
code that draws 50 samples from a normal distribution (µ = 0, σ = 1) and then
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Figure 10.5: Posterior distributions (different colors) for the values of µ given
50 observations x from a gaussian process. The vertical dashed line indicates
the injected value of µ.

loop on the values of possible µ in the prior to calculate Eq. 10.43. Fig. 10.5
shows the result for this code, where multiple realizations of the 50 samples
have been generated. One important aspect to notice is that the posterior
does not have to present its mode at the true value of µ, since the measure
of µ fluctuates due to the noise realization. Although, for a large number of
observations, N →∞, we expect the posterior to converge to a Dirac-function
centered on µ. These realizations, in virtue of their independence, can be later
combined to obtain the posterior that would be obtained using all the 250
samples.

Introducing the selection bias: Let us make use of the previous example
to also introduce the concept of selection bias. This time, our experiment is
able to register only values of x > 0 (this is a threshold). Then the likelihood
L(x|µ, σ) of observing a value of x should be re-normalized by the number of x
that you can effectively see. In other words, the likelihood of observing a data
point x should effectively be normalized considering all the possible values of
x that you can detect. This can be easily done as follows

L(x|µ, σ) = e[−(x−µ)2/(2σ2)]∫∞
xthr

e[−(x−µ)2/(2σ2)]dx
= e[−(x−µ)2/(2σ2)]

I(µ, xthr)
[10.44]

Because the range of samples is restricted, the normalization at the denomina-
tor is equal to an unknown constant called I(µ, xthr). So the denominator has
become a function of µ. The denominator approaches the value of the usual
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Figure 10.6: Left: Posterior distributions of the estimated value of µ with 50
observations of x from a gaussian process without accounting he selection bias.
The vertical dashed line indicates the injected value of µ. Right: Same, but
this time accounting for the selection bias.

normalization of the gaussian distribution when µ ≫ xthr, meaning that we
have a process for which we can see all the possible realizations, otherwise, it
is smaller. Fig. 10.6 shows us the difference of a Bayesian inference with and
without selection bias for this case. When the selection bias is not accounted
for, we would find a posterior supporting higher values of µ. This is the conse-
quence of the fact that we are not inferring the inference that observing values
with x < 0 is forbidden.

10.3.2. Hierarchical Bayesian Inference with gravitational waves

We have seen that the first step to using Bayesian statistics is to write a
likelihood. Different from the previous case, where we wanted to estimate a
parameter µ common to all the observations, now we have an extra level of
inference. First, we need to infer the binary parameters for each observation
(which are different among sources), then we want to infer population-level
parameters such as the Hubble constant. Because of that, this kind of inference
is called hierarchical, meaning we have a hierarchy of parameters. We are now
going to construct the hierarchical likelihood for that scenario, following (Man-
del et al. 2019), and a more motivated reader can also follow a more accurate
and detailed derivation in (Vitale et al. 2020).

We start our derivation by modeling the probability of generating a binary
with parameters θ given a set of population parameters Λ.

ppop(θ|Λ) = T

N

dN

dθdtd
[10.45]

For this derivation, N is the total number of sources in the universe, T the
observing time at the detector and dN

dθdtd
the differential number of sources
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(rate) per binary parameter (at the detector) and detector time. In writing the
above identity, we have also assumed that the rate is constant in detector time
(a reasonable assumption for cosmological sources as their rate do not change
on human timescales), and the factor T is basically the result of the integration
in dtd. It follows that the probability of having a population of GW sources
with parameters {θ} is

ppop({θ}|Λ) =
N∏
i

ppop(θi|Λ)∫
dθippop(θi|Λ)

. [10.46]

Now, let us imagine that we again have the presence of a selection bias (finite
detector sensitivity), as for the case pf the gaussian example, then we should
also normalize the likelihood accordingly

pd({θ}|Λ) =
N∏
i

ppop(θi|Λ)∫
dθppop(θ|Λ)p(DET = 1|θ)

, [10.47]

where the detection probability

p(DET = 1|θ) =
∫

x∈DET
L(x|θ)dx, [10.48]

is the integral of the GW likelihood over all the possible realizations of data
that are detectable. If we would have been able to measure perfectly the binary
parameters θ, we could have used directly 10.47 for our inference as likelihood.
However, we do not have the luxury to perfectly measure θi, as we also have
a GW likelihood L(xi|θ). As such, what we measure for the single event is
actually

p(xi|Λ) =
∫
dθL(xi|θ)pd(θ|Λ) =

∫
dθL(xi|θ)ppop(θ|Λ)∫

dθppop(θ|Λ)p(DET = 1|θ)
. [10.49]

Finally, as all the GW events are independent from each other, we can write
the hierarchical likelihood

L({x}|Λ) =
N∏
i

p(xi|Λ) =
N∏
i

∫
dθL(xi|θ)ppop(θi|Λ)∫

dθppop(θ|Λ)p(DET = 1|θ)
. [10.50]
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The hierarchical likelihood can also be written in terms of physical rates. To
do so, we need to introduce the expected number of detections

Nexp(Λ) = T

∫
dθ

dN

dθtd
p(DET = 1|θ), [10.51]

and add a Poisson term to the likelihood

L({x}|Λ, Nexp) ∝ e−Nexp(Λ)[Nexp(Λ)]N
N∏
i

∫
dθL(xi|θ)ppop(θi|Λ)∫

dθppop(θ|Λ)p(DET = 1|θ)

.[10.52]

Using the rate parameterization, the hierarchical likelihood in Eq. 10.45 can be
expressed as

L({x}|Λ, Nexp) ∝ e−Nexp(Λ)
N∏
i

T

∫
dθL(xi|θ)

dN

dθdtd
(Λ). [10.53]

There also exist an equivalent version of that likelihood called “scale-free” like-
lihood. Ones can marginalize analytically the Nexp term using a scale-free prior
π(Nexp) ∝ 1/Nexp to obtain a formally equivalent expression to Eq. 10.53.

L({x}|Λ) ∝
N∏
i

∫
dθL(xi|θ) dN

dθdtd
(Λ)∫

dθp(DET = 1|θ) dN
dθdtd

(Λ)
. [10.54]

Eqs. 10.53-10.54 are the hierarchical likelihood used for GW cosmology.

In the context of GW cosmology, the binary parameters must be written
in terms of detector binary parameters, namely luminosity distance, detector
frame masses and spin parameters. The information on cosmological parame-
ters enters either from an EM external data through the redshift (see later), or
by modeling the CBC merger rate in terms of redshift and source masses. In
the latter case, the cosmological information comes from the fact that the rate
carries information about the source masses and redshift, while the GW likeli-
hood measures the redshifted masses and luminosity distance. We can express
the detector-frame merger rate as a function of the source-frame parameters
through a change of variables:

dN
dtddθ = dN

dtsdθs

dts

dtd

1
detJd→s

[10.55]

= dN
dtsdθs

1
1 + z

1
detJd→s

, [10.56]
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where the time differential transforms as 1/(1 + z), and the Jacobian accounts
for the change of variables. It is important to notice that Eqs. 10.53-10.54 can
either be written in detector variables using and dealing with the Jacobian to
calculate the source rate, or directly in source variables without having to deal
with the Jacobian. The two are mathematically equivalent, but in the second
case, we will need to explicitly remember that the GW likelihood and detection
probability are conditioned on the cosmological parameters (as they depend on
detector quantities).

Since only masses and distances are affected by the expansion of the Uni-
verse, the Jacobian for this transformation is given by

1
detJd→s

= ∂dL

∂z
(1 + z)2, [10.57]

and using Eq. 10.23, it can be further written as

1
detJd→s

=
(

dL(z)
1 + z

+ c
1 + z

H0

1
E(z)

)
(1 + z)2. [10.58]

Thus, the detector-frame CBC merger rate becomes

dN
dtddθ = dNCBC

dtsdθs

(
dL(z)
1 + z

+ c
1 + z

H0

1
E(z)

)
(1 + z). [10.59]

From this point, three different methodologies for population inference can be
pursued, depending on the goals of the analysis and the available data. Each
approach re-parameterizes the source-frame CBC rate accordingly.

10.4. Spectral sirens: Cosmology with GW sources and their source
mass spectrum

One of the possibilities for obtaining redshift information from GWs alone
is to make assumptions about the shape of the source-frame mass distribution
of CBCs. The idea is the following: since the source and detector masses are
related by a redshift factor of (1+z), and since GW signals allow us to measure
detector masses, we can statistically infer the redshift of each source by assum-
ing a model for the source-frame mass distribution (with some free parameters).
This approach typically involves modeling the population distribution of CBCs
in the source frame. In the following, let us explicitly separate the redshift z
from the rest of the source binary parameters θs, we can write:

dNCBC

dtsdzdθs
= dNCBC

dtsdVcdθs

dVc
dz

= R0ψ(z; Λ)ppop(m1,s,m2,s|Λ)dVc

dz , [10.60]
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Figure 10.7: Representation of some mass models currently in vogue for spectral
sirens cosmology to describe the mass spectrum of stellar-mass BHs, namely
the Broken− PowerLaw, the PowerLaw− Peak and the Multi− Peak.

where R0 is the local (z = 0) CBC merger rate density per time and per co-
moving volume, typically expressed in [Gpc−3yr−1]. The function ψ(z; Λ) is a
phenomenological model for the redshift evolution of the merger rate, usually
inspired by the star formation rate. The term ppop(m1,s,m2,s|Λ) represents the
population model for the joint distribution of primary and secondary source
masses. Note that Eq. 10.60 already involves a key assumption: the mass dis-
tribution is independent of redshift. While this may not strictly hold in reality–
since the population could evolve over cosmic time–current observations have
not revealed any significant redshift dependence. For mass distribution, one can
assume flexible analytical models like the ones represented in Fig. 10.7, whose
parameters are fit alongside the cosmological parameters. Here, we do not en-
ter into the details of the modeling of the mass distribution and we refer the
reader to (Palmese and Mastrogiovanni 2025) for a review with more in-depth
discussion.

To understand why the source mass distribution can provide information
about cosmology, it is helpful to consider the impact of redshift on the ob-
served masses. GW detectors measure masses in the detector frame, which are
redshifted relative to the intrinsic source masses by a factor of (1 + z). If we
had independent knowledge of the typical source masses of binary BHs (for
instance, if we assumed they are all formed with primary masses around 35
M⊙), then any deviation from this scale in the observed detector masses could
be attributed to redshift. In this way, a characteristic mass scale in the source
population effectively acts as a standard ruler in mass space, allowing the red-
shift to be inferred statistically. Then, with this redshift measure and the GW
luminosity distance measure from the waveform, we can infer the cosmic ex-
pansion. Of course, we do not expect the binary source masses to have all the
same values. Instead, we expect a distribution of source masses like the ones in
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Figure 10.8: Detector mass distribution as a function of luminosity distance
and the Hubble constant assuming a source mass model constructed with a
powerlaw and a Gaussian peak, fixed change in redshift. This figure is repro-
duced from (Chen et al. 2024).

Fig. 10.7. Through the rate Eq. 10.60, this distribution is converted to a dL-
dependent detector mass distribution as displayed in Fig. 10.8. For a different
combination of cosmological parameters H0,Ωm, the resulting distribution of
detector masses and function of dL will change because the luminosity distance
is a function of z and the cosmological parameters. HBI evaluates the fitting
factor (the hierarchical) likelihood for this detector mass, luminosity distance
distribution with real observed GW events.

An example with real GW data: It is interesting to provide here a simplified
example of HBI in action for spectral sirens with current GW data. We will
refer the reader to (Palmese and Mastrogiovanni 2025) for a more complete
description of the results obtained from data in the current literature.

