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Motivation

• Non-perturbative QCD interactions are 

often a major source of  theory uncertainty.
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Motivation

• Non-perturbative QCD interactions are 

often a major source of  theory uncertainty.

• In some processes, this uncertainties are 

encoded in form factors.

𝝅𝟎𝝅− 𝑱𝑾
𝑽,𝝁

𝟎 = 𝒑𝝅− − 𝒑𝝅𝟎
𝝁

𝑭𝝅
𝑽 𝒔 ;  𝒔 = 𝒑𝝅− + 𝒑𝝅𝟎

𝟐

Pion vector form factor
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Motivation

• The peak corresponds to the 

isovector 𝝆 𝟕𝟕𝟎  resonance.

• How to describe the peak ?

𝝅𝟎𝝅− 𝑱𝑾
𝑽,𝝁

𝟎 = 𝒑𝝅− − 𝒑𝝅𝟎
𝝁
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Motivation
• Breit-Wigner ? Can not 

describe the interference, can 

not produce thresholds, etc.

𝝅+𝝅− 𝑱𝑬𝑴
𝝁

𝟎 = 𝒑𝝅+ − 𝒑𝝅−
𝝁𝑭𝝅

𝑽 𝒔

𝝆 (𝟕𝟕𝟎)

𝝎(𝟕𝟖𝟐)
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Motivation
• Breit-Wigner ? Can not 

describe the interference, can 

not produce thresholds, etc.

• It is common to use Omnès 

representation:

𝝅+𝝅− 𝑱𝑬𝑴
𝝁

𝟎 = 𝒑𝝅+ − 𝒑𝝅−
𝝁𝑭𝝅

𝑽 𝒔

𝝆 (𝟕𝟕𝟎)

𝝎(𝟕𝟖𝟐)

[see e.g. Colangelo, Hoferichter, Stoffer, 1810.00007, ‘19]

𝑭𝝅
𝑽 𝒔 ∝ 𝜴𝟏

𝟏 𝒔 = 𝐞𝐱𝐩
𝒔

𝝅
න

𝟒𝒎𝝅
𝟐

∞

𝒅𝒔′
𝜹𝟏

𝟏

𝒔′(𝒔′ − 𝒔)

Phase of  the scattering 

amplitude, an external input
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• Another approach: a Taylor 

expansion in a conformal variable. 
[Grinstein, Boyd, Lebed, 90’s]
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Motivation
• Another approach: a Taylor 

expansion in a conformal variable. 
[Grinstein, Boyd, Lebed, 90’s]

• Convergent Taylor series but 

unable to capture the rapid 

oscillations even after keeping 60 

terms (Runge's phenomenon).

• We need a better description of  

form factors.
[Buck, Lebed, hep-ph/9802369, '98]

𝑒+𝑒− → 𝜋+𝜋−
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Improved Parametrization [Kirk, Kubis, Reboud, van Dyk, '25]

• Successful to describe 𝝉− → 𝝅−𝝅𝟎𝝊𝝉                          

data with only 5 terms of  expansion.

[Kirk, Kubis, Reboud, van Dyk, 2410.13764, '25]
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• Successful to describe 𝝉− → 𝝅−𝝅𝟎𝝊𝝉                          
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• The peak is due to the isospin-

preserving decay 𝝆− → 𝝅−𝝅𝟎.

ۧ|𝑰 = 𝟏, 𝑰𝟑 = −𝟏
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Improved Parametrization [Kirk, Kubis, Reboud, van Dyk, '25]

• Successful to describe 𝝉− → 𝝅−𝝅𝟎𝝊𝝉                          

data with only 5 terms of  expansion.

• The peak is due to the isospin-

preserving decay 𝝆− → 𝝅−𝝅𝟎.

ۧ|𝑰 = 𝟏, 𝑰𝟑 = −𝟏

Very good parametrization for 

isospin-1 projection of  the 

pion vector form factor 𝑭𝝅
𝑰=𝟏

[Kirk, Kubis, Reboud, van Dyk, 2410.13764, '25]
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The aim of  this project ...

