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Fundamentals of Cosmic Shear
Lensing by large-scale structures 
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Galaxies in the distant 
universe have (mostly) 
randomly distributed 

shapes  

Light is distorted along the 
line-of-sight by massive 

structures  
 

Propagation through 
similar structures imprints 
coherent distortions on 

galaxy shapes



Fundamentals of Cosmic Shear
The Shear-Shear Correlation Function 

• Observed shear-shear correlation 
function relates observed 
tangential- and cross-shears

• Shear correlations directly relate 
to the matter power-spectrum

• Requires knowledge of the 
source redshift distribution
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γ̂(ℓ) =

(
ℓ21 − ℓ22 + 2iℓ1ℓ2

|ℓ|2

)
κ̂(ℓ) = e2iβ κ̂(ℓ) , (12.19)

where β is the polar angle of the vector ℓ; this follows directly from (6.11) and (6.16). Eq. (12.19) implies that

〈
γ̂(ℓ)γ̂∗(ℓ′)

〉
= (2π)2 δD(ℓ − ℓ′)Pκ(ℓ). (12.20)

Hence, the power spectrum of the shear is the same as that of the surface mass density.

12.3.1 Shear correlation functions

Consider a pair of points (i.e., galaxy images); their separation direction ϕ (i.e. the polar angle of the separation
vector θ) is used to define the tangential and cross-component of the shear at these positions for this pair,
γt = −Re

(
γ e−2iϕ

)
, γ× = −Im

(
γ e−2iϕ

)
, as in (7.18). Using these two shear components, one can then define

the correlation functions ⟨γtγt⟩ (θ) and ⟨γ×γ×⟩ (θ), as well as the mixed correlator. However, it turns out to be
more convenient to define the following combinations,

ξ±(θ) = ⟨γtγt⟩ (θ) ± ⟨γ×γ×⟩ (θ) , ξ×(θ) = ⟨γtγ×⟩ (θ) . (12.21)

Due to parity symmetry, ξ×(θ) is expected to vanish, since under such a transformation, γt → γt, but γ× →
−γ×. Next we relate the shear correlation functions to the power spectrum Pκ: Using the definition of ξ±,
replacing γ in terms of γ̂, and making use of relation between γ̂ and κ̂, one finds

ξ+(θ) =

∫ ∞

0

dℓ ℓ

2π
J0(ℓθ)Pκ(ℓ) ; ξ−(θ) =

∫ ∞

0

dℓ ℓ

2π
J4(ℓθ)Pκ(ℓ) , (12.22)

where Jn(x) is the n-th order Bessel function of first kind. ξ± can be measured as follows: on a data field,
select all pairs of faint galaxies with separation within ∆θ of θ and then take the average ⟨ϵti ϵtj⟩ over all these

pairs; since ϵi = ϵ(s)i + γ(θi), the expectation value of ⟨ϵti ϵtj⟩ is ⟨γtγt⟩ (θ), provided source ellipticities are
uncorrelated. Similarly, the correlation for the cross-components is obtained.

12.3.2 The shear dispersion

Consider a circular aperture of radius θ; the mean shear in this aperture is γ̄. Averaging over many such
apertures, one defines the shear dispersion

〈
|γ̄|2

〉
(θ). It is related to the power spectrum through

〈
|γ̄|2

〉
(θ) =

1

2π

∫
dℓ ℓPκ(ℓ)WTH(ℓθ) , where WTH(η) =

4J2
1(η)

η2
(12.23)

is the top-hat filter function. A practical unbiased estimator of the mean shear in the aperture is ˆ̄γ =
N−1

∑N
i=1 ϵi, where N is the number of galaxies in the aperture. However, the square of this expression is

not an unbiased estimator of
〈
|γ̄|2

〉
, since the diagonal terms of the resulting double sum yield additional

terms, since E (ϵiϵ∗i ) = |γ(θi)|2 +σ2
ϵ . An unbiased estimate for the shear dispersion is obtained by omitting the

diagonal terms,

̂〈
|γ̄|2

〉
=

1

N(N − 1)

N∑

i̸=j

ϵi ϵ∗j . (12.24)

This expression is then averaged over many aperture placed on the data field. Again, the generalization to allow
for weighting of galaxy images is obvious. Note in particular that this estimator is not positive semi-definite.

12.3.3 The aperture mass

Consider a circular aperture of radius θ; for a point inside the aperture, define the tangential and cross-
components of the shear relative to the center of the aperture (as before); then define

Map(θ) =

∫
d2ϑ Q(|ϑ|) γt(ϑ) , (12.25)

where Q is a weight function with support ϑ ∈ [0, θ]. If we use the function
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1. To obtain κ = ∇2ψ/2, take the 2-D Laplacian of ψ, and add the term Φ,33 in the resulting integrand; this
latter term vanishes in the line-of-sight integration, as can be seen by integration by parts.

2. We make use of the 3-D Poisson equation in comoving coordinates (8.18) to obtain

κ(θ,χ) =
3H2

0Ωm

2c2

∫ χ

0
dχ′ fK(χ′)fK(χ − χ′)

fK(χ)

δ (fK(χ′)θ,χ′)

a(χ′)
. (12.9)

Note that κ is proportional to Ωm, since lensing is sensitive to ∆ρ ∝ Ωm δ, not just to the density contrast
δ = ∆ρ/ρ̄ itself.

3. For a redshift distribution of sources with pz(z) dz = pχ(χ) dχ, the effective surface mass density becomes

κ(θ) =

∫
dχ pχ(χ)κ(θ,χ)

=
3H2

0Ωm

2c2

∫ χh

0
dχ g(χ) fK(χ)

δ (fK(χ)θ,χ)

a(χ)
, (12.10)

with

g(χ) =

∫ χh

χ
dχ′ pχ(χ′)

fK(χ′ − χ)

fK(χ′)
, (12.11)

which is the source-redshift weighted lens efficiency factor Dds/Ds for a density fluctuation at distance χ,
and χh is the comoving horizon distance, obtained from χ(a) by letting a → 0.

The expression (12.9) for the effective surface mass density can be interpreted in a very simple way. Consider
a redshift interval of width dz around z, corresponding to the proper radial distance interval dDprop = |cdt| =
H−1(z)(1 + z)−1 cdz. The surface mass density in this interval is ∆ρ dDprop, where only the density contrast
∆ρ = ρ− ρ̄ acts as a lens (the ‘lensing effect’ of the mean matter density of the Universe is accounted for by the
relations between angular diameter distance and redshift; see Schneider & Weiss 1988a). Dividing this surface
mass density by the corresponding critical surface mass density, and integrating along the line-of-sight to the
sources, one finds

κ =

∫ zs

0
dz

4πG

c2

DdDds

Ds

dDprop

dz
∆ρ . (12.12)

This expression is equivalent to (12.9); see Problem 12.1.

12.2.2 Limber’s equation

Since the projected density κ is a projection of δ, which is a homogeneous, isotropic random field, so is κ. The
power spectrum of κ is then related to that of δ, in a similar way as encountered already in Sect. 9.4.5 for the
projected galaxy distribution. More generally, the projections

gi(θ) =

∫
dχ qi(χ) δ (fK(χ)θ,χ) (12.13)

are (2-D) homogeneous and isotropic random fields, where the qi are weight functions. In particular, the
correlation function

C12 = ⟨g1(ϕ1) g2(ϕ2)⟩ ≡ C12(|ϕ1 − ϕ2|) (12.14)

depends only on the modulus of the separation vector. The original form of the Limber (1953) equation relates
C12 to the correlation function of δ which is a line-of-sight projection. Alternatively, one can consider the
Fourier-space analogy of this relation: The power spectrum P12(ℓ) – the Fourier transform of C12(θ) – depends
linearly on Pδ(k) (Kaiser 1992, 1998),

P12(ℓ) =

∫
dχ

q1(χ) q2(χ)

f2
K(χ)

Pδ

(
ℓ

fK(χ)
,χ

)
, (12.15)

if the largest-scale structures in δ are much smaller than the effective range ∆χ of the projection. Hence, we
obtain the (very reasonable) result that the 2-D power at angular scale 1/ℓ is obtained from the 3-D power at
length scale fK(χ) (1/ℓ), integrated over χ.

Comparing (12.10) with (12.15), one sees that κ(θ) is such a projection of δ with the weights q1(χ) =
q2(χ) = (3/2)(H0/c)2Ωmg(χ)fK(χ)/a(χ), so that

Pκ(ℓ) =
9H4

0Ω2
m

4c4

∫ χh

0
dχ

g2(χ)

a2(χ)
Pδ

(
ℓ

fK(χ)
,χ

)
. (12.16)
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γ̂(ℓ) =

(
ℓ21 − ℓ22 + 2iℓ1ℓ2

|ℓ|2

)
κ̂(ℓ) = e2iβ κ̂(ℓ) , (12.19)

where β is the polar angle of the vector ℓ; this follows directly from (6.11) and (6.16). Eq. (12.19) implies that

〈
γ̂(ℓ)γ̂∗(ℓ′)

〉
= (2π)2 δD(ℓ − ℓ′)Pκ(ℓ). (12.20)

Hence, the power spectrum of the shear is the same as that of the surface mass density.

