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Conformal Field Theories (CMT POV)

What is a CFT?

Why are they crucial in condensed matter?

Key concepts

Quantum field theory describing a critical point

Scale-invariant theory with conformal invariance

Conformal transformation = angle preserving transformations

Universality: emergent low-energy behavior independent of 
                  microscopic details

Classification of gapless phases of matter

Exact solvability in 1+1d

Power-law correlations (scale invariance)

Conformal dimension indicates relevance

Primary operators vs descendant operators

Operator product expansion

From wikipedia
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Conformal Field Theories in 1+1d

Conformal invariance in 1+1d
The conformal group is infinite

(Minimal) models classified by their central charge

Central charge ↔ effective degrees of freedom

Example 1: the free boson (c=1)

Example 2: the Ising model (c=0.5)

Physical realization: Free fermions, Hubbard models, Heisenberg spin-1/2 chains...

Key features:

Physical realization: transverse Ising models, Kitaev chains...

Key features: simplest non-trivial CFT with 3 primary operators

Identity, I,  ∆ = 0 Spin, σ, ∆ = 1/8 Energy, ε, ∆ = 1



5

Conformal Field Theories: 2+1d

Conformal invariance in 2+1d
Finite-dimensional algebra...

Central charge does not fully classify models

Central charge intervene in corner contributions to the entropy

Example 1: the free (Dirac) fermion (c=N)

Nothing is solvable...

Physical realization: graphene (but), transitions in 2D TI, surface states of 3D TI

Key features: describe gapless chiral fermions, (often) unstable to interactions

Example 2: the 3D Ising model (c=0.53...)
Physical realization: liquid-gaz critical point, Curie point of uniaxial ferromagnet etc

Key features: the “Ising model” of 2+1d CFTs. 

Key features: Conformal dimensions/critical exponents are well-known numerically

Bueno et al, Phys. Rev. Lett. 115, 021602 (2015)
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Challenges in numerical methods

Direct simulations

Conformal bootstrap

Core concept: use a method of your choice to get the groundstate 

Core concept: use fundamental CFT axioms to derive rigorous constraints on CFT data

Keys outputs: rigorous bounds on scaling dimensions and OPE coefficients.

Major difficulties: Exponentially harder for correlators with more operators.

Extracting detailed data is harder than getting bounds.

Key outputs: explicit forms for the two-point functions

Major difficulties: Strongly interacting theories (exp. Hilbert space, sign problem...)

Rely on finite-size scaling and fitting

Others
Large N or ε expansion => imprecise, perturbative results
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State-operator correspondence

Weyl transformation
Exact mapping from R1d+  to R × d

On the plane, dilatations act simply

On the sphere, dilatations map to CFT Hamiltonian

Taking into account global factors

Example: 1+1d CFT

Weyl transformation: 

Dilatation becomes translations in time 
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State-operator in 2d in practice?

Conceptual challenges
Crucial importance of the sphere: large cylinders or planes are not relevant

Continuous models are hard

Lattices models: how to pave a sphere with a 2d lattice?

Isocahedron (12 sites) Icosahedral shell

Brower et al, PoS 2012 (061), Lao et al, SciPost Phys. 15, 243 (2023)

Weakly broken SO(3) invariance

Hard to solve (proper 2D)

Significant finite-size effects
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Fuzzy sphere: from the integer QHE

Integer quantum Hall effect

But on a sphere!

2d electron gaz in a normal magnetic field

Macroscopic degeneracy of each Landau level

Fully occupied Landau level = gapped bulk with edge conductance

Still well-defined Landau levels

No edges = no transport

Orbital basis: (modified) spherical harmonics

Fully occupied Landau levels = fully SO(3) invariant ground state

Large magnetic field = single Landau level projection, rest if frozen

Haldane, PRL51 (1983), Greiter, PRB 83 (2011)
Taken from Simons center
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Fuzzy sphere: to effective spin models

Quantum Hall ferromagnets

Skyrmionic spin-state

What about the remaining spin degrees of freedom?

