
Static Quadratic Love Numbers 

In preparation with Paolo Pani, Massimiliano Maria Riva, Luca Santoni and Nikola Savic 

Previous work: 2312.05065, 2410.03542 on Schwarzschild Black Holes

Filippo Vernizzi  
IPhT - CEA, CNRS, Paris-Saclay

 10 December 2025 
IPhT - Observables in gauge theory and gravity



Filippo Vernizzi  
IPhT - CEA, CNRS, Paris-Saclay

 10 December 2025 
IPhT - Observables in gauge theory and gravity

With Paolo Pani, Massimiliano Maria Riva, Luca Santoni and Nikola Savic 2512.XXXXX 

Previous work: 2312.05065, 2410.03542 on Schwarzschild Black Holes

Static Quadratic Love Numbers 
of neutron stars 



Newtonian case

tidal field

• Poisson equation: 
<latexit sha1_base64="yAwsb990IVhzmkb43gUq/mYmZsg=">AAAB/HicbVDdSgJBGP3W/sz+trqMYEiCrmRXxIIIhC7q0iA1cE1mx1l3cHZnmZkNROymV+kmopuCnqFX6G0adW/UDgwczjnD933HTzhT2nF+rdzK6tr6Rn6zsLW9s7tn7x80lUgloQ0iuJAPPlaUs5g2NNOcPiSS4sjntOUPrid+64lKxUR8r4cJ7US4H7OAEayN1LWPvRj7HD+WkVcPGbpCFeQlDN0gT4YCde2iU3KmQMvEzUgRMtS79o/XEySNaKwJx0q1XSfRnRGWmhFOxwUvVTTBZID7dDRdfoxOjdRDgZDmxRpN1bkcjpQaRr5JRliHatGbiP957VQHF50Ri5NU05jMBgUpR1qgSROoxyQlmg8NwUQysyEiIZaYaNNXwZzuLh66TJrlklstVe8qxdplVkIejuAEzsCFc6jBLdShAQRe4A0+4ct6tl6td+tjFs1Z2Z9DmIP1/QdBLJJV</latexit>

r2� = 4⇡G⇢

<latexit sha1_base64="rvo4EqAi1E66ZXtjMY27qeqSmn8="></latexit>

� = G

Z
d3x0 ⇢(~x)

|~x� ~x0| +
X

`�2,m

E`mr`Y`m

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M
<latexit sha1_base64="a1tEzWb62wI0TrkqggjqNxBAgkQ=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNNSIz9AxeaNVx2c98HMfYGI2zYRbQr6Sf2F/k2jvo3agYHDOWe491w/VtKQ6/46mY3Nre2d7G5ub//g8Ch/fFI3UaIF1kSkIt30uUElQ6yRJIXNWCMPfIUNf3Q/8xsvqI2Mwicax9gJ+CCUfSk4Wan62M0X3KI7B1snXkoKkKLSzf+0e5FIAgxJKG5My3Nj6ky4JikUTnPtxGDMxYgPcDJfb8ourNRj/UjbFxKbq0s5HhgzDnybDDgNzao3E//zWgn1bzsTGcYJYSgWg/qJYhSxWVfWkxoFqbElXGhpN2RiyDUXZC+Ss9W91aLrpH5V9ErFUvW6UL5Lj5CFMziHS/DgBsrwABWogQCEN/iEL+fZeXXenY9FNOOkf05hCc73H6SfiIU=</latexit>

R



Newtonian case
<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M
<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

tidal field

• Poisson equation: 
<latexit sha1_base64="yAwsb990IVhzmkb43gUq/mYmZsg=">AAAB/HicbVDdSgJBGP3W/sz+trqMYEiCrmRXxIIIhC7q0iA1cE1mx1l3cHZnmZkNROymV+kmopuCnqFX6G0adW/UDgwczjnD933HTzhT2nF+rdzK6tr6Rn6zsLW9s7tn7x80lUgloQ0iuJAPPlaUs5g2NNOcPiSS4sjntOUPrid+64lKxUR8r4cJ7US4H7OAEayN1LWPvRj7HD+WkVcPGbpCFeQlDN0gT4YCde2iU3KmQMvEzUgRMtS79o/XEySNaKwJx0q1XSfRnRGWmhFOxwUvVTTBZID7dDRdfoxOjdRDgZDmxRpN1bkcjpQaRr5JRliHatGbiP957VQHF50Ri5NU05jMBgUpR1qgSROoxyQlmg8NwUQysyEiIZaYaNNXwZzuLh66TJrlklstVe8qxdplVkIejuAEzsCFc6jBLdShAQRe4A0+4ct6tl6td+tjFs1Z2Z9DmIP1/QdBLJJV</latexit>

r2� = 4⇡G⇢

<latexit sha1_base64="rvo4EqAi1E66ZXtjMY27qeqSmn8="></latexit>

� = G

Z
d3x0 ⇢(~x)

|~x� ~x0| +
X

`�2,m

E`mr`Y`m

<latexit sha1_base64="a1tEzWb62wI0TrkqggjqNxBAgkQ=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNNSIz9AxeaNVx2c98HMfYGI2zYRbQr6Sf2F/k2jvo3agYHDOWe491w/VtKQ6/46mY3Nre2d7G5ub//g8Ch/fFI3UaIF1kSkIt30uUElQ6yRJIXNWCMPfIUNf3Q/8xsvqI2Mwicax9gJ+CCUfSk4Wan62M0X3KI7B1snXkoKkKLSzf+0e5FIAgxJKG5My3Nj6ky4JikUTnPtxGDMxYgPcDJfb8ourNRj/UjbFxKbq0s5HhgzDnybDDgNzao3E//zWgn1bzsTGcYJYSgWg/qJYhSxWVfWkxoFqbElXGhpN2RiyDUXZC+Ss9W91aLrpH5V9ErFUvW6UL5Lj5CFMziHS/DgBsrwABWogQCEN/iEL+fZeXXenY9FNOOkf05hCc73H6SfiIU=</latexit>

R

induced mass multipoles
<latexit sha1_base64="VYK76+iCKvWY2HRLDSpn9ZOGDlM=">AAACBXicbVDLSsNAFL3xWesr6tLNYFFclUSkCm4KbtwIbbEPaGqYTCbt0EkmzkyUUrp246+4EXGj4NZf8G9M22zaemDgzDn3MnOOF3OmtGX9GkvLK6tr67mN/ObW9s6uubffUCKRhNaJ4EK2PKwoZxGta6Y5bcWS4tDjtOn1r8d+85FKxUR0pwcx7YS4G7GAEaxTyTVPqq5DOUeOYiG6RbX76e0hwT5yaqzb01hK8eSaBatoTYAWiZ2RAmSouOaP4wuShDTShGOl2rYV684QS80Ip6O8kygaY9LHXTqcpBih41TyUSBkeiKNJurMHA6VGoReOhli3VPz3lj8z2snOrjsDFkUJ5pGZPpQkHCkBRpXgnwmKdF8kBJMJEt/iEgPS0x0Wlw+jW7PB10kjbOiXSqWqueF8lVWQg4O4QhOwYYLKMMNVKAOBF7gDT7hy3g2Xo1342M6umRkOwcwA+P7Dye8l4Y=</latexit>

Q` ⇠ MR` )
<latexit sha1_base64="IYW8kfOWJD8/wOGN/1hGZGJRE9I=">AAACLXicbVDLSgMxAMz6rPW16tFLsAhCtewWqYKXghcvSgv2Id1asmm2DU12lyQrlGW/yYsf4Q94UMSLgr9h2q5CWwcCw8yEZMYNGZXKsl6NhcWl5ZXVzFp2fWNza9vc2a3LIBKY1HDAAtF0kSSM+qSmqGKkGQqCuMtIwx1cjvzGAxGSBv6tGoakzVHPpx7FSGmpY96cQMcTCMfwOolFAvPQkRHvxA5hDDo9AovHPPmNVFOdJzp7P+Z5O0ng3Z/eMXNWwRoDzhM7JTmQotIxn51ugCNOfIUZkrJlW6Fqx0goihlJsk4kSYjwAPVIPG6bwEMtdaEXCH18BcfqVA5xKYfc1UmOVF/OeiPxP68VKe+8HVM/jBTx8eQhL2JQBXA0HexSQbBiQ00QFlT/EOI+0ssoPXBWV7dni86TerFglwql6mmufJGOkAH74AAcARucgTK4AhVQAxg8gTfwCb6MR+PFeDc+JtEFI72zB6ZgfP8ARZanYg==</latexit>

�M

r
+

X

`�2,m

Q`m

r`+1
Y`m



Newtonian case
<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

tidal field

• Linear response

• Poisson equation: 
<latexit sha1_base64="yAwsb990IVhzmkb43gUq/mYmZsg=">AAAB/HicbVDdSgJBGP3W/sz+trqMYEiCrmRXxIIIhC7q0iA1cE1mx1l3cHZnmZkNROymV+kmopuCnqFX6G0adW/UDgwczjnD933HTzhT2nF+rdzK6tr6Rn6zsLW9s7tn7x80lUgloQ0iuJAPPlaUs5g2NNOcPiSS4sjntOUPrid+64lKxUR8r4cJ7US4H7OAEayN1LWPvRj7HD+WkVcPGbpCFeQlDN0gT4YCde2iU3KmQMvEzUgRMtS79o/XEySNaKwJx0q1XSfRnRGWmhFOxwUvVTTBZID7dDRdfoxOjdRDgZDmxRpN1bkcjpQaRr5JRliHatGbiP957VQHF50Ri5NU05jMBgUpR1qgSROoxyQlmg8NwUQysyEiIZaYaNNXwZzuLh66TJrlklstVe8qxdplVkIejuAEzsCFc6jBLdShAQRe4A0+4ct6tl6td+tjFs1Z2Z9DmIP1/QdBLJJV</latexit>

r2� = 4⇡G⇢

<latexit sha1_base64="rvo4EqAi1E66ZXtjMY27qeqSmn8="></latexit>

� = G

Z
d3x0 ⇢(~x)

|~x� ~x0| +
X

`�2,m

E`mr`Y`m

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M
<latexit sha1_base64="a1tEzWb62wI0TrkqggjqNxBAgkQ=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNNSIz9AxeaNVx2c98HMfYGI2zYRbQr6Sf2F/k2jvo3agYHDOWe491w/VtKQ6/46mY3Nre2d7G5ub//g8Ch/fFI3UaIF1kSkIt30uUElQ6yRJIXNWCMPfIUNf3Q/8xsvqI2Mwicax9gJ+CCUfSk4Wan62M0X3KI7B1snXkoKkKLSzf+0e5FIAgxJKG5My3Nj6ky4JikUTnPtxGDMxYgPcDJfb8ourNRj/UjbFxKbq0s5HhgzDnybDDgNzao3E//zWgn1bzsTGcYJYSgWg/qJYhSxWVfWkxoFqbElXGhpN2RiyDUXZC+Ss9W91aLrpH5V9ErFUvW6UL5Lj5CFMziHS/DgBsrwABWogQCEN/iEL+fZeXXenY9FNOOkf05hCc73H6SfiIU=</latexit>

R

induced mass multipoles

linear tidal Love number

<latexit sha1_base64="VYK76+iCKvWY2HRLDSpn9ZOGDlM=">AAACBXicbVDLSsNAFL3xWesr6tLNYFFclUSkCm4KbtwIbbEPaGqYTCbt0EkmzkyUUrp246+4EXGj4NZf8G9M22zaemDgzDn3MnOOF3OmtGX9GkvLK6tr67mN/ObW9s6uubffUCKRhNaJ4EK2PKwoZxGta6Y5bcWS4tDjtOn1r8d+85FKxUR0pwcx7YS4G7GAEaxTyTVPqq5DOUeOYiG6RbX76e0hwT5yaqzb01hK8eSaBatoTYAWiZ2RAmSouOaP4wuShDTShGOl2rYV684QS80Ip6O8kygaY9LHXTqcpBih41TyUSBkeiKNJurMHA6VGoReOhli3VPz3lj8z2snOrjsDFkUJ5pGZPpQkHCkBRpXgnwmKdF8kBJMJEt/iEgPS0x0Wlw+jW7PB10kjbOiXSqWqueF8lVWQg4O4QhOwYYLKMMNVKAOBF7gDT7hy3g2Xo1342M6umRkOwcwA+P7Dye8l4Y=</latexit>

Q` ⇠ MR` )

<latexit sha1_base64="TVXm+KdHHBO8MDIA//SLzu/vplU="></latexit>

Q`m = �`E`m = k`
R2`+1

G
E`m

<latexit sha1_base64="IYW8kfOWJD8/wOGN/1hGZGJRE9I=">AAACLXicbVDLSgMxAMz6rPW16tFLsAhCtewWqYKXghcvSgv2Id1asmm2DU12lyQrlGW/yYsf4Q94UMSLgr9h2q5CWwcCw8yEZMYNGZXKsl6NhcWl5ZXVzFp2fWNza9vc2a3LIBKY1HDAAtF0kSSM+qSmqGKkGQqCuMtIwx1cjvzGAxGSBv6tGoakzVHPpx7FSGmpY96cQMcTCMfwOolFAvPQkRHvxA5hDDo9AovHPPmNVFOdJzp7P+Z5O0ng3Z/eMXNWwRoDzhM7JTmQotIxn51ugCNOfIUZkrJlW6Fqx0goihlJsk4kSYjwAPVIPG6bwEMtdaEXCH18BcfqVA5xKYfc1UmOVF/OeiPxP68VKe+8HVM/jBTx8eQhL2JQBXA0HexSQbBiQ00QFlT/EOI+0ssoPXBWV7dni86TerFglwql6mmufJGOkAH74AAcARucgTK4AhVQAxg8gTfwCb6MR+PFeDc+JtEFI72zB6ZgfP8ARZanYg==</latexit>

�M

r
+

X

`�2,m

Q`m

r`+1
Y`m

<latexit sha1_base64="hHsXVw4juFevBzUaE8V29mU6wYg="></latexit>

� = �GM

r
+

X

`�2,m

r`E`mY`m

"
1 + k`

✓
R

r

◆2`+1
#



Newtonian case
<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

tidal field

• Linear response

• Poisson equation: 
<latexit sha1_base64="yAwsb990IVhzmkb43gUq/mYmZsg=">AAAB/HicbVDdSgJBGP3W/sz+trqMYEiCrmRXxIIIhC7q0iA1cE1mx1l3cHZnmZkNROymV+kmopuCnqFX6G0adW/UDgwczjnD933HTzhT2nF+rdzK6tr6Rn6zsLW9s7tn7x80lUgloQ0iuJAPPlaUs5g2NNOcPiSS4sjntOUPrid+64lKxUR8r4cJ7US4H7OAEayN1LWPvRj7HD+WkVcPGbpCFeQlDN0gT4YCde2iU3KmQMvEzUgRMtS79o/XEySNaKwJx0q1XSfRnRGWmhFOxwUvVTTBZID7dDRdfoxOjdRDgZDmxRpN1bkcjpQaRr5JRliHatGbiP957VQHF50Ri5NU05jMBgUpR1qgSROoxyQlmg8NwUQysyEiIZaYaNNXwZzuLh66TJrlklstVe8qxdplVkIejuAEzsCFc6jBLdShAQRe4A0+4ct6tl6td+tjFs1Z2Z9DmIP1/QdBLJJV</latexit>

r2� = 4⇡G⇢

<latexit sha1_base64="rvo4EqAi1E66ZXtjMY27qeqSmn8="></latexit>

� = G

Z
d3x0 ⇢(~x)

|~x� ~x0| +
X

`�2,m

E`mr`Y`m

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M
<latexit sha1_base64="a1tEzWb62wI0TrkqggjqNxBAgkQ=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNNSIz9AxeaNVx2c98HMfYGI2zYRbQr6Sf2F/k2jvo3agYHDOWe491w/VtKQ6/46mY3Nre2d7G5ub//g8Ch/fFI3UaIF1kSkIt30uUElQ6yRJIXNWCMPfIUNf3Q/8xsvqI2Mwicax9gJ+CCUfSk4Wan62M0X3KI7B1snXkoKkKLSzf+0e5FIAgxJKG5My3Nj6ky4JikUTnPtxGDMxYgPcDJfb8ourNRj/UjbFxKbq0s5HhgzDnybDDgNzao3E//zWgn1bzsTGcYJYSgWg/qJYhSxWVfWkxoFqbElXGhpN2RiyDUXZC+Ss9W91aLrpH5V9ErFUvW6UL5Lj5CFMziHS/DgBsrwABWogQCEN/iEL+fZeXXenY9FNOOkf05hCc73H6SfiIU=</latexit>

R

induced mass quadrupole

linear tidal Love number
<latexit sha1_base64="iMYN78I77Hx1g8O9jXNNKQI88vY="></latexit>

Q2 = �2E2 = k2
R5

G
E2

<latexit sha1_base64="IYW8kfOWJD8/wOGN/1hGZGJRE9I=">AAACLXicbVDLSgMxAMz6rPW16tFLsAhCtewWqYKXghcvSgv2Id1asmm2DU12lyQrlGW/yYsf4Q94UMSLgr9h2q5CWwcCw8yEZMYNGZXKsl6NhcWl5ZXVzFp2fWNza9vc2a3LIBKY1HDAAtF0kSSM+qSmqGKkGQqCuMtIwx1cjvzGAxGSBv6tGoakzVHPpx7FSGmpY96cQMcTCMfwOolFAvPQkRHvxA5hDDo9AovHPPmNVFOdJzp7P+Z5O0ng3Z/eMXNWwRoDzhM7JTmQotIxn51ugCNOfIUZkrJlW6Fqx0goihlJsk4kSYjwAPVIPG6bwEMtdaEXCH18BcfqVA5xKYfc1UmOVF/OeiPxP68VKe+8HVM/jBTx8eQhL2JQBXA0HexSQbBiQ00QFlT/EOI+0ssoPXBWV7dni86TerFglwql6mmufJGOkAH74AAcARucgTK4AhVQAxg8gTfwCb6MR+PFeDc+JtEFI72zB6ZgfP8ARZanYg==</latexit>

�M

r
+

X

`�2,m

Q`m

r`+1
Y`m

<latexit sha1_base64="Yp8V7i2l7rT69P1RJCCsLeRg7zo=">AAAB/3icbVDLSgMxFM34rPU16tJNsAiuykyRKrgpuHEjtMU+oFOHTCbThmYeJneUUrpw46+4EXGj4B/4C/6NaTubth4IHM454d57vERwBZb1a6ysrq1vbOa28ts7u3v75sFhU8WppKxBYxHLtkcUEzxiDeAgWDuRjISeYC1vcD3xW49MKh5HdzBMWDckvYgHnBLQkmvimlvCjuIhvsX1e00fUuJjp857fSBSxk+uWbCK1hR4mdgZKaAMVdf8cfyYpiGLgAqiVMe2EuiOiAROBRvnnVSxhNAB6bHRdP8xPtWSj4NY6hcBnqpzORIqNQw9nQwJ9NWiNxH/8zopBJfdEY+SFFhEZ4OCVGCI8aQM7HPJKIihJoRKrjfEtE8koaAry+vT7cVDl0mzVLTLxXLtvFC5ykrIoWN0gs6QjS5QBd2gKmogil7QG/pEX8az8Wq8Gx+z6IqR/TlCczC+/wDLYJR8</latexit>

Q2 ⇠ MR2 )

<latexit sha1_base64="nzkARB2Z+oFgTh0HcOquD1hooxE="></latexit>

� = �GM

r
+ r2E2Y20

"
1 + k2

✓
R

r

◆5
#



Newtonian case
<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

tidal field

• Quadratic response

• Poisson equation: 
<latexit sha1_base64="yAwsb990IVhzmkb43gUq/mYmZsg=">AAAB/HicbVDdSgJBGP3W/sz+trqMYEiCrmRXxIIIhC7q0iA1cE1mx1l3cHZnmZkNROymV+kmopuCnqFX6G0adW/UDgwczjnD933HTzhT2nF+rdzK6tr6Rn6zsLW9s7tn7x80lUgloQ0iuJAPPlaUs5g2NNOcPiSS4sjntOUPrid+64lKxUR8r4cJ7US4H7OAEayN1LWPvRj7HD+WkVcPGbpCFeQlDN0gT4YCde2iU3KmQMvEzUgRMtS79o/XEySNaKwJx0q1XSfRnRGWmhFOxwUvVTTBZID7dDRdfoxOjdRDgZDmxRpN1bkcjpQaRr5JRliHatGbiP957VQHF50Ri5NU05jMBgUpR1qgSROoxyQlmg8NwUQysyEiIZaYaNNXwZzuLh66TJrlklstVe8qxdplVkIejuAEzsCFc6jBLdShAQRe4A0+4ct6tl6td+tjFs1Z2Z9DmIP1/QdBLJJV</latexit>

r2� = 4⇡G⇢

<latexit sha1_base64="rvo4EqAi1E66ZXtjMY27qeqSmn8="></latexit>

� = G

Z
d3x0 ⇢(~x)

|~x� ~x0| +
X

`�2,m

E`mr`Y`m

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M
<latexit sha1_base64="a1tEzWb62wI0TrkqggjqNxBAgkQ=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNNSIz9AxeaNVx2c98HMfYGI2zYRbQr6Sf2F/k2jvo3agYHDOWe491w/VtKQ6/46mY3Nre2d7G5ub//g8Ch/fFI3UaIF1kSkIt30uUElQ6yRJIXNWCMPfIUNf3Q/8xsvqI2Mwicax9gJ+CCUfSk4Wan62M0X3KI7B1snXkoKkKLSzf+0e5FIAgxJKG5My3Nj6ky4JikUTnPtxGDMxYgPcDJfb8ourNRj/UjbFxKbq0s5HhgzDnybDDgNzao3E//zWgn1bzsTGcYJYSgWg/qJYhSxWVfWkxoFqbElXGhpN2RiyDUXZC+Ss9W91aLrpH5V9ErFUvW6UL5Lj5CFMziHS/DgBsrwABWogQCEN/iEL+fZeXXenY9FNOOkf05hCc73H6SfiIU=</latexit>

R

induced mass quadrupole

<latexit sha1_base64="xowbsxUL5iQtxdGRNP+ufEMlfMA=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwVZIgtSBCQUQ3QhX7gKYNk8mkHTp5MDMRSsjvuPFHXLgRcaGC3+I07aatFwYO55x779zjxowKaRhfWmFldW19o7hZ2tre2d3T9w9aIko4Jk0csYh3XCQIoyFpSioZ6cScoMBlpO2OriZ6+4lwQaPwUY5j0gvQIKQ+xUgqytGvYWrnU1JOvAzaTLV6yEkty8oyCOHlvB47ljL5HOH0oV/L0pu+Be8y6Ohlo2LkBZeBOQNlMKuGo7/aXoSTgIQSMyRE1zRi2UsRlxQzkpXsRJAY4REakDRfn8ETRXnQj7h6oYQ5O+dDgRDjwFXOAMmhWNQm5H9aN5F+rZfSME4kCfF0kZ8wKCM4SQx6lBMs2VgBhDlVP4R4iFQEUuVaUqebi4cug5ZVMauV6v1ZuX4xC6EIjsAxOAUmOAd1cAsaoAkweAHv4Bv8aM/am/ahfU6tBW3WcwjmSvv9A+Oco3Q=</latexit>

�222 = p2
R8

G2M

<latexit sha1_base64="+e19ebFZNxhFn5I0dhZ+IqF6PeM=">AAACL3icbVBbS8MwGE29znmr+uhLcAiCMNoiUxBhIIKPG7gLrKOkabqFpReSVBilP8oXf4P/QAQRXxT8F6ZbUbd5IHByzvmS7/vcmFEhDeNFW1peWV1bL22UN7e2d3b1vf22iBKOSQtHLOJdFwnCaEhakkpGujEnKHAZ6bij69zv3BMuaBTeyXFM+gEahNSnGEklOXqj6aRWBq+gzVSRhxwLpjZGDN5kip7ml/yNlBMv+8mklmVl2d/gL3X0ilE1JoCLxCxIBRRoOPqT7UU4CUgoMUNC9Ewjlv0UcUkxI1nZTgSJER6hAUknvWTwWEke9COuTijhRJ3JoUCIceCqZIDkUMx7ufif10ukf9FPaRgnkoR4+pGfMCgjmC8PepQTLNlYEYQ5VR1CPEQcYalWXFajm/ODLpK2VTVr1VrzrFK/LJZQAofgCJwAE5yDOrgFDdACGDyCV/ABPrUH7Vl7096n0SWtqDkAM9C+vgGneqbI</latexit>

Q2 = �2E2 + �222E2E2

<latexit sha1_base64="IYW8kfOWJD8/wOGN/1hGZGJRE9I=">AAACLXicbVDLSgMxAMz6rPW16tFLsAhCtewWqYKXghcvSgv2Id1asmm2DU12lyQrlGW/yYsf4Q94UMSLgr9h2q5CWwcCw8yEZMYNGZXKsl6NhcWl5ZXVzFp2fWNza9vc2a3LIBKY1HDAAtF0kSSM+qSmqGKkGQqCuMtIwx1cjvzGAxGSBv6tGoakzVHPpx7FSGmpY96cQMcTCMfwOolFAvPQkRHvxA5hDDo9AovHPPmNVFOdJzp7P+Z5O0ng3Z/eMXNWwRoDzhM7JTmQotIxn51ugCNOfIUZkrJlW6Fqx0goihlJsk4kSYjwAPVIPG6bwEMtdaEXCH18BcfqVA5xKYfc1UmOVF/OeiPxP68VKe+8HVM/jBTx8eQhL2JQBXA0HexSQbBiQ00QFlT/EOI+0ssoPXBWV7dni86TerFglwql6mmufJGOkAH74AAcARucgTK4AhVQAxg8gTfwCb6MR+PFeDc+JtEFI72zB6ZgfP8ARZanYg==</latexit>
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<latexit sha1_base64="Yp8V7i2l7rT69P1RJCCsLeRg7zo=">AAAB/3icbVDLSgMxFM34rPU16tJNsAiuykyRKrgpuHEjtMU+oFOHTCbThmYeJneUUrpw46+4EXGj4B/4C/6NaTubth4IHM454d57vERwBZb1a6ysrq1vbOa28ts7u3v75sFhU8WppKxBYxHLtkcUEzxiDeAgWDuRjISeYC1vcD3xW49MKh5HdzBMWDckvYgHnBLQkmvimlvCjuIhvsX1e00fUuJjp857fSBSxk+uWbCK1hR4mdgZKaAMVdf8cfyYpiGLgAqiVMe2EuiOiAROBRvnnVSxhNAB6bHRdP8xPtWSj4NY6hcBnqpzORIqNQw9nQwJ9NWiNxH/8zopBJfdEY+SFFhEZ4OCVGCI8aQM7HPJKIihJoRKrjfEtE8koaAry+vT7cVDl0mzVLTLxXLtvFC5ykrIoWN0gs6QjS5QBd2gKmogil7QG/pEX8az8Wq8Gx+z6IqR/TlCczC+/wDLYJR8</latexit>

Q2 ⇠ MR2 )

<latexit sha1_base64="/o+7FMi2rRA6fJcgLc/Su6PNQog="></latexit>
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Effect on the waveform
<latexit sha1_base64="/o+7FMi2rRA6fJcgLc/Su6PNQog="></latexit>
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Effect on the waveform

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢ <latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

<latexit sha1_base64="ytTj5ZZOhN8L5Yy6GsedCggLiy0="></latexit>

k2
C5

·
⇣rs
r

⌘5
<latexit sha1_base64="Ys7zQXkPKEqcxcp34XHtJHuLa6I="></latexit>

p2
C8

·
⇣rs
r

⌘8
<latexit sha1_base64="WlIjPEL92yn+ARB5kyh7nxwarfw="></latexit>

rs = 2GM , C ⌘ GM

R
)

compactness 5PN effect 8PN effect

<latexit sha1_base64="4Th20E0ItB4QRJPrhjLcVOVwHQw=">AAAB93icbVDLSsNAFJ3UV62vqBvBzWAR3BiSIlVwU+jGZQX7gKaUyXTSDp0kw8yNNIT6K25E3Cj4F/6Cf2PaZtPWAwOHc85w7z2eFFyDbf8ahY3Nre2d4m5pb//g8Mg8PmnpKFaUNWkkItXxiGaCh6wJHATrSMVI4AnW9sb1md9+ZkrzKHyCRLJeQIYh9zklkEl986zuEilVNMG25bjAJpBeT22rgvtm2bbsOfA6cXJSRjkaffPHHUQ0DlgIVBCtu44toZcSBZwKNi25sWaS0DEZsnS+9xRfZtIA+5HKXgh4ri7lSKB1EnhZMiAw0qveTPzP68bg3/VSHsoYWEgXg/xYYIjwrAQ84IpREElGCFU82xDTEVGEQlZVKTvdWT10nbQqllO1qo835dp9XkIRnaMLdIUcdItq6AE1UBNR9ILe0Cf6MhLj1Xg3PhbRgpH/OUVLML7/APQfkSg=</latexit>

C ⇡ 0.1-0.2

<latexit sha1_base64="/o+7FMi2rRA6fJcgLc/Su6PNQog="></latexit>
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Effect on the waveform

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

<latexit sha1_base64="Ys7zQXkPKEqcxcp34XHtJHuLa6I="></latexit>

p2
C8

·
⇣rs
r

⌘8
<latexit sha1_base64="WlIjPEL92yn+ARB5kyh7nxwarfw="></latexit>

rs = 2GM , C ⌘ GM

R
)

compactness 8PN effect

• Waveform phase:

Flanagan & Hinderer 2007  

Pani et al. in prep.