12.3.1 Shear correlation functions

Consider a pair of points (i.e., galaxy images); their separation direction ϕ (i.e. the polar angle of the separation
vector θ) is used to define the tangential and cross-component of the shear at these positions for this pair,
γt = −Re

(
γ e−2iϕ

)
, γ× = −Im

(
γ e−2iϕ

)
, as in (7.18). Using these two shear components, one can then define

the correlation functions ⟨γtγt⟩ (θ) and ⟨γ×γ×⟩ (θ), as well as the mixed correlator. However, it turns out to be
more convenient to define the following combinations,

ξ±(θ) = ⟨γtγt⟩ (θ) ± ⟨γ×γ×⟩ (θ) , ξ×(θ) = ⟨γtγ×⟩ (θ) . (12.21)

Due to parity symmetry, ξ×(θ) is expected to vanish, since under such a transformation, γt → γt, but γ× →
−γ×. Next we relate the shear correlation functions to the power spectrum Pκ: Using the definition of ξ±,
replacing γ in terms of γ̂, and making use of relation between γ̂ and κ̂, one finds

ξ+(θ) =

∫ ∞

0

dℓ ℓ

2π
J0(ℓθ)Pκ(ℓ) ; ξ−(θ) =

∫ ∞

0

dℓ ℓ

2π
J4(ℓθ)Pκ(ℓ) , (12.22)

where Jn(x) is the n-th order Bessel function of first kind. ξ± can be measured as follows: on a data field,
select all pairs of faint galaxies with separation within ∆θ of θ and then take the average ⟨ϵti ϵtj⟩ over all these

pairs; since ϵi = ϵ(s)i + γ(θi), the expectation value of ⟨ϵti ϵtj⟩ is ⟨γtγt⟩ (θ), provided source ellipticities are
uncorrelated. Similarly, the correlation for the cross-components is obtained.

12.3.2 The shear dispersion

Consider a circular aperture of radius θ; the mean shear in this aperture is γ̄. Averaging over many such
apertures, one defines the shear dispersion

〈
|γ̄|2

〉
(θ). It is related to the power spectrum through

〈
|γ̄|2

〉
(θ) =

1

2π

∫
dℓ ℓPκ(ℓ)WTH(ℓθ) , where WTH(η) =

4J2
1(η)

η2
(12.23)

is the top-hat filter function. A practical unbiased estimator of the mean shear in the aperture is ˆ̄γ =
N−1

∑N
i=1 ϵi, where N is the number of galaxies in the aperture. However, the square of this expression is

not an unbiased estimator of
〈
|γ̄|2

〉
, since the diagonal terms of the resulting double sum yield additional

terms, since E (ϵiϵ∗i ) = |γ(θi)|2 +σ2
ϵ . An unbiased estimate for the shear dispersion is obtained by omitting the

diagonal terms,

̂〈
|γ̄|2

〉
=

1

N(N − 1)

N∑

i̸=j

ϵi ϵ∗j . (12.24)

This expression is then averaged over many aperture placed on the data field. Again, the generalization to allow
for weighting of galaxy images is obvious. Note in particular that this estimator is not positive semi-definite.

12.3.3 The aperture mass

Consider a circular aperture of radius θ; for a point inside the aperture, define the tangential and cross-
components of the shear relative to the center of the aperture (as before); then define

Map(θ) =

∫
d2ϑ Q(|ϑ|) γt(ϑ) , (12.25)

where Q is a weight function with support ϑ ∈ [0, θ]. If we use the function
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= (2π)2 δD(ℓ − ℓ′)Pκ(ℓ). (12.20)

Hence, the power spectrum of the shear is the same as that of the surface mass density.

12.3.1 Shear correlation functions

Consider a pair of points (i.e., galaxy images); their separation direction ϕ (i.e. the polar angle of the separation
vector θ) is used to define the tangential and cross-component of the shear at these positions for this pair,
γt = −Re

(
γ e−2iϕ

)
, γ× = −Im

(
γ e−2iϕ

)
, as in (7.18). Using these two shear components, one can then define

the correlation functions ⟨γtγt⟩ (θ) and ⟨γ×γ×⟩ (θ), as well as the mixed correlator. However, it turns out to be
more convenient to define the following combinations,

ξ±(θ) = ⟨γtγt⟩ (θ) ± ⟨γ×γ×⟩ (θ) , ξ×(θ) = ⟨γtγ×⟩ (θ) . (12.21)

Due to parity symmetry, ξ×(θ) is expected to vanish, since under such a transformation, γt → γt, but γ× →
−γ×. Next we relate the shear correlation functions to the power spectrum Pκ: Using the definition of ξ±,
replacing γ in terms of γ̂, and making use of relation between γ̂ and κ̂, one finds

ξ+(θ) =
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where Jn(x) is the n-th order Bessel function of first kind. ξ± can be measured as follows: on a data field,
select all pairs of faint galaxies with separation within ∆θ of θ and then take the average ⟨ϵti ϵtj⟩ over all these

pairs; since ϵi = ϵ(s)i + γ(θi), the expectation value of ⟨ϵti ϵtj⟩ is ⟨γtγt⟩ (θ), provided source ellipticities are
uncorrelated. Similarly, the correlation for the cross-components is obtained.

12.3.2 The shear dispersion

Consider a circular aperture of radius θ; the mean shear in this aperture is γ̄. Averaging over many such
apertures, one defines the shear dispersion
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(θ). It is related to the power spectrum through
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is the top-hat filter function. A practical unbiased estimator of the mean shear in the aperture is ˆ̄γ =
N−1

∑N
i=1 ϵi, where N is the number of galaxies in the aperture. However, the square of this expression is

not an unbiased estimator of
〈
|γ̄|2

〉
, since the diagonal terms of the resulting double sum yield additional

terms, since E (ϵiϵ∗i ) = |γ(θi)|2 +σ2
ϵ . An unbiased estimate for the shear dispersion is obtained by omitting the

diagonal terms,
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〉
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This expression is then averaged over many aperture placed on the data field. Again, the generalization to allow
for weighting of galaxy images is obvious. Note in particular that this estimator is not positive semi-definite.

12.3.3 The aperture mass

Consider a circular aperture of radius θ; for a point inside the aperture, define the tangential and cross-
components of the shear relative to the center of the aperture (as before); then define

Map(θ) =

∫
d2ϑ Q(|ϑ|) γt(ϑ) , (12.25)

where Q is a weight function with support ϑ ∈ [0, θ]. If we use the function
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1. To obtain κ = ∇2ψ/2, take the 2-D Laplacian of ψ, and add the term Φ,33 in the resulting integrand; this
latter term vanishes in the line-of-sight integration, as can be seen by integration by parts.

2. We make use of the 3-D Poisson equation in comoving coordinates (8.18) to obtain

κ(θ,χ) =
3H2

0Ωm

2c2

∫ χ

0
dχ′ fK(χ′)fK(χ − χ′)

fK(χ)

δ (fK(χ′)θ,χ′)

a(χ′)
. (12.9)

Note that κ is proportional to Ωm, since lensing is sensitive to ∆ρ ∝ Ωm δ, not just to the density contrast
δ = ∆ρ/ρ̄ itself.

3. For a redshift distribution of sources with pz(z) dz = pχ(χ) dχ, the effective surface mass density becomes

κ(θ) =

∫
dχ pχ(χ)κ(θ,χ)

=
3H2

0Ωm

2c2

∫ χh

0
dχ g(χ) fK(χ)

δ (fK(χ)θ,χ)

a(χ)
, (12.10)

with

g(χ) =

∫ χh

χ
dχ′ pχ(χ′)

fK(χ′ − χ)

fK(χ′)
, (12.11)

which is the source-redshift weighted lens efficiency factor Dds/Ds for a density fluctuation at distance χ,
and χh is the comoving horizon distance, obtained from χ(a) by letting a → 0.

The expression (12.9) for the effective surface mass density can be interpreted in a very simple way. Consider
a redshift interval of width dz around z, corresponding to the proper radial distance interval dDprop = |cdt| =
H−1(z)(1 + z)−1 cdz. The surface mass density in this interval is ∆ρ dDprop, where only the density contrast
∆ρ = ρ− ρ̄ acts as a lens (the ‘lensing effect’ of the mean matter density of the Universe is accounted for by the
relations between angular diameter distance and redshift; see Schneider & Weiss 1988a). Dividing this surface
mass density by the corresponding critical surface mass density, and integrating along the line-of-sight to the
sources, one finds

κ =

∫ zs

0
dz

4πG

c2

DdDds

Ds

dDprop

dz
∆ρ . (12.12)

This expression is equivalent to (12.9); see Problem 12.1.