In experiments, weak Zeeman splitting

Coulomb interactions induce a weak ferromagnet

Plenty of possible exciting physics

Hamiltonian engineering
Core idea: modify standard Hamiltonians to induce a transition for the spins

Recipe: Write your Hamiltonian of choice

Convert your spins into fermionic operator

Project the fermionic field onto a single Landau level

Profit? Fuzzy!

Zhu et al, PRX 13 (2023)
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The Fuzzy Ising model

Quantum Ising

First Haldane pseudopotentials

Paramagnetic regimeIsing transition 

Fuzzy Ising

Ferromagnetic regime

Stabilization of the FQHE

Ising interaction

Transverse field
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Tensor networks on a sphere?

Tensor networks on a sphere
2D tensor networks would go back to our original problems

Haldane orbitals Ys0, s0, m have a natural 1d structure

Use usual matrix product states algorithms

MPS in a nutshell (thanks Gilles and Jeanne)
Represent quantum states as a product of tensors

Systematic variational algorithm: (finite) DMRG

Number of parameters  Perfect for 1d gapped, ok for 1d cft, so-so for 2d
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Technical “challenges” for MPS on the sphere

No free lunch theorem: 2D model
Area of contact between successive orbitals ∝ perimeter

Surface of the sphere ∝ number of orbitals

Exponential complexity typical of 2D

Heavy Hamiltonians

Quasi-local Hamiltonians are still in practice very-long range

Solution: compression of the Hamiltonian (similar to MPS compression)

Symmetries
Large entanglement forces us to use highly symmetric models + rotation invariance

Open question: reducing the prefactor?

Local updates are blocked (Coulomb blockade) => a naive algorithm is not ergodic

Solution: noisy DMRG. For the future, implementation of non-Abelian symmetries?
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Back to the Fuzzy Ising model

What we do
Project a simple model on the Fuzzy sphere to get a regularized complex models

Using exact diagonalization, find the critical point

ED + DMRG: get a (large) set of low-energy states 

DMRG: get excited states by including                   in the Hamiltonian
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Conformal perturbation expansion

Small systems = perturbation theory
Due to finite-size effects, need to include perturbations

While relevant operators can be tuned away, irrelevant operators

Operator expectation values need to be adjusted

After a bit of algebra, once on the sphere

Primary fields

Descendants
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Conformal perturbation expansion
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Conformal perturbation expansion
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Some results for the Ising models
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Some results for the Ising models
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Generalization of the approach: O(N) models

O(N) Wilson-Fisher universality class
N-dimensional quantum rotors on a regular lattice

Key concepts: 1) diagonalize the kinetic term

Key concepts: 2) truncate the basis with a minimal number of irreps

Kinetic energy O(N) ferromagnetism

Key concepts: 3) rewrite H in the truncated basis (pseudospin) and apply our recipe

A few comments
Obviously, any                         models can be straightforwardly studied 

But! the larger the pseudospin the higher the entanglement => non-Abelian symmetries

If you have any SU(N) field theory with arbitrary irreps, let me know
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Generalization of the approach: O(N) models
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Generalization of the approach: O(N) models
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Generalization of the approach: Yang-Mill models

Not yet published...
Just follow the recipe with a well-chosen model 
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Generalization of the approach: Boundary CFTs

Boundary CFTs
As they are gapless, CFTs have specific responses to BC

New/renormalized operators appear

Still complicated to study! => Fuzzy sphere approaches

BCFT in practice (Ising)
Soft boundary conditions with a chemical potential on one hemisphere

Zhou et al, SciPost Phys. 18, 031 (2025) ; Dedushenko, arXiv:2407.15948

Z2-breaking boundary Z2-preserving boundary
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Conclusions

Fuzzy sphere provides a systematic way to 
investigate 2+1d CFTs 

Conformal data can be straightforwardly 
extracted from energy levels 

Finite-size effects remain large even with 
DMRG-like methods

Future/open questions
Better treatment of non-Abelian symmetries

Combine with other approaches to further constrain conformal data

Find new models to study beyond simple zoo classifications? (SU(N), please)

What kills us is entanglement, in the end, but

Conformal stuffAnnoying stuff

Already not so bad, but can we do better / use hybrid approaches
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