<latexit sha1_base64="4ufq2o4KfTHOCnCeL9l0shaFDf8=">AAACAXicbVBLSwMxGMzWV62vqkcvoUWoCGW3SBVEKHjxUqhgH9DWJZtm29Dsg+RboSx78uJf8SLiRcE/4F/w35i2e2nrQGCYmZDMOKHgCkzz18isrW9sbmW3czu7e/sH+cOjlgoiSVmTBiKQHYcoJrjPmsBBsE4oGfEcwdrO+Hbqt5+YVDzwH2ASsr5Hhj53OSWgJTtf6DEg+Ab3XEloXLctXLcrSVzS7Fyzs8dKYueLZtmcAa8SKyVFlKJh5396g4BGHvOBCqJU1zJD6MdEAqeCJblepFhI6JgMWTxrkOBTLQ2wG0h9fMAzdSFHPKUmnqOTHoGRWvam4n9eNwL3qh9zP4yA+XT+kBsJDAGezoEHXDIKYqIJoZLrH2I6InoL0KPldHVruegqaVXKVrVcvb8o1q7TEbLoBBVQCVnoEtXQHWqgJqLoBb2hT/RlPBuvxrvxMY9mjPTOMVqA8f0HyvuUSw==</latexit>

⌘ =
M1M2

(M1 +M2)2
<latexit sha1_base64="owQ1k+Ur1YK1tP7dhKyHBKQ2LAA=">AAAB+HicbVDLSgMxFL1TX7W+Rl2Jm2AR2k2dUamCCAUXuhEq2Ae0tWTSTBuaeZBkCnUo/oobETcKfoW/4N+YtrNp64HA4ZwT7r3HCTmTyrJ+jdTS8srqWno9s7G5tb1j7u5VZRAJQisk4IGoO1hSznxaUUxxWg8FxZ7Dac3p34z92oAKyQL/UQ1D2vJw12cuI1hpqW0eDFDOzaNrlGuGDN2ie+Tmn2L75GzUNrNWwZoALRI7IVlIUG6bP81OQCKP+opwLGXDtkLVirFQjHA6yjQjSUNM+rhL48niI3SspQ5yA6Gfr9BEnclhT8qh5+ikh1VPzntj8T+vESn3shUzP4wU9cl0kBtxpAI0bgF1mKBE8aEmmAimN0SkhwUmSneV0afb84cukuppwS4Wig/n2dJVUkIaDuEIcmDDBZTgDspQAQIv8Aaf8GU8G6/Gu/ExjaaM5M8+zMD4/gMa9Y/n</latexit>

v(f) = (⇡GMf)1/3

<latexit sha1_base64="PnPa5GDM/pErdQUD1AlyvEG0TTs="></latexit>

⇤L =
(M1 + 12M2)M4

1 [k2/C
5]1 + (1 $ 2)

(M1 +M2)5

<latexit sha1_base64="DMIdj3g6OA5tkKAqA+gVj5ngypU="></latexit>

⇤Q =
(M1 + 35M2)M5

1 [p2/C
8]1 + (1 $ 2)

(M1 +M2)6

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

<latexit sha1_base64="ytTj5ZZOhN8L5Yy6GsedCggLiy0="></latexit>
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5PN effect

<latexit sha1_base64="/o+7FMi2rRA6fJcgLc/Su6PNQog="></latexit>
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#

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢
point particle

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢linear Love quadratic Love

<latexit sha1_base64="dsBajazu62XcW7AWcGQwqTYmsPQ="></latexit>

 (f) = 2⇡ftc +
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
1 + #v2 + . . .#v8 � 24⇤Lv
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90
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�



Effect on the waveform

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

<latexit sha1_base64="Ys7zQXkPKEqcxcp34XHtJHuLa6I="></latexit>

p2
C8

·
⇣rs
r

⌘8
<latexit sha1_base64="WlIjPEL92yn+ARB5kyh7nxwarfw="></latexit>

rs = 2GM , C ⌘ GM

R
)

compactness 8PN effect

• Waveform phase:
<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

point particle

<latexit sha1_base64="4ufq2o4KfTHOCnCeL9l0shaFDf8=">AAACAXicbVBLSwMxGMzWV62vqkcvoUWoCGW3SBVEKHjxUqhgH9DWJZtm29Dsg+RboSx78uJf8SLiRcE/4F/w35i2e2nrQGCYmZDMOKHgCkzz18isrW9sbmW3czu7e/sH+cOjlgoiSVmTBiKQHYcoJrjPmsBBsE4oGfEcwdrO+Hbqt5+YVDzwH2ASsr5Hhj53OSWgJTtf6DEg+Ab3XEloXLctXLcrSVzS7Fyzs8dKYueLZtmcAa8SKyVFlKJh5396g4BGHvOBCqJU1zJD6MdEAqeCJblepFhI6JgMWTxrkOBTLQ2wG0h9fMAzdSFHPKUmnqOTHoGRWvam4n9eNwL3qh9zP4yA+XT+kBsJDAGezoEHXDIKYqIJoZLrH2I6InoL0KPldHVruegqaVXKVrVcvb8o1q7TEbLoBBVQCVnoEtXQHWqgJqLoBb2hT/RlPBuvxrvxMY9mjPTOMVqA8f0HyvuUSw==</latexit>

⌘ =
M1M2

(M1 +M2)2
<latexit sha1_base64="owQ1k+Ur1YK1tP7dhKyHBKQ2LAA=">AAAB+HicbVDLSgMxFL1TX7W+Rl2Jm2AR2k2dUamCCAUXuhEq2Ae0tWTSTBuaeZBkCnUo/oobETcKfoW/4N+YtrNp64HA4ZwT7r3HCTmTyrJ+jdTS8srqWno9s7G5tb1j7u5VZRAJQisk4IGoO1hSznxaUUxxWg8FxZ7Dac3p34z92oAKyQL/UQ1D2vJw12cuI1hpqW0eDFDOzaNrlGuGDN2ie+Tmn2L75GzUNrNWwZoALRI7IVlIUG6bP81OQCKP+opwLGXDtkLVirFQjHA6yjQjSUNM+rhL48niI3SspQ5yA6Gfr9BEnclhT8qh5+ikh1VPzntj8T+vESn3shUzP4wU9cl0kBtxpAI0bgF1mKBE8aEmmAimN0SkhwUmSneV0afb84cukuppwS4Wig/n2dJVUkIaDuEIcmDDBZTgDspQAQIv8Aaf8GU8G6/Gu/ExjaaM5M8+zMD4/gMa9Y/n</latexit>

v(f) = (⇡GMf)1/3

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

<latexit sha1_base64="ytTj5ZZOhN8L5Yy6GsedCggLiy0="></latexit>

k2
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·
⇣rs
r

⌘5

5PN effect

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢linear Love quadratic Love

<latexit sha1_base64="yQWOEmpHo5FNfSdOLvJ3wsTseIA=">AAAB93icbVDLSgMxFM3UV62vUTeCm2ARXJWZUqogQsGNm0IF+4C2DJlM2oZmJkNyRxhK/RU3Im4U/At/wb8xbWfT1gMJh3NOyL3HjwXX4Di/Vm5jc2t7J79b2Ns/ODyyj09aWiaKsiaVQqqOTzQTPGJN4CBYJ1aMhL5gbX98P/Pbz0xpLqMnSGPWD8kw4gNOCRjJs8/qnovvcN0rm9stVQzryUAC9uyiU3LmwOvEzUgRZWh49k8vkDQJWQRUEK27rhNDf0IUcCrYtNBLNIsJHZMhm8znnuJLIwV4IJU5EeC5upQjodZp6JtkSGCkV72Z+J/XTWBw05/wKE6ARXTx0SARGCSelYADrhgFkRpCqOJmQkxHRBEKpqqCWd1dXXSdtMolt1qqPlaKtdushDw6RxfoCrnoGtXQA2qgJqLoBb2hT/Rlpdar9W59LKI5K3tzipZgff8BepuPkA==</latexit>

M1 = M2 = 1.4M�

<latexit sha1_base64="/o+7FMi2rRA6fJcgLc/Su6PNQog="></latexit>
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<latexit sha1_base64="dsBajazu62XcW7AWcGQwqTYmsPQ="></latexit>
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<latexit sha1_base64="d3t+qGvplstSBn853dGPq53Tdvo="></latexit>

 QL(f)

 LL(f)
⇡ 0.02 · p2

k2

✓
f

fmerger

◆2



~10% at merger
p2/k2 ≈ 5



Effect on the waveform

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

<latexit sha1_base64="Ys7zQXkPKEqcxcp34XHtJHuLa6I="></latexit>

p2
C8

·
⇣rs
r

⌘8
<latexit sha1_base64="WlIjPEL92yn+ARB5kyh7nxwarfw="></latexit>

rs = 2GM , C ⌘ GM

R
)

compactness 8PN effect

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

<latexit sha1_base64="ytTj5ZZOhN8L5Yy6GsedCggLiy0="></latexit>
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⌘5

5PN effect
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<latexit sha1_base64="LaYbef3DaXlWCsSpwcBU/LsSnw8=">AAACEHicbVDLSgMxFL1TX7W+qi7dBItQN2VGpApuCm5clQr2AZ06ZNJMG5p5kGSEYZifcOOvuBFxo+If+Dem7WzaeiBw7rn3JjnHjTiTyjR/jcLa+sbmVnG7tLO7t39QPjzqyDAWhLZJyEPRc7GknAW0rZjitBcJin2X0647uZ32u09USBYGDyqJ6MDHo4B5jGClJads2Z7AJG06qS18RBLCqcyypfpxVlTNVvM8y5xyxayZM6BVYuWkAjlaTvnbHoYk9mmgCMdS9i0zUoMUC8X07VnJjiWNMJngEU1nhjJ0pqUh8kKhT6DQTF2Yw76Uie/qSR+rsVzuTcX/ev1YedeDlAVRrGhA5g95MUcqRNN00JAJShRPNMFEMP1DRMZYJ6R0hiVt3Vo2uko6FzWrXqvfX1YaN3kIRTiBU6iCBVfQgDtoQRsIvMAbfMKX8Wy8Gu/Gx3y0YOQ7x7AA4+cPFvCdAg==</latexit>

Ncycles

N (0PN)
cycles

<latexit sha1_base64="F+G46+jjgPXiM+LcmVJlw3Sp+7c=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRMFLwEuOEcwDkiXMTmaTIbMPZ3rFuOQnvIh4UfBj/AX/xkmylyQWDBRVNXRXe7EUGm3711pb39jc2s7t5Hf39g8OC0fHTR0livEGi2Sk2h7VXIqQN1Cg5O1YcRp4kre80d3Ubz1xpUUUPuA45m5AB6HwBaNoJNcnpS7yZ0xrL5OLXqFol+0ZyCpxMlKEDPVe4afbj1gS8BCZpFp3HDtGN6UKBZN8ku8mmseUjeiAp7NVJ+TcSH3iR8q8EMlMXcjRQOtx4JlkQHGol72p+J/XSdC/cVMRxgnykM0H+YkkGJFpb9IXijOUY0MoU8JsSNiQKsrQXCdvqjvLRVdJ87LsVMqV+6ti9TY7Qg5O4QxK4MA1VKEGdWgAg0d4g0/4sqT1ar1bH/PompX9OYEFWN9/8DONXQ==</latexit>

f(Hz)

1PN

Linear Love2PN

Quadratic Love3PN

4PN

<latexit sha1_base64="0D6XEA2/qBnaRun3MWS1TLIjQD8=">AAACCHicbVDNSgMxGMz6W+vfqkcvwSIoyLJbShVKodCLl0IF+wPdsmSzaRua3WyTrFBKX8CLr+JFxIuCJ1/BtzFt99LWDxKGmflIZvyYUals+9fY2Nza3tnN7GX3Dw6Pjs2T06bkicCkgTnjou0jSRiNSENRxUg7FgSFPiMtf1id6a0nIiTl0aMax6Qbon5EexQjpSnPvK55DizDmpfXt2MVNHJ5wBV0SzfQHY0SFMBqGdqW45k527LnA9eBk4IcSKfumT9uwHESkkhhhqTsOHasuhMkFMWMTLNuIkmM8BD1yWQeZAovNRXAHhf6RArO2SUfCqUch752hkgN5Ko2I//TOonq3XUnNIoTRSK8eKiXMKg4nLUCAyoIVmysAcKC6h9CPEACYaW7y+rozmrQddDMW07RKj4UcpVSWkIGnIMLcAUccAsq4B7UQQNg8ALewCf4Mp6NV+Pd+FhYN4x05wwsjfH9B2omlOQ=</latexit>

M1 = M2 = 1.4M� , C = 0.1

<latexit sha1_base64="/o+7FMi2rRA6fJcgLc/Su6PNQog="></latexit>
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#

<latexit sha1_base64="gXcQfEx12ncE9bRgGwHI7W1/P6Q=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqs6UUgURCm5cVrAPaMuQSTNtbGYyJHeEUvoPbkTcKPg1/oJ/Y/rYtPVA4HDOCfeeGyRSGHTdXyezsbm1vZPdze3tHxwe5Y9PGkalmvE6U1LpVkANlyLmdRQoeSvRnEaB5M1geD/1my9cG6HiJxwlvBvRfixCwShaqZ34pauhXyJ3pOznC27RnYGsE29BCrBAzc//dHqKpRGPkUlqTNtzE+yOqUbBJJ/kOqnhCWVD2ufj2aITcmGlHgmVti9GMlOXcjQyZhQFNhlRHJhVbyr+57VTDG+6YxEnKfKYzQeFqSSoyLQ16QnNGcqRJZRpYTckbEA1ZWhvk7PVvdWi66RRKnqVYuWxXKjeLo6QhTM4h0vw4Bqq8AA1qAMDBW/wCV/Os/PqvDsf82jGWfw5hSU433/ntYt0</latexit>

p2/k2 = 4



Effect on the waveform

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

<latexit sha1_base64="Ys7zQXkPKEqcxcp34XHtJHuLa6I="></latexit>

p2
C8

·
⇣rs
r

⌘8
<latexit sha1_base64="WlIjPEL92yn+ARB5kyh7nxwarfw="></latexit>

rs = 2GM , C ⌘ GM

R
)

compactness 8PN effect

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

<latexit sha1_base64="ytTj5ZZOhN8L5Yy6GsedCggLiy0="></latexit>

k2
C5

·
⇣rs
r

⌘5

5PN effect

 Same order as first dynamical Love numbers: NS frequency, resonances, etc.⇒

 Improve waveform model ⇒
 Additional information on the NS internal structure⇒

Quadratic tidal Love number must be included for the next generation of GW detectors

<latexit sha1_base64="/o+7FMi2rRA6fJcgLc/Su6PNQog="></latexit>

� = �GM

r
+ r2E2Y20

"
1 + k2

✓
R

r

◆5

+ E2
r3

GM
p2

✓
R

r

◆8
#



Newtonian case example
• Example: uniform density

<latexit sha1_base64="N6kgqj3vwwP9xeCnoojc62rkhnU=">AAACB3icbVDLSgMxAMz6rPW16tFLsAj1YNktpQoiFDzosUpf0K0lm2a7odlkSbJCKf0AL/6KFxEvCt78Bf/GtN1LWwcCw8yEZMaPGVXacX6tldW19Y3NzFZ2e2d3b98+OGwokUhM6lgwIVs+UoRRTuqaakZasSQo8hlp+oObid98IlJRwWt6GJNOhPqcBhQjbaSunfc48hl6LEKvGlJ4DUvQiym8hZ4MBfRqIdEo/3Auz7p2zik4U8Bl4qYkB1JUu/aP1xM4iQjXmCGl2q4T684ISU0xI+OslygSIzxAfTKa9hjDUyP1YCCkOVzDqTqXQ5FSw8g3yQjpUC16E/E/r53o4LIzojxONOF49lCQMKgFnIwCe1QSrNnQEIQlNT+EOEQSYW2my5rq7mLRZdIoFtxyoXxfylWu0hEy4BicgDxwwQWogDtQBXWAwQt4A5/gy3q2Xq1362MWXbHSO0dgDtb3H5iHllc=</latexit>

r2� = 4⇡G⇢⇥(R� r)
<latexit sha1_base64="zbzP0mXIRQuJwbkjKCQSaeyT0l8=">AAACAnicbVBLSwMxGPzWZ62vqkcvwSJ4seyKVEGEghePFewDuqV8m2bb0Gx2SbKFUnrz4l/xIuJFwR/gX/DfmD4OtnUgMMxMSGaCRHBtXPfHWVldW9/YzGxlt3d29/ZzB4dVHaeKsgqNRazqAWomuGQVw41g9UQxjALBakHvbuzX+kxpHstHM0hYM8KO5CGnaKzUyuX9PqPElxgIJAm5JeSc/JX8cpfblFtwJyDLxJuRPMxQbuW+/XZM04hJQwVq3fDcxDSHqAyngo2yfqpZgrSHHTacVBiRUyu1SRgre6QhE3Uuh5HWgyiwyQhNVy96Y/E/r5Ga8Lo55DJJDZN0+lCYCmJiMt6DtLli1IiBJUgVtz8ktIsKqbGrZW11b7HoMqleFLxiofhwmS/dzEbIwDGcwBl4cAUluIcyVIDCM7zCB3w6T86L8+a8T6MrzuzOEczB+foF6OGU9w==</latexit>

~rp = �~r�

<latexit sha1_base64="u4gFTYgPwih9NjHZLnU8MdLqkQo=">AAAB+nicbVDLSsNAFL2pr1pfUZfdDBbBVUmKVEEKBTcuK9gHNDVMppN26CQTZiZCiVn4K25E3Cj4Ef6Cf2PaZtPWAwOHc85w7z1exJnSlvVrFDY2t7Z3irulvf2DwyPz+KSjRCwJbRPBhex5WFHOQtrWTHPaiyTFgcdp15vczvzuE5WKifBBTyM6CPAoZD4jWGeSa5ad1pi5iSMDJGKdPiYO5bxRS1EDWa5ZsarWHGid2DmpQI6Wa/44Q0HigIaacKxU37YiPUiw1IxwmpacWNEIkwke0WS+eorOM2mIfCGzF2o0V5dyOFBqGnhZMsB6rFa9mfif14+1fz1IWBjFmoZkMciPOdICzXpAQyYp0XyaEUwkyzZEZIwlJjprq5Sdbq8euk46tapdr9bvLyvNm7yEIpThDC7Ahitowh20oA0EXuANPuHLeDZejXfjYxEtGPmfU1iC8f0HDeGS+g==</latexit>

�`=2
out = 0

<latexit sha1_base64="cR0+Yw206SOxFkgZ7sCOBQb/xN8=">AAAB+XicbVDLSsNAFL3xWesr6k43g0VwVZIiVZBCwY3LCvYBTQ2T6aQdOpmEmYlQQsBfcSPiRsGf8Bf8G6ePTVsPDBzOOcO99wQJZ0o7zq+1tr6xubVd2Cnu7u0fHNpHxy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6O7id9+plKxWDzqcUJ7ER4IFjKCtZF8+9RrDJmfeTJCTORPmUc5r1VyVEOOb5ecsjMFWiXunJRgjoZv/3j9mKQRFZpwrFTXdRLdy7DUjHCaF71U0QSTER7QbLp5ji6M1EdhLM0TGk3VhRyOlBpHgUlGWA/VsjcR//O6qQ5vehkTSaqpILNBYcqRjtGkBtRnkhLNx4ZgIpnZEJEhlphoU1bRnO4uH7pKWpWyWy1XH65K9dt5CQU4g3O4BBeuoQ730IAmEHiBN/iELyuzXq1362MWXbPmf05gAdb3Hx6Dkm8=</latexit>

�`=2
in = 0



Newtonian case example
• Example: uniform density

<latexit sha1_base64="DOSl9UPaiVqIFLoX2MB5xC3ofmo=">AAACBXicbVBLS8NAGPxSX7W+oh69LBbFU0mKVEGEgggeI9gHNDVsNpt26ebB7kYoIWcv/hUvIl4UvPoX/DembS5tHVgYZmbZnXFjzqQyjF+ttLK6tr5R3qxsbe/s7un7B20ZJYLQFol4JLoulpSzkLYUU5x2Y0Fx4HLacUc3E7/zRIVkUfigxjHtB3gQMp8RrHLJ0U9ta8ic1BYBUszDPEPXCInHOkptgjm6zZw6spy6o1eNmjEFWiZmQapQwHL0H9uLSBLQUBGOpeyZRqz6KRaKEU6zip1IGmMywgOaTltk6CSXPORHIj+hQlN1LocDKceBmycDrIZy0ZuI/3m9RPmX/ZSFcaJoSGYP+QlHKkKTSZDHBCWKj3OCiWD5DxEZYoGJyoer5NXNxaLLpF2vmY1a4/682rwqRijDERzDGZhwAU24AwtaQOAF3uATvrRn7VV71z5m0ZJW3DmEOWjff1v1lk0=</latexit>

�tidal = r2E2P2

<latexit sha1_base64="N6kgqj3vwwP9xeCnoojc62rkhnU=">AAACB3icbVDLSgMxAMz6rPW16tFLsAj1YNktpQoiFDzosUpf0K0lm2a7odlkSbJCKf0AL/6KFxEvCt78Bf/GtN1LWwcCw8yEZMaPGVXacX6tldW19Y3NzFZ2e2d3b98+OGwokUhM6lgwIVs+UoRRTuqaakZasSQo8hlp+oObid98IlJRwWt6GJNOhPqcBhQjbaSunfc48hl6LEKvGlJ4DUvQiym8hZ4MBfRqIdEo/3Auz7p2zik4U8Bl4qYkB1JUu/aP1xM4iQjXmCGl2q4T684ISU0xI+OslygSIzxAfTKa9hjDUyP1YCCkOVzDqTqXQ5FSw8g3yQjpUC16E/E/r53o4LIzojxONOF49lCQMKgFnIwCe1QSrNnQEIQlNT+EOEQSYW2my5rq7mLRZdIoFtxyoXxfylWu0hEy4BicgDxwwQWogDtQBXWAwQt4A5/gy3q2Xq1362MWXbHSO0dgDtb3H5iHllc=</latexit>

r2� = 4⇡G⇢⇥(R� r)
<latexit sha1_base64="zbzP0mXIRQuJwbkjKCQSaeyT0l8=">AAACAnicbVBLSwMxGPzWZ62vqkcvwSJ4seyKVEGEghePFewDuqV8m2bb0Gx2SbKFUnrz4l/xIuJFwR/gX/DfmD4OtnUgMMxMSGaCRHBtXPfHWVldW9/YzGxlt3d29/ZzB4dVHaeKsgqNRazqAWomuGQVw41g9UQxjALBakHvbuzX+kxpHstHM0hYM8KO5CGnaKzUyuX9PqPElxgIJAm5JeSc/JX8cpfblFtwJyDLxJuRPMxQbuW+/XZM04hJQwVq3fDcxDSHqAyngo2yfqpZgrSHHTacVBiRUyu1SRgre6QhE3Uuh5HWgyiwyQhNVy96Y/E/r5Ga8Lo55DJJDZN0+lCYCmJiMt6DtLli1IiBJUgVtz8ktIsKqbGrZW11b7HoMqleFLxiofhwmS/dzEbIwDGcwBl4cAUluIcyVIDCM7zCB3w6T86L8+a8T6MrzuzOEczB+foF6OGU9w==</latexit>

~rp = �~r�

<latexit sha1_base64="JeFgdWM/F3IsXpNrsgCipi3Ar/E=">AAACDHicbVDbSsMwAE3nbc5b1UdfgkPwxdEWmYIMBiL4WMFdYN1KmqVbWJqWJBVG6S/44q/4IuKLgvgL/o3Z5WWbBwKHc05IzgkSRqWyrF+jsLa+sblV3C7t7O7tH5iHR00ZpwKTBo5ZLNoBkoRRThqKKkbaiSAoChhpBaPbid96IkLSmD+qcUK6ERpwGlKMlJZ888Jzh9TPPBFByvNe5hHGak4OaxBB0XNg5mHE4F3uO9D1Hd8sWxVrCrhK7Dkpgzlc3/zx+jFOI8IVZkjKjm0lqpshoShmJC95qSQJwiM0INm0TA7PtNSHYSz04QpO1YUciqQcR4FORkgN5bI3Ef/zOqkKr7sZ5UmqCMezh8KUQRXDyTKwTwXBio01QVhQ/UOIh0ggrPR+JV3dXi66SppOxa5Wqg+X5frNfIQiOAGn4BzY4ArUwT1wQQNg8ALewCf4Mp6NV+Pd+JhFC8b8zjFYgPH9B4ipmRs=</latexit>

�`=2
in = ar2E2P2

<latexit sha1_base64="+lLYi+qtX23MxrffFfDcC1az9wI="></latexit>

�`=2
out = r2E2P2

"
1 + k2

✓
R

r

◆5
#

• “Continuity” at the surface   ⇒
<latexit sha1_base64="1zZm2cS1f8cT2gl5NyqU75TgPwc=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwoSWJUgtFKLhxWcE+oCllMpm0QyePzkyEEvIhbvwVNyLdKLj0b5ym2bT1wMDh3DOce64TMSqkYfxqhY3Nre2d4m5pb//g8Eg/PmmLMOaYtHDIQt51kCCMBqQlqWSkG3GCfIeRjjN+mM87L4QLGgbPchqRvo+GAfUoRlJJA72G4D28tj2OcHKTJlYK7foVtCeTGLkwsbOAhBM3heOBpayZ07RgOtDLRsXIANeJmZMyyNEc6DPbDXHsk0BihoTomUYk+wnikmJG0pIdCxIhPEZDkmSxKbxQkgu9kKsXSJipSz7kCzH1HeX0kRyJ1dlc/G/Wi6VX6yc0iGJJArwI8mIGZQjnR4Iu5QRLNlUEYU7VhhCPkGou1SlLqrq5WnSdtK2KWa1Un27LjXp+hCI4A+fgEpjgDjTAI2iCFsDgDXyAL/CtvWrv2qc2W1gLWv7nFCxB+/kDMoOdNw==</latexit>

a = �3

2
, k2 =

1

2



Newtonian case example
• Example: uniform density

<latexit sha1_base64="DOSl9UPaiVqIFLoX2MB5xC3ofmo=">AAACBXicbVBLS8NAGPxSX7W+oh69LBbFU0mKVEGEgggeI9gHNDVsNpt26ebB7kYoIWcv/hUvIl4UvPoX/DembS5tHVgYZmbZnXFjzqQyjF+ttLK6tr5R3qxsbe/s7un7B20ZJYLQFol4JLoulpSzkLYUU5x2Y0Fx4HLacUc3E7/zRIVkUfigxjHtB3gQMp8RrHLJ0U9ta8ic1BYBUszDPEPXCInHOkptgjm6zZw6spy6o1eNmjEFWiZmQapQwHL0H9uLSBLQUBGOpeyZRqz6KRaKEU6zip1IGmMywgOaTltk6CSXPORHIj+hQlN1LocDKceBmycDrIZy0ZuI/3m9RPmX/ZSFcaJoSGYP+QlHKkKTSZDHBCWKj3OCiWD5DxEZYoGJyoer5NXNxaLLpF2vmY1a4/682rwqRijDERzDGZhwAU24AwtaQOAF3uATvrRn7VV71z5m0ZJW3DmEOWjff1v1lk0=</latexit>

�tidal = r2E2P2

<latexit sha1_base64="HWkd7m4ID6QXud/2mRJCd+HEbLs=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgutCSltoUiFty4rGAf0JQwmUzaoZNHZyZCCfkXN/6KCCJuFPRvnLbZtPXAwOHcM5x7rhMxKqRh/Gpr6xubW9u5nfzu3v7BoX503BZhzDFp4ZCFvOsgQRgNSEtSyUg34gT5DiMdZ3Q3nXeeCBc0DB7lJCJ9Hw0C6lGMpJJs/daBN/DK8jjCSfU6TWoptOqX0BqPY+TCxJolJJy4KYzskvLOrSVlNcspTG29YBSNGeAqMTNSABmatv5muSGOfRJIzJAQPdOIZD9BXFLMSJq3YkEihEdoQJJZeArPleRCL+TqBRLO1AUf8oWY+I5y+kgOxfJsKv4368XSq/UTGkSxJAGeB3kxgzKE01tBl3KCJZsogjCnakOIh0j1l+qieVXdXC66StqlolkpVh7KhUY9O0IOnIIzcAFMUAUNcA+aoAUweAHv4At8a8/aq/ahfc6ta1r25wQsQPv5A57EoBs=</latexit>

b = �75

8
, p2 =

25

14

<latexit sha1_base64="NM/XiRsn7O5Q0r+ckrr6LPcPxic="></latexit>

�`=2
out = r2E2P2

"
1 + k2

✓
R

r

◆5

+ p2
r3

GM
E2

✓
R

r

◆8
#

<latexit sha1_base64="N6kgqj3vwwP9xeCnoojc62rkhnU=">AAACB3icbVDLSgMxAMz6rPW16tFLsAj1YNktpQoiFDzosUpf0K0lm2a7odlkSbJCKf0AL/6KFxEvCt78Bf/GtN1LWwcCw8yEZMaPGVXacX6tldW19Y3NzFZ2e2d3b98+OGwokUhM6lgwIVs+UoRRTuqaakZasSQo8hlp+oObid98IlJRwWt6GJNOhPqcBhQjbaSunfc48hl6LEKvGlJ4DUvQiym8hZ4MBfRqIdEo/3Auz7p2zik4U8Bl4qYkB1JUu/aP1xM4iQjXmCGl2q4T684ISU0xI+OslygSIzxAfTKa9hjDUyP1YCCkOVzDqTqXQ5FSw8g3yQjpUC16E/E/r53o4LIzojxONOF49lCQMKgFnIwCe1QSrNnQEIQlNT+EOEQSYW2my5rq7mLRZdIoFtxyoXxfylWu0hEy4BicgDxwwQWogDtQBXWAwQt4A5/gy3q2Xq1362MWXbHSO0dgDtb3H5iHllc=</latexit>

r2� = 4⇡G⇢⇥(R� r)
<latexit sha1_base64="zbzP0mXIRQuJwbkjKCQSaeyT0l8=">AAACAnicbVBLSwMxGPzWZ62vqkcvwSJ4seyKVEGEghePFewDuqV8m2bb0Gx2SbKFUnrz4l/xIuJFwR/gX/DfmD4OtnUgMMxMSGaCRHBtXPfHWVldW9/YzGxlt3d29/ZzB4dVHaeKsgqNRazqAWomuGQVw41g9UQxjALBakHvbuzX+kxpHstHM0hYM8KO5CGnaKzUyuX9PqPElxgIJAm5JeSc/JX8cpfblFtwJyDLxJuRPMxQbuW+/XZM04hJQwVq3fDcxDSHqAyngo2yfqpZgrSHHTacVBiRUyu1SRgre6QhE3Uuh5HWgyiwyQhNVy96Y/E/r5Ga8Lo55DJJDZN0+lCYCmJiMt6DtLli1IiBJUgVtz8ktIsKqbGrZW11b7HoMqleFLxiofhwmS/dzEbIwDGcwBl4cAUluIcyVIDCM7zCB3w6T86L8+a8T6MrzuzOEczB+foF6OGU9w==</latexit>

~rp = �~r�

<latexit sha1_base64="1zZm2cS1f8cT2gl5NyqU75TgPwc=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwoSWJUgtFKLhxWcE+oCllMpm0QyePzkyEEvIhbvwVNyLdKLj0b5ym2bT1wMDh3DOce64TMSqkYfxqhY3Nre2d4m5pb//g8Eg/PmmLMOaYtHDIQt51kCCMBqQlqWSkG3GCfIeRjjN+mM87L4QLGgbPchqRvo+GAfUoRlJJA72G4D28tj2OcHKTJlYK7foVtCeTGLkwsbOAhBM3heOBpayZ07RgOtDLRsXIANeJmZMyyNEc6DPbDXHsk0BihoTomUYk+wnikmJG0pIdCxIhPEZDkmSxKbxQkgu9kKsXSJipSz7kCzH1HeX0kRyJ1dlc/G/Wi6VX6yc0iGJJArwI8mIGZQjnR4Iu5QRLNlUEYU7VhhCPkGou1SlLqrq5WnSdtK2KWa1Un27LjXp+hCI4A+fgEpjgDjTAI2iCFsDgDXyAL/CtvWrv2qc2W1gLWv7nFCxB+/kDMoOdNw==</latexit>

a = �3

2
, k2 =

1

2

<latexit sha1_base64="szcp3UTcLKj6WptQHa0fCUPdGXU="></latexit>

�`=2
in = r2E2P2

✓
a+ b

R3

GM
E2
◆

• “Continuity” at the surface   ⇒



Newtonian case example
• Example: uniform density

<latexit sha1_base64="DOSl9UPaiVqIFLoX2MB5xC3ofmo=">AAACBXicbVBLS8NAGPxSX7W+oh69LBbFU0mKVEGEgggeI9gHNDVsNpt26ebB7kYoIWcv/hUvIl4UvPoX/DembS5tHVgYZmbZnXFjzqQyjF+ttLK6tr5R3qxsbe/s7un7B20ZJYLQFol4JLoulpSzkLYUU5x2Y0Fx4HLacUc3E7/zRIVkUfigxjHtB3gQMp8RrHLJ0U9ta8ic1BYBUszDPEPXCInHOkptgjm6zZw6spy6o1eNmjEFWiZmQapQwHL0H9uLSBLQUBGOpeyZRqz6KRaKEU6zip1IGmMywgOaTltk6CSXPORHIj+hQlN1LocDKceBmycDrIZy0ZuI/3m9RPmX/ZSFcaJoSGYP+QlHKkKTSZDHBCWKj3OCiWD5DxEZYoGJyoer5NXNxaLLpF2vmY1a4/682rwqRijDERzDGZhwAU24AwtaQOAF3uATvrRn7VV71z5m0ZJW3DmEOWjff1v1lk0=</latexit>

