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Gaps in LISA data
❖ Many possible causes of gaps in the LISA data stream, of both known and unknown 

origin. Impact of antenna repointing gaps tested in Spritz data challenge.

 

Outstanding challenges: gaps

Gap type Frequency Duration Total loss (hr/yr)

Antenna repointing every 2 weeks 3.3h 1%

PAAM angle adjust 3 per day 100s 0.3%

TM stray pot. est. 2/yr 1 day 0.56%

TTL coupling est. 4/yr 2 days 2.22%

Unplanned: platform 3/yr 2.5 days 2%

Unplanned: payload 4/yr 2.75 days 3%

Unplanned: micro-meteorites 30/yr 1 day 8%

[A. Petiteau, FMT]

• Gaps are missing data 
periods; can be 
planned and 
unplanned

• The stochastic noise 
process could be 
coherent (masked 
data) or incoherent 
(instrument reset)

• Masking out data is 
also a crude way of 
addressing glitches 



• Modelling of the full covariance: direct marginalization over 
missing data, useful as a test bed for our assumptions — limited by the 
size of the  covariance matrix — This workN × N
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Five-day periodic gaps Daily random gaps

FIG. 4: Results of PSD estimations with gapped data, with five-day periodic gaps (left-hand side) and daily random
gaps (right-hand side). Dotted red curves show PSD estimates obtained with the windowing method, and dashed

blue curves the ones obtained with the DA method. They are compared to the true PSD represented by solid green
curves. The window method estimates are a↵ected by leakage e↵ects due to the gapped observation window, while
the DA method yields an unbiased estimates in most of the frequency band. Black and gray solid lines respectively
represent periodograms of complete data and periodograms of gapped data. The peaked curves in orange shades

correspond to GW sources at 0.1 mHz, 0.2 mHz and 0.5 mHz. For a 1-year integration time, their signal stand out of
the noise with five-day periodic gaps, but is overwhelmed by noise leakage with daily random gaps for f0 = 0.1 mHz.
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FIG. 5: Results of one gap imputation draw in the time
domain after the MCMC chains have reach stationarity.
This draw is obtained for a periodic gap pattern and a
source frequency f0 = 0.1 mHz. The noise statistics
are preserved inside the gap, allowing us to accurately

sample the PSD when Fourier-transforming the
imputed data. The zoomed inset shows the GW signal
(green) and the estimated conditional mean µm|o inside
the gap (dashed orange), taking into account both noise
correlations and deterministic signal. The colored area

represents the conditional 99%-confidence interval.

black curve), the frequencies are well resolved for �f > 1
nHz, where the two posterior distributions start to be
superimposed, as their standard deviations is about 2.5
nHz.

In the case of periodic gaps, this behavior is observed
for both windowing and DA methods, although the sta-
tistical error increases by about 30 % in the case of the
windowing method. In the case of random gaps, the pos-
teriors are much more spread when using the windowing
method, making impossible to resolve the frequencies for
separations of 10 nHz and below. The posteriors obtained
with the DA method are very similar to the complete
data case, restoring the frequency resolution power to a
level comparable with full-data resolution.

The frequency estimates can be compared to the val-
ues obtained for the estimated Bayes factors, plotted in
Fig. 7. As in Fig. 6, they are ordered by decreasing sep-
arations between the 2 source frequencies injected in the
simulated data. We show the case of a complete data
series (black vertical bars), along with gapped data with
the windowing method (gray) and the DA method (blue).
The top and bottom panels correspond to periodic and
random gaps respectively. For periodic gaps, although
the windowing method yields smaller values of B21 than
the DA method, the Bayes factor significantly favor a 2-
source model, both in the case of complete and masked
data, regardless of the method used. For �f = 0.1 nHz
the value that we compute with the windowing method
gets closer to the positive threshold (indicated by the
red dashed horizontal line) which we set to B21 = 20
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Gaps in LISA data: different approaches

[Baghi&al arXiv:1907.04747]

[Dey&al arXiv:2104.12646]

• Windowing the data around gaps, having well-
behaved Fourier-domain signals

• Data augmentation (or imputation): the 
data inside the gaps is inferred in a Gibbs 
sampling between GW params and missing data
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Figure 11. (The Blue/Yellow solid curves): The gated/tapered MBH signal for the M3e7 case with a gap at merger
lasting 1 hour. (The purple/black curves): The gated/tapered data stream consisting of noise and the MBH signals.
The SNR of the gated signal is ⇠ 1397, whereas the SNR of the tapered signal is ⇠ 1393 using a pseudo-inverse regularized
according to Eq.(106) with ✏ = 10�13. Assuming accurate computation of the pseudo-inverse of the noise covariance matrix,
the SNR should be invariant to the choice of tapering function with only loss of SNR occurring during the gated segment. In
theory, albeit very counter-intuitive, the SNR of the orange and blue curves above are identical, provided the noise covariance
includes the e↵ect of the tapering.
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Figure 12. (Left Panel): The FD tapered noise covariance matrix with 1 hour gap at merger with a very smooth ⇠ 2
hours worth of lobes. Notice that the matrix appears to be band-diagonal, with all power concentrated along those specific
diagonals. (Right Panel): The pseudo-inverse of the matrix presented in the left panel, for a regularization choice of
✏ = 10�13. Aside from hermitian symmetry and psychedelic patterns, there is little exploitable structure to be had in the
pseudo-inverse.
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The basics: Stationary Gaussian process

• Assumption: noise as Gaussian process described by its 
covariance <latexit sha1_base64="CaCfVBkQuykyIGWfLmoVPT7ZpIM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK2IGVGiroRCkVwWcE+oDOUTJppQzOZIbkjlNIPcOOvuHGhiFs/wJ1/Y9rOQlsPXDiccy7JPX4suAbb/rYyK6tr6xvZzdzW9s7uXn7/oKmjRFHWoJGIVNsnmgkuWQM4CNaOFSOhL1jLH9amfuuBKc0jeQ+jmHkh6UsecErASN18oVaEMzgt4WvsCiL7gmFZhJIZo7lqppiUXbZnwMvESUkBpah3819uL6JJyCRQQbTuOHYM3pgo4FSwSc5NNIsJHZI+6xgqSci0N54dM8EnRunhIFJmJOCZ+ntjTEKtR6FvkiGBgV70puJ/XieB4MobcxknwCSdPxQkAkOEp83gHleMghgZQqji5q+YDogiFEx/OVOCs3jyMmmel52LcuWuUqjepHVk0RE6RkXkoEtURbeojhqIokf0jF7Rm/VkvVjv1sc8mrHSnUP0B9bnD4vCmNI=</latexit>

C(t, t0) = hn(t)n(t0)i

<latexit sha1_base64="nVaYsGCSiJXcuDhF7B4A6yeWGM8=">AAACDHicbVDLSgMxFM3UV62vqks3wSJtoZYZKepGKBTBZQX7gHYomTRTQzMPkzuFUvoBbvwVNy4UcesHuPNvTKez0NYDgZNzziW5xwkFV2Ca30ZqZXVtfSO9mdna3tndy+4fNFUQScoaNBCBbDtEMcF91gAOgrVDyYjnCNZyhrWZ3xoxqXjg38E4ZLZHBj53OSWgpV42VytACfJFfIVrBbOEIX8KRdxlDxEfaSW+6pRZNmPgZWIlJIcS1HvZr24/oJHHfKCCKNWxzBDsCZHAqWDTTDdSLCR0SAaso6lPPKbsSbzMFJ9opY/dQOrjA47V3xMT4ik19hyd9Ajcq0VvJv7ndSJwL+0J98MImE/nD7mRwBDgWTO4zyWjIMaaECq5/ium90QSCrq/jC7BWlx5mTTPytZ5uXJbyVWvkzrS6AgdowKy0AWqohtURw1E0SN6Rq/ozXgyXox342MeTRnJzCH6A+PzBxdNl0M=</latexit>

C(t, t0) = C(0, t0 � t) ⌘ C(t0 � t)

• Assumption: underlying noise (before introducing gaps) 
Stationary, with autocorrelation depending on lag only

• In the Fourier domain, this leads to independence:
<latexit sha1_base64="RV0ZvJ8WXzLeL+PLCcfzlE/BxoM="></latexit>

hñ(f)ñ⇤(f 0)i = 1

2
Sn(f)�(f � f 0)

<latexit sha1_base64="FRY5zJ5pFhgztXPqaVPxvQSuCwc="></latexit>

(a|b) = 4Re

Z
df

Sn(f)
ã⇤(f)b̃(f)

• Whittle likelihood:
<latexit sha1_base64="7TlNVxBvrrobTexrSF9VYKedZK8="></latexit>

lnL(✓) = �1

2
(h(✓)� d|h(✓)� d)

The Fourier-domain covariance matrix is diagonal:    !N × N → N• Discrete time and Fourier domain:
<latexit sha1_base64="urCHYQVB+nMqLP5Cueh4Kt5mm7c=">AAACGnicbVDLSsNAFJ3UV62vqEsRBovgqiRS1I1QcOOqVOwLmlgmk0k6dDIJMxOhhK78DX/Arf6BO3Hrxh/wO5y0XdjWAwPnnnMv987xEkalsqxvo7Cyura+UdwsbW3v7O6Z+wdtGacCkxaOWSy6HpKEUU5aiipGuokgKPIY6XjDm9zvPBIhacybapQQN0IhpwHFSGmpbx47DPGQEViH9YemI6bFNXTuaRihvlm2KtYEcJnYM1IGMzT65o/jxziNCFeYISl7tpUoN0NCUczIuOSkkiQID1FIeppyFBHpZpNvjOGpVnwYxEI/ruBE/TuRoUjKUeTpzgipgVz0cvE/r5eq4MrNKE9SRTieLgpSBlUM80ygTwXBio00QVhQfSvEAyQQVjq50twaX+a3jXUw9mIMy6R9XrEvKtW7arlWm0VUBEfgBJwBG1yCGrgFDdACGDyBF/AK3oxn4934MD6nrQVjNnMI5mB8/QJFaqBN</latexit>

hNNT i = ⌃
<latexit sha1_base64="x+c6BE0jw+edtcNkURInVyP/B+w=">AAACOHicbVDLSsNAFJ3Ud31VXboZLIKrkoioIELBjStRtK3Q1HIzuU0HJ5MwMxFK6Mf4G/6AW126c6W49QtM2orWemDgcM653DvHiwXXxrZfrMLU9Mzs3PxCcXFpeWW1tLZe11GiGNZYJCJ17YFGwSXWDDcCr2OFEHoCG97tSe437lBpHskr04uxFUIgeYczMJnULh25AmQgkLqGCx/Ts/4Pu3F9CAJUrhpGjr8t95IHIfTbpbJdsQegk8QZkTIZ4bxdenP9iCUhSsMEaN107Ni0UlCGM4H9optojIHdQoDNjEoIUbfSwSf7dDtTfNqJVPakoQP190QKoda90MuSIZiu/uvl4n9eMzGdw1bKZZwYlGy4qJMIaiKaN0Z9rpAZ0csIMMWzWynrggJmsl6LY2t8nd+WF+P8rWGS1Hcrzn5l72KvXK2OKponm2SL7BCHHJAqOSXnpEYYuSeP5Ik8Ww/Wq/VufQyjBWs0s0HGYH1+AdGprh0=</latexit>

hÑÑ†i = ⌃̃

[Stationarity  Toeplitz
Circulant  diagonal covariance FD]

⟹
⟹

TD covariance FD covariance

Gaps will break the stationarity 
assumption
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Marginalizing out the missing data: Time Domain

<latexit sha1_base64="g1TUCiP9wiQUVGOum3LS62I0ogI=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSiroRCm5cVrBtoA1hMp20QycPZiaFEvInblwo4tY/ceffOG2z0NYDl3s4517mzvETzqSyrG+jtLG5tb1T3q3s7R8cHpnHJ10Zp4LQDol5LBwfS8pZRDuKKU6dRFAc+pz2/Mn93O9NqZAsjp7ULKFuiEcRCxjBSkueaTp3NcfL7PwK6dbILz2zatWtBdA6sQtShQJtz/waDGOShjRShGMp+7aVKDfDQjHCaV4ZpJImmEzwiPY1jXBIpZstLs/RhVaGKIiFrkihhfp7I8OhlLPQ15MhVmO56s3F/7x+qoJbN2NRkioakeVDQcqRitE8BjRkghLFZ5pgIpi+FZExFpgoHVZFh2CvfnmddBt1+7refGxWW60ijjKcwTnUwIYbaMEDtKEDBKbwDK/wZmTGi/FufCxHS0axcwp/YHz+AHo1kkU=</latexit>

X = (X1, X2)
<latexit sha1_base64="idqYahYLoDQFeJhtHqDTc1OgWiA="></latexit>

⌃ =

✓
⌃11 ⌃12

⌃T
12 ⌃22

◆

<latexit sha1_base64="9ooTeBe72QIW2LlHjp4aO7/AAKA="></latexit>

Lgap = p(N1) =

Z
dN2 p(N1, N2)