To evaluate the hierarchical likelihood in Eq. 10.52, we mainly need two
ingredients. The integrals of the rate models over the GW likelihood and the
evaluation of the expected number of detections. The former can be obtained
via Monte Carlo integration by summing over posterior samples of the GW
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binary parameters, namely:

∫
L(xi|θ)

dN
dtddθ

(Λ)dθ ≈ 1
dNs,i

Ns,i∑
j=1

1
πPE(θi,j |Λ)

dN

dtddθ
(Λ)
∣∣∣∣
i,j

[10.61]

≡ 1
Ns,i

Ns,i∑
j=1

wi,j , [10.62]

where the index i refers to the event and the index j to the posterior samples
of the events. We have also defined a weight wi,j of dimension equal to the
number of events generated per unit of time. The latter can be evaluated as:

Nexp(Λ) = T

∫
p(DET = 1|θ) dN

dtdθ
dθ. [10.63]

Typically, we do not have access to an analytical form of the detection proba-
bility (see Gair et al. (2023) for an introductory example in the context of GW
cosmology with galaxy catalogs). The current approach to evaluate selection
biases is to use Monte Carlo simulations of injected and detected events, often
shortly referred to as injections. The injections are used to evaluate the volume
that can be explored in the parameter space and correct for selection biases.
Therefore, their occurrence is proportional to p(DET = 1|θ) and the popula-
tion model used to generate them. Eq. [10.63] can also be approximated using
Monte Carlo integration:

Nexp ≈
T

Ngen

Ndet∑
j=1

1
πinj(θj)

dN

dtddθ

∣∣∣∣
j

≡ T

Ngen

Ndet∑
j=1

sj = R0< VT >. [10.64]

Here we have again defined a weight sj with the dimension of a rate of events.
Note that there is one fundamental difference with Eq. [10.62]. The injection
prior πinj(θ) must be properly normalized to obtain a reasonable value of Nexp,
while a wrong normalization of πPE(θ) (which is used in Eq. [10.62]) will only
result in an overall normalization factor to the overall hierarchical likelihood.
Note that Eq. 10.64 can also be used to define an interesting quantity, the ex-
plorable spacetime volume < VT > that quantifies how many Gpc3 per year we
are able to explore with our GW detectors. The explorable space-time volume
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Figure 10.9: Left: Explorable spacetime volume for BBH signals with SNR>11
during the third LIGO–Virgo–KAGRA observing run (O3), as function of H0.
Right: Posterior distributions on H0 calculated from 42 BBH signals from
GWTC-3 with SNR>11, and using three different population models.

can be obtained as

< VT > ≡ T

R0Ngen

Ndet∑
j=1

sj [10.65]

= T

Ngen

Ndet∑
j=1

ψ(zj ; Λ)ppop(mj
1,s,m

j
2,s|Λ) 1

1 + zi

1
detJd→s|i

dVc

dz

∣∣∣∣
i
,

[10.66]

where we have factorised the CBC merger rate at the detector using Eq. 10.60.
Of course, coding up all the machinery required to perform HBI is not trivial,
as it requires the implementation of cosmological and population models. For
these lectures, however, we refer the reader to one of the python packages
available for HBI with GWs, icarogw (Mastrogiovanni et al. 2024) and its
dedicated tutorials (Mastrogiovanni 2023).

Fig. 10.9 shows two of the relevant quantities for HBI that can be computed
with icarogw. On the left side of the figure, we see the average spacetime
volume as a function of H0, while on the right, the posterior on H0 for different
choices of the mass distribution parameters. These plots have been generated by
choosing a rate ψ(z; Λ) that increases in redshift a power law plus peak model
for the source masses 3. The plots use a set of 42 BBHs with signal-to-noise
ratio higher than 12 from the third GW transient catalog (GWTC-3) (Abbott
et al. 2023). As shown in the plots, the average detectable space–time volume

3. the reader can check the tutorials for the actual values of the population parameters
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increases with the Hubble constant. This scaling does not arise solely from the
ability to detect events at higher redshifts–although it is true that the redshift
detection horizon scales as zhor ∝ H0–but also because the differential comoving
volume scales as ∝ H−3

0 . The increase in detectable volume is further amplified
by the fact that higher values of the Hubble constant correspond to probing
regions of the Universe where the CBC merger rate is higher, as encoded in
ψ(z; Λ).

The right–hand plot illustrates another crucial point: population assump-
tions, particularly the mass model, significantly impact spectral siren cosmol-
ogy. The displayed posteriors differ because they were generated using mass
models with different Gaussian peak locations. This highlights the necessity of
marginalizing over population parameters–such as those describing the mass
spectrum–alongside cosmological parameters in current GW cosmology

10.5. Adding galaxy surveys to dark sirens

The first methodology that was actually proposed by (Schutz 1986) to use
dark sirens for cosmology relates to the use of galaxy surveys. This idea involves
using redshift information from galaxy surveys reported in the localization area
of the GW event to identify potential hosts for each CBC event. In practice,
what one can do is to build a redshift galaxy density profile for all the possible
directions in which the source is localized, as shows in Fig. 10.10. The galaxy
redshift density profile is not really uniform in comoving volume, especially at
low redshifts, and can present over densities and under densities. The most
probable redshift for the GW is on the over densities. Fig. 10.10 displays the
logic behind this methodology. It is interesting to note that, from a historical
point of view, this was the first method proposed for cosmology with GW dark
sirens. Nowadays, we know that the spectral sirens method (cosmology with
the source mass) and the galaxy catalog method are actually part of the same
method, in fact, for both the methods it is necessary to model the CBC merger
rate.

In this textbook, we will use the “rate” approach to see how to implement a
galaxy survey for GW cosmology. We will refer the reader to (Gair et al. 2023)
for a more complete step-by-step mathematical introduction on this topic from
the point of view of probabilities. To parameterized the CBC merger rate as
a function of the galaxy catalog, we can make two assumptions: first, that all
CBC mergers occur within galaxies, and second, that the number of mergers per
galaxy can be proportional to some galactic property, for instance the absolute
magnitude M and redshift. The CBC merger rate, now expressed in terms of
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Figure 10.10: Top plots: Galaxy number density profile as a function of redshift
from the simulated galaxy catalog used in (Gair et al. 2023) for two random
lines of sight. The distributions have been normalized in the corresponding
redshift range. The black dashed line indicates a uniform in comoving volume
redshift distribution. Bottom plots: Galaxy over/under density defined as the
ratio between the galaxy number density profile and the uniform in comoving
volume distribution.

the number of mergers per galaxy, is therefore rewritten as:

dNCBC

dtsdzdθsdΩ̃
=
∫

dM dNCBC

dtsdzdm̃sddΩ̃dM
[10.67]

=
∫

dM dNCBC

dNgaldm̃sdts

dNgal
dzdΩ̃dM

, [10.68]

where Ngal is the number of CBCs per galaxy, and Ω⃗ = (α, δ) denotes the sky
localization of the GW events. This new parameterization of the CBC merger
rate can be understood as the product of two terms. The first one closely
resembles the expression used in classic spectral sirens and can be written as:

dNCBC

dNgaldm̃sdχ̃dts
= R∗

gal,0Ψ(z,M ; Λ)ppop(m⃗s|z,M ; Λ). [10.69]
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Here, R∗
gal,0 replaces the usual local merger rate density and now represents the

local CBC merger rate per galaxy per year. The function Ψ(z,M ; Λ) models
how the rate of CBCs per galaxy evolves with redshift and magnitude, while
the two population terms describe the source mass and spin distributions. It is
a custom choice to model

Ψ(z,M ; Λ) = ψ(z; Λ)100.4ϵ(M∗−M), [10.70]

where ψ(z; Λ) is the usual merger rate as function of redshift used for spectral
sirens and the second term simply introduces a GW hosting probability propor-
tional to the galaxy intrinsic luminosity, namely ∝ Lϵ. All of these term rates,
besides the one dependent on M , can be effectively taken out the integral in
Eq. 10.68.

The second term in Eq. 10.68, is the galaxy number density per redshift,
steradian and absolute magnitude. If we were supplied with a galaxy catalog
containing all the galaxies in the universe, this term would simply be a “his-
togram” in redshift, sky position and absolute magnitude of all the galaxies.
Instead, realistic galaxy catalogs are flux-limited, meaning that they only re-
port galaxies brighter than a certain apparent magnitude threshold mthr. It
follows that we need to apply a completeness correction by defining

dNgal
dzdΩ̃dM

= dNgal,CAT

dzdΩ̃dM
+ dNgal,OUT

dzdΩ̃dM
, [10.71]

where dNgal,CAT and dNgal,OUT correspond to the number of galaxies reported
by the galaxy catalog and brighter than mthr, and to the completeness correc-
tion. The completeness correction is nonetheless given by the number density
of missing galaxies in the redshift shell that can be computed as

dNgal,OUT

dzdΩ̃dM
= Θ(M −Mthr(mthr, z,H0))Sch(M) 1

4π
dVc
dz

, [10.72]

where Θ is a Heaviside step that is non-null when the absolute magnitude is
fainter than the threshold absolute magnitude, and Sch(M) is the Schecter
function, namely a relation modelling the number density of galaxies in comov-
ing volume per absolute magnitude.

Finally, the total CBC merger rate parameterization for the spectral siren
analysis with a galaxy catalog becomes:

dNCBC

dtsdzdθsdΩ̃
= R∗

gal,0ppop(m1,s,m2,s|Λ)ψ(z; Λ)×∫
dM100.4ϵ(M∗−M)

(
dNgal,CAT

dzdΩ̃dM
+ dNgal,OUT

dzdΩ̃dM

)
. [10.73]
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Before moving to a real example with some data, let us comment on two limiting
cases of Eq. 10.73. In the limit that the galaxy catalog is 100% incomplete
(mthr = −∞), then the integral in Eq. 10.73 is just the overall integral of
the Schecter function (multiplied by the host probability). This integral can be
computed analytically, and it results in Euler’s gamma function, which acts as a
normalization function. In this limiting case we see that (besides a normalizing
factor), the rate is equivalent to the one of the spectral sirens. It follows that
the mass distribution is fully dominating the implicit redshift information. In
the other limiting case, the galaxy catalog is 100% complete and in Eq. 10.73
only the catalog term contributes. In this case, if the galaxies are provided with
perfect redshift and sky position measures, Eq. 10.73 becomes

dNCBC

dtsdzdθsdΩ̃
= R∗

gal,0ppop(m1,s,m2,s|Λ)ψ(z; Λ)×

gal∑
i

δ(Ω̃− Ωi)δ(z − zi)100.4ϵ(M∗−M). [10.74]

In the second scenario, the redshift and sky positions are entirely dictated by
the galaxies, and the mass model acts as a weight factor between them. This
shows us that the mass spectrum always enters the inference of galaxy catalogs.

Galaxy catalogs in action: As in the case of spectral sirens, the full inference
of mass spectrum properties and the cosmological background parameters, with
the addition of galaxy catalogs, is not an easy task. In this case, we have the
additional difficulty of adding to the inference a galaxy survey that typically
contains billions of galaxies that can make the computation of the hierarchical
likelihood computationally inefficient. For this introductory text, we will follow
(Gair et al. 2023) and work under some main assumptions

• We will neglect all the rate modeling associated to source masses and
redshift of GW events (the function ψ(z; Λ)). We will further assume
that GW events are at low redshifts and the 1/1 + z factor coming from
dts/dtd is not important.

• We will assume that the galaxy catalog is complete and it measures per-
fectly the galaxies.

• We will assume that galaxies are all equally likely to host GW events,
whatever their properties.

Under these three main assumptions, that could be valid for very well localized
and close GW events, the CBC merger rate in detector frame can be written
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as

dNCBC

dtddzdΩ̃
= R∗

gal,0

Ngal∑
i

δ(Ω̃− Ωi)δ(z − zi). [10.75]

If we note that the total number of CBC is NCBC = R∗
0,galTNgal with Ngal the

total number of galaxies in the universe, and recalling the definition for the
population probability term in Eq. 10.45, we can also write that

ppop(z, Ω̃|Λ) = 1
Ngal

Ngal∑
i

δ(Ω̃− Ωi)δ(z − zi). [10.76]

Namely, we have obtained that the distribution of CBC sources can be de-
scribed by a probability following the distribution of galaxies. We can now use
the scale-free version of the hierarchical likelihood in Eq. 10.50 and analyti-
cally solve the integrals in Ω̃ and z. In doing so, we will remember that the
GW likelihood and detection probability actually depend on dL(z,H0) and the
sky direction, so that

L({x}|H0) =
NCBC∏
i

∑Ngal
j L(xi|dL(zj , H0), Ω̃j)∑Ngal

j p(DET = 1|dL(zj,H0), Ω̃j)
. [10.77]

This equation is telling us that for well localized GW events, the hierarchical
likelihood can be simply computed by evaluating the GW likelihood (or pos-
terior in luminosity distance and sky location) with the reported redshifts and
sky positions of galaxies. It is also interesting to note that the selection bias

Ngal∑
j

p(DET = 1|dL(zj,H0), Ω̃j) ∝ H3
0, [10.78]

is proportional to the H3
0 . This is a consequence of the fact that the detection

probability for GWs is a function of dL and as we change the Hubble constant,
more and more galaxies enter inside the GW horizon. The number of galax-
ies that enter inside the luminosity distance horizon scales as a volume with
redshift radius z ∝ H0dL,horizon, and hence the H3

0 scaling.

In Fig. 10.11, we report a set of H0 posteriors evaluated for Eq. 10.77 with
the codes4 released in (Gair et al. 2023).

4. https://github.com/simone-mastrogiovanni/hitchhiker_guide_dark_sirens
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Figure 10.11: From top to bottom Hubble constant posteriors generated with
200 simulated GW events with varying sky error budget on dL and localized
within 1 deg2 and 5 deg2 for two different lines of sight. The vertical dashed
line marks the injected H0 value. Posteriors are generated with codes released
for (Gair et al. 2023).

