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Newtonian case

» Poisson equation: V2@ = 4nGp
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Newtonian case

» Poisson equation: V20 = 41Gp

( _,) tidal field
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Gravitational wave astronomy
Masses In the Stellar Graveyard
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Effect on the waveform
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Effect on the waveform
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Effect on the waveform
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Effect on the waveform
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Effect on the waveform
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= Improve waveform model
= Additional information on the NS internal structure

= Same order as first dynamical Love numbers: NS frequency, resonances, etc.

Quadratic tidal Love number must be included for the next generation of GW detectors



Newtonian case example

- Example: uniform density Vp=—-Vo V20 = 47GpO(R — 1)
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Newtonian case example
+ Example: uniform density ﬁp S v/ Vip = ArGpO(R — r)
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Newtonian case example

—

Vp = Vo

« Example: uniform density
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Newtonian case example

- Example: uniform density Vp=—-Vo V20 = 47GpO(R — 1)
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Relativistic case

* In general relativity we have Einstein equations:

1
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Relativistic case

* In general relativity we have Einstein equations:

V20 = 47Gp

 Polar (parity even) perturbations:
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Relativistic case

* In general relativity we have Einstein equations:

V20 = 47Gp
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- Axial (parity odd) perturbations:
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- Expressions above are not-gauge invariant. Ambiguity in definition of Love numbers.
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» Things get worse when including the nonlinear response to the tidal field.
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- EFT of self-interacting gravitons coupled to classical worldline sources
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- EFT of self-interacting gravitons coupled to classical worldline sources
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- EFT of self-interacting gravitons coupled to classical worldline sources
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- From afar, everything looks point-like and localized on a center-of-mass worldline x*(A)

zH(A)
« Micro-structure integrated out. Modelled as series of multipole moments
quadrupole
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mass octupole
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linear response + nonlinearities
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Tidal effects in the WEF

« Action S — SEH [g/ﬂ/] + SWL [g/u/a xu(A)]

Linear Love number couplings

Swi, = /dT{M s Z ()\EELEL £+ )\f BLBL) (partity invariant operators)
L

3 2
T Z {AfElfges (EL1EL2EL3) -+ )\Zzeg (ELl BLZBLg)] + O(E4, .. )}

LiLoLs Quadratic Love number couplings

- WEFT provides coordinate-independent definition of Love numbers and systematically
accounts for non-linearities

« See Poisson (e.g. 2012.10184) and Poisson & Pitre (e.g. 2506.08722) for a different approach



Matching

« Action S — SEH [g/ﬂ/] + SWL [g/u/a xu(A)]

Swi, = /dT{M +> (AW ELE" + A\ BLB")
L

3 2
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LiLyLs

- Compute As by matching black hole or stellar perturbation theory in GR to the WEFT
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J
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A is gauge independent, but 5gm/ must be
matched in the same gauge



WEFT calculation

« Action S — SEH [g/ﬂ/] + SWL [g/u/a xu(A)]
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WEFT calculation

« Action S — SEH [g/ﬂ/] + SWL [g/u/a x'u(A)]
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- Background-field method

Juv — g,uy =+ h,uz/ — Nuv =+ H,uu =+ h,ul/

Background tidal field C_; [_ ] — 0
(satisfies vacuum Einstein egs.) prl9pv| =



WEFT calculation

» Action S = SeulHuv, hyw] + Sar|Hyw, hyw| + SwirlH v, by, 2]
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LiLyLs

- Background-field method

Juv — g,uy =+ h,uz/ — Nuv =+ H,uu =+ h,ul/

Background tidal field C_; [_ ] — 0
(satisfies vacuum Einstein egs.) prl9pv| =

- Gauge-fixing term (background de Donder)

_ _ _ _ 1 —
SGF — = /d4£13v _§§MVF,LLF1/ 9 FV — gpa (vphm/ — §v1/hpa)



WEFT calculation

» Action S = SeulHuv, hyw] + Sar|Hyw, hyw| + SwirlH v, by, 2]

Swi, = /dT{M +> (AW ELE" + A} BLB")
L
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LiLyLs

- One-point expectation value <huv($)> — /D[h] B eS| Hap hap,z"”]

= all Feynman diagrams with one external leg of hﬂy



WEFT calculation

« Action S = SEH[ N2 h,u,y] + SGF[ Nz h,uu] + SWL[ UV s h,uV7 :B'u]

e —— —

propagator & vertices

Swi, = /dT{M +> (AW ELE" + A} BLB")
L

Z {)\615263 (ELlEL2EL3) + )‘E 6263 (ELlBL2BL3)] + O(E47 . )}
L1LoLs

- One-point expectation value (huv(z)) = /D[h] B eS| Hap hap,z"”]
= all Feynman diagrams with one external leg of hﬂy

- Feynman rules:
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WEFT calculation