<latexit sha1_base64="LyCPuEzAsD6gkx8WQ3YD2/YmXeM="></latexit>

lnLgap = �1

2
XT

1 ⌃
�1
11 X1

<latexit sha1_base64="SEUbxSBgFHpngEGev9NHaIrJMKk="></latexit>

W =

✓
1 0
0 0

◆

<latexit sha1_base64="B9kYDzIVEP6/K1lawDbUgVU5SXY=">AAACDnicbVDLSsNAFJ3UV62vVpduBovgqiQi6rLgxmUF2wbaUCaTSTt0MgkzN5YS+g/+gFv9A3fi1l/wB/wOJ20WtvXAhcM593IPx08E12Db31ZpY3Nre6e8W9nbPzg8qtaOOzpOFWVtGotYuT7RTHDJ2sBBMDdRjES+YF1/fJf73SemNI/lI0wT5kVkKHnIKQEjDao1F/cVH46AKBVPcBe7g2rdbthz4HXiFKSOCrQG1Z9+ENM0YhKoIFr3HDsBLyMKOBVsVumnmiWEjsmQ9QyVJGLay+bRZ/jcKAEOY2VGAp6rfy8yEmk9jXyzGREY6VUvF//zeimEt17GZZICk3TxKEwFhhjnPeCAK0ZBTA0hVHGTFdMRUYSCaauy9CbQebaZKcZZrWGddC4bznXj6uGq3mwWFZXRKTpDF8hBN6iJ7lELtRFFE/SCXtGb9Wy9Wx/W52K1ZBU3J2gJ1tcv4/mb5Q==</latexit>

X ! WX
<latexit sha1_base64="zwIFItum09xY3KUnVBwL2vDM4/8="></latexit>

XT⌃�1X = (WX)T (W⌃W )�1 (WX)

<latexit sha1_base64="f0sMtOdvv7aJ4p/l1WJZgyvFM30="></latexit>

A+AA+ = A+

AA+A = A
�
AA+

�†
= AA+

�
A+A

�†
= A+A

<latexit sha1_base64="eEOvvCh3H7lDvcIqsK0gUt1U4M0="></latexit>

XT (W⌃W )+ X = XT
1 ⌃

�1
11 X1

<latexit sha1_base64="XYQuChEOLp3lZHYntHhZKtfZ8Hc="></latexit>

(W⌃W )+ =

✓
⌃�1

11 0
0 0

◆

<latexit sha1_base64="pydYH0fLOTifuKRZIHazXMFTMpA=">AAACE3icbVDLSgMxFM3UV62vUcGNm2AR6qJlRoq6EQq66Eoq2Ae0pWQymTY0kxmSO0Kp/Qx/wK3+gTtx6wf4A36H6WNhWw8ETs65l3s4Xiy4Bsf5tlIrq2vrG+nNzNb2zu6evX9Q01GiKKvSSESq4RHNBJesChwEa8SKkdATrO71b8Z+/ZEpzSP5AIOYtUPSlTzglICROvZRA1/jcq4FPQbkDOfxrfnn7zp21ik4E+Bl4s5IFs1Q6dg/LT+iScgkUEG0brpODO0hUcCpYKNMK9EsJrRPuqxpqCQh0+3hJP8InxrFx0GkzJOAJ+rfjSEJtR6EnpkMCfT0ojcW//OaCQRX7SGXcQJM0umhIBEYIjwuA/tcMQpiYAihipusmPaIIhRMZZm5M74eZxuZYtzFGpZJ7bzgXhSK98VsqTSrKI2O0QnKIRddohIqowqqIoqe0At6RW/Ws/VufVif09GUNds5RHOwvn4B2VOblA==</latexit>

X = H(✓)�D = �N

Direct marginalization: Gap seen as a gated process:

Truncation of the Gaussian covariance:

For an invertible modulation :W

For an gating function , non-invertible:W

Moore-Penrose pseudo-inverse (uniquely defined):

Equivalence with the marginalized likelihood:

Likelihood in time or Fourier domain:
<latexit sha1_base64="4ut78aagbhc9NTWta48Vb2OREqg="></latexit>

lnLgap = �1

2
(WX)T (W⌃W )+ (WX) = �1

2

⇣
gWX

⌘† ⇣
W̃ ⌃̃W̃

⌘+ ⇣
gWX

⌘
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Effect of noise on posterior and Cutler-Vallisneri biases

<latexit sha1_base64="Z3ZARVIuzPKz6JhweHmwdZL2+Bc="></latexit>

H(✓) ' H(✓0) +�✓
i
@iH

<latexit sha1_base64="TuwbXEc1pZg80n9ue9gZXlxf+KU="></latexit>

lnL ' �1

2
�ij�✓i�✓j

<latexit sha1_base64="KhGJZo3d0XW3LoWmDacYCWOUJ4I="></latexit>

�✓
i
bf = ��1

ij (@jH|N)⌃

The noise ‘scatters’
posteriors 

Linearized signal approximation:

Likelihood:

<latexit sha1_base64="TescYtdVCKPCH5DOT3nWnupC9Wc="></latexit>

�ij = (@iH|@jH)⌃

Fisher information matrix and covariance:
<latexit sha1_base64="lRggNUTjiNY8B/A6gdtXqdqmCWg=">AAACDXicbVDLSsNAFJ34rPUVdelmsAhuLIkUdVlwocsK9gFtDJPJtB07Mwkzk0IJ+QZ/wK3+gTtx6zf4A36HkzYL23rgwuGce7mHE8SMKu0439bK6tr6xmZpq7y9s7u3bx8ctlSUSEyaOGKR7ARIEUYFaWqqGenEkiAeMNIORje53x4TqWgkHvQkJh5HA0H7FCNtJN+2e7eIc/SYnruZn9KnzLcrTtWZAi4TtyAVUKDh2z+9MMIJJ0JjhpTquk6svRRJTTEjWbmXKBIjPEID0jVUIE6Ul06TZ/DUKCHsR9KM0HCq/r1IEVdqwgOzyZEeqkUvF//zuonuX3spFXGiicCzR/2EQR3BvAYYUkmwZhNDEJbUZIV4iCTC2pRVnnsTqjxbXoy7WMMyaV1U3ctq7b5WqdeLikrgGJyAM+CCK1AHd6ABmgCDMXgBr+DNerberQ/rc7a6YhU3R2AO1tcv1A+b7A==</latexit>

��1
ij

Cutler-Vallisneri bias due to noise realization:
<latexit sha1_base64="4zxxEyBUOPxUx6AGYdxYLvQPcIE=">AAACEHicbVBLSgNBFOyJvxh/0SzdNAYhIoQZCepGCOgiK4lgPpAMQ0+nJ2nS86H7jTAMuYQXcKs3cCduvYEX8Bx2klmYxIIHRdV7vKLcSHAFpvlt5NbWNza38tuFnd29/YPi4VFbhbGkrEVDEcquSxQTPGAt4CBYN5KM+K5gHXd8O/U7T0wqHgaPkETM9skw4B6nBLTkFEt3+AY3Kn0YMSCOeYbP8b1TLJtVcwa8SqyMlFGGplP86Q9CGvssACqIUj3LjMBOiQROBZsU+rFiEaFjMmQ9TQPiM2Wns/ATfKqVAfZCqScAPFP/XqTEVyrxXb3pExipZW8q/uf1YvCu7ZQHUQwsoPNHXiwwhHjaBB5wySiIRBNCJddZMR0RSSjovgoLbwZqmm2ii7GWa1gl7YuqdVmtPdTK9XpWUR4doxNUQRa6QnXUQE3UQhQl6AW9ojfj2Xg3PozP+WrOyG5KaAHG1y+fyJsB</latexit>

D = H(✓0) +N

<latexit sha1_base64="9NrUeeqJ6wvQr+ULUvEll8lt+cQ=">AAACKHicbVDLSgNBEJz1bXxFPXoZDIIghF0J6kUI6MGjglEhG0PvpDcZnJ1dZnqFsOQj/A1/wKv+gTfx6sHvcPI4+CpoKKq66e6KMiUt+f67NzU9Mzs3v7BYWlpeWV0rr29c2TQ3AhsiVam5icCikhobJEnhTWYQkkjhdXR3MvSv79FYmepL6mfYSqCrZSwFkJPa5b1Qge4q5OEpKgIeUg8JbmW7CE3Co3gQmrF/zP12ueJX/RH4XxJMSIVNcN4uf4adVOQJahIKrG0GfkatAgxJoXBQCnOLGYg76GLTUQ0J2lYxemrAd5zS4XFqXGniI/X7RAGJtf0kcp0JUM/+9obif14zp/ioVUid5YRajBfFueKU8mFCvCMNClJ9R0AY6W7logcGBLkcSz/WdOzwtoELJvgdw19ytV8NDqq1i1qlXp9EtMC22DbbZQE7ZHV2xs5Zgwn2wJ7YM3vxHr1X7817H7dOeZOZTfYD3scX75+mZw==</latexit>

h�✓ibfi = 0

CV bias and variance:

<latexit sha1_base64="urCHYQVB+nMqLP5Cueh4Kt5mm7c=">AAACGnicbVDLSsNAFJ3UV62vqEsRBovgqiRS1I1QcOOqVOwLmlgmk0k6dDIJMxOhhK78DX/Arf6BO3Hrxh/wO5y0XdjWAwPnnnMv987xEkalsqxvo7Cyura+UdwsbW3v7O6Z+wdtGacCkxaOWSy6HpKEUU5aiipGuokgKPIY6XjDm9zvPBIhacybapQQN0IhpwHFSGmpbx47DPGQEViH9YemI6bFNXTuaRihvlm2KtYEcJnYM1IGMzT65o/jxziNCFeYISl7tpUoN0NCUczIuOSkkiQID1FIeppyFBHpZpNvjOGpVnwYxEI/ruBE/TuRoUjKUeTpzgipgVz0cvE/r5eq4MrNKE9SRTieLgpSBlUM80ygTwXBio00QVhQfSvEAyQQVjq50twaX+a3jXUw9mIMy6R9XrEvKtW7arlWm0VUBEfgBJwBG1yCGrgFDdACGDyBF/AK3oxn4934MD6nrQVjNnMI5mB8/QJFaqBN</latexit>

hNNT i = ⌃
<latexit sha1_base64="btAcdQkZ3QxGYmu/OGmhdPRFdX8="></latexit>

h�✓ibf�✓jbfi = ��1
ij

The CV bias variance matches the Fisher covariance

Introduce mismodelling in the 
covariance itself:

Fisher matrix errors:

Covariance of noise-induced bias:

• Wrong covariance  assuming 
stationarity (Whittle), while gating the 
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Mismodelling: error measures

•  represents how much 
information has been erased, notably 
by tapering (can also be <1 in some 
cases)

• Cramer-Rao constraint: 

Ξ > 1

ΞΥ > 1

Noise mismodelling posterior width 
ratio :

Noise mismodelling posterior 
scatter-to-width ratio :

•  measures statistical inconsistency:  for too much 
scatter of the posteriors,  for not enough

• Different from systematic bias (waveform errors): here 
displacement is random and always 0-mean

• Proxy for p-p plots

• Can be computed directly or from (any) simulated noise

Υ Υ > 1
Υ < 1

17

the true underlying noise process n will have in general
correlations between di↵erent segments, represented by
⌃IJ with I 6= J .

D. Mismodeling measures

Recall that our framework is di↵erent from mismodel-
ing induced by systematic errors in the waveform mod-
els [69]. In the latter case, the part of the shift be-
tween best-fit and true parameters due to waveform er-
rors is deterministic, although it will vary from source
to source. Here, our biases in Eq. (81) are zero-mean,
but have the wrong statistics (82).

In our case, we have two types of mismodeling errors
introduced by our use of the wrong statistical model for
the likelihood:

• A mismatch between the width of the posteriors
obtained with the wrong model likelihood and cor-
rect model likelihood.

• A mismatch between the scatter of best-fit param-
eters when varying the noise realization and the
width of the modelled posteriors.

The first type of error motivates the introduction of
noise mismodeling posterior width ratio measuring the
ratio of 1� errors between the incorrect and correct anal-
yses, as approximated in the Fisher approach:

⌅a =

q
(�0)�1

aaq
(�)�1

aa

, (92)

where (�)�1

aa is the correct Fisher covariance. The
e↵ect measured posterior width ratio is qualitatively
similar (although not identical, as correlations could
change) to a loss of SNR. For instance, we might want to
alleviate the e↵ect of gaps by introducing an aggressive
tapering window around them, but this would come at
the expense of a loss of information reflected by values
⌅ > 1.

The second type of errors lead us to introduce the
noise-mismodeling posterior scatter-to-width ratio

⌥a =

s⌧⇣
�✓̂a

bf

⌘0 ⇣
�✓̂a

bf

⌘0
�

q
(�0)�1

aa

. (93)

We will sometimes refer to Eq. (93) in short by the
scatter-to-width ratio. When forming the product ⌅a⌥a,
the approximate FM �

0 cancels out and we end up with

a ratio. The numerator is the variance of an unbiased
estimator of the posterior co-variance, while the denom-
inator is the FM for the true noise process, �; this means
that the Cramer-Rao inequality [63, 70, 71] applies and
ensures that

⌅a⌥a � 1 . (94)

The scatter-to-width ratio ⌥a will be the most im-
portant quantity we will compute. It is a measure of
the statistical consistency of the use of an incorrect sta-
tistical model for the noise, and provides a quick-to-
compute proxy for a probability-probability (PP) plot.
The numerator measures the scatter of best-fit param-
eters, while the denominator measures the width of the
posterior, both obtained with the same approximate
likelihood. A value ⌥a > 1 indicates that the scat-
ter in the posterior mode is larger than the posterior
width; therefore, for most noise realizations, the true
parameters will be excluded by the posteriors, leading
to statistically significant random biases. For a concrete
example of a case where ⌥a > 1, see Fig. 14 and Fig. 17
below in the results section Sec. VII. A value ⌥a ' 1 is
the target, it would indicate that the bias scatter and
posterior width are comparable, see Fig. 15 for an exam-
ple. When using the correct likelihood, we have exactly
⌥a = 1, as shown by Eq. (76).