10.6. Bright sirens: The “easiest” case

We conclude our overview of methods for GW cosmology with the case
for which an EM counterpart is observed jointly with the GW emission. This
scenario, as demonstrated by GW170817 (Abbott et al. 2017), are extremely
unlikely, due to the rarity of GW detection from BNSs and the difficulty in
identifying the transient EM counterpart. Naively, one can use these bright
sirens to rapidly estimate cosmological parameters as follows: the GW pro-
vides an estimation of the luminosity distance, the EM counterpart a redshift
and then the cosmological parameters are fit with a relation linking dL(z) and
minimizing a χ2 function. This is for instance what is reported in Fig. 10.12.
However, while this treatment gives a rapid idea of the estimation of the cosmo-
logical parameters, it does not take into account the full complexity of selection
biases at play with that type of detection. In this last section, we will see how
to deal with EM counterparts within the hierarchical framework that we have
discussed in the previously.
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Figure 10.12: A χ2-like fit of the Hubble constant from the bright siren
GW170817. The luminosity distance is inferred from the GW data and the
redshift from the spectroscopic redshift of its host, NGC 4993. The orange con-
tours is the dL(z) relation reconstructed assuming d(z) = cz/H0.

For bright sirens, the parameterization of the CBC merger rate is equivalent
to that one of the spectral sirens in Eq. 10.60. The difference now is that the
likelihood in Eq. 10.52 is not anymore composed by solely the GW likelihood,
but it is multiplied by the a new likelihood for the EM signal. From now on, let
us work in source frame parameters, as it will be less tedious for calculations.
The new likelihood can be written as follows

LGW+EM(xi|z, Ω⃗, m⃗s, cos ι) = LGW(xi|dL(z,H0), Ω⃗, m⃗(m⃗s, z), cos ι)×

LEM(xi|z, Ω⃗, cos ι), [10.79]

where we explicitly have two terms, one likelihood for the GW part and one for
the EM part. Eq. 10.79 tells us how well we measure the sky position, redshift,
masses and inclination angle (and we will see why soon we included it back).
At the same time, also the detection probability is now composed of a GW part
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and EM part,

pGW+EM(DET = 1|z, Ω⃗, m⃗s, cos ι) = pGW(DET = 1|dL(z,H0), Ω⃗, m⃗(m⃗s, z), cos ι)×

pEM(DET = 1|z, Ω⃗, cos ι).

[10.80]

Before continuing, let us inspect Eqs.10.79-10.80. In both equations, we have
added back the contribution of cos ι, since if the EM counterpart is collimated
with respect to the orbital plane (e.g. a cone-shaped gamma ray burst), then the
detection probability of the EM counterpart inherits a dependency on cos ι. In
most of the current applications, it is assumed that the detection probability
of an EM counterpart is more far reaching than the one of GW detections,
meaning that pGW+EM(DET = 1| . . .) ≈ pGW(DET = 1| . . .). While this was
a reasonable assumption for past GW observing runs, it is not anymore with
the extended sensitivity range of GW detectors. Moreover, it is possible to try
to model the EM counterpart, for instance the gamma ray burst afterglow,
to try to measure cos ι from EM data from the likelihood LEM(xi|z, Ω⃗, cos ι).
Indeed, this is of crucial importance given the strong degeneracy on the GW
side between dL and cos ι (see Fig. 10.4). With this digression, we just wanted
to argue that the inclusion of the EM counterpart is extremely rewarding in
terms of (i) redshift localization and (ii) breaking the luminosity distance, cos ι
degeneracy. However, it carries the burden of having to model the geometry of
the EM counterpart and its detection probability.

Let us now derive the hierarchical likelihood under some simplified assump-
tions. We will assume that

• There is no relevant information to obtain from the EM side on cos ι,
hence that we can drop it from our equations.

• The GW detection probability dominates the EM detection probability,
namely pGW+EM(DET = 1| . . .) ≈ pGW(DET = 1| . . .).

• The determination of masses from the GW likelihood, does not strongly
correlate with the determination of the luminosity distance and sky po-
sition, namely

LGW(xi|dL(z,H0), Ω⃗, m⃗(m⃗s, z)) = LGW(xi|dL(z,H0), Ω⃗)×

LGW(xi|m⃗(m⃗s, z)). [10.81]

This is a reasonable assumption as masses are mostly dominated from
the phase of the GW signal while the distance and sky position from
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the amplitude and arrival time at the detectors. It is also reasonable
since the redshift of the EM counterpart is measured with a precision
scale where the GW likelihood is typically not correlated in terms of
luminosity distances and masses (it is like exposing the GW likelihood
around a small interval in redshift).

• The EM counterpart is perfectly localized in redshift

LEM(xi|z, Ω⃗) = δ(z − zi)δ(Ω− Ωi). [10.82]

We now want to use Eq. 10.79-10.80, supplied with these assumptions to calcu-
late Eq. 10.54 using detectors variables z, m⃗s,Ω and the rate parameterization
in Eq. 10.60.

We start with the denominator, this is formally equivalent to what we would
have for the spectral siren case, namely the expected number of detections in
Eq. 10.64. It can also be noted that, as in the galaxy catalog case, if we neglect
mass information the selection bias term scales as H3

0 as more and more possible
host galaxies enter in the GW detection horizon. Considering a GW event i
with host galaxy j and skipping some tedious steps for computation, we finally
obtain that

Ii,j = LGW(xi|dL(zj , H0), Ω⃗j)R0
ψ(zi|Λ)
1 + zi

dVc
dz

∣∣∣∣
z=zi

×∫
LGW(xi|m⃗(m⃗s, zj))ppop(m⃗s|Λ)dm⃗s. [10.83]

In the above equation, everything besides LGW(xi|dL(zj , H0), Ω⃗j) acts as a
normalization constant with respect to a varying H0. This means that, even if
the mass model that we apply is wrong (but still supports the values of masses
found for the events), the inference on H0 will still be unbiased. Statistically
speaking, this is a consequence of the fact that, the determination of the GW
luminosity distance from the signal amplitude and the masses from the signal
phase are conditionally independent given the redshift. This means that no
information related to source masses can propagate to H0. Fig. 10.13 shows a
depiction in terms of Bayesian direct acyclic graphs for this simplified bright
siren scenario.

The hierarchical likelihood for the bright siren case can then be approxi-
mated as

L({x}|H0,Λ) ∝
N∏
i

LGW(xi|dL(zj , H0))
H3

0
, [10.84]
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Figure 10.13: Schematic of a direct acyclic graph for the Hubble constant infer-
ence in a simplified bright siren case. The arrows represent conditional prob-
abilities between nodes (random variables). The colored circle are observed
quantities on which to condition. In this particular case, the redshift is per-
fectly measured and we estimate the luminosity distance and detector masses
from amplitude and phase of the GW signal. According to the laws of proba-
bility, the posterior on H0 given the redshift, detector, phase and amplitude is
conditionally independent from the rest of the random variables to infer (in-
cluding rate parameters)

assuming GW observatories sensitive only to low redshifts GW events. We
warrant that for a real analysis, we would still need to consider possible uncer-
tainties related to the population model. If we want to include uncertainties on
the redshift of the EM counterpart, we can still do it by using

L({x}|H0,Λ) ∝
N∏
i

∫
dzLGW(xi|dL(zj , H0))LEM(zj |z)

H3
0

, [10.85]
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where LEM(zj |z) is a gaussian centered around the observed redshift. Eq. 10.85
is valid in the limiting case that the redshift uncertainties from the EM side
are much smaller than the typical redshift scale on which the CBC merger rate
evolves so that we can still consider the rate as a normalization constant.

10.7. Conclusions

We conclude this chapter with a bit of historical discussion about GW cos-
mology. In 1929, Henrietta Leavitt discovered the first standard candles (Leav-
itt and Pickering 1912), the Cepheid, that were later used by Edwin Hubble
(Hubble 1929) to provide the first measure of the cosmic expansion (resulting
in a biased H0 = 500 km/s/Mpc). The error in the first Hubble’s estimation
of H0 was later discovered to be a wrong calibration for galaxies distance. In
the following 60 years, more standard candles were discovered, most notably
Supernova type Ia, and new astrophysical calibrations for them were studied.
Nowadays, the precision (and accuracy) on H0 is of the order of a few per cent.

Almost 100 years later from the seminal discovery of Henrietta Leavitt, a
new type of self-calibrating cosmological sources has been observed: GWs from
compact binary coalescence. This exciting field started to be studied in 1986 by
(Schutz 1986) and it has seen its dawn with the advent of the binary neutron
star GW170817 in 2017, the first (and currently last) GW source with EM
counterpart. Currently, GW cosmology is in the same situation as standard
candles cosmology in the ’50s. We have already explored the first GW sources
to measure the cosmic expansion of the Universe and we are also beginning
to learn how to properly calibrate the CBC merger rate to obtain an implicit
redshift for dark sirens, in contrast to the luminosity distance of standard
candles. As more and more GW detection are collected, the precision of the
cosmological expansion parameters will improve, and in analogy to standard
candles, we will also have to prove an excellent control of the systematics related
to the calibration (statistical and astrophysical of our analyses.

In summary, these lectures only provides an introduction for GW cosmology,
we expect more developments on the statistical and astrophysical aspects for
GW cosmology will happen in the next years.
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Figure 11.1: Schematic temperature-density plot showing the regions where
the different states of matter and equations of state dominate, the boundaries
representing isobars. The dashed line covers the structure of the sun from its
surface (lower left) to its center (upper right) [Adapted from M. Schwarzschild,
Structure and Evolution of the Stars, Princeton University Press 1958.]

11.1. Introduction to dense matter physics in the Universe

11.1.1. Motivation

The standard states of matter, as they can be accessed in terrestrial labora-
tories, only comprise four possible phases, that we all study in our undergradu-
ate studies: solid, liquid, gas and plasma. Going towards astrophysical objects,
the situation becomes more complex because both ultra-dilute and ultra-dense
matter can be formed (Salaris and Cassisi 2005), as schematically represented
in Fig. 11.1.

If gas and plasma rule the structure of classical stars like our sun, radiation
dominates the pressure budget of the hottest stars (and of the early universe).
Increasing compactness, new states of matter appear because of the increasing
importance of quantum effects. The degeneracy pressure of electrons induces a
new equilibrium state (solid plasma) that stabilizes the white dwarfs against
gravitational collapse making their lifetime virtually infinite: the equilibrium is
preserved even in the limit of zero temperature with zero radiative energy loss.
This electron degeneracy pressure leads to a first limit of existence of dense
matter, the density at which the Chandrasekhar mass is reached for a fully
degenerate e−H+ system (Chandrasekhar 1931). Beyond this limit, which is
close to the transition between non-relativistic and relativistic kinematics for
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the electrons in Fig.11.1, no equilibrium state exists if particles are interacting
only gravitationally. However, the strong interaction comes into play when the
average distance between the ions becomes comparable to the range of the nu-
clear force, corresponding to mass densities of the order of 1012 g/cm3 or more.
The phase structure of such ultra-dense matter is still highly controversial, and
the same is true concerning its physical properties and even its correct degrees
of freedom. In the standard model of particle physics, the phase diagram of
strongly interacting matter is governed by Quantum ChromoDynamics (QCD).
However, the non-perturbative nature of QCD and the sign-problem of exact
lattice calculations make direct analytical and numerical QCD calculations un-
feasible (Nagata 2022). Because of these limitations, our theoretical predictions
rely on effective models, that typically use hadronic degrees of freedom and are
optimized via empirical observations.

The expected phase structure of ultra-dense matter is better represented
using chemical potentials instead of density, as schematically shown in Fig.11.2.
As a reference, the ground state of terrestrial atomic nuclei corresponding to
densities of the order of 1013 − 1014 g/cm3, is depicted as a light blue region
in the Figure. This representation underlines the fact that the study of ultra-
dense matter cannot be disantangled from the notion of isospin asymmetry,
because isospin is a good quantum number of the strong interaction. Because
of that, ultra-dense matter cannot be modelled as a simple fluid like ordinary
matter: two densities nB and nI (or equivalently: two chemical potentials µB
and µI) must be specified to describe the state of matter 1. In the case of a pure
nucleonic composition (e.g. if the baryonic component is solely made of protons
p and neutrons n), the baryonic and isospin chemical potentials are linked to
the usual particle ones 2 , µq = ∂F/∂nq, with F the free energy density, by
the simple relations

µB = µn ; µI = µn − µp. [11.2]

In other words, the fundamental properties of QCD impose that the state
and properties of matter are not only determined by the global baryon density

1. If strangeness is additionally considered, this introduces an extra chemical poten-
tial, and an extra dimensionality to the phase diagram.
2. If we suppose the presence of exotic particles (hyperons, kaons, deconfined matter..)
the relations linking µB , µI to the particle densities are immediately worked out by
imposing: ∑

C=B,I,L,S

µCnC =
∑

q

µqnq, [11.1]

where C are the conserved charges, the index q runs over the matter constituents,
and nC =

∑
q

Cqnq.
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Figure 11.2: Schematic representation of the theoretically predicted phase di-
agram of ultra-dense matter in the temperature-chemical potentials space.
Solid (dashed) lines represent first order (continuous) phase transitions, while
circles are critical points. The approximate regions explored by atomic nu-
clei, neutron stars and neutron star mergers are represented as colored ar-
eas, while arrows give the thermodynamic trajectory followed in high energy
heavy-ion collisions in different acceleration facilities [Taken from NuPECC
Long Range Plan 2022 (https://www.esf.org/fileadmin/user_upload/
esf/Nupecc-LRP2217.pdf), ’Perspectives for Nuclear Physics’.]

and temperature, but also on the matter composition. The evolution of the
latter as a function of density and temperature depends on the astrophysical
phenomenon under study as well as on the modelling itself, as we will discuss
in the next section. As it can be seen in Fig.11.2, a complex phase diagram
is expected when matter density overcomes the equilibrium density of atomic
nuclei, the most relevant for actual astrophysical objects occurring in nature
being the deconfinement transition towards elementary quarks and gluons 3.

