Correlation functions in N = 2 superconformal
long-quiver theories

Alessandro Testa
IPhT, Saclay

Observables in gauge theory and gravity, IPhT, 11/12/2025

based on 2501.17223 in collaboration with G. P. Korchemsky



What'’s to come

Introduction and motivations

Twisted and untwisted operators

Correlation functions at weak coupling

Correlation functions at strong coupling

Three-point functions

Conclusions and future perspectives



Introduction and motivations



Introductions and motivations

This work is part of a broad program that aims to solve 4d A" = 4 and superconformal N = 2
planar Yang-Mills theories for arbitrary A = g%MNC
Several techniques (e.g. localization, integrability, ...) allow us to realize this program for

® v.e.v. of half-BPS circular Wilson loops in ' =4 SYM [Pestun]

® correlation functions of infinitely heavy half-BPS operators (octagon) [Korchemsky et al.]

® correlation and partition functions in certain A’ = 2 SYM theories [Billo’ et al.]

These observables (F;) can be universally expressed as Fredholm determinants of certain Bessel

operators:
TR = det(l - K(g(&)) , PRA)
4



N = 2 quiver theories

We consider a SU(N) N = 2 quiver theory with L identical couplings (A() = X for I =1,...L),
arising from an orbifold projection of SU(NL) N' = 4

® Each node denotes a SU(N) gauge-group factor, while lines represent hyper-multiplets in

the representation (N, N) of SU(N) x SU(N). As a result, the theory is conformal
® This model posses a cyclic symmetry | — [+ 1

® Planar equivalence of certain observables with N = 4 SYM (e.g. free-energy on S*,

half-BPS Wilson loops) and dual description in terms of a AdSs X S5/Z; geometry



A first look at the long-quiver limit

Novel properties for L — co, where the diagram nodes become continuously distributed

suggesting an emergent fifth dimension (deconstruction)

Physical questions: Can we approximate the limit L — oo by a five dimensional theory ?

If so, what are the properties of this theory ?

Claim: As L — oo, the properties of the model depend on how we compare L with .

When L > A, the model involves a fifth dimension with massive degrees of freedom

We will show this property by investigating correlators which are not planar equivalent to V' = 4

SYM. These observables are expressible by ratios of special Fredholm determinants



Twisted and untwisted operators



Twisted and untwisted operators

We consider complex combinations of %—BPS single-trace gauge-invariant operators

L—1
1 .
Tan(x) = —=> e P0/(x), 0l (x) = tr 7 (x)
VL =0
where a = 0,...,L — 1 is the sector index and qb’(x) denotes the I-th vector-multiplet scalar
® py = 2”T°‘ is the quasimomentum of excitations

® Ta,n(x) is a conformal primary of dimension and U(1) charge n

® Tq,n(x) transforms under Z; non-trivially

b1 = Py = Ta,n(x) — efPo Ta,n(X)

® o = 0 denotes the untwisted sector, which is planar equivalent to N’ = 4 SYM



Correlators

Conformal symmetry, charge conservation and invariance under Z; leads to

6 5 a1 — Mo
(Tay oy (60) Ty (2)) = G2, Smur20(Pes — pa)
’ ’ |X1—X2|2”1

)

T _ ~®3 Sny+np,n30(Pay + Pay — Pas)
(Tay,m (x1) Tag,m (x2) Tas,n (03)) = G5 |x1 — x3)2M |xp — x3]2m2

A

G((f,),, and GS) carry the dependence on (), L, n) and can be computed by localization on S*.

Defining these models on S* the path-integral reduces to

L—1 L—1
Zo = / H Daj exp (— Z [tr a,2 — Sint(ar, a,+1)]>
1=0

1=0

Sint = Z G (tr aj —tr a;+1) <tr35 —tr a;+1)

i,j=2

where (¢;(x)), = aj is a su(N) matrix subjected to the condition a1, = a;, Cj ~ A\+)/2 is a

semi-infinite matrix controlling the interaction strength between nodes / and J (C“*“)



Correlators

The naive expectation based on the structure of the operator Tq n(x) is
Ta,n(x) — T;]ye:]ive = Z ef'.p‘l’tr af s
[

which, however, violates violating the U(1) charge conservation. The proper identification

involves a Grand-Schmidt procedure

Taxﬂ(x) - Ta,n :Z Z Ckeiip“’traf
!