How to generalize this parametrization to account for the 𝝆 − 𝝎 mixing ?

The dominant peak is due to isospin 

preserving 𝝆𝟎 → 𝝅+𝝅−decay but the 

small distortion is due to isospin 

violating 𝝎𝟎 → 𝝅+𝝅−decay.

We need to parametrize 𝑭𝝅
𝑰=𝟎

𝑰 = 𝟎 𝑰 = 𝟏≠

𝑒+𝑒− → 𝜋+𝜋−
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Form Factor Properties

• Consider a semileptonic decay: 𝑷𝟏 → 𝑷𝟐
ഥ 𝒍 𝒍′

𝑷𝟐(𝒑𝟐) 𝑱𝝁 𝑷𝟏(𝒑𝟏) =  𝒇+ 𝒒𝟐 (𝒑𝟏 + 𝒑𝟐)𝝁 −
𝑴𝟏

𝟐−𝑴𝟐
𝟐

𝒒𝟐 𝒒𝝁 + 𝒇𝟎 𝒒𝟐 𝑴𝟏
𝟐−𝑴𝟐

𝟐

𝒒𝟐 𝒒𝝁

momentum 

transferscalar ffvector ff

[Caprini, Functional Analysis and Optimization Methods, ’00]
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Form Factor Properties

• Consider a semileptonic decay: 𝑷𝟏 → 𝑷𝟐
ഥ 𝒍 𝒍′

𝑷𝟐(𝒑𝟐) 𝑱𝝁 𝑷𝟏(𝒑𝟏) =  𝒇+ 𝒒𝟐 (𝒑𝟏 + 𝒑𝟐)𝝁 −
𝑴𝟏

𝟐−𝑴𝟐
𝟐

𝒒𝟐 𝒒𝝁 + 𝒇𝟎 𝒒𝟐 𝑴𝟏
𝟐−𝑴𝟐

𝟐

𝒒𝟐 𝒒𝝁

1) Crossing symmetry:

2) Branch cut starts at pair-production threshold 𝒕+ = (𝑴𝟏 + 𝑴𝟐)𝟐.

momentum 

transferscalar ffvector ff

𝑷𝟏𝒍 → 𝑷𝟐𝒍′

𝒍ഥ𝒍′ → 𝑷𝟏𝑷𝟐

(𝑴𝟏 − 𝑴𝟐)𝟐

[Caprini, Functional Analysis and Optimization Methods, ’00]
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Form Factor Properties

• Consider a semileptonic decay: 𝑷𝟏 → 𝑷𝟐
ഥ 𝒍 𝒍′

𝑷𝟐(𝒑𝟐) 𝑱𝝁 𝑷𝟏(𝒑𝟏) =  𝒇+ 𝒒𝟐 (𝒑𝟏 + 𝒑𝟐)𝝁 −
𝑴𝟏

𝟐−𝑴𝟐
𝟐

𝒒𝟐 𝒒𝝁 + 𝒇𝟎 𝒒𝟐 𝑴𝟏
𝟐−𝑴𝟐

𝟐

𝒒𝟐 𝒒𝝁

3) Unitarity and optical theorem requires that :

momentum 

transferscalar ffvector ff

𝟏

𝝅 𝝌𝑻(𝒒𝟐)
න

𝒕+

∞

𝒅𝒕
𝝎(𝒕) 𝒇+(𝒕) 𝟐

𝒕 − 𝒒𝟐 𝟑
≤ 𝟏

Known function, from theory or 

lattice computations

Phase factor

Dispersive bound

[Caprini, Functional Analysis and Optimization Methods, ’00]

[Bharucha, Feldmann, Wick, 1004.3249, ‘11]
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Resonances
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Resonances

• Pair-production threshold opens another Riemann sheet.

• Resonance: Pole on the 2nd (unphysical) sheet



Motivation

  Fatemeh Nouri – 14/11/2025                          1/20  Fatemeh Nouri – 14/11/2025                  8/20

Resonances

• Pair-production threshold opens another Riemann sheet.