11.1.2. Sites of ultra-dense matter

The best known astrophysical phenomenon that leads to the formation of
ultra-dense matter is Core-Collapse SuperNovae (CCSN), occurring when the

3. Notice that the deconfinement transition might not coincide with chiral symmetry
restoration, leading to different possible exotic phases of ultra-dense matter.
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iron core of a massive star overcomes the Chandrasekhar limit Mcore ≥ 1.4 M⊙,
inducing the star gravitational collapse. If the initial core mass is of the order
of 30-50 M⊙ or more, the collapse is so fast that it is thought to directly pro-
duce a stellar black hole. For lower masses, the free fall of matter onto itself is
stopped when the core density overcomes the equilibrium density of nuclei, and
the nuclear interaction becomes strongly repulsive. This leads to a core bounce
and the formation of a shock wave which ejects the outer layers of the star
in a CCSN event, leaving behind a hot and dense remnant. The latter further
evolves into a neutron star or a black hole, depending on the initial progeni-
tor mass and on the details of the dynamical evolution, that are not yet fully
understood (Janka et al. 2007). Since the explosion dynamics breaks spheri-
cal symmetry, gravitational waves are expected to be emitted from CCSN, and
such a possible detection by the Ligo-Virgo-Kagra (LVK) laser interferometer is
eagerly awaited by the scientific community. However, the small signal-to-noise
ratio (SNR) expected except for galactic events, and the complex waveform
modelling that requires three-dimensional hydrodynamical simulations with
neutrino transport and convection in full General Relativity (GR), limit the
interest of this source as a direct probe of ultra-dense matter. The supernova
core-collapse mechanism is believed to be the most important path for the
formation of the other main site of ultra-dense matter, namely neutron stars
(NS) (Haensel et al. 2007). In the initial collapse phase, the process of elec-
tron capture on nuclei and free protons leads to an important loss of electrons
("deleptonization") and a massive neutrino production. Neutrinos are initially
trapped within the ultra-dense matter in this first post-supernova phase, cor-
responding to the formation of a proto-neutron star (PNS). This first stage,
inaccessible to the observation since the PNS is hidden by the expanding su-
pernova envelope for several years, is followed in a minute timescale by a rapid
cooling of the newborn star via neutrino, and subsequently gamma emission.

At the stage where the star is observable, the evolution is sufficiently slow
for all strong and weak interactions to be in equilibrium. In terms of chemical
potentials, chemical equilibrium can be written as

µn − µp = µe ↔ µI = µL. [11.3]

This equation, together with the charge neutrality condition that links the
leptonic and baryonic sector, imposes a relation between µB and µI , or equiv-
alently between nB and nI , that is schematically represented in Fig.11.2.

It is important to remark that even if the surface temperature of observable
neutron stars is never below TS ≈ 2× 105 K, the density is such that the star
can always be considered as fully degenerate (see Fig.11.1). This means that
the astrophysical observation of these objects provides a unique information on
the ground state properties of the most extreme state of matter that can be
reached in nature before the black hole singularity.
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11.1.3. Neutron star observations

Neutron stars are observed in various wavelength of the electromagnetic
spectrum. They were first identified by Jocelyn Bell Burnell and Antony Hewish
in 1967 (Hewish et al. 1968) as radio pulsars, that is regularly pulsating emit-
ters. The steady pulsating radio signal is well understood as due to the com-
bined effects of a strong magnetic field and a fast rotation. In the simplest
representation of a purely dipole field, the magnetic moment of the star being
inclined to the spin axis, the electromagnetic radiation is beamed along the
magnetic axis and thus rotates with the star, producing a lighthouse effect.

The most accurate mass measurements of NS’s mass have been achieved
with pulsar radio timing (Shapiro 1964 ; Bell 1996), and its extremely pre-
cise measurement of post-Keplerian parameters in binaries involving neutron
stars, particularly double neutron star ones (Özel and Freire 2016 ; Alsing
et al. 2018 ; Freire 2021). Pulsar radio timing has also permitted robust tests of
gravity theories, particularly with the famous (and only known) double pulsar
binary PSR J0737−3039 A/B for which ∼ 16 years of radio data was accu-
mulated and showed perfect agreement with general relativity (Kramer and et
al. 2021). Neutron stars also emit in the X-ray wavelength throughout their
life. Recently, The X-ray detector Neutron star Interior Composition ExploRer
(NICER) (Gendreau et al. 2012) has exploited the relativistic effects of strong
gravity on the X-ray emission from hot spots at the surface of millisecond pul-
sars to estimate the compactness (C = M/R) and simultaneously the mass
(often with the help of radio information) and in turn deduce the radius of a
few neutron star sources. This ensemble of observations confirms the expecta-
tion that the most extreme phases of matter should be present in the NS core:
with masses ranging in the interval 1M⊙ ≲ M ≲ 2M⊙ and radii of the order
of 9km ≲ R ≲ 15km, the central density of the star is expected to be several
times larger than the equilibrium density of atomic nuclei.

In the recent years, a new exciting probe of the inner structure of NSs has
emerged as given by Gravitational Waves (GWs), which are the main object
of this chapter. Binary Neutron Stars (BNS) are of particular importance in
this context, as they have given the first historical indirect evidence of GWs
(Hulse and Taylor 1975). This spectacular discovery of the binary pulsar PSR
B1913+16 by Hulse and Taylor, that were awarded the Nobel price in physics
in 1993, concerns the measurement of the rate of orbital decay of the binary,
with an acceleration in perfect agreement with the hypothesis of GW emission
in Einstein’s theory of general relativity.

The first direct measurement of GWs from a BNS merger was performed by
the LVK collaboration 25 years later with the famous GW170817 event (Ab-
bott et al. 2017a), that stays still today the most precise GW measurement of a



DR
AF

T

Gravitational waves as a probe of dense matter 431

BNS merger. This source is also the only multi-messenger event to date, where
the GW signal was very precisely correlated to the electromagnetic emission in
the full frequency band, from a gamma-ray burst that occurred in coincidence
with the "chirp" signal associated to the merger, up to the optical emission
followed for several days after the event. This optical counterpart, the so-called
Kilonova, is interpreted as the first observational proof that BNS mergers are
an important, if not the main site of the elusive r-process, the reaction pro-
cess responsible of the synthesis of most elements heavier than iron. With the
sensitivity of present interferometers (O4 run of the LVK collaboration), the
GW signal of a BNS merger is detectable only in the last ≈ 10s of the inspiral
phase, up to the merging. In this dynamical phase, the neutron stars are only
perturbed via tidal effects as we will discuss at length in the next Section, and
matter can still be considered as fully degenerate. Temperature is expected to
rapidly build up at the merger though. If the mass of the merging stars is not as
high as to lead to an immediate collapse into a black hole, a complex gravita-
tional wave signal is expected from the oscillation modes of the hot post-merger
metastable state (hypermassive neutron star).

The inspiral GW signal will be detailed in Section 11.3, while the prospects
of detection of the post-merger will be touched upon in Section 11.4. To under-
stand why and how these observations represent a unique observational window
to access the properties of ultra-dense matter, we however need to first address
the theoretical modelling of neutron star via its equation of state (EoS). Most
interestingly, we will in particular explain why the inspiral gravitational wave-
form encodes the information on the EoS in a model-independent way. This is
the subject of the next Section 11.2.

11.2. Neutron star modelling and the equation of state

11.2.1. Equation of state

An Equation of State (EoS) expresses the relation among thermodynamic
variables such as temperature, free energy, entropy, enthalpy, chemical poten-
tial, density or pressure, thus describing the properties of matter in mechanical
and thermal equilibrium. In a simple fluid at the thermodynamic limit, only
two state variables are independent, and all the others can be expressed as a
function of them via the EoS. The choice of the independent variables is ar-
bitrary, but the common choice is to take temperature T and particle number
density n (number of particles per unit volume) or mass density ρ as inde-
pendent variables, and define the EoS as the relation p(n, T ) that expresses
pressure as a function of density and temperature. This functional relation is
characteristic of the material under study and of its thermodynamic phase.
Once one EoS is known, e.g. p(n, T ) is given, any other state variable can be
computed using universal thermodynamic relations.
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As discussed in Section 11.1, in the case of charge neutral baryonic mat-
ter ruled by QCD, an additional degree of freedom has to be added, and a
three-dimensional EoS must be considered in the form f(P, nB , nI , T ) = 0 or
f(P, µB , µI , T ) = 0 as in the representation of Fig.11.2. This is notably the
case to characterize matter in CCSN, PNS, or during the post-merger phase of
binary coalescences involving neutron stars. For these applications, the most
common choice for the independent variables is the set (nB , yL, T ) correspond-
ing to baryonic density nB , electron fraction ye = nL/nB 4 and temperature
T . Huge three-dimensional EoS tables must be provided, see Typel and et al.
(2022), to describe the matter dynamical evolution with hydrodynamical codes,
and are generally referred to as "general purpose equations of state". However,
the EoS dimensionality reduces if we limit our attention to isolated NS or to
the inspiral phase of BNS mergers. Indeed, even though neutron stars are born
hot, with T ≃ 1011 K, they cool and thermally equilibrate to T ∼ 108 K in
some ∼ 100 years and to T ≃ 105 K in ∼ 106 years (Potekhin and Chabrier
2017), which is still a short time compared to a NS lifetime. In a degenerate star
such as a NS, thermal effects can be neglected when kBT ≪ eF , eF being the
Fermi energy. A simple numerical application reveals that in all regions of the
star both the electron and nucleon Fermi temperatures overcome 109− 1010K.
This means that in isolated neutron stars (or in binaries before fusion) thermal
effects can be safely neglected and one can assume complete thermodynamic
equilibrium leading to the lowest energy levels possible in the matter (catalyzed
matter hypothesis).5 Under the cold and catalyzed matter approximation the
only remaining independent variable is the baryon number density nB , see dis-
cussion in Section 11.1.2. The EoS is then 1-dimensional, and it can be entirely
determined by the relation linking pressure P to nB as

f(P, nB) = 0 . [11.4]

In a completely equivalent way to Eq. [11.4], two other thermodynamic quan-
tities are commonly used to describe a 1-dimensional EoS: (i) the rest-mass
density ρB = nB ×mB , with mB the baryon mass; (ii) the energy density ϵ
that encompasses the contribution of the mass and momentum of particles as
well as their interactions, and is related to P and nB through the first law of

4. Here, nL is the net lepton (electrons and muons) density, and nL = np if the
baryonic component only contains protons and neutrons, such that yL can also be
identified with the proton fraction.
5. This hypothesis is not justified in the case of accretion onto the neutron star as it
may significantly change the chemical equilibrium in the crust (Haensel and Zdunik
1990b,a). It might also be questioned in the NS crust, if the cooling is sufficiently
fast for chemical equilibrium to be inhibited once the crust crystallizes (Dinh Thi, H.
et al. 2023).



DR
AF

T

Gravitational waves as a probe of dense matter 433

Figure 11.3: General picture of neutron star’s structure in layers. [Taken from
Kumar et al. (2024)]

thermodynamics. This latter quantity is particularly used by astrophysicists
when constructing NS macroscopic parameters with relativistic hydrostatic so-
lutions (Typel and et al. 2022), see next section.

11.2.2. Modeling the core and the crust of neutron stars

As we will explicitly see in Section 11.2.4, hydrostatic equilibrium implies an
inhomogeneous density distribution inside any self-gravitation object, matter
being denser in the core and more diluted close to the surface. Because of that,
similar to the case for classical stars, the structure of a NS is supposed to be
composed of different layers, see Fig. 11.3. To accurately study NS physics, it
is then important to design the EoS for all the different parts of its internal
structure.

