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Revision: Maxwell's Equations
• We will work in Gaussian units (EM fields have same units). 

• Maxwell's equations:  

• Lorentz force: 

• Elementary charge unit: 

F = q(E +
v
c

× B)
e2

ℏc
= α ≃

1
137

∇ ⋅ B = 0
Gauss′￼s law

∇ × E = −
1
c

∂
∂t

B

Faraday′￼s law

∇ ⋅ E = 4πρ

Gauss′￼s law

∇ × B =
4π
c

j +
1
c

∂
∂t

E

Ampere′￼s law
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Conversion between Metric Systems
• Gaussian (G) to SI units (recall relation ): 

• Gaussian to Heaviside-Lorentz (HL) units (common in particle physics): 

• Elementary charge unit:  

• In addition, natural HL units further use . 

ϵ0μ0 = c−2

ℏ = c = 1

ρSI = 4πϵ0 ρG jSI = 4πϵ0 jG ESI =
EG

4πϵ0
BSI =

μ0

4π
BG

ρHL = 4π ρG jHL = 4π jG EHL =
EG

4π
BHL =

BG

4π

e2
G =

e2
SI

4πϵ0
=

e2
HL

4π
≃

ℏc
137
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Natural Units
• In natural units, the speed of light  and Planck's reduced constant  are: 

• Time, length, mass and momentum are now expressed in units of energy: 

• Conversion back to standard (SI) units can be done via the identities:  

• It is also convenient to set Boltzmann's constant  with conversion:

c ℏ

kB = 1

c = ℏ = 1

c ≃ 3 × 108 m/s ℏc ≃ 200 MeV fm

kBT
300 K

≃
1
40

eV

x̃ ≡
x

ℏc
t̃ ≡

t
ℏ

p̃ ≡ pc m̃ ≡ mc2
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Electromagnetic Potentials
• Introduce scalar potential  and vector potential  such that: 

• Invariance of  and  under gauge transformation: 

• We can choose the Lorentz gauge ( ): 

• This gives us:

ϕ A

E B

∂μAμ = 0

B = ∇ × A E = − ∇ϕ −
1
c

∂
∂t

A

ϕ → ϕ −
1
c

∂Λ
∂t

A → A + ∇Λ

1
c

∂
∂t

ϕ + ∇A = 0

( 1
c2

∂2

∂t2
− ∇2)ϕ = 4πρ ( 1

c2

∂2

∂t2
− ∇2)A =

4π
c

j
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Covariant Form of Maxwell
• Combine scalar potential  and vector potential  to  

• Lorentz gauge becomes  with . 

• Field strength tensor: 

• Maxwell equations in covariant form: 

ϕ A Aμ ≡ (ϕ, A)

∂μAμ = 0 ∂μ = (1
c

∂
∂t

, ∇)

∂μFμν =
4π
c

jμ jμ ≡ (cρ, j)

Fμν = ∂μAν − ∂νAμ =

0 Ex Ey Ez

−Ex 0 −Bz By

−Ey Bz 0 −Bx

−Ez −By Bx 0
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Revision: Special Relativity
• Postulate: Vacuum speed of light  is the same in all inertial frames. 

• Contravariant vector:          

• Minkowski space with metric tensor: 

• Covariant vector:      

• Invariance of  can be expressed as:       

c

Δxμ = (cΔt, Δx)

Δxμ = ημνΔxν = (cΔt, − Δx)

c Δx′￼
μΔx′￼μ = ΔxμΔxμ

ημν = ημν =

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

c =
|Δx |
|Δt |

=
|Δx′￼|
|Δt′￼|
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Revision: Lorentz Boosts
• Lorentz transformations defined via:    

• Set of  of rotations and boosts. 