12.2.2 Limber’s equation

Since the projected density κ is a projection of δ, which is a homogeneous, isotropic random field, so is κ. The
power spectrum of κ is then related to that of δ, in a similar way as encountered already in Sect. 9.4.5 for the
projected galaxy distribution. More generally, the projections

gi(θ) =

∫
dχ qi(χ) δ (fK(χ)θ,χ) (12.13)

are (2-D) homogeneous and isotropic random fields, where the qi are weight functions. In particular, the
correlation function

C12 = ⟨g1(ϕ1) g2(ϕ2)⟩ ≡ C12(|ϕ1 − ϕ2|) (12.14)

depends only on the modulus of the separation vector. The original form of the Limber (1953) equation relates
C12 to the correlation function of δ which is a line-of-sight projection. Alternatively, one can consider the
Fourier-space analogy of this relation: The power spectrum P12(ℓ) – the Fourier transform of C12(θ) – depends
linearly on Pδ(k) (Kaiser 1992, 1998),

P12(ℓ) =

∫
dχ

q1(χ) q2(χ)

f2
K(χ)

Pδ

(
ℓ

fK(χ)
,χ

)
, (12.15)

if the largest-scale structures in δ are much smaller than the effective range ∆χ of the projection. Hence, we
obtain the (very reasonable) result that the 2-D power at angular scale 1/ℓ is obtained from the 3-D power at
length scale fK(χ) (1/ℓ), integrated over χ.

Comparing (12.10) with (12.15), one sees that κ(θ) is such a projection of δ with the weights q1(χ) =
q2(χ) = (3/2)(H0/c)2Ωmg(χ)fK(χ)/a(χ), so that

Pκ(ℓ) =
9H4

0Ω2
m

4c4

∫ χh

0
dχ

g2(χ)

a2(χ)
Pδ

(
ℓ

fK(χ)
,χ

)
. (12.16)
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projected galaxy distribution. More generally, the projections
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are (2-D) homogeneous and isotropic random fields, where the qi are weight functions. In particular, the
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depends only on the modulus of the separation vector. The original form of the Limber (1953) equation relates
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length scale fK(χ) (1/ℓ), integrated over χ.
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γ̂(ℓ) =

(
ℓ21 − ℓ22 + 2iℓ1ℓ2

|ℓ|2

)
κ̂(ℓ) = e2iβ κ̂(ℓ) , (12.19)

where β is the polar angle of the vector ℓ; this follows directly from (6.11) and (6.16). Eq. (12.19) implies that

〈
γ̂(ℓ)γ̂∗(ℓ′)

〉
= (2π)2 δD(ℓ − ℓ′)Pκ(ℓ). (12.20)

Hence, the power spectrum of the shear is the same as that of the surface mass density.

12.3.1 Shear correlation functions

Consider a pair of points (i.e., galaxy images); their separation direction ϕ (i.e. the polar angle of the separation
vector θ) is used to define the tangential and cross-component of the shear at these positions for this pair,
γt = −Re

(
γ e−2iϕ

)
, γ× = −Im

(
γ e−2iϕ

)
, as in (7.18). Using these two shear components, one can then define

the correlation functions ⟨γtγt⟩ (θ) and ⟨γ×γ×⟩ (θ), as well as the mixed correlator. However, it turns out to be
more convenient to define the following combinations,

ξ±(θ) = ⟨γtγt⟩ (θ) ± ⟨γ×γ×⟩ (θ) , ξ×(θ) = ⟨γtγ×⟩ (θ) . (12.21)

Due to parity symmetry, ξ×(θ) is expected to vanish, since under such a transformation, γt → γt, but γ× →
−γ×. Next we relate the shear correlation functions to the power spectrum Pκ: Using the definition of ξ±,
replacing γ in terms of γ̂, and making use of relation between γ̂ and κ̂, one finds

ξ+(θ) =

∫ ∞

0

dℓ ℓ

2π
J0(ℓθ)Pκ(ℓ) ; ξ−(θ) =

∫ ∞

0

dℓ ℓ

2π
J4(ℓθ)Pκ(ℓ) , (12.22)

where Jn(x) is the n-th order Bessel function of first kind. ξ± can be measured as follows: on a data field,
select all pairs of faint galaxies with separation within ∆θ of θ and then take the average ⟨ϵti ϵtj⟩ over all these

pairs; since ϵi = ϵ(s)i + γ(θi), the expectation value of ⟨ϵti ϵtj⟩ is ⟨γtγt⟩ (θ), provided source ellipticities are
uncorrelated. Similarly, the correlation for the cross-components is obtained.

12.3.2 The shear dispersion

Consider a circular aperture of radius θ; the mean shear in this aperture is γ̄. Averaging over many such
apertures, one defines the shear dispersion

〈
|γ̄|2

〉
(θ). It is related to the power spectrum through

〈
|γ̄|2

〉
(θ) =

1

2π

∫
dℓ ℓPκ(ℓ)WTH(ℓθ) , where WTH(η) =

4J2
1(η)

η2
(12.23)

is the top-hat filter function. A practical unbiased estimator of the mean shear in the aperture is ˆ̄γ =
N−1

∑N
i=1 ϵi, where N is the number of galaxies in the aperture. However, the square of this expression is

not an unbiased estimator of
〈
|γ̄|2

〉
, since the diagonal terms of the resulting double sum yield additional

terms, since E (ϵiϵ∗i ) = |γ(θi)|2 +σ2
ϵ . An unbiased estimate for the shear dispersion is obtained by omitting the

diagonal terms,

̂〈
|γ̄|2

〉
=

1

N(N − 1)

N∑

i̸=j

ϵi ϵ∗j . (12.24)

This expression is then averaged over many aperture placed on the data field. Again, the generalization to allow
for weighting of galaxy images is obvious. Note in particular that this estimator is not positive semi-definite.

12.3.3 The aperture mass

Consider a circular aperture of radius θ; for a point inside the aperture, define the tangential and cross-
components of the shear relative to the center of the aperture (as before); then define

Map(θ) =

∫
d2ϑ Q(|ϑ|) γt(ϑ) , (12.25)

where Q is a weight function with support ϑ ∈ [0, θ]. If we use the function
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where Jn(x) is the n-th order Bessel function of first kind. ξ± can be measured as follows: on a data field,
select all pairs of faint galaxies with separation within ∆θ of θ and then take the average ⟨ϵti ϵtj⟩ over all these

pairs; since ϵi = ϵ(s)i + γ(θi), the expectation value of ⟨ϵti ϵtj⟩ is ⟨γtγt⟩ (θ), provided source ellipticities are
uncorrelated. Similarly, the correlation for the cross-components is obtained.

12.3.2 The shear dispersion
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is the top-hat filter function. A practical unbiased estimator of the mean shear in the aperture is ˆ̄γ =
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This expression is then averaged over many aperture placed on the data field. Again, the generalization to allow
for weighting of galaxy images is obvious. Note in particular that this estimator is not positive semi-definite.

12.3.3 The aperture mass

Consider a circular aperture of radius θ; for a point inside the aperture, define the tangential and cross-
components of the shear relative to the center of the aperture (as before); then define

Map(θ) =

∫
d2ϑ Q(|ϑ|) γt(ϑ) , (12.25)

where Q is a weight function with support ϑ ∈ [0, θ]. If we use the function

12.3 Second-order cosmic shear measures 225

γ̂(ℓ) =

(
ℓ21 − ℓ22 + 2iℓ1ℓ2

|ℓ|2

)
κ̂(ℓ) = e2iβ κ̂(ℓ) , (12.19)

where β is the polar angle of the vector ℓ; this follows directly from (6.11) and (6.16). Eq. (12.19) implies that

〈
γ̂(ℓ)γ̂∗(ℓ′)

〉
= (2π)2 δD(ℓ − ℓ′)Pκ(ℓ). (12.20)

Hence, the power spectrum of the shear is the same as that of the surface mass density.

12.3.1 Shear correlation functions

Consider a pair of points (i.e., galaxy images); their separation direction ϕ (i.e. the polar angle of the separation
vector θ) is used to define the tangential and cross-component of the shear at these positions for this pair,
γt = −Re

(
γ e−2iϕ

)
, γ× = −Im

(
γ e−2iϕ

)
, as in (7.18). Using these two shear components, one can then define

the correlation functions ⟨γtγt⟩ (θ) and ⟨γ×γ×⟩ (θ), as well as the mixed correlator. However, it turns out to be
more convenient to define the following combinations,

ξ±(θ) = ⟨γtγt⟩ (θ) ± ⟨γ×γ×⟩ (θ) , ξ×(θ) = ⟨γtγ×⟩ (θ) . (12.21)

Due to parity symmetry, ξ×(θ) is expected to vanish, since under such a transformation, γt → γt, but γ× →
−γ×. Next we relate the shear correlation functions to the power spectrum Pκ: Using the definition of ξ±,
replacing γ in terms of γ̂, and making use of relation between γ̂ and κ̂, one finds

ξ+(θ) =

∫ ∞

0

dℓ ℓ

2π
J0(ℓθ)Pκ(ℓ) ; ξ−(θ) =

∫ ∞

0

dℓ ℓ

2π
J4(ℓθ)Pκ(ℓ) , (12.22)

where Jn(x) is the n-th order Bessel function of first kind. ξ± can be measured as follows: on a data field,
select all pairs of faint galaxies with separation within ∆θ of θ and then take the average ⟨ϵti ϵtj⟩ over all these

pairs; since ϵi = ϵ(s)i + γ(θi), the expectation value of ⟨ϵti ϵtj⟩ is ⟨γtγt⟩ (θ), provided source ellipticities are
uncorrelated. Similarly, the correlation for the cross-components is obtained.
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This expression is then averaged over many aperture placed on the data field. Again, the generalization to allow
for weighting of galaxy images is obvious. Note in particular that this estimator is not positive semi-definite.