While the physics of the atmosphere is important to study the thermal
evolution of NSs, it contributes very little to the total mass and radius of the
star (at most a few tens of centimeters), and as such it is usually neglected
when modeling the EoS to solve hydrostatics equations and compute NS bulk
properties. Underneath the atmosphere is the crust of the star, divided between
the outer crust and the inner crust, for a full review see (Chamel and Haensel
2008). The crust is composed of inhomogeneous matter, with nuclei distributed
on a lattice structure and immersed in a gas of degenerate fermions (electrons,
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accompanied by unbound neutrons in the inner part). A common approach
to describe the lattice consists in using the Wigner-Seitz cell approximation
(Baym et al. 1971): each lattice point hosts one spherical nucleus surrounded
by an electron gas which together compose a cell, that is periodically replicated
in space. The crust composition (atomic Z and mass A number of the ion, and
density of the neutron gas) is determined by the least Gibbs energy per cell at
given density, a condition that is imposed by a ground state matter in the cold
and catalyzed matter approximation. In all regions of the star, the electron
energy density can be analytically computed as the one of a free degenerate
relativistic Fermi gas:

ϵe = m4
ec

5

8π2ℏ3

(
xr(2x2

r + 1)γr − ln(xr + γr)
)
, [11.5]

with ℏ the reduced Planck constant, c the light velocity, γr =
√
x2
r + 1,

xr = ℏkeF /(mec), and the electron Fermi momentum is linked to the electron
number density ne by keF = (3π2ne)1/3. The relation between ne and baryon
density nB is determined by imposing charge neutrality and chemical
equilibrium with respect to β-decay (β-equilibrium), see Eq.11.3. In the outer
crust, the electrons can be considered ultra-relativistic to a very good
approximation that fails (at ∼ 10%) only for the first shell of the outer crust,
giving the simple expression

Pe(ne) = ℏc
(3π2)1/3

4 n4/3
e . [11.6]

Moreover, the electron pressure dominates the total pressure contribution while
the lattice contribution is negligible such that P (nB) ≃ Pe(nB). Also the com-
position in terms of ion species Z(nB), N(nB) is fairly under control, because
the only unknown ingredient in the minimization of the Gibbs energy is the
nuclear mass, and these latter are very precisely measured except in the case
of very neutron rich nuclei (Wang et al. 2021). The electron chemical potential
is a fast increasing function of density. As a consequence, the chemical equilib-
rium condition µn − µp = µe leads to increasingly neutron rich matter diving
deeper into the star. The delimitation between the outer crust and the inner
crust is defined by the neutron drip density point ρnd ≃ 4× 1011 g/cm3 : at a
sufficiently high density, matter is so neutron rich that it becomes energetically
favorable for neutrons to spill outside of the nucleus. In the inner crust, the en-
ergy of the cell must include the contribution of the electrons, the nucleus and
also the unbound neutrons, and the lattice contribution cannot be neglected.
The inner crust pressure is heavily contributed to by the unbound neutrons and
the dripline nuclei, that in terrestrial laboratories are unstable towards neutron
emission and therefore cannot be experimentally produced. Because of that, the
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inner crust EoS depends strongly on the model of the effective nucleon-nucleon
interaction, as well as on the many-body treatment used to approximate the
intractable quantum many-body problem: the most commonly used ones in the
literature are, in order of increasing complexity and sophistication, the com-
pressible liquid drop model (Mackie and Baym 1977 ; Douchin and Haensel
2001a), the extended Thomas-Fermi model (Centelles et al. 1993 ; Onsi et al.
2008) and the Hartree-Fock-Bogoliubov approach (Negele and Vautherin 1973 ;
Pastore et al. 2011 ; Pearson et al. 2011). As we progress deeper in the inner
crust, the nucleus structure is strained by the increasingly larger density, lead-
ing to nuclei cluster structures that are non spherical: we refer to it as pasta
phases (Schneider et al. 2013 ; Caplan et al. 2018), and a large number of shapes
(spaghetti, lasagna, gnocchi, bucatini, antispaghetti ...) might exist in a thin
layer on the deeper end of the inner crust. Their possible presence might affect
transport properties of stellar matter (see Schmitt and Shternin (2018) for a
review), but it does not modify the EoS in a relevant way (Dinh Thi et al.
2022).

The core of NSs is composed of homogeneous matter: under sufficiently high
densities, the nucleus structure is no longer energetically favorable and dissolves
into an homogeneous fluid phase of baryons and leptons. Building an EoS model
in the assumption of infinite homogeneous matter is analytically easier and not
as numerically challenging as modeling the crust: a theory of strong interac-
tion between particles is required, but not a model for complex cluster (nucleus)
structures. In particular, a huge progress was recently achieved in Chiral Ef-
fective Field Theory (chEFT) (Machleidt and Sammarruca 2024), which now
produces theoretical estimations of the energy density of homogeneous matter
with controlled uncertainties, up to densities slightly above nuclear saturation6,
nB ∼ 0.2 fm−3. However, the EoS of NS’s core is still the least understood part
of the star for two reasons. On the one hand, the density involved with NS
cores (several times nuclear saturation density) cannot be achieved in nuclear
laboratories and go beyond the theoretical limitations of chEFT, leading to a
strong model dependence of the EoS. On the other hand, the composition of
the core is unknown: in addition to neutrons, protons, electrons and muons
(which appear in the early core), the deep parts of the core can host more "ex-
otic" particles such as strange (hyperons) or non-strange (∆s) heavy baryons
(Sedrakian et al. 2023) or the density conditions can be such that a transition
to a possibly super-conducting deconfined quark phase occurs (see Fig.11.2)

6. The saturation density is defined as the equilibrium density of homogeneous sym-
metric nuclear matter, and it is approximately equal to the central density of atomic
nuclei, nsat ≈ 0.16 fm−3.
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Figure 11.4: Adiabatic index Γ as a function of the mass density ρ for the
nucleonic EoS DD2 (Typel et al. 2010), with inclusion of hyperonic degrees of
freedom or of a first-order phase transition towards quark matter.

(Alford and Reddy 2003 ; Ferreira et al. 2020)7. For ideal degenerate fluids, a
new particle q is formed in the matter as soon as the density is high enough
such that its chemical potential µq =

√
m2
qc

4 + k2
F c

2 overcomes the rest mass,
µq ≥ mqc

2, and its abundancy is governed by the relation between densities
and chemical potentials (see Section 11.1). The emergence of a new (fermionic
or bosonic) species leads to a reduction of the pressure, due to the availability
of low-momentum single-particle states. This applies to standard model parti-
cles such as hyperons (Oertel et al. 2015), but also to hypothetical dark matter
candidates (Das et al. 2020). However, the result can be strongly modified by
the self-interactions as well as interactions with the nucleons, that are largely
unconstrained. The situation is still more unclear in the case of a phase transi-
tion towards a deconfined phase, since no lattice QCD solution exists at finite
chemical potential, and effective QCD models (bag model, PNJL, ...) are very
much unconstrained (see Buballa (2005) for a review).

7. Because of the unknown composition, the deepest part of the core is often called
"inner" core to be distinguished with respect to the "outer" core where the purely
nucleonic composition is well established.
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The qualitative effect of the possible emergence of a new degree of freedom
or a phase transition in the NS core is depicted in Figure 11.4, that shows the
behavior of the adiabatic index Γ = d lnP/d ln ρ for a representative nucleonic
model, as new degrees of freedom are introduced in the EoS model.

11.2.3. Effective models of the strong interaction

As discussed in Section 11.2.2, the EoS modelling of the NS core is par-
ticularly challenging because effective models of QCD in the non-perturbative
regime are necessarily phenomenological in nature, but their parameters are
largely unconstrained. As a consequence, a multitude of possible dense matter
EoSs have been proposed in the literature, see the CompOSE data base (Typel
and et al. 2022). In quantum many-body theory, the description of strongly
interacting matter at the thermodynamic limit starts from the definition of an
effective Hamiltonian or an effective Lagrangian for the strongly interacting
particles. The basic quantity that is computed is then the energy density ϵ or
the energy per particle e as a function of the relevant particle densities nq,
q = n, p,Λ, . . . . Once this energy functional is specified, the NS core EoS can
be computed by adding the leptonic component that is model independent, and
applying the conditions of charge neutrality and weak equilibrium.

There are two existing approaches to construct models of the energy func-
tional: phenomenological approaches that rely on the density functional theory,
and microscopic models that attempt a quasi-exact solution of the many-body
problem starting from two-(or few-)body interactions in vacuum. Microscopic
methods are conceptually the most physically founded approaches, as they rely
on a limited set of free parameters that are fixed on precisely measured prop-
erties of light nuclear systems. The nuclear interaction is mostly taken from
chEFT, an effective field theory approach where elementary degrees of freedom
are nucleons and pions interacting via a force governed by spontaneously bro-
ken chiral symmetry. chEFT allows for a systematic low-momentum expansion
known as chiral perturbation theory (ChPT). Contributions are analyzed in
terms of powers of a typical momentum scale Q over a (large) breakdown scale
Λ ≈ 1 GeV at which the short distance structure becomes important and cannot
be absorbed into simple contact terms. In this scheme, the various contributions
to the potential are calculated systematically order by order, and theoretical
uncertainties due to the truncation of the expansion can be computed. Once
the nuclear interaction is defined, different techniques are employed to solve
the many-body problem and finally compute the EoS. They include many-body
perturbation theory, resummation schemes, or quantum Monte Carlo methods
(see Gandolfi et al. (2015) ; Burgio et al. (2021) ; Machleidt and Sammarruca
(2024) for recent reviews). Microscopic models, though being very appealing
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conceptually, have also some drawbacks. First, they are limited to a pure nucle-
onic composition of the EoS, and to a restricted (low) density regime, because
of the increase with density of the number of coupling constants linked to effec-
tive many-body interactions, and to the breakdown of the theory approaching
the hard scale. Moreover, since chEFT is not a renormalizable theory, regu-
lators must be introduced at each order to avoid divergencies, leading to a
residual model dependence of the results that cannot be easily quantified. For
these reasons, phenomenological approaches based on a parameterized form of
the energy functional embedded in the mean field theory are also very popular.
Non-relativistic formulations are based on fully phenomenological zero-range
(Skyrme) or finite range (Gogny) effective interactions, augmented of density
dependent terms to account for higher order correlations in an effective way (see
Douchin and Haensel (2001a) ; Fantina et al. (2013) for two popular EoS mod-
els). With non relativistic approaches, the EoS is not causal by construction;
however most models available in the literature respect causality up to a suffi-
ciently high density to appropriately describe NS’s interior. Relativistic Mean
Field (RMF) approaches formulate the nuclear interaction with a relativistic
Lagrangian density and assume that the nuclear force is mediated by effective
mesons that are treated as classical fields (Glendenning 2012). To increase flex-
ibility, non-linear or density-dependent couplings to the effective mesons are
introduced. Phenomenological RMF approaches can also be used to model the
introduction of new degrees of freedom such as hyperons (Oertel et al. 2015), as
well as a possible deconfined phase with quark degrees of freedom (e.g. Nambu-
Jona-Lasinio models) (Buballa 2005 ; Pereira et al. 2016). For both relativistic
and non-relativistic formulations, the energy functionals depend on parameters
that can be adjusted to a large pool of experimental nuclear data. They include
a large number of nuclear masses and radii, as well as isoscalar and isovector
giant resonances, electric dipole polarizability, parity violating asymmetry for
some selected nuclei, see Klausner et al. (2025) for a recent comprehensive
study with Skyrme forces. Because of their phenomenological nature, these ef-
fective EoS models do not suffer of the theoretical uncertainties associated to
effective models of QCD; however, the empirical data they are optimized to
only cover densities close to nuclear saturation, and compositions close to sym-
metric matter with almost equal proportion of neutrons and protons. Because
of that, the different models produce widely different predictions for the NS
EoS, particularly at high density.

While both microscopic and phenomenological approaches provide a way to
build nuclear interaction and consequently compute the EoS, the astrophysical
community in the last few years has favored so called agnostic approaches. The
goal is to build a large ensemble of EoSs, not particularly based on a theory of
strong interaction but rather on a simple formulation of the pressure-density
relation such as spectral representations (Lindblom 2018), piecewise polytropes



DR
AF

T

Gravitational waves as a probe of dense matter 439

(Read et al. 2009), sound speed models (Somasundaram et al. 2023) or Gaussian
processes (Landry and Essick 2019). By randomly throwing the parameters of
those formulation, one can build a large ensemble of EoSs that is then used in
a Bayesian inference (see Section 11.2.4) to construct a posterior EoS ensemble
constrained by observational data. The advantage of this approach is that is
usually explores a large pressure-density plane (although some parametrizations
have biases) but the disadvantage is that the posterior does not inform directly
the strong interaction theory.