• Resonance: Pole on the 2nd (unphysical) sheet, leaves an imprint 

on the 1st (physical) sheet.

Im (𝓜) on 

the 2nd sheet

Example: consider an amplitude 𝓜~
𝟏

𝒔−𝒂 𝒔−𝒃

Im (𝓜) on 

the 1st sheet

Branch cut
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A Conformal Map

• In 𝒒𝟐 plane two Riemann sheets are connected non-trivially.
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A Conformal Map

• In 𝒒𝟐 plane two Riemann sheets are connected non-trivially.

• A conformal mapping allows us to “unfold” the branch cut :

𝒛 𝒒𝟐; 𝒕+, 𝒕𝟎 =
𝒕+ − 𝒒𝟐 − 𝒕+ − 𝒕𝟎

𝒕+ − 𝒒𝟐 + 𝒕+ − 𝒕𝟎

Free parameter

[Grinstein, Boyd, Lebed, 90’s]
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A Conformal Map

• Branch cut is mapped on the unit circle 

and two sheets are separated:

𝒛 𝒒𝟐; 𝒕+, 𝒕𝟎 =
𝒕+ − 𝒒𝟐 − 𝒕+ − 𝒕𝟎

𝒕+ − 𝒒𝟐 + 𝒕+ − 𝒕𝟎

Conformal map

𝒛𝚰 = 𝟏/𝒛𝚰𝚰
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A Conformal Map

• Branch cut is mapped on the unit circle 

and two sheets are separated:

𝒛 𝒒𝟐; 𝒕+, 𝒕𝟎 =
𝒕+ − 𝒒𝟐 − 𝒕+ − 𝒕𝟎

𝒕+ − 𝒒𝟐 + 𝒕+ − 𝒕𝟎

Conformal map

𝒛𝚰 = 𝟏/𝒛𝚰𝚰

Resonance

Bound state
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An Expansion for 𝒇+

• Dispersive bound in terms of  𝒛 :

𝟏

𝟐𝝅𝒊
ර

𝒛 =𝟏

𝒅𝒛

𝒛
𝝓(𝒛)𝒇+(𝒛) 𝟐 ≤ 𝟏

• Outer function 𝝓(𝒛) is a known function which is analytic and non-

vanishing inside the unit disk by construction.
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An Expansion for 𝒇+

• Dispersive bound in terms of  𝒛 :

𝟏

𝟐𝝅𝒊
ර

𝒛 =𝟏

𝒅𝒛

𝒛
𝝓(𝒛)𝒇+(𝒛) 𝟐 ≤ 𝟏

• Outer function 𝝓(𝒛) is a known function which is analytic and non-

vanishing inside the unit disk by construction.

No bound state

𝑭𝝅
𝑽 𝒛 𝝓(𝒛) is analytic inside the unit disk

𝑭𝝅
𝑽 𝒛 =

𝟏

𝝓(𝒛)
෍

𝒏=𝟎

∞

𝒂𝒏𝒛𝒏
[Grinstein, Boyd, Lebed, 90’s]
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Constraints on 𝒇+

• Angular momentum conservation require that :

𝐈𝐦 𝒇+ 𝒕 ~ 𝒕 − 𝒕+

𝟑

𝟐 𝐚𝐬 𝒕 → 𝒕+ ,  

    equivalently in terms of  𝒛 it will be :
𝒅𝒇+

𝒅𝒛
|𝒛=−𝟏 = 𝟎 

• Perturbative calculations at high energy require :

𝒇+ 𝒒𝟐 ~
𝟏

𝒒𝟐  𝐚𝐬 𝒒𝟐 → ∞.