12.3.3 The aperture mass

Consider a circular aperture of radius θ; for a point inside the aperture, define the tangential and cross-
components of the shear relative to the center of the aperture (as before); then define

Map(θ) =

∫
d2ϑ Q(|ϑ|) γt(ϑ) , (12.25)

where Q is a weight function with support ϑ ∈ [0, θ]. If we use the function
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1. To obtain κ = ∇2ψ/2, take the 2-D Laplacian of ψ, and add the term Φ,33 in the resulting integrand; this
latter term vanishes in the line-of-sight integration, as can be seen by integration by parts.

2. We make use of the 3-D Poisson equation in comoving coordinates (8.18) to obtain

κ(θ,χ) =
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0Ωm

2c2

∫ χ

0
dχ′ fK(χ′)fK(χ − χ′)

fK(χ)

δ (fK(χ′)θ,χ′)

a(χ′)
. (12.9)

Note that κ is proportional to Ωm, since lensing is sensitive to ∆ρ ∝ Ωm δ, not just to the density contrast
δ = ∆ρ/ρ̄ itself.

3. For a redshift distribution of sources with pz(z) dz = pχ(χ) dχ, the effective surface mass density becomes

κ(θ) =

∫
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with
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χ
dχ′ pχ(χ′)

fK(χ′ − χ)

fK(χ′)
, (12.11)

which is the source-redshift weighted lens efficiency factor Dds/Ds for a density fluctuation at distance χ,
and χh is the comoving horizon distance, obtained from χ(a) by letting a → 0.

The expression (12.9) for the effective surface mass density can be interpreted in a very simple way. Consider
a redshift interval of width dz around z, corresponding to the proper radial distance interval dDprop = |cdt| =
H−1(z)(1 + z)−1 cdz. The surface mass density in this interval is ∆ρ dDprop, where only the density contrast
∆ρ = ρ− ρ̄ acts as a lens (the ‘lensing effect’ of the mean matter density of the Universe is accounted for by the
relations between angular diameter distance and redshift; see Schneider & Weiss 1988a). Dividing this surface
mass density by the corresponding critical surface mass density, and integrating along the line-of-sight to the
sources, one finds

κ =

∫ zs

0
dz

4πG

c2

DdDds

Ds

dDprop

dz
∆ρ . (12.12)

This expression is equivalent to (12.9); see Problem 12.1.

12.2.2 Limber’s equation

Since the projected density κ is a projection of δ, which is a homogeneous, isotropic random field, so is κ. The
power spectrum of κ is then related to that of δ, in a similar way as encountered already in Sect. 9.4.5 for the
projected galaxy distribution. More generally, the projections

gi(θ) =

∫
dχ qi(χ) δ (fK(χ)θ,χ) (12.13)

are (2-D) homogeneous and isotropic random fields, where the qi are weight functions. In particular, the
correlation function

C12 = ⟨g1(ϕ1) g2(ϕ2)⟩ ≡ C12(|ϕ1 − ϕ2|) (12.14)

depends only on the modulus of the separation vector. The original form of the Limber (1953) equation relates
C12 to the correlation function of δ which is a line-of-sight projection. Alternatively, one can consider the
Fourier-space analogy of this relation: The power spectrum P12(ℓ) – the Fourier transform of C12(θ) – depends
linearly on Pδ(k) (Kaiser 1992, 1998),

P12(ℓ) =

∫
dχ

q1(χ) q2(χ)

f2
K(χ)

Pδ

(
ℓ

fK(χ)
,χ

)
, (12.15)

if the largest-scale structures in δ are much smaller than the effective range ∆χ of the projection. Hence, we
obtain the (very reasonable) result that the 2-D power at angular scale 1/ℓ is obtained from the 3-D power at
length scale fK(χ) (1/ℓ), integrated over χ.

Comparing (12.10) with (12.15), one sees that κ(θ) is such a projection of δ with the weights q1(χ) =
q2(χ) = (3/2)(H0/c)2Ωmg(χ)fK(χ)/a(χ), so that

Pκ(ℓ) =
9H4

0Ω2
m

4c4

∫ χh

0
dχ

g2(χ)

a2(χ)
Pδ

(
ℓ

fK(χ)
,χ

)
. (12.16)
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γ̂(ℓ) =

(
ℓ21 − ℓ22 + 2iℓ1ℓ2

|ℓ|2

)
κ̂(ℓ) = e2iβ κ̂(ℓ) , (12.19)

where β is the polar angle of the vector ℓ; this follows directly from (6.11) and (6.16). Eq. (12.19) implies that

〈
γ̂(ℓ)γ̂∗(ℓ′)

〉
= (2π)2 δD(ℓ − ℓ′)Pκ(ℓ). (12.20)

Hence, the power spectrum of the shear is the same as that of the surface mass density.

12.3.1 Shear correlation functions

Consider a pair of points (i.e., galaxy images); their separation direction ϕ (i.e. the polar angle of the separation
vector θ) is used to define the tangential and cross-component of the shear at these positions for this pair,
γt = −Re

(
γ e−2iϕ

)
, γ× = −Im

(
γ e−2iϕ

)
, as in (7.18). Using these two shear components, one can then define

the correlation functions ⟨γtγt⟩ (θ) and ⟨γ×γ×⟩ (θ), as well as the mixed correlator. However, it turns out to be
more convenient to define the following combinations,

ξ±(θ) = ⟨γtγt⟩ (θ) ± ⟨γ×γ×⟩ (θ) , ξ×(θ) = ⟨γtγ×⟩ (θ) . (12.21)

Due to parity symmetry, ξ×(θ) is expected to vanish, since under such a transformation, γt → γt, but γ× →
−γ×. Next we relate the shear correlation functions to the power spectrum Pκ: Using the definition of ξ±,
replacing γ in terms of γ̂, and making use of relation between γ̂ and κ̂, one finds

ξ+(θ) =

∫ ∞

0

dℓ ℓ

2π
J0(ℓθ)Pκ(ℓ) ; ξ−(θ) =

∫ ∞

0

dℓ ℓ

2π
J4(ℓθ)Pκ(ℓ) , (12.22)

where Jn(x) is the n-th order Bessel function of first kind. ξ± can be measured as follows: on a data field,
select all pairs of faint galaxies with separation within ∆θ of θ and then take the average ⟨ϵti ϵtj⟩ over all these

pairs; since ϵi = ϵ(s)i + γ(θi), the expectation value of ⟨ϵti ϵtj⟩ is ⟨γtγt⟩ (θ), provided source ellipticities are
uncorrelated. Similarly, the correlation for the cross-components is obtained.

12.3.2 The shear dispersion

Consider a circular aperture of radius θ; the mean shear in this aperture is γ̄. Averaging over many such
apertures, one defines the shear dispersion

〈
|γ̄|2

〉
(θ). It is related to the power spectrum through

〈
|γ̄|2

〉
(θ) =

1

2π

∫
dℓ ℓPκ(ℓ)WTH(ℓθ) , where WTH(η) =

4J2
1(η)

η2
(12.23)

is the top-hat filter function. A practical unbiased estimator of the mean shear in the aperture is ˆ̄γ =
N−1

∑N
i=1 ϵi, where N is the number of galaxies in the aperture. However, the square of this expression is

not an unbiased estimator of
〈
|γ̄|2

〉
, since the diagonal terms of the resulting double sum yield additional

terms, since E (ϵiϵ∗i ) = |γ(θi)|2 +σ2
ϵ . An unbiased estimate for the shear dispersion is obtained by omitting the

diagonal terms,

̂〈
|γ̄|2

〉
=

1

N(N − 1)

N∑

i̸=j

ϵi ϵ∗j . (12.24)

This expression is then averaged over many aperture placed on the data field. Again, the generalization to allow
for weighting of galaxy images is obvious. Note in particular that this estimator is not positive semi-definite.