11.2.4. EoS and astrophysical observables

NS astrophysical parameters can be calculated by solving the hydrodynam-
ics or hydrostatics equations. Given the compactness of NSs, the effects of
strong gravitation cannot be neglected as they would be for the Sun, and the
relativistic version of those equations must be considered. In the assumption
that the space-time metric inside and outside of the star is isotropic, static and
spherically symmetric, the corresponding line element can be written as

ds2 = −e2Φ(r)c2dt2 + e2ν(r)dr2 + r2(dθ2 + sin2(θ)dϕ2) , [11.7]

with Φ(r) and ν(r) arbitrary functions of the radial coordinate r, and c the
light velocity. In 1939, Tolmann (Tolman 1939) and Oppenheimer and Volkoff
(Oppenheimer and Volkoff 1939) found an explicit solution to Einstein’s equa-
tion (thus specifying Φ(r) and ν(r)) by considering a star in equilibrium which
matter forms an isotropic ideal fluid. The mass and radius of a NS are solutions
of the resulting relativistic hydrostatic equations, generally referred to as the
Tolman-Oppenheimer-Volkoff (TOV) equations.

For the exterior of the star, the metric is the simple vacuum Schwarzschild
solution with

Φ(r) = 1
2 ln

(
1− 2Gm(r)

rc2

)
= −ν(r) , [11.8]

withm(r) the gravitational mass contained in a radius r andG the gravitational
constant. Outside the star’s surface r ≥ R with R the total radius of the star,
the gravitational mass is constant m(r ≥ R) = M with a value defined by the
total gravitational mass of the star M . The functions Φ(r) and ν(r) can be
understood respectively as the gravitational potential and redshift at radius r.
The solution for Φ(r) and ν(r) inside the star is relatively simple because the
stress-energy momentum tensor Tµν of an ideal fluid contains only diagonal
non-zero terms. Though NS matter is not an ideal fluid, at equilibrium only
the diagonal part of Tµν enters in the equilibrium equations, and viscosity does
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not play any role. The time-time component of the tensor defines the energy
density of the matter inside the star T tt = ϵ and the space-space components
define the pressure T ii = P . On the one hand, the time-time component of
Einstein equations specifies the form of the function ν(r) by introducing the
gravitational mass of the star in terms of the energy density profile ϵ(r)

m(r) = 4π
∫ r

0
(r′)2ϵ(r′)dr′ , [11.9]

ν(r) = −1
2 ln

(
1− 2Gm(r)

rc2

)
, [11.10]

with the integral constant in Eq. [11.9] defined by the boundary condition at the
center of the starm(r = 0) = 0. On the other hand, the space-space components
relate Φ(r) and ν(r) (and consequently m(r)) in a ordinary differential equation

dΦ
dr

= 2G
rc2

m(r)c2 + 4πr3P (r)
rc2 − 2Gm(r) . [11.11]

Finally, the conservation of the stress-energy tensor leads to

dP

dr
= −1

2

(
ϵ(r)c2 + P (r)

)dΦ(r)
dr

. [11.12]

The combination of Eqs.[11.9], [11.11] and [11.12] must be closed by the equa-
tion of state model P (ϵ). The total radius R and mass M of the star can be
modeled by solving the TOV equations using the central pressure Pc as the
boundary condition. By varying the central pressure, an M − R sequence is
built for a given EoS model, as presented in Fig. 11.5. This derivation under-
lines the important fact that the relativistic hydrostatics equations lead to a
one-to-one correspondence between the EoS and the macroscopic observables
of NSs.

As the EoS is at the center of solving the TOV equations and the deep layers
of NSs remain a mystery, one can use observations to test EoS models for dense
matter. The first and most constraining observation for the dense matter EoS
in the deep layers of the NS core is the TOV mass limit. In general relativity,
increasing the central pressure of the star does not increase indefinitely the NS
mass. For each EoS model, there exists a limiting central pressure value beyond
which the star collapses to a black hole (Oppenheimer and Volkoff 1939). Very
accurate mass measurements of high mass NSs such as PSR J0740+6620 with
a measured mass M = 2.08±0.07 M⊙ (Fonseca and et al. 2021) therefore allow
a first selection of EoS models, excluding those with a MTOV lower than the
observed maximum mass, e.g. EoS BSk19 (Goriely et al. 2010) as presented in
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Figure 11.5: Neutron star mass-radius sequence for various EoS models (BSk19
(Goriely et al. 2010), SLy4 (Douchin and Haensel 2001b), BSk24 (Goriely et al.
2013), DD2 (Typel et al. 2010) with only nucleons, with hyperons and with
quarks, and NL3 (Horowitz and Piekarewicz 2001)) compared to radio timing
mass measurement of PSR J0740+6620 (Fonseca and et al. 2021) and PSR
J1614−2230 (Arzoumanian and et al. 2018) and to NICER x-ray data for PSR
J0740+6620 (Salmi et al. 2024), PSR J0437−4715 (Choudhury et al. 2024) and
PSR J0614−3329 (Mauviard et al. 2025) (contours presented at 1-σ and 2-σ).
The finite pressure and causality condition limits are shown in yellow and green
respectively.

Fig. 11.5. Concerning NS radii, as already mentioned the NICER X-ray detector
(Gendreau et al. 2012) has recently achieved the simultaneous measurement of
mass and radii of a few pulsars three of which are reported as 1-σ and 2-σ
contours in Fig.11.5.

The TOV equations propose a simplified solution for the mass and radius
of neutron stars with no or very little spin. However, when considering fastly
rotating NSs in equilibrium, the metric is no longer static but stationary and
the M − Req sequence, with Req the equatorial radius, is drastically modified
by the change in the neutron star shape. The star is no longer spherical due to
the centrifugal force and for the same central density, the rotating solution will
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present a higher mass than the TOV solution ; for details, see the introductory
course (Gourgoulhon 2010) and Refs. (Haensel et al. 2008, 2009). The structure
of the star is only affected for sub-millisecond rotational periods, correspond-
ing to very high rotation frequency for pulsars, irrelevant for the inspiral of
BNS mergers. However, these extreme rotations are expected in the dynamical
evolution of the post-merger.

We note also that hydrostatics equations can be derived with a theory of
gravitation that is not General Relativity, and that mass and radius of modified
NSs can be strongly affected by the theory of gravitation (Olmo et al. 2020).
However, general relativity has been thoroughly tested in the famous double
pulsar binary PSR J0737−3039 with ∼ 16 years of accumulated radio data
(Kramer and et al. 2021), and nothing suggests a deviation from GR on the
distance scales probed by NSs.

11.2.5. Bayesian inference of the EoS

To combine the information on dense matter that comes from astrophysical
observations, with the one associated to nuclear theory and nuclear empirical
data, a complete Bayesian analysis of the EoS parameter space has to be per-
formed. To this aim, parametric energy functionals (also called meta-models)
are employed, with a sufficiently flexible functional form to be able to reproduce
existing nuclear models and interpolate between them (Margueron et al. 2018 ;
Char, P. and Mondal, C. and Gulminelli, F. and Oertel, M. 2023). In the nucle-
onic sector, this can be achieved considering a Taylor expansion of the baryonic
energy per particle eB in the rescaled baryon density x = (nB − nsat)/3nsat
and the isospin asymmetry δ = (nn − np)/nB around the saturation density of
symmetric nuclear matter nsat:

eB(nB , δ) = Esat + 1
2!Ksatx

2 + 1
3!Qsatx

3 + 1
4!Zsatx

4 [11.13]

+ δ2
(
Esym + Lsymx+ 1

2!Ksymx
2 + 1

3!Qsymx
3 + 1

4!Zsymx
4
)

+ ...

The coefficients of this expansion, also known as the nuclear empirical pa-
rameters (NEPs), entirely determine the nuclear density functional as long as
it remains an analytic function, which is the case as long as no phase tran-
sition occurs and the EoS remains nucleonic in nature. If we choose for the
meta-model an analytical function of x and δ, as for instance in Margueron
et al. (2018) ; Huth et al. (2021) ; Lim and Schwenk (2024), using Eq.(11.13)
the parameters of the meta-model can be mapped to the NEPs X that are
randomly generated, thus producing large non-informative priors of the pos-
sible energy functionals M(X), and consequently of the associated equations
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of state. The approach can be extended to more general EoS models including
phase transitions or hyperonic degrees of freedom, by coupling the nucleonic
energy functional to a parametrized description of the deconfined phase, and
correspondingly increase the size of the parameter set X (Tews et al. 2018 ;
Pfaff et al. 2022). Using Monte-Carlo techniques such as Markov Chain MC or
nested sampling (Mackay 2003). Using the Bayes theorem ( see Chapter 7, Eq.
7.49), the posterior probability for a given EoS is:

P (X|c) ∝
∏
k

Lk(X) =
∏
k

P (ck|X) , [11.14]

where P (ck|X) is the conditional probability of reproducing the data ck assum-
ing the meta-model instance M(X), and the index k runs over all the afore-
mentioned constraints. Clearly, P (X|c) is automatically also the likelihood of
all the stellar properties (e.g., mass-radius relation, mode frequencies) that can
be derived by assuming the matter model M(X). The posterior probability
distributions for observables Y (X) are obtained through marginalization over
the parameter space:

P (Y |c) =
N∏
j=1

∫ Xmax
j

Xmin
j

dXj P (X|c) δ (Y − Y (X)) . [11.15]

The advantage of modelling the (two-dimensional) energy functional instead
of the simpler barotropic EoS through meta-modelling is that the Bayesian
approach allows treating on an equal footing constraints coming from nuclear
theory, nuclear experiments, as well as astrophysical observables, as far as we
dispose of a theory or procedure F :M(X)→ c that takes as input the values of
the nuclear matter parameters X and outputs the experimental, observational,
or theoretical observable. Different likelihood models must be introduced for
the different constraints, see Koehn et al. (2025) for a very recent and complete
review. In particular, constraints coming both from nuclear structure (Klaus-
ner et al. 2025) and heavy-ion collisions (Sorensen et al. 2024) can be modelled
by gaussian likelihoods. Even if the experimental measurements are relatively
precise, the theoretical uncertainty for eachM(X) realization coming from the
many-body theory used to predict the observable dominates over the experi-
mental uncertainty, which limits the influence of this type of data. Conversely,
the theoretical calculations of the energy per particle eN (n) of infinite pure neu-
tron matter with chEFT ab-initio methods (see Section 11.2.3) give the most
constraining information to date, as far as the low density EoS is concerned.
In these calculations, the uncertainty inherent to the truncation in the power
counted can be directly estimated from the theory. The additional residual
model dependence is accounted for by combining the uncertainty bands given
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by the different approaches (Huth et al. 2021) into a single “conflated” band,
that is often interpreted as a 90% confidence interval for e(n). Finally, the re-
lation between the EoS model and static astrophysical observables being direct
through the solution of the TOV equation, the model likelihood of observa-
tional data can be directly taken from the observational posterior distribution
that comes from the astrophysical parameter estimation. For example, in the
case of mass-radius observations it reads :

LNICER(X) =
∏
i

∫ MT OV (X)

0.7M⊙

Pi (m,RX(m)) dm , [11.16]

where Pi is the measured joint probability distribution of mass and radius of
the object i, and MTOV (X), RX(m) are the TOV mass and the radius of the
mass m star, respectively, calculated with theM(X) model (Montefusco et al.
2025). However, the most constraining observation to date comes from the GW
probe, that we turn to examine in the next section.

11.3. The gravitational wave probe for dense matter

The gravitational force only depends on the space-time distribution of mass,
and not on the nature, properties and phase of the matter under study. Because
of this very basic statement, we might a-priori expect that GW cannot be a
probe of the internal structure of neutron stars and therefore of ultra-dense
matter. In spherical symmetry, Gauss theorem allows us replacing the mass
distribution of a compact star by a point-like mass, and under this hypothe-
sis the GWs signal from the inspiral phase of a compact binary coalescence,
detailed in Chapter XXX of this book, can be analytically worked out in the
post-newtonian (PN) expansion. Such a waveform only depends on the red-
shifted mass and spins of the merging stars, and the only indication that we
are observing merging NSs instead of merging BHs comes from the mass esti-
mation that can be extracted from the signal. Specifically, in the initial phase of
the inspiral, for low orbital frequencies, the time evolution of the gravitational
wave frequency is essentially determined by a specific combination of the two
masses, the so-called chirp massMc = (m3

1m
3
2/M)1/5, M = m1 +m2 being the

total mass of the binary, see Chapter XXX for details. However, similarly to
ocean tides on Earth brought forth by the presence of the moon’s gravitational
field, a neutron star can be significantly tidally deformed by the presence of
the other compact object in close proximity during a binary merger. In linear
response theory, the importance of this deformation is solely determined by
the matter EoS, as we work out in Section 11.3.1, and it is imprinted in the
GW signal (Section 11.3.2), thus making the inspiral GW signal from BNS an
essential probe, if not the most sensitive one, to the EoS of ultra-dense matter.
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11.3.1. Relativistic tidal deformation in binary merger

In a BNS merger, compact object (1) feels the presence of compact object
(2) as an external gravitational field in its vicinity that may perturb its space-
time metric outside and inside the star. The external tidal field originating
from (2) expresses the change in gravity acceleration per distance unit. It elic-
its an internal response from compact object (2) that necessarily depends on
the neutron star interior, and therefore on dense matter equation of state. In
this section, we present the fully relativistic derivation of gravitational Love
numbers, that is to say the proportionality coefficients between the external
tidal moment and the internal response, as discussed by (Damour and Nagar
2009 ; Binnington and Poisson 2009).