• For instance, boost to coordinate system with velocity : 

• Contravariant four-momentum (any system): 

• Lorentz-transformed four-momentum:     

Δx′￼
μ ≡ Λμ

νΔxν

Λμ
ν

v = vex = cβex

p′￼
μ = Λμ

νpν

Λμ
ν =

γ −βγ 0 0
−βγ γ 0 0

0 0 1 0
0 0 0 1

γ =
1

1 − β2

Lorentz factor:

pμ = (E/c, p) = (E/c, px, py, pz)

velocity:  
(units of c)

β =
v
c
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Revision: Relativistic Relations
• Time dilation (for clocks at rest in original system): 

• Length contraction (for rulers evaluated in transformed system): 

• Invariance of  yields the energy-momentum relation: 

• Lorentz boost of a particle at rest: 

p2 ≡ pμpμ

(mc2)2 = E2 − (pc)2

Δx = 0 → Δt′￼ = γΔt

Δt′￼ = 0 → Δx′￼ = Δx/γ

E′￼ = mc2 & p′￼ = 0 → E = γmc2 & p = γmβc
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Relativistic Doppler Effect

θ

vΔt = vγΔtE

r(t1) r(t2)

d

ΔtA = Δt −
d
c

= Δt −
v
c

cos θΔt =
ΔtE

δ(β, θ)

δ(β, θ) ≡
1

γ(1 − β cos θ)
Doppler factor:

observer (arrival) 
 time scale: ΔtA

source (emission)  
time scale: ΔtE

u(θ) r → ∞

nobs

β

cΔteng

Δθ

2Γ
2cΔ

teng

GRB 
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0 ✏
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Relativistic Doppler Effect
• Transformation of (angular) frequencies and energies: 

• Transformation of velocity : 

• Gives us relation between observation and emission angles: 

u(θ)

ωA = δ(β, θ)ωE

u∥ =
Δx∥

Δt
=

u′￼∥ + v
1 + vu′￼∥/c2

→ cos θ =
cos θ′￼+ β

1 + β cos θ′￼

d cos θ
d cos θ′￼

= δ2(−β, θ′￼) =
1

δ2(β, θ)

Δx∥ = γ(Δx′￼∥ + βcΔt′￼) cΔt = γ(cΔt′￼+ βΔx′￼∥)
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Doppler-Boosted Emission

consider isotropic emission in rest frame:
dN
dΩ′￼

=
1

4π

dN
dΩ

=
dN
dΩ′￼

dΩ′￼

dΩ
=

δ2(β, θ)
4π

emission in observer frame:

β = 0.9

β = 0.6
β = 0.3

boost into cone with θ ≃
1
γ

dN
dΩ

β = 0



Larmor Formula
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Lienard-Wiechart Potentials
• Solutions for EM potentials are in the form: 

• The charge and current distributions are evaluated at the retarded time: 

• Consider point charge moving along path : r0(t)

tret = tret(t, r, r′￼) ≡ t −
|r − r′￼|

c

ϕ(r, t) = ∫ d3r′￼

ρ(r′￼, tret)
|r − r′￼|

A(r, t) =
1
c ∫ d3r′￼

j(r′￼, tret)
|r − r′￼|

j(r, t) = q ·r0(t)δ(3)(r − r0(t))

ρ(r, t) = qδ(3)(r − r0(t))



Markus Ahlers (NBI) UNDARK 2026

Highlights from 2019

19

Moving Point Charge

R(t′￼) ≡ r − r0(t′￼) n(t′￼) ≡
R(t′￼)

|R(t′￼) |
κ(t′￼) ≡ 1 − n(t′￼) ⋅ β(t′￼)

r

r0(t′￼)

n(t′￼) ≡
R(t′￼)

|R(t′￼) |

β(t′￼) ≡
·r0

c

ex ey

ez

R(t′￼) ≡ r − r0(t′￼)

q
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Liénard–Wiechert Potentials
• Solutions are of the form: 

• Retarded time is solution of: 

• Electromagnetic fields become: 

c(t − tret) = R(tret)

ϕ(r, t) =
q

κ(tret)R(tret)
A(r, t) =

q ·r0(tret)
κ(tret)R(tret)

E(r, t) = q [ (n − β)(1 − β2)
κ3R2 ]

tret

+
q
c [

n × [(n − β) × ·β]
κ3R ]

tret

B(r, t) = n × E(r, t)
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Moving Point Charge

c(t − tret) = R(tret)

r

r0(tret)

n(tret)

β(tret)

ex ey

ez

R(tret)

c(t − tret)

·β(tret)

n(tret) − β(tret)

q q
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Example: Moving Point Charge

The Velocity and Radktion Fieus 81 

the field point from the retarded point is ncf, where i= t -  tret is the light 
travel time. In the same time the particle undergoes a displacement Ipci. 
The displacement between the field point and the current position is thus 
(n -Ip)ci, which is seen to be the direction of the velocity field in Eq. (3.9a). 

