
How do hadrons propagate in a constant magnetic field?

Karim Benakli

(CNRS - Sorbonne Université, Paris)

Based on:      K.B. To appear

• K.B.,   Wenqi Ke,      Bruno Le Floch ’24

•  K.B.,   Wenqi Ke,      Cassiano Daniel ’22 ’23


•  K.B.,   Nathan Berkovits,    Cassiano Daniel,    Matheus Lize ‘21

Gdr Inf annual meeting, November 12-14, 2025



Plan

• Identifying the problem — following its historical development as a guide 

• Progress so far: what has been accomplished, and what remains open 

• The current state of the field



This could have started in QFT classroom …







The true story is not much different…



Dirac, Fierz, Pauli, Federbusch,Velo, Zwanziger, 
Itzykson, Voros, Madore, … 
Ferrara, Telegdi, Argyres, Nappi,  
Porrati, Rahman, Sagnotti, Deser,  
K.B., Berkovits, Ke …

The true story is not much different…

It started with Dirac in 1936 … 



1936

      

Dirac 1936:  
« The elementary particles known to present-day physics, the electron, positron, neutron, and proton, each 
have a spin of a half, and thus the work of the present paper will have no immediate physical application.  

All the same, it is desirable to have the equation ready for a possible future discovery of an elementary 
particle with a spin greater than a half, or for approximate application to composite particles.  

Further, the underlying theory is of considerable mathematical interest. » 
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The decuplet spin 3/2

spin 3/2
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In 1964, the discovery of the Ω baryon in a magnetic field

Nuclear and Particle Physics Franz Muheim 10

Discovery of Discovery of ::--

:- (sss) Hyperon
Hyperon - baryon with at least one s quark
Quark model predicted existence and mass
Missing member of baryon decuplet JP = 3/2+

discovered 1964 at Brookhaven
K- beam onto hydrogen target
Bubble Chamber detector
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15-foot

In 1964, the Omega Hyperon was discovered at Brookhaven in a bubble chamber. 
It was predicted in 1962 by M. Gell-mann and Y. Ne’eman to have spin 3/2.  

In 2006, it was shown to have spin 3/2.   
Measurement of the Spin of the Omega-Minus Hyperon,  
by the BaBar collaboration at SLAC (B. Aubert et al.), Phys. Rev. Lett. 97, 112001 (2006), and hep-ex/0606039. 
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http://link.aps.org/abstract/PRL/v97/e112001
http://www.slac.stanford.edu/BFROOT/
http://link.aps.org/abstract/PRL/v97/e112001
http://arxiv.org/abs/hep-ex/0606039
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Charged particles : just use covariant derivatives

447

Relativistic Wave Equations 

By P. A. M. D ir a c , F.R.S., St. John’s College, Cambridge 

( Received March 25, 1936)

1 —In t r o d u c t i o n

The classical relativistic connexion between the energy p t o f a free 
article and its momentum p x, p v, p x,namely,*

P 2 ~  Px2 ~  P 2 ~  P 2 ~  ™2 =  0, (1)

:ads in the quantum theory to the wave equation

{Pt2~  Px2 — Pv2 ~  P 4 =  0, (2)

/here the p's are understood as the operators . .  Thect ox
eneral theory of the physical interpretation of quantum mechanics 
equires a wave equation of the form

{P« — H} 4 =  0, (3)

/here H is a Hermitian operator not containing pt, and is called the 
lamiltonian. The obvious equation of the form (3) which one gets 
rom (2), namely,

{ Pt~  (Px2 +  Pv2 +  P 2 +  ™2)*} 4 =  0,

s unsatisfactory on account of the square root, which makes the appli- 
ation of Lorentz transformations very complicated. By allowing our 
>article to have a spin, we can get wave equations of the form (3) which 
ire consistent with (2) and do not involve square roots. An example, 
ipplying to the case of a spin of half a quantum, namely, the equation

{Pt +  <*xPx +  *vPv +  *zPz +  amm} 4 =  0, (4)

vhere the four a’s are anti-commuting matrices whose squares are unity, 
s well known, and has been found to give a satisfactory description of 
he electron and positron. The present paper will be concerned with 
other examples, applying to spins greater than a half.

* We are taking the velocity of light to be unity.
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For Fierz and Pauli,  
the Lagrangian  

in absence of external field  
was a not an issue.