2<k<n

with ¢, begin fixed by the requiring that the two-point function is diagonal in the indices n, m

[Komargodski, Billo’ et al.].



The Bessel matrix

The matrix model prediction at the planar level for the correlators is

(3)
(2) o det(1 — sa Kny1) G&,ﬁ
17 det(1 — saKn_1)

1 3 1 )
= ||n 14+ — X0 log G/ n:
3 (2 VLN =+ '\/ 2n; " A & Baim
=1 Gaion; =1

where s, = sin? ”7" and the dependence on the t' Hooft coupling A sits in the one-parameter

matrix

(ke)y = [ ot vitoustonx (g) ,

where x(x) is said to be the matrix symbol, while 1); is an orthonormal basis of Bessel functions

(x) = (—1V /AT = Dire—1(vx) o __ L
Yi(x) = (-1)'v2i+£-1 N v o x)= 2 (%)



Relation to Fredholm determinants

We can relate (K;); to an integrable Bessel operator K as (K¢); = (1ilK¢|t;) where

(e = [ ay ke (4 ) f(y)

_ VX (VXD (VY) = Ve (V) (V)
kZ(va)_ 2(x—y)

As a result,
(@ _ det(l—syKny1)  det(l —saKpi1)
Gon o
’ det(l — soKp—1)  det(l —saK,—1)

When x(x) = 6(1 — x), the determinant det(1 — K;) coincides with the Tracy-Widom
distribution, which describes the eigenvalue statistics of a N X N hermitian matrix in the

Laguerre ensemble for N — oo



Tracy-Widom distribution

We consider an Hermitian matrix a in the Gaussian Unitary Ensemble (GUE)
o0 122 o0 N 1y.3\2
ZGUE:/ dV*Ng ematra :/ dAi.dw [ [ = N7 em 2=
- - i#j

and in the Laguerre ensemble (Wishart matrix theory)

Zrag = / dAi...d\y | | N=N)° | | Nee ™M
0 L1
i#j K

where £ > —1 to guarantee the convergence of the integral and \; € Ry

Probability of finding n eigenvalues at the points xi, ... Xy

R(x,...,xn) = <H5(Xi—/\i)> = det Kn(xi, )|
f QUE Lag ij=1,...,N
N-1
Kn(xy) = ¢r(x)oi(y)
k=0

where ¢, (x) are the Hermite and Laguerre polynomials



Tracy-Widom distributions

The eigenvalue distribution of a N x N hermitian matrix in the Laguerre ensemble as N — oo

11—z

Buk

©

i,
Ri(4Nz) ~ o ™

Soft edge

S

Behaviour of Ky_,o0(X,y) around x = 0 (hard edge), x = 1 (soft edge) and 0 < x < 1 (bulk)

bulk: Ksin(x,y) = M
m(x —y)
Ai(x)Ai’ (y) — Ai(y)Ai'(x)
x—y
VxJe11(Vx) e (VY) = VY e 1(VY) e(VX)
2(x—y)

soft edge: Kairy(x,y) =

hard edge: KBessel(va)

The probability that there are not eigenvalues in an interval [0, s] is [Tracy, Widom]

(="

n!

E(o,s):1+§:

n=1

s
/0 Xm cee an det Kbulk,Airy,Bessel(Xia )(j) = det(l - K)[O,s]

1<ij<n



Correlation functions at weak coupling



Mass gap at weak coupling

As a warm up, we consider the weak coupling regime, where A\ — 0 and fixed L, n. We can

expand the determinants in power of traces

1
Fo = logdet(l — saKp) = —so TrK; — 5% TrK+. ..

The two-point function takes the form of a double series X2 = )\/167r2 and s, = sinQ(PT“)

o =T 214X (5 39) i)
m>1

where Qm(}) = ¢ + O(A2) with ¢, = —4(2n")C(2n — 1). The analytical structure of Rq,, as a

function of p, becomes evident only by resumming the leading corrections

The closest pole to the origin, i.e. po = £ipun with g, ~ log 1/5\, sets the mass scale at weak

coupling and is large as A — 0



A one-dimensional lattice model

The quiver diagram defines a one-dimensional periodic lattice model with L sites and partition

function Zgs. Each node has N2 —1 d.o.f. and interact with its nearest neighbourhood via Si,¢