�tidal = r2E2P2

• Example: non-relativistic star
<latexit sha1_base64="1Q4dDT2SatrXeBfkzCPVBaNyiKQ=">AAACD3icbVBNS8MwAE3n15xfVY9egkOYB0c7ZAoiDDzocYL7gHWONE23sLQpSSqM0h/hxb/iRcSLoj/Bf2PW9bLNB4HHey8k77kRo1JZ1q9RWFldW98obpa2tnd298z9g7bkscCkhTnjousiSRgNSUtRxUg3EgQFLiMdd3wz9TtPREjKwwc1iUg/QMOQ+hQjpaWBaTm+QDjxYFQRp2niiRRewzM4U29hoFXoiBHPXPFYSwdm2apaGeAysXNSBjmaA/Pb8TiOAxIqzJCUPduKVD9BQlHMSFpyYkkihMdoSJKsTwpPtORBnwt9QgUzdS6HAikngauTAVIjuehNxf+8Xqz8y35CwyhWJMSzh/yYQcXhdBzoUUGwYhNNEBZU/xDiEdJTKD1hSVe3F4suk3atater9fvzcuMqH6EIjsAxqAAbXIAGuANN0AIYvIA38Am+jGfj1Xg3PmbRgpHfOQRzMH7+AP9XmoI=</latexit>

dp(r)

dr
= �Gm(r)⇢(r)

r2
<latexit sha1_base64="MG2c4/qm8sXXNQGYXzJ0SPrXiPo=">AAACBXicbVBLSwMxGPy2vmp9rXr0EixKvZTdUqogQsGLxwr2Ad1astlsG5p9kGSFsvTsxb/iRcSLglf/gv/GtN1LWwcCw8yEZMaNOZPKsn6N3Nr6xuZWfruws7u3f2AeHrVklAhCmyTikei4WFLOQtpUTHHaiQXFgctp2x3dTv32ExWSReGDGse0F+BByHxGsNJS3zx3fIFJ6qGgJC4mqScm6AZVkRMzJB4rCDliGGmnbxatsjUDWiV2RoqQodE3fxwvIklAQ0U4lrJrW7HqpVgoRjidFJxE0hiTER7QdNZigs605CE/EvqECs3UhRwOpBwHrk4GWA3lsjcV//O6ifKveikL40TRkMwf8hOOVISmkyCPCUoUH2uCiWD6h4gMsZ5F6eEKurq9XHSVtCplu1au3VeL9etshDycwCmUwIZLqMMdNKAJBF7gDT7hy3g2Xo1342MezRnZnWNYgPH9BweXlhg=</latexit>

dm(r)

dr
= 4⇡r2⇢(r)

<latexit sha1_base64="vVo0qvAWXcjCNFXeVpTqhV+eugQ=">AAAB8HicbVDLSgMxFL1TX7W+prp0EyxCBSkzpVRBhEI3LivYB7RlyKSZNjTzIMkoQ+l/uBFxo+CX+Av+jZl2Nm09kHA454Tcc92IM6ks69fIbW3v7O7l9wsHh0fHJ2bxtCPDWBDaJiEPRc/FknIW0LZiitNeJCj2XU677rSZ+t1nKiQLgyeVRHTo43HAPEaw0pJjFqdOFd2j9C6j5jVKrhyzZFWsBdAmsTNSggwtx/wZjEIS+zRQhGMp+7YVqeEMC8UIp/PCIJY0wmSKx3S2GHiOLrU0Ql4o9AkUWqgrOexLmfiuTvpYTeS6l4r/ef1YebfDGQuiWNGALD/yYo5UiNL2aMQEJYonmmAimJ4QkQkWmCi9o4Kubq8X3SSdasWuV+qPtVLjLltCHs7hAspgww004AFa0AYCL/AGn/BlCOPVeDc+ltGckb05gxUY338Qso0S</latexit>

k2 = k2(C, y)
<latexit sha1_base64="U/by6OGwSGrozjh3qsQAKdMI4+w=">AAAB9nicbVDLSgMxFL1TX7W+Rl24cBMsQoVSZopUQYRCNy4r2Ae0ZcikmTY08yDJSMfSX3Ej4kbBz/AX/BszbTdtPZBwOOeE3HvciDOpLOvXyGxsbm3vZHdze/sHh0fm8UlThrEgtEFCHoq2iyXlLKANxRSn7UhQ7LucttxRLfVbz1RIFgZPKoloz8eDgHmMYKUlxzyLnDK6R+ldQLUiSlARjYsvV46Zt0rWDGid2AuShwXqjvnT7Yck9mmgCMdSdmwrUr0JFooRTqe5bixphMkID+hkNvYUXWqpj7xQ6BMoNFOXctiXMvFdnfSxGspVLxX/8zqx8m57ExZEsaIBmX/kxRypEKUdoD4TlCieaIKJYHpCRIZYYKJ0Uzm9ur266Dpplkt2pVR5vM5X7xYlZOEcLqAANtxAFR6gDg0gMIU3+IQvY2y8Gu/GxzyaMRZvTmEJxvcfYI2O4g==</latexit>

p2 = p2(C, y, x, z)

<latexit sha1_base64="IMexohZtMXeEcnyYu7sN1Dv9wwQ="></latexit>

y ⌘ r�(1)0

�(1)

����
R

, x ⌘ r�(2)0

�(2)

����
R

, z ⌘ �(2)

�(1)2

����
R

<latexit sha1_base64="NM/XiRsn7O5Q0r+ckrr6LPcPxic="></latexit>

�`=2
out = r2E2P2

"
1 + k2

✓
R

r
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r3

GM
E2

✓
R

r

◆8
#

<latexit sha1_base64="N6kgqj3vwwP9xeCnoojc62rkhnU=">AAACB3icbVDLSgMxAMz6rPW16tFLsAj1YNktpQoiFDzosUpf0K0lm2a7odlkSbJCKf0AL/6KFxEvCt78Bf/GtN1LWwcCw8yEZMaPGVXacX6tldW19Y3NzFZ2e2d3b98+OGwokUhM6lgwIVs+UoRRTuqaakZasSQo8hlp+oObid98IlJRwWt6GJNOhPqcBhQjbaSunfc48hl6LEKvGlJ4DUvQiym8hZ4MBfRqIdEo/3Auz7p2zik4U8Bl4qYkB1JUu/aP1xM4iQjXmCGl2q4T684ISU0xI+OslygSIzxAfTKa9hjDUyP1YCCkOVzDqTqXQ5FSw8g3yQjpUC16E/E/r53o4LIzojxONOF49lCQMKgFnIwCe1QSrNnQEIQlNT+EOEQSYW2my5rq7mLRZdIoFtxyoXxfylWu0hEy4BicgDxwwQWogDtQBXWAwQt4A5/gy3q2Xq1362MWXbHSO0dgDtb3H5iHllc=</latexit>

r2� = 4⇡G⇢⇥(R� r)
<latexit sha1_base64="zbzP0mXIRQuJwbkjKCQSaeyT0l8=">AAACAnicbVBLSwMxGPzWZ62vqkcvwSJ4seyKVEGEghePFewDuqV8m2bb0Gx2SbKFUnrz4l/xIuJFwR/gX/DfmD4OtnUgMMxMSGaCRHBtXPfHWVldW9/YzGxlt3d29/ZzB4dVHaeKsgqNRazqAWomuGQVw41g9UQxjALBakHvbuzX+kxpHstHM0hYM8KO5CGnaKzUyuX9PqPElxgIJAm5JeSc/JX8cpfblFtwJyDLxJuRPMxQbuW+/XZM04hJQwVq3fDcxDSHqAyngo2yfqpZgrSHHTacVBiRUyu1SRgre6QhE3Uuh5HWgyiwyQhNVy96Y/E/r5Ga8Lo55DJJDZN0+lCYCmJiMt6DtLli1IiBJUgVtz8ktIsKqbGrZW11b7HoMqleFLxiofhwmS/dzEbIwDGcwBl4cAUluIcyVIDCM7zCB3w6T86L8+a8T6MrzuzOEczB+foF6OGU9w==</latexit>

~rp = �~r�

<latexit sha1_base64="szcp3UTcLKj6WptQHa0fCUPdGXU="></latexit>

�`=2
in = r2E2P2

✓
a+ b

R3

GM
E2
◆

<latexit sha1_base64="HWkd7m4ID6QXud/2mRJCd+HEbLs=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgutCSltoUiFty4rGAf0JQwmUzaoZNHZyZCCfkXN/6KCCJuFPRvnLbZtPXAwOHcM5x7rhMxKqRh/Gpr6xubW9u5nfzu3v7BoX503BZhzDFp4ZCFvOsgQRgNSEtSyUg34gT5DiMdZ3Q3nXeeCBc0DB7lJCJ9Hw0C6lGMpJJs/daBN/DK8jjCSfU6TWoptOqX0BqPY+TCxJolJJy4KYzskvLOrSVlNcspTG29YBSNGeAqMTNSABmatv5muSGOfRJIzJAQPdOIZD9BXFLMSJq3YkEihEdoQJJZeArPleRCL+TqBRLO1AUf8oWY+I5y+kgOxfJsKv4368XSq/UTGkSxJAGeB3kxgzKE01tBl3KCJZsogjCnakOIh0j1l+qieVXdXC66StqlolkpVh7KhUY9O0IOnIIzcAFMUAUNcA+aoAUweAHv4At8a8/aq/ahfc6ta1r25wQsQPv5A57EoBs=</latexit>

b = �75

8
, p2 =

25

14

<latexit sha1_base64="1zZm2cS1f8cT2gl5NyqU75TgPwc=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwoSWJUgtFKLhxWcE+oCllMpm0QyePzkyEEvIhbvwVNyLdKLj0b5ym2bT1wMDh3DOce64TMSqkYfxqhY3Nre2d4m5pb//g8Eg/PmmLMOaYtHDIQt51kCCMBqQlqWSkG3GCfIeRjjN+mM87L4QLGgbPchqRvo+GAfUoRlJJA72G4D28tj2OcHKTJlYK7foVtCeTGLkwsbOAhBM3heOBpayZ07RgOtDLRsXIANeJmZMyyNEc6DPbDXHsk0BihoTomUYk+wnikmJG0pIdCxIhPEZDkmSxKbxQkgu9kKsXSJipSz7kCzH1HeX0kRyJ1dlc/G/Wi6VX6yc0iGJJArwI8mIGZQjnR4Iu5QRLNlUEYU7VhhCPkGou1SlLqrq5WnSdtK2KWa1Un27LjXp+hCI4A+fgEpjgDjTAI2iCFsDgDXyAL/CtvWrv2qc2W1gLWv7nFCxB+/kDMoOdNw==</latexit>

a = �3

2
, k2 =

1

2
• “Continuity” at the surface   ⇒



Newtonian case example
• Example: uniform density

<latexit sha1_base64="DOSl9UPaiVqIFLoX2MB5xC3ofmo=">AAACBXicbVBLS8NAGPxSX7W+oh69LBbFU0mKVEGEgggeI9gHNDVsNpt26ebB7kYoIWcv/hUvIl4UvPoX/DembS5tHVgYZmbZnXFjzqQyjF+ttLK6tr5R3qxsbe/s7un7B20ZJYLQFol4JLoulpSzkLYUU5x2Y0Fx4HLacUc3E7/zRIVkUfigxjHtB3gQMp8RrHLJ0U9ta8ic1BYBUszDPEPXCInHOkptgjm6zZw6spy6o1eNmjEFWiZmQapQwHL0H9uLSBLQUBGOpeyZRqz6KRaKEU6zip1IGmMywgOaTltk6CSXPORHIj+hQlN1LocDKceBmycDrIZy0ZuI/3m9RPmX/ZSFcaJoSGYP+QlHKkKTSZDHBCWKj3OCiWD5DxEZYoGJyoer5NXNxaLLpF2vmY1a4/682rwqRijDERzDGZhwAU24AwtaQOAF3uATvrRn7VV71z5m0ZJW3DmEOWjff1v1lk0=</latexit>

�tidal = r2E2P2

• Example: relativistic star
<latexit sha1_base64="1Q4dDT2SatrXeBfkzCPVBaNyiKQ=">AAACD3icbVBNS8MwAE3n15xfVY9egkOYB0c7ZAoiDDzocYL7gHWONE23sLQpSSqM0h/hxb/iRcSLoj/Bf2PW9bLNB4HHey8k77kRo1JZ1q9RWFldW98obpa2tnd298z9g7bkscCkhTnjousiSRgNSUtRxUg3EgQFLiMdd3wz9TtPREjKwwc1iUg/QMOQ+hQjpaWBaTm+QDjxYFQRp2niiRRewzM4U29hoFXoiBHPXPFYSwdm2apaGeAysXNSBjmaA/Pb8TiOAxIqzJCUPduKVD9BQlHMSFpyYkkihMdoSJKsTwpPtORBnwt9QgUzdS6HAikngauTAVIjuehNxf+8Xqz8y35CwyhWJMSzh/yYQcXhdBzoUUGwYhNNEBZU/xDiEdJTKD1hSVe3F4suk3atater9fvzcuMqH6EIjsAxqAAbXIAGuANN0AIYvIA38Am+jGfj1Xg3PmbRgpHfOQRzMH7+AP9XmoI=</latexit>

dp(r)

dr
= �Gm(r)⇢(r)

r2
<latexit sha1_base64="MG2c4/qm8sXXNQGYXzJ0SPrXiPo=">AAACBXicbVBLSwMxGPy2vmp9rXr0EixKvZTdUqogQsGLxwr2Ad1astlsG5p9kGSFsvTsxb/iRcSLglf/gv/GtN1LWwcCw8yEZMaNOZPKsn6N3Nr6xuZWfruws7u3f2AeHrVklAhCmyTikei4WFLOQtpUTHHaiQXFgctp2x3dTv32ExWSReGDGse0F+BByHxGsNJS3zx3fIFJ6qGgJC4mqScm6AZVkRMzJB4rCDliGGmnbxatsjUDWiV2RoqQodE3fxwvIklAQ0U4lrJrW7HqpVgoRjidFJxE0hiTER7QdNZigs605CE/EvqECs3UhRwOpBwHrk4GWA3lsjcV//O6ifKveikL40TRkMwf8hOOVISmkyCPCUoUH2uCiWD6h4gMsZ5F6eEKurq9XHSVtCplu1au3VeL9etshDycwCmUwIZLqMMdNKAJBF7gDT7hy3g2Xo1342MezRnZnWNYgPH9BweXlhg=</latexit>

dm(r)

dr
= 4⇡r2⇢(r)

<latexit sha1_base64="vVo0qvAWXcjCNFXeVpTqhV+eugQ=">AAAB8HicbVDLSgMxFL1TX7W+prp0EyxCBSkzpVRBhEI3LivYB7RlyKSZNjTzIMkoQ+l/uBFxo+CX+Av+jZl2Nm09kHA454Tcc92IM6ks69fIbW3v7O7l9wsHh0fHJ2bxtCPDWBDaJiEPRc/FknIW0LZiitNeJCj2XU677rSZ+t1nKiQLgyeVRHTo43HAPEaw0pJjFqdOFd2j9C6j5jVKrhyzZFWsBdAmsTNSggwtx/wZjEIS+zRQhGMp+7YVqeEMC8UIp/PCIJY0wmSKx3S2GHiOLrU0Ql4o9AkUWqgrOexLmfiuTvpYTeS6l4r/ef1YebfDGQuiWNGALD/yYo5UiNL2aMQEJYonmmAimJ4QkQkWmCi9o4Kubq8X3SSdasWuV+qPtVLjLltCHs7hAspgww004AFa0AYCL/AGn/BlCOPVeDc+ltGckb05gxUY338Qso0S</latexit>

k2 = k2(C, y)
<latexit sha1_base64="U/by6OGwSGrozjh3qsQAKdMI4+w=">AAAB9nicbVDLSgMxFL1TX7W+Rl24cBMsQoVSZopUQYRCNy4r2Ae0ZcikmTY08yDJSMfSX3Ej4kbBz/AX/BszbTdtPZBwOOeE3HvciDOpLOvXyGxsbm3vZHdze/sHh0fm8UlThrEgtEFCHoq2iyXlLKANxRSn7UhQ7LucttxRLfVbz1RIFgZPKoloz8eDgHmMYKUlxzyLnDK6R+ldQLUiSlARjYsvV46Zt0rWDGid2AuShwXqjvnT7Yck9mmgCMdSdmwrUr0JFooRTqe5bixphMkID+hkNvYUXWqpj7xQ6BMoNFOXctiXMvFdnfSxGspVLxX/8zqx8m57ExZEsaIBmX/kxRypEKUdoD4TlCieaIKJYHpCRIZYYKJ0Uzm9ur266Dpplkt2pVR5vM5X7xYlZOEcLqAANtxAFR6gDg0gMIU3+IQvY2y8Gu/GxzyaMRZvTmEJxvcfYI2O4g==</latexit>

p2 = p2(C, y, x, z)

<latexit sha1_base64="IMexohZtMXeEcnyYu7sN1Dv9wwQ="></latexit>

y ⌘ r�(1)0
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����
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, x ⌘ r�(2)0
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����
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, z ⌘ �(2)
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����
R

<latexit sha1_base64="NM/XiRsn7O5Q0r+ckrr6LPcPxic="></latexit>
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out = r2E2P2
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✓
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#

<latexit sha1_base64="N6kgqj3vwwP9xeCnoojc62rkhnU=">AAACB3icbVDLSgMxAMz6rPW16tFLsAj1YNktpQoiFDzosUpf0K0lm2a7odlkSbJCKf0AL/6KFxEvCt78Bf/GtN1LWwcCw8yEZMaPGVXacX6tldW19Y3NzFZ2e2d3b98+OGwokUhM6lgwIVs+UoRRTuqaakZasSQo8hlp+oObid98IlJRwWt6GJNOhPqcBhQjbaSunfc48hl6LEKvGlJ4DUvQiym8hZ4MBfRqIdEo/3Auz7p2zik4U8Bl4qYkB1JUu/aP1xM4iQjXmCGl2q4T684ISU0xI+OslygSIzxAfTKa9hjDUyP1YCCkOVzDqTqXQ5FSw8g3yQjpUC16E/E/r53o4LIzojxONOF49lCQMKgFnIwCe1QSrNnQEIQlNT+EOEQSYW2my5rq7mLRZdIoFtxyoXxfylWu0hEy4BicgDxwwQWogDtQBXWAwQt4A5/gy3q2Xq1362MWXbHSO0dgDtb3H5iHllc=</latexit>

r2� = 4⇡G⇢⇥(R� r)
<latexit sha1_base64="zbzP0mXIRQuJwbkjKCQSaeyT0l8=">AAACAnicbVBLSwMxGPzWZ62vqkcvwSJ4seyKVEGEghePFewDuqV8m2bb0Gx2SbKFUnrz4l/xIuJFwR/gX/DfmD4OtnUgMMxMSGaCRHBtXPfHWVldW9/YzGxlt3d29/ZzB4dVHaeKsgqNRazqAWomuGQVw41g9UQxjALBakHvbuzX+kxpHstHM0hYM8KO5CGnaKzUyuX9PqPElxgIJAm5JeSc/JX8cpfblFtwJyDLxJuRPMxQbuW+/XZM04hJQwVq3fDcxDSHqAyngo2yfqpZgrSHHTacVBiRUyu1SRgre6QhE3Uuh5HWgyiwyQhNVy96Y/E/r5Ga8Lo55DJJDZN0+lCYCmJiMt6DtLli1IiBJUgVtz8ktIsKqbGrZW11b7HoMqleFLxiofhwmS/dzEbIwDGcwBl4cAUluIcyVIDCM7zCB3w6T86L8+a8T6MrzuzOEczB+foF6OGU9w==</latexit>

~rp = �~r�

<latexit sha1_base64="szcp3UTcLKj6WptQHa0fCUPdGXU="></latexit>

�`=2
in = r2E2P2

✓
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• “Continuity” at the surface   ⇒
<latexit sha1_base64="HWkd7m4ID6QXud/2mRJCd+HEbLs=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgutCSltoUiFty4rGAf0JQwmUzaoZNHZyZCCfkXN/6KCCJuFPRvnLbZtPXAwOHcM5x7rhMxKqRh/Gpr6xubW9u5nfzu3v7BoX503BZhzDFp4ZCFvOsgQRgNSEtSyUg34gT5DiMdZ3Q3nXeeCBc0DB7lJCJ9Hw0C6lGMpJJs/daBN/DK8jjCSfU6TWoptOqX0BqPY+TCxJolJJy4KYzskvLOrSVlNcspTG29YBSNGeAqMTNSABmatv5muSGOfRJIzJAQPdOIZD9BXFLMSJq3YkEihEdoQJJZeArPleRCL+TqBRLO1AUf8oWY+I5y+kgOxfJsKv4368XSq/UTGkSxJAGeB3kxgzKE01tBl3KCJZsogjCnakOIh0j1l+qieVXdXC66StqlolkpVh7KhUY9O0IOnIIzcAFMUAUNcA+aoAUweAHv4At8a8/aq/ahfc6ta1r25wQsQPv5A57EoBs=</latexit>

b = �75

8
, p2 =

25

14

<latexit sha1_base64="1zZm2cS1f8cT2gl5NyqU75TgPwc=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwoSWJUgtFKLhxWcE+oCllMpm0QyePzkyEEvIhbvwVNyLdKLj0b5ym2bT1wMDh3DOce64TMSqkYfxqhY3Nre2d4m5pb//g8Eg/PmmLMOaYtHDIQt51kCCMBqQlqWSkG3GCfIeRjjN+mM87L4QLGgbPchqRvo+GAfUoRlJJA72G4D28tj2OcHKTJlYK7foVtCeTGLkwsbOAhBM3heOBpayZ07RgOtDLRsXIANeJmZMyyNEc6DPbDXHsk0BihoTomUYk+wnikmJG0pIdCxIhPEZDkmSxKbxQkgu9kKsXSJipSz7kCzH1HeX0kRyJ1dlc/G/Wi6VX6yc0iGJJArwI8mIGZQjnR4Iu5QRLNlUEYU7VhhCPkGou1SlLqrq5WnSdtK2KWa1Un27LjXp+hCI4A+fgEpjgDjTAI2iCFsDgDXyAL/CtvWrv2qc2W1gLWv7nFCxB+/kDMoOdNw==</latexit>

a = �3

2
, k2 =

1

2



Relativistic case

<latexit sha1_base64="yAwsb990IVhzmkb43gUq/mYmZsg=">AAAB/HicbVDdSgJBGP3W/sz+trqMYEiCrmRXxIIIhC7q0iA1cE1mx1l3cHZnmZkNROymV+kmopuCnqFX6G0adW/UDgwczjnD933HTzhT2nF+rdzK6tr6Rn6zsLW9s7tn7x80lUgloQ0iuJAPPlaUs5g2NNOcPiSS4sjntOUPrid+64lKxUR8r4cJ7US4H7OAEayN1LWPvRj7HD+WkVcPGbpCFeQlDN0gT4YCde2iU3KmQMvEzUgRMtS79o/XEySNaKwJx0q1XSfRnRGWmhFOxwUvVTTBZID7dDRdfoxOjdRDgZDmxRpN1bkcjpQaRr5JRliHatGbiP957VQHF50Ri5NU05jMBgUpR1qgSROoxyQlmg8NwUQysyEiIZaYaNNXwZzuLh66TJrlklstVe8qxdplVkIejuAEzsCFc6jBLdShAQRe4A0+4ct6tl6td+tjFs1Z2Z9DmIP1/QdBLJJV</latexit>

r2� = 4⇡G⇢

• In general relativity we have Einstein equations:

<latexit sha1_base64="bbdCuymVQvOKawSxJpGj9orPiME=">AAACCXicbVDLSsNAANz4rPUV9ehlsQjioSQiVfBS8OKxin1AU8Jms0mWbjbpPpQS+gVe/BUvIl4UvPgL/o1pGw9tHVgYZmbZnfFSRqWyrB9jaXlldW29tFHe3Nre2TX39lsy0QKTJk5YIjoekoRRTpqKKkY6qSAo9hhpe/3rsd9+IELShN+rYUp6MQo5DShGKpdc89RpRBQ6g4FGPnTuaBgpJETy+CeFbubEGjpcj1yzYlWtCeAisQtSAQUarvnt+AnWMeEKMyRl17ZS1cuQUBQzMio7WpIU4T4KSTZpMoLHueTDIBH54QpO1JkciqUcxl6ejJGK5Lw3Fv/zuloFl72M8lQrwvH0oUAzqBI4ngX6VBCs2DAnCAua/xDiCAmEVT5eOa9uzxddJK2zql2r1m7PK/WrYoQSOARH4ATY4ALUwQ1ogCbA4Bm8gg/waTwZL8ab8T6NLhnFnQMwA+PrFycamcs=</latexit>

� ) gµ⌫

<latexit sha1_base64="CRX8p00CCT8YYxJYFLvfrhTn7B8=">AAAB+HicbVDLSgMxFL1TX7W+Rl2Jm2ARXJUZkSq4KbhxWcU+oFNKJpNpQzOTaZJRain+ihsRNwp+hb/g35i2s2nrgcDhnBPuvcdPOFPacX6t3Mrq2vpGfrOwtb2zu2fvH9SVSCWhNSK4kE0fK8pZTGuaaU6biaQ48jlt+P2bid94pFIxET/oYULbEe7GLGQEayN17CNvMEhxgLx71u1pLKV4QjOpYxedkjMFWiZuRoqQodqxf7xAkDSisSYcK9VynUS3R1hqRjgdF7xU0QSTPu7S0XTxMTo1UoBCIc2LNZqqczkcKTWMfJOMsO6pRW8i/ue1Uh1etUcsTlJNYzIbFKYcaYEmLaCASUo0HxqCiWRmQ0R6WGKiTVcFc7q7eOgyqZ+X3HKpfHdRrFxnJeThGE7gDFy4hArcQhVqQOAF3uATvqxn69V6tz5m0ZyV/TmEOVjff+ODkwk=</latexit>)
<latexit sha1_base64="XnU7VTXnQLR5xbyO00HX1gmKf0k=">AAACTnicbVFbSwJBGJ01LbOb1WMvH0nQS7IbYUIIQg/2aOINXFlmx1kdnL0wMxuI+P967KWH/kgvETVewFY7MHC+c765fGfciDOpTPPDSO2kM7t72f3cweHR8Un+9Kwtw1gQ2iIhD0XXxZJyFtCWYorTbiQo9l1OO+74ce53XqiQLAyaahLRvo+HAfMYwUpLTj6sOVPbj8EO4hn0huuiDxVorMukdQO2JzCxbuGPDI3kARUogx0xqEFzrTr5glk0F4BtYq1IAa1Qd/Kv9iAksU8DRTiWsmeZkepPsVCMcDrL2bGkESZjPKTTRRwzuNLSALxQ6BUoWKiJPuxLOfFd3eljNZKb3lz8z+vFyiv3pyyIYkUDsrzIizmoEObZwoAJShSfaIKJYPqFQEZYB6X0D+T06NbmoNukfVu0SsXS812h+rAKIYsu0CW6Rha6R1X0hOqohQh6R19G2sgYb8an8W38LFtTxmrPOUoglf0FTJGwmA==</latexit>

Gµ⌫ [gµ⌫ ] = Rµ⌫ [gµ⌫ ]�
1

2
gµ⌫R[gµ⌫ ] = 8⇡GTµ⌫



Relativistic case

<latexit sha1_base64="yAwsb990IVhzmkb43gUq/mYmZsg=">AAAB/HicbVDdSgJBGP3W/sz+trqMYEiCrmRXxIIIhC7q0iA1cE1mx1l3cHZnmZkNROymV+kmopuCnqFX6G0adW/UDgwczjnD933HTzhT2nF+rdzK6tr6Rn6zsLW9s7tn7x80lUgloQ0iuJAPPlaUs5g2NNOcPiSS4sjntOUPrid+64lKxUR8r4cJ7US4H7OAEayN1LWPvRj7HD+WkVcPGbpCFeQlDN0gT4YCde2iU3KmQMvEzUgRMtS79o/XEySNaKwJx0q1XSfRnRGWmhFOxwUvVTTBZID7dDRdfoxOjdRDgZDmxRpN1bkcjpQaRr5JRliHatGbiP957VQHF50Ri5NU05jMBgUpR1qgSROoxyQlmg8NwUQysyEiIZaYaNNXwZzuLh66TJrlklstVe8qxdplVkIejuAEzsCFc6jBLdShAQRe4A0+4ct6tl6td+tjFs1Z2Z9DmIP1/QdBLJJV</latexit>

r2� = 4⇡G⇢

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢
<latexit sha1_base64="WH2L/Ct5CannWPcj0AIgDQXmll4=">AAACB3icbVDLSsNAANzUV62vqEcvi0XoqSQiVRCh4EGPFWwtNCFstpt26WYT9iGU0A/w4q94EfGi4M1f8G/cpgFp68DCMDPL7kyYMiqV4/xYpZXVtfWN8mZla3tnd8/eP+jIRAtM2jhhieiGSBJGOWkrqhjppoKgOGTkIRxdT/2HRyIkTfi9GqfEj9GA04hipIwU2DUvRALeBJkXa+hxPYE9mEuDP8mHV9AJ7KpTd3LAZeIWpAoKtAL72+snWMeEK8yQlD3XSZWfIaEoZmRS8bQkKcIjNCBZ3mMCT4zUh1EizOEK5upcDsVSjuPQJGOkhnLRm4r/eT2togs/ozzVinA8eyjSDKoETkeBfSoIVmxsCMKCmh9CPEQCYWWmq5jq7mLRZdI5rbuNeuPurNq8LEYogyNwDGrABeegCW5BC7QBBs/gFXyAT+vJerHerPdZtGQVdw7BHKyvX3YIl4c=</latexit>