External  field  
was  THE  problem
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Massive spin 2: Fierz-Pauli (1939) 

A massive spin 2 particle has 5 degrees of freedom:    helicities      -2, -1, 0, +1,+2 
Represented by a symmetric tensor           that satisfies  

These can be obtained from 

-4 d.o.f

-1 d.o.f

Equation of motion  10 d.o.f

{Constraints  -5 d.o.f

(@r@r �M2)hmn = 0
<latexit sha1_base64="EwgZ4IvFUR77XI6cBCk0LX/PoFw="></latexit>

@mhmn = 0
<latexit sha1_base64="1zfJOjinEz3IzvtzBHJ79GBSPpQ="></latexit>

h ⌘ hm
m = 0

<latexit sha1_base64="fNMUXpEKis1hN+w2mhQFNXDuLI0="></latexit>
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hmn
<latexit sha1_base64="Bu+1NR+G6U91QqA9wxZCY6aSQII="></latexit>



Massive spin 2: minimal coupling ?

A massive spin 2 particle has 5 degrees of freedom:    helicities      -2, -1, 0, +1,+2 
Represented by a symmetric tensor          that satisfies  

-4 d.o.f

-1 d.o.f

Equation of motion  10 d.o.f

{Constraints  -5 d.o.f

[Dm, DrDr �M2]hmn = 0 ) iQFmr Drhmn = 0
<latexit sha1_base64="aJJ+Dya2Vldk1oerKlAFSclLeg0="></latexit>

(DrDr �M2)hmn = 0
<latexit sha1_base64="342pfEW6o58drOaEsp7e8pIZhxw="></latexit>

Dmhmn = 0
<latexit sha1_base64="Assww5FvS33MLckVFBxtFdruZgc="></latexit>

h ⌘ hm
m = 0

<latexit sha1_base64="fNMUXpEKis1hN+w2mhQFNXDuLI0="></latexit>

A new constraint !

Pathological  theory: the d.o.f.’s number is different when a constant magnetic field is switched on.

15

hmn
<latexit sha1_base64="Bu+1NR+G6U91QqA9wxZCY6aSQII="></latexit>



For Fierz and Pauli,  
the Lagrangian  

in absence of external field  
was a not an issue.

External  field  
was  THE  problem

16



Massive spin 2: Fierz-Pauli (1939) 

A massive spin 2 particle has 5 degrees of freedom:    helicities      -2, -1, 0, +1,+2 
Represented by a symmetric tensor           that satisfies  

These can be obtained from 

-4 d.o.f

-1 d.o.f

Equation of motion  10 d.o.f

{Constraints  -5 d.o.f

LFP =
1

2
hmn@2hmn � 1

2
h@2h+ hmn@

m@nh+ @nhmn@kh
mk �1

2
M2

�
hmnhmn � h2

�
<latexit sha1_base64="ZVdSPN9lkvApV5gueB2yV2yIH8s="></latexit>

Linear expansion of Einstein-Hilbert Mass terms:  
FP combination allows to get the 

constraints

(@r@r �M2)hmn = 0
<latexit sha1_base64="EwgZ4IvFUR77XI6cBCk0LX/PoFw="></latexit>

@mhmn = 0
<latexit sha1_base64="1zfJOjinEz3IzvtzBHJ79GBSPpQ="></latexit>

h ⌘ hm
m = 0

<latexit sha1_base64="fNMUXpEKis1hN+w2mhQFNXDuLI0="></latexit>
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hmn
<latexit sha1_base64="Bu+1NR+G6U91QqA9wxZCY6aSQII="></latexit>



Fierz and Pauli propose the Lagrangian route …
1939



The hunt for a Lagrangian is launched …



Known Lagrangians lead to unphysical modes: ghosts 



IL  ~UOVO CIMENTO Vol.. XlX, N. 3 1 o Febbraio 1961 

Minimal Electromagnetic Coupling for Spin Two Particles (*). 

~. FEDERBUSH 

Department o/ Physics and Laboratory ]or Nuclear Science 
Massachusetts Institute o] Technology - Cambridge, Mass. 

(ricewlto il 24 0ttobre 1960) 

S u m m a r y .  - -  I t  is noted that if the same Lagrangian that describes the 
linearized ~heory of general relativity is extended to charged massed spin 
2 particles the coupling cannot be minimal electromagnetic. 

