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Revision: Maxwell's Equations

- We will work in Gaussian units (EM fields have same units).

- Maxwell's equations:

|,

V:-B=0 VXE = B
—_— c ot
Gauss’s law - - 5
Faraday’s law
4z 1 0
V-E=4zp VxB=—j E
. ~ ) C c Ot
Gauss’s law ) ~- -
Ampere’s law
A%
* Lorentz force: I = q(E +— X B)
C
e’ 1
- Elementary charge unit: — = a ~ ——
C 13
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Conversion between Metric Systems

- Gaussian (G) to Sl units (recall relation eypy = ¢™):

. . Eg Ho
Pst =/ drey pg  Js1 = vV drey ) Eq = \/R Bg, = 4_]Z_BG
0

» Gaussian to Heaviside-Lorentz (HL) units (common in particle physics):

. . Eg Bs
P = Var pg JuL = V4r)g Ey =—— By, =——
A \ 4n

- Elementary charge unit:

2 2
) s eqp hce

e~ — —_ —

 dmey, 4m 137

12

- In addition, natural HL units further use 7 = ¢ = 1.
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Natural Units

- In natural units, the speed of light ¢ and Planck's reduced constant 71 are:
c=h=1
» Time, length, mass and momentum are now expressed in units of energy:

. X I _ . )
X = [ = — p = pcC nm = mc

hc h

- Conversion back to standard (SI) units can be done via the identities:

c~3x10°m/s  hc~200MeV fm
- It is also convenient to set Boltzmann's constant k; = | with conversion:
kpT |
=~ —eV
300K 40
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Electromagnetic Potentials

- Introduce scalar potential ¢ and vector potential A such that:

| R,
B=VxA E=-V¢ A
¢ ot
- Invariance of K and B under gauge transformation:

1 oA
b — ¢ A—- A+ VA
c Ot
| .

- We can choose the Lorentz gauge (0,A* = 0): ——¢ + VA =0
c Ot

» This gives us:
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Covariant Form of Maxwell

- Combine scalar potential ¢ and vector potential A to A = (¢, A)

1 o
. Lorentz gauge becomes 0,A* = 0 with 0, = <—E, V).
C

- Field strength tensor:

0 E E E

X y Z

-E, 0 -B. B,

X

—Lt, b 0 -8B

< X

-E, -B, B, 0

r,=0A,-0,A, =

+ Maxwell equations in covariant form:

aF/w_ﬂw H = (cp, i)
u _c] J5 =P,
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Revision: Special Relativity

- Postulate: Vacuum speed of light c is the same in all inertial frames.

| AX | | AX'|
C = —
| At | At'|
- Contravariant vector: AxH = (cAt, AX)

» Minkowski space with metric tensor:

1 0 0 0
w0 =1 0 o
T =7 =10 0 =1 0
0 0 0 -1

. Covariant vector: Axﬂ = nﬂyAx” = (cAt, — AX)

- Invariance of ¢ can be expressed as:  Ax"Ax’, = Ax"Ax,
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Revision: Lorentz Boosts

- Lorentz transformations defined via: Ax* = A* Ax*

- Set of A¥, of rotations and boosts.

» For instance, boost to coordinate system with velocity v = ve_ = cfie,:

y —py 0 0 velocity: Lorentz factor:
(units of c)
O T I
p=— 7=
0 0 01 c Vi=p

» Contravariant four-momentum (any system):
p" = (Elc,p) = (Elc,p,. py. ;)

- Lorentz-transformed four-momentum:  p* = A¥, p*
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Revision: Relativistic Relations

- Time dilation (for clocks at rest in original system):
Ax =0 = Ar = yAt
» Length contraction (for rulers evaluated in transformed system):
At' =0 — Ax' = Ax/y
. Invariance of p? = p*p, yields the energy-momentum relation:
(mc®)* = E* = (pc)’

+ Lorentz boost of a particle at rest:

