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Motivation

A non-perturbative solution of planar A" = 4 SYM should be reachable
thanks to integrability.

We already have access to the spectrum of conformal dimensions (QSC).
For three- and higher-point correlation functions, there is still work to be
done. Various approaches: hexagons, T-functions, quantum spectral

curve (QSC)/separation of variables (SoV).

In this talk, we will apply the hexagons to the Zk orbifolds of ' = 4
SYM and make contact with localisation.
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Hexagonalisation
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Hexagon form factors = building blocks for n-point correlators.

Gluing along a seam = sum over a complete basis of mirror magnons.
[Basso, Komatsu, and Vieira (2015)] [Fleury and Komatsu (2016,2017)]

[Eden and Sfondrini (2016)]

The hexagon expansion is the analogue of the Liischer expansion for the
spectrum.

— 4 hexagons, 6 cuts




Excitations over the vacuua Tr(Z*) transform under the bi-fundamental
representation of PSU(2|2); x PSU(2|2)g; the hexagon is built using the
SU(2|2) R-matrix.

Start with all excitations on the same edge:

: Matrix Part
o su|2E

excitation
N

= Hh(u,. uj) x
i<j
’ SU(Z\Z)S‘

Beisert
8-matrix

Scalar Part

H(uz, uz,u3,...) = (H h(uj, Uj)) (- - S5238513512)

i<j

Scalar factor solves some crossing relation.



Move excitations from one

edge to another using mirror
transformation

Energy of mirror magnons with bound-state index a: E, = In(x[+a]x[_a])
in terms of the Zhukovsky variables

In the mirror:
X[+a](uv) - 1/X[+a](u), X[fa](uv) - X[fa](u)_

Physical momentum becomes mirror energy p,(u7) = i E,.



The Octagon

Take O = Tr(ZK(XT)K) +...,0, = Tr((ZT)QK), O3 = Tr(XzK).
Then, when K — +00, one has
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[Coronado (2018)]



Generalisation with arbitrary bridge length ¢ and R-symmetry polarisation
vectors:
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_det(1 — A\, Ky) +det(1 — A_Ky)
— > ,
where K, is a semi-infinite matrix: for m,n > 0,

O¢(z,2,k, )

T Jirom(28t) Jesan(2gt) d
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[Kostov, Petkova, and Serban (2019)] [Belitsky and Kortchemsky (2019)]
This object occurs in several other situations.

[Beisert, Eden, and Staudacher (2006)] [Basso, Dixon, and Papathanasiou (2020)]
[Sever, Tumanov, and Wilhelm (2020,2021)] [Basso and Tumanov (2024)]



Z orbifolds of N' =4 SYM

» N =2 SCFT with gauge group SU(N)o x -+ x SU(N)k_1,
K vector multiplets and K bifundamental hypermultiplets.

» In A = 4 language, fields are KN x KN matrices that satisfy

[Au]=[Z,9] ={X,7v} ={Y,7v} =0,

where the Z twist is v = Diag(In, pln, - .., pK2Iy) for p=e
Thus, Z = Diag(Zo, Z1, . .., Zk—1) for instance.

2im/K
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At the orbifold point go = - - - = gx_1, theory expected to be
integrable in the planar limit.

The twist breaks PSU(2,2|4) down to PSU(2,2|2) x SU(2)
(for K =2) or PSU(2,2|2) x U(1) (for K > 2).



Twisted BPS Operators

We focus on correlation functions of the following BPS operators:

o 1 a
Oé ) — WTr(’y ZZ),

where oo € {0,..., K — 1}. The operator Ogo) is called untwisted, the
others are twisted operators.
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Oé ) — WTr(’y ZZ),

where oo € {0,..., K — 1}. The operator Ogo) is called untwisted, the
others are twisted operators.

_161"(g)
ST

where the normalisation is expressed in terms of the octagon for
z=ZzZ=land Kk =p* K =p~ ™"
_det(1 — s, Kpy1)

(@)
G (&) = Gt —skr 1)

where s, = sin?(ra/K).



Three-Point Functions
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[Billo, Frau, Lerda, Pini, and Vallarino (2022)]
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Three-Point Functions

(OO0 (2) _ ke(k+ ) GV

« o « - — Z|2k|y — ~|2¢
\/G£ D(g)Gl ) (g)GlD(g) VKN x—zPly =2

0" (2)
) (g) = |1+ £ o, In 9L = 5aKeia)
, k ¢ (e) = \/1 +20% " Getd —sa ko)
[Billo, Frau, Lerda, Pini, and Vallarino (2022)]
OEC&) (y) 0 Ol(cal)(x)
e det(1 — SaK
ctg) = S
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[Ferrando, Komatsu, Lefundes, and Serban (2025)]
[Korchemsky and Testa (2025)] [Korchemsky (2025)]

How can we recover this result in the hexagon framework?