There  has recent ly  been some revival  of interest  in field theories of higher 
spin particles,  as developed wi thout  the  use of subsidiary conditions and inde- 
finite metr ics  (~'a). Fo r  general re la t iv i ty  this corresponds to the  procedure  
of ref. (2), i.e., the descript ion of gravi ta t ional  waves in the  so-called r~diation 
gauge. In  ref. (7) it  is shown tha t  for charged spin 3 particles,  described b y  
the  usual class of possible free Lagrangians  and extended to the coupled case 
b y  min imal  coupling, no such consistent  theory  is possible. Bo th  Lorentz  
invar iance and  posi t ive definiteness are violated.  We shall invest igate  a charged 
spin 2 theory  with minimal  coupling and  run into still ano ther  difficulty. 

The  Lagrangian  we consider is the  following: 

÷ - - m s ~  A~ + h . c -  
4 

(') This work is supported in part  through AEC Contract AT(30-1)-2098, by funds 
provided by the U.S. Atomic Energy Commission, the Office of Naval Research and 
the Air Force Office of Scientific Research. 

(7) K. JOHNSON and E. C. G. SUDARSHAN: tO be published. 
(2) R. A~NOW~TT and S. D~SER: Phys. Rev., 113, 745 (1959). 
(a) A. KOMAR: to be published. 

MINIMAL ELECTROMAGNETIC COUPLING FOR SPIN TWO PARTICLES 5 7 3  

I t  has the p rope r ty  of leading to a theory  of massless particles like gravi tons  
when m z 0. (The gauge invariance this implies p robab ly  gives a unique spe- 
cification of this Lagrangian.)  When  m ¢ 0 the  equations describe spin 2 
particles with the correct number  of p ropaga t ing  solutions, five for part icle 
and five for antipart icle.  However ,  if the field is coupled to an external  electro- 
magnet ic  field minimal ly  (i.e. b y  the prescript ion 3n--> ~n ± l ean )  in general  
the number  of p ropaga t ing  fields becomes 12 ra the r  t han  10. The t ype  of 
calculations necessary to reach this conclusion are described in ref. (1). By  
the addit ion of a t e rm  

i e 7 t , ~  ~A 

to the  Lagrangian  the correct  number  of canonical var iables  is restored,  al- 
though other  inconsistencies m a y  remain.  

In  conclusion we note  t ha t  not  only is the minimal  e lectromagnet ic  coupling 
not  unique, since it  depends on the choice of the free Lagrangian~ bu t  in a t  least  
two theories, the usual  spin ~ and spin 2 theories, i t  leads to inconsistencies. 
The type  of inconsistency induced in spin 2 theory  is suggestive of the  difficulties 
t ha t  one encounters  in the  effort to avoid subsidiary condit ions;  bu t  the lack 
of a renormalizable  theory  of these spins keeps the question hypothet ical .  

R I A S S U N T O  (') 

Si nota the se lo stesso lagrangiano che descrive la teoria linearizza~a della rela- 
tivit~ generale viene esteso alle partieelle di spin 2 aventi masse con carica, l'accop- 
piamento non pub essere minimo di tipo elettromagnetico. 

(*) Traduz ione  a cura della Redazione.  
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The Federbush Lagrangian 

�i 2 g Q h̄mn Fnk hk
m

<latexit sha1_base64="wn/p95+oIMq6Zx92Jv2VcSCLzx4="></latexit>

One adds  to the Lagrangian  gyromagnetic coupling    

3

2
M4h = �i(2g � 1)iQFmn DnD

phpm + · · ·
<latexit sha1_base64="cx3PeygcxBwbZU+zsqn17Mv7w2I="></latexit>

E.O.M’s + constraints lead to    

Gyromagnetic ratio

22

-4 d.o.f

-1 d.o.f

Equation of motion  10 d.o.f

{Constraints  -5 d.o.f

(@r@r �M2)hmn = 0
<latexit sha1_base64="EwgZ4IvFUR77XI6cBCk0LX/PoFw="></latexit>

@mhmn = 0
<latexit sha1_base64="1zfJOjinEz3IzvtzBHJ79GBSPpQ="></latexit>

h ⌘ hm
m = 0

<latexit sha1_base64="fNMUXpEKis1hN+w2mhQFNXDuLI0="></latexit>

Remember: 