12.3.3 The aperture mass

Consider a circular aperture of radius θ; for a point inside the aperture, define the tangential and cross-
components of the shear relative to the center of the aperture (as before); then define

Map(θ) =

∫
d2ϑ Q(|ϑ|) γt(ϑ) , (12.25)

where Q is a weight function with support ϑ ∈ [0, θ]. If we use the function
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This expression is then averaged over many aperture placed on the data field. Again, the generalization to allow
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12.3.3 The aperture mass

Consider a circular aperture of radius θ; for a point inside the aperture, define the tangential and cross-
components of the shear relative to the center of the aperture (as before); then define

Map(θ) =

∫
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where Q is a weight function with support ϑ ∈ [0, θ]. If we use the function
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1. To obtain κ = ∇2ψ/2, take the 2-D Laplacian of ψ, and add the term Φ,33 in the resulting integrand; this
latter term vanishes in the line-of-sight integration, as can be seen by integration by parts.

2. We make use of the 3-D Poisson equation in comoving coordinates (8.18) to obtain

κ(θ,χ) =
3H2

0Ωm

2c2

∫ χ

0
dχ′ fK(χ′)fK(χ − χ′)

fK(χ)

δ (fK(χ′)θ,χ′)

a(χ′)
. (12.9)

Note that κ is proportional to Ωm, since lensing is sensitive to ∆ρ ∝ Ωm δ, not just to the density contrast
δ = ∆ρ/ρ̄ itself.

3. For a redshift distribution of sources with pz(z) dz = pχ(χ) dχ, the effective surface mass density becomes

κ(θ) =

∫
dχ pχ(χ)κ(θ,χ)

=
3H2

0Ωm

2c2

∫ χh

0
dχ g(χ) fK(χ)

δ (fK(χ)θ,χ)

a(χ)
, (12.10)

with

g(χ) =

∫ χh

χ
dχ′ pχ(χ′)

fK(χ′ − χ)

fK(χ′)
, (12.11)

which is the source-redshift weighted lens efficiency factor Dds/Ds for a density fluctuation at distance χ,
and χh is the comoving horizon distance, obtained from χ(a) by letting a → 0.

The expression (12.9) for the effective surface mass density can be interpreted in a very simple way. Consider
a redshift interval of width dz around z, corresponding to the proper radial distance interval dDprop = |cdt| =
H−1(z)(1 + z)−1 cdz. The surface mass density in this interval is ∆ρ dDprop, where only the density contrast
∆ρ = ρ− ρ̄ acts as a lens (the ‘lensing effect’ of the mean matter density of the Universe is accounted for by the
relations between angular diameter distance and redshift; see Schneider & Weiss 1988a). Dividing this surface
mass density by the corresponding critical surface mass density, and integrating along the line-of-sight to the
sources, one finds

κ =

∫ zs

0
dz

4πG

c2

DdDds

Ds

dDprop

dz
∆ρ . (12.12)

This expression is equivalent to (12.9); see Problem 12.1.

12.2.2 Limber’s equation

Since the projected density κ is a projection of δ, which is a homogeneous, isotropic random field, so is κ. The
power spectrum of κ is then related to that of δ, in a similar way as encountered already in Sect. 9.4.5 for the
projected galaxy distribution. More generally, the projections

gi(θ) =

∫
dχ qi(χ) δ (fK(χ)θ,χ) (12.13)

are (2-D) homogeneous and isotropic random fields, where the qi are weight functions. In particular, the
correlation function

C12 = ⟨g1(ϕ1) g2(ϕ2)⟩ ≡ C12(|ϕ1 − ϕ2|) (12.14)

depends only on the modulus of the separation vector. The original form of the Limber (1953) equation relates
C12 to the correlation function of δ which is a line-of-sight projection. Alternatively, one can consider the
Fourier-space analogy of this relation: The power spectrum P12(ℓ) – the Fourier transform of C12(θ) – depends
linearly on Pδ(k) (Kaiser 1992, 1998),

P12(ℓ) =

∫
dχ

q1(χ) q2(χ)

f2
K(χ)

Pδ

(
ℓ

fK(χ)
,χ

)
, (12.15)

if the largest-scale structures in δ are much smaller than the effective range ∆χ of the projection. Hence, we
obtain the (very reasonable) result that the 2-D power at angular scale 1/ℓ is obtained from the 3-D power at
length scale fK(χ) (1/ℓ), integrated over χ.

Comparing (12.10) with (12.15), one sees that κ(θ) is such a projection of δ with the weights q1(χ) =
q2(χ) = (3/2)(H0/c)2Ωmg(χ)fK(χ)/a(χ), so that

Pκ(ℓ) =
9H4

0Ω2
m

4c4
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Pδ

(
ℓ

fK(χ)
,χ

)
. (12.16)
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a redshift interval of width dz around z, corresponding to the proper radial distance interval dDprop = |cdt| =
H−1(z)(1 + z)−1 cdz. The surface mass density in this interval is ∆ρ dDprop, where only the density contrast
∆ρ = ρ− ρ̄ acts as a lens (the ‘lensing effect’ of the mean matter density of the Universe is accounted for by the
relations between angular diameter distance and redshift; see Schneider & Weiss 1988a). Dividing this surface
mass density by the corresponding critical surface mass density, and integrating along the line-of-sight to the
sources, one finds

κ =

∫ zs

0
dz

4πG

c2

DdDds

Ds

dDprop

dz
∆ρ . (12.12)

This expression is equivalent to (12.9); see Problem 12.1.

12.2.2 Limber’s equation

Since the projected density κ is a projection of δ, which is a homogeneous, isotropic random field, so is κ. The
power spectrum of κ is then related to that of δ, in a similar way as encountered already in Sect. 9.4.5 for the
projected galaxy distribution. More generally, the projections

gi(θ) =

∫
dχ qi(χ) δ (fK(χ)θ,χ) (12.13)

are (2-D) homogeneous and isotropic random fields, where the qi are weight functions. In particular, the
correlation function

C12 = ⟨g1(ϕ1) g2(ϕ2)⟩ ≡ C12(|ϕ1 − ϕ2|) (12.14)

depends only on the modulus of the separation vector. The original form of the Limber (1953) equation relates
C12 to the correlation function of δ which is a line-of-sight projection. Alternatively, one can consider the
Fourier-space analogy of this relation: The power spectrum P12(ℓ) – the Fourier transform of C12(θ) – depends
linearly on Pδ(k) (Kaiser 1992, 1998),

P12(ℓ) =

∫
dχ

q1(χ) q2(χ)

f2
K(χ)

Pδ

(
ℓ

fK(χ)
,χ

)
, (12.15)

if the largest-scale structures in δ are much smaller than the effective range ∆χ of the projection. Hence, we
obtain the (very reasonable) result that the 2-D power at angular scale 1/ℓ is obtained from the 3-D power at
length scale fK(χ) (1/ℓ), integrated over χ.

Comparing (12.10) with (12.15), one sees that κ(θ) is such a projection of δ with the weights q1(χ) =
q2(χ) = (3/2)(H0/c)2Ωmg(χ)fK(χ)/a(χ), so that

Pκ(ℓ) =
9H4

0Ω2
m

4c4

∫ χh

0
dχ

g2(χ)

a2(χ)
Pδ
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ℓ

fK(χ)
,χ

)
. (12.16)

12.3 Second-order cosmic shear measures 225

γ̂(ℓ) =

(
ℓ21 − ℓ22 + 2iℓ1ℓ2

|ℓ|2

)
κ̂(ℓ) = e2iβ κ̂(ℓ) , (12.19)

where β is the polar angle of the vector ℓ; this follows directly from (6.11) and (6.16). Eq. (12.19) implies that

〈
γ̂(ℓ)γ̂∗(ℓ′)

〉
= (2π)2 δD(ℓ − ℓ′)Pκ(ℓ). (12.20)

Hence, the power spectrum of the shear is the same as that of the surface mass density.

12.3.1 Shear correlation functions

Consider a pair of points (i.e., galaxy images); their separation direction ϕ (i.e. the polar angle of the separation
vector θ) is used to define the tangential and cross-component of the shear at these positions for this pair,
γt = −Re

(
γ e−2iϕ

)
, γ× = −Im

(
γ e−2iϕ

)
, as in (7.18). Using these two shear components, one can then define

the correlation functions ⟨γtγt⟩ (θ) and ⟨γ×γ×⟩ (θ), as well as the mixed correlator. However, it turns out to be
more convenient to define the following combinations,

ξ±(θ) = ⟨γtγt⟩ (θ) ± ⟨γ×γ×⟩ (θ) , ξ×(θ) = ⟨γtγ×⟩ (θ) . (12.21)

Due to parity symmetry, ξ×(θ) is expected to vanish, since under such a transformation, γt → γt, but γ× →
−γ×. Next we relate the shear correlation functions to the power spectrum Pκ: Using the definition of ξ±,
replacing γ in terms of γ̂, and making use of relation between γ̂ and κ̂, one finds

ξ+(θ) =

∫ ∞

0

dℓ ℓ

2π
J0(ℓθ)Pκ(ℓ) ; ξ−(θ) =

∫ ∞

0

dℓ ℓ

2π
J4(ℓθ)Pκ(ℓ) , (12.22)

where Jn(x) is the n-th order Bessel function of first kind. ξ± can be measured as follows: on a data field,
select all pairs of faint galaxies with separation within ∆θ of θ and then take the average ⟨ϵti ϵtj⟩ over all these

pairs; since ϵi = ϵ(s)i + γ(θi), the expectation value of ⟨ϵti ϵtj⟩ is ⟨γtγt⟩ (θ), provided source ellipticities are
uncorrelated. Similarly, the correlation for the cross-components is obtained.