The second term, the acceleration field, falls off as 1/ R, is proportional 
to the particle’s acceleration and is perpendicular to n. This electric field, 
along with the corresponding magnetic field, constitutes the radiation field: 

(3. IOa) 

= [ x Erad]. (3.1 Ob) 

Note that E, B and n form a right-hand triad of mutually perpendicular 
vectors, and that IEradl = lBradI. These properties are consistent with the 
radiation solutions of the source-free Maxwell equations. 

Figure 3.2 demonstrates geometrically how an acceleration can give rise 
to a transverse field that decreases as 1 / R, rather than the 1 / R decrease 
of a nonaccelerated charge. The particle originally moved with constant 
velocity along the x-Exis and stopped at x=O at time t = O .  At t= 1 the 
field outside of a radius c is radial and points to the position where the 
particle would have been had there been no deceleration, since no infor- 
mation of the latter has yet propagated to this distance. On the other hand, 
the field inside radius c is “informed” and is radially directed to the true 
position of the particle. There is only one way these two’ fields can be 

4 n  
Erad(r, t ,  = - [ - x { (n-8) x b } ] .  

K ~ R  

x = o  x = l  

Figure 3.2 Gmphical akmonstmtion of the l / R  accelemtion field Charged 
parti& mouing at uni~orm oelociry in psirive x direction is stopped at x = 0 and 
t -0 .  

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by D

et K
ongelige, W

iley O
nline Library on [28/02/2026]. See the Term

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline Library for rules of use; O
A

 articles are governed by the applicable Creative Com
m

ons License

Electric field observed at  from a point charge that 
suddenly comes to rest at  and 

t = 1
t = 0 x = 0

[Rybicki & Lightman'79]
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Poynting Vector
• Poynting vector describes the energy flux per area and time: 

• Poynting's theorem: 

• Total energy flux per area:  

S ≡
c

4π
E × B

∫V
d3r [j ⋅ E +

∂
∂t ( E2 + B2

8π )]
·Umech+

·Ufield

= − ∫∂V
dn ⋅ S

energy flux

dW
dA

= ∫ dtn ⋅ S =
∞

∫
−∞

dt [ c
4π

|E(t) |2 ]
= dW

dAdt

=
∞

∫
0

dω [c | Ẽ(ω) |2 ]
= dW

dAdω
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Larmor's Formula
• Consider radiation generated by matter confined to a small region. 

• At large distance, , and   gives dipole radiation: 

• Power per solid angle  (  is angle between  and ): 

• Larmor's formula (total power): 

|r | ≫ |r0 | v ≪ c

Ω Θ n ··d

Erad(r, t) ≃
1
c2

n × [n × ··d]
|r |

d ≡ qr0

electric dipole

dP
dΩ

= r2 dW
dtdA

= r2 c
4π

|Erad |2 ≃
c

4π

··d2

c4
sin2 Θ

P = ∫ dΩ
dP
dΩ

=
2
3

··d2

c3
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Thomson Scattering
• Consider a plane wave in direction  with polarization  : 

• Incoming Poynting flux:  

• Electron at origin feels force: 

• Induced electric dipole follows: 

ex ε ⊥ ex

E = E0ε sin(ω0t) B = ex × E

S =
c

4π
exE2

0 sin2 ω0t ⟨ |S |⟩t =
c

8π
E2

0

F = − eE0ε sin ω0t = m··r

··d =
e2E0

m
ε sin ω0t
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Thomson Scattering
• Time-averaged radiation power per solid angle : 

• Ratio of radiated power and incoming flux defines cross section: 

• Thomson cross section scales with electron radius : 

