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EPR paradox (1935)

* [¥) = (1) = 1)
® A sees |[T) = B sees []):

A. Einstein B. Podolsky N. Rosen Entanglement

Definition

Two systems A and B are entangled if performing a
measurement on A influences the state of B independently from
their physical separation.

Quantum system in the state [)A") with subsystems A and B
Entanglement & [WAP) # [9™) ® [7)

No entanglement & [pAB) = |¢2) ® |®)
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Example: two spins 1/2

H=Cl e, |¢>=<(1)), |¢>=®

What is the difference between these two states?

o WY = (0 - 111)

o [92) = (ML =[N+ =) = (D =N (T +[1)

Answer:
e |[¢1): A sees |[1) = B sees ||): Entanglement

® |12): measure in A does not affect B: No entanglement
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Why care about entanglement?

® Quantum physics
» Resource for quantum computation
» Fundamental aspect of the quantum theory
» Basis of quantum information theory

®* High-energy theory

» Black hole entropy
» Relation between quantum information and gravity?

¢ Many-body (condensed matter, statistical mechanics)

» Diagnoses quantum phases and criticality
P> QQuantitative tool to study nonequilibrium phenomena
» Indicator of complexity in large systems

® Mathematical physics

» Source of hard but important (and fun!) problems
> Relations to orthogonal polynomials, asymptotic analysis, ...
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Entanglement in many-body systems

B o H=HAQH"
A7) e H
p = [pA7) (pAP

® pa :TI‘Bp

Sa = —Tr(palogpa)

Separability

The state |¢A8) with subsystems A and B is separable if

[WABY = pMV @ |¢B) & Sa =0

A state is entangled if it is not separable: Sp > 0
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Entanglement entropy and criticality

® Area law for gapped systems

S o B

® [ogarithmic violation for 1 + 1d CF'T

SA:§10g€+...
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[De Chiara, Montangero, Calabrese, Fazio, 2006
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What is a quantum quench?

Quantum quench

Protocol to study an isolated quantum system out of
equilibrium
e Hamiltonian H(\)

A typically a magnetic field, interaction strength, anisotropy

prepare the system in [1), groundstate of H()\g)
Quench: \yj — A

[(2)) = e *HN Jg)

Questions:
® Can we understand the dynamics of the system?
e Can we characterize the steady state?

® [s it relevant to actual experiments?
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Entanglement evolution

¢ Low-entangled initial state: Sa(t =0) =0
® Monitor the entanglement entropy of subsystem A, Sa (t)
¢ Known stationary state pa (00) = Sa (o)

Remark:

(in most cases) Sa (co) is simply the statistical entropy of the
relevant statistical ensemble

quantum mechanics — statistical mechanics

Question: what happens between between t = 0 and ¢ = c0?
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Quasiparticle picture: Single interval

[Calabrese, Cardy, 2005|, [Alba, Calabrese, 2017-2018|
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Quasiparticle picture: Single interval

[Calabrese, Cardy, 2005|, [Alba, Calabrese, 2017-2018|
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Tests of the QPP

Exact results for the XY spin chain
[Fagotti, Calabrese, 2008|
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Tests of the QPP

Exact results for the XY spin chain Experimental verification
[Fagotti, Calabrese, 2008| |[Kaufman et al., 2016
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Multipartite separability: mixed state

A, Physical states p satisfy
Ay e Trp=1
Ay °*p=20
°pl=p
As

Separability

The most classical state for A1 U Ay U---U A, is a product,
Pprod = PA; @ PA, @ - X pa,,

Separable states are convex combinations of product states,

(k k
psep—zpk pA)®pA2)® ®P( )

with pp > 0and ), pp =1
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Genuine multipartite entanglement

Let us consider the 4-spin state
1
V2

The 3-spin density matrix is

|GHZ) = —=(|T11T2T3T4) + [d1d2d3la))

1 1
pi23 = Try |GHZ)(GHZ| = 3 [T112Ts) (T1T2Ts] + 5 [b1dads) (bidads]

1 1
=§p1®p§®p§+§p%®p§®p§

® p1o3 is separable = no 3-spin entanglement
® |GHZ) is not a product state

® Genuine 4-spin entanglement

Multipartite entanglement structure in many-body systems is

non-trivial. It is important to go beyond the bipartite case!
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Fate of entanglement

[GP, Witczak-Krempa, 2024]

Let us consider
® A state p(s) with an evolution parameter s
e Examples: Temperature, time, separation
* ps = p(c0)
® py is separable

What is the fate of entanglement during such evolutions?
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Applications and entanglement sudden death

® Temperature T
> p(T) oce ™ /T ppoc
» Existence of a temperature sudden death

» All quantum systems loose all their
entanglement at a finite temperature

® Time ¢:
> Quench: p(t) = Trp (e [vo) (vo| &)

D x 0.7, 4 sites

0.14
0.12 D, 3 sites > If p; is separable — time sudden death
8-(1)2 ; - » Typically the case because of thermalization