• Charge conservation implies that :

𝑭𝝅
𝑽 𝒒𝟐 = 𝟎 = 𝟏 

P-wave constraint

Normalization constraint

[Buck, Lebed, hep-ph/9802369, '98]
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Our Ansatz for 𝑭𝝅
𝑰=𝟎

• The simplest ansatz is an additive form, i.e., 𝑭𝝅
𝑽 𝒛 =  𝑭𝝅

𝑰=𝟏 𝒛 + 𝑭𝝅
𝑰=𝟎 𝒛
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Our Ansatz for 𝑭𝝅
𝑰=𝟎

• The simplest ansatz is an additive form, i.e., 𝑭𝝅
𝑽 𝒛 =  𝑭𝝅

𝑰=𝟏 𝒛 + 𝑭𝝅
𝑰=𝟎 𝒛

• NO! Due to final state interactions, e.g. :

• Multiplicative ansatz is favorable, we take :

𝑭𝝅
𝑽 𝒛 =  𝑭𝝅

𝑰=𝟏 𝒛 [𝟏 + 𝑭𝝅
𝑰=𝟎 𝒛 ]
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Our Ansatz for 𝑭𝝅
𝑰=𝟎

• The simplest ansatz is an additive form, i.e., 𝑭𝝅
𝑽 𝒛 =  𝑭𝝅

𝑰=𝟏 𝒛 + 𝑭𝝅
𝑰=𝟎 𝒛

• NO! Due to final state interactions, e.g. :

• Multiplicative ansatz is favorable, we take :

𝑭𝝅
𝑽 𝒛 =  𝑭𝝅

𝑰=𝟏 𝒛 [𝟏 + 𝑭𝝅
𝑰=𝟎 𝒛 ]

In isospin limit 𝑭𝝅
𝑽 𝒛 ≅  𝑭𝝅

𝑰=𝟏 𝒛
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Parametrization of  𝑭𝝅
𝑰=𝟏

𝑭𝝅
𝑰=𝟏 𝒛 =

𝑾(𝒛)

𝝓(𝒛)

σ𝒏=𝟎
𝑵 𝒃𝒏𝒛𝒏

𝒛 − 𝒛𝝆 (𝒛 − ത𝒛𝝆)

• 𝑾 𝒛 = (𝟏 + 𝒛)𝟐(𝟏 − 𝒛)𝟓/𝟐 ensures the large 𝒒𝟐 behavior and cancels the 

kinematical singularities of  the outer function 𝝓 𝒛  “on” the unit circle.

• 𝒛𝝆 =
𝟏

𝒛((𝑴𝝆−𝒊𝚪𝝆)𝟐)
 is the position of  𝝆 resonance on the second sheet, 

𝑴𝝆 and 𝚪𝝆 are its mass and width. 

Analytic inside 

the unit disk

[Kirk, Kubis, Reboud, van Dyk, 2410.13764, '25]
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Parametrization of  𝑭𝝅
𝑰=𝟏

𝑭𝝅
𝑰=𝟏 𝒛 =

𝑾(𝒛)

𝝓(𝒛)

σ𝒏=𝟎
𝑵 𝒃𝒏𝒛𝒏

𝒛 − 𝒛𝝆 (𝒛 − ത𝒛𝝆)

Factorizing the 𝝆 pole avoid the Runge problem 

that [Buck, Lebed, hep-ph/9802369, ‘98] faced

Dispersive bound 

check

[Kirk, Kubis, Reboud, van Dyk, 2410.13764, '25]

[Kirk, Kubis, Reboud, van Dyk, 2410.13764, '25]
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Adding 𝑭𝝅
𝑰=𝟎 to the picture

𝑭𝝅
𝑰=𝟎(𝒛) =

σ𝒎=𝟎
𝑵′

𝒄𝒎𝒛𝒎

(𝒛 − 𝒛𝝎)(𝒛 − ത𝒛𝝎)
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Adding 𝑭𝝅
𝑰=𝟎 to the picture

𝑭𝝅
𝑽 𝒛 =

𝑾(𝒛)

𝝓(𝒛)

σ𝒏=𝟎
𝑵 𝒃𝒏𝒛𝒏

𝒛 − 𝒛𝝆 (𝒛 − ത𝒛𝝆)
𝟏 +

σ𝒎=𝟎
𝑵′

𝒄𝒎𝒛𝒎

(𝒛 − 𝒛𝝎)(𝒛 − ത𝒛𝝎)
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Adding 𝑭𝝅
𝑰=𝟎 to the picture