• Unpolarized plane waves:       (  : scattering angle) 

dΩ = dA/r2

r0 ≡ e2/mc2 ≃ 2.8 fm

dσT

dΩ
=

r2
0

2 [1 + cos2 θ] θ

dP
dΩ

= ⟨ |S |⟩t
dσT

dΩ
⟨ |S |⟩t =

c
8π

E2
0

dP
dΩ

≃
c

4π
⟨ ··d2⟩t

c4
sin2 Θ =

c
8π

e4E2
0

m2c4
sin2 Θ

dσT

dΩ
= r2

0 sin2 Θ σT =
8π
3

r2
0 ≃ 66 fm2 ≃ 0.66 b



Synchrotron Emission
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Cosmic Ray Gyration
• Particle momentum and energy:  

• Particle motion under Lorentz force: 

• Larmor frequency: 

• Larmor radius:

p = γmβc p0 = γmc

·p = qβ × B = p × ( qB
γmc ) = p × Ω

ΩB =
qB
γmc

=
2π
T

RL =
βc
ΩB

=
|p |c
qB

=
ℛ
B RL

FL

p

⊙ B
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Electron Gyration

Pitch angle  between  and  remains constant in time. 

Path is a superposition of circular motion in the plane 
perpendicular to  and linear motion along  with velocity: 

.

α v(t) B0

B0 B0

v∥ = cos αv ≡ μv

=
v⊥

ΩB
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Synchrotron Radiation
• Use Larmor's formula for power in instantaneous rest frame of electron: 

• Acceleration in observer frame: 

• In particle's rest frame:       

• Both, energy and time are dilated and hence : 

a′￼∥ = γ3a∥ a′￼⊥ = γ2a⊥

P = P′￼

P′￼ =
dW′￼

dt′￼

=
2
3

··d′￼

2

c3
=

2
3

e2

c3
a′￼

2 =
2
3

e2

c3 (a′￼∥
2 + a′￼⊥

2)

a∥ =
dv∥

dt
= 0 a⊥ =

dv⊥

dt
= v⊥ × Ω

P =
2
3

e2

c3
γ4Ω2

Bv2
⊥ =

2
3

r2
0cβ2

⊥γ2B2
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Synchrotron Radiation
• Averaging over pitch-angle distribution: 

• Averaged synchrotron power depends on magnetic energy density: 

• Power spectrum trickier, but can be extracted from Liénard–Wiechert: 

⟨P⟩Ω =
2
3

r2
0cβ2γ2B2⟨sin2 α⟩Ω =

4
9

r2
0cβ2γ2B2

⟨P⟩Ω =
4
3

cσTβ2γ2UB UB =
B2

8π

dP
dω

≃
3e3B sin α
2πmc2

F( ω
ωc ) ωc =

3
2

γ3ΩB sin α

dW
dωdΩ

=
q2ω2

4π2c ∫ dt′￼n × [n × β(t′￼)]exp (iω (t′￼−
n ⋅ r0(t′￼)

c ))
2

result:
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Synchrotron Spectrum62 CHAPTER 4. SYNCHROTRON EMISSION AND ABSORPTION

Figure 4.4: Top panel: The function F (ν/νc) describing the synchrotron
spectrum emitted by the single electron. Bottom panel: F (ν/νc) is com-
pared with some approximating formulae, as labeled. We have defined
x ≡ ν/νc.

[Ghisellini 2012]

peak frequency: ωpk ≃ ωc ≃ ∝ γ 2qB
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Critical Synchrotron Frequency
170 Synchrotron Radhtion 

Figurn 6.2 Emission cones at variouS points of an accelerated particle's 
trajectory. 

the direction of observation. The distance As along the path can be 
computed from the radius of curvature of the path, a = As/AB. 