2

E=mc*? & p'=0 - E=ymc> & p=ymfc
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Relativistic Doppler Effect

observer (arrival)
time scale: Ar,

source (emission)
time scale: Az

VAL = vy Aty
d V Aty
Aty = At —— = At ——cos At =
c c o(f, 0)

Doppler factor: 6(f,0) =
oppler factor (0, 0) (L~ foos0)
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Relativistic Doppler Effect

» Transformation of (angular) frequencies and energies:

- Transformation of velocity u(é):

Axy = y(Axy + pcAr) cAt = y(cAtr' + fAx))

B Axy 3 uy + v cos@' + f

l/l” o — , —> COSH —
At 1 + Vl/l”/C'2

- 1 + pcost

- Gives us relation between observation and emission angles:

dcos @ pey 5.60) =
dcos® T 5AB,0)
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Doppler-Boosted Emission

1

boost into cone with @ ~ —

dN_ 1
dQ’  4rx

consider isotropic emission in rest frame:

dN  dN dQ'  §%(B,0)
dQ  dQ'dQ  4x

emission in observer frame:
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Lienard-Wiechart Potentials

» Solutions for EM potentials are in the form:

P(r, 1) = Jd3 2T bl A(r, 1) = _J P J(T', L)
T —1] | C lr—r'

» The charge and current distributions are evaluated at the retarded time:

[r—1’|

Lo =1 (6,1, 1) =1 ;

» Consider point charge moving along path r(?):

p(r,1) = g6(r — 1o(1))

j(r, 1) = gig(DSO(r — ry(2))
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Moving Point Charge
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Liénard—Wiechert Potentials

- Solutions are of the form:

¢(l’, t) _ q ql.'O(tret)

A(r,t) =
K (tret)R (tret) K (tret)R (tret)

- Retarded time is solution of:

C(t o tret) — R(tret)

+ Electromagnetic fields become:

(n—ﬁ)(l—ﬁz)] g [nan—ﬁ)Xﬁ']]

K3 R? KR

K(r,1)=g¢q [

ret ret

B(r,7) = n X E(r, 1)

Markus Ahlers (NBI) UNDARK 2026



Moving Point Charge
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Example: Moving Point Charge

x =0 x = 1 [Rybicki & Lightman'79]

Electric field observed at f = 1 from a point charge that
suddenly comes to restat t = 0 and x = 0
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Poynting Vector

» Poynting vector describes the energy flux per area and time:

S=—ExB
. 4r
» Poynting's theorem:
. . 0 ( E*+ B?
&rlj-E+ ——| dn-S
v ot 31T v
‘ Umech:— Us g energvy flux

- Total energy flux per area:

dw _ T C 2 _OO 7 2
= fam-s= [ ar| SiE0r| = [ao [erk@r]
s 0

N -

~- - _aw
—_dW —dAdw
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Larmor's Formula

» Consider radiation generated by matter confined to a small region.
- At large distance, |r| > |ry|, and v < ¢ gives dipole radiation:

| nX |nxd]

E_ 1) ~ >
C r|

d = gr,

-~

electric dipole

. Power per solid angle Q (® is angle between n and d):

P, dW ¢ , cd*
— —=r =r"—|E_ 4| ~ sin“ ©
de drdA dr 4 c*

» Larmor's formula (total power):

J P 2d’
P=|dQ— =
dQ 3¢
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Thomson Scattering

» Consider a plane wave in direction e, with polarization € L e_:
E=Egesin(wy) B=e XE

» Incoming Poynting flux:
C

S = —e EJ sin” ot (\S\)tziEg
A ST

- Electron at origin feels force:

F = — eEye sinwyt = mr

* Induced electric dipole follows:

.. ezEO .
d = € SIn Wt
m

Markus Ahlers (NBI) UNDARK 2026



Thomson Scattering

- Time-averaged radiation power per solid angle dQ = dA/r*:

dP c (d? c e*E?
s @), sin” @ = 2 sin?©
dQ 4z 87w m2c*
» Ratio of radiated power and incoming flux defines cross section:
dP
S —E2
10 = (S| >t (IST) = -