Twisted Hexagons
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Twisting is implemented by inserting powers of 1, x Diag(p, p™1,1,1)r.

This easily explains part of the result:

det(1 — s,, Ki) det(1 — sn, Kp) det(1 — su; Kite)
12, /det(1 — s, Ky, 1) det(1 — 50, Ke,11)

Indeed, one has det(1 — s, Ky) = Op(z =2 =1,k = p*, k= p~@).




Regularisation
The naive hexagon formula contains some divergences when the quantum

numbers of magnons living on different bridges coincide. These
divergences stem from the infinite volume of the mirror theory.

Difficult to regularise in general.



Regularisation
The naive hexagon formula contains some divergences when the quantum

numbers of magnons living on different bridges coincide. These
divergences stem from the infinite volume of the mirror theory.

Difficult to regularise in general.

In our case, the operators are protected and we can do something similar
to the usual torus regularisation for the ground state energy.
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The two new objects are themselves 3-pt functions in the mirror theory.
And we only need them in the infinite volume limit = asymptotic 3-pt
functions.



The two new objects are themselves 3-pt functions in the mirror theory.
And we only need them in the infinite volume limit = asymptotic 3-pt
functions.

We can simply compute them using the asymptotic hexagon formula:
sum over partitions of the (mirror) excitations between 2 hexagons.
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Bridge Contributions

o [d —eE(u » _
Cioon = Jim 3 [ Ghus(w)e = STr, [752 6() ()]
a=1



Bridge Contributions

. = du
C1,00) = r/“j&)Z/gﬂ (u)e
: a=1

T4 = STr 7% = 4as, .

First contribution to (det(1 — s, K;))*. Easily generalised to

choo (det(1 — s, Ke))?



Wrapping Contributions

Caa0 = lim Z dUdZ“a (u) po(v) e ~tE( STrab[Tazg(u v)G(u,v)]

rg—»00

Compute (one of) the integrals by closing the contour in the lower/upper
half-plane. We choose the order Im(u) > Im(v) > Im(w).
Only decoupling poles (a, u) = (b, v) survive:

oo

du _
Cii1,0) = Z QU ol (—.8 STrab 752 (San(u, v))?)

2w
a=1

v—u



We conjecture that
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We conjecture that
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For comparison, recall that >~7° 1 C(n,0,0) = (det(1 — s,, Ko))?,

duk g (4
Cn0,0) = n' H(Z/ k o—CEq, k)Mak(uk)4aksaz>HHa,,aj(u;,uj),

a=1 i<j



Bridge-Like Contribution

There are 3-magnon contact terms, simplest example = C(1 1 1).

C((ll.)l,l) C((1 1,1) C(l 1,1)
dudvdw —0E,(u)—KE,
2 LE;(u)—kEc(w
= im S0 [ 1 0) o) ) ¢ EOE
a,b,c=1
o i(Felw)—Bal))rp+i(By(V) —Ba())re STTabe Ta2 Sab(u, v) 7 Sac(u, w)

hab(v, u) hea(w, u) '

Decoupling poles at (¢, w) = (a, u) and (b, v) = (a, u). Eventually,

Caiy =2 (C 1yt C(1 Ly T c® , 1 1 ) =2 Z e (k+0) Ea(w) wa(u)4asa, .



Complete Result

det(1 — su, Ki) det(1 — s, Ko)det(1 — su, Kiesr)

{ H?:l \/det(l — Sq; Ke,-—l) det(l — Sq; K€i+1)j/

We explained the appearance of each building block separately, but we
still need to make sure that the full result is indeed factorised.



Factorisation: an Example
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Conclusion and Outlook

We proposed an extension of the hexagon formalism to the Zy orbifold
N =2 SCFT, and a regularisation applicable to 3-pt functions of
operators corresponding to (twisted) vacua.
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We proposed an extension of the hexagon formalism to the Zy orbifold
N =2 SCFT, and a regularisation applicable to 3-pt functions of
operators corresponding to (twisted) vacua.

Further possible directions:
» Some of our results are still conjectural, how can we prove them?

» 3-pt functions of non-BPS operators or higher-point correlation
functions

» Can we interpret the result in the language of T-functions? of
Q-functions?

» Extension to other twisted theories?



Thank you!
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