We will use these ⌥a for diagonal elements of the co-
variance that are scaled by the approximate Fisher co-
variance so they can be understood to represent “num-
ber of sigmas” with respect to the approximate pos-
terior. We could also compare o↵-diagonal components
(without the square roots), representing correlations be-
tween parameters. In practice we found that the values
of ⌥a and ⌅a for di↵erent physical parameters ✓

a showed
the same overall trends, and in tables we will show sim-
ply their average over parameters

⌥ ⌘
1

d

dX

a=1

⌥a , ⌅ ⌘
1

d

dX

a=1

⌅a . (95)

An important remark in contrasting the roles of the
posterior width ratio ⌅a and scatter-to-width ratio ⌥a

is the following: what happens if one uses a wrong noise
model that under- or over-estimates the overall noise
level, while having the correct correlations? This would
translate as ⌃

0 = �
2
⌃ (or for the PSD, S

0
n = �

2
Sn)

for some factor � > 0 (quadratic for the covariance,
linear for the noise). Fisher covariances would scale
as (�0)�1 = �

2
�
�1, marking a widening in the ap-

proximate posterior. However, noise biases (81) are
insensitive to �; these max-likelihood biases are sen-
sitive to the noise spectral shape, not to the noise
level (similarly, in the context of waveform modeling er-
rors, Cutler-Vallisneri biases are SNR-independent). We
would therefore have ⌅a = �, ⌥a = 1/�, and ⌅a⌥a = 1,
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The scatter-to-width ratio ⌥a will be the most im-
portant quantity we will compute. It is a measure of
the statistical consistency of the use of an incorrect sta-
tistical model for the noise, and provides a quick-to-
compute proxy for a probability-probability (PP) plot.
The numerator measures the scatter of best-fit param-
eters, while the denominator measures the width of the
posterior, both obtained with the same approximate
likelihood. A value ⌥a > 1 indicates that the scat-
ter in the posterior mode is larger than the posterior
width; therefore, for most noise realizations, the true
parameters will be excluded by the posteriors, leading
to statistically significant random biases. For a concrete
example of a case where ⌥a > 1, see Fig. 14 and Fig. 17
below in the results section Sec. VII. A value ⌥a ' 1 is
the target, it would indicate that the bias scatter and
posterior width are comparable, see Fig. 15 for an exam-
ple. When using the correct likelihood, we have exactly
⌥a = 1, as shown by Eq. (76).

We will use these ⌥a for diagonal elements of the co-
variance that are scaled by the approximate Fisher co-
variance so they can be understood to represent “num-
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sitive to the noise spectral shape, not to the noise
level (similarly, in the context of waveform modeling er-
rors, Cutler-Vallisneri biases are SNR-independent). We
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8

Noise PSDs for LISA
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• Dependency on the sampling rate: a smaller  gives access to higher frequencies

• Dependency on the total duration: a smaller  gives access to lower frequencies

Δt

Δf
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Covariance matrices in Time Domain

TD covariance TDI-rescaled TD covariance TDI-1 TD covariance TDI-2
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Figure 1. (Top Panel): We present the M3e7 case with parameters given in the top row of Tab. I. The full extent of the
data is [0, 81920]s and the greyed out regions indicate the gap placements (Given in Tab.II) we will consider throughout this
work. The blue/red is the second generation TDI variable A/E given by the response of the instrument to the incoming
MBH radiation. (Bottom Panel):) The same as the top panel, but with MBH/gap parameters given in the bottom row of
Tab. I and Tab. II respectively.

System T �t N t0 �T gap
merger �T gap

inspiral Merger gap Inspiral gap

M3e7
81920s 10s 8192 64800s

1hr
7hr

[63000s, 66600s]
[25200s, 50400s]

M3e6 15min [64350s, 65250s]

Table II. Segment length and gap configurations for our two MBHB systems. Note that the merger gap has a di↵erent length
for the two masses: 1hr for M3e7 and 15min for M3e6.

SNR No gap Merger gap Inspiral gap

M3e7 2238 1372 2234
M3e6 4811 1361 4807

Table III. SNR of our MBHB systems in di↵erent gap sce-
narios.

in Sec. III, which requires to work with N ⇥N matrices.
This full treatment will give us a crucial point of refer-
ence to assess modeling errors with the tools of Sec. IV.

We consider di↵erent gap scenarios, described in full
in Tab. II. In order to gauge the importance of gap lo-
cation, we introduce either a 7h gap during the inspi-
ral, which represents perhaps the most realistic instru-
mental setting (particularly if the gap is planned), or a
gap centered right on the merger, which represents the
worst-case scenario of an unlucky unplanned gap; note
however that the most massive signals are short and

vulnerable even to planned gaps in the absence of an
advance detection. For the gap at merger, we choose
a di↵erent duration of 1h for M = 3 ⇥ 107M� and
15min for M = 3 ⇥ 106M�; the merger signal is longer
at high masses, and this choice is done in order to ar-
rive at roughly the same SNR after introducing the gap.
The SNR values obtained with and without the gaps are
listed in III. For tapering, we employ a Planck window
as described in App. E.

The waveforms themselves are produced with the FD
waveform model IMRPhenomHM [73] with higher harmon-
ics {(2,2),(2,1),(3,3),(3,2),(4,4),(4,3)}. We restrict the
parameter space to spins that are aligned with the an-
gular momentum. Although more recent and more ac-
curate models are available (e.g. [74]), we do not expect
the waveform choice to have an impact on the noise mis-
modeling errors (beyond qualitative di↵erences like the
inclusion of higher modes, as they change the morphol-
ogy of the posteriors, see [75] for more details). We do

10

MBHBs: signals and gap configurations

Inspiral gap 7h Merger gap 1h

Inspiral gap 7h
Merger gap 15min
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Results: example PE, comparing with CV bias

Intrinsic parameters Extrinsic parameters

injection
gap modelled
gap mismodelled
CV bias

Configuration: M=3e7, 
TDI2, gap at merger

• Significant biases from mismodelling

• Bias well captured by CV
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Results: example PE, comparing with CV bias

Intrinsic parameters Extrinsic parameters

injection
gap modelled
gap mismodelled
CV bias

Configuration: M=3e6, 
TDI2, gap at merger, 
tapering 10min

• Biases from mismodelling alleviated 
by tapering

• Loss of information
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Influence of the tapering length

• Trade-off between statistical 
inconsistency and loss of information
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Results: comparing CV mismodeling prediction to PE

Validation of the CV-inspired  
to assess the impact of 
mismodelling noise

Υ

Mass ratio Sky longitude

• Cutler-Vallisneri bias: calculated with the wrong covariance

• PE bias: from full PE runs, calculated with the wrong covariance

• Mismodelling bias variance: prediction 

• Correct bias variance: Fisher prediction with the correct covariance

⟨Δθi
bf′ 

Δθ j
bf′ 

⟩
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Results: biases from using the Whittle likelihood on data with gaps

Covariance with gap

Question: how wrong is it 
to mismodel the 
covariance using Whittle ?
Effect of tapering ?

• Correct modelling: pseudo-inverse of gated 
covariance

• Incorrect modelling: Whittle for gated data 
and signal

<latexit sha1_base64="IGPnDB7dc9/twc7CpCgWIbUbyEI="></latexit>
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Mismodeling ⌥
data gaps TDI2 TDI1 TDI0

Merger Insp. Merger Insp. Merger Insp.

Data Model M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6

Coherent, gap Whittle, gated 12.2 40.5 1.3 1.4 1.2 1.6 1.0 1.0 39.7 38.0 21.9 6.4
Coherent, gap Whittle, taper 10min 1.0 0.9 1.0 1.0 1.0 0.9 1.0 1.0 8.6 3.2 5.5 1.6
Coherent, gap Whittle, taper 30min 1.0 0.8 1.0 1.0 1.0 0.8 1.0 1.0 6.1 2.0 3.0 1.1

Coherent, gap Seg. Whittle, taper 10min 1.1 0.9 1.0 1.0 1.0 0.9 1.0 1.0 10.7 2.9 6.5 1.9
Coherent, gap Seg. Whittle, taper 30min 1.0 0.8 1.0 1.0 1.0 0.8 1.0 1.0 6.6 2.0 3.6 1.4

Table IV. (From left to right): The “Data” column describes how the data stream was generated and should be regarded
as the truth. The “model” column represents the approximate likelihood used in the model. The next three main columns
represent which TDI process is used, TDI2/1/0 respectively. The sub-columns distinguish between a gap placement during
the merger or inspiral, and between high and low-mass MBHBs with M = 3e6 or M = 3e7. We refer to Fig. 1 for signal
illustrations and gap placement. (From top to bottom): “Data” is always the same here: the data is first treated as
coherent (and circulant) over the full segment, and then a gap is introduced. “Model”: “Whittle” implies that the full-
segment Whittle covariance is used as in IVB, e↵ectively ignoring the gap in the covariance, while either gating or tapering
the data on 10, and 30 minutes respectively. “Seg. Whittle” means that a segmented Whittle likelihood is used, treating
data segments before and after the gap as independent, as in Sec. IVC; tapering is applied at both ends of each segment.
(Table entries): individual numerical results are the scatter-to-width ratio ⌥ (93), averaged over parameters as in (95).
⌥ measures statistical inconsistency, ⌥ � 1 shows posteriors that are scattered from the truth much more than they are
wide. The colors green/yellow/orange/red indicate the magnitude of the deviation from 1 on a scale of acceptable (green)
to unacceptable (red).

Mismodeling ⌅
data gaps TDI2 TDI1 TDI0

Merger Insp. Merger Insp. Merger Insp.

Data Model M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6

Coherent, gap Whittle, gated 0.8 0.5 1.0 1.0 1.0 0.9 1.0 1.0 0.9 0.9 1.0 1.0
Coherent, gap Whittle, taper 10min 1.0 1.7 1.0 1.0 1.1 1.8 1.0 1.0 1.1 1.7 1.0 1.0
Coherent, gap Whittle, taper 30min 1.2 3.9 1.0 1.0 1.3 3.9 1.0 1.0 1.3 3.7 1.0 1.0

Coherent, gap Seg. Whittle, taper 10min 1.0 1.8 1.0 1.0 1.1 1.8 1.0 1.0 1.1 1.8 1.0 1.0
Coherent, gap Seg. Whittle, taper 30min 1.2 4.0 1.0 1.0 1.3 3.9 1.0 1.0 1.3 3.8 1.0 1.0

Table V. Identical layout as Tab.IV except that ⌅ is shown, representing the averaged ratio between the true and model
posteriors widths, in accordance with Eqs. (92) and (95).

inspiral or right at merger, and for both MBHB masses,
M = 3 ⇥ 107M� (M3e7) and M = 3 ⇥ 106M� (M3e6).

The first three lines of Tab. IV and Tab. V show the
result for the approach of Sec. IV B, where we use a
Whittle-likelihood for the full segment. The first line
shows the result without a taper (the window is a direct
gating function, 1 or 0), the second and third line for
a tapering window as defined in Eq. (E1), with lobe
lengths of 10 minutes and 30 minutes respectively.

We first observe that ⌥ is always much larger than 1
for TDI0, catastrophically so as ⌥ is counted in units of
�. Tapering helps in reducing these values significantly
but does not eliminate the problem, with a slightly bet-
ter performance of the longer tapering lobes. We at-
tribute this to the fact that TDI0 is very red-noise dom-
inated, with long-range correlations encoded in the high

values of the PSD at low frequencies, which make the
e↵ect of gap mismodeling much more pronounced. The
values of ⌅, however, are close to 1 for the gap in the
inspiral in all cases, while raising above 1 for the gap at
merger when tapering is introduced.

At this point, we wish to raise a word of caution. In
GW astronomy, it is common to use sky-averaged sensi-
tivity curves [96] for SNR computations and simplified
parameter estimation purposes with Fisher matrices.
Sensitivity curves incorporating the transfer function
into the PSDs can result in large red-noise components,
worse than our TDI0 example. For such a dominant red-
noise process, in early explorations we found scatter-to-
width ratios that were very severe (⌥ � 1), but ratios
of posteriors widths that were mild (⌅ ⇠ 1). This indi-
cates that exploratory studies investigating SNRs and
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Mismodeling ⌥
data gaps TDI2 TDI1 TDI0

Merger Insp. Merger Insp. Merger Insp.