The simplest approach to evaluate the metric gαβ of a star deformed by
an external tidal field is to consider a linear perturbation hαβ on a spherically
symmetric and static background metric (Eq. [11.7]) and adiabatic tidal per-
turbation. The angular dependence of the perturbation treated on a spherical
harmonics basis Yℓm(θ, ϕ) as discussed in Thorne and Campolattaro (1967)
leads to the perturbed metric

gαβ = g
(0)
αβ +

∑
ℓ

∑
m

hℓmαβYℓm(θ, ϕ) , [11.17]

and allows one to consider the internal response to this pertubation as a mul-
tipole moments expansion. The expression of the perturbed stress-energy mo-
mentum tensor δTµν of an ideal fluid (in the assumption that the companion
does not contribute to it), together with the perturbed metric Eq. [11.17] is
sufficient to design and solve the perturbed Einstein equations. The seminal
works of Damour and Nagar (2009) ; Binnington and Poisson (2009) present
in great detail the perturbed metric solutions for the interior and the exterior
of the star and discuss the continuity at the surface to identify the tidally in-
duced multipole moments in the solution. In practice, it is common to solve
this system of coupled equations separately for the even and odd parity solu-
tions, from which the so called gravito-electric and gravito-magnetic sectors (a
parallel with electro-magnetism) arise respectively, and to distinguish between
two types of multipole moments: the mass multipole momentM (electric type)
and the spin multipole moment S (magnetic type)8 which are related to the
gravito-electric Eel and gravito-magnetic Emag relativistic tidal moments as

Mℓm = λℓ Eℓmel , Sℓm = µℓ Eℓmmag . [11.18]

8. The lowest order in the multipole expansion for the gravito-electric and gravito-
magnetic sectors lead to the gravitational mass and spin respectively, hence the com-
monly used "mass" and "spin" multipole qualifier.
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The tidal polarizability coefficients λℓ and µℓ are directly related to the rela-
tivistic generalization of the tidal Love numbers developed in Newtonian gravity
by (Love 1911 ; Murray and Dermott 1999) and they explicitly appear in the
Einstein equations solution. The mass quadrupole moment and its associated
second order gravito-electric tidal Love number k2 are to date the most rele-
vant quantity to explore dense matter physics in a neutron star merger. The
set of equations solving the quantity k2 has been discussed in a seminal work
by Flanagan and Hinderer (2008) ; Hinderer (2008), where the authors propose
to solve a singular second order differential field equations for the quantity y

r
dy

dr
+ y(r)2 + F (r)y(r) +Q(r) = 0 , [11.19]

where F (r) and Q(r) depend directly on the background metric solution (im-
plying Eq. [11.19] must be solved simulteneously with the TOV equations) and
the equation of state as

F (r) = e2ν(r)
[
1− α(r)

(
ϵ(r)− P (r)

)]
, [11.20]

Q(r) = e2ν(r)
[
α(r)

(
ϵ(r)

[
5 + dϵ

dP

]
+ P (r)

[
9 + dϵ

dP

]
− 6
α(r)

)
[11.21]

− 4e2ν(r) (C(r) + α(r)P (r))2
]
, [11.22]

with α(r) = 4πGr2

c4 and C(r) = Gm(r)
rc2 the compactness . [11.23]

We note the presence of the inverse of the normalized sound speed
c2/c2

s(r) = dϵ/dP : a correction is in order to avoid a divergence of this term
in the case of an equation of state that includes a first order phase transition
(zero pressure gradient for a jump in energy density), see (Postnikov et al.
2010 ; Pereira et al. 2020). The mass quadrupole tidal Love number is related
to the solution y as

k2(r) = 8C(r)5

5 e−4ν(r)[2 + 2C(r)(y(r)− 1)− y(r)
]

×
{

2C(r)
[
6− 3y(r) + 3C(r)(5y(r)− 8)

]
+ 4C(r)3[13− 11y(r) + C(r)(3y(r)− 2) + 2C(r)2(1 + y(r))

]
− 3e−4ν(r)[2− y(r) + 2C(r)(y(r)− 1)

]
2ν(r)

}−1
. [11.24]
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Finally, the mass quadrupole dimensionless tidal deformability λ is the most
commonly discussed quantity and is related to the l = 2 gravito-electric tidal
Love number and the star compactness C as

λ(r) = 2
3k2(r)C−5(r) . [11.25]

As it can be appreciated from Eq.[11.25], for a given stellar mass M the total
mass quadrupole tidal deformability Λ = λ(r = R), similar to the stellar radius
R solution of the TOV equation and discussed in Section 11.2.4, solely depend
on the EoS. Its measurement can therefore be considered as a direct probe of
the properties of dense matter.

The mass quadrupole is not the only multipole moment to consider in the
expansion: octupole, hexadecapole (etc.) mass multipole moments and spin
multipole moments can also be calculated (Damour and Nagar 2009 ; Pappas
et al. 2019). Particularly, the external tidal field can induce a spin multipole
moment in a non-rotating neutron star (Cunningham et al. 1978), and similarly
the spin itself induces a multipole moment related to rotational Love numbers.
There are various types of multipolar responses from the star to a various
number of external fields, but not all of them are easily detectable. For a
publicly available solver of the TOV and k2 Love number equations, we refer
the reader to the LIGO Algorithm Library (LIGO Scientific Collaboration et al.
2018).

11.3.2. Impact of the tidal deformation on the gravitational wave signal

The deformation induced by an external field affects the binary merger and
therefore impacts its gravitational wave emission. In simple terms, tidal in-
teractions induce a loss of energy and momentum from the merging binary
system, thus accelerating the inspiraling orbital motion of the two stars and
affecting the amplitude and phase of the waveform, see Fig. 11.6. Different mul-
tipole moments induced in the star enter the gravitational waveform in different
frequency bands. Let us focus on the effect of the mass quadrupole moment
induced by an external tidal field on the gravitational waveform. To estimate
the tidal contribution to the energy flux due to the gravitational radiation for
a quasi-circular orbit (point particle stars), it is convenient to use the average
weighted tidal deformation of the binary, called the effective tidal deformability

Λ̃ = 1
16

(
m1 + 12m2

m1
Λ(m1) + m2 + 12m1

m2
Λ(m2)

)
, [11.26]

with m1 and m2 the neutron star masses of the primary and secondary compact
object in the binary, see (Flanagan and Hinderer 2008). The tidal deformation
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Figure 11.6: Left part: schematic representation of the tidal effects.
[Adapted from https://www.nature.com/articles/s41550-024-02323-7].
Right part: Plus polarisation of the gravitational wave strain as a function
of time for a 1.4-1.4 M⊙ compact binary merger, calculated with the SEOB-
NRv4T_surrogate waveform model. The strain is presented for no tidal
deformation (gray), and for non vanishing Λ(M) relations for various EoSs:
SLy4, DD2 and NL3 leading to small, medium and strong mass quadrupole
tidal deformation respectively.

terms in waveform models used to analyse BNS mergers are directly expressed
in terms of Λ̃: it is a direct output of the intrinsic parameter estimation.
The phase Φ of the gravitational waveform is the most affected by the tidal
deformation in the binary (and the most easily detectable compared to the
amplitude); the phase shift due to the deformation related to adiabatic tides is
(Wade et al. 2014)

δΦ = −117
256

M2(πGMf)5/3

m1m2c5 Λ̃ [11.27]

with M = m1 + m2 the binary total mass. The decrease of the phase shift
at high frequency implied by Eq. [11.27] can be appreciated looking at the
right part of Fig.11.6, for the model leading to the highest tidal effect. This
phase correction occurs at fifth post Newtonian order, the next order would
include a second parameter δΛ̃ corresponding to a different combination of Λ1
and Λ2 (see Eq.(6) of (Wade et al. 2014) for the formula), that would allow
discriminating the individual tidal polarizabilities of the two stars 9. However,
the sensitivity of existing interferometers is not sufficient to allow evaluating

9. In actual parameter estimation, for the determination of individual polarizabilities,
it is generally assumed that the two neutron stars of the binary merger are governed
by the same equation of state, such that the Λ(m) relation is the same for the two.
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this further correction, meaning that only the effective tidal deformability Λ̃ is
presently measurable.

The mass quadrupole tidal response is the first and most important cor-
rection to the gravitational wave inspiral, and Eq. [11.27] is a pertinent es-
timation of the effects of tidal deformation on the gravitational wave signal
given the current sensitivity of detectors. Higher order corrections on the grav-
itational waveform beyond the mass quadrupole (Henry et al. 2020) such as
effects of spin-tidal couplings (particularly relevant for high spinning neutron
stars) (Castro et al. 2022), induced spins related to the gravito-magnetic mul-
tipole moment response to external tides (Gupta et al. 2021), dynamical tides
(in contrast to adiabatic ones) and oscillation modes (Schmidt and Hinderer
2019), or even viscosity (Ripley et al. 2023) can also be considered, especially
in the context of future facility upgrades and the next generation gravitational
wave detectors.

The LIGO/Virgo/KAGRA collaboration uses different gravitational wave-
form models to analyse the signal detected. In order to account for higher order
tidal deformation or cross terms between tidal deformability and spin, several
waveform models currently used rely on "quasi-universal relations", that is to
say relations between chosen macroscopic parameters of neutron stars that were
empirically shown to only marginally depend on the star interior description
(and the EoS). To give an example, the so called I-Love-Q relations (Yagi and
Yunes 2013) are able to break the degeneracy between the mass quadrupole
moment and the spin in the waveform analysis: this universality is explicitly
used by the IMR_NRTidal waveform model. Similarly, quasi-universal relations
between the mass quadrupole moment and the frequency modes can be used
to include oscillation modes in waveform models that include dynamical tides
(Abac et al. 2024). For more details on waveforms and waveform modelling, see
Chapter XXX.

11.3.3. Observations of the tides

On the 17th of August 2017, during the second observing run of the
LIGO/Virgo collaboration, the LIGO Hanford, LIGO Livingston and Virgo
laser interferometers detected for the first time the gravitational wave emitted
by the merger of two neutron stars (Abbott et al. 2017a), the famous
GW170817 event. The signal, with a Signal to Noise Ratio (SNR) of 32.4,
very loud for a BNS merger, lasted for ∼ 100 s in the detectors sensitive band
up to the coalescence time, followed 1.7 s later by a gamma-ray burst (GRB).
The precise sky localization achieved by triangulation with the three
detectors allowed an electromagnetic follow-up campaign, culminating in the
observation by different terrestrial telescopes of an optical kilonova signal
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Figure 11.7: Left figure: Effective tidal deformability Λ̃ as a function of the
chirp mass Mc at a single mass-ratio value (peak of the posterior distribution
for GW170817) for various EoS models, and compared to 1-σ and 2-σ contours
for the sources GW170817 and GW190425 (data released by the LVK collab-
oration: https://dcc.ligo.org/P2000223/public). Figure adapted from J.
Read [https://github.com/jsread/APSPlots2024]. Right figure: distribu-
tion of the mass ratio and effective tidal deformability for GW170817 [Taken
from (Abbott et al. 2019)].

around half a day after the merger. This remarkable multi-messenger
detection, the unique of this kind up to now, has fostered a wealth of research
and brought valuable information on a variety of interdisciplinary topics
including cosmology, general relativity tests, and nucleosynthesis (Abbott
et al. 2017b). For the purpose of the present chapter, the GW170817 event
stands alone because the tidal information could be extracted with a Bayesian
analysis by matched filtering the data with waveform models including the
tidal information, and it was checked that the existing uncertainties in the
waveform modelling only slightly modified the parameter estimation. The
posterior distribution for the two relevant quantities which can be extracted
from the Bayesian analysis, namely the effective tidal polarizability Λ̃ and the
chirp mass Mc, are shown in Fig.11.7, in comparison with predictions
obtained with different EoS models. The mass ratio q = m1/m2 (see
Fig. 11.7), and consequently the two individual masses of the merging NSs,
could also be estimated but with a larger uncertainty due to the degeneracy
in the waveform between q and the aligned spin components of the stars.