- Thomson cross section scales with electron radius 7y = e*/mc? ~ 2.8 fm:

do ST
— =72sin’® oy =—12 ~66fm? ~ 0.66b
dC 3
| doy 1} , |
. Unpolarized plane waves: 0 - [1 + cos (9] (0 : scattering angle)
d
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Synchrotron Emission



Cosmic Ray Gyration

+ Particle momentum and energy:

p=ympc  py=ymc

- Particle motion under Lorentz force:

. gB
P=qgfpXB=pX|— ) =pXQ

ymc
» Larmor frequency:

- Larmor radius:
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Electron Gyration

Pitch angle o between v(7) and B, remains constant in time.

Path is a superposition of circular motion in the plane
perpendicular to By and linear motion along B, with velocity:

V” = COSaVv = HV.
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Synchrotron Radiation

» Use Larmor's formula for power in instantaneous rest frame of electron:

)
Cdw 2d” 282, 2 ,2
= = =334 = (an +a¢)
d/ 3 ¢3 3¢3 33
+ Acceleration in observer frame:
dv dv,
a”=F=O aJ_ZE:VJ_XQ
- In particle's rest frame:  a, = ;/3a” a, =y’a,
- Both, energy and time are dilated and hence P = P
2 e 2
— 4022 — 2.22,,2Rn2
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Synchrotron Radiation

+ Averaging over pitch-angle distribution:

2 , 4
(Pl =7 §Cﬁ27/232<8m2 Ao == §Cﬁ2y232

3 9
+ Averaged synchrotron power depends on magnetic energy density:
4 B*
(PYo=7corfr’Us  Ug=—
3 37

» Power spectrum trickier, but can be extracted from Liénard-Wiechert:

dW g*w? | [ n-ry)
= din X [n X p(t)]exp | iw | ¥
dodQ  4rn?c |, [ fr)lexp (la) ( c

dP \/§ e’Bsina 0 3, ,
result: —— =~ F w,=—y Qpsina
dw 2wmc? 2

@
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Synchrotron Spectrum

| 1T T 1TTTl | 1T T TTTI | T T T Tl | | IIIII!E
Peak
| b freqL,enCy
_ ., ~
- pk - Q)C Y 2
i I
i o o — X"
/\C) _ i
Y
\
[ E . . :
- Single particle spectrum .
0.0]- | | lllllll | | lllllll | | lllllll | | ll‘llll
0.001 0.01 0.1 1 10
v/ v [Ghisellini 2012]
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Critical Synchrotron Frequency

2
/\ AO = A1Qysina = —
y

AN - 2
Observer
\ [Rybicki & Lightman'79]

| 1% 1
S T Q. sina c] ” y3Qusina

2
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Synchrotron Spectrum

» Consider electrons following a power-law distribution:

dN i,
= C}/ Vmin < 4 < Vmax

» Synchrotron power spectrum follows:

dp syn i dN dP [ /max _
d o dyyPF(w/w,)

Ymin

do ) " dy do

- Change of integration variable to x = w/®@, & y™*:

_p-1

dP " Xmax p—3
X 2 dxx72 F(x) x ™ 2

[ ¥ .
xmln

p—1

. Combined spectrum scales with power >
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Compton & inverse-Compton



Compton Radiation

 Thomson scattering of low-energy photons on unpolarized electron:

4 ) 2
do r ST e

T 0
— = — (1 4 cos*6) Op=—T17  Fp=—
dQ 2 3 mc2

- Photons with energy € approaching the rest-mass energy mcof electrons
loose energy depending on scattering angle O

€0
61 —

€0

1 A (1 —cosB)

mc2

. Cross section is reduced for € > mc? (Klein-Nishina):

2 2
doxn 15 €7 [ € € .
= | sin“ &
dQ2 2 e\ € €
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Klein-Nishina Cross Section

O I I I I I I | I I I I I I I I I_—
5 - | -
\Z _2 [ In(0.5+2x)/(8x/3) ]
- | _
3 - | .
- | i
e 3 : -
—] - | -
i | ]
40 : -
i | ]
i | ]

_5 | | | | | | L | | | | | | | |
—4 —2 0 2 4 §)

Log hv/m_c?