From the geometry we have A0 = 2/y,  so that As = 2 a / y .  But the radius 
of curvature of the path follows from the equation of motion 

AV 4 ym-  = - v x B ,  
A t  c 

Since (Av( = v A 0  and As = v At, we have 

A 0  qBsina 
As ymcv ' 

wB sin a ' 

-=- 

V a = -  

(6.8a) 

(6.8b) 

Note that this differs by a factor sina from the radius of the circle of the 
projected motion in a plane normal to the field. Thus A s  is given by 

2u 
yw, sin a 

As = (6.8~) 

The times t, and t, at which the particle passes points 1 and 2 are such 
that A s  = u(t,  - t , )  so that 

2 
y o B  sin a ' 

t , -  t ,x 

Let t f  and tt be the arrival times of radiation at the point of observation 
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Δtobs ≃
2

γΩB sin α (1 −
v
c ) ≃

1
γ3ΩB sin α

Δθ = ΔtΩB sin α =
2
γ

[Rybicki & Lightman'79]
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Synchrotron Spectrum
• Consider electrons following a power-law distribution: 

• Synchrotron power spectrum follows: 

• Change of integration variable to : 

• Combined spectrum scales with power .

x = ω/ωc ∝ γ−2

p − 1
2

dN
dγ

= Cγ−p γmin < γ < γmax

dPsyn

dω
= ∫ dγ

dN
dγ

dP
dω

∝ ∫
γmax

γmin

dγγ−pF(ω/ωc)

dPsyn

dω
∝ ω− p − 1

2 ∫
xmax

xmin

dxx
p − 3

2 F(x) ∝ ω− p − 1
2



Compton & inverse-Compton
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• Thomson scattering of low-energy photons on unpolarized electron: 

• Photons with energy  approaching the rest-mass energy of electrons 
loose energy depending on scattering angle : 

• Cross section is reduced for  (Klein-Nishina):

ϵ mc2

θ

ϵ ≫ mc2

dσT

dΩ
=

r2
0

2 (1 + cos2 θ) σT =
8π
3

r2
0 r0 =

e2

mc2

ϵ1 =
ϵ0

1 + ϵ0

mc2 (1 − cos θ)

dσKN

dΩ
=

r2
0

2
ϵ2

1

ϵ2
0 ( ϵ0

ϵ1
+

ϵ1

ϵ0
− sin2 θ)
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Klein-Nishina Cross Section
80 CHAPTER 5. COMPTON SCATTERING

Figure 5.2: The total Klein–Nishina cross section as a function of energy.
The dashed line is the approximation at high energies as given in Eq. 5.13.

Figure 5.3: The differential Klein–Nishina cross section (in units of σT),
for different incoming photon energies. Note how the scattering becomes
preferentially forward as the energy of the photon increases.

[Ghisellini 2012]
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Inverse-Compton Scattering
• Moving electron can transfer energy to incoming photon. 

• For instance, head-on collisions give the maximal energy . 

• Consider process in the rest frame of electron with . 

• Total radiated power of a plane wave: 

• Target photon energy density  in terms of phase-space density : 

• Again, since  and  we get . 

ϵ1 = 4γ2ϵ0

ϵ′￼ ≪ mc2

U′￼γ f′￼γ

dW = γdW′￼ dt = γdt′￼ Ptot = P′￼tot

P′￼tot =
dW′￼

dt′￼

= σT⟨ |S′￼|⟩t = cσT
E′￼0

2

8π
= cσTU′￼γ

U′￼γ = ∫ d3p′￼ϵ′￼f′￼γ
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Reminder : Phase-Space Density
• Phase-space density (PSD) is Lorentz-invariant: 

• Particle moving into solid angle  with momentum : 

• Spectral flux ("intensity"): 

• Spectral density:

Ω p = γβm

f(t, r, p) ≡
dN

d3r d3p

d3r × d3p → β dt dA⊥ × dΩ p2dp

ϕ(t, r, E, Ω) ≡
dN

dt dA⊥ dΩ dE
= βp2 dp

dE
f(t, r, p) = p2 f(t, r, p)

n(t, r, E) ≡
dN

d3r dE
=

1
β ∫ dΩ ϕ(t, r, E, Ω) =

4π
β

p2 ⟨ f(t, r, p)⟩4π
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Inverse-Compton Scattering
• Transform to observer frame quantities: 

• For isotropic target photons (in observer frame) we get: 

• Total radiation in observer frame is therefore: 