The Federbush Lagrangian 

�i 2 g Q h̄mn Fnk hk
m

<latexit sha1_base64="wn/p95+oIMq6Zx92Jv2VcSCLzx4="></latexit>

One adds  to the Lagrangian  gyromagnetic coupling    

3

2
M4h = �i(2g � 1)iQFmn DnD

phpm + · · ·
<latexit sha1_base64="cx3PeygcxBwbZU+zsqn17Mv7w2I="></latexit>

E.O.M’s + constraints lead to    

Gyromagnetic ratio
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No ghost   in  the Federbush  Lagrangian : h ⌘ hm
m = 0

<latexit sha1_base64="fNMUXpEKis1hN+w2mhQFNXDuLI0="></latexit>

) g = 1/2
<latexit sha1_base64="zbwH0dciaKeEVD1c3/nmDoWVrdU="></latexit>



But Velo-Zwanziger in 1969 found

One considers minimal couplings and adds  to the Lagrangian  gyromagnetic couplings    

 Extract:  E.O.M’s + constraints   

Using the method of characteristics, one can show that for a magnetic field, that 
 the vector           along the normal to the characteristic hypersurfaces has components: 

n2
0

|~n|2 =
1

1� ( 3e
2m2 )2 ~B2

<latexit sha1_base64="P+eUvOdTkQFeqEwM8GM/JFj2HJs="></latexit>

nµ
<latexit sha1_base64="LAomxEWSiOvIjYFt+Z16k4jgOfk="></latexit>

Superluminal propagation

24

Velo - Zwanziger ‘69
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(ricewlto il 24 0ttobre 1960) 

S u m m a r y .  - -  I t  is noted that if the same Lagrangian that describes the 
linearized ~heory of general relativity is extended to charged massed spin 
2 particles the coupling cannot be minimal electromagnetic. 

There  has recent ly  been some revival  of interest  in field theories of higher 
spin particles,  as developed wi thout  the  use of subsidiary conditions and inde- 
finite metr ics  (~'a). Fo r  general re la t iv i ty  this corresponds to the  procedure  
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(') This work is supported in part  through AEC Contract AT(30-1)-2098, by funds 
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(7) K. JOHNSON and E. C. G. SUDARSHAN: tO be published. 
(2) R. A~NOW~TT and S. D~SER: Phys. Rev., 113, 745 (1959). 
(a) A. KOMAR: to be published. 

MINIMAL ELECTROMAGNETIC COUPLING FOR SPIN TWO PARTICLES 5 7 3  

I t  has the p rope r ty  of leading to a theory  of massless particles like gravi tons  
when m z 0. (The gauge invariance this implies p robab ly  gives a unique spe- 
cification of this Lagrangian.)  When  m ¢ 0 the  equations describe spin 2 
particles with the correct number  of p ropaga t ing  solutions, five for part icle 
and five for antipart icle.  However ,  if the field is coupled to an external  electro- 
magnet ic  field minimal ly  (i.e. b y  the prescript ion 3n--> ~n ± l ean )  in general  
the number  of p ropaga t ing  fields becomes 12 ra the r  t han  10. The t ype  of 
calculations necessary to reach this conclusion are described in ref. (1). By  
the addit ion of a t e rm  

i e 7 t , ~  ~A 

to the  Lagrangian  the correct  number  of canonical var iables  is restored,  al- 
though other  inconsistencies m a y  remain.  

In  conclusion we note  t ha t  not  only is the minimal  e lectromagnet ic  coupling 
not  unique, since it  depends on the choice of the free Lagrangian~ bu t  in a t  least  
two theories, the usual  spin ~ and spin 2 theories, i t  leads to inconsistencies. 
The type  of inconsistency induced in spin 2 theory  is suggestive of the  difficulties 
t ha t  one encounters  in the  effort to avoid subsidiary condit ions;  bu t  the lack 
of a renormalizable  theory  of these spins keeps the question hypothet ical .  

R I A S S U N T O  (') 

Si nota the se lo stesso lagrangiano che descrive la teoria linearizza~a della rela- 
tivit~ generale viene esteso alle partieelle di spin 2 aventi masse con carica, l'accop- 
piamento non pub essere minimo di tipo elettromagnetico. 

(*) Traduz ione  a cura della Redazione.  