0.06 W5 » Rise and fall behavior

0.04
0.02
0.00

>
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t 19 /23




Sudden death with distance: Quantum criticality

20 /23



Sudden death with distance: Quantum criticality

Aq

r> 0

A,

20 /23



Sudden death with distance: Quantum criticality

Aq

r> 0

CFTs in arbitrary dimensions:

A,

20 /23



Sudden death with distance: Quantum criticality

A, r>t A, 14

CFTs in arbitrary dimensions:

(DO)6(r)) = 55

r

20 /23



Sudden death with distance: Quantum criticality

A, r> 0 A,

CFTs in arbitrary dimensions:

(DO)6(r)) = 55

r
Naively, we thus expect:

ENT(r >> () ~ <£> ’

r

20 /23



Sudden death with distance: Quantum criticality

A, r> 0 A,

CFTs in arbitrary dimensions:

(0(0)¢(r)) = 55~

r<=¢
Naively, we thus expect:

r

ENT(r 3 £) ~ <€>#

Actually, ENT(r > ¢) decays faster than any power!

20 /23



Sudden death with distance: Quantum criticality

A, r> 0 A,

CFTs in arbitrary dimensions:

(0(0)¢(r)) = 55~

r<=¢
Naively, we thus expect:

r

ENT(r 3 £) ~ (€>#

Actually, ENT(r > ¢) decays faster than any power!
® 1d: [Calabrese, Cardy, Tonni, 2012

20 /23



Sudden death with distance: Quantum criticality

A, r> 0 A,
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Sudden death with distance: Quantum criticality

A, r>t A, 14

CFTs in arbitrary dimensions:
(#(0)p(r)) = A,
Naively, we thus expect:

/ #
ENT(r > () ~ (—)
T
Actually, ENT(r > ¢) decays faster than any power!
® 1d: [Calabrese, Cardy, Tonni, 2012]
® d>1|GP, Witczak-Krempa, 2023|

Long-range correlations do not imply long-range entanglement!
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cceQl — |o)eH
(c|d) = b

E(c) local
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Final example: Rokhsar-Kivelson states

States built from your favourite statistical model [Rokhsar, Kivelson, 1988|

= v

ceN — JoyeEH

(c|d) = b
E(c) local

Z = ZCEQ e_E(C)

) =

\/> ZceQe 2
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Final example: Rokhsar-Kivelson states

States built from your favourite statistical model [Rokhsar, Kivelson, 1988|

Ill-IIHI ccc = |)eH

<C‘Cl> = Oc,e/

I"“?-l% -------

In the following, we focus on dimer RK states
E(c) =0, Z = #dimer configurations
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Separability for RK states on arbitrary lattice

e (Critical on the square lattice [Kasteleyn, 1963]
e We find for arbitrary lattice
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Separability for RK states on arbitrary lattice

[GP, Berthiere,

e (ritical on the square lattice |[Kasteleyn,

Witczak-Krempa, 2023]

e We find for arbitrary lattice

1963|

AN WA

ihj

PALUAS = ) —Z as (i) ® p (])

(for disjoints A; and A5)

The matrix pa,ua, is separable!

22 /23



Conclusion

23 /23



Conclusion

® Many-body entanglement < emergent phenomena

23 /23



Conclusion

e Many-body entanglement < emergent phenomena

» Quantum phase transitions

23 /23



Conclusion

e Many-body entanglement < emergent phenomena
» Quantum phase transitions

» Emergence of thermodynamics

23 /23



Conclusion

e Many-body entanglement < emergent phenomena
» Quantum phase transitions
» Emergence of thermodynamics

» Topological phases

23 /23



Conclusion

e Many-body entanglement < emergent phenomena
» Quantum phase transitions
» Emergence of thermodynamics

» Topological phases

e Exploring solvable models is extremely useful

23 /23



Conclusion

e Many-body entanglement < emergent phenomena
» Quantum phase transitions
» Emergence of thermodynamics

» Topological phases

e Exploring solvable models is extremely useful

» Emergence does not (always) care about microscopic details

23 /23



Conclusion

e Many-body entanglement < emergent phenomena
» Quantum phase transitions
» Emergence of thermodynamics

» Topological phases

e Exploring solvable models is extremely useful
» Emergence does not (always) care about microscopic details

> Experimentally relevant

23 /23



Conclusion

e Many-body entanglement < emergent phenomena
» Quantum phase transitions
» Emergence of thermodynamics

» Topological phases

e Exploring solvable models is extremely useful
» Emergence does not (always) care about microscopic details
> Experimentally relevant

» Provide applications of general laws

23 /23



Conclusion

e Many-body entanglement < emergent phenomena
» Quantum phase transitions
» Emergence of thermodynamics

» Topological phases

e Exploring solvable models is extremely useful
» Emergence does not (always) care about microscopic details
> Experimentally relevant
» Provide applications of general laws

» Exact solutions shed light on new fundamental properties

23 /23



Conclusion

e Many-body entanglement < emergent phenomena
» Quantum phase transitions
» Emergence of thermodynamics

» Topological phases

e Exploring solvable models is extremely useful
» Emergence does not (always) care about microscopic details
> Experimentally relevant
» Provide applications of general laws

» Exact solutions shed light on new fundamental properties

e Multipartite entanglement structure is vastly unexplored
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