Ptot = cσTγ2 (1 +
1
3

β2) Uγ

U′￼γ = γ2 ⟨(1 − β cos θ)2⟩Ω
Uγ = γ2 (1 +

1
3

β2) Uγ

U′￼γ = ∫ d3p
dp′￼x

dpx
ϵ′￼fγ

′￼ = ∫ d3pγ2(1 − β cos θ)2ϵfγ

using:       
dp′￼x

dpx
=

1
δ(β, θ)

ϵ′￼=
ϵ

δ(β, θ)
f′￼γ = fγ
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Inverse-Compton Scattering
• To extract contribution to inverse-Compton, we have to subtract the 

"elastic" part in the limit : 

• Finally, inverse-Compton power is:  

• Note the relative contribution of IC and synchrotron power: 

β → 0

PIC = Ptot − Ptot(β = 0) = Ptot − cσTUγ

PIC =
4
3

cσTβ2γ2Uγ

Psyn =
4
3

cσTβ2γ2UB →
PIC

Psyn
=

Uγ

UB



Markus Ahlers (NBI) UNDARK 2026

Inverse-Compton Spectrum

42

• Consider an isotropic mono-energetic target radiation flux:  

• Transformed into the rest-frame of the electron ( ): 

• Emission spectrum (averaged over initial photon directions):

δ = δ(−β, θ′￼)

ϕ(ϵ) = F0δ(ϵ − ϵ0)

ϕ′￼(ϵ′￼, θ′￼) =
F0

δ2
δ ( ϵ′￼

δ
− ϵ0) =

F0

γβϵ0

1
δ

δ (cos θ′￼−
ϵ0 − γϵ′￼

γβϵ′￼ )

dN′￼

dΩ′￼dt′￼dϵ′￼1
≃ σT

1
2 ∫ d cos θ′￼ϕ′￼(ϵ′￼1, θ′￼) =

σT

2
F0ϵ′￼1

γβϵ2
0

ϵ0

γ(1 + β)
< ϵ′￼1 <

ϵ0

γ(1 − β)
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• Emission spectrum per volume from electrons with density : 

• Transforms as: 

• Finally, averaging over electron directions yields:

n′￼e

j(ϵ1, cos θ1) = δ(β, θ1)j′￼(ϵ′￼1) = ne
σT

2
F0ϵ1

γ2βϵ2
0

dN
dΩdtdϵ1

= σTF0
1 + β
4γ2β2

mc2

ϵ0
FIC ( ϵ1

mc2 )

j′￼(ϵ′￼1) ≡ n′￼e
dN′￼

dΩ′￼dt′￼dϵ′￼1

ϵ0

γ2(1 + β)(1 − β cos θ1)
< ϵ1 <

ϵ0

γ2(1 − β)(1 − β cos θ1)
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Inverse-Compton Spectrum5.6. EMISSION FROM MANY ELECTRONS 91

Figure 5.8: Spectrum emitted by the Inverse Compton process by electrons
of different γ (as labeled) scattering an isotropic monochromatic radiation
field of dimensionless frequency x0. The dashed line corresponds to the spec-
trum emitted within the 1/γ beming cone: it always contains the 75% of the
total power, for any γ. For x1 < x0 we have downscattering, i.e. the photons
loose energy in the process. Note also the power law segments arising when
γ ! 1: FIC(x1) ∝ x21 for the downscattering tail, and FIC(x1) ∝ x1 for the
upscattering segment.

and assume that it describes an isotropic distribution of electrons. For
simplicity, let us assume that the seed photons are isotropic and monochro-
matic, with frequency ν0 (we now pass to real frequencies, since we are
getting closer to the real world..). Since there is a strong link between the
scattered frequency νc and the electron energy that produced it, we can set:

νc =
4

3
γ2ν0 → γ =

(

3νc
4ν0

)1/2

→
∣

∣

∣

∣

dγ

dν

∣

∣

∣

∣

=
ν−1/2
c

2

(

3

4νo

)1/2

(5.49)

Now, repeating the argument we used for synchrotron emission, we can state
that the power lost by the electron of energy γmec2 within mec2dγ goes into
the radiation of frequency ν within dν. Since we will derive an emissivity
(i.e. erg cm−3 s−1 sterad−1 Hz−1) we must remember the 4π term (if the

[Ghisellini 2012]

peak frequency: 
ωpk ≃ ⟨ω⟩ ≃ 4

3 γ 2ω0
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Inverse-Compton Spectrum
• Consider, again, electrons following a power-law distribution in : 

• For individual electrons, the IC power spectrum peaks at .  