This has two issues:  * Superluminal Propagation 
                                     * Gyromagnteic ratio = 1/2 

Solves one issue:  * No more ghosts
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Open strings massive modes

Different  
oscillator modes

Different  
Particles

Boundary  
charges

Open string

Open string

q0
<latexit sha1_base64="bfjwrZvsPqUk4ZJN8q7KxBnLedU="></latexit>

q⇡
<latexit sha1_base64="nam5owF6asFj27IfIE+CgivCbZQ="></latexit>

| >(N=2)= Bm am†
2 |0 > + hmn a

m†
1 an†1 |0 >

<latexit sha1_base64="Zb0rx6dvj1lHlR+S7bmllaKqy80="></latexit>

First massive string

Vector Spin 2 state

Q = q0 + q⇡
<latexit sha1_base64="pcV0A/Hu8nDeIibaA4An6+NagWQ="></latexit>

Put in an electromagnetic background 

(Abouelsaood, Callan, Nappi, Yost ’87)
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Argyres-Nappi Lagrangian: Complicated

EOM’s and constraints of the spin-2

�
D2

� 2
�
Hmn � 2i

�
✏kmH

k
n + ✏knH

k
m

�
= 0

Dn
Hmn = 0

H = 0
<latexit sha1_base64="caf4naf38wujtcs0aUr3YpAIagA="></latexit>

       is a Stückelberg field for                 Bm
<latexit sha1_base64="9EmoCoKyFdfF0bjr4Bg7g/DaxpY="></latexit>

hmn
<latexit sha1_base64="Oo8DwKKD22tCwcnxl5HRFwUENMc="></latexit> )

<latexit sha1_base64="wOAMu3u0pwvZ7HbllTjA6GsxDFo="></latexit>

Only     remains             hmn
<latexit sha1_base64="Oo8DwKKD22tCwcnxl5HRFwUENMc="></latexit>

LAN =H̄mkD
2hn

k
� H̄D2

H� H̄mn

⇢
DmDk [(1 + i✏)h]k

n
�

1

2
DmDn

H+ (m $ n)

�
+ H̄DmDn

Hmn

�M2
�
H̄mkhn

k
� H̄H

�
� 2iH̄mn

�
✏mkhk

n
� hm

k✏
kn
�

<latexit sha1_base64="64RNySnQzSpil3QuI586IduRlaI="></latexit>

Argyres-Nappi Lagrangian for charged spin-2 Hmn = (⌘mk � i✏mk) (⌘nl � i✏nl)h
kl

<latexit sha1_base64="etOt6ZGrY/MmEbKV91vaOjlR6jg="></latexit>

Where:

✏ =
1

⇡
(arctanh(2⇡↵0q0F ) + arctanh(2⇡↵0q⇡F ))

<latexit sha1_base64="U5IZAo7s+ygGj8t9d+C/Nlsc0Gg="></latexit>

MMT =
"

QF
, Q = q0 + q⇡

<latexit sha1_base64="7yVEvhRH/PzrEfuqZi6UhAKawxc="></latexit>

�iMD ⌘ �iD,
<latexit sha1_base64="PenLn1AOrl1nnW/CekP77MVY1OI="></latexit>
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Remarks about the Argyres-Nappi Lagrangian

• The A-N. Lagrangian            Causal and solves the Velo-Zwanziger problem!

• Expanding in « powers of the electromagnetic field strength »: 

�ie h̄mn Fnk hk
m ) g = 1/2

<latexit sha1_base64="4WFgVTyIWnPdNBy1YyOTuNbhLIs="></latexit>

No ghost             the Federbush  Lagrangian     

�i4e h̄mn Fnk hk
m ) g = 2

<latexit sha1_base64="4rsLEDwfAR5pF8/V0gQJHpw6hvw="></latexit>

Causality            Argyres-Nappi  Lagrangian     

Expansion of the kinetic term leads to an infinite series of terms !

• BUT:                   The A-N Lagrangian is consistent ONLY in D=26 dimensions. 

29



Spin 2  equations : Quite simple ?