12.3.2 The shear dispersion

Consider a circular aperture of radius θ; the mean shear in this aperture is γ̄. Averaging over many such
apertures, one defines the shear dispersion

〈
|γ̄|2

〉
(θ). It is related to the power spectrum through

〈
|γ̄|2

〉
(θ) =

1

2π

∫
dℓ ℓPκ(ℓ)WTH(ℓθ) , where WTH(η) =

4J2
1(η)

η2
(12.23)

is the top-hat filter function. A practical unbiased estimator of the mean shear in the aperture is ˆ̄γ =
N−1

∑N
i=1 ϵi, where N is the number of galaxies in the aperture. However, the square of this expression is

not an unbiased estimator of
〈
|γ̄|2

〉
, since the diagonal terms of the resulting double sum yield additional

terms, since E (ϵiϵ∗i ) = |γ(θi)|2 +σ2
ϵ . An unbiased estimate for the shear dispersion is obtained by omitting the

diagonal terms,

̂〈
|γ̄|2

〉
=

1

N(N − 1)

N∑

i̸=j

ϵi ϵ∗j . (12.24)

This expression is then averaged over many aperture placed on the data field. Again, the generalization to allow
for weighting of galaxy images is obvious. Note in particular that this estimator is not positive semi-definite.

12.3.3 The aperture mass

Consider a circular aperture of radius θ; for a point inside the aperture, define the tangential and cross-
components of the shear relative to the center of the aperture (as before); then define

Map(θ) =

∫
d2ϑ Q(|ϑ|) γt(ϑ) , (12.25)

where Q is a weight function with support ϑ ∈ [0, θ]. If we use the function
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Consider a circular aperture of radius θ; for a point inside the aperture, define the tangential and cross-
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∫
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where Q is a weight function with support ϑ ∈ [0, θ]. If we use the function
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1. To obtain κ = ∇2ψ/2, take the 2-D Laplacian of ψ, and add the term Φ,33 in the resulting integrand; this
latter term vanishes in the line-of-sight integration, as can be seen by integration by parts.

2. We make use of the 3-D Poisson equation in comoving coordinates (8.18) to obtain

κ(θ,χ) =
3H2

0Ωm

2c2

∫ χ

0
dχ′ fK(χ′)fK(χ − χ′)

fK(χ)

δ (fK(χ′)θ,χ′)

a(χ′)
. (12.9)

Note that κ is proportional to Ωm, since lensing is sensitive to ∆ρ ∝ Ωm δ, not just to the density contrast
δ = ∆ρ/ρ̄ itself.

3. For a redshift distribution of sources with pz(z) dz = pχ(χ) dχ, the effective surface mass density becomes

κ(θ) =

∫
dχ pχ(χ)κ(θ,χ)

=
3H2

0Ωm

2c2

∫ χh

0
dχ g(χ) fK(χ)

δ (fK(χ)θ,χ)

a(χ)
, (12.10)

with

g(χ) =

∫ χh

χ
dχ′ pχ(χ′)

fK(χ′ − χ)

fK(χ′)
, (12.11)

which is the source-redshift weighted lens efficiency factor Dds/Ds for a density fluctuation at distance χ,
and χh is the comoving horizon distance, obtained from χ(a) by letting a → 0.

The expression (12.9) for the effective surface mass density can be interpreted in a very simple way. Consider
a redshift interval of width dz around z, corresponding to the proper radial distance interval dDprop = |cdt| =
H−1(z)(1 + z)−1 cdz. The surface mass density in this interval is ∆ρ dDprop, where only the density contrast
∆ρ = ρ− ρ̄ acts as a lens (the ‘lensing effect’ of the mean matter density of the Universe is accounted for by the
relations between angular diameter distance and redshift; see Schneider & Weiss 1988a). Dividing this surface
mass density by the corresponding critical surface mass density, and integrating along the line-of-sight to the
sources, one finds

κ =

∫ zs

0
dz

4πG

c2

DdDds

Ds

dDprop

dz
∆ρ . (12.12)

This expression is equivalent to (12.9); see Problem 12.1.

12.2.2 Limber’s equation

Since the projected density κ is a projection of δ, which is a homogeneous, isotropic random field, so is κ. The
power spectrum of κ is then related to that of δ, in a similar way as encountered already in Sect. 9.4.5 for the
projected galaxy distribution. More generally, the projections

gi(θ) =

∫
dχ qi(χ) δ (fK(χ)θ,χ) (12.13)

are (2-D) homogeneous and isotropic random fields, where the qi are weight functions. In particular, the
correlation function

C12 = ⟨g1(ϕ1) g2(ϕ2)⟩ ≡ C12(|ϕ1 − ϕ2|) (12.14)

depends only on the modulus of the separation vector. The original form of the Limber (1953) equation relates
C12 to the correlation function of δ which is a line-of-sight projection. Alternatively, one can consider the
Fourier-space analogy of this relation: The power spectrum P12(ℓ) – the Fourier transform of C12(θ) – depends
linearly on Pδ(k) (Kaiser 1992, 1998),

P12(ℓ) =

∫
dχ

q1(χ) q2(χ)

f2
K(χ)

Pδ

(
ℓ

fK(χ)
,χ

)
, (12.15)

if the largest-scale structures in δ are much smaller than the effective range ∆χ of the projection. Hence, we
obtain the (very reasonable) result that the 2-D power at angular scale 1/ℓ is obtained from the 3-D power at
length scale fK(χ) (1/ℓ), integrated over χ.

Comparing (12.10) with (12.15), one sees that κ(θ) is such a projection of δ with the weights q1(χ) =
q2(χ) = (3/2)(H0/c)2Ωmg(χ)fK(χ)/a(χ), so that

Pκ(ℓ) =
9H4

0Ω2
m

4c4

∫ χh

0
dχ

g2(χ)

a2(χ)
Pδ

(
ℓ

fK(χ)
,χ

)
. (12.16)
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where β is the polar angle of the vector ℓ; this follows directly from (6.11) and (6.16). Eq. (12.19) implies that
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Hence, the power spectrum of the shear is the same as that of the surface mass density.

12.3.1 Shear correlation functions
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, as in (7.18). Using these two shear components, one can then define

the correlation functions ⟨γtγt⟩ (θ) and ⟨γ×γ×⟩ (θ), as well as the mixed correlator. However, it turns out to be
more convenient to define the following combinations,
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Due to parity symmetry, ξ×(θ) is expected to vanish, since under such a transformation, γt → γt, but γ× →
−γ×. Next we relate the shear correlation functions to the power spectrum Pκ: Using the definition of ξ±,
replacing γ in terms of γ̂, and making use of relation between γ̂ and κ̂, one finds
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where Jn(x) is the n-th order Bessel function of first kind. ξ± can be measured as follows: on a data field,
select all pairs of faint galaxies with separation within ∆θ of θ and then take the average ⟨ϵti ϵtj⟩ over all these

pairs; since ϵi = ϵ(s)i + γ(θi), the expectation value of ⟨ϵti ϵtj⟩ is ⟨γtγt⟩ (θ), provided source ellipticities are
uncorrelated. Similarly, the correlation for the cross-components is obtained.

12.3.2 The shear dispersion

Consider a circular aperture of radius θ; the mean shear in this aperture is γ̄. Averaging over many such
apertures, one defines the shear dispersion

〈
|γ̄|2

〉
(θ). It is related to the power spectrum through

〈
|γ̄|2

〉
(θ) =

1

2π

∫
dℓ ℓPκ(ℓ)WTH(ℓθ) , where WTH(η) =

4J2
1(η)

η2
(12.23)

is the top-hat filter function. A practical unbiased estimator of the mean shear in the aperture is ˆ̄γ =
N−1

∑N
i=1 ϵi, where N is the number of galaxies in the aperture. However, the square of this expression is

not an unbiased estimator of
〈
|γ̄|2

〉
, since the diagonal terms of the resulting double sum yield additional

terms, since E (ϵiϵ∗i ) = |γ(θi)|2 +σ2
ϵ . An unbiased estimate for the shear dispersion is obtained by omitting the

diagonal terms,

̂〈
|γ̄|2

〉
=

1

N(N − 1)

N∑

i̸=j

ϵi ϵ∗j . (12.24)

This expression is then averaged over many aperture placed on the data field. Again, the generalization to allow
for weighting of galaxy images is obvious. Note in particular that this estimator is not positive semi-definite.