Ḡµ⌫ [ḡµ⌫ ] = 0
<latexit sha1_base64="yMJdwYKIE0CwyWD3Fr9yhffA5vI=">AAAB9HicbVDLSsNAFL3xWesrKq7cDBbBVUlEquCm4MZlBfuApoTJZNIOnTyYuSmU0D9xI+JGwe/wF/wbp49NWw8MHM45w733BJkUGh3n19rY3Nre2S3tlfcPDo+O7ZPTlk5zxXiTpTJVnYBqLkXCmyhQ8k6mOI0DydvB8HHqt0dcaZEmLzjOeC+m/UREglE0km+feyGXSIkXUEX6fkEQyYT4dsWpOjOQdeIuSAUWaPj2jxemLI95gkxSrbuuk2GvoAoFk3xS9nLNM8qGtM+L2dITcmWkkESpMi9BMlOXcjTWehwHJhlTHOhVbyr+53VzjO57hUiyHHnC5oOiXBJMybQBEgrFGcqxIZQpYTYkbEAVZWh6KpvT3dVD10nrpurWqrXn20r9YVFCCS7gEq7BhTuowxM0oAkMCniDT/iyRtar9W59zKMb1uLPGSzB+v4DgfyQaQ==</latexit>

�ḡtttidal field

PM non-linearities• Polar (parity even) perturbations:

• In general relativity we have Einstein equations:

<latexit sha1_base64="bbdCuymVQvOKawSxJpGj9orPiME=">AAACCXicbVDLSsNAANz4rPUV9ehlsQjioSQiVfBS8OKxin1AU8Jms0mWbjbpPpQS+gVe/BUvIl4UvPgL/o1pGw9tHVgYZmbZnfFSRqWyrB9jaXlldW29tFHe3Nre2TX39lsy0QKTJk5YIjoekoRRTpqKKkY6qSAo9hhpe/3rsd9+IELShN+rYUp6MQo5DShGKpdc89RpRBQ6g4FGPnTuaBgpJETy+CeFbubEGjpcj1yzYlWtCeAisQtSAQUarvnt+AnWMeEKMyRl17ZS1cuQUBQzMio7WpIU4T4KSTZpMoLHueTDIBH54QpO1JkciqUcxl6ejJGK5Lw3Fv/zuloFl72M8lQrwvH0oUAzqBI4ngX6VBCs2DAnCAua/xDiCAmEVT5eOa9uzxddJK2zql2r1m7PK/WrYoQSOARH4ATY4ALUwQ1ogCbA4Bm8gg/waTwZL8ab8T6NLhnFnQMwA+PrFycamcs=</latexit>

� ) gµ⌫

<latexit sha1_base64="CRX8p00CCT8YYxJYFLvfrhTn7B8=">AAAB+HicbVDLSgMxFL1TX7W+Rl2Jm2ARXJUZkSq4KbhxWcU+oFNKJpNpQzOTaZJRain+ihsRNwp+hb/g35i2s2nrgcDhnBPuvcdPOFPacX6t3Mrq2vpGfrOwtb2zu2fvH9SVSCWhNSK4kE0fK8pZTGuaaU6biaQ48jlt+P2bid94pFIxET/oYULbEe7GLGQEayN17CNvMEhxgLx71u1pLKV4QjOpYxedkjMFWiZuRoqQodqxf7xAkDSisSYcK9VynUS3R1hqRjgdF7xU0QSTPu7S0XTxMTo1UoBCIc2LNZqqczkcKTWMfJOMsO6pRW8i/ue1Uh1etUcsTlJNYzIbFKYcaYEmLaCASUo0HxqCiWRmQ0R6WGKiTVcFc7q7eOgyqZ+X3HKpfHdRrFxnJeThGE7gDFy4hArcQhVqQOAF3uATvqxn69V6tz5m0ZyV/TmEOVjff+ODkwk=</latexit>)

solution of

<latexit sha1_base64="XnU7VTXnQLR5xbyO00HX1gmKf0k=">AAACTnicbVFbSwJBGJ01LbOb1WMvH0nQS7IbYUIIQg/2aOINXFlmx1kdnL0wMxuI+P967KWH/kgvETVewFY7MHC+c765fGfciDOpTPPDSO2kM7t72f3cweHR8Un+9Kwtw1gQ2iIhD0XXxZJyFtCWYorTbiQo9l1OO+74ce53XqiQLAyaahLRvo+HAfMYwUpLTj6sOVPbj8EO4hn0huuiDxVorMukdQO2JzCxbuGPDI3kARUogx0xqEFzrTr5glk0F4BtYq1IAa1Qd/Kv9iAksU8DRTiWsmeZkepPsVCMcDrL2bGkESZjPKTTRRwzuNLSALxQ6BUoWKiJPuxLOfFd3eljNZKb3lz8z+vFyiv3pyyIYkUDsrzIizmoEObZwoAJShSfaIKJYPqFQEZYB6X0D+T06NbmoNukfVu0SsXS812h+rAKIYsu0CW6Rha6R1X0hOqohQh6R19G2sgYb8an8W38LFtTxmrPOUoglf0FTJGwmA==</latexit>

Gµ⌫ [gµ⌫ ] = Rµ⌫ [gµ⌫ ]�
1

2
gµ⌫R[gµ⌫ ] = 8⇡GTµ⌫

<latexit sha1_base64="nVmytTKmd/2TDd94s156rQzNNR0=">AAAC8HicfVJdi9QwFE3r1zp+zeqjLxcHYaTu0A6yCiIsiODjKs7uynSmpGnaCZN+kNwqQ+j/8EXEFwV/iX/Bf2PaqcjsihdCTs89957cpHElhUbf/+W4ly5fuXpt7/rgxs1bt+8M9++e6LJWjM9YKUt1FlPNpSj4DAVKflYpTvNY8tN4/bLNn37gSouyeIebii9ymhUiFYyipaJ9ZxgmXCKFLDKIDcALgIMwVZQZFenGqAYOAE Jd55EJuZQQZhymjyFvQC07woSMSnjVLL1eYVPv/8JQ8hTn220cgAc0CpYe7FrYb5mUqK2TEtkKH3kAYGAdtV2aVt5NamJJ2brvOe57vO069HVLM4XO2Qv+yAIP4v9Z9pX9voBoOPInfhdwEQQ9GJE+jqPhzzApWZ3zApmkWs8Dv8KFoQoFk7wZhLXmlT03zbjpxmjgoaUSSEtlV4HQsTs6mmu9yWOrzCmu9PlcS/4rN68xfbYwoqhq5AXbGqW1BCyhfX1IhOIM5cYCypSwJwS2ovZe0P4jAzt6cH7Qi+BkOgkOJ4dvnoyOnveXsEfukwdkTALylByR1+SYzAhzPjqfnW/Od1e5n9wv7tet1HX6mntkJ9wfvwE/hubL</latexit>
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regular at the origin



Relativistic case

<latexit sha1_base64="yAwsb990IVhzmkb43gUq/mYmZsg=">AAAB/HicbVDdSgJBGP3W/sz+trqMYEiCrmRXxIIIhC7q0iA1cE1mx1l3cHZnmZkNROymV+kmopuCnqFX6G0adW/UDgwczjnD933HTzhT2nF+rdzK6tr6Rn6zsLW9s7tn7x80lUgloQ0iuJAPPlaUs5g2NNOcPiSS4sjntOUPrid+64lKxUR8r4cJ7US4H7OAEayN1LWPvRj7HD+WkVcPGbpCFeQlDN0gT4YCde2iU3KmQMvEzUgRMtS79o/XEySNaKwJx0q1XSfRnRGWmhFOxwUvVTTBZID7dDRdfoxOjdRDgZDmxRpN1bkcjpQaRr5JRliHatGbiP957VQHF50Ri5NU05jMBgUpR1qgSROoxyQlmg8NwUQysyEiIZaYaNNXwZzuLh66TJrlklstVe8qxdplVkIejuAEzsCFc6jBLdShAQRe4A0+4ct6tl6td+tjFs1Z2Z9DmIP1/QdBLJJV</latexit>

r2� = 4⇡G⇢

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢
PM non-linearities• Polar (parity even) perturbations:

• In general relativity we have Einstein equations:

<latexit sha1_base64="bbdCuymVQvOKawSxJpGj9orPiME=">AAACCXicbVDLSsNAANz4rPUV9ehlsQjioSQiVfBS8OKxin1AU8Jms0mWbjbpPpQS+gVe/BUvIl4UvPgL/o1pGw9tHVgYZmbZnfFSRqWyrB9jaXlldW29tFHe3Nre2TX39lsy0QKTJk5YIjoekoRRTpqKKkY6qSAo9hhpe/3rsd9+IELShN+rYUp6MQo5DShGKpdc89RpRBQ6g4FGPnTuaBgpJETy+CeFbubEGjpcj1yzYlWtCeAisQtSAQUarvnt+AnWMeEKMyRl17ZS1cuQUBQzMio7WpIU4T4KSTZpMoLHueTDIBH54QpO1JkciqUcxl6ejJGK5Lw3Fv/zuloFl72M8lQrwvH0oUAzqBI4ngX6VBCs2DAnCAua/xDiCAmEVT5eOa9uzxddJK2zql2r1m7PK/WrYoQSOARH4ATY4ALUwQ1ogCbA4Bm8gg/waTwZL8ab8T6NLhnFnQMwA+PrFycamcs=</latexit>

� ) gµ⌫

<latexit sha1_base64="CRX8p00CCT8YYxJYFLvfrhTn7B8=">AAAB+HicbVDLSgMxFL1TX7W+Rl2Jm2ARXJUZkSq4KbhxWcU+oFNKJpNpQzOTaZJRain+ihsRNwp+hb/g35i2s2nrgcDhnBPuvcdPOFPacX6t3Mrq2vpGfrOwtb2zu2fvH9SVSCWhNSK4kE0fK8pZTGuaaU6biaQ48jlt+P2bid94pFIxET/oYULbEe7GLGQEayN17CNvMEhxgLx71u1pLKV4QjOpYxedkjMFWiZuRoqQodqxf7xAkDSisSYcK9VynUS3R1hqRjgdF7xU0QSTPu7S0XTxMTo1UoBCIc2LNZqqczkcKTWMfJOMsO6pRW8i/ue1Uh1etUcsTlJNYzIbFKYcaYEmLaCASUo0HxqCiWRmQ0R6WGKiTVcFc7q7eOgyqZ+X3HKpfHdRrFxnJeThGE7gDFy4hArcQhVqQOAF3uATvqxn69V6tz5m0ZyV/TmEOVjff+ODkwk=</latexit>)
<latexit sha1_base64="XnU7VTXnQLR5xbyO00HX1gmKf0k=">AAACTnicbVFbSwJBGJ01LbOb1WMvH0nQS7IbYUIIQg/2aOINXFlmx1kdnL0wMxuI+P967KWH/kgvETVewFY7MHC+c765fGfciDOpTPPDSO2kM7t72f3cweHR8Un+9Kwtw1gQ2iIhD0XXxZJyFtCWYorTbiQo9l1OO+74ce53XqiQLAyaahLRvo+HAfMYwUpLTj6sOVPbj8EO4hn0huuiDxVorMukdQO2JzCxbuGPDI3kARUogx0xqEFzrTr5glk0F4BtYq1IAa1Qd/Kv9iAksU8DRTiWsmeZkepPsVCMcDrL2bGkESZjPKTTRRwzuNLSALxQ6BUoWKiJPuxLOfFd3eljNZKb3lz8z+vFyiv3pyyIYkUDsrzIizmoEObZwoAJShSfaIKJYPqFQEZYB6X0D+T06NbmoNukfVu0SsXS812h+rAKIYsu0CW6Rha6R1X0hOqohQh6R19G2sgYb8an8W38LFtTxmrPOUoglf0FTJGwmA==</latexit>

Gµ⌫ [gµ⌫ ] = Rµ⌫ [gµ⌫ ]�
1

2
gµ⌫R[gµ⌫ ] = 8⇡GTµ⌫

• Axial (parity odd) perturbations:

• Expressions above are not-gauge invariant. Ambiguity in definition of Love numbers. [Gralla ’17]

<latexit sha1_base64="nVmytTKmd/2TDd94s156rQzNNR0=">AAAC8HicfVJdi9QwFE3r1zp+zeqjLxcHYaTu0A6yCiIsiODjKs7uynSmpGnaCZN+kNwqQ+j/8EXEFwV/iX/Bf2PaqcjsihdCTs89957cpHElhUbf/+W4ly5fuXpt7/rgxs1bt+8M9++e6LJWjM9YKUt1FlPNpSj4DAVKflYpTvNY8tN4/bLNn37gSouyeIebii9ymhUiFYyipaJ9ZxgmXCKFLDKIDcALgIMwVZQZFenGqAYOAE Jd55EJuZQQZhymjyFvQC07woSMSnjVLL1eYVPv/8JQ8hTn220cgAc0CpYe7FrYb5mUqK2TEtkKH3kAYGAdtV2aVt5NamJJ2brvOe57vO069HVLM4XO2Qv+yAIP4v9Z9pX9voBoOPInfhdwEQQ9GJE+jqPhzzApWZ3zApmkWs8Dv8KFoQoFk7wZhLXmlT03zbjpxmjgoaUSSEtlV4HQsTs6mmu9yWOrzCmu9PlcS/4rN68xfbYwoqhq5AXbGqW1BCyhfX1IhOIM5cYCypSwJwS2ovZe0P4jAzt6cH7Qi+BkOgkOJ4dvnoyOnveXsEfukwdkTALylByR1+SYzAhzPjqfnW/Od1e5n9wv7tet1HX6mntkJ9wfvwE/hubL</latexit>
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<latexit sha1_base64="My7cpwLqg6k4FL9C7kes6PewiV4="></latexit>
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<latexit sha1_base64="WH2L/Ct5CannWPcj0AIgDQXmll4=">AAACB3icbVDLSsNAANzUV62vqEcvi0XoqSQiVRCh4EGPFWwtNCFstpt26WYT9iGU0A/w4q94EfGi4M1f8G/cpgFp68DCMDPL7kyYMiqV4/xYpZXVtfWN8mZla3tnd8/eP+jIRAtM2jhhieiGSBJGOWkrqhjppoKgOGTkIRxdT/2HRyIkTfi9GqfEj9GA04hipIwU2DUvRALeBJkXa+hxPYE9mEuDP8mHV9AJ7KpTd3LAZeIWpAoKtAL72+snWMeEK8yQlD3XSZWfIaEoZmRS8bQkKcIjNCBZ3mMCT4zUh1EizOEK5upcDsVSjuPQJGOkhnLRm4r/eT2togs/ozzVinA8eyjSDKoETkeBfSoIVmxsCMKCmh9CPEQCYWWmq5jq7mLRZdI5rbuNeuPurNq8LEYogyNwDGrABeegCW5BC7QBBs/gFXyAT+vJerHerPdZtGQVdw7BHKyvX3YIl4c=</latexit>

Ḡµ⌫ [ḡµ⌫ ] = 0
<latexit sha1_base64="yMJdwYKIE0CwyWD3Fr9yhffA5vI=">AAAB9HicbVDLSsNAFL3xWesrKq7cDBbBVUlEquCm4MZlBfuApoTJZNIOnTyYuSmU0D9xI+JGwe/wF/wbp49NWw8MHM45w733BJkUGh3n19rY3Nre2S3tlfcPDo+O7ZPTlk5zxXiTpTJVnYBqLkXCmyhQ8k6mOI0DydvB8HHqt0dcaZEmLzjOeC+m/UREglE0km+feyGXSIkXUEX6fkEQyYT4dsWpOjOQdeIuSAUWaPj2jxemLI95gkxSrbuuk2GvoAoFk3xS9nLNM8qGtM+L2dITcmWkkESpMi9BMlOXcjTWehwHJhlTHOhVbyr+53VzjO57hUiyHHnC5oOiXBJMybQBEgrFGcqxIZQpYTYkbEAVZWh6KpvT3dVD10nrpurWqrXn20r9YVFCCS7gEq7BhTuowxM0oAkMCniDT/iyRtar9W59zKMb1uLPGSzB+v4DgfyQaQ==</latexit>

�ḡtttidal field solution of regular at the origin

• Things get worse when including the nonlinear response to the tidal field.



Worldline EFT
• EFT of self-interacting gravitons coupled to classical worldline sources

• From afar, everything looks point-like and localized on a center-of-mass worldline  xμ(λ)
<latexit sha1_base64="jZHO929NnFnuibfnAliJ+044GFE=">AAAB7nicbVDJSgNBFHwTtxiXjHr00hiEeAkzIlHwEvDiMYJZIBNDT09P0qRnoRcxhPyGFxEvCn6Kv+Df2JnMJYkFDUVVPfrV81POpHKcX6uwsbm1vVPcLe3tHxyW7aPjtky0ILRFEp6Iro8l5SymLcUUp91UUBz5nHb88d3c7zxTIVkSP6pJSvsRHsYsZAQrIw3s8suTF2lU9biZCfDFwK44NScDWiduTiqQozmwf7wgITqisSIcS9lznVT1p1goRjidlTwtaYrJGA/pNFt3hs6NFKAwEebFCmXqUg5HUk4i3yQjrEZy1ZuL/3k9rcKb/pTFqVY0JouPQs2RStC8OwqYoETxiSGYCGY2RGSEBSbKXKhkqrurRddJ+7Lm1mv1h6tK4zY/QhFO4Qyq4MI1NOAemtACAhre4BO+rNR6td6tj0W0YOUzJ7AE6/sPkPGOMg==</latexit>

xµ(�)
<latexit sha1_base64="+ERotA1FJ8ZehDmlLToMwVOK4p0=">AAAB+HicbVDLSgNBEOz1GdfXqifxMhgET2FXJApeAl48RjEPSMIyO5lNhsw+mOkVYgj+ihcRLwp+hb/g3zib5JLEgoGiqoburiCVQqPr/lorq2vrG5uFLXt7Z3dv3zk4rOskU4zXWCIT1Qyo5lLEvIYCJW+mitMokLwRDG5zv/HElRZJ/IjDlHci2otFKBhFI/nOsfI1aUuutRaR/WCoJIoQm9i+U3RL7gRkmXgzUoQZqr7z0+4mLIt4jExSrVuem2JnRBUKJvnYbmeap5QNaI+PJouPyZmRuiRMlHkxkok6l6OR1sMoMMmIYl8vern4n9fKMLzujEScZshjNh0UZpJgQvIWSFcozlAODaFMCbMhYX2qKEPTVX66t3joMqlflLxyqXx/WazczEoowAmcwjl4cAUVuIMq1IDBC7zBJ3xZz9ar9W59TKMr1uzPEczB+v4DiLGQyg==</latexit>

rs . R ⌧ r

[Goldberger & Rothstein ‘04, Porto, & many others]

<latexit sha1_base64="iaY6v2ONs6M0jmkVPXI831mPk8w=">AAACJHicbVDLSgMxFM3UV62vqks3wSJUlDIjUgURClLowkWl9gGdsWQymTY0mRmSjFhKf8eNP+LCjYgLFfwW03Y2bb0QOJxzwr3nuBGjUpnml5FaWl5ZXUuvZzY2t7Z3srt7DRnGApM6DlkoWi6ShNGA1BVVjLQiQRB3GWm6/Zux3nwkQtIwuFeDiDgcdQPqU4yUpjrZcu261hnagsNyZQTbXY15DO0gHjnwBCZS83ZWOoVPDxrnbaYXeejY6WRzZsGcDFwEVgJyIJlqJ/tqeyGOOQkUZkjKtmVGyhkioShmZJSxY0kihPuoS4aTkCN4pCkP+qHQL1Bwws74EJdywF3t5Ej15Lw2Jv/T2rHyL50hDaJYkQBPF/kxgyqE48agRwXBig00QFhQfSHEPSQQVrrXjI5uzQddBI2zglUsFO/Oc6WrpIQ0OACHIA8scAFKoAKqoA4weAHv4Bv8GM/Gm/FhfE6tKSP5sw9mxvj9Ay8joxU=</latexit>

S = SEH[gµ⌫ ] + SWL[gµ⌫ , x
µ(�)]



Worldline EFT
• EFT of self-interacting gravitons coupled to classical worldline sources

<latexit sha1_base64="jZHO929NnFnuibfnAliJ+044GFE=">AAAB7nicbVDJSgNBFHwTtxiXjHr00hiEeAkzIlHwEvDiMYJZIBNDT09P0qRnoRcxhPyGFxEvCn6Kv+Df2JnMJYkFDUVVPfrV81POpHKcX6uwsbm1vVPcLe3tHxyW7aPjtky0ILRFEp6Iro8l5SymLcUUp91UUBz5nHb88d3c7zxTIVkSP6pJSvsRHsYsZAQrIw3s8suTF2lU9biZCfDFwK44NScDWiduTiqQozmwf7wgITqisSIcS9lznVT1p1goRjidlTwtaYrJGA/pNFt3hs6NFKAwEebFCmXqUg5HUk4i3yQjrEZy1ZuL/3k9rcKb/pTFqVY0JouPQs2RStC8OwqYoETxiSGYCGY2RGSEBSbKXKhkqrurRddJ+7Lm1mv1h6tK4zY/QhFO4Qyq4MI1NOAemtACAhre4BO+rNR6td6tj0W0YOUzJ7AE6/sPkPGOMg==</latexit>

xµ(�)
• Micro-structure integrated out. Modelled as series of multipole moments

mass

quadrupole

octupole
<latexit sha1_base64="HZqzHFJfoqr8CDah0eSc7p80ZYw="></latexit>

Eij = Ci0j0 , Bij =
1

2
✏i0klC

kl
j0

<latexit sha1_base64="DMHDV6ybfvkGbImVQdQnLcbBFe4=">AAAB93icbVDLSgMxFM3UV62vUTeCm2ARXJUZkSq4KXTjsoJ9QKcMmTTThuYxJBlhGOqvuBFxo+Bf+Av+jWk7m7YeuHA454Tce6KEUW0879cpbWxube+Udyt7+weHR+7xSUfLVGHSxpJJ1YuQJowK0jbUMNJLFEE8YqQbTZozv/tMlKZSPJksIQOORoLGFCNjpdA9a4Z5wFMYCDtqLGGg6YijKQzdqlfz5oDrxC9IFRRohe5PMJQ45UQYzJDWfd9LzCBHylDMyLQSpJokCE/QiOTzvafw0kpDGEtlRxg4V5dyiGud8cgmOTJjverNxP+8fmriu0FORZIaIvDiozhl0Eg4KwEOqSLYsMwShBW1G0I8RgphY6uq2NP91UPXSee65tdr9cebauO+KKEMzsEFuAI+uAUN8ABaoA0weAFv4BN8OZnz6rw7H4toySnenIIlON9/IuuR8w==</latexit>

Cµ⌫⇢� Weyl tensor

• From afar, everything looks point-like and localized on a center-of-mass worldline  xμ(λ)

[Goldberger & Rothstein ‘04, Porto, & many others]

<latexit sha1_base64="iaY6v2ONs6M0jmkVPXI831mPk8w=">AAACJHicbVDLSgMxFM3UV62vqks3wSJUlDIjUgURClLowkWl9gGdsWQymTY0mRmSjFhKf8eNP+LCjYgLFfwW03Y2bb0QOJxzwr3nuBGjUpnml5FaWl5ZXUuvZzY2t7Z3srt7DRnGApM6DlkoWi6ShNGA1BVVjLQiQRB3GWm6/Zux3nwkQtIwuFeDiDgcdQPqU4yUpjrZcu261hnagsNyZQTbXY15DO0gHjnwBCZS83ZWOoVPDxrnbaYXeejY6WRzZsGcDFwEVgJyIJlqJ/tqeyGOOQkUZkjKtmVGyhkioShmZJSxY0kihPuoS4aTkCN4pCkP+qHQL1Bwws74EJdywF3t5Ej15Lw2Jv/T2rHyL50hDaJYkQBPF/kxgyqE48agRwXBig00QFhQfSHEPSQQVrrXjI5uzQddBI2zglUsFO/Oc6WrpIQ0OACHIA8scAFKoAKqoA4weAHv4Bv8GM/Gm/FhfE6tKSP5sw9mxvj9Ay8joxU=</latexit>

S = SEH[gµ⌫ ] + SWL[gµ⌫ , x
µ(�)]

<latexit sha1_base64="9hZPFUTQU8c1KJjLM8V9fxzKlzo="></latexit>

SWL =

Z
d⌧

h
M +QijE

ij +QijkrhiEjki +magnetic + · · ·
i



Worldline EFT

<latexit sha1_base64="jZHO929NnFnuibfnAliJ+044GFE=">AAAB7nicbVDJSgNBFHwTtxiXjHr00hiEeAkzIlHwEvDiMYJZIBNDT09P0qRnoRcxhPyGFxEvCn6Kv+Df2JnMJYkFDUVVPfrV81POpHKcX6uwsbm1vVPcLe3tHxyW7aPjtky0ILRFEp6Iro8l5SymLcUUp91UUBz5nHb88d3c7zxTIVkSP6pJSvsRHsYsZAQrIw3s8suTF2lU9biZCfDFwK44NScDWiduTiqQozmwf7wgITqisSIcS9lznVT1p1goRjidlTwtaYrJGA/pNFt3hs6NFKAwEebFCmXqUg5HUk4i3yQjrEZy1ZuL/3k9rcKb/pTFqVY0JouPQs2RStC8OwqYoETxiSGYCGY2RGSEBSbKXKhkqrurRddJ+7Lm1mv1h6tK4zY/QhFO4Qyq4MI1NOAemtACAhre4BO+rNR6td6tj0W0YOUzJ7AE6/sPkPGOMg==</latexit>

xµ(�)

mass

quadrupole

octupole

• Integrating out multipoles

linear response + nonlinearities

<latexit sha1_base64="cC6IGfturJBVb+WF90itSUo7OCI="></latexit>

Qij = �2Eij + . . . , Qijk = �3rhiEjki + . . .

• From afar, everything looks point-like and localized on a center-of-mass worldline  xμ(λ)

• Micro-structure integrated out. Modelled as series of multipole moments

• EFT of self-interacting gravitons coupled to classical worldline sources

[Goldberger & Rothstein ‘04, Porto, & many others]

<latexit sha1_base64="iaY6v2ONs6M0jmkVPXI831mPk8w=">AAACJHicbVDLSgMxFM3UV62vqks3wSJUlDIjUgURClLowkWl9gGdsWQymTY0mRmSjFhKf8eNP+LCjYgLFfwW03Y2bb0QOJxzwr3nuBGjUpnml5FaWl5ZXUuvZzY2t7Z3srt7DRnGApM6DlkoWi6ShNGA1BVVjLQiQRB3GWm6/Zux3nwkQtIwuFeDiDgcdQPqU4yUpjrZcu261hnagsNyZQTbXY15DO0gHjnwBCZS83ZWOoVPDxrnbaYXeejY6WRzZsGcDFwEVgJyIJlqJ/tqeyGOOQkUZkjKtmVGyhkioShmZJSxY0kihPuoS4aTkCN4pCkP+qHQL1Bwws74EJdywF3t5Ej15Lw2Jv/T2rHyL50hDaJYkQBPF/kxgyqE48agRwXBig00QFhQfSHEPSQQVrrXjI5uzQddBI2zglUsFO/Oc6WrpIQ0OACHIA8scAFKoAKqoA4weAHv4Bv8GM/Gm/FhfE6tKSP5sw9mxvj9Ay8joxU=</latexit>

S = SEH[gµ⌫ ] + SWL[gµ⌫ , x
µ(�)]

<latexit sha1_base64="9hZPFUTQU8c1KJjLM8V9fxzKlzo="></latexit>

SWL =

Z
d⌧

h
M +QijE

ij +QijkrhiEjki +magnetic + · · ·
i

<latexit sha1_base64="pzx8sgbTQQO2Map6IPJKsLbw+T4="></latexit>

SWL =

Z
d⌧

h
M + �2EijE

ij + �3rhiEjkirhiEjki +magnetic + · · ·
i



Worldline EFT

<latexit sha1_base64="jZHO929NnFnuibfnAliJ+044GFE=">AAAB7nicbVDJSgNBFHwTtxiXjHr00hiEeAkzIlHwEvDiMYJZIBNDT09P0qRnoRcxhPyGFxEvCn6Kv+Df2JnMJYkFDUVVPfrV81POpHKcX6uwsbm1vVPcLe3tHxyW7aPjtky0ILRFEp6Iro8l5SymLcUUp91UUBz5nHb88d3c7zxTIVkSP6pJSvsRHsYsZAQrIw3s8suTF2lU9biZCfDFwK44NScDWiduTiqQozmwf7wgITqisSIcS9lznVT1p1goRjidlTwtaYrJGA/pNFt3hs6NFKAwEebFCmXqUg5HUk4i3yQjrEZy1ZuL/3k9rcKb/pTFqVY0JouPQs2RStC8OwqYoETxiSGYCGY2RGSEBSbKXKhkqrurRddJ+7Lm1mv1h6tK4zY/QhFO4Qyq4MI1NOAemtACAhre4BO+rNR6td6tj0W0YOUzJ7AE6/sPkPGOMg==</latexit>

xµ(�)
• Micro-structure integrated out. Modelled as series of multipole moments

mass

quadrupole

octupole

• Integrating out multipoles

linear response + nonlinearities

<latexit sha1_base64="cC6IGfturJBVb+WF90itSUo7OCI="></latexit>

Qij = �2Eij + . . . , Qijk = �3rhiEjki + . . .

• From afar, everything looks point-like and localized on a center-of-mass worldline  xμ(λ)

• EFT of self-interacting gravitons coupled to classical worldline sources

[Goldberger & Rothstein ‘04, Porto, & many others]

<latexit sha1_base64="iaY6v2ONs6M0jmkVPXI831mPk8w=">AAACJHicbVDLSgMxFM3UV62vqks3wSJUlDIjUgURClLowkWl9gGdsWQymTY0mRmSjFhKf8eNP+LCjYgLFfwW03Y2bb0QOJxzwr3nuBGjUpnml5FaWl5ZXUuvZzY2t7Z3srt7DRnGApM6DlkoWi6ShNGA1BVVjLQiQRB3GWm6/Zux3nwkQtIwuFeDiDgcdQPqU4yUpjrZcu261hnagsNyZQTbXY15DO0gHjnwBCZS83ZWOoVPDxrnbaYXeejY6WRzZsGcDFwEVgJyIJlqJ/tqeyGOOQkUZkjKtmVGyhkioShmZJSxY0kihPuoS4aTkCN4pCkP+qHQL1Bwws74EJdywF3t5Ej15Lw2Jv/T2rHyL50hDaJYkQBPF/kxgyqE48agRwXBig00QFhQfSHEPSQQVrrXjI5uzQddBI2zglUsFO/Oc6WrpIQ0OACHIA8scAFKoAKqoA4weAHv4Bv8GM/Gm/FhfE6tKSP5sw9mxvj9Ay8joxU=</latexit>

S = SEH[gµ⌫ ] + SWL[gµ⌫ , x
µ(�)]

<latexit sha1_base64="9hZPFUTQU8c1KJjLM8V9fxzKlzo="></latexit>

SWL =

Z
d⌧

h
M +QijE

ij +QijkrhiEjki +magnetic + · · ·
i

<latexit sha1_base64="nmp8dFQrxWdrsLsUuC6xw/qYTSw="></latexit>

SWL =

Z
d⌧

h
M +

X

L=2

�`ELE
L +magnetic + · · ·

i



• Action

Tidal effects in the WEFT

Linear Love number couplings

Quadratic Love number couplings

(partity invariant operators)

• WEFT provides coordinate-independent definition of Love numbers and systematically 
accounts for non-linearities 

• See Poisson (e.g. 2012.10184) and Poisson & Pitre (e.g. 2506.08722) for a different approach

<latexit sha1_base64="iaY6v2ONs6M0jmkVPXI831mPk8w=">AAACJHicbVDLSgMxFM3UV62vqks3wSJUlDIjUgURClLowkWl9gGdsWQymTY0mRmSjFhKf8eNP+LCjYgLFfwW03Y2bb0QOJxzwr3nuBGjUpnml5FaWl5ZXUuvZzY2t7Z3srt7DRnGApM6DlkoWi6ShNGA1BVVjLQiQRB3GWm6/Zux3nwkQtIwuFeDiDgcdQPqU4yUpjrZcu261hnagsNyZQTbXY15DO0gHjnwBCZS83ZWOoVPDxrnbaYXeejY6WRzZsGcDFwEVgJyIJlqJ/tqeyGOOQkUZkjKtmVGyhkioShmZJSxY0kihPuoS4aTkCN4pCkP+qHQL1Bwws74EJdywF3t5Ej15Lw2Jv/T2rHyL50hDaJYkQBPF/kxgyqE48agRwXBig00QFhQfSHEPSQQVrrXjI5uzQddBI2zglUsFO/Oc6WrpIQ0OACHIA8scAFKoAKqoA4weAHv4Bv8GM/Gm/FhfE6tKSP5sw9mxvj9Ay8joxU=</latexit>

S = SEH[gµ⌫ ] + SWL[gµ⌫ , x
µ(�)]

<latexit sha1_base64="MzKzXFkogItdVI3/ct7eEdmATjM="></latexit>

SWL =

Z
d⌧

⇢
M +

X

L

�
�E
` ELE

L + �B
` BLB

L
�

+
X

L1L2L3

h
�E3

`1`2`3 (EL1EL2EL3) + �EB2

`1`2`3 (EL1BL2BL3)
i
+O(E4, . . .)