These could (nearly) have been guessed : 

• The equation of motion is the generalization of Proca equation in a electromagnetic field 

• The constraint are those you can get from partial to covariant derivative 

Difficult to guess the spin 3/2

[(D2 �M
2)⌘mn + i("mn � "nm)]Hmn = 0

<latexit sha1_base64="PKJ9+tARs2XPqq3A8UZrhsW9J2Q="></latexit>

DmH
mn = 0

<latexit sha1_base64="l7RcR+RAffiFpAzClZR5WOL3LwM="></latexit>

H
m
m = 0

<latexit sha1_base64="tlAN5fnVn+VMlYZ9gdDG0w+TZac="></latexit>

Trace constraint

Divergence constraint



Charged spin 3/2 case 
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BRX-TH 469

Massive Spin 3/2 Electrodynamics

S. Deser !, V. Pascalutsa " and A. Waldron !

! Physics Department, Brandeis University, Waltham, MA 02454, USA
deser,wally@brandeis.edu

" Department of Physics, Flinders University, Bedford Park, SA 5042, Australia

phvvp@flinders.edu.au

(August 6, 2018)

Abstract

We study the general non-minimally coupled charged massive spin 3/2
model both for its low energy phenomenological properties and for
its unitarity, causality and degrees of freedom behaviour. When the
model is viewed as an effective theory, its parameters (after ensuring
the correct excitation count) are related to physical characteristics,
such as the magnetic moment g factor, by means of low energy the-
orems. We also provide the corresponding higher spin generalisation.
Separately, we consider both low and high energy unitarity, as well as
the causality aspects of our models. None (including truncated N = 2
supergravity) is free of the minimal model’s acausality.

PACS numbers: 11.10.−z, 14.80.−j, 13.40.Em, 04.65.+e

Keywords: Rarita–Schwinger equation, higher spin, supergravity, low
energy theorems, causality, unitarity.

1 Introduction

Gauge interactions of massive (let alone massless) relativistic higher spin
fields constitute an ancient and difficult subject. Whatever the formal prob-
lems these models encounter, effective higher spin theories must be con-
structible since approximately localised higher spin particles exist. Such
models should achieve low energy consistency, and share some of the physi-
cal properties described by their lower spin hadronic physics counterparts.

The proper framework for describing relativistic interactions is the ac-
tion principle. In our present study of charged massive higher spins we seek
only effective (rather than renormalisable) actions, which can in general pos-
sess dimensionful, non-minimal, couplings beyond the minimal prescription,
unique in first order systems, ∂µ → ∂µ + ieAµ. In particular, the associated
coupling constants will determine 2s+1 intrinsic multipole moments of a spin
s particle (charge, magnetic dipole, quadrupole and octupole for s = 3/2).

The more formal properties, such as unitarity and causality, of higher
spin models will in general also depend upon details of the non-minimal cou-
plings. Some of the important affected issues include: (i) A gyromagnetic
ratio g = 2 is required by the optical and low energy theorems, at least for
for pure electromagnetic interactions [1], on the other hand, minimal cou-
pling implies g = 2/3 [2]. (ii) Tree unitarity [3] requires the non-minimal
couplings of (truncated) N = 2 supergravity [4]. (iii) Quantisation of the
minimal theory is problematic since the fundamental canonical commutator
becomes indefinite beyond a critical value of the magnetic field [5], or equiv-
alently the model exhibits acausal propagation [6]. However, if the minimal
electromagnetic interactions are extended to include gravity as obtained by
dropping only the cosmological constant term of N = 2 anti-de Sitter super-
gravity [7], causality is restored [8]. Unfortunately, this formally consistent
model is unsuitable for phenomenological applications, since it tunes spin 3/2
and Planck masses.

In this paper, we study the low energy behaviour, unitarity and causal
consistency of general flat space non-minimal, non-derivative, couplings, con-
centrating on the massive charged spin 3/2 system, the simplest theory sub-
ject to the array of higher spin subtleties. Of the five independent non-
minimal terms linear in the field strength, two are eliminated by a simple
degrees of freedom (DOF) consistency requirement. One of the three remain-
ing couplings does not contribute to photon emission and Compton scattering

2

5 Discussion

We have seen that the most general charged massive spin 3/2 theory with
non-minimal couplings linear in the electromagnetic field strength is de-
scribed by the two parameter family