® Ta,n represents an n-particle creation operator of definite quasimomentum po = 2wa/L

o @

«.n Captures the propagation of an n—particle excitation of definite quasimomentum pq,

A

while GS) describes the amplitude ny + ny — n3

® The presence of poles implies exponentially suppressed correlations between the nodes

Y = |l — J| or, equivalently, short-ranged, localized interactions [Korchemsky, Beccaria]

= fr=e P Fun, )+ (Y 5 L=Y)



An effective one-dimensional description

In the limit L — oo, correlation functions cease to depend on L and approach a finite value.
This suggests that the short-ranged interactions can be effectively described by a local effective
field theory and the two-point function ?(un, L) behaves as

ipY e—mx
fy~/27r 5z FOE )~ D(Y. ) + O ) where D(x,m) = o

The effective description is collapses to a free theory

Remark: the theory behaves as a higher-dimensional model with massive propagations
decoupled from the four-dimensional ones, which remain massless. Lorentz invariance is broken

(0l(x)0(0)) ~ - — (On(x1,y1)Om(x2, y2)) ~ y12)
x5

Remark: the emergence of an additional dimension does not occur as in standard lattice
descriptions, where we send to zero the lattice spacing, but rather as an effective description of
a system with an infinite number of nodes and localized interactions



Correlation functions at strong coupling



Fredhom determinants at strong coupling

In our case, the method of differential equations leads to [Bajnok, Boldis, Beccaria, Korchemsky,

Tsytlein]

Fo = logdet(1 — soKy)

« 1 N «
—4nia(l—a)— —(20—1)logA+ B+ AF,(R), a=2<, By —Bi=log
2 L * Zs

AF, vanishes as A — co and takes the following form

AFy = fo+ Afy

fy captures perturbative expansions at strong coupling

1 1
fr=——=(20—1)(20 —3)P; — —— (20— 1)(2¢ = 3)P? + ...
7 16A( ) )P1 64A2( ) )P1

(=1)"

Pr = ame—i2n—2)

[w(2n—2) (a) + w(2n—2) (1 _ a) _ 2w(2n—2)(1)] .



Non-perturbative corrections

The perturbative expansion f; grows factorially at large orders, requiring the presence of

non-perturbative corrections to make the asymptotic expansion well-defined

Af, = Z Agrn/\amf;m,n) , Ai — e—87r§(1—a) , /\27 — e—87r§a
m,n>1

® f, and Q(m’") satisfy resurgence relations

. 1‘4("7"") are asymptotic series

£ = _i(—1)'S(a) |1+ - -
¢ (178 16mal 512(wal)?

® An immediate consequence: for 5\, L — oo and L > X one finds that
2 2
AL — 0, AN — 1,

implying that non-perturbative and perturbative contributions become comparable

(0-3)20-1) , (2-5)(20-3)(0 -1 +1) ,



Two-point functions at strong coupling

We apply this result to calculate the two-point function at strong coupling

Ran = (23\_2 1)”R(o,o) {1 + e—8m3a p(1,0) + e—8mA(1-a) p(0,1) +. }
Sau
2(n—1) _ _ _
R(0,0) _ (1 _ iAP1) (1 _(n—1)(2n A3)(2n 1) Pyt .. )
2\ 963

e R(m:1) are again asymptotic series in negative powers of X
® This result is valid for A — 0o and fixed L and n or, equivalently, A> L n

® |Insisting in keeping fixed L, the non-perturbative corrections are suppressed and the

perturbative series in l//A\m is in one-to-one correspondence with the AdS/CFT expansion



Correlations at strong coupling

For L/S\ < 1, we do not expect an emergent fifth dimension. To see this we note that

L—-1

(n—1)n i Y 1 (nfl)nL<1 2Y(L7Y)> 2,43
fy = ——— Pt Ron o = - = L2/ A
Y=g e : + 3 TE +0(L%/5)

a=0

® this expansion is well-defined for L/} < 1
® correlations grow with Y = |/ — J|, meaning that interactions are no longer localized