Data Model M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6

Coherent, gap Whittle, gated 12.2 40.5 1.3 1.4 1.2 1.6 1.0 1.0 39.7 38.0 21.9 6.4
Coherent, gap Whittle, taper 10min 1.0 0.9 1.0 1.0 1.0 0.9 1.0 1.0 8.6 3.2 5.5 1.6
Coherent, gap Whittle, taper 30min 1.0 0.8 1.0 1.0 1.0 0.8 1.0 1.0 6.1 2.0 3.0 1.1

Coherent, gap Seg. Whittle, taper 10min 1.1 0.9 1.0 1.0 1.0 0.9 1.0 1.0 10.7 2.9 6.5 1.9
Coherent, gap Seg. Whittle, taper 30min 1.0 0.8 1.0 1.0 1.0 0.8 1.0 1.0 6.6 2.0 3.6 1.4

Table IV. (From left to right): The “Data” column describes how the data stream was generated and should be regarded
as the truth. The “model” column represents the approximate likelihood used in the model. The next three main columns
represent which TDI process is used, TDI2/1/0 respectively. The sub-columns distinguish between a gap placement during
the merger or inspiral, and between high and low-mass MBHBs with M = 3e6 or M = 3e7. We refer to Fig. 1 for signal
illustrations and gap placement. (From top to bottom): “Data” is always the same here: the data is first treated as
coherent (and circulant) over the full segment, and then a gap is introduced. “Model”: “Whittle” implies that the full-
segment Whittle covariance is used as in IVB, e↵ectively ignoring the gap in the covariance, while either gating or tapering
the data on 10, and 30 minutes respectively. “Seg. Whittle” means that a segmented Whittle likelihood is used, treating
data segments before and after the gap as independent, as in Sec. IVC; tapering is applied at both ends of each segment.
(Table entries): individual numerical results are the scatter-to-width ratio ⌥ (93), averaged over parameters as in (95).
⌥ measures statistical inconsistency, ⌥ � 1 shows posteriors that are scattered from the truth much more than they are
wide. The colors green/yellow/orange/red indicate the magnitude of the deviation from 1 on a scale of acceptable (green)
to unacceptable (red).

Mismodeling ⌅
data gaps TDI2 TDI1 TDI0

Merger Insp. Merger Insp. Merger Insp.

Data Model M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6
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Table V. Identical layout as Tab.IV except that ⌅ is shown, representing the averaged ratio between the true and model
posteriors widths, in accordance with Eqs. (92) and (95).

inspiral or right at merger, and for both MBHB masses,
M = 3 ⇥ 107M� (M3e7) and M = 3 ⇥ 106M� (M3e6).

The first three lines of Tab. IV and Tab. V show the
result for the approach of Sec. IV B, where we use a
Whittle-likelihood for the full segment. The first line
shows the result without a taper (the window is a direct
gating function, 1 or 0), the second and third line for
a tapering window as defined in Eq. (E1), with lobe
lengths of 10 minutes and 30 minutes respectively.

We first observe that ⌥ is always much larger than 1
for TDI0, catastrophically so as ⌥ is counted in units of
�. Tapering helps in reducing these values significantly
but does not eliminate the problem, with a slightly bet-
ter performance of the longer tapering lobes. We at-
tribute this to the fact that TDI0 is very red-noise dom-
inated, with long-range correlations encoded in the high

values of the PSD at low frequencies, which make the
e↵ect of gap mismodeling much more pronounced. The
values of ⌅, however, are close to 1 for the gap in the
inspiral in all cases, while raising above 1 for the gap at
merger when tapering is introduced.

At this point, we wish to raise a word of caution. In
GW astronomy, it is common to use sky-averaged sensi-
tivity curves [96] for SNR computations and simplified
parameter estimation purposes with Fisher matrices.
Sensitivity curves incorporating the transfer function
into the PSDs can result in large red-noise components,
worse than our TDI0 example. For such a dominant red-
noise process, in early explorations we found scatter-to-
width ratios that were very severe (⌥ � 1), but ratios
of posteriors widths that were mild (⌅ ⇠ 1). This indi-
cates that exploratory studies investigating SNRs and
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Results: assumptions about segment independence

Covariance with gap, correlated vs uncorrelated segments

Question: how wrong is it 
to mismodel data segments 
as correlated/independent ?
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Mismodeling ⌥
segment independence TDI2 TDI1 TDI0

Merger Insp. Merger Insp. Merger Insp.

Data Model M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6

Coherent, gap Incoherent, gap 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
Incoherent, gap Coherent, gap 1.2 1.1 1.1 1.5 1.0 1.0 1.0 1.0 26.2 8.1 13.4 14.2

Coherent, split Incoherent, split 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
Incoherent, split Coherent, split 5.6 2.1 1.3 1.5 1.3 1.6 1.0 1.0 27.3 41.0 11.8 11.9

Table VII. The same set up as Tab.IV with di↵erent assumptions. The data generation process “Data” and the “Model”
used for the likelihood all start from the same underlying circulant full-segment covariance and apply the correct treatment
of the gap from Sec. III. For “Coherent” the covariance blocks describing correlations between before/after gap segments are
kept, for “Incoherent” they are ignored (see Eqs. (108) and (109)). In the second part of the table, “Split” indicates that the
data stream is directly split into two parts, with no gap in-between.

Mismodeling ⌅
segment independence TDI2 TDI1 TDI0

Merger Insp. Merger Insp. Merger Insp.

Data Model M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6

Coherent, gap Incoherent, gap 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
Incoherent, gap Coherent, gap 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

Coherent, split Incoherent, split 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.1 1.0 1.0
Incoherent, split Coherent, split 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 0.9 1.0 1.0

Table VIII. The same set up as Tab.VII, but computing ⌅ instead.

will be to treat the data before/after the gap as inde-
pendent, since correlations will be dominated by short
timescales (the near-diagonal elements of the covariance
matrix); a zero-length gap is therefore a worst-case sce-
nario for ignoring correlations between segments present
in the data. In this scenario, the gated covariance and
the pseudo-inverse model covariance matrices are the
same as in Eq. (108) and Eq. (109), but eliminating the
middle line and column since there is no gap present.

We report the resulting mismodeling ratios in
Tab. VII and Tab. VIII. The results for the case where
the data is coherent (dependent) but the model incoher-
ent (independent) show very little mismodeling in both
⌥ and ⌅, whether the gap is present or whether we sim-
ply split the data in two segments. We find small losses
of SNR and deviation of ⌅ from 1, but they are limited
and below 1%. Our intuition would tell us that ignor-
ing cross-block terms in the covariance matrix means
that we choose to neglect some information by ignoring
correlations. This test shows that the amount of in-
formation erased is negligible. By contrast, in the case
where the data is incoherent but the model is coherent,
while we still find ⌅ ' 1, we also find ⌥ > 1 in most
cases. These values are very large for TDI0, but also
deviate significantly from 1 for TDI2, and are worse for
the case where the data is simply split in two. Here, our

intuition would say that we are analyzing the data while
inventing correlations that are not here in reality. The
presence of the gaps (putting some distance between
the two segments) alleviates but does not eliminate the
issue.

The near-absence of mismodeling errors when enforc-
ing segment independence, even without gaps, at the
expense of a negligible loss of information, is a vali-
dation of methods based on data segmentation. It is
also consistent with the findings of Sec. VIIA where the
full-segment Whittle model and the segmented Whittle
model were giving comparable results. On the other
hand, the presence of mismodeling errors when en-
forcing data coherence on independent segments is a
cautionary tale for treating instrument disturbances as
missing data in a coherent process. In short, wrongly
assuming coherence can be dangerous, assuming inde-
pendence is safe.

We did not explore the impact of tapering windows
in this experiment. Although the correct gap treatment
does not require any tapering, in the present case the
independence represents another source of mismodeling,
and it is possible that tapering would alleviate the mis-
modeling in the case where the data is incoherent and
the model coherent (at the expense of erasing some in-
formation, as always).
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Table VII. The same set up as Tab.IV with di↵erent assumptions. The data generation process “Data” and the “Model”
used for the likelihood all start from the same underlying circulant full-segment covariance and apply the correct treatment
of the gap from Sec. III. For “Coherent” the covariance blocks describing correlations between before/after gap segments are
kept, for “Incoherent” they are ignored (see Eqs. (108) and (109)). In the second part of the table, “Split” indicates that the
data stream is directly split into two parts, with no gap in-between.

Mismodeling ⌅
segment independence TDI2 TDI1 TDI0

Merger Insp. Merger Insp. Merger Insp.

Data Model M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6 M3e7 M3e6

Coherent, gap Incoherent, gap 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
Incoherent, gap Coherent, gap 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

Coherent, split Incoherent, split 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.1 1.0 1.0
Incoherent, split Coherent, split 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 0.9 1.0 1.0

Table VIII. The same set up as Tab.VII, but computing ⌅ instead.

will be to treat the data before/after the gap as inde-
pendent, since correlations will be dominated by short
timescales (the near-diagonal elements of the covariance
matrix); a zero-length gap is therefore a worst-case sce-
nario for ignoring correlations between segments present
in the data. In this scenario, the gated covariance and
the pseudo-inverse model covariance matrices are the
same as in Eq. (108) and Eq. (109), but eliminating the
middle line and column since there is no gap present.

We report the resulting mismodeling ratios in
Tab. VII and Tab. VIII. The results for the case where
the data is coherent (dependent) but the model incoher-
ent (independent) show very little mismodeling in both
⌥ and ⌅, whether the gap is present or whether we sim-
ply split the data in two segments. We find small losses
of SNR and deviation of ⌅ from 1, but they are limited
and below 1%. Our intuition would tell us that ignor-
ing cross-block terms in the covariance matrix means
that we choose to neglect some information by ignoring
correlations. This test shows that the amount of in-
formation erased is negligible. By contrast, in the case
where the data is incoherent but the model is coherent,
while we still find ⌅ ' 1, we also find ⌥ > 1 in most
cases. These values are very large for TDI0, but also
deviate significantly from 1 for TDI2, and are worse for
the case where the data is simply split in two. Here, our

intuition would say that we are analyzing the data while
inventing correlations that are not here in reality. The
presence of the gaps (putting some distance between
the two segments) alleviates but does not eliminate the
issue.

The near-absence of mismodeling errors when enforc-
ing segment independence, even without gaps, at the
expense of a negligible loss of information, is a vali-
dation of methods based on data segmentation. It is
also consistent with the findings of Sec. VIIA where the
full-segment Whittle model and the segmented Whittle
model were giving comparable results. On the other
hand, the presence of mismodeling errors when en-
forcing data coherence on independent segments is a
cautionary tale for treating instrument disturbances as
missing data in a coherent process. In short, wrongly
assuming coherence can be dangerous, assuming inde-
pendence is safe.

We did not explore the impact of tapering windows
in this experiment. Although the correct gap treatment
does not require any tapering, in the present case the
independence represents another source of mismodeling,
and it is possible that tapering would alleviate the mis-
modeling in the case where the data is incoherent and
the model coherent (at the expense of erasing some in-
formation, as always).
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Results: mismodeling of low-frequency noise

Question: how important is it to model the PSD at low 
frequencies (which is challenging) ?
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For a stationary process (no gap), the effect should be weak by 
frequency independence.

For a non-stationary process (gap), can the mismodeling error 
at low frequencies affect higher frequencies where the signal’s 
SNR is ? 
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Mismodeling ⌥
low-f PSD TDI2

Merger Insp.

Data Model M3e7 M3e6 M3e7 M3e6

PSD TDI2red, no gap PSD TDI2, no gap 1.0 1.0 1.0 1.0
PSD TDI2red, gap PSD TDI2, gap 2.2 1.3 1.2 1.1
PSD TDI2red, gap PSD TDI2, Whittle, gated 13.4 40.9 1.6 1.4
PSD TDI2red, gap PSD TDI2, Whittle, taper 10min 3.6 1.2 1.3 1.1
PSD TDI2red, gap PSD TDI2, Whittle, taper 30min 2.2 1.0 1.2 1.1

PSD TDI2red, gap PSD TDI2red, Whittle, gated 9.6 39.0 1.2 1.2
PSD TDI2red, gap PSD TDI2red, Whittle, taper 10min 1.6 1.3 1.0 1.0
PSD TDI2red, gap PSD TDI2red, Whittle, taper 30min 1.2 1.1 1.0 1.0

Table IX. The same set up as Tab. IV, except that we test for the mismodeling of noise processes with unknown large red
noise components. Here TDI2red is the TDI2 noise curve with an f�4 explosion at low frequencies given in Eq. (110) and
shown in Fig. 20, while TDI2 is the usual noise curve that approaches a constant as f ! 0+. In the first line, no gap is
present and the only mismodeling is that of the PSD. In all other cases, the data features a gap. In the second line, the model
likelihood incorporates the gap correctly according to Sec. III, while using the wrong PSD. In the Whittle case (lines 3-5),
either gated or tapered, the same models are used as in Tab. IV, but this time the PSD is another source of mismodeling.
We also show in the last three lines the result for a Whittle likelihood model where the PSD TDI2red is correctly modeled.

Mismodeling ⌅
low-f PSD TDI2

Merger Insp.

Data Model M3e7 M3e6 M3e7 M3e6

PSD TDI2red, no gap PSD TDI2, no gap 1.0 1.0 1.0 1.0
PSD TDI2red, gap PSD TDI2, gap 1.0 1.0 1.0 1.0
PSD TDI2red, gap PSD TDI2, Whittle, gated 0.8 0.5 1.0 1.0
PSD TDI2red, gap PSD TDI2, Whittle, taper 10min 1.0 1.7 1.0 1.0
PSD TDI2red, gap PSD TDI2, Whittle, taper 30min 1.2 3.9 1.0 1.0

PSD TDI2red, gap PSD TDI2red, Whittle, gated 0.9 0.5 1.0 1.0
PSD TDI2red, gap PSD TDI2red, Whittle, taper 10min 1.1 1.7 1.0 1.0
PSD TDI2red, gap PSD TDI2red, Whittle, taper 30min 1.2 3.9 1.0 1.0

Table X. The same set up as Tab.IX, but computing ⌅ instead.