Though a few other BNS and NS-BH mergers were detected in the suc-
cessive years, the last one dating May 2023, the SNR of these events has not
yet been high enough to provide constraining information besides the one of
GW170817, see the comparison between GW170817 and GW190425 (Abbott
et al. 2020) in Fig. 11.7. The EoS models reported in the figure are the same



DR
AF

T

Gravitational waves as a probe of dense matter 451

already presented in Fig.11.5. The comparison between these figures shows that
the constraints extracted from the tides are well compatible with the ones ex-
tracted from the NICER measurements presented in Fig.11.5, though none of
these measurements are yet very constraining for the dense matter EoS. As it
can be appreciated from this figure, the GW170817 observation is constrain-
ing enough to exclude some extreme EoS models, notably those assuming a
purely nucleonic composition and very repulsive interactions at densities be-
yond nuclear saturation, such as the NL3 functional in the figure. However, to
extract physically meaningful information on the actual structure of dense mat-
ter and on its EoS, Bayesian studies must be done. Using agnostic modelling,
specifically a spectral parametrization of the P (ρ) function (Lindblom 2010)
10 , the LVK collaboration has extracted a posterior distribution of the EoS
(Abbott et al. 2018), that is reported in Fig. 11.8. To add the information of
the complementary constraints from nuclear theory and experiment discussed
in Section 11.2.3, and from other multi-messenger observations presented in
Section 11.2.4, nuclear physics informed Bayesian modelling has been subse-
quently performed by different authors (see Mondal et al. (2023) ; Char, P. and
Mondal, C. and Gulminelli, F. and Oertel, M. (2023) ; Davis et al. (2024) ;
Scurto et al. (2024) ; Malik et al. (2024) ; Montefusco et al. (2025) for some
recent works) in the line of Section 11.2.5. The use of a metamodel representa-
tion that starts from the energy functional as a function of the relevant degrees
of freedom Eq.[11.13] also allows to progress in the interpretation of this EoS
in terms of nuclear matter properties.

An example of this EoS inference is presented in Fig.11.8. This figure
presents the EoS prior with a purely nucleonic metamodelling partially
informed by nuclear experiments, and different posteriors including the
theoretical constraint provided by ab-initio calculations of pure neutron
matter (see Section 11.2.3) and the astrophysical information. The heavy
mass pulsar constraint and the GW170817 observations are taken into account
introducing directly the posterior parameter estimation of the observations in
the likelihoods. In particular, for the tidal observation we have:

LLVK =
∫
P (Λ̃, q)dq , [11.28]

where P (Λ̃, q) is the observational joint posterior distribution reported in (Ab-
bott et al. 2019). We can see that the nuclear physics and astrophysical con-
straints are very complementary in informing the EoS behavior. Interestingly,

10. The generality of the approach was validated by comparing to another agnostic
representation based on piecewise polytropes (Read et al. 2009)
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Figure 11.8: Bayesian inference of the EoS with the effect of the different
constraints: ab-initio calculation of neutron matter EoS (upper right), TOV
mass limit and GW170817 (lower left) and full posterior additionally including
NICER mass-radius observations (lower right). The agnostic 90% probability
contour from (Abbott et al. 2018) is also reported as dashed lines. [Taken from
(Dinh Thi et al. 2021).]

the nucleonic modelling of Fig.11.8 agrees with the agnostic LVK estimation
(Abbott et al. 2018), but the nucleonic hypothesis is more restrictive, and
therefore leads to a more precisely defined EoS behavior. This implies that the
GW170817 observation is consistent with a pure nucleonic composition of dense
baryonic matter, but this hypothesis might be challenged if more precise tidal
observations were to be available in the future.

11.4. Prospects for next generation of GW detectors

The increase in number of events and in the accuracy of the detection with
future upgrades of the current interferometers and with the third generation
of gravitational wave detectors will have the technological capability to con-
strain dense matter physics significantly. The next generation of detectors are
discussed in details in Chapter XXX, but in this last section, we specifically
focus on the prospect for dense matter exploration.

The third generation of gravitational wave detectors (3G) is comprised of
three different projects to date. Two of them are ground-based detectors and
will be our primary focus in this section: Cosmic Explorer to be located in the
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Figure 11.9: Average Bayes factor as a function of luminosity distance DL for
different injection models, averaged over the respective class of hybrid meta-
models. [Taken from ref.(Mondal et al. 2023)].

United States (Evans and et. al. 2021) and Einstein Telescope in Europe (Mag-
giore et al. 2020 ; Branchesi et al. 2023 ; Abac et al. 2025). The space-based
Laser Interferometer Space Antenna (LISA) mission (Gong et al. 2011) led by
the European Space Agency is scheduled to observe in the low frequency band
0.1 − 103 ms: it will not be able to detect the late inspiral (and higher fre-
quencies) part of the signal where the tidal deformation impacts the waveform.
Dense matter exploration will be limited with LISA, although knowledge in NS
physics will play an important role in cataloging the population of neutron star
involved in binaries in our galaxy.

11.4.1. Detecting the tidal deformability with precision

Cosmic Explorer and Einstein Telescope will increase significantly the range
of observations compared to current facilities, thus able to reach a maximum
redshift z ≃ 10 for a canonical 1.4-1.4 M⊙ BNS merger. If both 3G detectors
succeed in operating concurrently, we can expect ∼ 103 − 104 detections of
BNS mergers per year that are sufficiently precise to constrain the equation of
state of dense matter. Recently, several studies have utilized the projected sen-
sitivities of Cosmic Explorer and Einstein Telescope to estimate the equation
of state recovery in the context of 3G, using different EoS injection models to
simulate BNS mergers. A case study of GW170817 in the context of 3G has
shown that a similar event could lead to a SNR of the order of 103, and will be
able to measure not only Λ̃ quite precisely, but also the next order correction
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δΛ̃ and provide a measure of individual component tidal deformations (Smith
et al. 2021). More complete estimations of the 3G capabilities were performed
recently by simulating a population of BNS mergers to estimate to what extent
an accumulation of events over long periods of observing time may constrain
indirectly (through a full EoS inference) the radius of neutron stars, and showed
that a few tens of meters to a few hundred will be achieved depending on the
number of detectors concurrently observing (Huxford et al. 2024). In Iacovelli
et al. (2023), the authors also consider a population study in the context of
3G, and discuss in detail the effects of the Einstein Telescope proposed config-
urations on the direct inference of dense matter nuclear empirical parameters
defined in Eq.[11.13].

An example of a prospective study concerning the capabilities of third gen-
eration interferometers to detect possible phase transitions in ultra-dense mat-
ter, is reported in Fig.11.9. This figure displays the Bayes factor comparing
two general modellings of the EoS, namely a purely nucleonic EoS posterior
informed by the present nuclear and astrophysical constraints, and a more gen-
eral parametrization (hybrid metamodels) where a first order phase transition
occurs at a given baryonic density that is ad-hoc varied from nB = 0.3 ("PT03")
to nB = 0.5 ("PT05") fm−3. A merging event with characteristics similar to
GW170817 is simulated at different luminosity distances using an hybrid in-
jection EoS model, and the signal is filtered through the sensitivity curve of
3G interferometers. The Bayes factor measures the relative compatibility of the
simulated signal with an EoS representation that does not contain the phase
transition, with respect to the EoS family from which the injection model is
taken. A value log(⟨B⟩) > 1 − 2 corresponds to a reliable discrimination be-
tween the two model classes. We can see that only if an event occurs analogous
to GW170817 at D = 40 Mpc or closer, the sensitivity of 3G detectors might
be enough to detect the early phase transition ("PT03") by only using the tidal
information. Conversely, if the phase transition occurs at a very high baryonic
density ("PT05"), the proportion of the deconfined phase in the star is negligible
and the two models are equivalent; for more details, see Mondal et al. (2023).
In all cases, Fig. 11.9 shows that a firm proof of a deconfined phase will be
very hard to achieve with a single merging event within the present knowledge
of the dense matter EoS. However, a notably increased discrimination power is
expected in the case of multiple detections, as foreseen with 3G detectors, and
with the addition of the analysis of oscillation modes of post-merger signals,
as discussed above. For a more complete set of prospective studies, see the
two recent bluebooks of the Einstein Telescope collaboration, (Branchesi et al.
2023 ; Abac et al. 2025).
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11.4.2. Beyond tidal deformation to constrain dense matter physics

While the detection of the tidal deformation in the late inspiral of BNS
mergers has provided the most compelling constraints on dense matter with
gravitational waves so far, further observations and the accuracy increase of
next generation of detectors offers a variety of prospects to constrain dense
matter. For a review of the prospects in the context of Einstein Telescope, see
e.g. (Abac et al. 2025).

The detection of stellar oscillations can help uncover the structure inside the
neutron star and also give us a direct way of probing the star composition. Any
sort of perturbations of the star can give rise to quasi-normal oscillation modes
and radial (or non radial) pulsations, and in the case of non-axisymmetric
oscillations is accompanied by gravitational wave emission. Oscillation modes
can be calculated in a similar manner than Section 11.3, with or without the
assumption of a weak gravitational field (Cowling 1941). A large plethora of
oscillation modes can exist in neutron stars, for a review see (Kokkotas and
Schmidt 1999): f (fundamental)-modes which present the strongest coupling
with tides and are directly related to the fluid oscillation, g(gravity)-modes
that are driven by the gravity response to inhomogeneitis in the star (through
buoyancy), p(pressure)-modes or acoustic modes that are driven by the pressure
fluctuations and the local sound speed, r(rotation)-modes on rotating neutron
stars risen by the effects of the Coriolis force, s(shear)-modes related to the
shear viscosity in the crust of neutron stars, w(wave)-modes risen by the cou-
pling of the fluid oscillation to the space-time metric, etc., see e.g. (Andersson
1998 ; Finn 1986 ; Kokkotas and Schutz 1992). For example, if the orbital
frequency in the BNS merger matches the frequency of one of the modes of os-
cillation in the star, it may lead to a fracture of the crust and provide valuable
insight into the nuclear empirical parameters (Neill et al. 2022). The excitation
of the modes in core-collapse supernovae and proto-neutron stars, neutron stars
or in BNS mergers may leave their imprint on the gravitational waveform.

Aside from detecting violent events of compact object coalescences, LVK in-
terferometers and 3G may also detect continuous gravitational waves when non-
axisymmetric deformations persist on rotating neutron stars and form moun-
tains (due to accretion or starquakes). Current searches have only produced an
upper limit on the mountain size (Abbott et al. 2022), but additional data and
more precise detections may provide a measurement of the mountain size which
directly relates to the neutron star equation of state and transport properties,
such as the shear modulus. Post-merger physics will also be accessible to the
next generation of gravitational wave detectors thanks to an increase in sensi-
tivity in the high frequency band. The analysis of this part of the signal however
is challenging as it involves complex modeling that includes finite temperature
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and non-equilibrated matter effect, fast rotation and high magnetic fields (Shi-
bata et al. 2021 ; Murguia-Berthier et al. 2021 ; Sarin and Lasky 2021). Finally,
a multi interferometer detection of a BNS or BH-NS merger leading to a precise
enough sky localization favors an analysis of the electromagnetic counterpart.
By analysing the kilonova spectrum, one can determine the types of reactions
occuring in the remnant matter and determine the role of compact object coa-
lescences in r-process nucleosynthesis, and in turn provide insight in the origin
of heavy elements in the Universe, see (Arcones and Thielemann 2023) for a
review.

11.4.3. Challenges in the analysis

Given the significant increase in the precision with 3G, the community of
gravitational wave analysts will have to carefully consider the battle between
systematic and statistical uncertainties. For example, waveform models will
need to include higher order correction than the mass quadrupole tidal re-
sponse at 5PN order, see Section 11.3, if the detectors become sensitive enough
to detect those effects. To analyse a precisely detected waveform, it will also be
necessary to increase the sampling frequency for a signal that will be longer than
detected in current facilities; these complexities paired to the addition of δΛ̃ in
the Bayesian analysis, will lead to important numerical challenges in parameter
estimation (PE), see Chapter XXX. It will also be important to reevaluate the
use of quasi-universal relations (see Section 11.3.2) in the context of decreased
statistical errors: indeed, a small EoS dependence is observed in all those re-
lations, which can be neglected only if the detection uncertainties dominate
in the PE. For example, the estimation of the neutron star radius based on
the quasi-universal relation between the compactness and the mass quadrupole
tidal deformation performed for the GW170817 will be obsolete in the context
of 3G (Suleiman and Read 2024). Finally, great precision on Mc, q, Λ̃, δΛ̃ will
constrain the equation of state and nuclear empirical parameters to the point
that the Bayesian analysis will require sampling the EoS concurrently with the
Bayesian inference: a pre-computed EoS prior containing ∼ 104 EoS (as was
used for the most recent analysis GW230529) will likely be decimated with an
accumulation of sufficiently precise BNS mergers, with great loss of resolution
to the posterior sample. In this context, several techniques to sample the EoS
"on the fly" start to be available. They are notably based on nested sampling
or other Monte-Carlo methods (Feroz and Hobson 2008 ; Wofford et al. 2023) ,
with great care of numerical efficiency particularly to ensure that the astrophys-
ical quantities of neutron stars are calculated sufficiently fast (with optimized
TOV and k2 Love number solvers, employing ML techniques such as emulators
or neural networks (Krastev et al. 2021 ; Reed et al. 2024)).
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