• Let us approximate this as: 

• Combined spectrum scales with power , just as in synchrotron: 

γ

⟨ω⟩ = 2γ2ω0

p − 1
2

dPIC

dω
= ∫ dγ

dN
dγ

dP
dω

∝ ∫ dγγ−p+1 δ (γ −
ω

2ω0 ) ∝ ω− p − 1
2

dP
dω

≃ ℏ⟨ω⟩δ(ω − ⟨ω⟩)

dN
dγ

= Cγ−p γmin < γ < γmax
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Bremsstrahlung
• Radiation from the acceleration of charged particles in the Coulomb field 

of another charged particle. 

• In dipole approximation, need non-vanishing . 

• For identical particles,  is proportional to center of mass with . 

• Let's consider the effect in electron-proton scattering. 

• Consider electron with impact factor  and speed :  

··d

d ··d = 0

b v

ω2d̃(ω) =
e

2π ∫ dt ·veiωt ≃ {
e

2π Δv ω ≪ v/b
0 ω ≫ v/b

P =
dW
dt

≃
2
3

··d2

c3
→

dW
dω

≃
8π
3

ω4

c3
| d̃(ω) |2
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Bremsstrahlung
• Bremsstrahlung power becomes: 

• From Rutherford scattering and  we can estimate: 

• In medium with densities  and  the incoming flux of electrons is . 

• Specific power spectrum from impact parameter integral: 

Δv2 ≪ v2

ne np vne

dW
dω

≃ {
2e2

3πc3 Δv2 ω ≪ v/b

0 ω ≫ v/b

|Δv | ≃
2e2

bmv

dP
dωdV

≃ vnenp2π∫ dbb
dW
dω
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Bremsstrahlung
• We arrive at:  

• Maximal impact parameter: 

• Minimal impact parameter from either  or : 

• Exact result uses Gaunt factor  with weak dependence on  and : 

Δv ≪ v ΔxΔp ≥ ℏ

gff v ω

bmax ≃
v
ω

dP
dωdV

≃
16e6

3c3m2v
nenp ln

bmin

bmax

b(1)
min ≃

e2

mv2
b(2)

min ≃
h

mv

dP
dωdV

≃
16e6

3c3m2v
nenp

π

3
gff(v, ω)
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Pair Production
• All previous emission processes of charged particles are linked to 

corresponding absorption counterparts. 

• For high-energy photons ( -rays) we have also absorption via the process: 

• Cross section in terms of electron's  in center-of-mass frame: 

• Important absorption process for -rays travelling over intergalactic 
distances is the cosmic microwave background (CMB): 

γ

β

γ

γ + γbg → e+ + e− ϵ > m2
e c4/ϵbg

ϵth ≃
m2

e c4

kBTCMB
≃ 1 PeV

σγγ ≃ σT
3
16

(1 − β2)[2β(β2 − 2) + (3 − β4)ln
1 + β
1 − β ]

λγγ ≃ [1/(σγγnCMB)]1 PeV
≃ 10 kpc
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Example: EM Cascades in CMB

Hadronic Gamma-Ray Emission

‹ Inelastic collisions of cosmic rays (CR)

with radiation or gas produce
g-rays and neutrinos via pion decay:

p0
! g + g

p+
! µ+ + nµ ! e+ + ne + nµ + nµ

• relative production rates comparable

8 TeV g-rays scatter in cosmic microwave
background (CMB) and initiate
electromagnetic cascades:

g + gCMB ! e+ + e�

e± + gCMB ! e± + g

g-ray interaction length
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Repeated  
PP & ICS in 

CMB develop 
EM cascades.