G. Mismodeling the stationary process as
circulant

Finally, we will close our mismodeling investigations
with the a limited investigation of the e↵ect of mismod-
eling a Toeplitz covariance matrix as a circulant matrix.
As explained in Sec. IV A, the true covariance of the sta-
tionary noise process will have a Toeplitz structure. But
the FD covariance is only diagonal when the covariance
is circulant. In our previous tests, we have taken a cir-
culant covariance over the full segment to be the true
covariance, because we wanted to isolate the di↵erent
sources of mismodeling. For a reminder, we refer the
reader to figures 3 and 4 for a visual illustration of the
di↵erences between circulant and Toeplitz matrices re-
spectively. It may also be worth reading the caption and
the surrounding text of Fig.(5) of the potential impact

of mismodeling a Toeplitz process as circulant.

We now investigate the Toeplitz-circulant mismodel-
ing errors more rigorously by considering a data stream
with no gaps, computing mismodeling ratios when the
true covariance is Toeplitz while the model likelihood is
circulant (Whittle). The results for ⌥ are reported in
Tab. XI, comparing two scenarios: in one, we use the
raw data; in the other, we taper the data at each end of
the data segment.

We can see that we find ⌥ > 1 for TDI2, large values
of ⌥ for TDI0, while ⌥ ' 1 TDI1. Introducing a ta-
pering window gives ⌥ ' 1 for TDI2, and reduces but
does not fully eliminate the mismodeling for TDI0. We
do not present a table for ⌅ since in all cases we find
⌅ ' 1. The tapering introduced here is at the edges of
the data segment, away from the merger that dominates
the SNR.
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Mismodeling ⌥
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Data Model M3e7 M3e6 M3e7 M3e6
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shown in Fig. 20, while TDI2 is the usual noise curve that approaches a constant as f ! 0+. In the first line, no gap is
present and the only mismodeling is that of the PSD. In all other cases, the data features a gap. In the second line, the model
likelihood incorporates the gap correctly according to Sec. III, while using the wrong PSD. In the Whittle case (lines 3-5),
either gated or tapered, the same models are used as in Tab. IV, but this time the PSD is another source of mismodeling.
We also show in the last three lines the result for a Whittle likelihood model where the PSD TDI2red is correctly modeled.
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PSD TDI2red, gap PSD TDI2red, Whittle, taper 30min 1.2 3.9 1.0 1.0

Table X. The same set up as Tab.IX, but computing ⌅ instead.

G. Mismodeling the stationary process as
circulant

Finally, we will close our mismodeling investigations
with the a limited investigation of the e↵ect of mismod-
eling a Toeplitz covariance matrix as a circulant matrix.
As explained in Sec. IV A, the true covariance of the sta-
tionary noise process will have a Toeplitz structure. But
the FD covariance is only diagonal when the covariance
is circulant. In our previous tests, we have taken a cir-
culant covariance over the full segment to be the true
covariance, because we wanted to isolate the di↵erent
sources of mismodeling. For a reminder, we refer the
reader to figures 3 and 4 for a visual illustration of the
di↵erences between circulant and Toeplitz matrices re-
spectively. It may also be worth reading the caption and
the surrounding text of Fig.(5) of the potential impact

of mismodeling a Toeplitz process as circulant.

We now investigate the Toeplitz-circulant mismodel-
ing errors more rigorously by considering a data stream
with no gaps, computing mismodeling ratios when the
true covariance is Toeplitz while the model likelihood is
circulant (Whittle). The results for ⌥ are reported in
Tab. XI, comparing two scenarios: in one, we use the
raw data; in the other, we taper the data at each end of
the data segment.

We can see that we find ⌥ > 1 for TDI2, large values
of ⌥ for TDI0, while ⌥ ' 1 TDI1. Introducing a ta-
pering window gives ⌥ ' 1 for TDI2, and reduces but
does not fully eliminate the mismodeling for TDI0. We
do not present a table for ⌅ since in all cases we find
⌅ ' 1. The tapering introduced here is at the edges of
the data segment, away from the merger that dominates
the SNR.
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Outlook

• Longer signals ? Low-mass MBHBs, EMRIs ?

• Extension to other sources of non-stationarity

• More exploration to be done…

Results

• Derived a framework handling missing data in time or frequency domain — caveat: for 
short segments only

• Derived a measure of inconsistency for the scatter of best-fit parameters 

• Application to the LISA case: exploration of different mismodelling settings

• This framework is a test-bed: allows to test assumptions, possibility to compare to e.g. 
imputation

Results and outlook



19



20

The basics: Stationary Gaussian process

• Assumption: noise as Gaussian process described by its 
covariance
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C(t, t0) = hn(t)n(t0)i

<latexit sha1_base64="nVaYsGCSiJXcuDhF7B4A6yeWGM8=">AAACDHicbVDLSgMxFM3UV62vqks3wSJtoZYZKepGKBTBZQX7gHYomTRTQzMPkzuFUvoBbvwVNy4UcesHuPNvTKez0NYDgZNzziW5xwkFV2Ca30ZqZXVtfSO9mdna3tndy+4fNFUQScoaNBCBbDtEMcF91gAOgrVDyYjnCNZyhrWZ3xoxqXjg38E4ZLZHBj53OSWgpV42VytACfJFfIVrBbOEIX8KRdxlDxEfaSW+6pRZNmPgZWIlJIcS1HvZr24/oJHHfKCCKNWxzBDsCZHAqWDTTDdSLCR0SAaso6lPPKbsSbzMFJ9opY/dQOrjA47V3xMT4ik19hyd9Ajcq0VvJv7ndSJwL+0J98MImE/nD7mRwBDgWTO4zyWjIMaaECq5/ium90QSCrq/jC7BWlx5mTTPytZ5uXJbyVWvkzrS6AgdowKy0AWqohtURw1E0SN6Rq/ozXgyXox342MeTRnJzCH6A+PzBxdNl0M=</latexit>

C(t, t0) = C(0, t0 � t) ⌘ C(t0 � t)

• Assumption: underlying noise (before introducing gaps) 
Stationary, with autocorrelation depending on lag only

• In the Fourier domain, this leads to independence:

<latexit sha1_base64="RV0ZvJ8WXzLeL+PLCcfzlE/BxoM="></latexit>

hñ(f)ñ⇤(f 0)i = 1

2
Sn(f)�(f � f 0)

• Usually represented with 1-sided PSD Sn( f )

• Noise-weighted inner product over positive frequencies:

<latexit sha1_base64="FRY5zJ5pFhgztXPqaVPxvQSuCwc="></latexit>

(a|b) = 4Re

Z
df

Sn(f)
ã⇤(f)b̃(f)

• Likelihood:
<latexit sha1_base64="7TlNVxBvrrobTexrSF9VYKedZK8="></latexit>

lnL(✓) = �1

2
(h(✓)� d|h(✓)� d)

Whittle likelihood

The Fourier-domain covariance matrix is 
diagonal: from  to  !N × N N
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TD/FD data vectors and covariance

Sationarity imposes a Toeplitz structure

Diagonality after DFT requires in fact Circulant structure 
(periodicity)

Time domain covariance matrix

<latexit sha1_base64="0ch6IJIRaybWYMbXrgHoknM9pGw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARK2iZkaIuC0VwWcE+oB1KJs20oZmHyZ1CGbvwV9y4UMStv+HOvzFtZ6GtBwLnnnMv9+a4keAKLOvbyCwtr6yuZddzG5tb2zvm7l5dhbGkrEZDEcqmSxQTPGA14CBYM5KM+K5gDXdQmfiNIZOKh8E9jCLm+KQXcI9TAlrqmAeVApzBySlus4eYD7Euz3XZMfNW0ZoCLxI7JXmUotoxv9rdkMY+C4AKolTLtiJwEiKBU8HGuXasWETogPRYS9OA+Ew5yfT+MT7WShd7odQvADxVf08kxFdq5Lu60yfQV/PeRPzPa8XgXTsJD6IYWEBni7xYYAjxJAzc5ZJRECNNCJVc34ppn0hCQUeW0yHY819eJPWLon1ZLN2V8uWbNI4sOkRHqIBsdIXK6BZVUQ1R9Iie0St6M56MF+Pd+Ji1Zox0Zh/9gfH5A6pfk/g=</latexit>

C(t, t0) ⌘ C(t� t0)

<latexit sha1_base64="urCHYQVB+nMqLP5Cueh4Kt5mm7c=">AAACGnicbVDLSsNAFJ3UV62vqEsRBovgqiRS1I1QcOOqVOwLmlgmk0k6dDIJMxOhhK78DX/Arf6BO3Hrxh/wO5y0XdjWAwPnnnMv987xEkalsqxvo7Cyura+UdwsbW3v7O6Z+wdtGacCkxaOWSy6HpKEUU5aiipGuokgKPIY6XjDm9zvPBIhacybapQQN0IhpwHFSGmpbx47DPGQEViH9YemI6bFNXTuaRihvlm2KtYEcJnYM1IGMzT65o/jxziNCFeYISl7tpUoN0NCUczIuOSkkiQID1FIeppyFBHpZpNvjOGpVnwYxEI/ruBE/TuRoUjKUeTpzgipgVz0cvE/r5eq4MrNKE9SRTieLgpSBlUM80ygTwXBio00QVhQfSvEAyQQVjq50twaX+a3jXUw9mIMy6R9XrEvKtW7arlWm0VUBEfgBJwBG1yCGrgFDdACGDyBF/AK3oxn4934MD6nrQVjNnMI5mB8/QJFaqBN</latexit>

hNNT i = ⌃

Discrete Fourier transform

Example TD covariance

<latexit sha1_base64="cqjSgNlJGmIMf3MZO0rl2/f/B4A="></latexit>

F̃ (f) =

Z
dt e�2i⇡ftF (t)

<latexit sha1_base64="Q6206+wAav8mRypvjpxpIYymYiQ="></latexit>

F̃ (fj) = �t
N�1X

i=0

!�ijF (ti)
<latexit sha1_base64="P4SkMHtd/OY9OquiDsXAx9L8PSA=">AAACG3icbZDLSsNAFIYn9VbrrepSkMEiuCpJKepGKLhxJRXsBZpYJpOTdujkwsxEKCE7X8MXcKtv4E7cuvAFfA4nbRe29YeBn/+cwznzuTFnUpnmt1FYWV1b3yhulra2d3b3yvsHbRklgkKLRjwSXZdI4CyElmKKQzcWQAKXQ8cdXef1ziMIyaLwXo1jcAIyCJnPKFE66peP7SiAAcFXGB5S2xeEpjXMsB2zLL3Nsn65YlbNifCysWamgmZq9ss/thfRJIBQUU6k7FlmrJyUCMUoh6xkJxJiQkdkAD1tQxKAdNLJPzJ8qhMP+5HQL1R4kv6dSEkg5ThwdWdA1FAu1vLwv1ovUf6lk7IwThSEdLrITzhWEc6hYI8JoIqPtSFUMH0rpkOiYSiNrjS3xpP5bTkYaxHDsmnXqtZ5tX5XrzQaM0RFdIRO0Bmy0AVqoBvURC1E0RN6Qa/ozXg23o0P43PaWjBmM4doTsbXL+aroT4=</latexit>

! = e
2i⇡
N

<latexit sha1_base64="x+c6BE0jw+edtcNkURInVyP/B+w=">AAACOHicbVDLSsNAFJ3Ud31VXboZLIKrkoioIELBjStRtK3Q1HIzuU0HJ5MwMxFK6Mf4G/6AW126c6W49QtM2orWemDgcM653DvHiwXXxrZfrMLU9Mzs3PxCcXFpeWW1tLZe11GiGNZYJCJ17YFGwSXWDDcCr2OFEHoCG97tSe437lBpHskr04uxFUIgeYczMJnULh25AmQgkLqGCx/Ts/4Pu3F9CAJUrhpGjr8t95IHIfTbpbJdsQegk8QZkTIZ4bxdenP9iCUhSsMEaN107Ni0UlCGM4H9optojIHdQoDNjEoIUbfSwSf7dDtTfNqJVPakoQP190QKoda90MuSIZiu/uvl4n9eMzGdw1bKZZwYlGy4qJMIaiKaN0Z9rpAZ0csIMMWzWynrggJmsl6LY2t8nd+WF+P8rWGS1Hcrzn5l72KvXK2OKponm2SL7BCHHJAqOSXnpEYYuSeP5Ik8Ww/Wq/VufQyjBWs0s0HGYH1+AdGprh0=</latexit>

hÑÑ†i = ⌃̃ with  diagonalΣ̃
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Marginalizing out the missing data: Time Domain

<latexit sha1_base64="g1TUCiP9wiQUVGOum3LS62I0ogI=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSiroRCm5cVrBtoA1hMp20QycPZiaFEvInblwo4tY/ceffOG2z0NYDl3s4517mzvETzqSyrG+jtLG5tb1T3q3s7R8cHpnHJ10Zp4LQDol5LBwfS8pZRDuKKU6dRFAc+pz2/Mn93O9NqZAsjp7ULKFuiEcRCxjBSkueaTp3NcfL7PwK6dbILz2zatWtBdA6sQtShQJtz/waDGOShjRShGMp+7aVKDfDQjHCaV4ZpJImmEzwiPY1jXBIpZstLs/RhVaGKIiFrkihhfp7I8OhlLPQ15MhVmO56s3F/7x+qoJbN2NRkioakeVDQcqRitE8BjRkghLFZ5pgIpi+FZExFpgoHVZFh2CvfnmddBt1+7refGxWW60ijjKcwTnUwIYbaMEDtKEDBKbwDK/wZmTGi/FufCxHS0axcwp/YHz+AHo1kkU=</latexit>