�



• Action

Matching

<latexit sha1_base64="xC/2fgZhyVgzJuakKYBU5yIh4Mk=">AAAB9XicbVDLSsNAFL2pr1pfUcGNm8EiuCqJSBXcFNy4rGAf0JQwmUzaoZMHMxOlxHyKGxE3Cv6Gv+DfOE2zaeuFgcM5594793gJZ1JZ1q9RWVvf2Nyqbtd2dvf2D8zDo66MU0Foh8Q8Fn0PS8pZRDuKKU77iaA49DjteZO7md57okKyOHpU04QOQzyKWMAIVppyzROnmJEJ6ufI4brRxy5Drlm3GlZRaBXYJahDWW3X/HH8mKQhjRThWMqBbSVqmGGhGOE0rzmppAkmEzyiWbExR+ea8lEQC/0ihQp2wYdDKaehp50hVmO5rM3I/7RBqoKbYcaiJFU0IvNFQcqRitEsAuQzQYniUw0wEUz/EJExFpgoHVRNn24vH7oKupcNu9loPlzVW7dlCFU4hTO4ABuuoQX30IYOEHiBN/iEL+PZeDXejY+5tWKUPcewUMb3H4I5kak=</latexit>

�i

<latexit sha1_base64="uh6nlPCl/XDPN5PKVzZ28HChkFE=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNwY3LKvYBbSmZNNPGZiZDckcppf/gRsSNgl/jL/g3ZtrZtPVA4HDOCfee68dSGHTdXye3tr6xuZXfLuzs7u0fFA+PGkYlmvE6U1Lplk8NlyLidRQoeSvWnIa+5E1/dJv6zWeujVDRI45j3g3pIBKBYBSt1O48iMEQqdbqpVcsuWV3BrJKvIyUIEOtV/zp9BVLQh4hk9SYtufG2J1QjYJJPi10EsNjykZ0wCezRafkzEp9EihtX4Rkpi7kaGjMOPRtMqQ4NMteKv7ntRMMrrsTEcUJ8ojNBwWJJKhI2pr0heYM5dgSyrSwGxI2pJoytLcp2OrectFV0rgoe5Vy5f6yVL3JjpCHEziFc/DgCqpwBzWoAwMFb/AJX86T8+q8Ox/zaM7J/hzDApzvP163jRw=</latexit>

)
• Compute  by matching black hole or stellar perturbation theory in GR to the WEFTλ′ is

=NSPT WEFT

 is gauge independent, but  must be 
matched in the same gauge

λ δgμν

<latexit sha1_base64="md3daBoYNX5nstg7Jj6B09dDbvs="></latexit>

h�gµ⌫(�i)iEFT

<latexit sha1_base64="aAsbBShZJOyqzOk5+reV44Otv8g=">AAAB8nicbVDLSsNAFJ3UV62vaJduBovgqiQiVXBTcOOygn1AU8JkMmmHTiZh5o4QQn/EjYgbBT/EX/BvTNts2npg4HDOGe49N0gF1+A4v1Zla3tnd6+6Xzs4PDo+sU/PejoxirIuTUSiBgHRTHDJusBBsEGqGIkDwfrB9GHu91+Y0jyRz5ClbBSTseQRpwQKybfrXsgEEDz2cy822JNmhn274TSdBfAmcUvSQCU6vv3jhQk1MZNABdF66DopjHKigFPBZjXPaJYSOiVjli9WnuHLQgpxlKjiScALdSVHYq2zOCiSMYGJXvfm4n/e0EB0N8q5TA0wSZeDIiMwJHjeH4dcMQoiKwihihcbYjohilAorlQrqrvrRTdJ77rptpqtp5tG+748QhWdowt0hVx0i9roEXVQF1GUoTf0ib4ssF6td+tjGa1Y5Z86WoH1/QfTnpAZ</latexit>

�gµ⌫

<latexit sha1_base64="13EE1yrDnY3R7OROGxj+QjmXsRg=">AAAB5HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNwY3LKvYBbSmZNDMNzUyG5I5QSv/AjYgbBb/HX/BvTKezaeuBwOGcE+4910+kMOi6v05hY3Nre6e4W9rbPzg8Kh+ftIxKNeNNpqTSHZ8aLkXMmyhQ8k6iOY18ydv++H7ut1+4NkLFzzhJeD+iYSwCwShaqa1JLwzJ06BccatuBrJOvJxUIEdjUP7pDRVLIx4jk9SYrucm2J9SjYJJPiv1UsMTysY05NNsyRm5sNKQBErbFyPJ1KUcjYyZRL5NRhRHZtWbi/953RSD2/5UxEmKPGaLQUEqCSoyb0yGQnOGcmIJZVrYDQkbUU0Z2ruUbHVvteg6aV1VvVq19nhdqd/lRyjCGZzDJXhwA3V4gAY0gcEY3uATvpzAeXXenY9FtODkf05hCc73H0fMip0=</latexit>

r � R

<latexit sha1_base64="iaY6v2ONs6M0jmkVPXI831mPk8w=">AAACJHicbVDLSgMxFM3UV62vqks3wSJUlDIjUgURClLowkWl9gGdsWQymTY0mRmSjFhKf8eNP+LCjYgLFfwW03Y2bb0QOJxzwr3nuBGjUpnml5FaWl5ZXUuvZzY2t7Z3srt7DRnGApM6DlkoWi6ShNGA1BVVjLQiQRB3GWm6/Zux3nwkQtIwuFeDiDgcdQPqU4yUpjrZcu261hnagsNyZQTbXY15DO0gHjnwBCZS83ZWOoVPDxrnbaYXeejY6WRzZsGcDFwEVgJyIJlqJ/tqeyGOOQkUZkjKtmVGyhkioShmZJSxY0kihPuoS4aTkCN4pCkP+qHQL1Bwws74EJdywF3t5Ej15Lw2Jv/T2rHyL50hDaJYkQBPF/kxgyqE48agRwXBig00QFhQfSHEPSQQVrrXjI5uzQddBI2zglUsFO/Oc6WrpIQ0OACHIA8scAFKoAKqoA4weAHv4Bv8GM/Gm/FhfE6tKSP5sw9mxvj9Ay8joxU=</latexit>

S = SEH[gµ⌫ ] + SWL[gµ⌫ , x
µ(�)]

<latexit sha1_base64="MzKzXFkogItdVI3/ct7eEdmATjM="></latexit>

SWL =

Z
d⌧

⇢
M +

X

L

�
�E
` ELE

L + �B
` BLB

L
�

+
X

L1L2L3

h
�E3

`1`2`3 (EL1EL2EL3) + �EB2

`1`2`3 (EL1BL2BL3)
i
+O(E4, . . .)

�



• Action

WEFT calculation
<latexit sha1_base64="iaY6v2ONs6M0jmkVPXI831mPk8w=">AAACJHicbVDLSgMxFM3UV62vqks3wSJUlDIjUgURClLowkWl9gGdsWQymTY0mRmSjFhKf8eNP+LCjYgLFfwW03Y2bb0QOJxzwr3nuBGjUpnml5FaWl5ZXUuvZzY2t7Z3srt7DRnGApM6DlkoWi6ShNGA1BVVjLQiQRB3GWm6/Zux3nwkQtIwuFeDiDgcdQPqU4yUpjrZcu261hnagsNyZQTbXY15DO0gHjnwBCZS83ZWOoVPDxrnbaYXeejY6WRzZsGcDFwEVgJyIJlqJ/tqeyGOOQkUZkjKtmVGyhkioShmZJSxY0kihPuoS4aTkCN4pCkP+qHQL1Bwws74EJdywF3t5Ej15Lw2Jv/T2rHyL50hDaJYkQBPF/kxgyqE48agRwXBig00QFhQfSHEPSQQVrrXjI5uzQddBI2zglUsFO/Oc6WrpIQ0OACHIA8scAFKoAKqoA4weAHv4Bv8GM/Gm/FhfE6tKSP5sw9mxvj9Ay8joxU=</latexit>

S = SEH[gµ⌫ ] + SWL[gµ⌫ , x
µ(�)]

<latexit sha1_base64="MzKzXFkogItdVI3/ct7eEdmATjM="></latexit>

SWL =

Z
d⌧

⇢
M +

X

L

�
�E
` ELE

L + �B
` BLB

L
�

+
X

L1L2L3

h
�E3

`1`2`3 (EL1EL2EL3) + �EB2

`1`2`3 (EL1BL2BL3)
i
+O(E4, . . .)

�



• Action

WEFT calculation

• Background-field method

Background tidal field 

(satisfies vacuum Einstein eqs.)

<latexit sha1_base64="oHBsadS7iOMYA2+J5m/fnlUj3kU=">AAACBHicdVDLSgMxAMzWV62vVY9egqXgqWSLrC0iFDzosYJ9QHdZsmm2Dc0+SLJCKb168Ve8iHhR8Owv+DdmtxWp6EBgmJmQzPgJZ1Ih9GkUVlbX1jeKm6Wt7Z3dPXP/oCPjVBDaJjGPRc/HknIW0bZiitNeIigOfU67/vgy87t3VEgWR7dqklA3xMOIBYxgpSXPrDg+FvDKmzphCp0onfVzYfgjuPACeWYZVZGGbcOMWHVkadJo1Gu1BrRyC6EyWKDlmR/OICZpSCNFOJayb6FEuVMsFCOczkpOKmmCyRgP6TQvMYMVLQ1gEAt9IgVzdSmHQyknoa+TIVYj+dvLxL+8fqqCujtlUZIqGpH5Q0HKoYphtggcMEGJ4hNNMBFM/xCSERaYKL1bSVf/7gf/J51a1bKr9s1puXm+GKEIjsAxOAEWOANNcA1aoA0IeABP4BW8GffGo/FsvMyjBWNx5xAswXj/Aq5zl0Y=</latexit>

Ḡµ⌫ [ḡµ⌫ ] = 0

<latexit sha1_base64="FeuW7FX6nk+cEMMfuxnAr4CGaQk=">AAACbXicfVHZSsNAFJ3ErdYtKr6oyGAUhUJJRKogQsGXPlawCzQlTKbTduhkYRahhPyC3+Uv+BW++AFOF6SLemHgcM695y4TJIwK6Tgfhrmyura+kdvMb23v7O5Z+wd1ESuOSQ3HLObNAAnCaERqkkpGmgknKAwYaQSDp5HeeCVc0Dh6kcOEtEPUi2iXYiQ15VtvPT/1QgW9SGXwEXpjxzRgimTQCxCHs/qPivAggwXY/6eWSDSjFmDlL585G9+ynaIzDrgM3CmwwTSqvvXudWKsQhJJzJAQLddJZDtFXFLMSJb3lCCJboN6JB13zeClpjqwG3P9IgnH7FweCoUYhoHODJHsi0VtRP6mtZTs3rdTGiVKkghPGnUVgzKGo9PDDuUESzbUAGFO9YQQ9xFHWOoPyuvV3cVFl0H9puiWiqXnW7v8MD1CDpyAc3ANXHAHyqACqqAGMPgyjg3buDA+zSPz1DybpJrGtOYQzIV59Q2CjbuD</latexit>

gµ⌫ = ḡµ⌫ + hµ⌫ = ⌘µ⌫ +Hµ⌫ + hµ⌫

<latexit sha1_base64="iaY6v2ONs6M0jmkVPXI831mPk8w=">AAACJHicbVDLSgMxFM3UV62vqks3wSJUlDIjUgURClLowkWl9gGdsWQymTY0mRmSjFhKf8eNP+LCjYgLFfwW03Y2bb0QOJxzwr3nuBGjUpnml5FaWl5ZXUuvZzY2t7Z3srt7DRnGApM6DlkoWi6ShNGA1BVVjLQiQRB3GWm6/Zux3nwkQtIwuFeDiDgcdQPqU4yUpjrZcu261hnagsNyZQTbXY15DO0gHjnwBCZS83ZWOoVPDxrnbaYXeejY6WRzZsGcDFwEVgJyIJlqJ/tqeyGOOQkUZkjKtmVGyhkioShmZJSxY0kihPuoS4aTkCN4pCkP+qHQL1Bwws74EJdywF3t5Ej15Lw2Jv/T2rHyL50hDaJYkQBPF/kxgyqE48agRwXBig00QFhQfSHEPSQQVrrXjI5uzQddBI2zglUsFO/Oc6WrpIQ0OACHIA8scAFKoAKqoA4weAHv4Bv8GM/Gm/FhfE6tKSP5sw9mxvj9Ay8joxU=</latexit>

S = SEH[gµ⌫ ] + SWL[gµ⌫ , x
µ(�)]

<latexit sha1_base64="MzKzXFkogItdVI3/ct7eEdmATjM="></latexit>
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• Action

• Background-field method

Background tidal field 

(satisfies vacuum Einstein eqs.)

<latexit sha1_base64="oHBsadS7iOMYA2+J5m/fnlUj3kU=">AAACBHicdVDLSgMxAMzWV62vVY9egqXgqWSLrC0iFDzosYJ9QHdZsmm2Dc0+SLJCKb168Ve8iHhR8Owv+DdmtxWp6EBgmJmQzPgJZ1Ih9GkUVlbX1jeKm6Wt7Z3dPXP/oCPjVBDaJjGPRc/HknIW0bZiitNeIigOfU67/vgy87t3VEgWR7dqklA3xMOIBYxgpSXPrDg+FvDKmzphCp0onfVzYfgjuPACeWYZVZGGbcOMWHVkadJo1Gu1BrRyC6EyWKDlmR/OICZpSCNFOJayb6FEuVMsFCOczkpOKmmCyRgP6TQvMYMVLQ1gEAt9IgVzdSmHQyknoa+TIVYj+dvLxL+8fqqCujtlUZIqGpH5Q0HKoYphtggcMEGJ4hNNMBFM/xCSERaYKL1bSVf/7gf/J51a1bKr9s1puXm+GKEIjsAxOAEWOANNcA1aoA0IeABP4BW8GffGo/FsvMyjBWNx5xAswXj/Aq5zl0Y=</latexit>

Ḡµ⌫ [ḡµ⌫ ] = 0

• Gauge-fixing term (background de Donder)

<latexit sha1_base64="FeuW7FX6nk+cEMMfuxnAr4CGaQk=">AAACbXicfVHZSsNAFJ3ErdYtKr6oyGAUhUJJRKogQsGXPlawCzQlTKbTduhkYRahhPyC3+Uv+BW++AFOF6SLemHgcM695y4TJIwK6Tgfhrmyura+kdvMb23v7O5Z+wd1ESuOSQ3HLObNAAnCaERqkkpGmgknKAwYaQSDp5HeeCVc0Dh6kcOEtEPUi2iXYiQ15VtvPT/1QgW9SGXwEXpjxzRgimTQCxCHs/qPivAggwXY/6eWSDSjFmDlL585G9+ynaIzDrgM3CmwwTSqvvXudWKsQhJJzJAQLddJZDtFXFLMSJb3lCCJboN6JB13zeClpjqwG3P9IgnH7FweCoUYhoHODJHsi0VtRP6mtZTs3rdTGiVKkghPGnUVgzKGo9PDDuUESzbUAGFO9YQQ9xFHWOoPyuvV3cVFl0H9puiWiqXnW7v8MD1CDpyAc3ANXHAHyqACqqAGMPgyjg3buDA+zSPz1DybpJrGtOYQzIV59Q2CjbuD</latexit>

gµ⌫ = ḡµ⌫ + hµ⌫ = ⌘µ⌫ +Hµ⌫ + hµ⌫

WEFT calculation

<latexit sha1_base64="wTxYSJXpquG1JMI3z4/aDD4u/IM="></latexit>

SGF = �
Z

d4x
p
�ḡḡµ⌫ �̄µ�̄⌫ , �̄⌫ = ḡ⇢�

✓
r̄⇢h�⌫ � 1

2
r̄⌫h⇢�

◆

<latexit sha1_base64="Z0myLfOS7WpJNiTeJaPo9qgbv/E="></latexit>

S = SEH[Hµ⌫ , hµ⌫ ] + SGF[Hµ⌫ , hµ⌫ ] + SWL[Hµ⌫ , hµ⌫ , x
µ]

<latexit sha1_base64="MzKzXFkogItdVI3/ct7eEdmATjM="></latexit>
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• Action

• One-point expectation value

= all Feynman diagrams with one external leg of hμν

<latexit sha1_base64="spAFhXHUIPruMKZh5JJvlkK+wp4="></latexit>

hhµ⌫(x)i =
Z

D[h]hµ⌫ e
iS[H↵� ,h↵� ,x

⇢]

WEFT calculation
<latexit sha1_base64="Z0myLfOS7WpJNiTeJaPo9qgbv/E="></latexit>

S = SEH[Hµ⌫ , hµ⌫ ] + SGF[Hµ⌫ , hµ⌫ ] + SWL[Hµ⌫ , hµ⌫ , x
µ]

<latexit sha1_base64="MzKzXFkogItdVI3/ct7eEdmATjM="></latexit>
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• Action

• One-point expectation value

= all Feynman diagrams with one external leg of hμν

<latexit sha1_base64="spAFhXHUIPruMKZh5JJvlkK+wp4="></latexit>

hhµ⌫(x)i =
Z

D[h]hµ⌫ e
iS[H↵� ,h↵� ,x

⇢]

WEFT calculation

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢
propagator & vertices

<latexit sha1_base64="6b+jxqyY/W5DZgmkZcf+6GKAUsQ=">AAACBHicbVDLSgMxFM3UV62vUZdugqXgqswUqYKbghuXFewDOrVk0kwbmseQZIQyzNaNv+JGxI2Ca3/BvzFtZ9PWCxcO55xwc04YM6qN5/06hY3Nre2d4m5pb//g8Mg9PmlrmShMWlgyqboh0oRRQVqGGka6sSKIh4x0wsntTO88EaWpFA9mGpM+RyNBI4qRsdTArQSRQjilWTp5rGWwOUgDnsBA2FVjCQNNRxxlA7fsVb35wHXg56AM8mkO3J9gKHHCiTCYIa17vhebfoqUoZiRrBQkmsQIT9CIpPMQGaxYaggjqewKA+fskg9xrac8tE6OzFivajPyP62XmOi6n1IRJ4YIvDgUJQwaCWeNwCFVBBs2tQBhRe0PIR4j24qxvZVsdH816Dpo16p+vVq/vyw3bvISiuAMnIML4IMr0AB3oAlaAIMX8AY+wZfz7Lw6787Hwlpw8jenYGmc7z+HHZfO</latexit>

i

k2
Pµ⌫⇢�

<latexit sha1_base64="BSoWHedOcC2L9b85jFrMs/Q55uI=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNwY3LCvYBnVIyaaaNzSRDHkIZ+g9uRNwo+DX+gn9j2s6mrQcCh3NOuPfcKOVMG9//9Qobm1vbO8Xd0t7+weFR+fikpaVVhDaJ5FJ1IqwpZ4I2DTOcdlJFcRJx2o7G9zO//UKVZlI8mUlKewkeChYzgo2TuqN+FiYWhcJO++WKX/XnQOskyEkFcjT65Z9wIIlNqDCEY627gZ+aXoaVYYTTaSm0mqaYjPGQZvNFp+jCSQMUS+WeMGiuLuVwovUkiVwywWakV72Z+J/XtSa+7WVMpNZQQRaDYsuRkWjWGg2YosTwiSOYKOY2RGSEFSbG3abkqgerRddJ66oa1Kq1x+tK/S4/QhHO4BwuIYAbqMMDNKAJBCS8wSd8ec/eq/fufSyiBS//cwpL8L7/ACI4jPM=</latexit>

hµ⌫
<latexit sha1_base64="HQfe6rzkCHbWjP241AT7PsLvDkc=">AAAB6HicbVDLSgMxFL3js9ZX1aWbYBFclRmRKrgpuOmygn1Ap5RMmmljM8mQh1CG/oMbETcKfo2/4N+YtrNp64HA4ZwT7j03SjnTxvd/vY3Nre2d3cJecf/g8Oi4dHLa0tIqQptEcqk6EdaUM0GbhhlOO6miOIk4bUfjh5nffqFKMymezCSlvQQPBYsZwcZJ3Xo/CxOLQmGn/VLZr/hzoHUS5KQMORr90k84kMQmVBjCsdbdwE9NL8PKMMLptBhaTVNMxnhIs/miU3TppAGKpXJPGDRXl3I40XqSRC6ZYDPSq95M/M/rWhPf9TImUmuoIItBseXISDRrjQZMUWL4xBFMFHMbIjLCChPjblN01YPVouukdV0JqpXq4025dp8foQDncAFXEMAt1KAODWgCAQlv8Alf3rP36r17H4vohpf/OYMleN9/8amM0w==</latexit>

Hµ⌫

<latexit sha1_base64="QNjENBE7PoITlTDZ+LaP7DDlVNQ=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNQQSXFewD2lIyaaYNzWSG5I5Qhn6CGxE3Cv6Ov+DfmGln09YDgcM5J9x7rh9LYdB1f53CxubW9k5xt7S3f3B4VD4+aZko0Yw3WSQj3fGp4VIo3kSBkndizWnoS972J/eZ337h2ohIPeM05v2QjpQIBKNopU7aY1SSh9mgXHGr7hxknXg5qUCOxqD80xtGLAm5QiapMV3PjbGfUo2CST4r9RLDY8omdMTT+ZYzcmGlIQkibZ9CMleXcjQ0Zhr6NhlSHJtVLxP/87oJBrf9VKg4Qa7YYlCQSIIRySqTodCcoZxaQpkWdkPCxlRThvYwJVvdWy26TlpXVa9WrT1dV+p3+RGKcAbncAke3EAdHqEBTWAg4Q0+4csZOa/Ou/OxiBac/M8pLMH5/gOEwYti</latexit>

E
<latexit sha1_base64="tQFBnSXdQkgPqx8NUUfiMT+rHiI=">AAAB43icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNwY3LCvYBbSmZ9E4bm5mEJCOU0i9wI+JGwf/xF/wb03Y2bT0QOJxzwr3nhkpwY33/18ttbG5t7+R3C3v7B4dHxeOThpGpZlhnUkjdCqlBwROsW24FtpRGGocCm+HofuY3X1AbLpMnO1bYjekg4RFn1Dqp0RlRpWivWPLL/hxknQQZKUGGWq/40+lLlsaYWCaoMe3AV7Y7odpyJnBa6KQGFWUjOsDJfMcpuXBSn0RSu5dYMleXcjQ2ZhyHLhlTOzSr3kz8z2unNrrtTniiUosJWwyKUkGsJLPCpM81MivGjlCmuduQsCHVlFl3loKrHqwWXSeNq3JQKVcer0vVu+wIeTiDc7iEAG6gCg9QgzoweIY3+IQvD71X7937WERzXvbnFJbgff8BeRKKzg==</latexit> <latexit sha1_base64="tQFBnSXdQkgPqx8NUUfiMT+rHiI=">AAAB43icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNwY3LCvYBbSmZ9E4bm5mEJCOU0i9wI+JGwf/xF/wb03Y2bT0QOJxzwr3nhkpwY33/18ttbG5t7+R3C3v7B4dHxeOThpGpZlhnUkjdCqlBwROsW24FtpRGGocCm+HofuY3X1AbLpMnO1bYjekg4RFn1Dqp0RlRpWivWPLL/hxknQQZKUGGWq/40+lLlsaYWCaoMe3AV7Y7odpyJnBa6KQGFWUjOsDJfMcpuXBSn0RSu5dYMleXcjQ2ZhyHLhlTOzSr3kz8z2unNrrtTniiUosJWwyKUkGsJLPCpM81MivGjlCmuduQsCHVlFl3loKrHqwWXSeNq3JQKVcer0vVu+wIeTiDc7iEAG6gCg9QgzoweIY3+IQvD71X7937WERzXvbnFJbgff8BeRKKzg==</latexit> <latexit sha1_base64="tQFBnSXdQkgPqx8NUUfiMT+rHiI=">AAAB43icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNwY3LCvYBbSmZ9E4bm5mEJCOU0i9wI+JGwf/xF/wb03Y2bT0QOJxzwr3nhkpwY33/18ttbG5t7+R3C3v7B4dHxeOThpGpZlhnUkjdCqlBwROsW24FtpRGGocCm+HofuY3X1AbLpMnO1bYjekg4RFn1Dqp0RlRpWivWPLL/hxknQQZKUGGWq/40+lLlsaYWCaoMe3AV7Y7odpyJnBa6KQGFWUjOsDJfMcpuXBSn0RSu5dYMleXcjQ2ZhyHLhlTOzSr3kz8z2unNrrtTniiUosJWwyKUkGsJLPCpM81MivGjlCmuduQsCHVlFl3loKrHqwWXSeNq3JQKVcer0vVu+wIeTiDc7iEAG6gCg9QgzoweIY3+IQvD71X7937WERzXvbnFJbgff8BeRKKzg==</latexit>

• Feynman rules:

<latexit sha1_base64="Z0myLfOS7WpJNiTeJaPo9qgbv/E="></latexit>

S = SEH[Hµ⌫ , hµ⌫ ] + SGF[Hµ⌫ , hµ⌫ ] + SWL[Hµ⌫ , hµ⌫ , x
µ]

<latexit sha1_base64="MzKzXFkogItdVI3/ct7eEdmATjM="></latexit>
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• Action

• One-point expectation value

= all Feynman diagrams with one external leg of hμν

<latexit sha1_base64="spAFhXHUIPruMKZh5JJvlkK+wp4="></latexit>

hhµ⌫(x)i =
Z

D[h]hµ⌫ e
iS[H↵� ,h↵� ,x

⇢]

WEFT calculation

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

worldline couplings

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M
<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`
<latexit sha1_base64="83e6fpX5RMaoGxgS5u67ZwhiG4U=">AAACC3icbVDLSgMxFL1TX7W+Rl26CRbBRSkzRarQTcGNywr2AZ0yZDKZNjTzIMkIpfQT3PgrbkTcKAj+gn9jph0XbT2Q3JNzTkju9RLOpLKsH6Owsbm1vVPcLe3tHxwemccnHRmngtA2iXkseh6WlLOIthVTnPYSQXHocdr1xreZ332kQrI4elCThA5CPIxYwAhWWnLNisN12MeuQzl3GhX0d55mAso2116U2sw1y1bVmgOtEzsnZcjRcs1vx49JGtJIEY6l7NtWogZTLBQjnM5KTippgskYD+l03ssMXWjJR0Es9IoUmqtLORxKOQk9nQyxGslVLxP/8/qpCm4GUxYlqaIRWTwUpBypGGWDQT4TlCg+0QQTwfQPERlhgYnS4yvp1u3VRtdJp1a169X6/VW52ciHUIQzOIdLsOEamnAHLWgDgWd4hQ/4NJ6MF+PNeF9EC0Z+5xSWYHz9Ap0gmeo=</latexit>

�` ,�``1`2

• Feynman rules:

<latexit sha1_base64="Z0myLfOS7WpJNiTeJaPo9qgbv/E="></latexit>

S = SEH[Hµ⌫ , hµ⌫ ] + SGF[Hµ⌫ , hµ⌫ ] + SWL[Hµ⌫ , hµ⌫ , x
µ]

<latexit sha1_base64="MzKzXFkogItdVI3/ct7eEdmATjM="></latexit>
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• Action

• One-point expectation value

= all Feynman diagrams with one external leg of hμν

<latexit sha1_base64="spAFhXHUIPruMKZh5JJvlkK+wp4="></latexit>

hhµ⌫(x)i =
Z

D[h]hµ⌫ e
iS[H↵� ,h↵� ,x

⇢]

WEFT calculation

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢

worldline couplings

• Controlled expansion parameters:
<latexit sha1_base64="9UOEOvnwdTo73I20sMR5UC67Z+s=">AAACGnicbVBLSwMxGPy2vmp9rXr0EiyCp7orUoVeCiJ4rGIf0K0lm2bb0OyDJCuUZf+JF/+KFxUvCl78N2bbvbR1IDDMTEhm3IgzqSzr1yisrK6tbxQ3S1vbO7t75v5BS4axILRJQh6Kjosl5SygTcUUp51IUOy7nLbd8XXmt5+okCwMHtQkoj0fDwPmMYKVlvpmLXEI5ugmfUzsM4dyniKHc+R4ApNE9GWaiCXlPlMosvtm2apYU6BlYuekDDkaffPdGYQk9mmgCMdSdm0rUr0EC8UIp2nJiSWNMBnjIU2m1VJ0oqUB8kKhT6DQVJ3LYV/Kie/qpI/VSC56mfif142Vd9VLWBDFigZk9pAXc6RClO2EBkxQovhEE0wE0z9EZIT1BkqvWdLV7cWiy6R1XrGrlerdRbley0cowhEcwynYcAl1uIUGNIHAC7zBF3wbz8ar8WF8zqIFI79zCHMwfv4Azdaggg==</latexit>
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• Action

• One-point expectation value

= all Feynman diagrams with one external leg of hμν

<latexit sha1_base64="spAFhXHUIPruMKZh5JJvlkK+wp4="></latexit>

hhµ⌫(x)i =
Z

D[h]hµ⌫ e
iS[H↵� ,h↵� ,x

⇢]

WEFT calculation
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• Action

• One-point expectation value

= all Feynman diagrams with one external leg of hμν

<latexit sha1_base64="spAFhXHUIPruMKZh5JJvlkK+wp4="></latexit>

hhµ⌫(x)i =
Z

D[h]hµ⌫ e
iS[H↵� ,h↵� ,x

⇢]

WEFT calculation

Classical limit = no diagrams with close loops of hμν
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Full GR calculation (BHPT or NSPT)
• Tolman–Oppenheimer–Volkoff equations inside the star and vacuum Einstein equations outside

<latexit sha1_base64="/8540d8uWwH8mKg8TvX1AtxTATM="></latexit>

Gµ⌫ = Tµ⌫ = 8⇡G [(⇢+ p)uµu⌫ + pgµ⌫ ]



Full GR calculation (BHPT or NSPT)
• Tolman–Oppenheimer–Volkoff equations inside the star and vacuum Einstein equations outside

<latexit sha1_base64="/8540d8uWwH8mKg8TvX1AtxTATM="></latexit>

Gµ⌫ = Tµ⌫ = 8⇡G [(⇢+ p)uµu⌫ + pgµ⌫ ]

<latexit sha1_base64="OlJwwHeNfWmBpHQBEQqQVmOYAMM="></latexit>

gµ⌫ = gbkgdµ⌫ (r) + �gµ⌫(r, ✓,�) = gbkgdµ⌫ (r) + (1)�gµ⌫(r, ✓,�) +
(2)�gµ⌫(r, ✓,�) + . . .

