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Observables in gauge theory and gravity 1"



Wilson loops are important, in particular in AdSs x S® and A = 4
SYM holography

Circular %—BPS Wilson loops can be computed exactly on the gauge
theory side via localization as an expectation value in a Gaussian
matrix model

We can study quantum corrections to strings and corrections beyond
planar limit

On the string side quantum fluctuations around the classical minimal
surface are not perfectly understood.



e One direction is to study Wilson loops in large k ~ N representations
- we have an extra parameter and can probe non-planar corrections

e The situation is even worse then the fundamental one - complete
mismatch between gauge theory and holography, but also no total
agreement on the matrix model results

e Someone has to clean up this mess ... — our work - on the gauge
theory side



The fundamental Wilson loop.

Gauge theory - Gaussian matrix model

[Erison,Semenoff,Zarembo],[Pestun]

<W|:l> = /dX e~ N T X" T X

Exact result [Drukker, Gross]:

Planar limit:

p(x)



e Strong coupling:
1 2
L) = 2ates
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e Holographically: eV - area of AdS, shaped minimal surface
[Maldacena],[Drukker, Gross, Ooguri], \/g)\_% - one-loop fluctuations

[Kruczenski, Tirziu],[Bergamin, Tseytlin],[Giombi, Tseytlin]



e Higher representations

() = ()

o We take R = [K] - k-th symmetric or R = [1¥] - k-th antisymmetric.
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k < N (same as multiply wound/k-fundamental)

e Regimes:

k
k ~ N with f = N - fixed.



Leading order from gauge theory [Hartnoll, Kumar]

AS at strong coupling v/ X — co:
2NV A
<V‘/[1k]> = exp ( VA sin® 9k>

wf = 0 — sin 6y cos O

where

S at strong coupling:

<W[k]> = exp (2N[ V1 + k2 + arcsinh K ])

f —finite, while VA — oo.

where Kk =

The different dependence have both a gauge theory and holographic
explanation



Holographically: we model charge k Wilson loops by Dp branes of
shape X x sp-t [Drukker,Fiol],[Gomis, Passerini],[Yamaguchi].

D3 branes - symmetric, D5 - antisymmetric

D3 - is a AdS, x S? geometry within AdSs, while D5 - AdS, x S§%,
where S* € S° at angle 0,

<W> = exp (—Sclassical) reproduces the gauge theory calculation.
The extra factor of v\ is due to the tension of D5 vs D3



e Note, in both cases when f — 0 or kK — 0:

<WAk/Sk> ~ eV Ak

o When k <« N: )

T (Tr eX)k

Wa./si ~
- . . 2 .
Hence for finite f or  all terms with (’)V—kz)” contribute [Drukker, Fiol]:

k3)\3/2 k5>\5/2
classical = —kV A —
Setssical = —kVA = "G + Toaona T




So far we are safe, but what about corrections?

Have been computed in both gauge theory and gravity - the results
do not match

In the holographic picture one has to compute the one-loop effective
action

The one loop expansion is controlled by the respective brane
tensions:

VA N Ny

F1 o ) D3 27_‘_2; D5 St




e Anti-symmetric: from holography [Faraggi, Miick, Pando Zayas], from
gauge theory [Faraggi, Liu, Pando Zayas, Zhang],[Gordon],[Canazas Garay,
Faraggi, Miick]

1 .
—Insin 6y
—Insinf, vs

1
5.2 [sin2 0, — 0y sin 20 + Gi] + 5 Insin 0

/6‘55 ~ exp 2NVA sin® 6, — E In'sin 6
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e Symmetric: from holography [Buchbinder, Tseytlin], from gauge theory
[Faraggi, Liu, Pando Zayas, Zhang],[Chen-Lin]:

1 K3
1 K3 75'” / 2
—ln —= Vs 1+r

-/ 2
2 I+k In/<;3(\/1+/<;2)

e Another mystery:
[k],[Chen—Lin] _ k—funde tal
rl — rl undamenta
e By [Buchbinder, Tseytlin] we have to have:

r[1k] ~ rl;—fundamental k<1



In a somewhat similar situation of ABJM there has recently been
progress [Giombi, Tseytlin]

Computation from the MM side should be reliable, but are
complicated.

Anti-symmetric WL 1/N term has been computed in two ways and
numerically and matches - but doesn’'t match with holography

Symmetric WL 1/N term is computed from the matrix model, but in
a rather tricky way and only at strong coupling, potentially missing
parts of the result

Our goal: compute in a new way, which would work uniquely for
both symmetric and anti-symmetric and trying to avoid the familiar
fishy points of saddle computations.



e We rely on exact result and methods of integrable Fredholm
determinants developed recently for similar problems
[Belitsky, Korchemsky],[Bajnok, Boldis, Korchemsky],|Its, Izergin, Korepin,
Slavnov],[Tracy,Widom],[Harnad, lts]

e Introduce generating functions

Zass(t) = <det (1+ tex)il>

dt _
<WAk/5k> =jl§7t KZas(t)

We need to compute Zy/s(t) at finite t.