X = (X1, X2)
<latexit sha1_base64="idqYahYLoDQFeJhtHqDTc1OgWiA="></latexit>

⌃ =

✓
⌃11 ⌃12

⌃T
12 ⌃22

◆

<latexit sha1_base64="9ooTeBe72QIW2LlHjp4aO7/AAKA="></latexit>

Lgap = p(N1) =

Z
dN2 p(N1, N2)

<latexit sha1_base64="LyCPuEzAsD6gkx8WQ3YD2/YmXeM="></latexit>

lnLgap = �1

2
XT

1 ⌃
�1
11 X1

<latexit sha1_base64="SEUbxSBgFHpngEGev9NHaIrJMKk="></latexit>

W =

✓
1 0
0 0

◆

<latexit sha1_base64="B9kYDzIVEP6/K1lawDbUgVU5SXY=">AAACDnicbVDLSsNAFJ3UV62vVpduBovgqiQi6rLgxmUF2wbaUCaTSTt0MgkzN5YS+g/+gFv9A3fi1l/wB/wOJ20WtvXAhcM593IPx08E12Db31ZpY3Nre6e8W9nbPzg8qtaOOzpOFWVtGotYuT7RTHDJ2sBBMDdRjES+YF1/fJf73SemNI/lI0wT5kVkKHnIKQEjDao1F/cVH46AKBVPcBe7g2rdbthz4HXiFKSOCrQG1Z9+ENM0YhKoIFr3HDsBLyMKOBVsVumnmiWEjsmQ9QyVJGLay+bRZ/jcKAEOY2VGAp6rfy8yEmk9jXyzGREY6VUvF//zeimEt17GZZICk3TxKEwFhhjnPeCAK0ZBTA0hVHGTFdMRUYSCaauy9CbQebaZKcZZrWGddC4bznXj6uGq3mwWFZXRKTpDF8hBN6iJ7lELtRFFE/SCXtGb9Wy9Wx/W52K1ZBU3J2gJ1tcv4/mb5Q==</latexit>

X ! WX
<latexit sha1_base64="zwIFItum09xY3KUnVBwL2vDM4/8="></latexit>

XT⌃�1X = (WX)T (W⌃W )�1 (WX)

<latexit sha1_base64="f0sMtOdvv7aJ4p/l1WJZgyvFM30="></latexit>

A+AA+ = A+

AA+A = A
�
AA+

�†
= AA+

�
A+A

�†
= A+A

<latexit sha1_base64="eEOvvCh3H7lDvcIqsK0gUt1U4M0="></latexit>

XT (W⌃W )+ X = XT
1 ⌃

�1
11 X1

<latexit sha1_base64="XYQuChEOLp3lZHYntHhZKtfZ8Hc="></latexit>

(W⌃W )+ =

✓
⌃�1

11 0
0 0

◆

<latexit sha1_base64="x4Pt4K8ExsTV8F2y8csB5EWRS4k="></latexit>

(WX)T (W⌃W )+ (WX) = XT (W⌃W )+ X

<latexit sha1_base64="pydYH0fLOTifuKRZIHazXMFTMpA=">AAACE3icbVDLSgMxFM3UV62vUcGNm2AR6qJlRoq6EQq66Eoq2Ae0pWQymTY0kxmSO0Kp/Qx/wK3+gTtx6wf4A36H6WNhWw8ETs65l3s4Xiy4Bsf5tlIrq2vrG+nNzNb2zu6evX9Q01GiKKvSSESq4RHNBJesChwEa8SKkdATrO71b8Z+/ZEpzSP5AIOYtUPSlTzglICROvZRA1/jcq4FPQbkDOfxrfnn7zp21ik4E+Bl4s5IFs1Q6dg/LT+iScgkUEG0brpODO0hUcCpYKNMK9EsJrRPuqxpqCQh0+3hJP8InxrFx0GkzJOAJ+rfjSEJtR6EnpkMCfT0ojcW//OaCQRX7SGXcQJM0umhIBEYIjwuA/tcMQpiYAihipusmPaIIhRMZZm5M74eZxuZYtzFGpZJ7bzgXhSK98VsqTSrKI2O0QnKIRddohIqowqqIoqe0At6RW/Ws/VufVif09GUNds5RHOwvn4B2VOblA==</latexit>

X = H(✓)�D = �N

Direct marginalization: Gap seen as a gated process:

Truncation of the Gaussian covariance:

For an invertible modulation :W

For an gating function , non-invertible:W

Moore-Penrose pseudo-inverse (uniquely defined):

Equivalence with the marginalized likelihood:

Note that windowing the data becomes facultative ! 



23

Marginalizing out the missing data: Fourier Domain

<latexit sha1_base64="cqjSgNlJGmIMf3MZO0rl2/f/B4A="></latexit>

F̃ (f) =

Z
dt e�2i⇡ftF (t)

<latexit sha1_base64="G2l9g8jSDfjnnyfN9lnilNkwVuI=">AAACIHicbVBLSgNBFOyJvxh/UZduGoPiKsxIUDdCQAmuJIL5QCZIT8+LNun52P1GCMMcwGt4Abd6A3fiUg/gOex8FppY0FBU1eO9Li+WQqNtf1q5ufmFxaX8cmFldW19o7i51dRRojg0eCQj1faYBilCaKBACe1YAQs8CS2vfzb0Ww+gtIjCaxzE0A3YbSh6gjM00k2x5KKQPqS1jO6fUvccJDKK1NX3CtPLjNZpjZqUXbZHoLPEmZASmaB+U/x2/YgnAYTIJdO649gxdlOmUHAJWcFNNMSM99ktdAwNWQC6m44+k9E9o/i0FynzQqQj9fdEygKtB4FnkgHDOz3tDcX/vE6CvZNuKsI4QQj5eFEvkRQjOmyG+kIBRzkwhHElzK2U3zHFOJr+Cn/W+Hp4W2aKcaZrmCXNw7JzVK5cVUrV6qSiPNkhu+SAOOSYVMkFqZMG4eSRPJMX8mo9WW/Wu/Uxjuasycw2+QPr6wcW7qI4</latexit>

F̃ = �t
p
NPF

<latexit sha1_base64="AE6tfisfxbQVNbiQ14O+yFrmQ3M="></latexit>

Pij =
1p
N

!�ij

<latexit sha1_base64="Q6206+wAav8mRypvjpxpIYymYiQ="></latexit>

F̃ (fj) = �t
N�1X

i=0

!�ijF (ti)

<latexit sha1_base64="hvd9zRVJDlKiT8wg/4FBAzLsPt8=">AAACFXicbVDLSsNAFJ3UV62vqBvBzWARXJVEiroRCm5cRrAPaGKZTCbp0MkkzEyEEupv+ANu9Q/ciVvX/oDf4aTNwrYeGDiccy/3zPFTRqWyrG+jsrK6tr5R3axtbe/s7pn7Bx2ZZAKTNk5YIno+koRRTtqKKkZ6qSAo9hnp+qObwu8+EiFpwu/VOCVejCJOQ4qR0tLAPHKg8+AGKIqIgNfQjZEaBjK3JwOzbjWsKeAysUtSByWcgfnjBgnOYsIVZkjKvm2lysuRUBQzMqm5mSQpwiMUkb6mHMVEevn0BxN4qpUAhonQjys4Vf9u5CiWchz7erJIKBe9QvzP62cqvPJyytNMEY5nh8KMQZXAog4YUEGwYmNNEBZUZ4V4iATCSpdWmzsTyCJbUYy9WMMy6Zw37ItG865Zb7XKiqrgGJyAM2CDS9ACt8ABbYDBE3gBr+DNeDbejQ/jczZaMcqdQzAH4+sX06mehg==</latexit>

PP † = 1

<latexit sha1_base64="P4SkMHtd/OY9OquiDsXAx9L8PSA=">AAACG3icbZDLSsNAFIYn9VbrrepSkMEiuCpJKepGKLhxJRXsBZpYJpOTdujkwsxEKCE7X8MXcKtv4E7cuvAFfA4nbRe29YeBn/+cwznzuTFnUpnmt1FYWV1b3yhulra2d3b3yvsHbRklgkKLRjwSXZdI4CyElmKKQzcWQAKXQ8cdXef1ziMIyaLwXo1jcAIyCJnPKFE66peP7SiAAcFXGB5S2xeEpjXMsB2zLL3Nsn65YlbNifCysWamgmZq9ss/thfRJIBQUU6k7FlmrJyUCMUoh6xkJxJiQkdkAD1tQxKAdNLJPzJ8qhMP+5HQL1R4kv6dSEkg5ThwdWdA1FAu1vLwv1ovUf6lk7IwThSEdLrITzhWEc6hYI8JoIqPtSFUMH0rpkOiYSiNrjS3xpP5bTkYaxHDsmnXqtZ5tX5XrzQaM0RFdIRO0Bmy0AVqoBvURC1E0RN6Qa/ozXg23o0P43PaWjBmM4doTsbXL+aroT4=</latexit>

! = e
2i⇡
N

<latexit sha1_base64="2aHjiQYInj7xs7nvjuzCXCqK2H8=">AAACGHicbVDLSsNAFJ3UV62vqMtuBovgqiRS1I1QcOMygm0KTSyTyW06dPJgZiKU0IW/4Q+41T9wJ27d+QN+h0mbhW09cOFwzr3ce4+XcCaVYXxrlbX1jc2t6nZtZ3dv/0A/POrKOBUUOjTmseh5RAJnEXQUUxx6iQASehxsb3xT+PYjCMni6F5NEnBDEkRsyChRuTTQ645i3IfMnuJrbGEbWw+Z45MgADEd6A2jacyAV4lZkgYqYQ30H8ePaRpCpCgnUvZNI1FuRoRilMO05qQSEkLHJIB+TiMSgnSz2RNTfJorPh7GIq9I4Zn6dyIjoZST0Ms7Q6JGctkrxP+8fqqGV27GoiRVENH5omHKsYpxkQj2mQCq+CQnhAqW34rpiAhCVZ5bbWGNL4vbimDM5RhWSfe8aV40W3etRrtdRlRFdXSCzpCJLlEb3SILdRBFT+gFvaI37Vl71z60z3lrRStnjtECtK9fNx+fyg==</latexit>

W̃ = PWP †

<latexit sha1_base64="HFViJeQbbhgpjZj4r/njLeC1jFg="></latexit>

⌃̃ = N�t2P⌃P †

<latexit sha1_base64="WWP7HPAjl3masObuIERUDFfJFd0="></latexit>

P (W⌃W )+ P † =
�
PW⌃WP †�+

<latexit sha1_base64="4ut78aagbhc9NTWta48Vb2OREqg="></latexit>

lnLgap = �1

2
(WX)T (W⌃W )+ (WX) = �1

2

⇣
gWX

⌘† ⇣
W̃ ⌃̃W̃

⌘+ ⇣
gWX

⌘

<latexit sha1_base64="9XLot7TR+K1Xh+KA6k/ieQjNBnw="></latexit>

lnLgap = �1

2

⇣
gWD � H̃

⌘† ⇣
W̃ ⌃̃W̃

⌘+ ⇣
gWD � H̃

⌘

<latexit sha1_base64="xoFacz4OC5MIiHI6+Nbd7xNkXyg="></latexit>⇣
W̃ ⌃̃W̃

⌘

ij
=

�f

2

X

k

Sk
nw̃i�kw̃

⇤
j�k

<latexit sha1_base64="kauVzaFcniW7LPihYzSjgdQRDXs="></latexit>

⌃̃w(f, f
0) =

1

2

Z +1

�1
dv Sn(v)w̃(f � v)w̃⇤(f 0 � v)

DFT in linear algebra:

Using the DFT matrix :P

FD covariance and FD window:

Translation from time to Fourier domain:

The pseudo-inverse is transparent to the unitary matrix :P

This allows for a direct translation:

Windowing the data is facultative, in FD also:

In practice, computing the FD gated covariance matrix is a convolution:

cost scales as 𝒪(N2 log N)
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Numerics: pseudo-inverse of the FD covariance

• The Moore-Penrose pseudo-inverse is uniquely 
defined

• Most straightfoward algorithm: use the singular 
value decomposition (SVD)

<latexit sha1_base64="kjEWQERZM0hwpNQu3a+hsV9gXlY=">AAACE3icbVDLSsNAFJ3UV62vqODGzWARXJVEiroRCm7cCBVNW2himUwm6dCZJMxMhBL7Gf6AW/0Dd+LWD/AH/A6nbRa29cCFwzn3cg/HTxmVyrK+jdLS8srqWnm9srG5tb1j7u61ZJIJTBycsER0fCQJozFxFFWMdFJBEPcZafuDq7HffiRC0iS+V8OUeBxFMQ0pRkpLPfPgBl5CB7p3NOIIth7cAEURET2zatWsCeAisQtSBQWaPfPHDRKccRIrzJCUXdtKlZcjoShmZFRxM0lShAcoIl1NY8SJ9PJJ/hE81koAw0ToiRWcqH8vcsSlHHJfb3Kk+nLeG4v/ed1MhRdeTuM0UyTG00dhxqBK4LgMGFBBsGJDTRAWVGeFuI8EwkpXVpl5E8hxtpEuxp6vYZG0Tmv2Wa1+W682GkVFZXAIjsAJsME5aIBr0AQOwOAJvIBX8GY8G+/Gh/E5XS0Zxc0+mIHx9QtwPp0x</latexit>

M = U⌃V †

<latexit sha1_base64="o85p0UHy1xqdFwEv6Lv7gs3JIDI="></latexit>

⌃ = (�2
1 , . . . ,�

2
p, 0, . . . , 0)