• Expand metric and fluid variables around background in the static limit (no time dependence)

<latexit sha1_base64="XrKk/wa0xzeJzUq5f9969S576HI="></latexit>

ds2bkgd = �e⌫(r)dt2 + e⇤(r)dr2 + r2d⌦2



Full GR calculation (BHPT or NSPT)

<latexit sha1_base64="OlJwwHeNfWmBpHQBEQqQVmOYAMM="></latexit>

gµ⌫ = gbkgdµ⌫ (r) + �gµ⌫(r, ✓,�) = gbkgdµ⌫ (r) + (1)�gµ⌫(r, ✓,�) +
(2)�gµ⌫(r, ✓,�) + . . .

• Tolman–Oppenheimer–Volkoff equations inside the star and vacuum Einstein equations outside

2.1 Metric parametrization and gauge choice

We decompose the metric gµ⌫ as

gµ⌫ = g
Sch

µ⌫ + �gµ⌫ , (2.2)

where g
Sch
µ⌫ is the static and spherically symmetric background solution. In spherical polar coordinates,

(t, r, ✓,�), this is given by the Schwarzschild metric,

g
Sch
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CCCA
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r
, (2.3)

where the asterisks denote symmetric components and rs ⌘ 2GM , with M the mass of the black hole. In

eq. (2.2), �gµ⌫ describes the deviation from the Schwarzschild metric.

To write �gµ⌫ in four spacetime dimensions, we follow the standard Regge–Wheeler (RW) parameteri-

zation [58]. It is convenient to classify the metric perturbations according to their behavior under parity

transformation, (✓,�) ! (⇡ � ✓,� + ⇡). We thus distinguish between even, or polar, perturbations, and

odd, or axial, perturbations. Moreover, we use the index + to label parity-even quantities and the index

� for parity-odd quantities.

With this decomposition and notation, the most general parametrization of �gµ⌫ in four spacetime

dimensions takes the form �gµ⌫ = �g
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Here rA and ✏AB are the covariant derivative and Levi-Civita tensor on a sphere, respectively, as reviewed

in appendix A. Two-dimensional tensors labeled by capital latin letters, A,B,C, . . ., are raised and lowered

using the metric on the unit sphere �AB, with line element �ABdxAdxB = d✓2 + sin2 ✓ d�2.

The quantities Ha, Ha, K, G and ha above are functions of the coordinates (t, r, ✓,�). However, since

here we consider only the static limit, they are independent of time. Moreover, given the symmetries of

the background solution g
Sch
µ⌫ , it is convenient to decompose these quantities in spherical harmonics. For

instance, for H0 we write

H0(r, ✓,�) =
1X

`=0

`X

m=�`

H
`m

0 (r)Y m

`
(✓,�) , (2.6)

where �S2Y
m

`
⌘ rArAY

m

`
= �`(`+ 1)Y m

`
and i@�Y

m

`
= �mY

m

`
. While the even quantities Ha, Ha, K,

G appearing in �g
+
µ⌫ do not transform under parity, ha flip sign under a parity transformation, ensuring

that gµ⌫ transforms under parity as a 2-tensor. Therefore, from the behavior of Y m

`
(✓,�) under parity,
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[Regge & Wheeler ’57]

<latexit sha1_base64="XrKk/wa0xzeJzUq5f9969S576HI="></latexit>

ds2bkgd = �e⌫(r)dt2 + e⇤(r)dr2 + r2d⌦2

<latexit sha1_base64="/8540d8uWwH8mKg8TvX1AtxTATM="></latexit>

Gµ⌫ = Tµ⌫ = 8⇡G [(⇢+ p)uµu⌫ + pgµ⌫ ]

• Expand metric and fluid variables around background in the static limit (no time dependence)



Full GR calculation (BHPT or NSPT)

<latexit sha1_base64="OlJwwHeNfWmBpHQBEQqQVmOYAMM="></latexit>

gµ⌫ = gbkgdµ⌫ (r) + �gµ⌫(r, ✓,�) = gbkgdµ⌫ (r) + (1)�gµ⌫(r, ✓,�) +
(2)�gµ⌫(r, ✓,�) + . . .

• Tolman–Oppenheimer–Volkoff equations inside the star and vacuum Einstein equations outside

<latexit sha1_base64="XrKk/wa0xzeJzUq5f9969S576HI="></latexit>

ds2bkgd = �e⌫(r)dt2 + e⇤(r)dr2 + r2d⌦2

<latexit sha1_base64="/8540d8uWwH8mKg8TvX1AtxTATM="></latexit>

Gµ⌫ = Tµ⌫ = 8⇡G [(⇢+ p)uµu⌫ + pgµ⌫ ]

<latexit sha1_base64="xfBQq9bkCccffKCH5iiLezLUBuw=">AAACBnicbVDLSsNAANz4rPUV9ehlsYj1UhKRKohQ0IPHCvYBTQybzaZdunmwD6GE3L34K15EvCh49Bf8G7dtLm0dWBhmZtmd8VNGhbSsX2NpeWV1bb20Ud7c2t7ZNff22yJRHJMWTljCuz4ShNGYtCSVjHRTTlDkM9Lxhzdjv/NEuKBJ/CBHKXEj1I9pSDGSWvLMk8zBiMHbHPacgDCJYN/LnEhBJ1b5Y1a1T3MXXkPLMytWzZoALhK7IBVQoOmZP06QYBWRWGKGhOjZVirdDHFJMSN52VGCpAgPUZ9kkxo5PNZSAMOE6xNLOFFncigSYhT5OhkhORDz3lj8z+spGV66GY1TJUmMpw+FikGZwPEmMKCcYMlGmiDMqf4hxAPEEZZ6ubKubs8XXSTts5pdr9XvzyuNq2KEEjgER6AKbHABGuAONEELYPAC3sAn+DKejVfj3fiYRpeM4s4BmIHx/QeW35cG</latexit>

D[�g(1)µ⌫ ] = 0
<latexit sha1_base64="1gbzCkMVYJIWe/iFc9/2CXGs4lk=">AAACSHicdVDLSsNAFJ3UV42vqEs3g0VoNyUpUgURCrpwWdE+oIllMpm2QycPZm6EEvJ/4sa1f+FGxI2aPjZ9eODC4ZxzmbnHjQRXYJrvWm5tfWNzK7+t7+zu7R8Yh0dNFcaSsgYNRSjbLlFM8IA1gINg7Ugy4ruCtdzhzdhvPTOpeBg8wihijk/6Ae9xSiCTugZPbEoEvk1xx/aYAIL73cT2Y2wHcfqUFCul1MHXeJp6SFeHrFKKbQVE6vhf3+kaBbNsToCXiTUjBTRDvWu82F5IY58FQAVRqmOZETgJkcCpYKlux4pFhA5JnyWTIlJ8lkke7oUymwDwRJ3LEV+pke9mSZ/AQC16Y3GV14mhd+kkPIhiYAGdPtSLBYYQj1vFHpeMghhlhFDJsx9iOiCSUMi617PTrcVDl0mzUraq5er9eaF2NSshj07QKSoiC12gGrpDddRAFL2hT/SDfrVX7UP70r6n0Zw22zlGc8jl/gBZ17AN</latexit>

D[�g(2)µ⌫ ] = S[�g(1)µ⌫ ? �g(1)µ⌫ ] Quadratic

Linear

• Solve Einstein equations perturbatively at linear and quadratic order, imposing regularity at the 
star center and continuity at the star surface

<latexit sha1_base64="23YGfHK8NfTLxb9ToCaIKdOGxkw=">AAACLXicbZDLSsNAGIUn9VbrLerSzWgRKkJJilRBhIILXUkFe4Gmhsl02g6dTMJchBLyTG58CF/AhSJuFHwN0zaLXjwwcPj+f5g5xwsZlcqy3o3M0vLK6lp2PbexubW9Y+7u1WWgBSY1HLBAND0kCaOc1BRVjDRDQZDvMdLwBtejeeOJCEkD/qCGIWn7qMdpl2KkEuSadzdu5PgaOlzH8Ao6HhJwGp3CKH6MCvZJ7BxO8RSX5jB0zbxVtMaCi8ZOTR6kqrrmq9MJsPYJV5ghKVu2Fap2hISimJE452hJQoQHqEeicdoYHieoA7uBSA5XcExn9pAv5dD3kk0fqb6cn43gf7OWVt2LdkR5qBXhePJQVzOoAjiqDnaoIFixYWIQFjT5IcR9JBBWScG5JLo9H3TR1EtFu1ws35/lK5dpCVlwAI5AAdjgHFTALaiCGsDgBXyAb/BjPBtvxqfxNVnNGOmdfTAj4/cPChyl8Q==</latexit>

Gµ⌫ = Ḡµ⌫ + (1)Gµ⌫ + (2)Gµ⌫

<latexit sha1_base64="VsSYd80o3+YHKc2eIKxugWWmNXo=">AAACLXicbZDLSsNAGIUn9VbrLerSzWgRKkJJilRBhIIbV1KhN2hqmEyn7dDJJMxFKCHP5MaH8AVcKOJGwdcwbbPoxQMDh+//h5lzvJBRqSzr3cisrK6tb2Q3c1vbO7t75v5BQwZaYFLHAQtEy0OSMMpJXVHFSCsUBPkeI01veDueN5+IkDTgNTUKScdHfU57FCOVINe8r7mR42vocB3DG+h4SMBZdA6j+DEq2GexczzDU1xawNA181bRmgguGzs1eZCq6pqvTjfA2idcYYakbNtWqDoREopiRuKcoyUJER6iPokmaWN4mqAu7AUiOVzBCZ3bQ76UI99LNn2kBnJxNob/zdpa9a46EeWhVoTj6UM9zaAK4Lg62KWCYMVGiUFY0OSHEA+QQFglBeeS6PZi0GXTKBXtcrH8cJGvXKclZMEROAEFYINLUAF3oArqAIMX8AG+wY/xbLwZn8bXdDVjpHcOwZyM3z9gCKYl</latexit>

Tµ⌫ = T̄µ⌫ + (1)Tµ⌫ + (2)Tµ⌫

• Expand metric and fluid variables around background in the static limit (no time dependence)



Matching at $(ℰ0)



EFT at $(ℰ0)
<latexit sha1_base64="UV5S2WAHHrkkLq7hTLGvT4n9Ito=">AAAB7nicbVDLSgNBEOyNrxgfWfXoZTAI8RJ3RaLgJeDFmxHMA5KwzE4myZDZBzO9QljyG15EvCj4Kf6Cf+Mk2UsSCwaKqhq6q/1YCo2O82vlNja3tnfyu4W9/YPDon103NRRohhvsEhGqu1TzaUIeQMFSt6OFaeBL3nLH9/P/NYLV1pE4TNOYt4L6DAUA8EoGsmzi2mXUUkep2Xl6Ut14dklp+LMQdaJm5ESZKh79k+3H7Ek4CEySbXuuE6MvZQqFEzyaaGbaB5TNqZDns7XnZJzI/XJIFLmhUjm6lKOBlpPAt8kA4ojverNxP+8ToKD214qwjhBHrLFoEEiCUZk1p30heIM5cQQypQwGxI2oooyNBcqmOruatF10ryquNVK9em6VLvLjpCHUziDMrhwAzV4gDo0gEECb/AJX1ZsvVrv1scimrOyPyewBOv7D2wLjhk=</latexit>

O(rs/r)
<latexit sha1_base64="QrmMSy7tk9B2cVOEo3VgSEIxTrs=">AAAB8nicbVDLSsNAFL3xWesr2qWbwSLUTU2KVMFNwY07K9gH9BEm00k7dPJg5kYIpT/iRsSNgh/iL/g3pm02bT0wcDjnDPee60ZSaLSsX2Njc2t7Zze3l98/ODw6Nk9OmzqMFeMNFspQtV2quRQBb6BAyduR4tR3JW+54/uZ33rhSosweMYk4j2fDgPhCUYxlRyzMOkyKsnjtKQc3a9cqX7l0jGLVtmag6wTOyNFyFB3zJ/uIGSxzwNkkmrdsa0IexOqUDDJp/lurHlE2ZgO+WS+8pRcpNKAeKFKX4Bkri7lqK914rtp0qc40qveTPzP68To3fYmIohi5AFbDPJiSTAks/5kIBRnKJOUUKZEuiFhI6oow/RK+bS6vVp0nTQrZbtarj5dF2t32RFycAbnUAIbbqAGD1CHBjBI4A0+4ctA49V4Nz4W0Q0j+1OAJRjff8Cjj2E=</latexit>

O(r2s/r
2)

<latexit sha1_base64="jQ1W0omrGr10IlqTn8o4yOi3i2M=">AAAB8nicbVDLSgMxFM3UV62v0S7dBItQN3XGShXcFNy4s4J9QB9DJs20oZkHyR1hGPojbkTcKPgh/oJ/Y9rOpq0HAodzTrj3XDcSXIFl/Rq5jc2t7Z38bmFv/+DwyDw+aakwlpQ1aShC2XGJYoIHrAkcBOtEkhHfFaztTu5nfvuFScXD4BmSiPV9Mgq4xykBLTlmMe1RIvDjtCwdNaheykH1wjFLVsWaA68TOyMllKHhmD+9YUhjnwVABVGqa1sR9FMigVPBpoVerFhE6ISMWDpfeYrPtTTEXij1CwDP1aUc8ZVKfFcnfQJjterNxP+8bgzebT/lQRQDC+hikBcLDCGe9cdDLhkFkWhCqOR6Q0zHRBIK+koFXd1eLbpOWlcVu1apPV2X6nfZEfLoFJ2hMrLRDaqjB9RATURRgt7QJ/oywHg13o2PRTRnZH+KaAnG9x/DnY9j</latexit>

O(r3s/r
3)

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M

<latexit sha1_base64="wG+s13qD/qDReBF42srXfXRNc+g="></latexit>
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[Mougiakakos & Vanhove ’24]

Schwarzschild reconstructed



Matching at $(ℰ0)
<latexit sha1_base64="UV5S2WAHHrkkLq7hTLGvT4n9Ito=">AAAB7nicbVDLSgNBEOyNrxgfWfXoZTAI8RJ3RaLgJeDFmxHMA5KwzE4myZDZBzO9QljyG15EvCj4Kf6Cf+Mk2UsSCwaKqhq6q/1YCo2O82vlNja3tnfyu4W9/YPDon103NRRohhvsEhGqu1TzaUIeQMFSt6OFaeBL3nLH9/P/NYLV1pE4TNOYt4L6DAUA8EoGsmzi2mXUUkep2Xl6Ut14dklp+LMQdaJm5ESZKh79k+3H7Ek4CEySbXuuE6MvZQqFEzyaaGbaB5TNqZDns7XnZJzI/XJIFLmhUjm6lKOBlpPAt8kA4ojverNxP+8ToKD214qwjhBHrLFoEEiCUZk1p30heIM5cQQypQwGxI2oooyNBcqmOruatF10ryquNVK9em6VLvLjpCHUziDMrhwAzV4gDo0gEECb/AJX1ZsvVrv1scimrOyPyewBOv7D2wLjhk=</latexit>

O(rs/r)
<latexit sha1_base64="QrmMSy7tk9B2cVOEo3VgSEIxTrs=">AAAB8nicbVDLSsNAFL3xWesr2qWbwSLUTU2KVMFNwY07K9gH9BEm00k7dPJg5kYIpT/iRsSNgh/iL/g3pm02bT0wcDjnDPee60ZSaLSsX2Njc2t7Zze3l98/ODw6Nk9OmzqMFeMNFspQtV2quRQBb6BAyduR4tR3JW+54/uZ33rhSosweMYk4j2fDgPhCUYxlRyzMOkyKsnjtKQc3a9cqX7l0jGLVtmag6wTOyNFyFB3zJ/uIGSxzwNkkmrdsa0IexOqUDDJp/lurHlE2ZgO+WS+8pRcpNKAeKFKX4Bkri7lqK914rtp0qc40qveTPzP68To3fYmIohi5AFbDPJiSTAks/5kIBRnKJOUUKZEuiFhI6oow/RK+bS6vVp0nTQrZbtarj5dF2t32RFycAbnUAIbbqAGD1CHBjBI4A0+4ctA49V4Nz4W0Q0j+1OAJRjff8Cjj2E=</latexit>

O(r2s/r
2)

<latexit sha1_base64="jQ1W0omrGr10IlqTn8o4yOi3i2M=">AAAB8nicbVDLSgMxFM3UV62v0S7dBItQN3XGShXcFNy4s4J9QB9DJs20oZkHyR1hGPojbkTcKPgh/oJ/Y9rOpq0HAodzTrj3XDcSXIFl/Rq5jc2t7Z38bmFv/+DwyDw+aakwlpQ1aShC2XGJYoIHrAkcBOtEkhHfFaztTu5nfvuFScXD4BmSiPV9Mgq4xykBLTlmMe1RIvDjtCwdNaheykH1wjFLVsWaA68TOyMllKHhmD+9YUhjnwVABVGqa1sR9FMigVPBpoVerFhE6ISMWDpfeYrPtTTEXij1CwDP1aUc8ZVKfFcnfQJjterNxP+8bgzebT/lQRQDC+hikBcLDCGe9cdDLhkFkWhCqOR6Q0zHRBIK+koFXd1eLbpOWlcVu1apPV2X6nfZEfLoFJ2hMrLRDaqjB9RATURRgt7QJ/oywHg13o2PRTRnZH+KaAnG9x/DnY9j</latexit>

O(r3s/r
3)

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M

<latexit sha1_base64="wG+s13qD/qDReBF42srXfXRNc+g="></latexit>
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[Mougiakakos & Vanhove ’24]

Schwarzschild reconstructed



Matching at $(ℰ1)



EFT at $(ℰ1)
<latexit sha1_base64="UV5S2WAHHrkkLq7hTLGvT4n9Ito=">AAAB7nicbVDLSgNBEOyNrxgfWfXoZTAI8RJ3RaLgJeDFmxHMA5KwzE4myZDZBzO9QljyG15EvCj4Kf6Cf+Mk2UsSCwaKqhq6q/1YCo2O82vlNja3tnfyu4W9/YPDon103NRRohhvsEhGqu1TzaUIeQMFSt6OFaeBL3nLH9/P/NYLV1pE4TNOYt4L6DAUA8EoGsmzi2mXUUkep2Xl6Ut14dklp+LMQdaJm5ESZKh79k+3H7Ek4CEySbXuuE6MvZQqFEzyaaGbaB5TNqZDns7XnZJzI/XJIFLmhUjm6lKOBlpPAt8kA4ojverNxP+8ToKD214qwjhBHrLFoEEiCUZk1p30heIM5cQQypQwGxI2oooyNBcqmOruatF10ryquNVK9em6VLvLjpCHUziDMrhwAzV4gDo0gEECb/AJX1ZsvVrv1scimrOyPyewBOv7D2wLjhk=</latexit>

O(rs/r)
<latexit sha1_base64="QrmMSy7tk9B2cVOEo3VgSEIxTrs=">AAAB8nicbVDLSsNAFL3xWesr2qWbwSLUTU2KVMFNwY07K9gH9BEm00k7dPJg5kYIpT/iRsSNgh/iL/g3pm02bT0wcDjnDPee60ZSaLSsX2Njc2t7Zze3l98/ODw6Nk9OmzqMFeMNFspQtV2quRQBb6BAyduR4tR3JW+54/uZ33rhSosweMYk4j2fDgPhCUYxlRyzMOkyKsnjtKQc3a9cqX7l0jGLVtmag6wTOyNFyFB3zJ/uIGSxzwNkkmrdsa0IexOqUDDJp/lurHlE2ZgO+WS+8pRcpNKAeKFKX4Bkri7lqK914rtp0qc40qveTPzP68To3fYmIohi5AFbDPJiSTAks/5kIBRnKJOUUKZEuiFhI6oow/RK+bS6vVp0nTQrZbtarj5dF2t32RFycAbnUAIbbqAGD1CHBjBI4A0+4ctA49V4Nz4W0Q0j+1OAJRjff8Cjj2E=</latexit>

O(r2s/r
2)

<latexit sha1_base64="jQ1W0omrGr10IlqTn8o4yOi3i2M=">AAAB8nicbVDLSgMxFM3UV62v0S7dBItQN3XGShXcFNy4s4J9QB9DJs20oZkHyR1hGPojbkTcKPgh/oJ/Y9rOpq0HAodzTrj3XDcSXIFl/Rq5jc2t7Z38bmFv/+DwyDw+aakwlpQ1aShC2XGJYoIHrAkcBOtEkhHfFaztTu5nfvuFScXD4BmSiPV9Mgq4xykBLTlmMe1RIvDjtCwdNaheykH1wjFLVsWaA68TOyMllKHhmD+9YUhjnwVABVGqa1sR9FMigVPBpoVerFhE6ISMWDpfeYrPtTTEXij1CwDP1aUc8ZVKfFcnfQJjterNxP+8bgzebT/lQRQDC+hikBcLDCGe9cdDLhkFkWhCqOR6Q0zHRBIK+koFXd1eLbpOWlcVu1apPV2X6nfZEfLoFJ2hMrLRDaqjB9RATURRgt7QJ/oywHg13o2PRTRnZH+KaAnG9x/DnY9j</latexit>

O(r3s/r
3)

<latexit sha1_base64="Lcj2HLO/IHenV/4GsX40+cAJdHM=">AAAB8nicbVDLSsNAFL2pr1pf0S7dDBahbmoiUgU3BTfurGAf0EeYTCft0MmDmRshlP6IGxE3Cn6Iv+DfmLbZtPXAwOGcM9x7rhtJodGyfo3cxubW9k5+t7C3f3B4ZB6fNHUYK8YbLJShartUcykC3kCBkrcjxanvSt5yx/czv/XClRZh8IxJxHs+HQbCE4xiKjlmcdJlVJLHaVk5um9dqr514Zglq2LNQdaJnZESZKg75k93ELLY5wEySbXu2FaEvQlVKJjk00I31jyibEyHfDJfeUrOU2lAvFClL0AyV5dy1Nc68d006VMc6VVvJv7ndWL0bnsTEUQx8oAtBnmxJBiSWX8yEIozlElKKFMi3ZCwEVWUYXqlQlrdXi26TppXFbtaqT5dl2p32RHycApnUAYbbqAGD1CHBjBI4A0+4ctA49V4Nz4W0ZyR/SnCEozvP7qvj10=</latexit>

O(r0s/r
0)

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M

<latexit sha1_base64="QNjENBE7PoITlTDZ+LaP7DDlVNQ=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNQQSXFewD2lIyaaYNzWSG5I5Qhn6CGxE3Cv6Ov+DfmGln09YDgcM5J9x7rh9LYdB1f53CxubW9k5xt7S3f3B4VD4+aZko0Yw3WSQj3fGp4VIo3kSBkndizWnoS972J/eZ337h2ohIPeM05v2QjpQIBKNopU7aY1SSh9mgXHGr7hxknXg5qUCOxqD80xtGLAm5QiapMV3PjbGfUo2CST4r9RLDY8omdMTT+ZYzcmGlIQkibZ9CMleXcjQ0Zhr6NhlSHJtVLxP/87oJBrf9VKg4Qa7YYlCQSIIRySqTodCcoZxaQpkWdkPCxlRThvYwJVvdWy26TlpXVa9WrT1dV+p3+RGKcAbncAke3EAdHqEBTWAg4Q0+4csZOa/Ou/OxiBac/M8pLMH5/gOEwYti</latexit>

E <latexit sha1_base64="QNjENBE7PoITlTDZ+LaP7DDlVNQ=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNQQSXFewD2lIyaaYNzWSG5I5Qhn6CGxE3Cv6Ov+DfmGln09YDgcM5J9x7rh9LYdB1f53CxubW9k5xt7S3f3B4VD4+aZko0Yw3WSQj3fGp4VIo3kSBkndizWnoS972J/eZ337h2ohIPeM05v2QjpQIBKNopU7aY1SSh9mgXHGr7hxknXg5qUCOxqD80xtGLAm5QiapMV3PjbGfUo2CST4r9RLDY8omdMTT+ZYzcmGlIQkibZ9CMleXcjQ0Zhr6NhlSHJtVLxP/87oJBrf9VKg4Qa7YYlCQSIIRySqTodCcoZxaQpkWdkPCxlRThvYwJVvdWy26TlpXVa9WrT1dV+p3+RGKcAbncAke3EAdHqEBTWAg4Q0+4csZOa/Ou/OxiBac/M8pLMH5/gOEwYti</latexit>

E

<latexit sha1_base64="tQFBnSXdQkgPqx8NUUfiMT+rHiI=">AAAB43icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNwY3LCvYBbSmZ9E4bm5mEJCOU0i9wI+JGwf/xF/wb03Y2bT0QOJxzwr3nhkpwY33/18ttbG5t7+R3C3v7B4dHxeOThpGpZlhnUkjdCqlBwROsW24FtpRGGocCm+HofuY3X1AbLpMnO1bYjekg4RFn1Dqp0RlRpWivWPLL/hxknQQZKUGGWq/40+lLlsaYWCaoMe3AV7Y7odpyJnBa6KQGFWUjOsDJfMcpuXBSn0RSu5dYMleXcjQ2ZhyHLhlTOzSr3kz8z2unNrrtTniiUosJWwyKUkGsJLPCpM81MivGjlCmuduQsCHVlFl3loKrHqwWXSeNq3JQKVcer0vVu+wIeTiDc7iEAG6gCg9QgzoweIY3+IQvD71X7937WERzXvbnFJbgff8BeRKKzg==</latexit>
<latexit sha1_base64="QNjENBE7PoITlTDZ+LaP7DDlVNQ=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNQQSXFewD2lIyaaYNzWSG5I5Qhn6CGxE3Cv6Ov+DfmGln09YDgcM5J9x7rh9LYdB1f53CxubW9k5xt7S3f3B4VD4+aZko0Yw3WSQj3fGp4VIo3kSBkndizWnoS972J/eZ337h2ohIPeM05v2QjpQIBKNopU7aY1SSh9mgXHGr7hxknXg5qUCOxqD80xtGLAm5QiapMV3PjbGfUo2CST4r9RLDY8omdMTT+ZYzcmGlIQkibZ9CMleXcjQ0Zhr6NhlSHJtVLxP/87oJBrf9VKg4Qa7YYlCQSIIRySqTodCcoZxaQpkWdkPCxlRThvYwJVvdWy26TlpXVa9WrT1dV+p3+RGKcAbncAke3EAdHqEBTWAg4Q0+4csZOa/Ou/OxiBac/M8pLMH5/gOEwYti</latexit>

E
<latexit sha1_base64="BQjgADGDflHyYn5t9QluBJ/0rWM="></latexit>

�gEFT
tt = �rs

r
� r2E2Y20

"⇣
1 + a1

rs
r

+ . . .
⌘
+ k2

✓
R

r

◆5 ⇣
1 + b1

rs
r

+ . . .
⌘#



EFT at $(ℰ1)
<latexit sha1_base64="UV5S2WAHHrkkLq7hTLGvT4n9Ito=">AAAB7nicbVDLSgNBEOyNrxgfWfXoZTAI8RJ3RaLgJeDFmxHMA5KwzE4myZDZBzO9QljyG15EvCj4Kf6Cf+Mk2UsSCwaKqhq6q/1YCo2O82vlNja3tnfyu4W9/YPDon103NRRohhvsEhGqu1TzaUIeQMFSt6OFaeBL3nLH9/P/NYLV1pE4TNOYt4L6DAUA8EoGsmzi2mXUUkep2Xl6Ut14dklp+LMQdaJm5ESZKh79k+3H7Ek4CEySbXuuE6MvZQqFEzyaaGbaB5TNqZDns7XnZJzI/XJIFLmhUjm6lKOBlpPAt8kA4ojverNxP+8ToKD214qwjhBHrLFoEEiCUZk1p30heIM5cQQypQwGxI2oooyNBcqmOruatF10ryquNVK9em6VLvLjpCHUziDMrhwAzV4gDo0gEECb/AJX1ZsvVrv1scimrOyPyewBOv7D2wLjhk=</latexit>

O(rs/r)
<latexit sha1_base64="QrmMSy7tk9B2cVOEo3VgSEIxTrs=">AAAB8nicbVDLSsNAFL3xWesr2qWbwSLUTU2KVMFNwY07K9gH9BEm00k7dPJg5kYIpT/iRsSNgh/iL/g3pm02bT0wcDjnDPee60ZSaLSsX2Njc2t7Zze3l98/ODw6Nk9OmzqMFeMNFspQtV2quRQBb6BAyduR4tR3JW+54/uZ33rhSosweMYk4j2fDgPhCUYxlRyzMOkyKsnjtKQc3a9cqX7l0jGLVtmag6wTOyNFyFB3zJ/uIGSxzwNkkmrdsa0IexOqUDDJp/lurHlE2ZgO+WS+8pRcpNKAeKFKX4Bkri7lqK914rtp0qc40qveTPzP68To3fYmIohi5AFbDPJiSTAks/5kIBRnKJOUUKZEuiFhI6oow/RK+bS6vVp0nTQrZbtarj5dF2t32RFycAbnUAIbbqAGD1CHBjBI4A0+4ctA49V4Nz4W0Q0j+1OAJRjff8Cjj2E=</latexit>

O(r2s/r
2)

<latexit sha1_base64="jQ1W0omrGr10IlqTn8o4yOi3i2M=">AAAB8nicbVDLSgMxFM3UV62v0S7dBItQN3XGShXcFNy4s4J9QB9DJs20oZkHyR1hGPojbkTcKPgh/oJ/Y9rOpq0HAodzTrj3XDcSXIFl/Rq5jc2t7Z38bmFv/+DwyDw+aakwlpQ1aShC2XGJYoIHrAkcBOtEkhHfFaztTu5nfvuFScXD4BmSiPV9Mgq4xykBLTlmMe1RIvDjtCwdNaheykH1wjFLVsWaA68TOyMllKHhmD+9YUhjnwVABVGqa1sR9FMigVPBpoVerFhE6ISMWDpfeYrPtTTEXij1CwDP1aUc8ZVKfFcnfQJjterNxP+8bgzebT/lQRQDC+hikBcLDCGe9cdDLhkFkWhCqOR6Q0zHRBIK+koFXd1eLbpOWlcVu1apPV2X6nfZEfLoFJ2hMrLRDaqjB9RATURRgt7QJ/oywHg13o2PRTRnZH+KaAnG9x/DnY9j</latexit>