12.3.3 The aperture mass

Consider a circular aperture of radius θ; for a point inside the aperture, define the tangential and cross-
components of the shear relative to the center of the aperture (as before); then define

Map(θ) =

∫
d2ϑ Q(|ϑ|) γt(ϑ) , (12.25)

where Q is a weight function with support ϑ ∈ [0, θ]. If we use the function

Observed  &  Theory



Fundamentals of Cosmic Shear
The Shear-Shear Correlation Function 

Observed  &  Theory

• Observed shear-shear correlation 
function relates observed 
tangential- and cross-shears

• Shear correlations directly relate 
to the matter power-spectrum

• Requires knowledge of the 
source redshift distribution
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or more generally:
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Why is line-of-sight localisation  
(i.e. redshift distribution calibration) 
important for cosmic shear?
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Photons to Blinded Cosmology
DR5 & KiDS-Legacy Analysis

• 1347 sqdeg of optical & NIR data  

• Complete re-reduction, including added depth 

• Six bin tomographic analysis ( )  

• Multiple  estimates and calibrations  

• Joint  and shear calibration simulations 

• Updated covariance & IA modelling (NLA- ) 

• New analysis infrastructure (CosmoPipe) 

• Papers written with Blinded results 

0.1 < zB ≤ 2.0

N(z)

N(z)

M



Smoothing

Kernel

0.2 0.3 0.4 0.5 0.6

0.
6

0.
8

1
1.
2

Ωm

σ
8

 
Optimal Smoothing

Kernel

COSEBIs (En)
Bandpowers (CE)
Planck−Legacy (CMB)
Prior Volume

0.2 0.3 0.4 0.5
0.

65
0.

7
0.

75
0.

8
0.

85
0.

9

Ωm

S 8
=σ

8
Ω

m
0.

3

 

Wright et al. (2025b)

KiDS-Legacy cosmological constraints
Consistent with Planck ( )0.7σ



Smoothing

Kernel

0.2 0.3 0.4 0.5 0.6

0.
6

0.
8

1
1.
2

Ωm

σ
8

 
Optimal Smoothing

Kernel

COSEBIs (En)
Bandpowers (CE)
Planck−Legacy (CMB)
Prior Volume

0.2 0.3 0.4 0.5
0.

65
0.

7
0.

75
0.

8
0.

85
0.

9

Ωm

S 8
=σ

8
Ω

m
0.

3

 

0.75 0.8 0.85
Σ8=σ8(Ωm 0.3)0.58

COSEBIs (En)

Modelling variations

IA model variations

Alternative redshift calibration

Systematics variation

Alternate scale cuts

Bin combination variations

Planck Legacy

KiDS−Legacy Fiducial
(Marginal Max + HPDI) 0.73σ(Marginal Mean CI)
(Max. Post. + PJ−HPD)

CAMB + HMCode(2020)
−0.12σ

Gaussian Covariance
 0.02σ

NLA
−0.54σ

NLA−z
−0.15σ

NLA−k
−0.54σ

MICE2 δz
 1.25σ

Calib. weight: PV only
 0.11σ

Calib weight: shape only
 0.17σ

CC δ(z)
−0.01σ

σz=0
−0.07σ

σz=0 & σm=0 & σIA~ =0
 0.42σ

θ ∈ [0.5, 300] arcmin
−0.25σ

w/o z−bin 1
 0.05σ

w/o z−bin 2
−0.01σ

w/o z−bin 3
 0.13σ

w/o z−bin 4
 0.17σ

w/o z−bin 5
 0.22σ

w/o z−bin 6
−0.32σ

0.8 0.85
Σ8=σ8(Ωm 0.3)0.6

Bandpowers (CE)

1.01σ

−0.08σ

 0.03σ

−0.14σ

 0.13σ

−0.17σ

 0.99σ

 0.11σ

 0.22σ

−0.01σ

−0.02σ

 0.03σ

 0.08σ

 0.00σ

 0.18σ

−0.08σ

−0.22σ

 0.11σ

0.75 0.8 0.85
Σ8=σ8(Ωm 0.3)0.58

COSEBIs (En)

Modelling variations

IA model variations

Alternative redshift calibration

Systematics variation

Alternate scale cuts

Bin combination variations

Planck Legacy

KiDS−Legacy Fiducial
(Marginal Max + HPDI) 0.73σ(Marginal Mean CI)
(Max. Post. + PJ−HPD)

CAMB + HMCode(2020)
−0.12σ

Gaussian Covariance
 0.02σ

NLA
−0.54σ

NLA−z
−0.15σ

NLA−k
−0.54σ

MICE2 δz
 1.25σ

Calib. weight: PV only
 0.11σ

Calib weight: shape only
 0.17σ

CC δ(z)
−0.01σ

σz=0
−0.07σ

σz=0 & σm=0 & σIA~ =0
 0.42σ

θ ∈ [0.5, 300] arcmin
−0.25σ

w/o z−bin 1
 0.05σ

w/o z−bin 2
−0.01σ

w/o z−bin 3
 0.13σ

w/o z−bin 4
 0.17σ

w/o z−bin 5
 0.22σ

w/o z−bin 6
−0.32σ

0.8 0.85
Σ8=σ8(Ωm 0.3)0.6

Bandpowers (CE)

1.01σ

−0.08σ

 0.03σ

−0.14σ

 0.13σ

−0.17σ

 0.99σ

 0.11σ

 0.22σ

−0.01σ

−0.02σ

 0.03σ

 0.08σ

 0.00σ

 0.18σ

−0.08σ

−0.22σ

 0.11σ

Wright et al. (2025b)

KiDS-Legacy cosmological constraints
Consistent with Planck ( )0.7σ



Smoothing

Kernel

0.2 0.3 0.4 0.5 0.6

0.
6

0.
8

1
1.
2

Ωm

σ
8

 
Optimal Smoothing

Kernel

COSEBIs (En)
Bandpowers (CE)
Planck−Legacy (CMB)
Prior Volume

0.2 0.3 0.4 0.5
0.

65
0.

7
0.

75
0.

8
0.

85
0.

9

Ωm

S 8
=σ

8
Ω

m
0.

3

 

0.75 0.8 0.85
Σ8=σ8(Ωm 0.3)0.58

Planck Legacy

COSEBIs (En)
KiDS−Legacy Fiducial
(Marginal Max + HPDI) 0.73σ(Marginal Mean CI)
(Max. Post. + PJ−HPD)

Wright et al. (2025b)

0.8 0.85
Σ8=σ8(Ωm 0.3)0.6

Bandpowers (CE)

1.01σ

KiDS-Legacy cosmological constraints
Consistent with Planck ( )0.7σ



Consistent with DES-Y3 Hybrid ( ) & HSC Y3 ( )0.8σ 1.8σ
KiDS-Legacy cosmological constraints

Wright et al. (2025b)



Combined constraint is 
the most precise 

measurement of   
to date

S8

Joint constraint with DES/DESI/Pantheon+

Stölzner et al. (2025)

S8 = 0.814+0.011
−0.012

Ωm = 0.307+0.011
−0.011
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Driving Factors  

• New spectroscopic sample for  estimation 

• Updated  calibration and estimation methods  

• New imaging, new area  

Further changes  

• Revised scale cut  

• New IA modelling  

• New tomography

N(z)

N(z)

• New  emulation 

• New sampler   

• New analysis pipelines 

P(k)
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KiDS-Legacy
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New data, new 
simulations, new 
methods, better 
results 

KiD KiDZ Redshift Calibration Sample 

Wright et al. (2024)



KiDZ Redshift Calibration Sample 

Wright et al. (2024)

KiD 
More spectra means more robust corrections



More spectra means more robust corrections

Wright et al. (2024)

KiD KiDZ Redshift Calibration Sample 
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Improved  calibration methodsN(z)
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MICE2 Testing

Validated with multiple simulations, incl. new simulated samples

Wright et al. (2025a)

Complementary  calibration methodsN(z)

SOM  BiasN(z)

CC  BiasN(z)

 Bias  
difference
N(z)



MICE2 TestingKiDS-Legacy

Data  biases are consistent; most different in bin 4, but…N(z)

Wright et al. (2025a)

Complementary  calibration methodsN(z)

SOM  BiasN(z)

CC  BiasN(z)

 Bias  
difference
N(z)



Complementary  calibration methodsN(z)
… our independent  bias estimation gives identical cosmologyN(z)

Wright et al. (2025b) KiD 
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Other  calibration method updates N(z)

Wright et al. (2025a)

KiD 
Prior Calibration Weights 

Per-Bin Tomography



Robustness to  calibration variationsN(z)

Wright et al. (2025a) KiD 
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New imaging: updated astrometric calibration

Wright et al. (2024); Kuijken et al. (2019)

Improved 
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higher quality 
images
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New imaging: updated astrometric calibration

Wright et al. (2024); Kuijken et al. (2019)

Improved 
astrometric 
solutions bring 
higher quality 
images

KiDS-Legacy

KiDS-1000
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How do we know  
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more robust? 
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Greatly expanded suite of tests all indicate full consistency 
Testing Internal Consistency