L = −ψ µγµνρ Dνψρ +
ie

m
ψµ F

µνψν

+
3ie

4m
(g − 2)ψµ F

µνψν −
2iel2
m

ψµ γ
5F̃ µνψν , (47)

two of the other a priori admissible parameters being excluded by DOF con-
sistency; the third, corresponding to a diagonal Majorana coupling, did not
affect our low energy or causality results. The physical interpretation of the
first three terms in (47) was provided by studying LETs. The first is the
usual minimally coupled Rarita–Schwinger theory with intrinsic gyromag-
netic ratio g = 2/3. Minimal coupling for half integer systems yields only
the spin 1/2 contribution to the Lorentz generators, while the second cou-
pling is the spin 1 Pauli term required for g = 2. Although g = 2 is required
for low energy unitarity of amplitudes describing pure electromagnetic in-
teractions, more general phenomenological applications deal with the case
g "= 2, and one may safely include the anomalous magnetic moment coupling
given in the third term. [Recall that at low energy, a coupling to F µν is
equivalent to a coupling to the full Lorentz generators up to a factor 1/3, by
virtue of the identity (21).]

The fourth term is more subtle, as it does not contribute at low energy
until quadrupole order. It will be an exercise of some physical importance
to relate l2, as well as effective Lagrangians including gradients of F µν , to
multipole moments along the lines of the method presented here for the
magnetic dipole [9]. As we have noted, however, there are already interesting
values of l2. The first, implying tree unitarity, is l2 = 1/2 as well as g = 2 and
is a truncation of N = 2 supergravity (along the lines of [4], but maintaining
the correct DOF). Another possibility is to take l2 = −(g − 2)/8 which
(see (5)) promotes the anomalous magnetic moment coupling of the third
term from one involving only spin 1 to one already including the total Lorentz
generators in the Lagrangian.

Our study of causality showed that no model maintaining the correct DOF
avoids sharing the pathology of the minimal one. In fact this result applies to

17

Introduction

Conclusion
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Fierz and Pauli system of equations for spin 3/2:

(i�µ@µ �m) ⌫ = 0
<latexit sha1_base64="WTGtl792GsoVBKqKL0lOM87grto="></latexit>

�µ µ = 0
<latexit sha1_base64="k9PhnYzl8BHNfwLPwQZzylvo65I="></latexit>

@µ µ = 0
<latexit sha1_base64="huQpP5vnjRMtJqVyfP9Y39d4yk0="></latexit>

Dirac equation for fermions

Trace constraint

Divergence constraint

Neutral Massive spin 3/2



When the spin 3/2 is charged and propagates in a (constant) electromagnetic field, one try different 
Lagrangian and typically gets to a constraint of the from: 

Now if the determinant                      then,          ,   which is supposed to be a Lagrange multiplier, will 
propagate. 

This leads to superluminal propagation (acausality).  

�µR⌫
µ ⌫ = 0

<latexit sha1_base64="qTdIHI7T+4SUOGfItvSl4oqCqbI="></latexit>

detR = 0
<latexit sha1_base64="zTy/L5eHnsdRIyJVzNKtlCBYBr0="></latexit>  0

<latexit sha1_base64="t+GKcdhNTCdkel2bj2iy0CKa/qQ="></latexit>

The trace constraint for charged spin 3/2 

Ex: Deser-Pascalutsa-Waldron ‘00



Violation of causality: use spin 3/2 states to send messages to your past!  

“When have I met that girl?”



For the spin 3/2 is charged and propagates in a (constant) electromagnetic field, one imposes 

This was proposed by Porrati - Rahman ’09. They took an ansatz with a Lagrangian of a non-minimal 
form and try to see what would be the form of the Lagrangian and the corresponding equations of 
motion. The conclusion was: 

• There is a solution which is an infinite expansion in                 

• Some consistency condition giving the corrections of (n+1)th-order to the nth-order to preserve 
causality. 

• The expansion in infinite in both the Lagrangian and the equations of motion

�m m = 0
<latexit sha1_base64="85NJNbKao5Iho4CTaDNvopgMNHI="></latexit>

Impose the trace constraint 
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e2F 2

m4
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Spin 3/2 non-causal ? 
Porrati and Rahman : Proof that a causal solution 

      can be obtained à priori 

 but with some iterative implicit Lagrangian 

[KB,   N. Berkovits,   C. Daniel,   M. Lize ’21]

Explicit equations ?



Physical states
�

<latexit sha1_base64="pBTv4myogNtsVIClkLp6MgUWF2w="></latexit>

will describe on-shell:The string field

12 bosonic d.o.f.

5 polarisations of massive spin-2

3 polarisations of massive spin-1

2 x 2 spin-0

12 fermionic d.o.f.