O(r3s/r
3)

<latexit sha1_base64="Lcj2HLO/IHenV/4GsX40+cAJdHM=">AAAB8nicbVDLSsNAFL2pr1pf0S7dDBahbmoiUgU3BTfurGAf0EeYTCft0MmDmRshlP6IGxE3Cn6Iv+DfmLbZtPXAwOGcM9x7rhtJodGyfo3cxubW9k5+t7C3f3B4ZB6fNHUYK8YbLJShartUcykC3kCBkrcjxanvSt5yx/czv/XClRZh8IxJxHs+HQbCE4xiKjlmcdJlVJLHaVk5um9dqr514Zglq2LNQdaJnZESZKg75k93ELLY5wEySbXu2FaEvQlVKJjk00I31jyibEyHfDJfeUrOU2lAvFClL0AyV5dy1Nc68d006VMc6VVvJv7ndWL0bnsTEUQx8oAtBnmxJBiSWX8yEIozlElKKFMi3ZCwEVWUYXqlQlrdXi26TppXFbtaqT5dl2p32RHycApnUAYbbqAGD1CHBjBI4A0+4ctA49V4Nz4W0ZyR/SnCEozvP7qvj10=</latexit>

O(r0s/r
0)

<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`

<latexit sha1_base64="QNjENBE7PoITlTDZ+LaP7DDlVNQ=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNQQSXFewD2lIyaaYNzWSG5I5Qhn6CGxE3Cv6Ov+DfmGln09YDgcM5J9x7rh9LYdB1f53CxubW9k5xt7S3f3B4VD4+aZko0Yw3WSQj3fGp4VIo3kSBkndizWnoS972J/eZ337h2ohIPeM05v2QjpQIBKNopU7aY1SSh9mgXHGr7hxknXg5qUCOxqD80xtGLAm5QiapMV3PjbGfUo2CST4r9RLDY8omdMTT+ZYzcmGlIQkibZ9CMleXcjQ0Zhr6NhlSHJtVLxP/87oJBrf9VKg4Qa7YYlCQSIIRySqTodCcoZxaQpkWdkPCxlRThvYwJVvdWy26TlpXVa9WrT1dV+p3+RGKcAbncAke3EAdHqEBTWAg4Q0+4csZOa/Ou/OxiBac/M8pLMH5/gOEwYti</latexit>

E <latexit sha1_base64="QNjENBE7PoITlTDZ+LaP7DDlVNQ=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNQQSXFewD2lIyaaYNzWSG5I5Qhn6CGxE3Cv6Ov+DfmGln09YDgcM5J9x7rh9LYdB1f53CxubW9k5xt7S3f3B4VD4+aZko0Yw3WSQj3fGp4VIo3kSBkndizWnoS972J/eZ337h2ohIPeM05v2QjpQIBKNopU7aY1SSh9mgXHGr7hxknXg5qUCOxqD80xtGLAm5QiapMV3PjbGfUo2CST4r9RLDY8omdMTT+ZYzcmGlIQkibZ9CMleXcjQ0Zhr6NhlSHJtVLxP/87oJBrf9VKg4Qa7YYlCQSIIRySqTodCcoZxaQpkWdkPCxlRThvYwJVvdWy26TlpXVa9WrT1dV+p3+RGKcAbncAke3EAdHqEBTWAg4Q0+4csZOa/Ou/OxiBac/M8pLMH5/gOEwYti</latexit>

E

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M
<latexit sha1_base64="tQFBnSXdQkgPqx8NUUfiMT+rHiI=">AAAB43icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNwY3LCvYBbSmZ9E4bm5mEJCOU0i9wI+JGwf/xF/wb03Y2bT0QOJxzwr3nhkpwY33/18ttbG5t7+R3C3v7B4dHxeOThpGpZlhnUkjdCqlBwROsW24FtpRGGocCm+HofuY3X1AbLpMnO1bYjekg4RFn1Dqp0RlRpWivWPLL/hxknQQZKUGGWq/40+lLlsaYWCaoMe3AV7Y7odpyJnBa6KQGFWUjOsDJfMcpuXBSn0RSu5dYMleXcjQ2ZhyHLhlTOzSr3kz8z2unNrrtTniiUosJWwyKUkGsJLPCpM81MivGjlCmuduQsCHVlFl3loKrHqwWXSeNq3JQKVcer0vVu+wIeTiDc7iEAG6gCg9QgzoweIY3+IQvD71X7937WERzXvbnFJbgff8BeRKKzg==</latexit>

<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`

<latexit sha1_base64="7EWMGbML4QFLTcezKo2I3nEF09g="></latexit>
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Matching at $(ℰ1)
<latexit sha1_base64="UV5S2WAHHrkkLq7hTLGvT4n9Ito=">AAAB7nicbVDLSgNBEOyNrxgfWfXoZTAI8RJ3RaLgJeDFmxHMA5KwzE4myZDZBzO9QljyG15EvCj4Kf6Cf+Mk2UsSCwaKqhq6q/1YCo2O82vlNja3tnfyu4W9/YPDon103NRRohhvsEhGqu1TzaUIeQMFSt6OFaeBL3nLH9/P/NYLV1pE4TNOYt4L6DAUA8EoGsmzi2mXUUkep2Xl6Ut14dklp+LMQdaJm5ESZKh79k+3H7Ek4CEySbXuuE6MvZQqFEzyaaGbaB5TNqZDns7XnZJzI/XJIFLmhUjm6lKOBlpPAt8kA4ojverNxP+8ToKD214qwjhBHrLFoEEiCUZk1p30heIM5cQQypQwGxI2oooyNBcqmOruatF10ryquNVK9em6VLvLjpCHUziDMrhwAzV4gDo0gEECb/AJX1ZsvVrv1scimrOyPyewBOv7D2wLjhk=</latexit>

O(rs/r)
<latexit sha1_base64="QrmMSy7tk9B2cVOEo3VgSEIxTrs=">AAAB8nicbVDLSsNAFL3xWesr2qWbwSLUTU2KVMFNwY07K9gH9BEm00k7dPJg5kYIpT/iRsSNgh/iL/g3pm02bT0wcDjnDPee60ZSaLSsX2Njc2t7Zze3l98/ODw6Nk9OmzqMFeMNFspQtV2quRQBb6BAyduR4tR3JW+54/uZ33rhSosweMYk4j2fDgPhCUYxlRyzMOkyKsnjtKQc3a9cqX7l0jGLVtmag6wTOyNFyFB3zJ/uIGSxzwNkkmrdsa0IexOqUDDJp/lurHlE2ZgO+WS+8pRcpNKAeKFKX4Bkri7lqK914rtp0qc40qveTPzP68To3fYmIohi5AFbDPJiSTAks/5kIBRnKJOUUKZEuiFhI6oow/RK+bS6vVp0nTQrZbtarj5dF2t32RFycAbnUAIbbqAGD1CHBjBI4A0+4ctA49V4Nz4W0Q0j+1OAJRjff8Cjj2E=</latexit>

O(r2s/r
2)

<latexit sha1_base64="jQ1W0omrGr10IlqTn8o4yOi3i2M=">AAAB8nicbVDLSgMxFM3UV62v0S7dBItQN3XGShXcFNy4s4J9QB9DJs20oZkHyR1hGPojbkTcKPgh/oJ/Y9rOpq0HAodzTrj3XDcSXIFl/Rq5jc2t7Z38bmFv/+DwyDw+aakwlpQ1aShC2XGJYoIHrAkcBOtEkhHfFaztTu5nfvuFScXD4BmSiPV9Mgq4xykBLTlmMe1RIvDjtCwdNaheykH1wjFLVsWaA68TOyMllKHhmD+9YUhjnwVABVGqa1sR9FMigVPBpoVerFhE6ISMWDpfeYrPtTTEXij1CwDP1aUc8ZVKfFcnfQJjterNxP+8bgzebT/lQRQDC+hikBcLDCGe9cdDLhkFkWhCqOR6Q0zHRBIK+koFXd1eLbpOWlcVu1apPV2X6nfZEfLoFJ2hMrLRDaqjB9RATURRgt7QJ/oywHg13o2PRTRnZH+KaAnG9x/DnY9j</latexit>

O(r3s/r
3)

<latexit sha1_base64="Lcj2HLO/IHenV/4GsX40+cAJdHM=">AAAB8nicbVDLSsNAFL2pr1pf0S7dDBahbmoiUgU3BTfurGAf0EeYTCft0MmDmRshlP6IGxE3Cn6Iv+DfmLbZtPXAwOGcM9x7rhtJodGyfo3cxubW9k5+t7C3f3B4ZB6fNHUYK8YbLJShartUcykC3kCBkrcjxanvSt5yx/czv/XClRZh8IxJxHs+HQbCE4xiKjlmcdJlVJLHaVk5um9dqr514Zglq2LNQdaJnZESZKg75k93ELLY5wEySbXu2FaEvQlVKJjk00I31jyibEyHfDJfeUrOU2lAvFClL0AyV5dy1Nc68d006VMc6VVvJv7ndWL0bnsTEUQx8oAtBnmxJBiSWX8yEIozlElKKFMi3ZCwEVWUYXqlQlrdXi26TppXFbtaqT5dl2p32RHycApnUAYbbqAGD1CHBjBI4A0+4ctA49V4Nz4W0ZyR/SnCEozvP7qvj10=</latexit>

O(r0s/r
0)

<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`

<latexit sha1_base64="QNjENBE7PoITlTDZ+LaP7DDlVNQ=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNQQSXFewD2lIyaaYNzWSG5I5Qhn6CGxE3Cv6Ov+DfmGln09YDgcM5J9x7rh9LYdB1f53CxubW9k5xt7S3f3B4VD4+aZko0Yw3WSQj3fGp4VIo3kSBkndizWnoS972J/eZ337h2ohIPeM05v2QjpQIBKNopU7aY1SSh9mgXHGr7hxknXg5qUCOxqD80xtGLAm5QiapMV3PjbGfUo2CST4r9RLDY8omdMTT+ZYzcmGlIQkibZ9CMleXcjQ0Zhr6NhlSHJtVLxP/87oJBrf9VKg4Qa7YYlCQSIIRySqTodCcoZxaQpkWdkPCxlRThvYwJVvdWy26TlpXVa9WrT1dV+p3+RGKcAbncAke3EAdHqEBTWAg4Q0+4csZOa/Ou/OxiBac/M8pLMH5/gOEwYti</latexit>

E <latexit sha1_base64="QNjENBE7PoITlTDZ+LaP7DDlVNQ=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNQQSXFewD2lIyaaYNzWSG5I5Qhn6CGxE3Cv6Ov+DfmGln09YDgcM5J9x7rh9LYdB1f53CxubW9k5xt7S3f3B4VD4+aZko0Yw3WSQj3fGp4VIo3kSBkndizWnoS972J/eZ337h2ohIPeM05v2QjpQIBKNopU7aY1SSh9mgXHGr7hxknXg5qUCOxqD80xtGLAm5QiapMV3PjbGfUo2CST4r9RLDY8omdMTT+ZYzcmGlIQkibZ9CMleXcjQ0Zhr6NhlSHJtVLxP/87oJBrf9VKg4Qa7YYlCQSIIRySqTodCcoZxaQpkWdkPCxlRThvYwJVvdWy26TlpXVa9WrT1dV+p3+RGKcAbncAke3EAdHqEBTWAg4Q0+4csZOa/Ou/OxiBac/M8pLMH5/gOEwYti</latexit>

E

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M
<latexit sha1_base64="tQFBnSXdQkgPqx8NUUfiMT+rHiI=">AAAB43icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNwY3LCvYBbSmZ9E4bm5mEJCOU0i9wI+JGwf/xF/wb03Y2bT0QOJxzwr3nhkpwY33/18ttbG5t7+R3C3v7B4dHxeOThpGpZlhnUkjdCqlBwROsW24FtpRGGocCm+HofuY3X1AbLpMnO1bYjekg4RFn1Dqp0RlRpWivWPLL/hxknQQZKUGGWq/40+lLlsaYWCaoMe3AV7Y7odpyJnBa6KQGFWUjOsDJfMcpuXBSn0RSu5dYMleXcjQ2ZhyHLhlTOzSr3kz8z2unNrrtTniiUosJWwyKUkGsJLPCpM81MivGjlCmuduQsCHVlFl3loKrHqwWXSeNq3JQKVcer0vVu+wIeTiDc7iEAG6gCg9QgzoweIY3+IQvD71X7937WERzXvbnFJbgff8BeRKKzg==</latexit>

<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`

=

<latexit sha1_base64="7EWMGbML4QFLTcezKo2I3nEF09g="></latexit>

�gEFT
tt = �rs

r
� r2E2Y20

"⇣
1 + a1

rs
r

+ . . .
⌘
+ k2

✓
R

r

◆5 ⇣
1 + b1

rs
r

+ . . .
⌘#

<latexit sha1_base64="eU/WJ/Tu9Q6eaaCKVff8gqCB8BU="></latexit>

�gNSPT
tt = �rs

r
� E2

⇣
1� rs

r

⌘ ⇥
r(r � rs) + bQ2

2(2r/rs � 1)
⇤
Y20 + . . .



Matching at $(ℰ1)
<latexit sha1_base64="UV5S2WAHHrkkLq7hTLGvT4n9Ito=">AAAB7nicbVDLSgNBEOyNrxgfWfXoZTAI8RJ3RaLgJeDFmxHMA5KwzE4myZDZBzO9QljyG15EvCj4Kf6Cf+Mk2UsSCwaKqhq6q/1YCo2O82vlNja3tnfyu4W9/YPDon103NRRohhvsEhGqu1TzaUIeQMFSt6OFaeBL3nLH9/P/NYLV1pE4TNOYt4L6DAUA8EoGsmzi2mXUUkep2Xl6Ut14dklp+LMQdaJm5ESZKh79k+3H7Ek4CEySbXuuE6MvZQqFEzyaaGbaB5TNqZDns7XnZJzI/XJIFLmhUjm6lKOBlpPAt8kA4ojverNxP+8ToKD214qwjhBHrLFoEEiCUZk1p30heIM5cQQypQwGxI2oooyNBcqmOruatF10ryquNVK9em6VLvLjpCHUziDMrhwAzV4gDo0gEECb/AJX1ZsvVrv1scimrOyPyewBOv7D2wLjhk=</latexit>

O(rs/r)
<latexit sha1_base64="QrmMSy7tk9B2cVOEo3VgSEIxTrs=">AAAB8nicbVDLSsNAFL3xWesr2qWbwSLUTU2KVMFNwY07K9gH9BEm00k7dPJg5kYIpT/iRsSNgh/iL/g3pm02bT0wcDjnDPee60ZSaLSsX2Njc2t7Zze3l98/ODw6Nk9OmzqMFeMNFspQtV2quRQBb6BAyduR4tR3JW+54/uZ33rhSosweMYk4j2fDgPhCUYxlRyzMOkyKsnjtKQc3a9cqX7l0jGLVtmag6wTOyNFyFB3zJ/uIGSxzwNkkmrdsa0IexOqUDDJp/lurHlE2ZgO+WS+8pRcpNKAeKFKX4Bkri7lqK914rtp0qc40qveTPzP68To3fYmIohi5AFbDPJiSTAks/5kIBRnKJOUUKZEuiFhI6oow/RK+bS6vVp0nTQrZbtarj5dF2t32RFycAbnUAIbbqAGD1CHBjBI4A0+4ctA49V4Nz4W0Q0j+1OAJRjff8Cjj2E=</latexit>

O(r2s/r
2)

<latexit sha1_base64="jQ1W0omrGr10IlqTn8o4yOi3i2M=">AAAB8nicbVDLSgMxFM3UV62v0S7dBItQN3XGShXcFNy4s4J9QB9DJs20oZkHyR1hGPojbkTcKPgh/oJ/Y9rOpq0HAodzTrj3XDcSXIFl/Rq5jc2t7Z38bmFv/+DwyDw+aakwlpQ1aShC2XGJYoIHrAkcBOtEkhHfFaztTu5nfvuFScXD4BmSiPV9Mgq4xykBLTlmMe1RIvDjtCwdNaheykH1wjFLVsWaA68TOyMllKHhmD+9YUhjnwVABVGqa1sR9FMigVPBpoVerFhE6ISMWDpfeYrPtTTEXij1CwDP1aUc8ZVKfFcnfQJjterNxP+8bgzebT/lQRQDC+hikBcLDCGe9cdDLhkFkWhCqOR6Q0zHRBIK+koFXd1eLbpOWlcVu1apPV2X6nfZEfLoFJ2hMrLRDaqjB9RATURRgt7QJ/oywHg13o2PRTRnZH+KaAnG9x/DnY9j</latexit>

O(r3s/r
3)

<latexit sha1_base64="Lcj2HLO/IHenV/4GsX40+cAJdHM=">AAAB8nicbVDLSsNAFL2pr1pf0S7dDBahbmoiUgU3BTfurGAf0EeYTCft0MmDmRshlP6IGxE3Cn6Iv+DfmLbZtPXAwOGcM9x7rhtJodGyfo3cxubW9k5+t7C3f3B4ZB6fNHUYK8YbLJShartUcykC3kCBkrcjxanvSt5yx/czv/XClRZh8IxJxHs+HQbCE4xiKjlmcdJlVJLHaVk5um9dqr514Zglq2LNQdaJnZESZKg75k93ELLY5wEySbXu2FaEvQlVKJjk00I31jyibEyHfDJfeUrOU2lAvFClL0AyV5dy1Nc68d006VMc6VVvJv7ndWL0bnsTEUQx8oAtBnmxJBiSWX8yEIozlElKKFMi3ZCwEVWUYXqlQlrdXi26TppXFbtaqT5dl2p32RHycApnUAYbbqAGD1CHBjBI4A0+4ctA49V4Nz4W0ZyR/SnCEozvP7qvj10=</latexit>

O(r0s/r
0)

<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`

<latexit sha1_base64="QNjENBE7PoITlTDZ+LaP7DDlVNQ=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNQQSXFewD2lIyaaYNzWSG5I5Qhn6CGxE3Cv6Ov+DfmGln09YDgcM5J9x7rh9LYdB1f53CxubW9k5xt7S3f3B4VD4+aZko0Yw3WSQj3fGp4VIo3kSBkndizWnoS972J/eZ337h2ohIPeM05v2QjpQIBKNopU7aY1SSh9mgXHGr7hxknXg5qUCOxqD80xtGLAm5QiapMV3PjbGfUo2CST4r9RLDY8omdMTT+ZYzcmGlIQkibZ9CMleXcjQ0Zhr6NhlSHJtVLxP/87oJBrf9VKg4Qa7YYlCQSIIRySqTodCcoZxaQpkWdkPCxlRThvYwJVvdWy26TlpXVa9WrT1dV+p3+RGKcAbncAke3EAdHqEBTWAg4Q0+4csZOa/Ou/OxiBac/M8pLMH5/gOEwYti</latexit>

E <latexit sha1_base64="QNjENBE7PoITlTDZ+LaP7DDlVNQ=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNQQSXFewD2lIyaaYNzWSG5I5Qhn6CGxE3Cv6Ov+DfmGln09YDgcM5J9x7rh9LYdB1f53CxubW9k5xt7S3f3B4VD4+aZko0Yw3WSQj3fGp4VIo3kSBkndizWnoS972J/eZ337h2ohIPeM05v2QjpQIBKNopU7aY1SSh9mgXHGr7hxknXg5qUCOxqD80xtGLAm5QiapMV3PjbGfUo2CST4r9RLDY8omdMTT+ZYzcmGlIQkibZ9CMleXcjQ0Zhr6NhlSHJtVLxP/87oJBrf9VKg4Qa7YYlCQSIIRySqTodCcoZxaQpkWdkPCxlRThvYwJVvdWy26TlpXVa9WrT1dV+p3+RGKcAbncAke3EAdHqEBTWAg4Q0+4csZOa/Ou/OxiBac/M8pLMH5/gOEwYti</latexit>

E

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M
<latexit sha1_base64="tQFBnSXdQkgPqx8NUUfiMT+rHiI=">AAAB43icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNwY3LCvYBbSmZ9E4bm5mEJCOU0i9wI+JGwf/xF/wb03Y2bT0QOJxzwr3nhkpwY33/18ttbG5t7+R3C3v7B4dHxeOThpGpZlhnUkjdCqlBwROsW24FtpRGGocCm+HofuY3X1AbLpMnO1bYjekg4RFn1Dqp0RlRpWivWPLL/hxknQQZKUGGWq/40+lLlsaYWCaoMe3AV7Y7odpyJnBa6KQGFWUjOsDJfMcpuXBSn0RSu5dYMleXcjQ2ZhyHLhlTOzSr3kz8z2unNrrtTniiUosJWwyKUkGsJLPCpM81MivGjlCmuduQsCHVlFl3loKrHqwWXSeNq3JQKVcer0vVu+wIeTiDc7iEAG6gCg9QgzoweIY3+IQvD71X7937WERzXvbnFJbgff8BeRKKzg==</latexit>

<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`

=

• Matching  at the surface  b
<latexit sha1_base64="gIHraRfLYxfVqDGH2Q5pYRHM4ww="></latexit>

y =
R

(1)
H

0
0

(1)H0

����
r=R

[Hinderer ’06]

<latexit sha1_base64="PZ0XMf6gy3x5hH+GixkmHpoVYLQ="></latexit>
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<latexit sha1_base64="eU/WJ/Tu9Q6eaaCKVff8gqCB8BU="></latexit>

�gNSPT
tt = �rs

r
� E2

⇣
1� rs

r

⌘ ⇥
r(r � rs) + bQ2

2(2r/rs � 1)
⇤
Y20 + . . .

<latexit sha1_base64="IAFf/aWx5z8iHsxQVA2H6StQCd0=">AAACAXicbVDNSgMxGMz6W+vfqkcvoUWoIGW3SBVEKPTisYr9gW5ZstlsG5rdrElWWUpPXnwVLyJeFHwBX8G3Md320tYPEoaZ+UhmvJhRqSzr11hZXVvf2Mxt5bd3dvf2zYPDluSJwKSJOeOi4yFJGI1IU1HFSCcWBIUeI21vWJ/o7UciJOXRvUpj0gtRP6IBxUhpyjULzh3tDxQSgj9B5yFBPoRDtwKvs7tUP0tPXbNola1s4DKwZ6AIZtNwzR/H5zgJSaQwQ1J2bStWvRESimJGxnknkSRGeIj6ZJQlGMMTTfkw4EKfSMGMnfOhUMo09LQzRGogF7UJ+Z/WTVRw2RvRKE4UifD0oSBhUHE4qQP6VBCsWKoBwoLqH0I8QAJhpUvL6+j2YtBl0KqU7Wq5enterF3NSsiBY1AAJWCDC1ADN6ABmgCDF/AGPsGX8Wy8Gu/Gx9S6Ysx2jsDcGN9/BumUaA==</latexit>

) k2 = k2(C, y)



Matching at $(ℰ1)
<latexit sha1_base64="UV5S2WAHHrkkLq7hTLGvT4n9Ito=">AAAB7nicbVDLSgNBEOyNrxgfWfXoZTAI8RJ3RaLgJeDFmxHMA5KwzE4myZDZBzO9QljyG15EvCj4Kf6Cf+Mk2UsSCwaKqhq6q/1YCo2O82vlNja3tnfyu4W9/YPDon103NRRohhvsEhGqu1TzaUIeQMFSt6OFaeBL3nLH9/P/NYLV1pE4TNOYt4L6DAUA8EoGsmzi2mXUUkep2Xl6Ut14dklp+LMQdaJm5ESZKh79k+3H7Ek4CEySbXuuE6MvZQqFEzyaaGbaB5TNqZDns7XnZJzI/XJIFLmhUjm6lKOBlpPAt8kA4ojverNxP+8ToKD214qwjhBHrLFoEEiCUZk1p30heIM5cQQypQwGxI2oooyNBcqmOruatF10ryquNVK9em6VLvLjpCHUziDMrhwAzV4gDo0gEECb/AJX1ZsvVrv1scimrOyPyewBOv7D2wLjhk=</latexit>

O(rs/r)
<latexit sha1_base64="QrmMSy7tk9B2cVOEo3VgSEIxTrs=">AAAB8nicbVDLSsNAFL3xWesr2qWbwSLUTU2KVMFNwY07K9gH9BEm00k7dPJg5kYIpT/iRsSNgh/iL/g3pm02bT0wcDjnDPee60ZSaLSsX2Njc2t7Zze3l98/ODw6Nk9OmzqMFeMNFspQtV2quRQBb6BAyduR4tR3JW+54/uZ33rhSosweMYk4j2fDgPhCUYxlRyzMOkyKsnjtKQc3a9cqX7l0jGLVtmag6wTOyNFyFB3zJ/uIGSxzwNkkmrdsa0IexOqUDDJp/lurHlE2ZgO+WS+8pRcpNKAeKFKX4Bkri7lqK914rtp0qc40qveTPzP68To3fYmIohi5AFbDPJiSTAks/5kIBRnKJOUUKZEuiFhI6oow/RK+bS6vVp0nTQrZbtarj5dF2t32RFycAbnUAIbbqAGD1CHBjBI4A0+4ctA49V4Nz4W0Q0j+1OAJRjff8Cjj2E=</latexit>

O(r2s/r
2)

<latexit sha1_base64="jQ1W0omrGr10IlqTn8o4yOi3i2M=">AAAB8nicbVDLSgMxFM3UV62v0S7dBItQN3XGShXcFNy4s4J9QB9DJs20oZkHyR1hGPojbkTcKPgh/oJ/Y9rOpq0HAodzTrj3XDcSXIFl/Rq5jc2t7Z38bmFv/+DwyDw+aakwlpQ1aShC2XGJYoIHrAkcBOtEkhHfFaztTu5nfvuFScXD4BmSiPV9Mgq4xykBLTlmMe1RIvDjtCwdNaheykH1wjFLVsWaA68TOyMllKHhmD+9YUhjnwVABVGqa1sR9FMigVPBpoVerFhE6ISMWDpfeYrPtTTEXij1CwDP1aUc8ZVKfFcnfQJjterNxP+8bgzebT/lQRQDC+hikBcLDCGe9cdDLhkFkWhCqOR6Q0zHRBIK+koFXd1eLbpOWlcVu1apPV2X6nfZEfLoFJ2hMrLRDaqjB9RATURRgt7QJ/oywHg13o2PRTRnZH+KaAnG9x/DnY9j</latexit>

O(r3s/r
3)

<latexit sha1_base64="Lcj2HLO/IHenV/4GsX40+cAJdHM=">AAAB8nicbVDLSsNAFL2pr1pf0S7dDBahbmoiUgU3BTfurGAf0EeYTCft0MmDmRshlP6IGxE3Cn6Iv+DfmLbZtPXAwOGcM9x7rhtJodGyfo3cxubW9k5+t7C3f3B4ZB6fNHUYK8YbLJShartUcykC3kCBkrcjxanvSt5yx/czv/XClRZh8IxJxHs+HQbCE4xiKjlmcdJlVJLHaVk5um9dqr514Zglq2LNQdaJnZESZKg75k93ELLY5wEySbXu2FaEvQlVKJjk00I31jyibEyHfDJfeUrOU2lAvFClL0AyV5dy1Nc68d006VMc6VVvJv7ndWL0bnsTEUQx8oAtBnmxJBiSWX8yEIozlElKKFMi3ZCwEVWUYXqlQlrdXi26TppXFbtaqT5dl2p32RHycApnUAYbbqAGD1CHBjBI4A0+4ctA49V4Nz4W0ZyR/SnCEozvP7qvj10=</latexit>

O(r0s/r
0)

<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`

<latexit sha1_base64="QNjENBE7PoITlTDZ+LaP7DDlVNQ=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNQQSXFewD2lIyaaYNzWSG5I5Qhn6CGxE3Cv6Ov+DfmGln09YDgcM5J9x7rh9LYdB1f53CxubW9k5xt7S3f3B4VD4+aZko0Yw3WSQj3fGp4VIo3kSBkndizWnoS972J/eZ337h2ohIPeM05v2QjpQIBKNopU7aY1SSh9mgXHGr7hxknXg5qUCOxqD80xtGLAm5QiapMV3PjbGfUo2CST4r9RLDY8omdMTT+ZYzcmGlIQkibZ9CMleXcjQ0Zhr6NhlSHJtVLxP/87oJBrf9VKg4Qa7YYlCQSIIRySqTodCcoZxaQpkWdkPCxlRThvYwJVvdWy26TlpXVa9WrT1dV+p3+RGKcAbncAke3EAdHqEBTWAg4Q0+4csZOa/Ou/OxiBac/M8pLMH5/gOEwYti</latexit>

E <latexit sha1_base64="QNjENBE7PoITlTDZ+LaP7DDlVNQ=">AAAB5XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNQQSXFewD2lIyaaYNzWSG5I5Qhn6CGxE3Cv6Ov+DfmGln09YDgcM5J9x7rh9LYdB1f53CxubW9k5xt7S3f3B4VD4+aZko0Yw3WSQj3fGp4VIo3kSBkndizWnoS972J/eZ337h2ohIPeM05v2QjpQIBKNopU7aY1SSh9mgXHGr7hxknXg5qUCOxqD80xtGLAm5QiapMV3PjbGfUo2CST4r9RLDY8omdMTT+ZYzcmGlIQkibZ9CMleXcjQ0Zhr6NhlSHJtVLxP/87oJBrf9VKg4Qa7YYlCQSIIRySqTodCcoZxaQpkWdkPCxlRThvYwJVvdWy26TlpXVa9WrT1dV+p3+RGKcAbncAke3EAdHqEBTWAg4Q0+4csZOa/Ou/OxiBac/M8pLMH5/gOEwYti</latexit>

E

<latexit sha1_base64="WSTNyRMh+Q03+cng3YhJ6y03gZk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FWNBGaNMmUMgPULF541UH530wc18g4rZNRJuCflJ/oX/TqG+jdmDgcM4Z7j3Xj5U05Lq/TmZjc2t7J7ub29s/ODzKH5/UTZRogTURqUg3fW5QyRBrJElhM9bIA19hwx/dz/zGC2ojo/CJxjF2Aj4IZV8KTlaqPnbzBbfozsHWiZeSAqSodPM/7V4kkgBDEoob0/LcmDoTrkkKhdNcOzEYczHiA5zM15uyCyv1WD/S9oXE5upSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiKxaB+ohhFbNaV9aRGQWpsCRda2g2ZGHLNBdmL5Gx1b7XoOqlfFb1SsVS9LpTv0iNk4QzO4RI8uIEyPEAFaiAA4Q0+4ct5dl6dd+djEc046Z9TWILz/QedPYiA</latexit>

M
<latexit sha1_base64="tQFBnSXdQkgPqx8NUUfiMT+rHiI=">AAAB43icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNwY3LCvYBbSmZ9E4bm5mEJCOU0i9wI+JGwf/xF/wb03Y2bT0QOJxzwr3nhkpwY33/18ttbG5t7+R3C3v7B4dHxeOThpGpZlhnUkjdCqlBwROsW24FtpRGGocCm+HofuY3X1AbLpMnO1bYjekg4RFn1Dqp0RlRpWivWPLL/hxknQQZKUGGWq/40+lLlsaYWCaoMe3AV7Y7odpyJnBa6KQGFWUjOsDJfMcpuXBSn0RSu5dYMleXcjQ2ZhyHLhlTOzSr3kz8z2unNrrtTniiUosJWwyKUkGsJLPCpM81MivGjlCmuduQsCHVlFl3loKrHqwWXSeNq3JQKVcer0vVu+wIeTiDc7iEAG6gCg9QgzoweIY3+IQvD71X7937WERzXvbnFJbgff8BeRKKzg==</latexit>

<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`

=

<latexit sha1_base64="Dv157gtFkwRcPVf6+8VtwnJ9tac=">AAAB5HicbVDLSsNAFL3xWeur6tLNYBFclUSkCm4KblxWsA9oSplMJ+nQySTM3Agl9A/ciLhR8Hv8Bf/GaZtNWw8MHM45w73nBqkUBl3319nY3Nre2S3tlfcPDo+OKyenbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+GHmd164NiJRzzhJeT+mkRKhYBSt1PEDEUV+PqhU3Zo7B1knXkGqUKA5qPz4w4RlMVfIJDWm57kp9nOqUTDJp2U/MzylbEwjns+XnJJLKw1JmGj7FJK5upSjsTGTOLDJmOLIrHoz8T+vl2F418+FSjPkii0GhZkkmJBZYzIUmjOUE0so08JuSNiIasrQ3qVsq3urRddJ+7rm1Wv1p5tq4744QgnO4QKuwINbaMAjNKEFDMbwBp/w5YTOq/PufCyiG07x5wyW4Hz/ATJdizs=</latexit> ⇢
absent for Schwartzschild BH b = 0

Vanishing LN of Schwarzschild BHs [Fang & Lovelace ’05; Binnington & Poisson ’09; 
Damour & Nagar ’09]

<latexit sha1_base64="Q4r1alHCJJILODqKrhKQi5+yvFM="></latexit>

�gNSPT
tt = �rs
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�
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E`m
⇣
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⌘ ⇥
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` (2r/rs � 1) + bQ2

`(2r/rs � 1)
⇤
Y`m+ . . .