Stölzner et al. (2025)

Evidence-bsed metric
Tier 1

(Byes fctor, Suspiciousness)
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Greatly expanded suite of tests all indicate full consistency 
Testing Internal Consistency

Stölzner et al. (2025)

Multi-dimensionl 
prmeter metric

Tier 2

PPD 
metric

T3

Evidence-bsed metric
Tier 1

(Byes fctor, Suspiciousness)



Testing Internal Consistency

Data vector level:
• Redshift bins

Nσ ≤ 1.39
Stölzner et al. (2025)

Wider range of internal splits 

KiD 



Testing Internal Consistency

Data vector level:
• Redshift bins
• Auto- vs cross-correlation

Nσ ≤ 0.18
Stölzner et al. (2025)

Wider range of internal splits 

KiD 



Testing Internal Consistency

Data vector level:
• Redshift bins
• Auto- vs cross-correlation
• Scales/modes

Nσ ≤ 0.69
Stölzner et al. (2025)

Wider range of internal splits 

KiD 



Testing Internal Consistency

Data vector level:
• Redshift bins
• Auto- vs cross-correlation
• Scales/modes

Catalogue level:
• KiDS-North vs KiDS-South

Nσ ≤ 1.09
Stölzner et al. (2025)

Wider range of internal splits 

KiD 



Testing Internal Consistency

Data vector level:
• Redshift bins
• Auto- vs cross-correlation
• Scales/modes

Catalogue level:
• KiDS-North vs KiDS-South
• Red vs Blue Nσ ≤ 1.08

Stölzner et al. (2025)

Wider range of internal splits 

KiD 



Other Results from  
KiDS-Legacy  

Cosmic Shear 
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No evidence for significant feedback amplitudes from fiducial COSEBIs

Baryonic Feedback Constraints 

Wright et al. (2025b)



Using correlation functions at small scales & P(k) reconstruction:   

more extreme feedback is evident

Baryonic Feedback Constraints 

Broxterman et al. (2025)

(Using COSEBIs)

(Using P(k) reconstruction)
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Lensing strongly prefers  over extensions ΛCDM
Low-z data strongly prefer  over extensionsΛCDM
Excluding DESI:  
 - combination of low-z & CMB data  prefer ΛCDM

PRE
LIM

INA
RY



Extended Cosmologies from Joint Analyses

Reischke et al. (in prep)

Lensing strongly prefers  over extensions ΛCDM
Low-z data strongly prefer  over extensionsΛCDM
Excluding DESI:  
 - combination of low-z & CMB data  prefer ΛCDM
Including DESI or DESI & SN:  
 - w0-wa is preferred over ΛCDM

PRE
LIM

INA
RY



Modified Gravity from Joint Analyses

Stölzner et al. (in prep)

Combination of: 
  KiDS-Legacy, DESI BAO, eBOSS, & Planck 

Models MG perturbations to a background 
 or w0wa cosmology 

Includes sampling of lensing anomaly parameter 

Weak preference for a w0wa over a  in a 
MG analysis, but not statistically significant 
( ) 

MG parameters consistent with their  
expectations, and stable with w0wa background  

ΛCDM

ΛCDM

1.57σ

ΛCDM
PRE

LIM
INA

RY



• Data from the complete KiDS survey 

• Improved calibration samples and 
methods   

• Consistent with CMB 

• No evidence for significant feedback 

• Most robust KiDS analysis to date

Conclusions from KiDS-Legacy

[Wright et al. (2024)]

[Wright et al. (2025a)]

[Wright et al. (2025b)]

[Wright et al. (2025b)]

[Stölzner et al. (2025)]
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LIM

INA
RY

• Combined analysis with DES, DESI, 
and Pantheon+  

• Additional analyses with CMB 

•  preferred over extended 
models, except when including DESI 

• Modified gravity consistent with 
 expectation

ΛCDM

ΛCDM

Conclusions from KiDS-Legacy + External Probes

[Stölzner et al. (2025)]

[Reischke et al. (in prep)]

[Stölzner et al. (in prep)]

[Reischke et al. (in prep)]
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Gravitational Lensing
Galaxy images are distorted by the presence of matter

Image credit:  
NASA/ESA



Gravitational Lensing
Galaxy images are distorted by the presence of matter

Image credit:  
NASA/ESA



Gravitational Lensing
Galaxy images are distorted by the presence of matter

Image credit:  
NASA/ESA



Strong and Weak Gravitational Lensing
Different implications for galaxy images

Strong lensing creates 
visibly distorted galaxy 

images, multiple 
images, arcs, etc.  

Weak lensing is typically 
only measurable using 
ensembles of galaxies 

The true shear of the 
potential is measurable 
from the mean ellipticity 

of the galaxies  Image credit: Mellier (1999)



Weak Gravitational Lensing

The assumption of zero average source ellipticity can be 
violated by,  e.g., galaxy intrinsic alignments. In practice 

this is modelled (more on this later).

Image credit: Mellier (1999)

Weak gravitational lensing basics

In the weak lensing regime ( ⌧ 1) circular light bundles are
distorted into ellipses. Unfortunately, galaxies aren’t intrinsically

circular but rather elliptical with axis ratio r :

|✏| = 1 � r

1 + r
. (1)

Their ellipticity is a combination of intrinsic ellipticity and shear:

✏ = ✏(s) + g (2)

Assuming that their intrinsic ellipticities are randomnly oriented:

h✏i =
D
✏(s)

E
+ hgi = hgi (3)

Hence, each image ellipticity is an unbiased (but very noisy)
estimate of the local reduced shear. ) Averaging many!

Weak gravitational lensing basics

In the weak lensing regime ( ⌧ 1) circular light bundles are
distorted into ellipses. Unfortunately, galaxies aren’t intrinsically

circular but rather elliptical with axis ratio r :

|✏| = 1 � r

1 + r
. (1)

Their ellipticity is a combination of intrinsic ellipticity and shear:

✏ = ✏(s) + g (2)

Assuming that their intrinsic ellipticities are randomnly oriented:

h✏i =
D
✏(s)

E
+ hgi = hgi (3)

Hence, each image ellipticity is an unbiased (but very noisy)
estimate of the local reduced shear. ) Averaging many!

Weak gravitational lensing modifies the 
observed ellipticities of galaxies:

Per galaxy, the shear g is small. However 
we can approximate the average shear 

as being the average ellipticity:

Shear is estimated from average ellipticity
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Drivers of cosmological sensitivity
Four main observational considerations

Higher lensing SNR per unit area
Access to higher redshift samples 

Lower statistical noise

Better line-of-sight localisation

Better shape measurement



Wright et al. 2023 (submitted) 

Deep and 
SharpWide Area

9-band and 
round PSF

Better line-of-sight localisation



Weak Lensing Surveys

Wright et al. (2024)
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Redshift Distribution 
Estimation & Calibration 
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ML Redshift Distribution Calibration 
Early work used -nearest-neighbours. But for the last few years, the 
cosmic shear community has been caught firmly in the grip of the  
Self-Organising Map (SOM). This is because SOM gives us both: 
  (1) Unsupervised classification &  
  (2) human-interpretable representations of -spaces

k

ℝn

DESY3
Myles et al (2021)

KiDS1000
Wright et at (2020a) 59



Ways that your ML analysis can fail
There are three classic failure modes in ML regression/classification problems:  

1. Covariate shift:   

2. Prior Probability shift:   

3. Concept drift:  

These all affect redshift calibration datasets: 

1. Targeting in spectroscopy differs from photometry  

2. Redshift success and confidence is systematic  

3. SOM cells have non-zero size 

➡ the above effects persist below the cell level

ptr(z |c) = ptg(z |c) & ptr(c) ≠ ptg(c)
ptr(c |z) = ptg(c |z) & ptr(z) ≠ ptg(z)

ptr(z |c) ≠ ptg(z |c)



Constraints on   in joint analyseslog TAGN

Combined  
analysis 

Individual  
analyses 



Example: Consistency of KiDS-Legacy  BinsN(z)
KiDS-1000

Stölzner et al. (2025)



Example: Consistency of KiDS-Legacy  BinsN(z)
KiDS-Legacy

Stölzner et al. (2025)



Framework for photometric  
LSS covariances

Covariance and modelling

Reischke et al. (2025) https://github.com/rreischke/OneCovariance

OneCovariance code by KiDS for kids and adults



Framework for photometric  
LSS covariances
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Covariance and modelling

Reischke et al. (2025) https://github.com/rreischke/OneCovariance

OneCovariance code by KiDS for kids and adults



Analytic covariances are good enough for Stage-III 
Covariance and modelling

https://github.com/rreischke/OneCovariance
Reischke et al. 2025, (2410.06962)
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Most robust KiDS 
analysis to date 

Internal Consistency Constraints

KiD 
Stölzner et al. (2025)



Modelling bias of  is less than  of our posterior constraintP(k) 0.1σ
 Constraints P(k)