• The procedure also allows for regularizing the 
covariance (for instance when dealing with 
smooth windows)

And use the pseudo-inverse of singular values: 
<latexit sha1_base64="Db/mAFColQrDKRtl8NqVBesCbe4="></latexit>

⌃+ = (1/�2
1 , . . . , 1/�

2
p, 0, . . . , 0)
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LISA data and TDI generations

XJUI B NFBO JOUFS�4�$ TFQBSBUJPO EJTUBODF PG ��� NJM�
MJPO LN� " SFGFSFODF PSCJU IBT CFFO QSPEVDFE PQUJ�
NJTFE UPNJOJNJTF UIF LFZ WBSJBCMF QBSBNFUFST PG JOUFS�
4�$ CSFBUIJOH BOHMFT 	ĘVDUVBUJPOT PG WFSUFY BOHMFT
 BOE
UIF SBOHF SBUF PG UIF 4�$ BT CPUI PG UIFTF ESJWF UIF DPN�
QMFYJUZ PG UIF QBZMPBE EFTJHO XIJMF BU UIF TBNF UJNF FO�
TVSJOH UIF SBOHF UP UIF DPOTUFMMBUJPO JT TVďDJFOUMZ DMPTF
GPS DPNNVOJDBUJPO QVSQPTFT�

Earth

Sun
1 AU (150 million km)
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%PQQMFS TIJęT CFUXFFO UIF 4�$ PG XJUIJO ±�.)[�
ćF MBVODI BOE USBOTGFS BSF PQUJNJ[FE GPS B EFEJDBUFE
"SJBOF ��� MBVODI BOE DBSSZ UIF GPMMPXJOH CBTJD GFB�
UVSFT�
t UPUBM USBOTGFS UJNF PG BCPVU ��� EBZT�
t EJSFDU FTDBQF MBVODI XJUI V∞ = 260N�T�
t UISFF TFUT PGNBOPFVWSFT GPS ĕOBM USBOTGFS PSCJU JOKFD�

UJPO QFSGPSNFE CZ UIF QSPQVMTJPO BOE 4�$ DPNQPTJUF
NPEVMFT� 4FF 4FDUJPO ����� GPS EFUBJMT�

��� -BVODIFS

ćF SFDPNNFOEFE PQUJPO GPS -*4" JT UP VTF POF PG
UIF "SJBOF � GBNJMZ PG MBVODI WFIJDMFT XJUI B EFE�
JDBUFE "SJBOF ��� MBVODI CFJOH UIF QSFGFSSFE PQUJPO�
8JUI B MBVODI DBQBDJUZ EJSFDUMZ JOUP BO FTDBQF USBKFD�
UPSZ PG ���� LH UIF "SJBOF ��� JT WFSZ XFMM TVJUFE UP
UIF -*4" MBVODI SFRVJSFNFOUT BOE UIF SFGFSFODF PSCJU
EFTDSJCFE JO 4FDUJPO ��� JT CBTFE PO UIF DBQBCJMJUJFT PG
UIJT MBVODIFS� ćF DBQBDJUZ PG "SJBOF ��� JT MJNJUFE BOE
JU JT FYUSFNFMZ MJLFMZ UIBU BOZ NJTTJPO TJ[FE UP ĕU XJUIJO
JU XPVME CF TJHOJĕDBOUMZ DPNQSPNJTFE JO UFSNT PG DB�
QBCJMJUZ� 4JNJMBSMZ JU JT MJLFMZ UIBU UIF DPOTUSBJOUT BOE
DPNQMFYJUZ PG B MBVODI UP (FPTUBUJPOBSZ 5SBOTGFS 0S�
CJU DPNCJOFE XJUI UIF OFFE UP ĕOE B TVJUBCMF QBSUOFS
NBLF B TIBSFE "SJBOF ��� MBVODI VOBUUSBDUJWF�

��� $PODFQU PG 0QFSBUJPOT

&BDI 4�$ JT FRVJQQFE XJUI JUT PXO QSPQVMTJPO NPEVMF
UP SFBDI UIF EFTJSFE PSCJU� %VSJOH UIJT DSVJTF QIBTF
DIFDLPVU BOE UFTUJOH PG TPNF FRVJQNFOU DPVME BMSFBEZ
CFHJO� 0ODF UIF 4�$ IBWF CFFO JOTFSUFE JOUP UIFJS DPS�
SFDU PSCJUT BOE UIF QSPQVMTJPO NPEVMFT KFUUJTPOFE UIF
UISFF 4�$ NVTU CF QSFQBSFE UP GPSN B TJOHMF XPSL�
JOH PCTFSWBUPSZ CFGPSF TDJFODF PQFSBUJPOT DBO CF FT�
UBCMJTIFE� ćJT JODMVEFT UIF SFMFBTF PG UIF UFTU NBTTFT
BOE FOHBHJOH UIF %SBH�'SFF "UUJUVEF $POUSPM 4ZTUFN
	%'"$4
� ćJT QSPDFTT DPOTUFMMBUJPO BDRVJTJUJPO BOE
DBMJCSBUJPO JT EFTDSJCFE JO 4FDUJPO ������ 'PMMPXJOH
BDRVJTJUJPO BOE DBMJCSBUJPO -*4" XPVME FOUFS UIF QSJ�
NBSZ TDJFODF NPEF� "U UIJT UJNF BMM UFTU NBTTFT JOTJEF
UIF UISFF 4�$ XJMM CF JO GSFF GBMM BMPOH UIF MJOFT PG TJHIU
CFUXFFO UIF 4�$� $BQBDJUJWF TFOTPST TVSSPVOEJOH FBDI
UFTU NBTT XJMM NPOJUPS UIFJS QPTJUJPO BOE PSJFOUBUJPO
XJUI SFTQFDU UP UIF 4�$� %'"$4 XJMM VTF NJDSP�/FXUPO
UISVTUFST UP TUFFS UIF 4�$ UP GPMMPX UIF UFTUNBTTFT BMPOH
UIF UISFF USBOTMBUJPOBM EFHSFFT�PG�GSFFEPN VTJOH JO�
UFSGFSPNFUSJD SFBEPVU XIFSF BWBJMBCMF BOE DBQBDJUJWF
TFOTJOH GPS UIF SFNBJOJOH EFHSFFT�PG�GSFFEPN� &MFD�
USPTUBUJD BDUVBUPST BSF VTFE UP BQQMZ UIF SFRVJSFE GPSDFT
BOE UPSRVFT JO BMM PUIFS EFHSFFT PG GSFFEPN UP UIF UFTU
NBTTFT� -BTFS JOUFSGFSPNFUSZ JT VTFE UP NPOJUPS UIF
EJTUBODF DIBOHFT CFUXFFO UIF UFTU NBTTFT BOE UIF PQ�
UJDBM CFODI 	0#
 JOTJEF FBDI 4�$� ćFTF UFDIOPMPHJFT
IBWF CFFO EFNPOTUSBUFE CZ UIF -*4" 1BUIĕOEFS NJT�
TJPO�
ćF MPOH�CBTFMJOF MBTFS JOUFSGFSPNFUFS PS TDJFODF JO�
UFSGFSPNFUFS JT VTFE UP NFBTVSF DIBOHFT JO UIF EJT�
UBODF CFUXFFO UIF PQUJDBM CFODIFT XIJMF B UIJSE JO�
UFSGFSPNFUFS TJHOBM NPOJUPST UIF EJČFSFOUJBM MBTFS GSF�
RVFODZ OPJTF CFUXFFO UIF UXP MPDBM MBTFS TZTUFNT� "MM
JOUFSGFSPNFUFS TJHOBMT BSF DPNCJOFE PO HSPVOE UP EF�
UFSNJOF UIF EJČFSFOUJBM EJTUBODF DIBOHFT CFUXFFO UXP
QBJST PG XJEFMZ TFQBSBUFE UFTU NBTTFT� 4DJFODF .PEF
XPVME GFBUVSF OFBS�DPOUJOVPVT PQFSBUJPO PG UIF TZTUFN
BU UIF EFTJHO TFOTJUJWJUZ� ćF TZTUFN EFTJHO TIPVME CF
TVDI UIBU JO TDJFODF NPEF FYUFSOBM QFSUVSCBUJPOT UP
UIF TZTUFN BSFNJOJNJTFE BOE JO QBSUJDVMBS UIF CBTFMJOF
EFTJHO EPFT OPU SFRVJSF TUBUJPO LFFQJOH PS PSCJU DPS�
SFDUJPO NBOPFVWSFT� *O MJOF XJUI UIF TDJFODF SFRVJSF�
NFOUT PO EBUB MBUFODZ DPNNVOJDBUJPOT XPVME PDDVS
PODF QFS EBZ GPS B EVSBUJPO PG BQQSPYJNBUFMZ � IPVST�
ćFSF BSF UXP QSJODJQBM FWFOUT XIJDI XJMM DBVTF TPNF
EJTSVQUJPO UP UIF TDJFODF NPEF PG PQFSBUJPOT� UIFTF
BSF SF�QPJOUJOH PG UIF BOUFOOBT BOE SF�DPOĕHVSBUJPO
PG UIF MBTFS MPDLJOH UP NBJOUBJO UIF CFBU OPUFT XJUIJO
UIF QIBTFNFUFS CBOEXJEUI UIFTF BSF DPWFSFE JO NPSF
EFUBJM JO 4FDUJPOT ��� BOE ��� SFTQFDUJWFMZ� *O BEEJUJPO
UP UIF NBJO TDJFODF NPEF B TQFDJBM QSPUFDUFE QFSJPE
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yslr “ 1
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1 ´ k̂ ¨ nl

nl ¨ phptsq ´ hptrqq ¨ nl

One-link observables: from spacecraft s to 
spacecraft r through link s:

y “ �⌫{⌫

Response time and frequency-dependent:

Tslr =
i⇡fL

2
sinc [⇡fL (1� k · nl)] exp [i⇡f (L+ k · (pr + ps))]nl · P · nl(tf )
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 + Time-delay interferometry (TDI), 1st and 2nd generations:

7

f = 10−3 Hz f = 2 × 10−2 Hz f = 5 × 10−2 Hz f = 10−1 Hz
Binary N 1PN N 1PN N 1PN Doppler N 1PN Doppler

WD–WD 0 0 24† 0 - -

WD–NS 0 0 69† 0 - -

WD–BH 0 0 190† 0 - -

NS–NS 0 0 240† 0 6.9 × 103 3.4 0 9.3 × 104 78 2.7

NS–BH 0 0 740 0.33 2.2 × 104 19.0 0.66 3.5 × 105 640 8.5

TABLE I: Contributions to the evolution of GW frequency for various types of compact, stellar-mass binaries (white dwarfs with
m = 0.35M", neutron stars with m = 1.4M", and black holes with m = 6M"), for selected (initial) GW frequencies within the
LISA band. The contributions are expressed as GW cycles over one year of evolution, and the effects of Newtonian-order (N)
and first post–Newtonian-order (1PN) terms are shown separately. The column labeled “Doppler” reports the integrated phase
shift (in cycles) due to the increased Doppler shifting of the source as the frequency increases [see Eq. (45)], where significant.
At f = 10−3 Hz there is no significant evolution of GW frequency over one year. The symbol “†” indicates that the Taylor
expansion of the phase given by Eq. (21) is accurate to within a quarter of a cycle. Numbers are not shown where a binary of
a given class cannot exist at a given frequency. Some of the conclusions that can be drawn from this table are apparent also in
Figs. 10 and 12 of Ref. [20]: up to about 1 mHz, LISA cannot differentiate (using one year of data) between a monochromatic
binary and a chirping binary (see Fig. 10 of Ref. [20]); above that frequency, chirping becomes appreciable (one additional GW
cycle over a year in this table corresponds to a frequency shift of one bin in Fig. 12 of Ref. [20]), but we see that it can still be
modeled faithfully by the linear-chirp model of Eq. (21).

In Table I, for binaries consisting of various combinations of white dwarfs (WDs, with m = 0.35M!), neutron stars
(NSs, with m = 1.4M!), and black holes (BHs, with m = 6M!), and for various fiducial GW frequencies within
the LISA band, we show the contributions to the evolution of GW frequency over one year caused by terms at the
Newtonian (N) and first post–Newtonian (1PN) order. The table shows that at frequencies smaller or equal to 10−3

Hz, the evolution of frequency is negligible. At frequencies approaching 10 mHz, the change in frequency becomes
significant, and needs to be included in the model of the signal; however, only the first derivative of the frequency is
needed up to about 50 mHz. In binaries with WDs of mass ∼ 0.35M!, above ∼ 20 mHz the WDs fill their Roche
lobe, and the dynamical evolution of the system is then determined by tidal interaction between the stars. In binaries
with either a NS or a BH, post–Newtonian effects become important at about ∼ 50 mHz. At 1 Hz and above, these
binaries will coalesce in less than 1 yr; furthermore, population studies [25] suggest that the expected number of
binaries above 50 mHz containing neutron stars and black holes is negligible. (The effects of frequency evolution in
the LISA response to GW signals from inspiraling binaries are also discussed in Ref. [26].)