» Action S = SeulHuv, hyw] + Sar|Hyw, hyw| + SwirlH v, by, 2]

worldline couplings

Swi, = /dT{M +> (AW ELE" + A} BLB")
L

3 2
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LiLyLs

- One-point expectation value (huv(z)) = /D[h] B eS| Hap hap,z"”]
= all Feynman diagrams with one external leg of hﬂy

- Feynman rules:
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WEFT calculation

» Action S = SeulHuv, hyw] + Sar|Hyw, hyw| + SwirlH v, by, 2]

worldline couplings

Swi, = /dT{M +> (AW ELE" + A} BLB")
L

3 2
T Z {AfElfzes (EL1EL2EL3) T )\eElggﬁg (ELl BL2BL3)] + O(E4, .. )}
LiLyLs

- One-point expectation value <huv($)> — /D[h] B eS| Hap hap,z"”]

= all Feynman diagrams with one external leg of hﬂy
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- Controlled expansion parameters: g/t « ?S < ES <1



WEFT calculation

» Action S = SeulHuv, hyw] + Sar|Hyw, hyw| + SwirlH v, by, 2]

Swi, = /dT{M +> (AW ELE" + A} BLB")
L

3 2
T Z {AfElfzes (EL1EL2EL3) T )\eElggﬁg (ELl BL2BL3)] + O(E4, .. )}
LiLyLs

- One-point expectation value <huv($)> — /D[h] B eS| Hap hap,z"”]

= all Feynman diagrams with one external leg of hﬂy
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WEFT calculation

» Action S = SeulHuv, hyw] + Sar|Hyw, hyw| + SwirlH v, by, 2]

Swi, = /dT{M +> (AW ELE" + A} BLB")
L

3 2
T Z {AfElfzes (EL1EL2EL3) T )\Zzeg (ELl BLzBL:%)] + O(E4, .. )}
LiLyLs

- One-point expectation value <huz/($)> — /D[h] B eS| Hap hap,z"”]

= all Feynman diagrams with one external leg of hﬂy

Classical limit = no diagrams with close loops of hﬂy




Full GR calculation (BHPT or NSPT)

- Tolman-Oppenheimer-Volkoff equations inside the star and vacuum Einstein equations outside

G =Ty = 387G [(p + p)uyty + PG
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Full GR calculation (BHPT or NSPT)

- Tolman-Oppenheimer-Volkoff equations inside the star and vacuum Einstein equations outside

G =Ty = 387G [(p + p)uyty + PG

- Expand metric and fluid variables around background in the static limit (no time dependence)
Juv = gB‘,igd(’r) +0g,, (1,0, 9) = gblﬁgd(T) + (1)5guy(r, 0,0) + (2)5g,w(fr', 0,0)+ ...

ds%kgd = —e"M a2 + AN ar? 4 2402

- Regge-Wheeler approach 5gW = 59;;, +0 9uv
[Regge & Wheeler ’57]
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Full GR calculation (

3HPT or NSPT)

- Tolman-Oppenheimer-Volkoff equations inside the star and vacuum Einstein equations outside

G =Ty = 387G [(p + p)uyty + PG

- Expand metric and fluid variables around background in the static limit (no time dependence)
Juv = gEiﬁgd(r) +0g,, (1,0, 9) = gblﬁgd(ﬂ + (1)5guy(r, 0,0) + (2)5g,w(fr', 0,0)+ ...

ds%kgd = —e"M a2 + AN ar? 4 2402

+ Solve Einstein equations perturbatively at linear and quadratic order, imposing regularity at the
star center and continuity at the star surface

G = GMV + (1)GIW + (2)GW L = _/w + (1)TIW + (Q)TIW
D[(Sg/gly)] =0 Linear
D[5g(2)] = 8[59(1) * 59(1)] Quadratic
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EFT at O(&Y)
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Schwarzschild reconstructed
[Mougiakakos & Vanhove ’24]



Matching at O(&")
O(rs/r)  OGE/r)  O@2/r)
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5gEFT _ 7“_5 Schwarzschild reconstructed
i T [Mougiakakos & Vanhove ’24]
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FFT at O(&)
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Matching at O(&")
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Matching at O(&")
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Damour & Nagar '09]
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: [Riva, Santoni, Savic, FV '23;
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[Riva, Santoni, Savic, FV, Pani, in prep.]
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[Riva, Santoni, Savic, FV, Pani, in prep.]
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Results

 Polytropic equation of state:

Linear Love
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[Riva, Santoni, Savic, FV, Pani, in prep.
Agreement with Pitre & Poisson ’25 when overlap]
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Results

- “Realistic” equations of state

Linear Love
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Conclusion

- Obtained even static quadratic tidal Love numbers of neutron stars by matching the
worldline effective field theory with perturbation theory at second-order

- WEFT unambiguously defines TNL and reconstructs perturbatively NS perturbation
theory

 Future: Extend to odd modes, possibly all multipoles, study observability