𝑭𝝅
𝑽 𝒛 =

𝑾(𝒛)

𝝓(𝒛)

σ𝒏=𝟎
𝑵 𝒃𝒏𝒛𝒏

𝒛 − 𝒛𝝆 (𝒛 − ത𝒛𝝆)
𝟏 +

σ𝒎=𝟎
𝑵′

𝒄𝒎𝒛𝒎

(𝒛 − 𝒛𝝎)(𝒛 − ത𝒛𝝎)

• 𝑵 = 𝟒 was the best result for 𝑭𝝅
𝑰=𝟏.

• 𝑵′ = 𝟐; Small 𝝎 effect does not need many terms to be described.
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Adding 𝑭𝝅
𝑰=𝟎 to the picture

𝑭𝝅
𝑽 𝒛 =

𝑾(𝒛)

𝝓(𝒛)

σ𝒏=𝟎
𝑵 𝒃𝒏𝒛𝒏

𝒛 − 𝒛𝝆 (𝒛 − ത𝒛𝝆)
𝟏 +

σ𝒎=𝟎
𝑵′

𝒄𝒎𝒛𝒎

(𝒛 − 𝒛𝝎)(𝒛 − ത𝒛𝝎)

• 𝑵 = 𝟒 was the best result for 𝑭𝝅
𝑰=𝟏.

• 𝑵′ = 𝟐; Small 𝝎 effect does not need many terms to be described.

• P-wave and normalization constraints need to be implemented.
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(𝑵, 𝑵′) 𝝌𝟐 d.o.f. P-value [%]

(𝟒, 𝟐) 𝟒𝟏𝟑. 𝟖 𝟑𝟏𝟖 𝟎. 𝟎𝟐𝟑𝟒
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Fit Results

Dataset 𝝌𝟐 d.o.f Local p-value [%]

BESIII 2015 𝟔𝟏. 𝟎𝟓 𝟔𝟎 𝟒𝟑. 𝟖𝟏

Belle 2008 𝟐𝟑. 𝟔𝟎 𝟏𝟗 𝟐𝟏. 𝟏𝟗

CLEO 1999 𝟒𝟑. 𝟑𝟑 𝟐𝟗 𝟒. 𝟒𝟐

CMD-3 2013 𝟕𝟔. 𝟔𝟕 𝟔𝟔 𝟏𝟕. 𝟑𝟔

CMD-3 2018 𝟗𝟑. 𝟕𝟒 𝟗𝟑 𝟒𝟓. 𝟖𝟗

CMD-3 2020 𝟔𝟗. 𝟑𝟔 𝟏𝟑 𝟎. 𝟎𝟎

NA7 1986 𝟒𝟓. 𝟖𝟎 𝟒𝟓 𝟒𝟑. 𝟖𝟕

Total 𝟒𝟏𝟑. 𝟕𝟗 𝟑𝟏𝟖 𝟎. 𝟎𝟐𝟑𝟒
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Fit Results

• The best-fit curve is closer to the 

CMD-3 2020 date than what we 

expected !

• Compare 𝑭𝝅
𝑽with 𝑭𝝅

𝑰=𝟏 : The two curves 

coincide perfectly in this region, 

confirming that, as expected, the 𝝎 

contribution is negligible at low 

momentum transfer.
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Fit Results

• Best-fit curve deviates from the 

experimental data in this region. 

• Tension between different datasets.

• The tension originates from the 

parametrization, from 

inconsistencies in the experimental 

inputs, or both ?
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Outlook

• The CMD-3 2020 dataset was extremely precise so maybe it is 

sensitive to the QED corrections or other isospin-breaking effects.
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Outlook

• Why does this matter at all?

• Pion form factor is the playground for understanding 

more complicated form factors.

• It is the dominant contribution to the vacuum polarization 

and can help reducing theory uncertainty on muon g-2.

• It can help constraint rare decays like B decays.



Thank you for your attention
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