Then:



e Claim 1: the exact result [Fiol, Torrents],[Okuyamal]:

Za(t) = det (1 + tA()\))

Zs(t) = det (1 + i t"A (/\n2)>

n=1

A = ey [ U1 (m) o

where




e Claim 2: Fredholm determinant representation
Zays(t) = det (1 + HXA/S)
e Here H is a functional operator
(H-F)() = [ HEx ()

with kernel

H(x,y) ~ exp (_ x? ;_y2> HN(X)HN—l(yz : )I;INl(X)HN(y)
e X is:

XA(X) = te ﬁx
XA/S.f — XA/S(X) . =



Note that in [Belitsky, Korchemsky],[Bajnok, Boldis, Korchemsky] one deals
with a similar set-up, but a different kernel:

K (X1,X2

\/W Z(2m + 1) boms1 (Vx1) oms1 (Vx2)

\/>71J1(\/71)J0(\F) Ve (vx) Jo (V)
2(X1—X2)

It is natural to x — v2NXx, then:

XA(x) = te¥™
A better quantity to compute is the free energy:

1
Fass(t) = N log det (1 + HXA/S>

For simplicity focus on the anti-symmetric case



e The approach is based on differential equations for a set of auxiliary
functions.

e Denote:

6(x) = ane ™ Hy(V2Nx),  (x) = Bye™ ™ Hy_1(V2Nx)

e Introduce:

Q) = (| T 190 Pl ) = [ %)

1+H

u(t) = P x=—pgo 0), wt)=@|...[¢)  v(t)=(¢...|¢)

1
1+ Hx



e These functions satisfy a system of equations:

%DQ(X, t) = —xQ(x, t) + (1 + 2u(t))P(x, t)

1
ﬁDP(x, t) = xP(x, t) + (=1 + 2w(t))Q(x, t)

Deu(t) = / 7 ax@(x, Don(x. 1)

— 00

Dew(t) = [ " AP (x, )0ex(x, 1)

with D = 9, — V/\td; and
VLD F(t) = v
1
2uw —u+w = —ﬁ\ﬂtﬁtv(t)



e If N is finite, then normalizable solutions exist for N-integer:
N
2
Q(x,t) = e~ Z qi(t)xk
k=0

N—-1
P(x,t) = e ™ 37 pi(t)xk
k=0

the solution is essentially a deformation of harmonic oscillator
wavefunctions

e Should reproduce the finite N exact result.



e Large N = WKB expansion:
P NSoG) (et o Lyt —NSy(x) (=
V= 0)=¢ Vg + Vit ) +e (Vg +...)
while: -
u= Z uN=K
k=0

e Matrix equations:

DU = MY M= (1 ©2u(t) o Jr_iw(t))



e At leading order:

1
O(N°) :  MyWg = 5s(g(x)wo
1
2

O(1/N) : (I\/lo(x7 t) — Sé(x)) Vy(x,t) = %DWO(X, t) — MiWo(x, t).

e Solution at leading order:
(S6)° = (x*—1)

e Hermite asymptotics:

e—NXQHN( /2NX) ~ ef dxv/1—x2



e Analytic structure should be treated carefully

1
WOt (x) = 5 (W(x + i) + V(x — ie))
Which gives:
V(x), x>1
VO (x) = W(x +ie) + VU(x —ig), —-1l<x<1
V(x),x < -1

e In eg-s for u, w highly oscillating contributions:
QQ(X) ~ wa-wg + e2Nf\/x2—1(wa-)2

up to e~ type corrections these terms can be neglected, which this
justifies the ansatz for u.

e Leading term in u

1
O:lg = / \Ilglllo_eﬁx
1



o After some redefinitions
1
Wy = Eﬁtat log (1 + 2U0(t)>, Vg = \[\t@tvo(t)

we have the following system at leading order:

G(X7 t) = —2/ du\/Xte\a(X_I‘) (wo (te\/X(X—u)) [/J
1

+1p (teﬁ(x—u)) [Iu;ll] >

and

G(x,t)

wo(t) \Ftc/ dx\/_ix2
o X 6tet)
Atc? %

w(t) = \/7



e We find:

2 [ Vax
a0 =2 [ a/T A

-1 1+ teVax’

e Equations for Wy (and in fact any W,) follow in the same way from
the next order in the expansion



We have a systematic way to extract the large N expansion, both for
Aand S

Leading order works
Subleading order currently in the works

We hope this will put MM calculation on final firm ground - string
side should most likely be reconsidered.

Integrable Fredholm determinants related have associated
Riemann-Hilbert problems and related to integrable equations and
Painleve type equations.

With Rehmat Chawla - Monte-Carlo calculations