[Ghisellini 2012]
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Inverse-Compton Scattering

* Moving electron can transfer energy to incoming photon.

- For instance, head-on collisions give the maximal energy ¢, = 4y°¢,.

- Consider process in the rest frame of electron with €’ < mc?.

- Total radiated power of a plane wave:

dw’ ~
P . =——=0c(|S]), = cor— = co U’
tot ds’ T< ‘ ‘ >t T T Ty

- Target photon energy density U, in terms of phase-space density f,:
/ 3.7 147
l@zjdpeﬁ

- Again, since dW = ydW’ and dr = ydt' we get P, = Py,
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Reminder : Phase-Space Density

- Phase-space density (PSD) is Lorentz-invariant:

5, p) = ——
T,Pp) =
P d3rd3p

- Particle moving into solid angle €2 with momentum p = ypm:

d’r x d°p —» pdrdA, x dQp-dp

+ Spectral flux ("intensity"):

e EQ) = — = 52 v )= p i rp)
, I, [, = — T s Ly — s Ly
drdA, dQde P g/t T PARED
» Spectral density:
(t,1,E) n : ndﬂqb(t E, Q) i 2 (ft,r,p))
n 9r9 : — 9r9 b — 9 b
$rdE B 57 PV 4z
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Inverse-Compton Scattering

» Transform to observer frame quantities:

ad

dp,

U, = |d*p—=¢f, = | &’pr*(1 — pcosO)’ef,
. ap, .
. dp, 1 , € f=f
using: — = € = =
dp,  o(p,0) o(p, 0) o

» For isotropic target photons (in observer frame) we get:
1
) 2 A2 2
U,=y <(1 — [ cos 0) >QUy—y <1+ 3,6 ) U,
- Total radiation in observer frame is therefore:

|
Py = cory’ (1 ﬁ2> U,
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Inverse-Compton Scattering

» To extract contribution to inverse-Compton, we have to subtract the
"elastic" part in the limit f — O:

Pic = Py — Pi(fp = 0) = Ptot_CGTU;/

- Finally, inverse-Compton power is:
4
— 2,2
PIC T gcaTﬁ Y U;/

- Note the relative contribution of IC and synchrotron power:

4 Pc Y
Pyyn = ECGT:BZVZUB - P = U.
syn B
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Inverse-Compton Spectrum

+ Consider an isotropic mono-energetic target radiation flux:
P(e) = Fyole — €;)
- Transformed into the rest-frame of the electron (6 = o6(—/, 8')):

FO €, FO 1 €O — }/6/
Q'(e,0) = —25 — —€y | = 0| cosb :
o) o) yPey O ype

- Emission spectrum (averaged over initial photon directions):

dN 1 [ o+ Fjeq

~ o;— | dcos @'¢'(e], 0) = ———

dQ'drde; 2. 2 ype?
€0 / €o

<€ <
y(1+p) y(I =p)

Markus Ahlers (NBI) UNDARK 2026



Inverse-Compton Spectrum

- Emission spectrum per volume from electrons with density n:
AN
“dQ'dr'de]

J(€) =n
- Transforms as:
(61, cos 6,) = (8, 6,)j (¢]) = n, 2T !
€, COS = , €1) =N,
JLE | 1] (€] 2 y2pe?
€0 €0
<e¢ <

y*(1 + p)(1 — Bcos b,) y*(1 = p)(1 — Bcos )

- Finally, averaging over electron directions yields:

dN 1 + 2 €
. ,BmcFIC( 1)