Therefore, for sufficiently small binary masses, for sufficiently small GW frequencies (and definitely for all non-
tidally-interacting binaries that contain WDs), we can approximate the phase of the signal by Taylor-expanding it,
and then neglecting terms of cubic and higher order. The resulting expression for the signal phase φs(t) is

φs(t) " ωt + 1
2 ω̇t2, where ω̇ =

48

5

(
GMc

2c3

)5/3

ω11/3. (21)

E. TDI responses

The response of the second-generation TDI observables to a transverse–traceless, plane GW is obtained by setting
yij(t) = yGW

ij (t) [according to Eqs. (12) and (13)] in the TDI expressions of Ref. [9, 10]. For instance, the GW response
of the second-generation TDI observable X1 is given by

XGW
1 =

[

(yGW
31 + yGW

13,2) + (yGW
21 + yGW

12,3),22 − (yGW
21 + yGW

12,3) − (yGW
31 + yGW

13,2),33

]

︸ ︷︷ ︸

XGW(t)

−
[

(yGW
31 + yGW

13,2) + (yGW
21 + yGW

12,3),22 − (yGW
21 + yGW

12,3) − (yGW
31 + yGW

13,2),33

]

,2233
︸ ︷︷ ︸

XGW(t−2L2−2L3)#XGW(t−4L)

. (22)

As anticipated above, here we are disregarding the effects introduced by the time dependence of light travel times,
and by the rotation-induced difference between clockwise and counterclockwise light travel times [27]. Each of the
two terms delimited by square brackets in Eq. (22) corresponds to the GW response of the first-generation Michelson
observable X [2]. The TDI observables X2 and X3 are obtained by cyclical permutation of indices in Eq. (22).

Analogous to 2 LIGO in motion at low 
frequencies only

Doppler delay from orbit, change in orientation
TDI variables amount to taking (discretized) time derivatives of the GW:
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XGW
2
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yslr ⇠ h(t)� h(t� L)

X ⇠ yslr(t)� yslr(t� 2L)

X2 ⇠ X(t)�X(t� 4L)
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ỹslr ⇠ sin(⇡fL(1� k · n))h̃
X̃ ⇠ sin(⇡fL(1� k · n)) sin(2⇡fL)h̃
X̃2 ⇠ sin(⇡fL(1� k · n)) sin(2⇡fL) sin(4⇡fL)h̃
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Covariance matrices in Fourier Domain

FD covariance TDI-2 without gap (stationary) FD covariance TDI-2 with gap

Note: need to consider both 
positive and negative frequencies
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Windowing for data gaps

• When using the improper Whittle likelihood: 
tapering the gap edge, alleviate the statistical 
problems by avoiding a jump to 0 

• When using the correct pseudo-inverse 
covariance:  tapering preserves diagonal-
dominated structure of the FD covariance, but 
delicate (pseudo)inversion of the matrix

• Windowing only the data/signal: loss of 
information

• Windowing the data/signal and the covariance: 
no loss of information

Why tapering ?

Different logics:
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Figure 11. (The Blue/Yellow solid curves): The gated/tapered MBH signal for the M3e7 case with a gap at merger
lasting 1 hour. (The purple/black curves): The gated/tapered data stream consisting of noise and the MBH signals.
The SNR of the gated signal is ⇠ 1397, whereas the SNR of the tapered signal is ⇠ 1393 using a pseudo-inverse regularized
according to Eq.(106) with ✏ = 10�13. Assuming accurate computation of the pseudo-inverse of the noise covariance matrix,
the SNR should be invariant to the choice of tapering function with only loss of SNR occurring during the gated segment. In
theory, albeit very counter-intuitive, the SNR of the orange and blue curves above are identical, provided the noise covariance
includes the e↵ect of the tapering.
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Figure 12. (Left Panel): The FD tapered noise covariance matrix with 1 hour gap at merger with a very smooth ⇠ 2
hours worth of lobes. Notice that the matrix appears to be band-diagonal, with all power concentrated along those specific
diagonals. (Right Panel): The pseudo-inverse of the matrix presented in the left panel, for a regularization choice of
✏ = 10�13. Aside from hermitian symmetry and psychedelic patterns, there is little exploitable structure to be had in the
pseudo-inverse.
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Figure 8. The same set up as Fig. 6 but for TDI2. The zero crossings of the PSD (as shown in Fig. 2) are seen along the
main diagonal of the middle panel and correlations with that zero crossing are shown by the fainter patches in both the
middle and right panels. Like the right-most panels of Fig. 6 and Fig. 7, the leakage e↵ects are reduced significantly only if
a smooth taper is applied.

ber of zero-data is identical between the two windowing
cases. The blue stars in Fig. 10 are the result of FD
SNR computations via Eq.(68) for di↵erent choices of
small ✏ when computing the pseudo-inverse using the
regularization procedure outlined in Eq. (106). The red
horizontal dashed line is the SNR of the gated MBH
signal given by the blue curve in Fig. 11. The green
horizontal dashed line is the SNR of the tapered MBH
when using a diagonal (Whittle) based noise covariance
matrix. In the limit as ✏ ! 0+, the FD SNR tends to-
wards the gated SNR, implying that all of the informa-
tion is retained during the tapering scheme. Notice that
the SNR assuming a Whittle-based covariance, with ta-
per applied to the MBH, is significantly less than the
SNRs computed using correct pseudo-inverses that cor-
rectly account for the windowed noise process. To put
this into perspective, the SNR of the yellow curve in
Fig. 11 is equivalent to the SNR of the blue curve in
Fig. 11, thanks to the appropriate incorporation of the
window in the covariance itself. If the window was not
incorporated into the noise covariance matrix, then this
situation is equivalent to analyzing a signal that tapers
to zero whilst the noise does not, yielding a lower SNR.
This validates the claim made around Eq. (42), that in-
formation is only lost during the gated segment of the
data stream. Assuming the pseudo-inverse is correctly
calculated, information should be retained during the
smooth tapering procedure.

To close this section, we plot the tapered FD co-
variance matrix and corresponding pseudo-inverse (with
regularization ✏ = 10�13) in the left and right panels of
Fig. 12. To add to the middle and right panels of Fig.(6
– 8), we observe that the gentler the tapering scheme the
more the power is concentrated along the main diago-
nals. The right-most plot is a plot of the pseudo-inverse,

possessing little exploitable structure aside from the fact
that the matrix is Hermitian. The pseudo-inverse is a
dense matrix, making FD likelihood computations ex-
pensive ⇠ O(N2). We are hopeful that there will ex-
ist methods that can improve the cost of computing
the likelihood in the FD through, perhaps, exploiting
band-diagonal nature of (W̃ ⌃̃W̃ ) and accelerating us-
ing parallelization techniques on Graphical Processing
Units (GPUs). Performance studies of the TD and FD
likelihoods are a topic we did not explore in great detail,
and we will leave this matter for future work.

Since there are no obvious cost reductions (yet) for
analyses conducted in the FD, we will use the TD meth-
ods described in this paper to compute quantities pre-
sented in the results Sec. VII. We have checked that
calculations (involving ⌥ and ⌅ as defined in Eq. (95)
remain unchanged whether computations are performed
in either the FD or TD.

VII. RESULTS

The first instance of mismodeling that we will con-
sider is the case of the improper use of the Whittle-
likelihood, appropriate for Gaussian stationary noise,
to analyze a data stream where missing data breaks the
stationary feature of the stochastic process.

The advantage of using the Whittle-likelihood is
obvious from the computational standpoint, allowing
for O(N log2 N) likelihood evaluations. Searching for
sources in LISA could be done using cheap Whittle-
based likelihoods, before further refinements are made
with the full, correct but more expensive likelihoods.
We want therefore to ascertain what would be the con-
sequences of using the Whittle-likelihood despite the
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Pseudo-inverse covariance
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Figure 11. (The Blue/Yellow solid curves): The gated/tapered MBH signal for the M3e7 case with a gap at merger
lasting 1 hour. (The purple/black curves): The gated/tapered data stream consisting of noise and the MBH signals.
The SNR of the gated signal is ⇠ 1397, whereas the SNR of the tapered signal is ⇠ 1393 using a pseudo-inverse regularized
according to Eq.(106) with ✏ = 10�13. Assuming accurate computation of the pseudo-inverse of the noise covariance matrix,
the SNR should be invariant to the choice of tapering function with only loss of SNR occurring during the gated segment. In
theory, albeit very counter-intuitive, the SNR of the orange and blue curves above are identical, provided the noise covariance
includes the e↵ect of the tapering.
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Figure 12. (Left Panel): The FD tapered noise covariance matrix with 1 hour gap at merger with a very smooth ⇠ 2
hours worth of lobes. Notice that the matrix appears to be band-diagonal, with all power concentrated along those specific
diagonals. (Right Panel): The pseudo-inverse of the matrix presented in the left panel, for a regularization choice of
✏ = 10�13. Aside from hermitian symmetry and psychedelic patterns, there is little exploitable structure to be had in the
pseudo-inverse.
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Figure 9. (Top plot to bottom plot): Normalised SVs of
the FD noise covariance matrix for TDI0/1/2 respectively.
In red/blue are the SVs that are retained/discarded. Since
we use a rectangular window, we know precisely that the
zero-SVs correspond to the number of zeros in the window
function wrect.

presence of gaps in the data, and whether introducing a
smooth taper around gaps can alleviate noise mismod-
eling errors.

Here, we will assume that we know exactly the PSD
and the covariance ⌃ of the underlying noise process.
We also assume that the noise process is coherent over
the full interval, and the gap acts as a mask, causing
data to be missing without any other impact on its
statistics. We will come back to the case where the true
noise process is independent before and after the gap in
Sec. VII E. We will also assume that the ⌃ covariance
has a circulant structure, and not only Toeplitz, on the
full segment:

⌃ = ⌃circ (107)

This is not physical, as no real data stream will have
this property; we make this choice so that the discrete
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Figure 10. (Red horizontal dashed line): The SNR of
the M3e7 MBH with one hour gap at merger using a gat-
ing function, with pseudo-inverse computed using only the
(blue) SVs retained in the bottom panel of Fig. 9. (Green
horizontal dashed line): The SNR of the MBH using a
smooth taper with 2 hour length lobes with Whittle-based
noise covariance. (Blue farfalle): The SNR computations
now using a smooth tapering function (see the yellow ta-
pered MBH signal in Fig. 11) with pseudo-inverse computed
with increasing accuracy as ✏ ! 0.

Whittle-likelihood (24) is exact before gaps are intro-
duced, in order to isolate other sources of mismodeling
from the Toeplitz/circulant mismodeling, to which we
will come back in Sec. VIIG.

A. Mismodeling Whittle on gapped data

In order to assess the impact of noise mismodeling in
the presence of data gaps with a Whittle-based approx-
imation, we start by computing the mismodeling ratios
defined in Eq. (92) and Eq. (93), for the di↵erent sys-
tems and TDI/gap configurations described in Sec. V.
Results are reported for ⌥ in Tab. IV and for ⌅ in Tab. V
with layout of the tables described in Tab. IV. With in-
dependent codes developed specific to the FD, we have
verified results found in the the top row of Tab. IV and
Tab. V.

The columns in those tables give the result for the dif-
ferent generations TDI2, TDI1 and TDI0 as introduced
in Sec. V. The expected outcome of the L0/L1 noise re-
duction pipeline will be TDI2 [2], but comparing with
noise processes corresponding to TDI1 and TDI0 allows
us to understand the e↵ect of the shape of the PSD, from
blue-noise dominated for TDI2, to featuring both blue
and red noise for TDI1, and to strongly red-noise domi-
nated for TDI0 (as illustrated in Fig. 2). In each case we
show the results for both gap configurations, during the

• With careful pseudo-inversion, consistent 
SNRs/likelihoods
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Figure 11. (The Blue/Yellow solid curves): The gated/tapered MBH signal for the M3e7 case with a gap at merger
lasting 1 hour. (The purple/black curves): The gated/tapered data stream consisting of noise and the MBH signals.
The SNR of the gated signal is ⇠ 1397, whereas the SNR of the tapered signal is ⇠ 1393 using a pseudo-inverse regularized
according to Eq.(106) with ✏ = 10�13. Assuming accurate computation of the pseudo-inverse of the noise covariance matrix,
the SNR should be invariant to the choice of tapering function with only loss of SNR occurring during the gated segment. In
theory, albeit very counter-intuitive, the SNR of the orange and blue curves above are identical, provided the noise covariance
includes the e↵ect of the tapering.
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Figure 12. (Left Panel): The FD tapered noise covariance matrix with 1 hour gap at merger with a very smooth ⇠ 2
hours worth of lobes. Notice that the matrix appears to be band-diagonal, with all power concentrated along those specific
diagonals. (Right Panel): The pseudo-inverse of the matrix presented in the left panel, for a regularization choice of
✏ = 10�13. Aside from hermitian symmetry and psychedelic patterns, there is little exploitable structure to be had in the
pseudo-inverse.
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Results: comparing CV mismodeling prediction to PE

Validation of the CV-inspired  
to assess the impact of 
mismodelling noise
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Figure 17. In this figure, which is not a corner plot for a posterior, we are checking the agreement between the Fisher-based
estimation for max-likelihood estimates and max-likelihood parameters found in full PE runs. We use the TDI2 noise curve
with MBH primary mass M = 3e7, with a gap during the merger, and consider the Whittle likelihood with gated data (the
configuration of Fig. 14). In red we plot the histogram of max-likelihood values obtained from full PE using 350 di↵erent
noise realisations. In blue we plot the histogram of max-likelihood values calculated through Eq.(87b). Finally, the black
curve is a Gaussian distribution, centered on the true parameter with parameter covariance matrix equivalent to Eq.(87c).
Note that the scale is di↵erent from the previous corner plots: the width shown here is set by the scale of the posterior
scatter of Fig. 14, which is much larger than the posterior width for this case where ⌥ � 1.



31