<latexit sha1_base64="jLwsmyhG07pPQOT97drbIqeZAbg=">AAACAnicbVDLSgNBEOyNrxhfUY9eBoPgKeyKREGEgBePUcwDsiH0zs4mQ2YfzswqIeTmxV/xIuJFwQ/wF/wbJ8leEi0YKKqq6enyEsGVtu0fK7e0vLK6ll8vbGxube8Ud/caKk4lZXUai1i2PFRM8IjVNdeCtRLJMPQEa3qDq4nffGBS8Ti608OEdULsRTzgFLWRusWSe8t7fY1Sxo/EvU/RJ8QVZt7HrsuEIJfENim7bE9B/hInIyXIUOsWv10/pmnIIk0FKtV27ER3Rig1p4KNC26qWIJ0gD02mp4wJkdG8kkQS/MiTabqXA5DpYahZ5Ih6r5a9Cbif1471cF5Z8SjJNUsorNFQSqIjsmkD+JzyagWQ0OQSm5+SGgfJVJtWiuY053FQ/+SxknZqZQrN6el6kVWQh4O4BCOwYEzqMI11KAOFJ7hFT7g03qyXqw3630WzVnZzD7Mwfr6BZlUlgY=</latexit>

) �` = 0

<latexit sha1_base64="qn9QkJIaw3tRu5BXwgqoH+VoVQ0="></latexit>

�gEFT
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Matching at $(ℰ2)



Matching at $(ℰ2)
<latexit sha1_base64="U8mLpgkIx349WAqLRWZpWTkXB38=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqsyItIKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qd9r18suWV3DrJOvIyUIEO9X/zpDiKWhFwhk9SYjufG2EupRsEknxa6ieExZWM65Ol8zym5sNKABJG2TyGZq0s5GhozCX2bDCmOzKo3E//zOgkGN71UqDhBrthiUJBIghGZlSYDoTlDObGEMi3shoSNqKYM7WkKtrq3WnSdNK/KXqVcebwu1W6zI+ThDM7hEjyoQg0eoA4NYKDgDT7hyxHOq/PufCyiOSf7cwpLcL7/AKlzjAY=</latexit>

E1

<latexit sha1_base64="U8mLpgkIx349WAqLRWZpWTkXB38=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqsyItIKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qd9r18suWV3DrJOvIyUIEO9X/zpDiKWhFwhk9SYjufG2EupRsEknxa6ieExZWM65Ol8zym5sNKABJG2TyGZq0s5GhozCX2bDCmOzKo3E//zOgkGN71UqDhBrthiUJBIghGZlSYDoTlDObGEMi3shoSNqKYM7WkKtrq3WnSdNK/KXqVcebwu1W6zI+ThDM7hEjyoQg0eoA4NYKDgDT7hyxHOq/PufCyiOSf7cwpLcL7/AKlzjAY=</latexit>

E1
<latexit sha1_base64="U8mLpgkIx349WAqLRWZpWTkXB38=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqsyItIKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qd9r18suWV3DrJOvIyUIEO9X/zpDiKWhFwhk9SYjufG2EupRsEknxa6ieExZWM65Ol8zym5sNKABJG2TyGZq0s5GhozCX2bDCmOzKo3E//zOgkGN71UqDhBrthiUJBIghGZlSYDoTlDObGEMi3shoSNqKYM7WkKtrq3WnSdNK/KXqVcebwu1W6zI+ThDM7hEjyoQg0eoA4NYKDgDT7hyxHOq/PufCyiOSf7cwpLcL7/AKlzjAY=</latexit>

E1
<latexit sha1_base64="U8mLpgkIx349WAqLRWZpWTkXB38=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqsyItIKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qd9r18suWV3DrJOvIyUIEO9X/zpDiKWhFwhk9SYjufG2EupRsEknxa6ieExZWM65Ol8zym5sNKABJG2TyGZq0s5GhozCX2bDCmOzKo3E//zOgkGN71UqDhBrthiUJBIghGZlSYDoTlDObGEMi3shoSNqKYM7WkKtrq3WnSdNK/KXqVcebwu1W6zI+ThDM7hEjyoQg0eoA4NYKDgDT7hyxHOq/PufCyiOSf7cwpLcL7/AKlzjAY=</latexit>

E1
<latexit sha1_base64="CVbdibYqTRI/7SSOrs1hl40y3Zk=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqswUqYKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qf9Sr9YcsvuHGSdeBkpQYZ6v/jTHUQsCblCJqkxHc+NsZdSjYJJPi10E8NjysZ0yNP5nlNyYaUBCSJtn0IyV5dyNDRmEvo2GVIcmVVvJv7ndRIMbnqpUHGCXLHFoCCRBCMyK00GQnOGcmIJZVrYDQkbUU0Z2tMUbHVvteg6aVbKXrVcfbwq1W6zI+ThDM7hEjy4hho8QB0awEDBG3zClyOcV+fd+VhEc0725xSW4Hz/AartjAc=</latexit>

E2
<latexit sha1_base64="CVbdibYqTRI/7SSOrs1hl40y3Zk=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqswUqYKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qf9Sr9YcsvuHGSdeBkpQYZ6v/jTHUQsCblCJqkxHc+NsZdSjYJJPi10E8NjysZ0yNP5nlNyYaUBCSJtn0IyV5dyNDRmEvo2GVIcmVVvJv7ndRIMbnqpUHGCXLHFoCCRBCMyK00GQnOGcmIJZVrYDQkbUU0Z2tMUbHVvteg6aVbKXrVcfbwq1W6zI+ThDM7hEjy4hho8QB0awEDBG3zClyOcV+fd+VhEc0725xSW4Hz/AartjAc=</latexit>

E2
<latexit sha1_base64="CVbdibYqTRI/7SSOrs1hl40y3Zk=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqswUqYKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qf9Sr9YcsvuHGSdeBkpQYZ6v/jTHUQsCblCJqkxHc+NsZdSjYJJPi10E8NjysZ0yNP5nlNyYaUBCSJtn0IyV5dyNDRmEvo2GVIcmVVvJv7ndRIMbnqpUHGCXLHFoCCRBCMyK00GQnOGcmIJZVrYDQkbUU0Z2tMUbHVvteg6aVbKXrVcfbwq1W6zI+ThDM7hEjy4hho8QB0awEDBG3zClyOcV+fd+VhEc0725xSW4Hz/AartjAc=</latexit>

E2
<latexit sha1_base64="CVbdibYqTRI/7SSOrs1hl40y3Zk=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqswUqYKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qf9Sr9YcsvuHGSdeBkpQYZ6v/jTHUQsCblCJqkxHc+NsZdSjYJJPi10E8NjysZ0yNP5nlNyYaUBCSJtn0IyV5dyNDRmEvo2GVIcmVVvJv7ndRIMbnqpUHGCXLHFoCCRBCMyK00GQnOGcmIJZVrYDQkbUU0Z2tMUbHVvteg6aVbKXrVcfbwq1W6zI+ThDM7hEjy4hho8QB0awEDBG3zClyOcV+fd+VhEc0725xSW4Hz/AartjAc=</latexit>

E2

<latexit sha1_base64="tQFBnSXdQkgPqx8NUUfiMT+rHiI=">AAAB43icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNwY3LCvYBbSmZ9E4bm5mEJCOU0i9wI+JGwf/xF/wb03Y2bT0QOJxzwr3nhkpwY33/18ttbG5t7+R3C3v7B4dHxeOThpGpZlhnUkjdCqlBwROsW24FtpRGGocCm+HofuY3X1AbLpMnO1bYjekg4RFn1Dqp0RlRpWivWPLL/hxknQQZKUGGWq/40+lLlsaYWCaoMe3AV7Y7odpyJnBa6KQGFWUjOsDJfMcpuXBSn0RSu5dYMleXcjQ2ZhyHLhlTOzSr3kz8z2unNrrtTniiUosJWwyKUkGsJLPCpM81MivGjlCmuduQsCHVlFl3loKrHqwWXSeNq3JQKVcer0vVu+wIeTiDc7iEAG6gCg9QgzoweIY3+IQvD71X7937WERzXvbnFJbgff8BeRKKzg==</latexit>
<latexit sha1_base64="tQFBnSXdQkgPqx8NUUfiMT+rHiI=">AAAB43icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNwY3LCvYBbSmZ9E4bm5mEJCOU0i9wI+JGwf/xF/wb03Y2bT0QOJxzwr3nhkpwY33/18ttbG5t7+R3C3v7B4dHxeOThpGpZlhnUkjdCqlBwROsW24FtpRGGocCm+HofuY3X1AbLpMnO1bYjekg4RFn1Dqp0RlRpWivWPLL/hxknQQZKUGGWq/40+lLlsaYWCaoMe3AV7Y7odpyJnBa6KQGFWUjOsDJfMcpuXBSn0RSu5dYMleXcjQ2ZhyHLhlTOzSr3kz8z2unNrrtTniiUosJWwyKUkGsJLPCpM81MivGjlCmuduQsCHVlFl3loKrHqwWXSeNq3JQKVcer0vVu+wIeTiDc7iEAG6gCg9QgzoweIY3+IQvD71X7937WERzXvbnFJbgff8BeRKKzg==</latexit>

<latexit sha1_base64="tQFBnSXdQkgPqx8NUUfiMT+rHiI=">AAAB43icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNwY3LCvYBbSmZ9E4bm5mEJCOU0i9wI+JGwf/xF/wb03Y2bT0QOJxzwr3nhkpwY33/18ttbG5t7+R3C3v7B4dHxeOThpGpZlhnUkjdCqlBwROsW24FtpRGGocCm+HofuY3X1AbLpMnO1bYjekg4RFn1Dqp0RlRpWivWPLL/hxknQQZKUGGWq/40+lLlsaYWCaoMe3AV7Y7odpyJnBa6KQGFWUjOsDJfMcpuXBSn0RSu5dYMleXcjQ2ZhyHLhlTOzSr3kz8z2unNrrtTniiUosJWwyKUkGsJLPCpM81MivGjlCmuduQsCHVlFl3loKrHqwWXSeNq3JQKVcer0vVu+wIeTiDc7iEAG6gCg9QgzoweIY3+IQvD71X7937WERzXvbnFJbgff8BeRKKzg==</latexit> <latexit sha1_base64="tQFBnSXdQkgPqx8NUUfiMT+rHiI=">AAAB43icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNwY3LCvYBbSmZ9E4bm5mEJCOU0i9wI+JGwf/xF/wb03Y2bT0QOJxzwr3nhkpwY33/18ttbG5t7+R3C3v7B4dHxeOThpGpZlhnUkjdCqlBwROsW24FtpRGGocCm+HofuY3X1AbLpMnO1bYjekg4RFn1Dqp0RlRpWivWPLL/hxknQQZKUGGWq/40+lLlsaYWCaoMe3AV7Y7odpyJnBa6KQGFWUjOsDJfMcpuXBSn0RSu5dYMleXcjQ2ZhyHLhlTOzSr3kz8z2unNrrtTniiUosJWwyKUkGsJLPCpM81MivGjlCmuduQsCHVlFl3loKrHqwWXSeNq3JQKVcer0vVu+wIeTiDc7iEAG6gCg9QgzoweIY3+IQvD71X7937WERzXvbnFJbgff8BeRKKzg==</latexit> <latexit sha1_base64="tQFBnSXdQkgPqx8NUUfiMT+rHiI=">AAAB43icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVMFNwY3LCvYBbSmZ9E4bm5mEJCOU0i9wI+JGwf/xF/wb03Y2bT0QOJxzwr3nhkpwY33/18ttbG5t7+R3C3v7B4dHxeOThpGpZlhnUkjdCqlBwROsW24FtpRGGocCm+HofuY3X1AbLpMnO1bYjekg4RFn1Dqp0RlRpWivWPLL/hxknQQZKUGGWq/40+lLlsaYWCaoMe3AV7Y7odpyJnBa6KQGFWUjOsDJfMcpuXBSn0RSu5dYMleXcjQ2ZhyHLhlTOzSr3kz8z2unNrrtTniiUosJWwyKUkGsJLPCpM81MivGjlCmuduQsCHVlFl3loKrHqwWXSeNq3JQKVcer0vVu+wIeTiDc7iEAG6gCg9QgzoweIY3+IQvD71X7937WERzXvbnFJbgff8BeRKKzg==</latexit>

=

[Riva, Santoni, Savic, FV ’23;

Iteanu, Riva, Santoni, Savic, FV ’24;]

<latexit sha1_base64="UV5S2WAHHrkkLq7hTLGvT4n9Ito=">AAAB7nicbVDLSgNBEOyNrxgfWfXoZTAI8RJ3RaLgJeDFmxHMA5KwzE4myZDZBzO9QljyG15EvCj4Kf6Cf+Mk2UsSCwaKqhq6q/1YCo2O82vlNja3tnfyu4W9/YPDon103NRRohhvsEhGqu1TzaUIeQMFSt6OFaeBL3nLH9/P/NYLV1pE4TNOYt4L6DAUA8EoGsmzi2mXUUkep2Xl6Ut14dklp+LMQdaJm5ESZKh79k+3H7Ek4CEySbXuuE6MvZQqFEzyaaGbaB5TNqZDns7XnZJzI/XJIFLmhUjm6lKOBlpPAt8kA4ojverNxP+8ToKD214qwjhBHrLFoEEiCUZk1p30heIM5cQQypQwGxI2oooyNBcqmOruatF10ryquNVK9em6VLvLjpCHUziDMrhwAzV4gDo0gEECb/AJX1ZsvVrv1scimrOyPyewBOv7D2wLjhk=</latexit>

O(rs/r)
<latexit sha1_base64="Lcj2HLO/IHenV/4GsX40+cAJdHM=">AAAB8nicbVDLSsNAFL2pr1pf0S7dDBahbmoiUgU3BTfurGAf0EeYTCft0MmDmRshlP6IGxE3Cn6Iv+DfmLbZtPXAwOGcM9x7rhtJodGyfo3cxubW9k5+t7C3f3B4ZB6fNHUYK8YbLJShartUcykC3kCBkrcjxanvSt5yx/czv/XClRZh8IxJxHs+HQbCE4xiKjlmcdJlVJLHaVk5um9dqr514Zglq2LNQdaJnZESZKg75k93ELLY5wEySbXu2FaEvQlVKJjk00I31jyibEyHfDJfeUrOU2lAvFClL0AyV5dy1Nc68d006VMc6VVvJv7ndWL0bnsTEUQx8oAtBnmxJBiSWX8yEIozlElKKFMi3ZCwEVWUYXqlQlrdXi26TppXFbtaqT5dl2p32RHycApnUAYbbqAGD1CHBjBI4A0+4ctA49V4Nz4W0ZyR/SnCEozvP7qvj10=</latexit>

O(r0s/r
0)

<latexit sha1_base64="QrmMSy7tk9B2cVOEo3VgSEIxTrs=">AAAB8nicbVDLSsNAFL3xWesr2qWbwSLUTU2KVMFNwY07K9gH9BEm00k7dPJg5kYIpT/iRsSNgh/iL/g3pm02bT0wcDjnDPee60ZSaLSsX2Njc2t7Zze3l98/ODw6Nk9OmzqMFeMNFspQtV2quRQBb6BAyduR4tR3JW+54/uZ33rhSosweMYk4j2fDgPhCUYxlRyzMOkyKsnjtKQc3a9cqX7l0jGLVtmag6wTOyNFyFB3zJ/uIGSxzwNkkmrdsa0IexOqUDDJp/lurHlE2ZgO+WS+8pRcpNKAeKFKX4Bkri7lqK914rtp0qc40qveTPzP68To3fYmIohi5AFbDPJiSTAks/5kIBRnKJOUUKZEuiFhI6oow/RK+bS6vVp0nTQrZbtarj5dF2t32RFycAbnUAIbbqAGD1CHBjBI4A0+4ctA49V4Nz4W0Q0j+1OAJRjff8Cjj2E=</latexit>

O(r2s/r
2)

<latexit sha1_base64="PZ0XMf6gy3x5hH+GixkmHpoVYLQ="></latexit>
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✓
R

r

◆5 ⇣
1 + b1

rs
r

+ . . .
⌘#

<latexit sha1_base64="eU/WJ/Tu9Q6eaaCKVff8gqCB8BU="></latexit>

�gNSPT
tt = �rs

r
� E2

⇣
1� rs

r

⌘ ⇥
r(r � rs) + bQ2

2(2r/rs � 1)
⇤
Y20 + . . .

<latexit sha1_base64="c4PCPu55gaopaAQ1F20GdeIMdA8="></latexit>

+ I000
222 E2

20r
4


(1 + · · · ) + k2

✓
R

r

◆5

(1 + · · · )

+ k22

✓
R

r

◆10

(1 + · · · ) + R

GM
p2

✓
R

r

◆7

(1 + · · · )
�



<latexit sha1_base64="NkbNWVHma5TsNL87bL4f2qa8wkU=">AAACF3icbVDLSgMxFL3js9ZX1aWbYBFcSJkpUgtuCm5cVrAP6JQhk8m0oZkHSUYow3yIG3/FjUg3Ci79GzPtuGjrgSSHc06Se68bcyaVaf4YG5tb2zu7pb3y/sHh0XHl5LQro0QQ2iERj0TfxZJyFtKOYorTfiwoDlxOe+7kPvd7z1RIFoVPahrTYYBHIfMZwUpLTqVpcx32sGNTzq9Ras+fTAX1MvRnpbmH8s2xFkc9y5xK1ayZc6B1YhWkCgXaTmVmexFJAhoqwrGUA8uM1TDFQjHCaVa2E0ljTCZ4RNN5ERm61JKH/EjoFSo0V5dyOJByGrg6GWA1lqteLv7nDRLlN4cpC+NE0ZAsPvITjlSE8iEhjwlKFJ9qgolgukJExlhgovQoy7p1a7XRddKt16xGrfF4U23dFUMowTlcwBVYcAsteIA2dIDAK7zDJ3wZL8ab8WHMFtENo7hzBkswvn8B9KSfkQ==</latexit>

�`,�``1`2

<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`

<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`

<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`
<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`

<latexit sha1_base64="U8mLpgkIx349WAqLRWZpWTkXB38=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqsyItIKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qd9r18suWV3DrJOvIyUIEO9X/zpDiKWhFwhk9SYjufG2EupRsEknxa6ieExZWM65Ol8zym5sNKABJG2TyGZq0s5GhozCX2bDCmOzKo3E//zOgkGN71UqDhBrthiUJBIghGZlSYDoTlDObGEMi3shoSNqKYM7WkKtrq3WnSdNK/KXqVcebwu1W6zI+ThDM7hEjyoQg0eoA4NYKDgDT7hyxHOq/PufCyiOSf7cwpLcL7/AKlzjAY=</latexit>

E1
<latexit sha1_base64="CVbdibYqTRI/7SSOrs1hl40y3Zk=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqswUqYKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qf9Sr9YcsvuHGSdeBkpQYZ6v/jTHUQsCblCJqkxHc+NsZdSjYJJPi10E8NjysZ0yNP5nlNyYaUBCSJtn0IyV5dyNDRmEvo2GVIcmVVvJv7ndRIMbnqpUHGCXLHFoCCRBCMyK00GQnOGcmIJZVrYDQkbUU0Z2tMUbHVvteg6aVbKXrVcfbwq1W6zI+ThDM7hEjy4hho8QB0awEDBG3zClyOcV+fd+VhEc0725xSW4Hz/AartjAc=</latexit>

E2
<latexit sha1_base64="U8mLpgkIx349WAqLRWZpWTkXB38=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqsyItIKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qd9r18suWV3DrJOvIyUIEO9X/zpDiKWhFwhk9SYjufG2EupRsEknxa6ieExZWM65Ol8zym5sNKABJG2TyGZq0s5GhozCX2bDCmOzKo3E//zOgkGN71UqDhBrthiUJBIghGZlSYDoTlDObGEMi3shoSNqKYM7WkKtrq3WnSdNK/KXqVcebwu1W6zI+ThDM7hEjyoQg0eoA4NYKDgDT7hyxHOq/PufCyiOSf7cwpLcL7/AKlzjAY=</latexit>

E1

<latexit sha1_base64="CVbdibYqTRI/7SSOrs1hl40y3Zk=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqswUqYKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qf9Sr9YcsvuHGSdeBkpQYZ6v/jTHUQsCblCJqkxHc+NsZdSjYJJPi10E8NjysZ0yNP5nlNyYaUBCSJtn0IyV5dyNDRmEvo2GVIcmVVvJv7ndRIMbnqpUHGCXLHFoCCRBCMyK00GQnOGcmIJZVrYDQkbUU0Z2tMUbHVvteg6aVbKXrVcfbwq1W6zI+ThDM7hEjy4hho8QB0awEDBG3zClyOcV+fd+VhEc0725xSW4Hz/AartjAc=</latexit>

E2

<latexit sha1_base64="U8mLpgkIx349WAqLRWZpWTkXB38=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqsyItIKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qd9r18suWV3DrJOvIyUIEO9X/zpDiKWhFwhk9SYjufG2EupRsEknxa6ieExZWM65Ol8zym5sNKABJG2TyGZq0s5GhozCX2bDCmOzKo3E//zOgkGN71UqDhBrthiUJBIghGZlSYDoTlDObGEMi3shoSNqKYM7WkKtrq3WnSdNK/KXqVcebwu1W6zI+ThDM7hEjyoQg0eoA4NYKDgDT7hyxHOq/PufCyiOSf7cwpLcL7/AKlzjAY=</latexit>

E1
<latexit sha1_base64="CVbdibYqTRI/7SSOrs1hl40y3Zk=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqswUqYKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qf9Sr9YcsvuHGSdeBkpQYZ6v/jTHUQsCblCJqkxHc+NsZdSjYJJPi10E8NjysZ0yNP5nlNyYaUBCSJtn0IyV5dyNDRmEvo2GVIcmVVvJv7ndRIMbnqpUHGCXLHFoCCRBCMyK00GQnOGcmIJZVrYDQkbUU0Z2tMUbHVvteg6aVbKXrVcfbwq1W6zI+ThDM7hEjy4hho8QB0awEDBG3zClyOcV+fd+VhEc0725xSW4Hz/AartjAc=</latexit>

E2
<latexit sha1_base64="U8mLpgkIx349WAqLRWZpWTkXB38=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqsyItIKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qd9r18suWV3DrJOvIyUIEO9X/zpDiKWhFwhk9SYjufG2EupRsEknxa6ieExZWM65Ol8zym5sNKABJG2TyGZq0s5GhozCX2bDCmOzKo3E//zOgkGN71UqDhBrthiUJBIghGZlSYDoTlDObGEMi3shoSNqKYM7WkKtrq3WnSdNK/KXqVcebwu1W6zI+ThDM7hEjyoQg0eoA4NYKDgDT7hyxHOq/PufCyiOSf7cwpLcL7/AKlzjAY=</latexit>

E1
<latexit sha1_base64="CVbdibYqTRI/7SSOrs1hl40y3Zk=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqswUqYKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qf9Sr9YcsvuHGSdeBkpQYZ6v/jTHUQsCblCJqkxHc+NsZdSjYJJPi10E8NjysZ0yNP5nlNyYaUBCSJtn0IyV5dyNDRmEvo2GVIcmVVvJv7ndRIMbnqpUHGCXLHFoCCRBCMyK00GQnOGcmIJZVrYDQkbUU0Z2tMUbHVvteg6aVbKXrVcfbwq1W6zI+ThDM7hEjy4hho8QB0awEDBG3zClyOcV+fd+VhEc0725xSW4Hz/AartjAc=</latexit>

E2

Matching at $(ℰ2)

=

[Riva, Santoni, Savic, FV, Pani, in prep.]

<latexit sha1_base64="PZ0XMf6gy3x5hH+GixkmHpoVYLQ="></latexit>

�gEFT
tt = �rs

r
� r2E2Y20

"⇣
1 + a1

rs
r

+ . . .
⌘
+ k2

✓
R

r

◆5 ⇣
1 + b1

rs
r

+ . . .
⌘#

<latexit sha1_base64="eU/WJ/Tu9Q6eaaCKVff8gqCB8BU="></latexit>

�gNSPT
tt = �rs

r
� E2

⇣
1� rs

r

⌘ ⇥
r(r � rs) + bQ2

2(2r/rs � 1)
⇤
Y20 + . . .

<latexit sha1_base64="c4PCPu55gaopaAQ1F20GdeIMdA8="></latexit>

+ I000
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✓
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✓
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r
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(1 + · · · ) + R
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✓
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�



Matching at $(ℰ2)

=

<latexit sha1_base64="gIHraRfLYxfVqDGH2Q5pYRHM4ww="></latexit>

y =
R

(1)
H

0
0

(1)H0

����
r=R

[Riva, Santoni, Savic, FV, Pani, in prep.]

<latexit sha1_base64="NkbNWVHma5TsNL87bL4f2qa8wkU=">AAACF3icbVDLSgMxFL3js9ZX1aWbYBFcSJkpUgtuCm5cVrAP6JQhk8m0oZkHSUYow3yIG3/FjUg3Ci79GzPtuGjrgSSHc06Se68bcyaVaf4YG5tb2zu7pb3y/sHh0XHl5LQro0QQ2iERj0TfxZJyFtKOYorTfiwoDlxOe+7kPvd7z1RIFoVPahrTYYBHIfMZwUpLTqVpcx32sGNTzq9Ras+fTAX1MvRnpbmH8s2xFkc9y5xK1ayZc6B1YhWkCgXaTmVmexFJAhoqwrGUA8uM1TDFQjHCaVa2E0ljTCZ4RNN5ERm61JKH/EjoFSo0V5dyOJByGrg6GWA1lqteLv7nDRLlN4cpC+NE0ZAsPvITjlSE8iEhjwlKFJ9qgolgukJExlhgovQoy7p1a7XRddKt16xGrfF4U23dFUMowTlcwBVYcAsteIA2dIDAK7zDJ3wZL8ab8WHMFtENo7hzBkswvn8B9KSfkQ==</latexit>

�`,�``1`2

<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`

<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`

<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`
<latexit sha1_base64="tGKyKEVLKtYb+vzA7BtXOqUFbLI=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV2RKHgJePEYwTwgG8LsbG8yZPbBTK8QQj7Ci4gXBX/GX/BvnDwuSSwYKKpq6K4OMiUNue6vs7G5tb2zW9gr7h8cHh2XTk6bJs21wIZIVarbATeoZIINkqSwnWnkcaCwFQwfpn7rBbWRafJMowy7Me8nMpKCk5V8X9loyHs+KtUrld2KOwNbJ96ClGGBeq/044epyGNMSChuTMdzM+qOuSYpFE6Kfm4w42LI+ziebTphl1YKWZRq+xJiM3Upx2NjRnFgkzGngVn1puJ/Xien6K47lkmWEyZiPijKFaOUTWuzUGoUpEaWcKGl3ZCJAddckD1O0Vb3Vouuk+Z1xatWqk835dr94ggFOIcLuAIPbqEGj1CHBgjI4A0+4csZOq/Ou/Mxj244iz9nsATn+w/Ov41W</latexit>

�`

<latexit sha1_base64="U8mLpgkIx349WAqLRWZpWTkXB38=">AAAB53icbVDLSgMxFL1TX7W+qi7dBIvgqsyItIKbggguK9gHtqVk0kwbmskMyR2hDP0GNyJuFPwbf8G/MW1n09YDgcM5J9x7rh9LYdB1f53cxubW9k5+t7C3f3B4VDw+aZoo0Yw3WCQj3fap4VIo3kCBkrdjzWnoS97yx3czv/XCtRGResJJzHshHSoRCEbRSs9pl1FJ7qd9r18suWV3DrJOvIyUIEO9X/zpDiKWhFwhk9SYjufG2EupRsEknxa6ieExZWM65Ol8zym5sNKABJG2TyGZq0s5GhozCX2bDCmOzKo3E//zOgkGN71UqDhBrthiUJBIghGZlSYDoTlDObGEMi3shoSNqKYM7WkKtrq3WnSdNK/KXqVcebwu1W6zI+ThDM7hEjyoQg0eoA4NYKDgDT7hyxHOq/PufCyiOSf7cwpLcL7/AKlzjAY=</latexit>

E1
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Results [Riva, Santoni, Savic, FV, Pani, in prep.

Agreement with Pitre & Poisson ’25 when overlap]

• Polytropic equation of state: 
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p = C⇢1+1/n



Results [Riva, Santoni, Savic, FV, Pani, in prep.]


• “Realistic” equations of state
Linear Love Quadratic Love

Quadratic/Linear M-R



Conclusion

• Obtained even static quadratic tidal Love numbers of neutron stars by matching the 
worldline effective field theory with perturbation theory at second-order 

• WEFT unambiguously defines TNL and reconstructs perturbatively NS perturbation 
theory

• Future: Extend to odd modes, possibly all multipoles, study observability