® excitations propagate with finite quasimomentum and there is not an emergent fifth

dimension



The long-quiver limit at strong coupling

We can now study the limit of long quiver at strong coupling where

2 2ok (—1)"+t
AL — oo, &= L = fixed , Pn=m

The corresponding two-point function takes the following form
Ran = (n— 1ng 2 ROO) [1 4 =2 RO 4+ 0(e=4%)]

Ro0) —q_ (721 + - 1)(2n - 3) (n—1)(2n —5)(2n —3) + O(1/¢%)

1
¢ 4¢2 3268

® for £ > 1 or, equivalently, X > L the result is well-defined and in correspondence with the
AdS/CFT expansion

® for £ < 1 or, equivalently, L > X all the contributions are equally important, requiring the

resummation of an infinite tower of non-perturbative terms



Resummation

We can perform such resummation by observing that in the long-quiver limit at strong coupling

2 ~
sx (L) = x0=-F Fieg(r0gh9)

® /n(x) is the modified Bessel function of order n

° j':g describes the one-point function of a chiral operator of dimension A = ¢ — 1 with the

insertion of a half-BPS Wilson loop in N' = 4SYM
® the two-point functions can be expressed as a ratio of Bessel functions

n(n—=1)  I(2pai)
X2 p2ln_2(2pal)

Ra,n =

for fixed S\pa, in the limit 5\, L — oco.



Mass gap at strong coupling

For L>> X, the two-point function receives contributions from excitations with small

(continuos) quasimomentum

2(n—1 > dp ; / Y
faly) = 2(n—1)n _ )n / P ipy 5 n(p) 7 Vi = — = fixed
A —eo 2 p?lh_2(p) 2%

The dominant contribution comes from the minimal zero m; and implies short-ranged
interactions as fp(y) ~ e~ ™Y, suggesting an effective description in terms of a local field theory.

To see this, we observe that

Ih(p) = 4(n—1) o
p*lh—2(p) kz:; m2 (p? + m?) < In—2(mi) =0

The final result takes the form of a one-dimensional Kallén-Lehmann representation

e~ YHr

) = 208 [T pn(;f):%;amtmi)

2p



Three-point functions



Toda equations

We can gain some intuitions about interactions in this one-dimensional effective description by

analysing three-point functions. These are related to the propagators by

GG 1 3 - o
C3 = a,n = H niVa,»,n,» Va,n = 1+ 7&85\ |0g Ga2.,n
Gg21)1 n G((122), ny G(()t22), ny \/ZN i=1 2n

Fredholm determinants of these integrable Bessel operators satisfy a Toda-like equation

305 (Fepr — Foo1) = 2¢ (ere*H—rHH - 1) . Fp=logdet(l — Ky)

As a result, also the three-point functions are expressible as ratios of Fredholm determinants
(3) -
3 Fn.—Fp—
G.o | |e n =1

i=1

where the proportionality constant is independent of X



Three-point functions in the long-quiver limit at strong coupling

For 5\, L — oo and fixed L/j\ we replace the Fredholm determinants with their leading behaviour

) T _tne1(2pa,})
o -, ~_
i=1 Poyjlni—1(2pa; A)

A

G®
a,

We expect the emergence of a fifth dimension in the regime L/S\ > 1. We analyse again the

Fourier transform
L—1 3 N
] ._1(2pa.)\)
2 ea1Y13+a2Y23 | I nj i

1
(v, y2,¥3) = 5
n()/I Yy Y) 2 pcy Pa,-ln;—l(zpa,)\)

L aq,ap=0

where Y = (I; — [;}) = 23y;; and o1 + a2 + a3 = 0 (mod L). In this regime, quasimomenta
becomes continuos and the Fourier transform takes the form a three-point vertex
o 3
ﬁ‘(y17y27y3) = / dw H fni(w - .yi) ~e v = min(m17n1—27 my n,—2 + ml,n3—2)
— 00

i=1

where f,(x) is the (two-point) propagator in the interacting theory and we assumed y; > y», y3.



Conclusions and future perspectives

We studied quiver theories in the limit of large number of nodes and showed

deconstructions effects

The fifth dimension emerges when L/S\ > 1. In the opposite regime, we remain with a

four-dimensional strongly coupled model
These results hold in the planar limit. Do they hold when analysing 1/N? terms ?

What about higher-point functions ?



Thank you for your attention
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