2 x Dirac massive spin-3/2

2 x Dirac spin-1/2

38
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Superspace Lagrangian
[KB,   N. Berkovits,   C. Daniel,   M. Lize ’21]

• The action of the BRST operator leads to (compact form):

S = � 1
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Simplified  [  KB, Wenqi Ke, C. Daniel ’21]



The charged massive spin 3/2 equation
g=2

<latexit sha1_base64="LqICWqytsXIGglXyiF4TivZjbPY="></latexit>

(i /D →M)!m = i
e

M
Fmn (1→ ω ε5)!

n, ω = ±1
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ωm!m = 0,
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Dm!m =
e

2M

(
Fmn → i F̃ mnω5

)
ωn !m.

KB-Berkovits-Daniel-Lize ’21,  
KB-Daniel-Ke ‘22

Divergence constraint

Trace constraint



Generalisation for arbirary spin >1

Trace constraint

Divergence constraint

The bosonic fields of spin s+ 1 equations of motion and constraints:

�
D2 �M2

�
hmn = 2i✏k(m1

hk
n1n2,··· ,ns)

Dmhmn1n2,··· ,ns = 0,

hm
mn2,··· ,ns = 0
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For the fermion of spin s+ 1/2, we get:

�
i /D +M

�
 n1n2,··· ,ns = �i

2

M
✏m(n1

 n1

Ln2,··· ,ns)
Dm +

1

2M

⇣
✏m(n1 + i✏̃m(n1

⌘
�m

�
 n1n2,··· ,ns) = 0

�m mn2,··· ,ns
= 0
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Trace constraint

Divergence constraint

g=2







Case g≠ 2 



Why Study Equations of Motion for Spin > 1 ?

1. Fundamental & Mathematical Motivation:   
- Higher–spin fields require nontrivial constraints (tracelessness, divergences, γ-trace…).  
- Interacting theories raise deep issues: causality, hyperbolicity, consistency.  
- A long-standing theoretical frontier in QFT. 

2. Higher–Spin Baryons in the Standard Model 

 • Several baryons have spin 3/2, e.g. Δ, Ω⁻. 
 • Their effective EoMs already show sensitivity to gyromagnetic couplings. 

 • Laboratory for studying spin-3/2 consistency in a real theory (QCD).

SM world physics



Why Study Equations of Motion for Spin > 1 ?

! 3. Beyond the Standard Model: New Higher–Spin Particles 

 •BSM frameworks might have spin > 1 states. 

 (Example: charged spin-3/2 dark-matter candidates (Meissner–Nicolai model)). 

 • These require controlled, consistent equations of motion to be viable. 

" 4. Composite Higher–Spin States Usually Have g ≠ 2 

 • Unlike fundament elementary states, composites have anomalous gyromagnetic ratios. 

 • Non-minimal EM couplings can trigger consistency problems 

 • Understanding EoMs helps determine phenomenological viability. 

BSM world physics



Charged  massive  spin-2  with  g≠ 2 

• Equation of motion: 

with the constraints

EFT expansions

<latexit sha1_base64="ig4i8Z6HTB9bL1/8/zSkeeSdGVI="></latexit>

Eµω [h;F ] = (D2
→M2)hµω → 2ieω

(
Fµ

εhεω → hµ
εFεω

)

+
ieε

M2

(
Fµ

εD2hεω + Fω
εD2hεµ

)

+
e2

M2

[
c1(ω)

(
FµεF

εϑhϑω + FωεF
εϑhµϑ

)
+ c2(ω) (FεϑF

εϑ)hµω

]
+O(F 3) = 0,
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ω = 2(ε → 1)
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hµ
µ = 0, Dµhµω → 0



Conclusions

The true story is not much different…

Dirac indeed proposed to generalize the covariant derivative to all spins — an idea as bold as it was elegant. 

Fierz and Pauli soon discovered that it doesn’t quite work: the equations become inconsistent. Proposed the 
Lagrangian route 

Velo and Zwanziger found out  that the Lagrangian “solution” violated causality. 

Then came new attempts:  alternative Lagrangians, supergravity, and string theory… 

They solved part of the spin-2 case. 

We solved the corresponding spin-3/2 case, and I’m now extending it to gyromagnetic ratios ≠ 2.



Conclusion …



The hunt for a Lagrangian continues …



Thank you 