=0
dQdrde;, " Y4282 ¢
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Inverse-Compton Spectrum

].O § I T TTTTH | Illlllll | Illlllll | IIIIIIII | Illlllll | IIIIIIII | lllllg
= v=1.01 =
1 a\ 10 30 100 —=
= ( =
0.1 & -
- | -
0.01 & —
. E /| =
e i N |
< 0.001 & 1 \& / =
D'-.E E / A /;~$/ E
- - —
5 / /& Peak f..
- xS (IUenCy
10-° = //‘@ @
: I Pk = (@) o ilyz
-6 Q)
10 2 W
10—7 i L1 lllll | lllll||l| | lllllll/}/ | llllllll || llllll | llllllll || LLLL
0.01 0.1 1 10 100 1000 104 105%
X,/ X, [Ghisellini 2012]
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Inverse-Compton Spectrum

- Consider, again, electrons following a power-law distribution in y:

dN i,
= C}/ /min <7< Vmax

- For individual electrons, the IC power spectrum peaks at (@) = 2y%w,.

- Let us approximate this as:

dP
— ~ h{w)o(w — (w))
dw
. . p—1. .
. Combined spectrum scales with power , just as in synchrotron:

dP " dN dP " p—1
€= |dy x [dyyPHs| y— 2 x0T
dw ] dy dw | 2w,
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Bremsstrahlung



Bremsstrahlung

- Radiation from the acceleration of charged particles in the Coulomb field
of another charged particle.

. In dipole approximation, need non-vanishing d.

dw 2 d? dw 8zt .
=— ~—— - — |d(w) |
dt 3¢5 dw 3 3

. For identical particles, d is proportional to center of mass with d = 0.

+ Let's consider the effect in electron-proton scattering.

- Consider electron with impact factor b and speed v:

. | = A < v/b
w*d(w) = £ JdtVelwt ~d 2wt O
21 0 w > v/b
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Bremsstrahlung

+ Bremsstrahlung power becomes:

; 2
dw 2 AV @ < v/b
— = 37c3
aw 0 @ > v/b
. From Rutherford scattering and Av? < v we can estimate:
e”
| AV | ~
bmy

- In medium with densities n, and n, the incoming flux of electrons is vn,.

» Specific power spectrum from impact parameter integral:

dP i dW
~ ynn 2x | dbb—
dodV P dw

J
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Bremsstrahlung

- We arrive at:

dP 16€° b in
n.n, In
da)dV 3c3m2v P b ..
* Maximal impact parameter:
.
bmax =
0,

- Minimal impact parameter from either Av < v or AxAp > h:

2
R I L
min mvz min my

- Exact result uses Gaunt factor g, with weak dependence on v and w:

dP 16e° T

nn,——g(v,
dodV ~ 3c3m2v \/5 (v @)
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Pair Production

+ All previous emission processes of charged particles are linked to
corresponding absorption counterparts.

- For high-energy photons (y-rays) we have also absorption via the process:
+ - 0 4
Y+ € Te € > myc" /€y,

- Cross section in terms of electron's f in center-of-mass frame:

3 1
07/7/ = GTE(I _ﬁz) lzﬁ(ﬁz R 2) + (3 —ﬁ4)hl 1 _"g]

- Important absorption process for y-rays travelling over intergalactic
distances is the cosmic microwave background (CMB):

m?c*
€ & —— ~ [ PeV 4, = [1/ (awnCMB)] ~ 10kpc
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Example: EM Cascades in CMB

1 0 I I I I I I I I

10t B pair production . . Repeated

\“‘ CMB /'/ PP & 'CS in
\ EBL »
103 L \\ \ o CMB develOp
Ss~.~~ "/' EM CaSCadeS

10% |

10 \

1 kL

0.1 -

interaction length [Mpc]

Galactic Center _

\ inverse-Compton

10—4 | | | | | | | | | |
102 102 10* 10° 10% 107 10® 10° 10910t 1012108

E [GeV]
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